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Preface

The theory is beautiful - but what can you do with it?
--Anonymous
My way is to begin with the beginning.
-Don Juan

W

e wrote this book as engineers, with a focus on useful and proven
concepts and not so much on technology. Some of the most useful
engineering books we own were written in the 1940’s by Frederick
Terman, John Kraus and Mischa Schwartz [l,2,31. Admittedly, their books
are full of information on electron tubes and contain little on modern filter
design, statistical decision theory and quadrature modulation, but they are
clear and well-written. They were written by engineers for engineers and as
such they remain useful. Our hope is that, in twenty years, people will say,
the McClaningNito book is a little dated but it is clear and well-written.
We decided early to follow one cardinal rule: to be clear. If we have succeeded, errors should be easy to detect. If we hear about errors in this book
(and I hope we do), I consider it an advantage. It means we have been clear
enough to bring doubts into the reader’s mind. It also means the reader is
thinking about the material and understands it enough to find inconsistencies.
We would like to thank our normally noisy children, Chris and Jenny
(McClaning)and Mandy, Nick, Steve and James (Vito) for being quiet while
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we worked on this book. We would also like to thank our wives, Kitty and
Terri, for putting up with us (and not just while we were writing this book).
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1
Introduction

Begin at the beginning, and go on ‘ti1you come to the end; then stop.
-Lewis Carroll, Alice in Wonderland
The journey of a thousand miles begins with a single step.
-Lao Tsu

R

adio Receiver Design focuses on understanding and designing radio
receivers and systems. Chapter 1introduces many of the basic concepts that will be expanded on in the following chapters. For a more
in-depths treatment of any of the topics under discussion, consult the material listed in the reference section at the end of the chapter.

1.I

Nomenclature

In this book, we work with quantities commonly expressed in both linear and logarithmic (or dB) formats. Any time a quantity is expressed in
dB, it will have a dB subscript. For example, noise figure expressed in decibels will be written Fdb. When noise figure is expressed as a linear number, it
will not have a subscript (F>.However, occasionally a linear quantity may be
written as Flin. One of the major sources of mistakes in receiver design
results from using a quantity expressed in decibels when the equation
requires the linear number.

2
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1.2

Rules of Thumb

Rules of thumb serve as sanity checks and provide vali able insight int
problems. They should, however, be used with caution because they are only
approximations and cannot be binding. In each chapter, we will exarnine the
appropriate places to apply these rules and point to their limitations.

I

1.3

Energy, Power, Voltage and Current

A transmitter produces a given amount of energy per unit time. We are
interested in collecting this signal energy and making the best use of it.
However, the signal energy competes with the noise energy also present in
the signal path. As receiver designers, we are interested in received signal
energy and noise energy, and we are not interested in voltage, current or
power, except as they apply to received energy.
Jupiter Probe
Consider a space probe circling Jupiter. In order for a receiving system
on earth to receive data from the probe, the probe must send out enough
signal energy to overcome the noise energy we will also receive. Since
Energy = (Power)(Time)

1.1

the probe can send out either a large amount of power for a short period of
time or it can transmit a smaller amount of power for a longer period of
time (for a fured amount of energy).
Many common signal quality measurements, such as signal-to-noise
ratio and bit error rates, are measurements of signal energy versus noise
energy that was received over a period of time. But since the signal and
noise are processed over the same period of time, the time in Equation 1.1
becomes irrelevant, and we can meaningfully speak of received signal
power and received noise power.

1.4

Decibels

Decibels were originally conceived to make measurements of human
hearing more understandable. Human hearing covers a 1:1O,OOO,OOO,OOO,OOO
( l : l O 1 3 ) range from the threshold of hearing to the threshold of pain. This
enormous range makes it difficult to plot and analyze data. Decibels make
data comparisons easier and graphical data more manageable.

INTRODUCTION

Figure 1-1 shows the range of powers that exist on a typical INMARSAT
satellite link. The power levels fall over a 1026 range. Since Figure 1-1 uses
decibels and a logarithmic scale, the data is very readable. Other examples
of the large ranges system designers must accommodate include
*

A typical communications receiver can easily process signals whose
input powers vary by a factor of 1012 or 1trillion.

a

On its journey to a geosynchronous satellite a signal can be attenuated
by a factor of 1020.

*

Filters routinely provide attenuation factors of 106 or 1 million.
watts
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To make these measurements more manageable, RF engineers have
adapted the decibel to their own use. The decibel is one-tenth of a Bel, a logarithmic power ratio named after Alexander Graham Bell. His studies of
human hearing showed that the ear responds to sound in a logarithmic
rather than a linear fashion. For example, humans perceive a 10 times
increase in sound power as a doubling of sound level.

Definitions
The Be1 is defined as
1.2

The decibel (or dB) is one-tenth of a Be1 or
1.3

where P2and PI are signal powers. All other decibel relationships are derived
from these two definitions. A decibel is always a dimensionless number.

Ratios
Both the Be1 and decibel are ratios. It is meaningless to speak of something as “6 dB” unless it is clear which two items are being compared.

iNTRODUCTlON

Decibels, Current and Voltage
Figure 1-2 shows a simplified schematic diagram of an amplifier. We apply
a voltage (VIn>
to the amplifier.

Figure 1-2 Simplified schematic of a n RF amplifier.
The power being dissipated in the input resistor Ramp,in
is
1.5

Similarly, the power delivered by the amplifier to the load resistor RL is
1.6

Using Equation 1.3, the gain of the amplifier in decibels is

9.7
= 20log[ ~

] + l o l o g [Ramp,in
T)

Equation 1.7 is correct. The last term of Equation 1.7 involving Ramp,in
and
RL is often ignored even in systems with wildly differing impedance levels.
However, most RF systems have identical input and output impedances. In
Figure 1-2, for example, Ramp,Ln,
Romp,out
and RL are the same value (usual-

6
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ly 50 or 75 ohms). If Ramp,in
= RL, then

1.8
Ramp,in

and
1.9
Similarly, we can show
1.10
where Iin and loutare the signal currents flowing in Ramp,inand RL of
Figure 1-2. Equations 1.9 and 1.10 are true only if the source and load
resistors are the same.

1S

Signal Standards

The decibel format is commonly used to express absolute power or
voltage levels. To do this, we replace P, in Equation 1.3 with a standard
value. For example, if we are dealing with a system where milliwatt
power levels are common, we might choose PI to be 1mW and Equation
1.3 would become

= lolog(pMeasured,mW

)

where
= the power level measured in mW,
PMeasured,W
= the same power level measured in watts.

P M e m , m W

Note that Equation 1.11 defines the dBm standard.

1.11
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dBm is the oldest standard way of expressing measurements. It was originally devised by a telephone company to measure signal levels on their lines
and has been widely adapted. The reference power for dBm is 1 milliwatt.
(The m in dBm stands for power referenced to 1mW.) A quantity expressed
in dBm represents an absolute power level, for example, Pout= 20 dBm.
OdBm= 1rnW

1.12

1.83

1

= lolog(Pm~

The impedance of a telephone line is about 600 ohms; hence 1mW (or
0 dBm) measures a little less than 0.775 VMs. In a 50-ohm system, a 1 mW
or 0 dBm sine wave has a RMS voltage of 0.224 VRMs.

dBW is a power measurement referenced to 1watt. dBW is an absolute
unit for expressingpouler level and is widely used in the world of transmitting equipment.
OdBW = 1 W

1.14

1.15

8
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Volume Units
This standard is meant for measuring speech or music. Like dBm, VU
represents an absolute power level. The reference power for VU is 1mW
OVU=OdBm=lmW

1.18

Pw = l 0 l o 0.00
g ( 1~ )

1.19

= lOlog(P,,)

The major difference between measurements speclfied in dBm and W is
that the VU measurements are made with special meters. The meter dynamics are carefully controlled so they will respond appropriately to speech and
music signals. The meters are specified to have a 300 msec rise time with
1.5%maximum overshoot and are designed to ignore short bursts.

dBf
This standard is used mostly to specify the sensitivity of consumer
receiving equipment. The reference power is 1fW = 1 femtowatt = 10-15
watts. dBf is an absolute power level.

0 dBf = 1fW = 1femtowatt =

W

pdBf = lolOg(pf,)

1.20
1.21

The smaller the number, the more sensitive the receiver.

dBV

This standard is dB referenced to 1voltms. This is not a power reference
unless some impedance is specified or assumed from the syntax.
0 dBv = 1VoltRMs

1.22

Note the multiplier of 20 which arises because the voltage is squared to produce power and the missing
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term. A quantity expressed in dBV represents an absolute voltage level in
a system (for example, 2 Vms = 3 dBV). It can represent an absolute power
level if the system impedance is specified or understood.

dBmV
dBmV is decibels referenced to 1millivoltRMs.This voltage standard is
common in the video and cable TV industries.

0 dBmV=1mVws
VdBrnV = 2010g

[

1.2

vVcdts, RMS

0.001

1.26

dBmV represents an exact voltage measurement (1VmS = 30 dBmV) and
can express power if the system impedance is known.
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1.6

Other Standards
Several other quantities are also expressed in decibels. Although they
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do not fit the exact definition of a decibel because they are not power ratios,
they are still useful for convenient representation of large ratios.

BK
dBK is a temperature measurement. Its reference is 1K.
0 dBK = 1Kelvin

x ‘34

dBK = 10log(Temperature in K )
We will use dBK when we discuss amplifier noise, satellite communications
and link budgets.

dBHZ
This is a measure of bandwidth. The reference is 1hertz.
0 dBHz = I hertz

dBHz = lOlog(Bandwidth in hertz)

1.37
1.38

We will use dBHz when we discuss noise bandwidth and receiver sensitivity.

12
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dB Math
Decibels enable the designer to calculate signal levels quickly. For example,

A 2-times increase in power.

): [

lolog

-

=3.01dB

1.40

= 3dB

A doubling of power is a 3 dB increase.

A 2-times decrease in power.

(z)

101Og - =-3.01dB

1.41

= -3dB

Halving the power means a 3 dB decrease.

A 4-times increase in power.
1.42
= 6dB

A 4-times power increase means doubling the power twice and
3 dB + 3 dB = 6 dB.
A 4-times decrease in power.

(

lolog - =-6.02dB
)n:

1.43

= -6dB

A 4-times power decrease means halving the power twice and
-3 dB + -3 dB = -6 dB.
A 10-times increase in power.
1.44
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able 1-1summarizes these results.

Table 1-1 Power ratios and their decibel equivalents.

I

0.001

I

-30 dB

Orders of Magnitude
Table 1-2 indicates that every 10 dB increase in a quantity represents a
factor of 10 increase in that quantity. In other words, we gain an order of
magnitude for every 10 dB increase. Also note that a decrease of 10 dB represents multiplying the quantity by 1/10, or we lose an order of magnitude.

Table 1-2 Power levels in dBrn and linear formats.

I

PomrLevezin~m

f

Linear Power Level
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When a number is given in the format of

ABCD.EF dB
the numbers represented by the ABC indicate the order of magnitude of the
number, and the D.EF refer to the position in that order of magnitude.

Amplifiers, Attenuators and Decibels
Decibel math allows designers to calculate quickly the effeds of amplifiers and attenuators on signal strength. When we multiply in the linear
domain, we add in the decibel (or logarithmic) domain. In mathematical
terms, the relationship

INTRODUCTION

1-47

is always true. A, B and C are quantities expressed in linear terms, and AdBs
BdB and CdB are the sarne quantities expressed in decibels. For example, if
a signal with -82 dBm of power passes through an amplifier with 15 dB of
power gain, the output signal is
’out,dBrn

= &n,dBrn

Gp,dB

= -82 -I-15
= -67 dBm

Using only linear expressions, we first convert the input signal power and
gain expressions from decibel to linear terms.

We then multiply and convert to decibels.
Pout =P i n

. GP

lo-’
= 199.5- lo-’

Pout,rnW = (6.31.

rnW)(31.6)

rnW

Pout,dBm = 10log(199.5‘

1.50

lo-’)

= -67.0 dBm

Gains and Losses
The terms gain and loss are best illustrated when used in an example.
When a device has a 6 dB gain, it means it will accept a signal, multiply its
power by 4 times (or add 6 dB) and present that power to the outside world.
If the input signal power is Ptn,the output signal power is
Pout

=4en

1.51

or, in decibels,
1.52

16

I

RADIO RECEIVER DESIGN

When a device is specified with a 6 dE3 loss, it means that the device accepts
a signal, divides the signal power by 4 (or subtracts 6 dB from the input signal power), then presents that power to the outside world. Let the input
signal power be Pin.The output signal power will be

Pin

Pout = -

1.53

4

or
1.54

Hence, a loss of x dB is equivalent to a gain of -x dB (a negative gain is
equivalent to a positive loss). For example, if a device causes a signal to be
attenuated by 7 dB, we can say it has a gain of -7 dB or a loss of 7 dB. In
equation form, gains and losses are related by

and
1.56
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Measurements, Significant Figures and Decibels
Suppose we make a power measurement and the meter reads
0.000000 dBm. Is this number of decimal places reasonable? If not, how
many are reasonable? Let us assume that the power level is 0.000000 dBm
i or 1 mW) exactly. If the power level increases by 1 dB to + 1 dBm, then
dBm lolog(Phleasured,mW )
3 PMeasured,mW = 1.2589 m w

which is a 26%change. Any reasonable meter would have a good chance of
measuring this amount of change accurately. We can conclude that the ones
digit of a number expressed in dB is probably meaningful in light of measurement error.
Let us look at the one-tenths (or 0.x) digit. A 0.1 dB increase in a measured quantity results in

which is approximately a 2% change. This is measurable with care. We conclude that the tenth dB digit is probably meaningful in a carefully controlled environment. Using the same technique as above for the one-hundredth (or 0 . 0 ~dB
) digit, we find
I

which is a 0.2% change. Under normal engineering circumstances, this
amount of accuracy is unusual.
When dealing with significant figures the following problems must
be addressed:

I RADIO RECEIVER DESIGN
Can we reasonably measure the quantity we are expressing to the number of digits we are reporting? This is a complex question involving the
accuracy of the equipment used to make the measurement, the experiment itself and the calculations performed with the data.
Do we need to know the least s i g d i m t digits?For example, oRen we need
“enough gain to overcome the system noise” or “enough noise figure to see
a -125 dBm signal.” The absolute number is not important.
Given the specifications on the components the author has used to
design the system, can we justify the number of significant digits that
are being used? For example, the gain and noise figure specifications
for a typical RF amplifier might be
Power Gain: 11.0 dB ( 2 0.5 dB)
Noise Figure: 2.5 dB (k 0.5 dB)
In light of these specifications and along with the topology of the system,
it might be difficult to justify stating that the power gain of the system is
24.22 dB when the gain variation of just one of the amplifiers is 5 0.5 dB.

1.8

Sanity Checking

The late Nobel prize winning physicist Richard Feynman once related
this story about his childhood.
We had the Encyclopedia Britannica at home. When I was a small boy,
[my father] used to sit me on his lap and read to me from the Britannica.
We would be reading, say, about dinosaurs. It would be talking about the
Tyrannosaurus rex, and it would say something like, “This dinosaur is
twenty-five feet high and its head is six feet across.” My father would
stop reading and say, “Now let’s see what that means. That would mean
that if he stood in our front yard, he would be tall enough to put his head
through our window up here.” (We were on the second floor.) “But his
head would be too wide to fit in the window.” Everything he read to me
he would translate as best he could into some reality.
(Feynman, What do you care what otherpeopze think?)
Often we encounter specifications that do not make sense until we put
the information into familiar terms. Following are some everyday examples.

INTRODUCTION

Bit Error Rate
A contractor once told the authors his system would produce a bit error
rate (BER) of 10-20. Is this reasonable? A bit error rate of 10-20 means we
will experience one bit error for every 1020 bits processed. Let us assume we
can measure bit error rates at 10 MHz. In other words, we can test 10 million bits per second. How long would it take to complete the test?
lo20

bits

lo7 bits/second

1.62

= 1013 seconds
= 317,000 years

It would take about 317,000 years on the average to run the test in order
to get just one bit error. Our conclusion is that this BER is unverifiable.

Space Shuttle Failure Rate
Before the Rogers commission convened on the Challenger accident,

NASA maintained that the probability of a catastrophic failure of a shuttle
was 1in 100,000. Is this reasonable? Let us assume we had the resources to
perform one launch per day. How long might we have to wait for a failure?
1failure
3 1 failure every 100,000 days
100,000launches
100,000 days=274 years

1.63

Could you get into your car every day for 274 years and expect it to start?
This figure is probably not reasonable.

Hamburgers
A noted hamburger establishment advertises that they have served
over 75 billion hamburgers. Is this a reasonable claim? Let us assume the
chain (which has restaurants worldwide) can sell 100 burgershecond for 24
hours/day. How long would it take to sell 75 billion?

i

7539 burgers

)(

lhour
3600 seconds
= 23.8 years

1 100 burgers/second

)(

lyear
8760 hours

1

1.64

Since this restaurant chain has been in business for over 25 years, this estimate seems reasonable.
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Gigawatts
A recent motion picture seemed to indicate that 1.21 gigawatts is a lot
of power. How much is 1.21 gigawatts? Let us make some assumptions
about the average house. For example, let us say we are running the air
conditioning which consumes about 5000 watts. We are also running an
electric clothes dryer which consumes about 4000 watts, an electric stove
(1000 watts) and ten 100-watt light bulbs (for 1000 watts). Our rather busy
electric house requires about 11 kW to operate. How many houses can we
power with 1.21 gigawatts?
1.21E9
= 110,000 houses
11000 w

1.65

We can light 110,000 average houses with 1.21 gigawatts.

Geostationary Flux Density
The flux density from a typical geosynchronous satellite downlink with
a 10-watt power amplifier is about 80.0-10-15 wattdmeter? How small is
this? A typical two-cell flashlight is a %volt system that requires about 150
mA to operate, which comes to 0.45 watts of power. In 1 second, the flashlight will use 0.45 joules (or wattseconds) of energy. Assuming we had a
receive antenna with a 1-meter aperture, we can collect 80.0.10-15 watts per
second from the satellite.
80.0 -

0.450 W
= 5.63-10l2 seconds
W / second
= 178,000 years

1.66

We would have to collect this energy for 178,000years to power a flashlight
for 1second.
As these five examples show, it is always a good idea to fiame an unfamiliar number into some recognizable perspective where it is easier to
understand the meaning of the figures used.

1.9

Approximations

In one of the first atomic bomb tests, a major question concerned the
magnitude of the explosion. The exact answer required complex calculations involving parameters such as air temperature, air pressure and the
pressure gradient at various points from the bomb. Scientists installed sen-
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sors and monitoring equipment around the bomb to obtain the numbers
they needed to answer the yield question.
At the moment of the blast, one of the physicists threw a few scraps of
paper in the air and noted how fast the wind blew the paper. Using a slide
rule and a handfbl of approximations, he calculated the approximate yield of
the bomb. A few weeks later, when the yield of the bomb was calculated with
more exact methods, it was found that the two answers differed by only 50%.
The reason this type of calculation works is that the errors in simplifying assumptions are often independent of each other. In other words, if we
guess a little high on one number and a little low on another number, the
errors will tend to average out. Exact answers to questions such as What
are the sidelobe levels of this antenna?, or Will my system work in this
crowded spectral environment? frequently require expensive measurements or a precise knowledge of quantities that are difficult to measure. We
can often provide answers which are approximate by making some simplifying assumptions and quick calculations. Approximations can also provide
an understanding of what is reasonable.

I.I0

Frequency, Wavelength and Propagation Velocity

Frequency, wavelength and propagation velocity are related by
Af=V

where

A

= the wavelength of the signal,
u = the velocity of propagation,
f = the frequency of the signal.

Equation 1.67 is the most general equation form that relates wavelength to
propagation velocity. The period T of a wave is given by
1
T=-f

1.68

Free Space
When a wave is travelling through empty space or through air, the
propagation velocity ( u in Equation 1.67) is the speed of light commonly
labeled as c. We can write

22
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c = 2.9979.

meters
lo8 -

second
meters
= 3.108 second

1.69

and Equation 1.67 becomes

&f = c
where & = the wavelength in free space.

1.70
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When given a frequency, it helps to remember that 300 MHz equals one meter
of wavelength and then work out the wavelength using the frequency ratio.

The Speed of Light
Since the speed of light is 2.998.108 meters/second, and there are 39.37
inches in a meter,
meters
second
inches
= 11.80
nanosecond
2.998.108

inches

~

1.71

or
c-1

ft
nanosecond

I.. 7 2

With less than a 2% error, we can say that light travels about one foot in
one nanosecond. Conversely, it takes approximately one nanosecond for
light to travel one foot.

Physical Size
If we examine the electrical effects of physical structures, it soon
becomes apparent that the physical size of a system or device expressed in
wavelengths is an important quantity. Consider the following limitations.
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Wires begin to act like antennas when their physical sizes approach
wavelength dimensions (typically when their physical dimensions
become larger than UlO).
Wires begin to appear similar to transmission lines when the physical
length of the wire path is of the same order of magnitude as a wavelength (All5 is the rule of thumb).

If two wires carrying a signal are physically separated by 4 5 , they
begin to act like an antenna and will radiate energy into space.
0

When the manufacturing tolerances of a device approach l / l O t h of a
wavelength, the device will begin to misbehave. Connectors will exhibit excessive losses and VSWR problems and antennas will exhibit gain
and sidelobe variations and other disturbances.

We will use these observations to determine how large an antenna which
performs at a particular frequency will be, to answer some electromagnetic
interference (EMI) problems, and to decide when transmission line effects
are important and when they are not. Table 1-4relates frequency to wavelength and physical size.

F

I.

MBn

us0

10 Hz

SQCnn, km

4mkm

1 , m km

6OEz

6,Ooo Am

800km

MOkm

3,mkm

&Am

160km

100&

400Ez

760 Am

180 km

38km

lkaz

300Am

48 km

16 km

10 kElz

30 km

48 km

1.6 km

100 RBZ

3km

4&0m

160 m

1MHZ

300 m

48m

16 m

10 lcIBlz

30 m

4.8 m

1.6 m

100 M H Z

3.0 m

0.48 m

16 em

1 GHz

30 em

4.8 cm

1.6 cm

10 G&S

3.0 cm

48 m m

1.6 wml

INTRODUCTION

where

F = frequency,
il= wavelength,
j1/27c = the boundary between antenna near and far fields,
ill20 = antenna effects begin to occur in wires and slots.

1A 1 Transmission Lines
Propagation Time
Figure 1-4 illustrates the time it takes for a signal to travel from one
part of the circuit to another.
7 inches

freqh300 MHz

Rx#2

3T = 3.33 nsec

Figure 1-4 Clock skew i n digital logic.
For example, we want to drive a 300 MHz signal to two different
receivers: one located an inch away from the driver, the other located 7
inches away on another printed circuit card. Since the wave is travelling in
a transmission line, it will propagate slower than the speed of light. Let us
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assume that the signal travels at 2.108meters/second and it w i l l take 0.127
nanoseconds (or 0.12710-9seconds) for the signal to travel one inch. The
signal at point B arrives 0.127nanoseconds after being sent by the driver.
The signal at point C arrives 0.889 nanoseconds after it was sent. The difference in propagation time between A-B and A-C is 0.762 nanoseconds,
which is an appreciable fraction of a period. If we were using the 300 MHz
as a digital clock, the clock edges would be severely misaligned at the two
receivers in Figure 1-4.This propagation delay problem, called clock skew,
is crucial in high-speed computers.

Lumped Elements
One of the implicit assumptions of lumped-element circuit analysis is
that it does not take any time for a signal to travel from one point to another. This is clearly not the case with transmission lines. Since the propagation time of the signal is a significant portion of the signal’s period, lumpedelement circuit analysis procedures are not appropriate.

Parasitic Components
As the frequency increases, the effects ofparasitic components become
important. Every item in the universe has some amount of stray capacitance to ground. Every length of wire, no matter how short, contains a
small amount of series parasitic inductance.

INTRODUCTION

1

Reflections
Waves travel down transmission lines at finite speeds. Similar to a voice
echoing off of a cliff or a radar pulse bouncing off of an airplane, the wave
will bounce off of any discontinuity and travel back in the direction it came.
This finite propagation time coupled with signal reflection effects will cause
radical changes to a signal.

Identifying a Transmission Line
When we are analyzing a system, sometimes it is complicated to decide
if transmission line effects will afTect the system. Consider these rules.
*

Interconnection Length. If the length of the interconnection is greater
than 1/15th of the wavelength of the highest frequency signal it carries,
the interconnection is in fact a transmission line.

*

Rise and full times. If the time required for the signal to travel the
length of the interconnection is greater than 1/8th of the signal rise
time, the interconnection is a transmission line.
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Rise time typically refers to the smaller of either the rise or fall time as the
shortest duration will have the greatest effect on circuit behavior. It corresponds to the time it takes for the digital signal to travel from its 0% value
to its 100%value. Semiconductor manufacturers typically publish the 10%
to 90% or the 20% to 80% rise time figures. These figures have to be multiplied by 1.25 or 1.67 respectively to find the linear ramp time from 0% to
100%. The interconnection length and rise and fall times rules are equivalent. They both compare the wavelength of the highest frequency present
in the system with the physical size of the interconnection.

Bandwidth of Digital Signals
The approximate cutoff frequency for a digital signal is
1

1.75

fdlg.ctal=- 7%

where
t, = the rise or fall time of the digital signal (whichever is smaller).
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Rise Times, Frequency and Length
Table 1-5relates signal rise times with frequency and physical lengths.

Table 1-5 Signal rise times and frequencies related to physical lengths.

where
t, is the rise or fall time,
fdigital
is the cutoff frequency of the rise time given by Equation 1.75,
L,,,, is the length of one rise time in free space,
Lc,,,/2 is the typical length of a rise t h e on a cable or printed circuit board,
Ltermis the maximum allowable unterminated length on a cable or
printed circuit board.
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Transmission Line Models
Figure 1-7 shows a useful electrical model for transmission line analysis. The combination of V ,and R, could be an antenna, signal generator, digital logic gate or any other signal source. The resistor (R,) represents the
signal load that could be a receiver, amplifier, and so on.

Signal Generator or Antenna
Figure 1-7 Transmission line analysis model.
There are always two elements in a transmission line. In Figure 1-7,
the center conductor carries the signal, and the second outer conductor
serves as both a signal ground and a shielding mechanism. Other physical
arrangements are possible.
Figure 1-8(a) shows an equivalent circuit of a transmission line. Each
marked-off section in Figure 1-8(a)is an infinitesimal piece of the line. The
shunt capacitors (A C)represent the capacitance present between the signal conductor and ground. The shunt resistors (A B ) represent signal loss
through the insulation separating the two wires (dielectric loss). The series
inductance (A L)and the series resistance (A R ) model the parasitic inductance and resistance of the center conductor. Any transmission line can be
modeled as an infinite number of the marked-off equivalent circuits in
series. As the number of sections increases, the values of A C, A B, A L and
A R approach zero.
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Figure 1-8 Transmission line equivalent circuits (a) lossy (b) lossless.
Physical cables always exhibit signal loss if they are not superconducting.
In Figure 1-8(a),the signal loss has been modeled as series (AR)and shunt resistors (A B). Removing the resistors makes the line lossless [see Figure 1-8(b)].

Characteristic Impedance
One of the main properties of a transmission line is its characteristic
impedance (Zo).When we terminate a transmission line with a resistance
whose value equals the cable’s characteristic impedance, signals propagating
down the cable are completely absorbed by the load resistor. When the load
value of the load resistor does not equal the value of the cable’s characteristic impedance, signals propagating down will reflect off of the load resistor
and travel back up the cable, in the direction of the source (see Figure 1-91.
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Matched aCable

A wave propagatingdown a matched cable will not reflect off
of the load resistor R,

Unmatched Cable
Z, = Transmission Line
Characten'stic I m n c e

I
A wave propagatingdown a matched cable will reflect off of
the load resistor R,

Figure 1-9 Signals propagating on a transmission line under matched
and mismatched conditions.
These signal reflections have profound effeds on the performance of the
system as will be shown. A transmission line's characteristic impedance is a
function of the physical geometry of the cable and the materials used to build
it. According to Figure 1-8@),the characteristic impedance of the cable is
1.76

1C/unit length
Notice that the unit length quantity of Equation 1.76 drops out of the relation, which allows us to measure the inductance and capacitance of any
random length of cable and use those numbers directly in Equation 1.76.
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I

Propagation Velocity
Waves travel slower in a transmission line than in free space. The propagation velocity is v. Referring to Figure 1-8(b),we can show that the propagation velocity in a low-loss transmission line is
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-

1
&(unit length)(C/unit length)

1.78

Unlike Equation 1.79, the cable length does not cancel out in this expression. If we want the propagation velocity to be in meters per second, we
have to express A L in henrieslmeter and AC in faraddmeter.
V =

1

d(henries / meter)(farads / meter)

1.79

The following example shows how to measure A L and A C (seeFigure 1-10).
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Velocity Factor
Waves usually move slower in a transmission line than in free space.
The velocity factor is the ratio of the propagation velocity of a wave in. a
transmission line to the wave’s velocity in free space or
Velocity Factor = vf =

v

51

where
vf = the velocity factor of the transmission line (0 5 vf 5 1>,
v = the propagation velocity in the transmission line,
G = the speed of light.
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Transmission Lines and Pulsed Input Signals
Figure 1-11shows a transmission line experiment. A lossless transmission line (whose characteristic impedance is 2,) is being fed with a very narrow pulse. We will plot Vin,
the voltage at the input of the transmission line,
over time. We will plot data for various values of the load resistor RL.
Pulse

ZO
Let R, = 2,

van
+1V

1

(No Pulse)

6

(d) R, = z,
(bme)

Figure 1-11 Transmission line under pulsed input conditions with various loads.
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Open-Circuit Line
Note that we have set Rs, the resistor in series with
equal to the
characteristic impedance of the cable. The first plot [Figure l-11Ca)l shows
the source voltage V,. We are generating a 2-volt pulse and observe the same
waveform regardless of the value of RL.
Figure 1-ll(b)shows Vinwhen the load is an open circuit (RL= a).The
magnitude of the pulse has changed: it is now only lvolt - half of what the
generator produced. We will also observe a second pulse at Vin.
The second
pulse has the same magnitude as the first pulse but appears at a later time
(td)from the initial pulse. We can explain the second pulse by considering
the transmission line as a simple time delay. The first pulse was generated
by the source. The pulse travels through the cable until it encounters the
open circuit at the load end. Similar to a voice echoing off of a cliff or a radar
pulse bouncing off of an airplane, the pulse reflects off of the discontinuity and
travels back in the direction it came. The second pulse at VLnis travelling back.
from the load end of the cable toward the generator. The time (td)is the time
it takes the pulse to travel down the cable and back again. This is one tec
nique we can use in the lab to determine the cable’s propagation velocity.
When the pulse first enters the transmission line and before the return
pulse has had time to return from the open circuit, the transmission line is a
resistor whose value is its characteristic impedance. The change in the magnitude of the pulse when it enters the cable can be easily explained. Since we
set the source resistor ( R S ) equal to the cable’s characteristic impedance Z,,
we have a voltage divider whose output voltage is half the input voltage.

x,

Short-Circuit Line
Figure 1-ll(c) shows Vin if we short-circuit the load end of the transmission line. Everything is the same except for one minor detail - the
return pulse has the same magnitude, but it is opposite in polarity. The
short circuit at the end of the cable causes the pulse to come back upsidedown or inverted.
Z, Terminated Line
Figure 1-ll(d) shows a terminated cable with a resistor whose value
equals the characteristic impedance of the cable. No pulse returns
because the matched load resistor absorbs all of the energy in the pulse.
This is usually a desirable situation and one of the reasons to keep system impedances matched.

Reflection Coefficient
Open and short circuits are extreme conditions. What happens if we
place a variable resistor at the load end of the cable? In general, the mag-
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nitude of the reflected pulse will be

where
p is the reflection coefficient ( p can be a complex number if the load
impedance is complex).
Vrncident
is the voltage incident on the load. In other words, the magnitude of the pulse we sent into the transmission line.
Vrncldent
travels from the source to the load.
VRenected
is the magnitude of the voltage reflected off of the load and back
travels from the load to the source.
into the transmission line. VRefleted
We can show
p=- RL - 2 0
RL +Z*

-1sps+1

1.86

Figure 1-12 Transmission line reflection coeficient.
Figure 1-13 shows a graph of the load resistance vs. the reflection coefficient for a 50-ohm cable. At low values of RL, the reflection coefficient
approaches -1. This means that most of the voltage we send down the cable
comes back (although its magnitude is reversed). When RL is very large, p

I NTRODUCTlON

approaches +l.Note that everything that is sent down into the cable i s
reflected but the magnitude is not affected.
When the value of the load resistor equals the transmission line’s characteristic impedance, the reflection coefficient equals zero. None of the energy
we send into the cable returns; all of it is dissipated in the load resistor.

Figure 1-13 Transmission Line reflection coefficient us. Load resistance (50ohm system),
Transmitting Systems
In a transmitting system, a high-power amplifier feeds a cable. The
cable, in turn, feeds an antenna. We are interested in sending power into
an antenna and emitting that power into free space. If the antenna is not
matched to the cable or the cable is not matched to the power amplifier,
some of the energy that is being sent into the cable will bounce off the
antenna, return and not radiate into space.

Receiving Systems
If we are interested in receiving signals, we normally place an antenna
feeding a cable which then feeds a receiver. Any mismatch between the
antenna and the cable or between the cable and the receiver will cause
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energy to reflect off of the mismatch. Signal energy will be lost and the
receiving system will not be as sensitive as it could be.

INTRODUCTION
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INTRODUCTION

Complex Reflection Coefficient

So far we have examined resistive cable terminations and the astute
reader may wonder what happens if we decided to terminate a cable with
an inductor or capacitor. The answer is that everything we have discussed
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will still apply with the exception that the reflection coefficient will be a
complex number and have a magnitude and a phase angle. With a resistive
load, the reflection coefficient is always real. With a complex load, the timedomain examples are harder to visualize because of the frequency-dependent nature of the load.
For a complex load, ZL = RL + jX,, the reflection coefficient is
P =l P ( q 7

1.100
where

ZL = RL + j X L = the complex load (resistance and reactance),
p = the complex reflection coefficient,
IpI = the magnitude of the complex reflection coefficient,
OD = the angle of the complex reflection coefficient.

A complex p means that the incident wave suffers a phase change as well
as a magnitude change when it encounters the mismatch. All the equations
concerning return loss will also apply for the complex reflection coefficient.
The magnitude is specified wherever it was required. If it is not specified,
we use the complex reflection coefficient, which yields a complex result.

INTRODUCTlON

Mismatch Loss
The voltage reflecting off of a mismatched load at the end of a transmission line represents power loss. If the load were perfectly matched to
the transmission line, we would transfer all of the available incident signal
power to the load resistor. But since the load is not matched to the transmission line’s characteristic impedance, all the available power is not transferred to the load. This mismatch loss is defined as
Mismatch hss
= ‘Available - Pbflected
PAvailabie

--P&livered
PAvailable

where
PAuailable
= the power that is delivered to the matched load,
PDPlivered
= the power that is delivered to the unmatched load,
PReflected= the power that is reflected off of the unmatched load.

1,104
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We know
1.105

and
1.106

Combining Equations 1.104 through 1.106 with Equation 1.85 produces

1.107

Mismatch loss is yet another way of describing the relationship
between the characteristic impedance of a transmission line and its load.
Mismatch loss is specified in decibels,
1.108

Mismatch loss is only relevant in connection with an antenna. In a receiving situation, the mismatch loss of the antenna represents signal loss that
affects the system noise floor and minimum detectable signal. In the transmitting case, the mismatch loss represents signal energy that is not delivered to the antenna and so cannot be radiated into free space.

Source and Load Mismatches
We can experience mismatches at both the source and load ends of a
transmission line. In a source mismatch, i.e., when the source impedance
(Rs)is not equal to the characteristic impedance of its accompanying transmission line, the maximum amount of power is not transferred into the
line. The mismatch loss due to source mismatch is

INTRODUCTION

Mismatch bSS&,urce,dR = 1 - lpI,

2

Mismatch LOSS&,urce,dB = 10log(1- Ips

1.109

1" )

1.110
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Transmission Lines and Sine-Wave Input Signals
We have discussed the behavior of pulses as they move up and down the
transmission line and when they encounter impedance discontinuities.
Since a pulse consists of a series of sine waves, we argue that the same effects
occur when we launch a continuous RF carrier (i.e., a sine wave) down a
transmission line. Reflections still occur as the wave encounters mismatched
impedances. However, because of the continuous nature of the sine wave, the
effects are not as intuitive as in the pulsed case.
Figure 1-17 shows an example where the voltage generator Vg is a
sine- wave source that turns on at time t = 0. The system is completely
mismatched (i.e., Rs # Zof RL).When we turn the signal generator on at
t = 0, the sine wave first encounters the mismatch between the signal
generator’s source impedance and the impedance of the transmission
line. This effect acts to reduce the voltage incident on the line. After the
sine wave enters the transmission line, it travels down the line until it
encounters the load resistor. The load absorbs some of the signal energy
and reflects the rest according to the equation

INTRODUCTION

A-

I

V, = 0 for t s O
sin (mot) for t > 0

R, # Z,# R,
Figure 1-17 Mismatched transmission Line with sinusoidal input voltage
The energy that reflects off of the load travels back along the line
toward the source. If p is complex, the sine wave experiences a phase shift
as well as a magnitude change. At the source end of the line, the signal from
the load splits into two pieces. Some of the energy is absorbed by the source
while the rest is reflected and sent back again toward the load. This process
of absorption and reflection at each end of the transmission line continues
until eventually the transients recede and the line reaches a steady-state
condition. The voltage present at any particular point on the transmission
line is the sum of the initial incident wave and all of the reflections.
The mathematical expression describing this process involves an infinite series. To simplify the analysis, we will examine a transmission line
with an arbitrary load resistance but with a matched source resistance (see
Figure 1-18). When Rs = Zo, the reflections caused by a mismatch at the
source end of the cable are eliminated. The voltage at any physical point on
the line is due to the incident wave and one reflection from the load. Any
signals travelling from the load to the source are absorbed entirely by the
source, because, by matching the source to the line, we have set the source
reflection coefficient to zero.
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S Ine Wave
Source

ZO

R, = Z o
'..

..

V.
toward

v, = pvi

Signal reflected from the load is
absorbed completely by the
matched R,

Reflected
sine wave
bouncing
off load and
travel1ing
back toward
generator

Figure 1-18 Mismatched transmission line showing incident and reflected voltages.

Voltage Minimums and Maximums
Figures 1-19 and 1-20 show the magnitudes of the sine waves that can be
observed along a length of transmission lines for several load mismatch conditions. Figure 1-19 describes loads that are greater than Zo (or 50 ohms, in this
case);Figure 1-20describesthe situation when the loads are less than 50 ohms.

INTRODUCTION

Figure 1-19 Voltage standing wave ratio (VSWR). The magnitude of the
voltages present on a mismatched transmission line when Z L > 2,.

Figure 1-20 Voltage standing wave ratio (VSWa). The magnitude of the
voltages present on a mismatched transmission line when Z L < Z.,
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I NTRODUCTION

Given a line with a mismatched load, we will define the highest voltage present on the line as VmMand the lowest voltage present on the line as Vmlllor,
Largest Voltage on the T - Line

3

Smallest Voltage on the T - Line

Vmaxcos(& +
Vmincos(mf

+

1,118

Note that Vmmand Vminchange with the value of the load resistor. When
the line is matched (RL = Zo), then Vmm= Vmin.When the line is not
matched, V,,, + Vmin.As the load's reflection coefficient increases (it?.,as
the match gets worse), Vmmand Vminbecome increasingly different.

Voltage Standing Wave Ratio (VSWR)
The characteristic of voltage minimums and voltage maximums along
a mismatched transmission line is referred to as the voltage standing waue
ratio (VSWFt)of the line. VSWR is defined as

VSWR is a common measure of impedance, similar to the reflection coefficient (PI. The concept of VSWR was developed from the observations of
physical transmission lines and from T-line theory. In the past, VSWR was
a very common unit of impedance measurement because it was relatively
easy to measure with simple equipment and without disturbing the system
under test. RF engineers rarely measure VSWR directly anymore but many
vendors still specify it as a measure of how well their systems are matched.
VSWR Relationships
A little algebra with Vmaz,Vmin,RL, 2, and pI, reveals the following
relationships:
1.120
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and
1.121
The absolute value in these two equations contains two separate values of
reflection coefficient, i.e., two values of load resistance, which can produce
the same value for VSWR. Two values of RL will produce the same VSWR
on a transmission line if the two values satisfy the following equation:
20

1.122

Figure 1-21 shows a plot of VSWR vs. load resistance for a 50-ohm system. When the match is perfect (RL= 50 Q), the VSWR equals 1. The closer the VSWR is to 1, the better the match. VSWR ranges from 1 (a perfect
match) to infinity (a short or open circuit).

Figure 1-21 Voltage standing wave ratio (VSWR) us. load resistance for
2 0 = 50 .f2.

I NTRODUCTION
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Figure 1-22 Measuring VSWR on a transmission line.

INTRODUCTION

Figures 1-19 and 1-20 show another feature of the voltage peaks and
valleys. As Figure 1-22 indicates, the distance between two adjacent voltage
maximums or two adjacent voltage minimum is Ad2 where AG is the wavelength in the transmission line or the guide wavelength. Also, the distance
between a voltage minimum and its closest voltage maximum is Ad’4.

Return Loss
Return loss is a measure of how well a device is matched to a transmission line. We have mentioned launching pulses down a transmission
line. The load absorbed some of the pulse energy and some of the energy
was reflected back toward the source. Return loss characterizes this energy loss in a very direct manner (see Figure 1-23).

Figure 1-23 Measuring return loss.
When a known voltage is incident on a load (VIncident), we can imply that
a known m o u n t of power is incident on the load (PIncident). Similarly, when
voltage is reflected from a load (VRefle&d), that voltage represents power
that is reflected off of the load (PReflectd). This applies with continuous signals as well as pulses. Return loss is defined as
Return Lossd, = 1Olog

1.123

Return loss is measured directly by launching a known amount of power
and measuring the amount of power that
into a transmission line (PIncident)
reflects off of a load (PReflded). Return loss measures the power lost when a
signal is launched into a transmission line.
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Return LossdB = 2010g
= 201ogJpJ

1.124

Figure 1-24 shows a plot of return loss vs. load resistance for a 50- ohm
system. When the load resistance is very small or very large,most of the power
we launch into the transmission line refleds off of the load. Since PRefl- 5
Phcident,
the return loss is near 0 dB.This is a poorly matched condition.
When the load resistance is approximately equal to the system characteristic impedance (2, = 50 R in this case), most of the power we launch
into the line is absorbed by the load and very little returns. The return loss
is a large negative number, which indicates a good match.

Figure 1-24 Return loss us. load resistance for a 50-ohm system.
Transmission Line S u m m a r y

VSWR, reflection coefficient and return loss all measure one parameter:
how well the load is matched to the system’s characteristic impedance. In the
examples, we have used 50 ohms as Zo, but other common characteristic
impedances are 23 ohms, 75 ohms, 93 to 125 ohms and 300 ohms.

INTRODUCTION

Transmission Line Input Impedance
Figure 1-26 shows a transmission line terminated in a complex load (a
resistance RL in series with some load reactancejXL>.We are interested in the
impedance looking into the cable a physical distance 1from the cable’s load end.

Eigune 1-26 Transmission line input impedance under complex load conditions.
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In the general w e ,
1.125

If ZLis an open circuit (i.e.ZL = 00) then
Zin,OC (I=
)3 2 0 cot(P)

1.126

Figure 1-27 shows the input impedance of an open-cirdted transmission line.
Again, the input impedance is purely reactive and varies from -ja to +jm.

Figurn 1-27 Input impedance of an opencircuited 50-ohm transmission line.

If ZLis a short circuit (i.e.,Z L = 0) then
Zin,sc(l)= % P otan(@)

1.127

F'igure 1-28 shows the input impedance for an opencircuitedtransrmss
'
ion line.
Note that the input impedance is purely reactive and varies from - j m to +jm.

INTRODUCTION

Figure 1-28 Input impedance of a short-circuited, %)-ohmtransmission line,
For Equations 1.125, 1.127 and 1.126,
Z = the physical length from the load to the near end of the cable,
Zo = the characteristic impedance of the cable,
ZL = the load impedance expressed as a complex number,

p = 2ziag,
kg = the guide wavelength.

Lossy Transmission Lines
Actual transmission lines commonly exhibit some power loss. Any time
a signal propagates down a cable whether it is a pulsed input or sine-wave
input transmission line, it will experience loss. In the pulsed input case, for
example, the pulses applied to the source end of the cable will suffer loss as
they travel toward the load. This means that the power and voltage incident on the load will not be as large as we would expect them to be in the
lossless case. The reflected signal will also experience signal loss as it travels from the load to the source.
If we were to measure the power of the returning pulse at the sending
end of the transmission line, it would be less than it would have been had
the cable been lossless. In other words, both PReflectd
and VReflw.., will be
smaller because of the line loss. Since
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the loss in the cable makes the reflection coefficient smaller and the load
appears to be closer to Zo than it really is. A lossy cable tends to make the
loads appear better matches than they really are.
This insight also applies to return loss measurements (see Equation
1.124).We know how much power we initially launched into the source end
of the cable (PIncident) and can measure how much returns from the load
(PReflected).
However, we do not know how much power was absorbed by the
load and how much power was absorbed by the lossy line. Since the reflected power is less than we would see if we had a lossless cable, the load will
appear to be more closely matched than if the cable had been lossless.
This is not necessarily to our advantage. For example, in a receiving situation, the cable loss represents signal loss, directly reducing the system’s
sensitivity. In a transmitting situation, cable loss represents power that has
been used up in the cable between the power amplifier and the transmitting antenna. For the continuous sine-wave input model we discussed, we
have to keep in mind that, as the signal moves along the cable, it experiences attenuation. Then we mentally examine the sine-wave equations and
see if the results agree with the time-domain models.

1.12 TwoPorts
Figure 1-29 shows a two-port device with the voltage and current
assignments we will assume. We will feed voltage, current or power into one
port of the device and we attach a known impedance to the other port. Then
we will observe what happens to the voltages and currents on the output
terminals of the two-port. A two-port device can be characterized in various ways but, in this book, we focus on the following:
z-parameters, which describe the two-port in terms of impedance-like
or voltage/current quantities,
y-parameters, which describe the two-port in terms of admittance-like
or current/voltage parameters,
h-parameters, which are useful for transistor amplifier design,
s-parameters, which are useful for RF and microwave systems.

INTRODUCTION

1

Figure 1-29 Voltage and current definitions for a general two-port device.
2-Parameters
The z-parameters define a two-port as follows:
1.129

1, = 0
+

v, oc
0

'2

2-Port
Network

t---

----y

+

Figure 1-30 Measurement of two of the four z-parameters of a general
two-port device. Requires a wideband open circuit.
Figure 1-30 shows the measurement of a network's Z-parameters. We
apply a voltage source to port 1and leave port 2 open-circuited. This forces
I2 = 0. We know the value of Vl and can measure or calculate the values
o f l , and V2.Combining this insight with Equation 1.129, we can find two
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of the z-parameters.
211

vi

=-

1.130

I , =o

I1

To determine the values of the other two z-parameters, we apply a voltage
source at the same test frequency to port 2, i.e., we set the value of V2 and
leave port 1 as an open circuit and set I , = 0. Then, we measure or calculate Vl and 12.The other two z-parameters are
1.131

Knowing the values of zll,
z12,z21and z,, allows us to characterizethe two-port
at the test k q u e n q . Given an input voltage and load impedance,all of the corresponding voltages and currents can be found. Note that the values of the zparameters will likely change with frequency Usually, the parameters at all the
frequencies under consideration have to be measured.
In summary, we can measure or calculate the z-parameters of a network using

1.132

Zll is the input impedance of the two-port (when the output port is in the
open-circuit condition) and 222 is the output impedance of the two-port
(when the input port is in the open-circuit condition).

Y-Parameters
Like z-parameters, y-parameters completely define a two-port device.

I, = YllVl+ Y12V2 or
I2 = Y21Vl+ Y22V2

[ [
=

'11
Y21

y12][
Y22

];

1.133

To measure or calculate the y-parameters, we force a current into one port
while short-circuiting the opposite port (see Figure 1-31). We calculate

INTRODUCTION

yll is the input admittance of the two-port (when the output port is in the
short circuit condition) and y22 is the output admittance of the two-port
(when the input port is in the short circuit state).

2-Port
Network

v, = 0
y12=

y22

=

+
$1

Iv,=o
v, = o

Figure 1-31 Measurement of the four y-parameters of a general two-port
device. Requires a wideband short circuit.

H-Parameters
H - (for hybrid) parameters are well suited to bipolar transistor design.
The defining equations for the h-parameters are
1.135

To measure the h-parameters, we again apply voltages or currents to the
various ports leaving other ports in the open- or short-circuit condition (see
Figure 1-32). We then calculate
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1.136

hIl is the input impedance of the device (when the output is shorted),hZ2is
the output admittance (when the input is in the open-circuit state), hB1is
the current gain and h12is the reverse voltage feedthrough.

hll=

Ll!l , / V 2 - O

=

-t; lv,=o

h2,

I,

=o
Network
h12

= vv,I,

h22=

+I

\=o

\=o

figure 1-32 Measurement of the four h-parameters of a general two-port
device. Requires wideband open- and short-circuits.
S-Parameters

\

Measuring the z-, y- and h-parameters of active devices, such as transistors and FET’s at high frequencies, presents several problems.

At high frequencies, it is difficult to build equipment to measure the
current and voltage directly at the ports of a network. However, power
can be measured fairly easily.

INTRODUCTION

*

Due to stray capacitance and inductance, it is very difficult to realize
wideband, accurate short- and open-circuit loads.

*

Active devices are often not short- or open-circuit stable. In other words,
transistor amplifiers may oscillate if they are subjected to short or open circuits. This completely distorts any measurements planned.

Course of Thought
In the radio receiver arena, we will use most of the circuits we build in
systems with some characteristic impedance. In other words, when circuits
are operating normally, they are in some environment where they will
always see a Zosource resistance and a Zo load resistance. Systems are best
characterized under these conditions.
We can transfer knowledge from transmission line theory. When we
analyzed transmission lines, we launched a voltage down the line and
observed the incident voltage reflected off of the load. We can use this technique to characterize the devices in a Zo environment.
R, =z,

vi,

V

"i2

2 - Port
ZO

T-Line

ZO

T-Line

Figure 1-33 Measurement of the four s-parameters of a general two-port
device. Requires only matched loads and sources.
Figure 1-33 shows the measurement environment we would like to use.
First, we terminate both the input and output of the device with a Zo load
in all of the measurements. Then, we launch an incident wave (Vil>at the
two-port. The incident wave will encounter the two-port device and some of
the voltage will reflect off of port 1 (is Vrl). Some of the incident signal will
enter the two-port and find its way to port 2 where it appears as Vr2and Viz.
Since we have terminated the device on both ports with a matched load,
we know that any signals that occur at the termination will be completely
absorbed. In Figure 1-33, for example, the matched load placed on the output port of the device will force the voltage Vi2to be zero. By measuring the
s-parameters of a network, we are radiating energy at the device and
observing how the energy scatters off. The s-parameters of a network are
the scattering parameters,
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Definition
S-parameters are defined as

To calculate the various s-parameters from measured data, we perform
1.138

Measurement Technique
To measure the s-parameters of a network, one port is derived with a
matched source (a source whose series impedance is Zo>and the other port
will be terminated with a Zo load (see Figure 1-34).

s,, = 3
v,, I v,2=o

s,

V,l

=

3v,,2

Iv,

=0

R,=Zo

.

R, = Zo

s,,

=

2I

v,, = o

s22=3v, 2 I v,, = 0
Figure 1-34 Detailed measurement of the s-parameters of a two-port device
indicating incident and reflected voltages.
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The source launches energy at the two-port, which is represented by the
voltage VZ1.Some of that energy reflects off of the two-port's input, travels
back toward the source and becomes Vrl.Some of the energy which entered
the input port will travel through the two-port and find its way to the righthand side of the two-port. Some of this energy will exit the right-hand side
of the two-port becoming Ve Since we set the load resistor RLto equal Z,
RL absorbs all of the energy and reflects none. The same effects occur in the
bottom half of Figure 1-34 when we reverse the source and load sides.
It is difficult to measure voltage directly at high frequencies, but it is
easy to measure power. It is also easy to measure the phase difference
between two voltages. To accommodate for easy measurements and for not
SO easy ones, the defining equations have to be changed.
1.139
where
1.140

These equations are identical to Equation 1.137 except that everything was
divided by 42,. Note that

I al 12 = power incident on the input of the network
= power available from a source of impedance 2,.

Ia212 = power incident on the output of the network
= power reflected from the load,

1 bl 12 = power reflected from the input port of the network
= power available from a

Z, source minus the power delivered to

the input of the network,
1b2I2 = power reflected or emanating from the output of the network
= power incident on the load,
= power that would be delivered to a 2, load.

Since we can easily measure power and phase angles, we can determine the
quantities above and obtain the s-parameters of a given network.
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S-Parameter Relationships
The s-parameters are related to power gain and mismatch loss.

lsl1

'

Power reflected from the network input

= Power incident on the network input

2

's22'

Power reflected from the network output
= Power incident on the network output
1.141

2

'Sail

Power delivered to a Z, load
= Power available from a Z, load
= Transducer power gain with 2, load and source

2

1sl21 = Reverse transducer power gain with Z, load and source
= Reverse isolation

These equations are valid only when the network is driven by a source with
a Zo characteristic impedance and when the network is terminated with a
2, load. The s-parameters are related to the reflection coefficient and the
return loss of the two-port.
sll = reflection coeffkent
'P

1.142

return loss = 20 log(lp()

Relationships Among Two-Port Parameters
Each of these sets of parameters exactly and absolutely define the
two-port network. The network parameters mentioned contain the same
information. Since all of these parameters contain the same information
in different forms, we can convert from one two-port parameter to any
other. The Tables 1.143 through 1.145 show the relationships between
two-port parameters.

Sand 2

Sand Y*
s11 =

sq2

(1- Y l l ) ( l +
(I+Y l l ) ( l +

=-

Slf

=

(1+ Y11)(1=
(1-+ Y l l ) ( l +

=

Y12

=

Y22) - Y12Y21

-2Y21

(1+ Y11)(1+

Y11
Yz2) - Y12Y21

-2Y12

(1 + Y11)(1+
s21

Y22) + Y12Y21

Y22)

- Y12Y21

Y12

Y22) + Y12Y21
Y22) - Y12Y21

Y22

=

(1 - s11)(I + s 2 2 ) + s12s21
(1+ s 1 1)(I + s 2 2 ) - s12s21
-2s12

(

+ s11)(1+ s22)

- s12s21

1.144

-2s21

(I+ S 1 1 ) ( 1 + S 2 2 ) - ~ 1 2 S 2 1
(1 + s11)(I - 522) + s12s21
= (1+ sll)(14 $22) - s12s21

S and H

Normalized Components
The z-, y- h- and s-parameters shown in Equations 1.143 through 1.145
are normalized, i.e., the characteristic impedance is unity. If the characteristic impedance is zo, convert from zo using
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1.146

1.148

1.I3 Matching and Maximum Power Transfer
We can model any practical signal source as Figure 1-35 indicates. The
combination of Vs and Rs can be a signal generated, an antenna, or a RF
amplifier. The value of Rs can be small, but it will never be zero. For a various
reasons, Rs is set equal to Zo,the system’s characteristic impedance.
Let us assume the source in Figure 1-35 is an antenna. Then Vs represents the signal energy the antenna receives and Rs represents the radiation
resistance of the antenna. If the load resistor represents a receiving system,
the receiver should be able to take the maximum amount of signal power
from the antenna into the load resistor RL.
..................................

..................................

o Signal Generator
o Antenna
o RF Amplifier
Figure 1-36 Model used to derive maximum power transfer conditions.
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Resistive Loads
Given that the antenna has some nonzero series impedance, what value
of RL will produce the maximum power transfer from Vs to RL?The power
dissipated in RL is
1,149

We know

1.150

Hence
1.1151

The maximum power transfer will occur when
1.152

which can be simplified to
1.153

The receiver will pull the maximum amount of power from the antenna if we
set the input impedance of the receiver equal to the output impedance of the
antenna (the “matched” condition). Figure 1-36 shows a graph of PRLversus
RL with Rs = 100 R and Vs = 1I?The curve peaks when Rs = 100 R = RL.
Let us assume we are operating in a 50-ohm system and the combination of Vs and Rs is an antenna. In order to get the maximum amount of
signal energy from the antenna, we have to set Rs = 50 R . The farther RL is
from 50 ohms, the less power we will be able to draw out of the antenna.
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Figure 1-36 Power in 100 ohm load resistor us. the loud resistor value. Note
that the power dissipated in the load resistor is maximum when Rs = RL.
Complex Loads
If the source impedance is complex and equal to Zs,maximum power
transfer is achieved when the load impedance (2,)satisfies the relationship
1.154

where Es is the complex conjugate of the source impedance (see
Figure 1-37). If 2, = Es then RL = Rs and XL = -Xs. The reactances cancel and two matched resistors are leR.
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Figure 1-37 Maximum power transfer for a complex load and source
impedances .

I. I 4 Matching
Matching usually means setting one impedance equal to another
impedance to achieve maximum power transfer. However, there are other
valid reasons why we match and there are also situations where matching
is not to our advantage.
When to Match

Antennas
We match to achieve maximum power transfer from a source to a load.
This is most common in m e of an antenna. In a receiving situation, all the
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signal energy possible should be removed from the antenna. In a transmitting situation, we would like to release as much power as we can into the
antenna. Matching allows this effect to occur.

Terminations
We often match to present termination-sensitive devices with a fured,
known impedance. For example, mixers and filters usually require a broadband termination on both their input and output ports. If they do not see a
broadband match, their performance will suffer. Some devices are unstable
or change their mode of operation radically if an improper termination is
presented. For example, amplifiers may break into oscillation or the oscillator’s frequency may change.

Transmission Lines
When we discussed transmission lines, we saw that mismatches on
either the source or load end of a cable can produce signal reflections. These
reflections will distort the signal as well as produce voltage maximums and
minimums on the line. Matching helps to avoid all of these problems.
If we use matched loads, we can use arbitrary lengths of transmission
lines to connect the different pieces of the systems. If a transmission line is
not matched, the performance of the system can change as we change the
lengths of the transmission line connecting the components.

Calculations
Matching impedances makes calculations and their associated mathematic operations easier. We do not have to factor the changing impedance
levels into the equations if all the source and load impedances are equal.

Time Domain EffFects
. .
In digital and other timedomain systems, a poorly terminated transrmsslon
line can cause signal renedions as pulses to bounce off of mismatched loads. This
causes distortions to the point where they will ruin a system’s performance.
When Not to Match

ErnienCy
When efficiency is important, matching the source impedance to the
load impedance is a poor idea. Figure 1-38 shows a model for an RF ampli= RL,
fier. If the load resistor R L is dissipating a power of PRLand if Ramp,oui
then Rump,out
must also be dissipating PRL.In other words, 1/2(or 3 dB)of
the amplifier’s total output power is lost in the amplifier’s output resistor
Rump,out.
The efficiency of the system is defined as
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Power dissipated in RL
Power generated by Vamp,out

1.155

Figure 2-38 Model of an RF amplifier delivering power to a load resistor.
Maximum eEcienFigure 1-39 shows a graph of efficiency vs.
cy can be achieved when the amplifier's output impedance is 0. Consider
60-hertz wall outlets and the source impedance supplied by the power company. We are not interested in maximum power transfer in this situation
but we are interested in a constant load voltage and high efficiency. Making
the source impedance as small as possible will allow the voltage to stay
almost constant despite the type of load we connect.

Figure 1-39 Eficiency us. load resistance for a 100-ohm load resistance.
Note that efficiency is only 50 % when matched. High efficiencyoccurs when
Rs <<: Rfi
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Figure 1-40 Three options for driving a transmission line with digital logic.

Other Considerations
Figure 1-40(a) shows a digital gate driving a transmission line with a
characteristic impedance of Zo. If the line is long in terms of wavelengths,
the mismatched impedance of the receiving gate will cause reflections.
One solution is to match the transmission line. Placing a load resistor
at the receiving end of the line reduces the reflections [see Figure 1-40(b)].
However, we now have to deal with the drive capability of the digital gate
driving the source end of the cable. Is it capable of supplying enough current to handle a 50-ohm load?
Another solution is to source-match, as shown in Figure 1-40(c).
Although the mismatched load of the receiving gate will still cause reflections, they will be completely absorbed by the match at the source end of
the transmission line. Since the reflections are destroyed at the source end,
they have no chance to return down the transmission line and play havoc
with the receiving gate.
However, we now are confronted with the threshold levels of the particular logic family. The resistor at the source end of the cable will affect the
maximum voltage that the gate at the receiving end of the line will see. We
have to make sure that the receiving gate will react reliably to the signals
sent by the transmitting gate.

1. I 5

RF Amplifiers

As part of this introduction to radio frequency systems, some of the char-
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acteristics of amplifiers are discussed here. In Chapters 5 and 6, we will
investigate characteristics such as noise and linearity in greater detail.

.................

I

,
I

_

_

_

-

................

-

_L
I

Signal Source

RF Amplifier

Load

Figure 1-41 Models for a signal source, RF amplifier and load. Under
matched conditions, Rs = Ramp,in
- Ramp,out
= RL.
Power Gain

An amplifier is placed at a particular location in the system because it
provides signal power gain. Figure 1-41 shows the model we will use for a
RF amplifier, its source and its load. The signal source can be a signal generator, antenna or another RF amplifier. The signal source is modeled as a
voltage source Vs in series with a resistor R,.
The amplifier in Figure 1-41 accepts power from some external source
and that power is dissipated in
The amplifier measures the power
and adjusts its internal voltage source Vmp so
being dissipated in Ramp,in
that a fixed multiple of the input power is delivered to RL. In other words,

where
Pin = the power delivered to the amplifier's input resistor Ramp,in
by
some external source (in linear units such as watts or mW).
PRL = the power delivered to the load resistor RL by the RF amplifier
(in linear units).
GP = the power gain of the amplifier; usually > 1 (in linear units).
We can write Equation 1.156 in a logarithmic format
1,157
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where

Pin,dBm= the power delivered to the amplifier's input resistor by some
external source (expressed in a m ) .
PRL,dBm = the power delivered to the load resistor RL by the RF amplifier (expressed in dBm).
GedB= the power gain of the amplifier (usually > 0 dB).
We can also write
1.158

where

Pin,dBW= the power delivered to the amplifier's input resistor by some
external source (expressed in dB).

PRL,dBw= the power delivered to the load resistor RL by the RF amplifier (expressed in dB).
The power gain of an amplifier (or attenuator) remains the stme when
we describe the power in dBW2dBm, dBf, and so on. It will change with frequency, temperature and power supply voltage. A typical specification for
the power gain of an amplifier is
Power gain = 15 dB A 1dB over a 20 to 500 MHz frequency range
and a -20 to +55"C temperature range.
The nominal power gain (15 dB)is indicated. The gain may vaxy from 14 to
16 dB over a -20 to +55"C temperature range. This specification does not
indicate how the power gain will vary with temperature (the gain vs. temperature curve probably will not be linear) and how the device's power gain
will vary with frequency. Equations 1.156 through 1.158 also work with
lossy devices such as attenuators and passive filters. In the lossy case, the
linear gain is less than unity and the decibel gain is less than 0 dB.

Mental Model
A convenient mental model of an amplifier can be described as follows:
The amplifier measures the input power delivered to Ramp,inby
some external source. It multiplies the signal power by some power
gain Gp and delivers the multiplied power to the load resistor RL.
This model works for both signals and noise although the amplifier will
always add some noise power of its own to the input.
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Reverse Isolation
AmpWiers are not perfbctly unilateral devices. If we present an amplifier
with a signal on its output port, some of the signal will leak through to the
amplifier’s input port. This is the amplifier’s reuerse isolation (see Figure 1-42],

1
Signal Flow

Figure 1-42 Reverse isolation in an R F amplifier. The signal flows “backwards” through a component.
Referring to Figure 1-42,the amplifier’s reverse isolation is given by
Reverse Isolation=

Power available from the input port
Power delivered to the output port

1.159

This effect is not intentional and is a general characteristic of most RF and
microwave devices. Signals presented to one port of a device will propagate
to the other ports despite the the designer’s best efforts. These isolation
specifications affects the decisions made by receiver designers when they
connect devices together in cascade.

Frequency Coverage
Amplifiers will provide their guaranteed specifications only over some
given frequency range. Outside the specified frequency range the amplifier
may still operate, but its performance specifications cannot be guaranteed
over time, temperature, and from unit to unit.
Often it is convenient to distinguish between wideband and narrowband devices. Although the definitions vary greatly, in this book, we will
specifjl that a widebund system has a frequency coverage that is greater
than an octave (2:lrange). A narrowband system has a frequency coverage
that is less than an octave.

Signals, Noise and Power Gain
Actual amplifiers add noise to any signal they process. This noise may
or may not be a problem depending upon the relative power levels of the
noise and signal. An amplifier does not register the difference between sig-
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nal power and noise power. The external source, for example, an antenna,
will deliver both signal power and noise power to the amplifier. The amplifier will add noise of its own to the input, then amplifjl the total package by
its power gain.

Linearity
Note that we have shown the amplifier of Figure 1-41with connections
to both a power supply (V,) and ground. From a linearity point of view these
connections are very important. No matter how small the signal, an amplifier will always distort any signal it processes. Depending upon the final system architecture, distortion may be a problem. There are many linearity
specifications such as third-order intercept, second-order intercept and compression point. Their definitions and effects are discussed in Chapter 6.

Input and Output Impedances
When designing an amplifier, we aim for a carefully controlled input
and output impedance. If we intend to operate the amplifier in a system
whose characteristic impedance is Zo, we almost universally “match” the
amplifier so that Rs = Rmp,in- Ramp,out
= RL = Zo.Yet the input and output impedance of an amplifier will change with frequency and temperature.
A typical specification is
Input VSWR is < 2.0:lover a -55 to 85°C temperature range over
a 5 to 500 MHz frequency range.
This specification indicates that the input impedance of the amplifier will
be such that the input VSWR of the amplifier will not be greater than 2.0: 1
over the given temperature and frequency range.
There are similar specifications for the output impedance in terms of
VSWR. In practice, there are two types of devices as far as terminal impedances are concerned: some devices present a wideband match to the outside
world; other devices demand that the outside world present a wideband
match to them. For example, the source and load terminations influence a
filter’s performance significantly. The fdter designer assumes that we will
provide a Zo resistor on the input and output terminals of the filter. If we do
not meet this requirement, the filter will misbehave. On the other hand, an
attenuator will usually provide something close to a Zo impedance to the outside world. We often use attenuators to quiet a widely varying impedance.

INTRODUCTION

Output Power and Efficiency
Since an amplifier obtains its operating power from the outside world,
it stands to reason that it can only produce so much output voltage before
it falls out of specification. The output power specification is important in
transmitters and some mixer applications.
The amount of signal power we can draw from an amplifier depends upon
the amount of distortion we are willing to tolerate. Generally, higher power
means the waveform contains higher levels of distortion. Very linear amplifiers produce much output power but will require a considerable amount of
DC power. As a rule of thumb, we have found that a Class A wideband amplifier will deliver a maximum of about 10%of its DC power as RF enera, i.e,

--pDC

Pout,rnax -

lo

Stability
Any device with power gain has the ability to become unstable and break
into self-sustaining oscillation. Amplifier designers have to guarantee their
amplifiers are unconditionally stable. This means that the amplifier will not
oscillate no matter what impedance is placed on the input and output ports.
For example, amplifiers and other RF devices are normally tested using
laboratory-grade signal generators and spectrum analyzers. The manufacturers of the signal generators and spectrum analyzers have ensured that
test ports on their equipment appear as a nonreactive Zo impedance.
In practice, however, we find that filters, antennas, oscillators and mixers do not present a wideband Zo match to the outside world. The terminal
impedances of a filter, for example, vary wildly with frequency. In the pass-
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band, the filter presents a Zo impedance to the outside world. In the stopband, a filter usually presents either a short or open circuit. Similarly, an
antenna may look like a voltage source with a Zo series impedance in its
operating band that changes once we are outside of the operating bandwidth of the antenna.
Figure 1-43 shows how we might build an actual system.The amplifier
is store-bought and provides gain over its specified frequency range of 20 to
500 MHz. The antenna covers a range of 250 to 350 MHz, and the filter following the amplifier has a passband of only 270 to 330 MHz. The impedance of each device will be approximately 50 ohms in the 270 to 330 MHz
frequency range.

250 - 350
MHz

20 - 500
MHz

270 - 330
MHz

Figure 1-43 A common system configuration utilizing an antenna, amplifier and filter: Each component will present a non-2, impedume to the outs&
world at fhequencies which are outside of their specifid operating ranges.
The impedance of the antenna changes rapidly outside the 250 to 350
MHz range. Accordingly, the amplifier input sees a non-Zotermination on its
input port when the frequency is below 250 MHz and when it is greater than
350 MHz. The amplifier’s output port sees a non-Zo termination when the
frequency is outside the 270 to 350 MHz range. If the amplifier is incorrectly designed, these non-2, terminations can cause the amplifier to oscillate.
Presentingthe input and output terminals with the wrong impedancewill
cause an amplifier to break into oscillation. If the amplifier of Figure 1-43
oscillates, it will usually oscillate at frequencies correspondmg to the band
edges of the filters or antenna. The input impedance of these devices are
changing rapidly as they transverse from their passband into their stopbands.
Finallx as the following examples illustrate, an amplifier can be oscillating
and still be able to perform all of the functions it was designed to perform.
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Any amplifiers we buy should be specified as being unconditionally stable for all values and phases of source and load impedances. Also, the frequency of oscillation does not have to be within the frequency of operation
of the amplifier. For example, an amplifier designed to operate in the 10 to
1000 MHz range can oscillate at 2 MHz or at 4560 MHz. As long as the
evice exhibits power gain, oscillation is possible.
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Signals, Noise and Modulation

The following section serves as an introduction to unmodulated carriers, carriers with just a small amount of modulation, and filly modulated
waveforms and the various expressions used to describe them.

Ideal Sine Wave
The simplest waveform is an ideal sine wave, i.e., a mathematicallypure sine
(or cosine) wave that is fi.ee h m noise. The @-to-noise power ratio is infinite. The waveform can be described in the time, frequency and phasor domains.

Time Domain
Figure 1-44 shows the time-domain view of an ideal sine wave. The
equation for this waveform is
f ( t )= vpkcos(wot+ e ) w0 = 2 q 0

1.161

We define the period of the sine wave as
1
Period = To = -

1.162

fo

Figure 1-44 Time-domain representation of a sine wave with common
definitions.
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Zero Crossings
When discussing mixers, we can use a sine wave to control a switch.
When the instantaneous value of the waveform is greater than zero, the
switch will be in one position (for example, open). When the waveform is less
than zero, the switch will be in the other position (for example, closed). We
are interested in the zero crossings of the waveform and want to describe
exactly when and how often the waveform passes through zero volts. This is
the €unction of a limiter. Figure 1-45 shows the limiter’s output.

+ 1when cos(wot+ 6 )2 0

1.163

-1 when cos(oot-t6 ) < 0

Figure 1-46 Time-domain representation of a sine wave emphasizing the
zero crossings.
In the case of the ideal sine wave, no information regarding the phase
or frequency of the waveform is lost; it now resides in the zero crossings.
However, information concerning the amplitude of the original waveform is
lost. For example, if Vpkis a function of time, the information about that
function has disappeared. Note that the zero crossings happen at exact,
mathematically deterministic times, i.e., when
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Frequency Domain
Figure 1-46shows an ideal, noiseless sine wave in the frequency domain.
The fi-equencydomainrepresentation is a single impulse function at fo.

Figure 1-46 The frequency-domain representation of a sine wave is a single impulse at fo

Phasor
Figure 1-47shows the phasor representation of a pure, noiseless sine
wave. The length of the phasor is Vpkrotating about the origin with an
angular velocity of exactly q-,.By definition, the rotation is counterclockwise. A common mental model consists of a mental “strobe light” that
freezes the phasor in some particular position. We force the strobe light
fires once every To seconds, starting at 0 seconds. The phasor appears to
freeze at one position on the complex plane. Since we started the strobe
light at 0 seconds, the phasor forms an angle of 8 with the real axis. The
projection of the phasor on the real axis is the instantaneous amplitude of
the time-domain waveform. This project, termed the real part of the phasor,
represents the waveform seen on an oscilloscope.

INTRODUCTION

Figure 1-47 The phasor-domain representation of a sine wave is a single
vector rotating counterclockwise at a radian frequency of wo
Two Noiseless Sine Waves
We will now look at expressions describing the arithmetic sum of two
sine waves of slightly different frequencies. This insight will be valuable in
later sections when we examine modulated and noisy waveforms.

Time Domain
Figure 1-48 shows the time-domain waveform. The equation is
1.165

where
o1= radian frequency of the first sine wave,
w2 = radian frequency of the second sine wave and o1# w2.

90

I RADIO RECEIVER DESIGN

Figure 1-48 Time-domain repm&n
of two sine waves at slightly diffemnt
fiquencies added together: The frecruenciesof the two sine waves are f i and f2
Zero Crossings
Figure 1-49 shows the zero crossings of the waveform described by
Equation 1.165. Due to the noiseless nature of this waveform, the zero
crossings occur at mathematically deterministic times, i.e., when
Vpk,lcos(w1t + 6,) = -Vpk,2 cos(@zt+ 6 2 )

0

02

04

06

08

1

12

14

16

1.166

18

2

TIM

Figure 1-49 Time-domain representation of two sine waves emphasizing
the zero crossings of the composite waveform.
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Frequency Domain
Figure 1-50 shows the frequency-domain representation of Equation
1.168. We see two impulse functions at frequencies f l and f 2 . Note that the
and V*,.
magnitude of each impulse function is a function of Vpk,l

Figure 1-50 The frequency-domain representation of two sine waves is two
impulses. One impulse is at fi, and the second impulse is at f 2
Phasor
Figure 1-51 shows the phasor representation of this waveform. There are
two vectors: Vl and V2. The length of phasor Vl is Vqh,landof V2is V*2. Each
phasor rotates about the origin. Phasor Vl rotates w t h an angular velocity of
exactly wl;phasor V2 rotates with an angular velocity of exactly ~ 2 Since
.
the
two phasors are rotating at different rates, we can freeze only one of the phasors with the mental “strobe light” (see Figure 1-52). Usually, it is best to
freeze the phasor with the largest magnitude <Vl in this case); therefore the
strobe light is flashed once every l / f l seconds. Another mental model of this
process is that the viewer is rotating at the same speed and in the same direction as the phasor, which will also cause the phasor to “freeze.”
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Figure 1-51 The phasor-domain representation of two sine waves. Each
vector rotates counterclockwise. One vector rotates at a radian pequenqy of
o1and the second vector rotates at o,.

Figtcre 1-52 It is often convenient to “fkeeze”one phasor to understand the
relationship between the phusors. In this figure, we have fmzen Vl so this phasor no longer appears to rotate. V2 rotates at w2- w1 in this referenceframe.

INTRODUCTION

Since we have frozen phasor Vl, phasor V2will appear to rotate around
the origin counterclockwise with an angular velocity of % - wl.(V2 rotates
counterclockwise because w 2 > wl.If m2 c ol,the smaller phasor would
rotate clockwise.) Figure 1-53 contains exactly the same information as
Figure 1-52, but by stacking the phasors we can gain more insight into the
situation. For example, we can see the resultant or vector sum of the two
phasors more clearly. The vector sum of Vl and V2 is
- -R=q+v2
1.167

Figure 1-53 Vectorial sum of two vectors. Vl is “frozen” and does not
rotate. V2 rotates at w2- ml about the end of vector Vr.
Figure 1-54 shows the locus of the resultant vector R over time. The
vector addition of two sine waves produces amplitude and phase modulation of the resultant. The resultant is phase-modulated because it moves
back and forth between RT1and RT2at a rate of w2 - ol.The peak change
in phase is A$pkpk. The geometry of Figure 1-54 reveals
1.168

1.169
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Figure 1-54 The locus of the resultant vector R over time. The summation
of the two vectors (Vl and V') causes the resultant to exhibit a phase deviation A$pkpkand an amplitude deviation A APkpk.
Later we will be dealing with nonsinusoidal signal powers and noise
powers. In this situation, RMS values are more common. We can adapt
Equation 1.169 for RMS values.
WRMS

1.170

Any angle-modulated waveform can be validly interpreted as either phase
or -frequency modulation. We can also derive amplitude variation from

Figure 1-54, which reads
1.171

When we must work with signal power and RMS values, we can write

URMS
= 2Vms.2

1.172

Finally, the projection of the resultant vector upon the real axis produces
the instantaneous amplitude of the time-domain waveform. This projection
is the waveform that can be observed on an oscilloscope.
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Gaussian Noise
Noise is a statistical phenomenon. Knowing the past values of the noise
waveform does not reveal what the instantaneous value of the waveform
will be in the future. We can use statistics to describe rather accurately how
noise will behave when averaged over a long period of time. When we say
that noise is a random, zero-mean Gaussian process, we mean that the values of the time-domain waveform create a Gaussian distribution with no
DC component. The standard deviation of the Gaussian process is related
to the RMS amplitude of the noise.

Time Domain
In Figure 1-155, we apply broadband, Gaussian noise [n(t)]to a bandpass filter. The band-pass filter has a center frequency of fc and a bandwidth of B. The filtered noise [nf(t)]appears to be a sinusoid of frequency
fc (the center frequency of the filter). However, the amplitude and frequency (phase) both vary randomly over time. The narrower the filter’s bandwidth, the slower the frequency and amplitude change. If the filter bandwidth is considerably smaller than the filter’s center frequency, or

B << f c
1.173
the envelope and frequency of the filtered noise will change very slowly
Both change noticeably over very many cycles of the carrier (which is at f,).
We specify magnitude of the noise voltage in terms of its RMS value
(Vn,ms).This RMS value is the standard deviation of the noise and fits
directly into the equations describing a Gaussian distribution.

Figure 1-55 Noise passing through a bandpass filter produces a signal
centered about the filter’s center fkequency. The amplitude and phase
changes in the signal depend strongly on the filter’s bandwidth.
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Frequemy Domain
The noise generator Vmke of Figure 1-56 generates wideband noise
We will assume that the spectrum of this
with an W S value of Vn,oc,RMs.
noise is infinite. The two-sidedpower spectral density (PSD) of the noise is
t7/2(in w a t u z ) . The one-sided power spectral density of the noise is 7 in
watts/Hz (see Figure 1-57). In this book, we will switch between the onesided and two-sided PSD depending upon the problem.
BPF

n

-

1

BPF: Band Peas Filter
CentetrFrequency: f,
Bandwidth: B

Figure 1-66 white noise passing through a bandpass filter produces a
signal whose spectral shape is identical to the bandpass filter
Two Sided

:

OneSided
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From a practical point of view, we will invariably be dealing with bandlimited noise (see model in Figure 1-56). Noise will always be viewed
through a band-pass filter. In Figure 1-59, the band-pass filter passes only
the components of the noise present within the bandwidth of the filter. We
can interpret the frequency spectrum of noise as an infinite sum of distinct
sine waves (see Figure 1-58)and use the concepts for noiseless sine waves.
Power

Noise Spectrum

1

One very narrow slice!

Figure 1-58 Dividing white noise into small frequency slices allows

us to
analyze the effects of the noise using the methods developed in the “Two
Noiseless Sine Waves’’ section.

I
pso

iI

II

PSD

Figure 1-59 The power spectral density of filtered white noise.
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Zero Crossings
Since noise is a statistical process, statistics are used to describe its zero
crossings. For white random noise with frequency limits f u and fL, the
expeded number of zero crossings per second of either the positive- or negative-going sense is
Zero Crossings Second

1.174

For a low-pass filter, f L = 0 and

Zero Crossings
= 0.577fu
Second

1.175

For narrow band-pass filters (bandwidths of less than 10%of the center frequency), f u 2 fL, we can write
1.176

which is the arithmetic center frequency of the band-pass filter. The values
from Equations 1.174 through 1.176 are the expected values averaged over
a long period of time.

Phor
Figtlre 1-60 shows the phasor representation of bandlimited noise. The
noise is passed through a band-pass filter with a center frequency off, and
a bandwidth of B. The “strobe light” is set to flash every llf, seconds.
The tip of the resultant vector takes a random path around the origin.
Sincewe have frozen the vector at l/f,seconds (we flash the strobe light every
llf, seconds), there is no bias to either clockwise or counterclockwiserotation.
In other words, the mean angular velocity is w,: the center frequency of the
band-pass filter.

INTRODUCTION
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Figure 1-60 The phasor representation of bandpassed white noise. The
amplitude of the resultant vector is a Rayleigh-distributed random variable.
The phase of the resultant is a uniformly distributed random variable.
Ideal Sine Wave and Gaussian Noise
Figure 1-63. shows the model we will use to describe the behavior of an
ideal sine wave in Gaussian noise. Note that we can observe noise only inside
of some bandwidth. In practice, the noise that adds directly to the signal of
interest is called noise additive white Gaussian noise (AWGN).

Figure 1-61 Generating an ideal sine wave corrupted with additive white
Gaussian noise (AWGN).
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Time Domain
Figure 1-62 shows the time-domain waveform of the noisy sine wave.

where
Vmk,(t)represents the time-domain noise waveform,
V,,,(t)
is a random, zero-mean process.
The standard deviation of Vmke(t)is Vmke,ms. The larger V m k e , w , the
larger the noise power.
Noisy Sine Wave

t
lime

Figure 1-62 Ideal sine wave corrupted with (AWGN).

Zero Crossings
Figure 1-63 shows a close-up view of a zero crossing point. For high sigwe can see that the zero crossings
nal-to-noise ratios (where Vpk>> Vnoise),
of the noisy sine wave occur at approximately the same times as the ideal sine
wave. The additive noise causes some uncertainty when the waveform actually crosses zero. The zero crossings have to be described s t a t i s t i d y
The random variable A t in Figure 1-63 represents the uncertainty in the
zero crossings. Several terms are used to describe the uncertainty in the
zero crossings, for example, clock jitter, phase noise, incidental p h e maluZation and frequency dr@. It can be expected that a lower SNR corresponds
to a larger A t. The average number of either positive- or negative-going zero
crossings per second at the output of a narrowband band-pass filter of rec-
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tangular shape when the input is a sine wave in Gaussian noise is
Positive Zero Crossings
Second

Negative Zero Crossings
Second
1.17

where
fo = the center frequency of the filter,
B = the filter bandwidth,
SIN = the signal-to-noisepower ratio in linear format.

Figure 1-63 Zero crossings of a noisy sine wave.
Frequency Domain
Figure 1-64 shows the frequency domain representation of a sine wave
in filtered Gaussian noise. Again, the noise has been passed through a
band-pass filter. In the case of the ideal sine wave, there is an infinite signal power-to-noise power ratio. When we add noise to the ideal signal, a
finite signal power-to-noise power ratio is produced.
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Figure 1-64 Frequency domain representation of a sine wave corrupted
with bandlimited noise.

Phasor
Let the signal vector be S and let the noise vector be N. The vector sum
of S and N will be the resultant vector R. We can write
-

R=S+N

1.179

The magnitude of the signal vector S will be the peak value of the signal
from Equation 1.177 or Vpk,which is a peak value. The magnitude of the
noise vector N will be the RMS value of Vmb,(t) from Equation 1.177, which
is a RMS value. If we hope to obtain meaningfd results from the analysis,
we have to bear in mind this distinction.
Figure 1-65 shows the vector sum of S plus N graphically. Using the
techniques we developed earlier, we place the random noise vector at the end
of the deterministic sine-wave vector. We can draw the position of the noise
vector for various values of standard deviations. The magnitude of the noise
SectOr is Rayleigh distributed. Using the cumulative Rayleigh PDF of F'igure
1-66, we can see that the resultant noise vector will reside inside the z = 1
circle about 38%of the time. It will reside inside the z = 2 locus about 86%
of the time and inside the z = 3 locus for 98% of the time.
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Figure 1-65 Phasor representation of a sine wave corrupted with AWGN,

Figure 1-66 Rayleigh probability density functions.
The amplitude and phase of the resultant vector can be found using Figure
1-65,which allows us to determine the amplitude and phase variations the noise
vector impresses upon the signal of interest. Again, we have to keep in mind
which quantities are peak quantities and which quantities are RMS values.
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Figure 1-67 Amplitude and phase uncertainties present in a sine wave corrupted by AWGN
Figure 1-67 shows the phase modulation present on the signal due to
the AWGN. The AWGN is a zero-mean, random process. As an example, we
will characterize the phase deviation present on the carrier using the z = 1
standard deviation circle. We will also use the RMS value of the sine wave

v*s

vPk

=-

1.180

&

This also applies to nondeterministic data signals. Referring to Figure 1-67,
we can write
"N,RMS

sin(A4RMs)= VS,RMS

1.181

Using the small angle approximation produces
T I

1.182
This analysis produces the RMS phase deviation. Since, over time, the
value of the noise vector N can take on any value, the angle A# can take on
a variety of values. Note again that phase modulation implies frequency
modulation. We can use the phase and frequency modulation concepts
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developed elsewhere to analyze this behavior. Figure 1-67 also gives us
some insight into the amplitude modulation present on the signal due t o
the AWGN. The AM present on the resultant vector is
1.183

Double Sideband Amplitude Modulation (DSBAM)
In DSBAM, we vary the amplitude of a carrier sine wave with the information waveform. The carrier frequency (f,) is usually much greater than the
modulation frequency (f,). The distinguishingcharacteristics of DSBAM are
*
0

*

Bath the upper and lower sidebands are present.
The carrier is present.
The RF bandwidth is twice the bandwidth of the modulating signal.

Time Domain
The equation describing a DSBAM-modulated signal is
1.3.84

where
om = 2nf, = modulation frequency (contains the information),
rn = 2 4 = carrier frequency,
m, = AIM modulation index and 0 < = ma < = 1.0 for DSBAM.
f, is often in the audio range and may equal 5 kHz; f, is often in the RF
range and may equal 1MHz. Rewriting Equation 1.187 reveals

1.185

where
cos(mct) is the carrier.
cos[(oc- w,)t] is the lower sideband

(LSB). The quantity mc - om is
often referred t o as the differencefrequency or beat fiequency.
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cos[w, + om)tl is the upper sideband (USB). The quantity wc + om is
also called sum pequenqy.
Equation 1.185 indicates that a DSBAM waveform consists of three
separate sinusoidal waveforms. Figure 1-68 shows a time-domain plot of a
DSBAM waveform for ma = 0.1, 0.5 and 1.0.

Figure 1-68 Time-domain representation of a double sideband AM signal
for ma = 0.1,0.5 and 1.0.
Frequency Domain
Figure 1-69 shows the spectrum of DSBAM. The carrier (i.e., the tone
at f,) is always present and its power does not change with modulation index
(mJ. The tone below the carrier (at f, - f,) is the lower sideband (LSB).The
tone above the carrier at fc + f m is the upper sideband (USB). As Equation
1.185 reveals, the carrier power is always constant regardless of the value of
ma. The power in the USB and LSB changes with the modulation index ma.
As the modulation index is increased, the power in the two sidebands
increases. The power level of each sideband is
1.186

where 0 < = ma c = 1.0. For 100%modulation, the sideband levels are
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2010g - =-6dB

or 6 dB below the carrier.

Figure 1-69 Frequency-domain representation of a double sideband AM
signal for ma = 0.1, 0.5 and 1.O.

Zero Crossings
Figure 1-70 shows the zero crossing performance of DSBAM.Applying
amplitude modulation to a waveform does not change the zero crossings as
long as 0 <= ma < 1.0. When ma = 1.0, the waveform goes to zero for a
brief period one every l/f, seconds. This affects the zero crossings and also
causes some practical implementation problems.
Note that the zero crossings are at the same points as the unmodulated carrier. In practice, the amplitude variations are often removed from a
signal to recover the carrier. This process is called limiting.
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Figure 1-70 Zero crossings of a double sideband AM signal. The zero crossings do not contain information about the modulation applied to the carrier
Phasor
Figure 1-71 shows a phasor diagram of a DSBAM wave modulated with
a single sinusoidal carrier. Agrun, the carrier is frozen in position. The USB
appears to rotate counterclockwise at a rate of urn.The LSB rotates in a
clockwise direction at a rate of am.Analysis of Equation 1.185 shows that
the angle eLsBalways equals the angle OURB in Figure 1-71.

Figure 1-71 Phasor representation of a double sideband AM signal. Note
the symmetry of the USB and the LSB with respect to the carrier.
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Figure 1-72 shows the composition of the envelope of an AM signal by
phasors. The vector sum of the LSB and USB phasors always forms a resultant that is directly in line with the carrier.

Figure 1-72 A different view of the phasor representation of a double sideband AM signal. The symmetry of the USB and LSB produces only amplitude modulation of the carrier.
The phasor cbagram of DSBAM provides insight into the effects of distortion on the AM waveform. For example, figure 1-73 shows an AM waveform
passing through a medium that exhibits a time delay that is a function of fiequenq, i.e., the lower-frequency components of the signal experience a merent
time delay than the hi&er-frequency components (unequd group &Zay).
lmag

I

1

The vector sum of the
USB and LSB always

I/'

WfsB

"'

b

Undistorted Case

With phase distortion,
the symmetry about the
carrier is destroyed.
lmag The vector sum of the
1
USB and LSB is no
longer co-linear with
the carrier
i
1
'USS # 'IS5

1

II

Distorted Case
___-

Figure 1-73 Phasor representation of a double sideband AM signal. Group
delay distortion destroys the symmetry of the sidebands and can introduce
phase modulation into the waveform.
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The group delay response of the medium c a w s the LSB to be delayed in time
more than the USB. Without phase distortion, the vector sum of the USB and
LSB vectors always falls along the line of the carrier vector b e c a w
%SB

1.188

=b B

However, when one of the sidebands is delayed more than the other, the symmetry about the carrier no longer exists and the vector sum of the USB and
LSB vectors is no longer colinear with the carrier vedor. This distortsthe envelope of the AM waveform. It also causes the entire waveform to exhibit phase
modulation. The carrier phase will move unsteadily at a rate of fm. For DSBAI'vl
systems,this conversion of AM to PM usually is not a problem because most
DSBAM demodulators are insensitive to phase modulation on the carrier.

RF Bandwidth
Figure 1-74 shows the spectrum of a general baseband signal. When we
use the signal as the modulating waveform in a DSBAM system, both the USB
and the LSB are as wide as the origmal modulating s m . Consequently, the
Rl?spectrum appears twice as wide as the baseband signal. For example, if the
highest frequency component in the modulating waveform is fm,-, then the
RF waveform will extend from fc -f,,,,
to fc + f,,
for a total RF bandwidth
of 2fm,-. Also,note that the LSB has experienced a frequency inversion.

Modulating
Waveform

fin, max

Modulated Carrier
?

Figure 1-74 Frequency-domain representation of a double sideband AM
signal for nonsinusoidal modulation.
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Angle Modulation
Angle modulation covers both frequency and phase modulation, which
are, as will be shown, very similar.

Frequency Mbdulation (FM)
When we frequency-modulate a carrier with a modulating waveform,
we change the instantaneous frequency of the carrier in step with the
instantaneous amplitude of the modulating wave. Figure 1-75 illustrates
some of the variables we will use.

fc

- Afpk

fc

fc+ Afpk

freq

Figure 1-75 Definition of the variables used in the frequency modulation.
equations.
where
= the frequency of the unmodulated carrier,
Afpk = the peak frequency deviation,
Afpkpk= the peak-to-peak frequency deviation.

fc

From Figure 1-75 we can see
MPkPk

= 2(W P k )

1.189

Time Domain
First we will examine sinusoidal modulation. For frequency modulation, the instantaneous frequency of the carrier should be determined by
the modulating waveform. The instantaneous frequency of the FM signal is

Note that the minimum and maximum frequencies are

1I 2
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Phase is the integral of frequency, or

1.192
= 2Mct

MPk
+sin(o,t)
fm

The time-domain equation for a frequency-modulated waveform is
1.193

We substitute

p=--Y P k

1.194

fm

and Equation 1.193 becomes

The quantity p is the modulation index. The value of p coupled with the value
off, leads into an expression for the RF bandwidth and other FM charaderistics. Figure 1-76 shows the time-domain plots for several values of p. Note
that the amplitudes of all the waveforms are constant.
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Figure 1- 76 Time-domain representation of a frequency-modulated wavefarm for p = 4, 8 and 12.
Zero Crossings
A FM waveform passes all of its information in the instantaneous frequency of its carrier. It can be processed with a limiter without losing any
information (see Figure 1-77).

Figure 1-77 Zero crossings of a frequency-modulated waveform for p = 4,
8 and 12. The modulation is preserved in the zero crossings.
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For example, if an angle-modulated waveform accidentally acquires
unwanted AM (due to multipath, fading, poor filtering, and so on), it can
easily be removed. Also, many of the FM demodulation processes depend
upon the FM waveform having a constant envelope. However, limiters can
adversely affect the signal-to-noise ratio of a signal. designers often filter
after the limiter to remove the harmonics of the carrier frequency and
restore the time-domain waveform to a sine wave.

Frequency Domain
Applying Fourier analysis techniques to Equation 1.195produces

where Jn is the Bessel function of the first kind and order n.
Figure 1-78 shows the typical spectrum of a FM waveform. Several observations are of interest.
All of the spectral components are f , apart.
There are an infinite number of spectral components even for the simple case of sinusoidal modulation.
The spectral components are clustered around the carrier fi.equency (atf,).
The spectral components are symmetrical about the carrier fkquenq. In
other words, the power level of the spectral component at fc + nfmequalsthe
power level of the spectral component at fc + nfmwhere n is any integer.
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Figure 1 78 Frequency domain representation a frequency-modulated waveform under sinusoidal modulation. Note the symmetry of the sidebands.
Bessel Functions
Equation 1.196 provides the levels of the spectral components of a FM
waveform in terms of Bessel functions. Figures 1-79and 1-80 show the first
5 Bessel functions. Remember that the 0th Bessel function describes the
amplitude of the carrier at f,. The 1st Bessel function describes the amplitude of the two sidebands at f, k f,; the 2nd Bessel function describes the
amplitude of the sidebands at f, k 2.f,; the 3rd Bessel function describes the
sidebands at fc k 3.f,, and so on. In general, the nth Bessel function
describes the amplitude of the sideband at fc k nef,. In a 1-ohm system, the
power level of the unmodulated carrier is
2

VPh

The power level of the spectral component at fc

_+

1.197

n*f, is

PFM(fC + n f m ) = p F M ( f c - n f m >

1.198

The ratio of the power level any single spectral component to the power in
the unmodulated carrier is
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Figure 1-79 The first three Bessel functions, Jo, J1and J2. The magnitude
of the sidebands at fc,fc 2 f, and fc 2 2f, of a sinusoidally modulated FM
signal are given by these functions.

INTRODUCTION

Figure 1-80 The Bessel functions, J3, J4 and J5 The magnitude of the
sidebands at fc t 3fm fc -+- 4fm and f, t 5fmof a sinusoidally modulated FM
signal are given by these functions.
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Phasor
Looking at Equation 1.195,which describes the time-domain waveform
of a FM wave, and at the time-domain plots of Figure 1-76, we notice that
the magnitude of the FM waveform is always constant. In other words, the
amplitude of the wave never changes as it goes through its modulation
cycle. In the phasor domain, the resultant of the FM wave must always
have a constant magnitude although its angle will change. Figure 1-81
shows the phasor diagrams of a FM waveform. The plot shows the addition
of the various Bessel components over several points in the modulating
cycle. The vectorial sum of the vector components always add up to a resultant with a constant magnitude.

INTRODUCTION

I

21

Figure 1-81 Phasor representation of a sinusoidally modulated FM signal. The amplitude and phase of the sidebands always forces the end of
the resultant vector to lie on a circle. This effect produces a waveform
with constant amplitude.

F M RF Bandwidth (Carson’s Rule)
The final RF bandwidth of a FM-modulated wave depends upon the
maximum frequency the carrier is modulated with and upon U p k , the
amount of carrier frequency deviation. Figure 1-82 shows the effects of
varying the M p k while keeping the modulation frequency f m constant.
Notice that the spectral components are always spaced f m apart and that,
as Mpkincreases, more of the spectral components acquire significant energy. Notice also that as Afpk increases, the power in each individual spectral
component becomes smaller. Because there are more components with significant power, the total signal power remains constant.
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Figure 1-82 Spectrum of an FM signal, Modulation rate FM is held constant. Various values of deviation

dfPK.

If we keep the modulation frequency constant while varying A& the RF
bandwidth w i l l increase. Figure 1-83shows the effects of keeping the peak
frequency deviation constant, but varying the modulation fiequency. The
spectral components are always f m apart. As f m decreases, the spacing
between the tones becomes smaller. The generally accepted rule of thumb
for the RF bandwidth of a FM signal is given by Carson’s rule.
1.203

This bandwidth includes approximately 95% of the energy available in the
FM waveform. The theoretical 100% bandwidth is infinite.
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Figure 1-83 Spectrum of an FM signal. Modulation rate FM is variable,
Deviation AfpK is held constant.

Phase Modulation (PM)
In phase modulation, the instantaneous phase of the carrier depends
upon the instantaneous amplitude of the modulating wave. Phase modulation is very similar to frequency modulation and results presented for frequency modulation are useful here.
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Time Domain
In a phase-modulated waveform, the instantaneous phase of the carrier is determined by the modulating waveform. The instantaneous phase of
the PM signal is

$pM(t)= 2#ct+

A4Pk

cos(z@mt)

1.205

where
M p k = the peak phase shift,
f m = the modulating frequency.

The time-domain equation for a phase-modulated wave is

Equations 1.206 and 1.195 are identical except for the substitution of Mpk
for and the substitution of a cosine for a sine. Figure 1-84 shows the timedomain plots for several values of M p k .

Figure 1-84 Time-domain representation of a phase-modulated Waveform,
for A#pK = 4, 8 and 12.
Comparison of F M and PM Waveforms
Figure 1-85 shows a FM waveform and an equivalent PM waveform on
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the same graph. Both waveforms are modulated by the same cosine wave
and both have a deviation of eight.

Figure 1-85 Comparison of frequency- and phase-modulated waveforms.
(/=
I
= 8). Maximum frequency of FM signal occurs when modulating
waveform is maximum. Maximum frequency of PM signal occurs when the
derivative of the modulating waveform is maximum.
fm,FM = fm,PM

1.207

and
MPk =

=8

The frequency of the FM waveform is the highest when the modulating waveform has a maximum value. The frequency of the PM waveform is the highest when the derivative of the modulating waveform has
a maximum value.
Figure 1-86 shows a modulating waveform that emphasizes this point.
The frequency of the FM wave changes directly with the value of the modulating waveform. The frequency of the PM wave stays constant except
where the modulating waveform changes.
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Figure 1-86 Comparison of frequency- and phase-modulated waveforms.
Maximum frequency of FM signal occurs when modulating waveform is
maximum. Maximum frequency of PM signal occurs when the derivative of
the modulating waveform is maximum.
Zero Crossings
Similar to FM, we can pass a PM waveform through a limiter without
losing information (see Figure 1-87). If an angle-modulated waveform accidentally acquires unwanted AM due to multipath, fading, poor filtering and
such,it can be easily removed.

Figure 1-87 Zero crossings of a phase-modulated waveform, for
and 12. The modulation is preserved in the zero crossings.

A+pK =

8
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Also, many of the PM demodulation processes depend upon the PM waveform having a constant envelope. We can use limiters to remove the unwanted
AM and fdter after the limiter to remove the harmonics of the carrier frequency and restore the time-domain waveform to a sine wave.
Frequency Domain
Applying Fourier analysis techniques to Equation 1.206 produces a
similar result as the FM case. Equation 1.206 can be rewritten as

1,208

Equation 1.208 is almost exactly identical to Equation 1.199, which
describes the FM spectrum. Thus, for most purposes, we can consider the
spectrum of a PM wave to be identical to the spectrum for the FM wave. All
the spectrum characteristics described above for FM are valid for PM.
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Phasor
Equation 1.206 and Figure 1-84 show that the magnitude of the F'M waveform is always constant. The amplitude of the wave does not change as it goes
through its modulation cycle. In the phasor domain, the vector sum of the
individual components must always exhibit a constant magnitude. These concepts are also valid for PM waveforms.

RF Bandwidth
The final RF bandwidth of a PM-modulated wave depends upon the
maximum frequency the carrier is modulated with and upon L\fpk, the maximum phase deviation. The generally accepted rule of thumb for the RF
bandwidth of a PM signal is
1.211

This bandwidth includes approximately 95% of the energy available in the
FM waveform. The theoretical 100%bandwidth is infinite.
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Small j3 Approximations
We will examine waveforms possessing frequency or phase modulation
with very low values of beta. Analysis of small beta conditions are required
to understand the approximations made when analyzing phase noise and
signals with high SNR’s. Figure 1-88 shows a close-up view of the Bessel
functions of Figure 1-79. For small values of p (i.e., /3 < 0.2 radians), we ca
make several important approximations.
1,. The value of Jo<p)is very close to unity, or
J , (p) 1 for p 5 0.2
‘;=

1.212

2. The value of Jl(p>is

3. The values of the rest of the Bessel hnctions Jz<p)through J,@) are zero,

p 5 0.2

1.214

n = 2,3,4,...

Figure 1-88 The first three Bessel functions for small values of modulation
indices. This range of modulation indices represents the small p conditions.
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Time Domain
Figure 1-89shows a time-domain plot of a FM waveform with a low
value of p. Note that the waveform does not change considerably with the
modulating waveform and appears similar to the unmodulated carrier.

Figure 1-89 Time domain representation of a frequency-modulated waueform under small pconditions (p = 0.2 in this plot). The modulated waveform
(below) is not signifiantly different f h m the u n d u l a t e d carrier (above).
Frequency Domain
Figure 1-90shows the RF spectrum of a FM or PM wave when the
small p approximations are valid. Since JO(p)z 1, the power of the component at fc is approximately equal to the power of the unmodulated carrier.
Equation 1.208,coupled with the small p approximations, produces an
expression for the sideband power.

1.215

Note that the narrowband FM spectrum is similar to the Ah4 spectrum
except that the LSB of the FM spectrum is 180" out of phase with the LSB
of the AM spectrum. Since this power spectrum does not show phase, the
AM and FM spectra appear identical.
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fc-5fm

fc-3fm

fc-fm

fc+fm

I 12

fc+3fm fc+5fm

Figare 1-90 The spectrum of a frequency-modulated signal under small p
conditions. Only the carrier and first sidebands (at f e and fc I
fm) contain
significant power.
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RF Bandwidth for Small Beta
.

As Figure 1-90 shows, the RF bandwidth of an FM-or PM-modulated
wave under small p conditions is

Bm = BpM= Zf,

for p 5 0.2

1.217

PItasor
Figure 1-91 shows a phasor diagram of a FM or PM wave under small
p conditions. Note that this phasor diagram is slightly exaggerated to help
explain the concepts. Figure 1-92shows an enlargement of the area around
the end of the resultant vector of Figure 1-91.If we accounted for all of the
Bessel functions of the FM wave, the final resultant vector would always
end on the arc, implying that the resultant has a constant magnitude.

Figure 1-91 The phasor representation of an angle-modulated signal
under small p conditions. Only the carrier and first sidebands (at f r and
f, & fJ are significant.
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If we include all the Bessel components in the analysis, the resultant
vector will always lie on circle C of Figures 1-91 and 1-92. If we ignore the
Bessel components but those at fc and fc -+r fm, the resultant vector will
always terminate on the line perpendicular to the carrier (line AB in Figures
1-91 and 1-92). Because of the small p approximations, the amplitude will
change slightly and the final angle OR of Figure 1-92will not be exactly right.
However, as p decreases, the magnitude of the two sideband vectors also
decrease and the resultant will more exactly follow the true arc.

e

Figure 1-92 A closer view of Figure 1-91. The vector sum of the carrier and
the two sidebands (the resultant) always lies on line AB.I f we include all the
sidebands, the resultant will lie on circle C.

Looking at a Spectrum
When we analyze sinusoidal modulation, the boundary between the
small and large p regions is mathematically deterministic. When working
with complex, random signals, we must integrate the signal power to find
the boundaries. We can produce a graph that describes this boundary given
signal characteristics.
Figure 1-93 shows a graph of the approximate boundary between the
large and small p regions. The line has a slope of -10 dB per decade and
passes through the l-hertz offset at -30 dBc/Hz. It represents a peak phase
deviation of approximately 0.2 radians integrated over any one decade of
offset frequency.
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-100

i

Figure 1-93 Regions of validity for the small p conditions [I 11.
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Introduction Data Summary

's, a m and dBW

dB
One dB change represents 26% change in a quantity. A change of 0.1 dB
represents a 2.6% change in a quantity. A hundredth of a dB (0.01 dB) is a
0.26% change.
dBm
dBm is power referenced to one milliwatt or

= 10log(P,,)

In a 50-ohm system, a 1 mW or 0 dBm sine wave has a RMS voltage o f
0.224 VRMs.

dBW
dBW is power referenced to one watt or

In a 50-ohmsystem, a 1 ohm or 0 dBW sine wave has a R,MSvo1tage of 7.07 VmS.

Relationship
dBm is related to dBW by

Frequency and Wavelength
Frequency, wavelength and propagation velocity are related by

In free space,
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where

A = the wavelength of the signal,
v = the velocity of propagation,
f = the frequency of the signal,
c = the velocity of light in free space.

The Speed of Light
The speed of light is
meters
c = 2.9979 lo8 second
meters
= 3.108second
This implies
meters
c = ( 2.998.108second
inches
= 11.80
nanosecond

inches

or
c=l

ft
nanosecond

With less than a WOerror, we can say that llght travels about one foot in one
nanosecond (or conversely, it takes about a nanosecond for hght to travel one foot).
Transmission Line Relationships
Impedances are defined with respect to the system’s characteristic
impedance (often 50 ohms). The impedance relationships are the following:

Reftection Coefficient
For a real load RL,
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For a complex load, ZL = R L

+ j X L , the reflection coefficient is

and
2

- z 0-l + P

L -

1-- p

The return loss is given by

-

= 2Ologlpl

<OdB

VSWR
VSWR is related impedance by

VSWR is related to the reflection coefficient by

and

5
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lpl

VSWR-1
= VSWR + 1

VSWR is related to impedance by
RL = Zo(VSWR)

20
or RL = VSWR

Mismatch Loss
Mismatch loss is defined as
Mismatch Loss = PAvailable - PReflected
PAvailable

- Pblivered
PAvailable

= l-lPl

2

Mismatch LossdB= lolog(1- Ipl2)
where
PAvailable
= the power that is delivered to the matched load,
PDelived
= the power that is delivered to the unmatched load,
PReflected
= the power that is reflected off of the unmatched load.
Mismatch loss is yet another way of describing the relationship between
the characteristic impedance of a transmission line and its load. Mismatch
loss is usually specified in decibels.

Velocity Factor
The wavelength inside of a transmission line is related to the wavelength in free space through the velocity factor.
Velocity Factor = uf = h l 5 1
do

S-Parameters
Scattering parameters are
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=

Power reflected from the network input
Power incident on the network input

=

Power reflected from the network output
Power incident on the network output

2
I5221

ts211

Power delivered to a Z, load

2

= Power available from a 2, load
= Transducer power gain with Z,

load and source

1sl2I2= Reverse transducer power gain with 2, load and source
= Reverse isolation

The terrninal impedances sll and s22 are the input and output reflection
coefficients when the system is embedded in a 2, system
when the 2901%is placed in a 2, environment
s22

= Pout

Modulated Signals
D S U
The Equation describing the time-domain behavior of a DSBAM signal is

+- "pkma
2
+---cos[(mc
vpkma

- mm)t]

2

where
wc = Z l t f , = the carrier frequency.
ma = the AM modulation index and O < = ma < = 1.0 for DSBAM.
cos [(we- co&] is the lower sideband (LSB). The quantity wc - w, is
often referred to as the difference frequency or beat frequency.
cos[(coc+ co,)t] is the upper sideband (USB). The quantity w, + wm is
also called sum frequency.

The power in each sideband is
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FM
The time-domain equation for an FM waveform is

where /3 is the modulation index and

Applying Fourier analysis techniques produces

+. ..

where Jnis the Bessel function of the first kind and order n. The power in
any sideband with respect to the power in the unmodulated carrier is

=

J3P)

= 20 104Jn(P)l in dB

The approximate bandwidth of a FM signal is given by Carson's Rule.

INTRODUCTION

BFM =
z

Z(Mk + f m )
2 f m ( P + 1)

PM
The time-domain equation for a phase-modulated wave is

where
Afpk = the peak phase shift,
f m = the modulating frequency.
In terms of Bessel functions, the phase-modulated signal is

Small ,8 Conditions
Small p conditions occur when p or Afpk is less than 0.2 radians. The
small p conditions are

Under small J3 conditions, frequency- and phase-modulated waveforms are
of the form
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2
Filters

Still a man hears what he wants to hear and disregards the rest.
-Simon and Garfunkel, The Boxer

2.1

Introduction

In the frequency domain, we differentiate between wanted and unwanted signals. A filter removes the unwanted signals while retaining (and not
distorting) the signals we want. Thus, relevant questions that will be
addressed in this chapter include:
How many unwanted signals can we tolerate? A filter will not remove
the unwanted spectra entirely; it will attenuate them by some finite
amount. How much attenuation do we actually need?
How much insertion loss can we tolerate in the filtering process? As a
desired filter removes the unwanted signals, its insertion loss will also
attenuate the signals we want to preserve.
How does the filter alter the wanted signal? The filter may change the
magnitude of the wanted signal unevenly over its bandwidth or it may
produce more subtle changes by altering the signal’s phase.
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Linear Systems Review
Calling a system Zineur has several specific implications.

If we excite a linear system at a particular frequency, we will observe
only that frequency in the system. We may observe phase and amplitude changes, but we will not find any frequencies present in the system that were not intentionally included.
The transfer function of the system does not depend upon the magnitude
of the input signal. If the system performance varies with signal level, the
system is not linear.
Superposition works. We can excite a system with a signal S1 and
observe an output 01,then excite the system with a signal & and
observe an output 02.If we excite the system with a linear combination
of S1 and S2, the output will be a linear combination of Ol and 02.
The equations that describe linear systems are well understood and
friendly to use. Nonlinear mathematics can be unwieldy.
Note that we can approximate any device or system as linear when the
input signal level is small enough. This concept is the basis for s-parameters and small signal models.

Pole/Zero Review - Series RLC
Figure 2-1 shows a series RLC circuit along with the equation that
describes the circuit.

R
L

C

Rgure 2-1 Simple series RLC circuit

The voltage u(t) or V(s)is the input and i(t>or I(s) is the the output. The
transfer function is

I(s) --

s/L

I
L LC
The behavior of the circuit in Figure 2-1 is completely described by
Equation 2.1. Equation 2.1 is exactly specified by the roots of the polynomials in the numerator and the roots of the polynomial in the denominator.
Concerning the behavior of the circuit in Figure 2-1 (or any transfer function), we only need to specify the roots of the numerator and the roots of
the denominator. Equation 2.1 then becomes
V(S)

s2+s-+-R

2.

Combining Equations 2.1 and 2.2, we obtain the single root of the numerator.
s = sz1

2.3

We will derive the roots of the denominator from
2.4

which produces
2.5
Let us look at the numerator and the denominator separately. As long as the
denominator is nonzero, the transfer hnction (Equation 2.2) will be zero
whenever s = szl. The roots of the numerator are called the zeroes of the
transfer function. Similarlx as long as the numerator is nonzero, the transfer
function will be infinite whenever s = splor s = sm. Hence, the roots of the
denominator are called thepoles of the transfer function.
In summary, for most of the situations described in this book, we can
write the transfer function of device as the ratio of two polynomials
2.6
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where
szN = the Nth zero of the transfer function,
sPN = the Nth pole of the transfer function.

Let us assume that the denominator has complex roots, i.e.,

2.7
which forces the quantity under the square root to be negative. When we plot
the complex roots on the s-plane, we obtain a picture that exactly describes
the behavior of the series-RLC circuit (seeFigure 2-2). We can w e the roots
plotted here to gain insight into the behavior of the transfer function.

Figrcre 2-2 S-plane description of simple series RLC circuit design.

Magnitude of Horn)
How can we describe the magnitude of a transfer hndion from its
pole/zero plot? If we are only interested in the magnitude, we can rewrite
Equation 2.6 as
2.8

FILTERS

For a sinusoidal input signal at frequency (f) ,s =j w where w = 27f. The term
1s - szNI represents the distance between the evaluation frequency s and the
Nth zero. Likewise, the term 1s - spNjis the distance between the evaluation
frequency s and the Nth pole. Thus, Equation 2.8 can be written as

IH

"'

[dist(s-szl)][dist(s-sz2)][dist(s-sZ3)]K
= [dist (s - spl)][dist( s - sp2)][dist ( s - sp3)]K

2.

where
dist(s - szN)= the distance between the evaluation frequency ( s ) an
the Nth zero.
dzst(s - spN)= the distance between the evaluation frequency (s) and
the N t h pole.
Figure 2-3 shows the redrawn RLC pole/zero plot of Figure 2-2, emphasizing the magnitude characteristics. For the RLC circuit of Figure 2-1,
Equation 2.9 becomes
JH(jo)/=

dist (Zl )
[dist (4)] [dist (Pz )]

2.10

where
dZst(Z,) = the distance from zero #1 to the evaluation frequency,
dist(P,) = the distance from pole #1 to the evaluation frequency,
dist(P',, = the distance from pole #2 to the evaluation frequency,
s = jco = the evaluation frequency,

As the evaluation frequency (s = j w ) changes, the distances between s and
the various poles and zeroes of the transfer function change. As jco
approaches a transfer function zero, the distance betweenjo and the zero
decreases. This distance will decrease if the transfer function zero rests
directly on thejw-axis. Since this distance is expressed in the numerator of
the transfer function, the magnitude of the transfer function approaches
zero whenever j w approaches a transfer function zero.
Alternately, as the evaluation frequency (s = j w ) approaches either of
the two poles, the distance betweenjw and the pole decreases. This distance
will also approach zero when the pole is very close to thejw-axis. Since this
distance is in the denominator of the transfer function, the magnitude of
the transfer function will increase asjw approaches a pole.
Thus,
As jco approaches any zero, I HGm) I approaches 0
As j m approaches any pole, J H ( j w )I approaches 00

2.11
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Figrcre 2-3 S-plane desmption of simple series RLX cimuit transfer fi-mction
(emphasizing magnitude characteristics).

Large jcu
Figure 2-4 shows the RLC pole/zero plot whenjo is very large with
respect to the pole/zero constellation. The distance from the evaluation frequency to each pole and zero is about the same, or

'

*H(jw -

dist(Z, 1

1

1

2.12

[ d i ~ t ( e ) ] [ d i ~ t ( P[dist(P,)]
~)]
[diSt(P2)]

If IH(jol)l is the magnitude of the transfer function at o1and I HfiZol) I is
the magnitude at 201,we can write
2.13

If we double the evaluation frequency, we halve the magnitude of the
transfer function for the simple RLC circuit. The magnitude response of

FILTERS

1
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any transfer function will drop off at a constant rate under largejw conditions. The ultimate roZZ-of of the transfer function is given by
ULtimateRolloff =

-

2.14

where
an octave refers to a doubling in frequency (i.e., going from fi to 2f11
a decade refers to increasing the frequency by an order of magnitude
( i e , going from f r to 10fi).

Figure 2-4 Simple series RLC circuit transfer function, magnitude characteristics, with large j w .
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Angle of HQo)
We can also use the pole/zero plot to glean information about the angle
of the transfer function. Figure 2-5 shows the polehero plot of the RLC circuit. The figure to emphasizes the angle relationships between the evaluation frequency (s = jo) and the various poles and zeroes of the transfer
function. Equation 2.6 becomes
LH ( j w )= [L (s - szl )+ L ( s - sz2)+ L ( s - sz3)K

-[L (s - S P l ) + L (s - SP2 )+

]
( s - SP3 )K ]

2.15

where
L(s - s z d = the angle between the evaluation fhquency s and the Nth zero,
L(s - spN) = the angle between the evaluation frequency s and the N* pole.

In other words, the angle of H(s),LH(s), is the sum of the angles from
the zeroes to the evaluation frequency (s =j w ) minus the sum of the angles
from the poles to the evaluation frequency. Note the definition of the angles
in Figure 2-5. We measure the angle between a line parallel to the real axis
and the line connecting the pole or zero to the evaluation frequency.
Counterclockwise represents a positive angle.
From Figure 2-5, the angle of the series RLC transfer function is
L H ( j w ) = L ( s - szl )--[ ~ ( -sspl )+ L (s - spl )]

2.16

where
L ( s - szl) = the angle between the zero and the evaluation frequency,
L ( s - spl)= the angle between the first pole and the evaluation f k p e n q ,
L ( s - sm) = the angle between the second pole and the evaluation fhquenq.

Each angle changes with changing frequency. When the evaluation frequency is close to a pole or a zero, the pole or zero will have a significant

impact upon the phase response of the transfer function. (See Dominant
Poles and Zeroes for more information).

Figure 2-5 Simple series RLC circuit transfer function (emphasizing
phase characteristics).
Large j w
If jo is very large with respect to the polehero constellation, we can
make approximations regarding the ultimate phase of the transfer function.
Figure 2-6 shows Figure 2-5 redrawn under largejo conditions. Figure 2-6
suggests that, for largejo, the angles between s (the frequency of interest)
and the poles of the transfer function all approach 90 degrees. The same is
true for the angles between s and the zeroes of the transfer function.
Equation 2.2, which describes a simple RLC circuit, can be rewritten as
2.11

Ultimatephase describes the value the transfer function phase ( L H ( j w ) )
attains for largejo. The ultimate phase of a general transfer function is
Ultimate Phase= -90"[#Poles - #Zeroes1

2.18
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Figure 2-6 Simple series RLC circuit transfer function, phase characteristics, with large j w .

Dominant Poles and Zeroes
Figure 2-7 shows the pole/zero plot of a transfer function containing
five poles. These poles are very close to the jw-axis. The magnitude
response of any transfer hnction is

IH(jw)(=

ZDistance from j w to the Zeroes
CDistance from jcc, to the Poles

2.1

For Figure 2-7,Equation 2.19 becomes

iN(jw)/=

1

[dist (4)][dist (P2)][dist (P3)][dist (P4)][dist (P5)]

2.2

where
dist(PN) = the distance from pole #N to the evaluation frequency s = j w .

Figure 2-7 Polejzero plot of a transfer function containing 5 poles,
Consider Figure 2-7 whereju is near zero. The transfer function contains a pole smwhich is very close to u = 0, so the distance between sp3 and
s = j w will be very small when u = 0. Equations 2.19 and 2.20 suggest that,
when the distance between one of the poles and the evaluation frequency is
small, How) will be large regardless of the distances to the other poles.
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In F’igure 27,the magnitudeofthe transferfhction is almostentimlyoontroued
by sp, when jo is in the neqghbofiood of sm F3gu.m 2-8shows the case whenjo is in
the neighborhood of sP, The djstance h m s = j w to spgis very small and w o n
2.20 in&&
that the magnitude of the transferfbnction will be very larg;e.

Figure 2-8 Polelzero plot containing 5 poles. Frequency jco is in the neighborhood of pole sp5
The concept of a dominant pole applies whenever the distance betweenjo
and any pole is small in relation to the other distances on the polelzero plot.
When this is true, then the behavior of the transfer h c t i o n is almost entirely
dominated by the closest, or dominant, pole. spl is a dominant pole whenever

2.21

where
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5

dpN= the distance from pole #N to the evaluation frequency,
dZN= the distance from zero #N to the evaluation frequency.
Similarly, the concept of a dominant zero applies whenever the distance
between the evaluation frequency ( s ) and a zero is much smaller than the
distances on the pole/zero plot. In other words, 2, is a dominant zero if

2.22

where
dpN= the distance from pole #N to the evaluation frequency,
dZN= the distance from zero #N to the evaluation frequency.

Magnitude Characteristics
Figure 2-9 shows the pole/zero diagram of a transfer function with several dominant poles and no zeroes. The figure also includes the magnitude
of the transfer function. Note the more pronounced peak of the transfer
function as o increases from spl (at w = -2) to sp5 (at w = +2>.The transfer function reaches its peak when w is near a dominant pole because the
distance between the evaluation frequency and dominant pole changes
rapidly over frequency. The distances between the evaluation frequency
and the other poles/zeroes are almost constant.
Figure 2-10 shows an all-zero transfer function that exhibits dominantzero behavior. Note the areas of high attenuation in the transfer function
magnitude response when w is near a dominant zero.
Careful study of Figures 2-9 and 2-10 reveals that we can use the
poleizero concept to machine any arbitrary transfer function by judiciously
placing poles and zeros, which is, in fact, how many filters are realized.
Figures 2-11 and 2-12 show the pole-zero and magnitude plots of an elliptic filter. The positions of the poles and zeroes have been carefully manipulated to produce the desired amplitude response. Sections of the transfer
function of Figure 2-12 are labeled with the pole or zero most responsible
for the characteristic.
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Figure 2-9 Transfer function with dominant poles (no zeros).

Figure 2-10 Transfer finction with dominant zeros (nopoles).

FILTERS

Figure 2-11 Polelzero plot of an elliptical filter:

Figure 2-12 Magnitude response of a n elliptical filter:
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Phase Characteristics
Let us examine the phase response of a transfer hnction as the input
frequency passes by a dominant pole or zero. Figure 2-13 shows thejeaxis
with a dominant zero at szl. An expanded version of t h e j o a x i s around szl
is also shown. The evaluation frequency is set at point [l] in Figure 2-13,
which is well away from szl and the zero is not dominant at this frequency.
The angle Oz represents the amount of phase shift contributed by the zero
to the overall transfer function. At point [l],the zero at szl contributes
almost -90"of phase shift to the transfer function.
As the frequency increases and we move from position [ll to position [2],
the phase of the transfer function changes from -90" to -45". The frequency
has to be changed considerably to change by 45".Looking at the enlarged portion of Figure 2-13, as we change the frequency from 121 to [3] to [41, we
change the phase shift from -45 (at [2]) to 0" (at [31) to +45" (at [41). Thus,
the total phase shift has been changed by 90" in a very small frequency
change. We moved the entire distance from [ l ] to [2] in order to produce the
Same 45" phase shift. In the neighborhood of a dominant pole or zero, the
phase of the transfer function changes very rapidly with frequency. Finally,
we move from position [4] to position [5] and change another 45". When we
are at position [ l ] or position [5], we are in the largejw-region of the graph.

Figure 2-13 Transfer function behavior (magnitude) in the neighborhood
of a dominant pole.

Figure 2-14 shows the phase response of the transfer function as we
move from position [l]to position [51. Note how the phase changes rapidly
as the frequency changes from [2] to [3] to [4]. The phase change is fairly
small from [l]to [Z] and from [4] to [5]. The phase changes over a 180"
range as the frequency moves from [ll to C51.
We have assumed that the zero at fil is a dominant zero, i.e., that the
distances from the evaluation frequency to all of the other poles and zeroes
have not changed significantly. In conclusion we find that very rapid phase
changes occur when we are dealing with poles or zeroes which are close to
dhejw-axis, i.e., high Q poles or zeroes.

Figure 2-14 Transfer function behavior (phase) in the neighborhood of a
dominant pole.
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Evaluating PoleEero Plots

A basic understanding about how poles and zeroes work can be applied
to gain insight into a filter’s behavior.

Thought Experiment
Imagine you are outside on a dark and foggy night, driving along a long,
straight road (thejo-axis) with a large field (the left-hand s-plane) off to
your left. The poles and zeroes of a filter lay somewhere in the field.
Mentally attach a bright light to each of the filter poles.
Figure 2-15 shows one possible pole/zero layout. All poles are very close
to the road. As you approach the field from a distance, you will first notice
a diffise glow ahead and to the left. Due to the thick fog and the relatively
tight grouping of the poles from far away, no one pole will stand out. As you
approach the first pole from the bottom of Figure 2-15, most of the brightness is emanating from pole closest to you (spl).You may see some light
from the other poles but, because spl is the closest and the light recedes
quickly in the dense fog, the nearest pole will determine how much light
you see. In filter terms, you are now at a peak in the transfer function. If
you continue to drive upwards (Figure 2-15), past pole spl and toward the
second pole (sp2),the light will gradually decrease until you are about
halhay between the poles. The total amount of light you see is now due to
about equal contributions of spl and spa.You are now at a valley of the
transfer hnction. As you continue to dnve up the road, the amount of light
around you will peak and valley as you arrive at and pass the separate
poles. This rising and falling light is exactly analogous to the behavior of a
“ p e w ” transfer function with lots of dominant poles. Figure 2-16 shows
what this transfer function might look like.

Figure 2-16 Polelzero thought experiment, “peaky” magnitude response.
1 i-

-

Polflero Thought Experiment
- - - - - - - - I _ _ - - - - _ _ _ ~ _ _ _

0 Q/SP 1

sP2

sP3

SP4

-

-

__

5P5

I

Figure 2-16 Magnitude response derived from Figure 2-15.
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Let us rearrange the poles and try another experiment. Figure 2-10
shows the same road and field on the same dark and foggy night. We have
moved the filter poles to the left-most portion of the field as far away from
the road as we can. Agam, we will begin the drive at the bottom of Figure
2-10. As you approach the field, you will still see a diffise glow off in the
distance and to the left. At this distance, no one pole stands out because of
the tight grouping of the poles (remember that you are in the ‘‘largejo”
region of the polefzero plot).
As you approach the field, you can see that the poles are farther off to
the left than before. Yet, the distance and thick fog do not allow you to distinguish any specific pattern. As you pass the field, the characteristic of the
light does not change noticeably but continues to emanate from one diffuse
blob to the left. No one pole stands out. Figure 2-17 shows the light intensity you might experience.
This behavior is analogous to a low Q or gentle transfer function with
no dominant poles. The first “peaky” example is similar to a Chebychev filter; the low Q example is analogous to a Ekssel filter. We can also perform
these experiments with the zeroes. We can attach lights of different colors
to the poles and the zeroes. Close to a zero, the magnitude of the transfer
function will decrease rather than increase.

Figure 2-17 Polefzem thought experiment, gentle magnitude response.

Figure 2-17 Magnitude response derived from Figure 2-10.

2.4

Filters and Systems

A filter’s transfer function is characterized by three key aspects: the
magnitude response, the phase response and the group delay response. All
three are meaningful only in connection with the steady-state performance
of a filter (although we can often infer how the filter will behave in a transient situation from its steady-state filter response).
Figure 2-18 shows the circuit diagram under discussion. The signal
source consists of a voltage source Vs and an internal source resistor R,.
This model is reasonably accurate for signal generators, receiving antennas
and most other signal sources. We connect the input port of the filter to the
signal source and the output port of the filter to a load resistor RL.The voltage present at the input of the filter is VLn
and the voltage across RL is Vout.

\
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: v,

. . . . . . . . . . . . . . . . . . . . .

Signal Source

Pavai,
= Maximum power available from signal source
P, = Power dissipated in &

= VO”&

Figure 2-18 Filter model.
In a radio-frequency environment, we are usually interested in power
transfer - not voltage or current. The relevant magnitude response is

PRL -pbil

Power Dissipated in RL
Maximum Power Available Fmm the Signal Source

2.23

where
Maximum Power Available From the Signal Source = the signal
power measured in a matched load resistor connected directly to the
signal source.
The exact wording of this definition is important. In Chapter 1 (Matching
and Maximum Power Transfer),we saw that we w i l l receive the most power
from the signal source when the input impedance of the Nter is matched to
the source resistor (Rs).
If the input of the fdter is not matched, all the available signal power from the source cannot be accepted. This definition considers the fdter’s input impedance. Similarly, if the output impedance of the
filter is not matched to RL,the power delivered to R L will be less than the
maximum power available from the filter.
This definition also considers the filter’s internal losses. If both the
input and output are properly matched yet the filter dissipates some of the
signal power internally, the loss will appear in Equation 2.23.

2.5

Filter Types and Terminology

Filter Terminology
Listed are three common filters. These terms refer to a filter’s magnitude response.

Passband. The passband refers to a band of frequencies that a filter will
pass with minimum attenuation. The frequencies within the passband
usually contain the signals of interest.
Stopband. The stopband refers to a band of frequencies that the filter
attenuates severely. Frequencies in the stopband are not signals of interest and can cause problems if they propagate further into a system.
Transition band. The transition band marks the band of frequencies
between the passband and the stopband and lies between a filter’s passband and its stopband. Ideally, we would like a filter to transition immediately from its passband (where the filter passes signals without attenuation) to its stopband (where the filter attenuates signals significantly).
Figure 2-19 illustrates the above terms. The boundaries between the
passband, transition band and the stopband are not always clearly defined.
In Figure 2-19, we arbitrarily drew the boundaries at the filter’s 3 dB an
20 dB attenuation levels.

Figure 2-19 Definition of filter terms.
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Filter Types
Four types of filters, which are labeled according to their magnitude
responses, will be discussed. As you read the following paragraphs, refer to
Figures 2-20 through 2-23.
~ w - P m Filters
s

Low-passfilters (LPF) pass only the lower frequency components of a
signal and attenuate the higher frequency components. The frequency
marking the boundary between the low-frequency passband and high-frequency stopband is the cutoff frequency <f,). Figure 2-20 shows the magnitude response of a low-pass filter.

Figure 2-20 Low-pass filter ideal magnitude response.
Due to realization effects, the magnitude response of a LPF usually
misbehaves at frequencies well above its cutoff frequency. Often we have to
specifyjust how high up in frequency we want the filter to behave.

High-Pass Filters
A high-passfilter (HPF)allows the higher-frequencyComponentsof a signal
to pass while it severely attenuates its lower-frequency components. The cutofjr
fFeauency (f,) marks the boundary between the high-and low-frequency bands
of the filter. Figure 2-21shows the magnitude response of a hgh-pass filter.
As the LPF, the magnitude response of a HPF does not extend to infinite frequency. When building or buying a high-pass filter, we often have to
specify how high up in frequency we need the filter to function.

Figure 2-21 Highpass filter ideal magnitude response.
Band-Pass Filters
Band-pass filters (BPF) pass only a band of frequencies while attenuating signals both below and above the filter’s passband. The center frequency of the filter is f,, and the lower and upper cutoff frequencies are fi,,
and fhtgh, respectively. A band-pass filter has often an intrinsic power loss at
the center frequency, which is referred to as the insertion loss of the filter.
Figure 2-22 depicts the magnitude response of a band-pass filter.

Figure 2-22 Band-pass filter ideal magnitude response.
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Band-Stop Filters
Band-stop filters pass all frequencies except for a particular band
where the filter should provide attenuation. The center frequency is f, and
the lower and upper frequencies are fbw and fhigh. Figure 2-23 shows the
magnitude response of a band-stop filter.
A band-stop filter’s magnitude response w i l l not extend arbitrarily high
in frequency. Again, we usually must spec* some upper operating frequency when we build or buy a band-stop filter. Both band-pass and bandstop filters have two transition bands.

Figure 2-23 Band-stop filter ideal magnitude response.

2.6

Generic Filter Responses

We will look at all three filter responses and how they relate to the filter’s pole/zero plot.

Magnitude Response
Figure 2-24 shows a generalized magnitude response of a low-pass filter. The terms used in Figure 2-24 also apply to high-pass, band-pass and
band-stop filters with minor modifications. Note that areas of the amplitude response [(l) through (4)] refer to particular sections of the filter’s
response. We have included the Same numbers on the plots for the filter’s
pole/zero plot (Figure 2-25), its phase response plot (Figure 2-26) and the
group delay response (Figure 2-27).

FILTERS

Figure 2-24 Low-pass filter magnitude response with important regions labeled.

Figure 2-26 Low-pass filter polelzero response related to Figure 2-24.
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Figure 2-26 Low-pass filter phase response with important regions labeled
(related to Figures 2-24 and 2-25).
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Figure 2-27 Phase response of a filter and its corresponding group delay.
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Amplitude ripple [area (l)].Amplitude ripple refers to variations in t
magnitude response of the filter’s transfer function, particularly in the
passband. Chebychev filters contain passband ripple by design.
Initial roll-of [area (2)]. The initial roll-off rate measures how fast the
magnitude response of the filter initially drops off just above the filter’s
cutoff frequency (6)in the transition band. The more amplitude ripple we
allow in the filter’s passband, the steeper the initial roll-off of the filter.
UZtimate roll-off [area (3)J.Eventually, the initial roll-off rate gives way
to the filter’s ultimate roll-off rate. Equation 2.14 gives an expression
for the ultimate roll-off of an ideal filter. Due to realization effects, we
may never reach the ultimate roll-off rate given in Equation 2.14.
UZtimate attenuation [area (4)]. Mathematically, most filter design
equations predict that a filter will roll off indefinitely. In reality, the filter eventually reaches a point where it will provide only so much attenuation and no more. This ultimate attenuation can range from 30 dB in
commercial, physically small band-pass filters to 110 dB in large, carefully packaged units.
Re-entrant response [area (5)J.At one or more frequencies in the stopband, the filter’s attenuation may suddenly change from 90 dB, for example, to 20 dB. Similar to ultimate attenuation, re-entrant responses are
purely a realization problem (i.e., how the filter was built, what kind of
components were used, how they placed, and so on). We cannot predict a
re-entrant response or its frequency mathematically.

Pole/Zero Plot
Figure 2-25 shows the pole/zero plot of the filter in Figure 2-24. The
areas numbered (1) through (4) correspond to the same areas of the magnitude plot shown in Figure 2-24,

Amplitude ripple [area (l)].Area (1) in Figure 2-25 corresponds to area
(1)in Figure 2-24, i.e., the filter’s passband. The poles of this particular
filter are positioned on an ellipse whose long axis runs along thejco-axis.
Equivalently, both foci of the ellipse lie on the j w a x i s . As jco increases,
it passes by each of the poles in turn. The closest pole at a particularjo
becomes slightly dominant and, as j m passes each pole, the magnitude
response of the filter increases sharply. This is exactly the condition we
see in the magnitude response of Figure 2-24.
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Initial roll-of [area (2)]. Area (2) corresponds to the initial roll-off portion of Figure 2-24. A s j o begins to pull away from the constellation of
poles, the magnitude response drops very quickly because the distances
to all of the poles are increasing rapidly However,jo has not increased
to the point where we are experiencing the ultimate rolloff because we
cannot yet make the approximation that the distances to all of the poles
and zeroes are equal.
Ultimate roll-off [area (3)]. This section of the pole/zero plot corresponds to the ultimate roll-off area of Figure 2-24. We c8n assume that
the distances fromjo to each pole or zero are equal.

Ultimate attenuation, re-entrant response [area (411). The simple pole/zero
plot does not predict these effects. According to Figure 2-25, the magnitude response should continue to fall off at the ultimate roll-off rate.
Component losses, stray capacitance and inductance, and component
coupling all play their part in these effects. The component vagaries combine to produce transfer h n d i o n poles that were not in the original design.
However, these poles are at relatively high frequencies and do not affed the
transfer function untiljo is large in relation to the filter’s cutoff frequency.
Figure 2-28 shows the polehero plot of a transfer function with these parasitic poles added. Note the Scale change between Figures 2-25 and 2-28.

FILTERS

Phase Plot
Figure 2-26 shows the phase plot of the transfer function we have been
assuming. This plot deals with the voltage transfer function of the fdter
(V,,,/V,,) as opposed to the magnitude response which deals with the power
The areas of interest are labeled (1) through (4).
transfer fundion (PRLIpAvML).

Area (I). This is the filter's passband. For a typical filter, we will normally see some phase change beginning at one-tenth of fC This is long
before any significant amplitude changes occur. For example, a
Butterworth filter exhibits about 4" of phase shift per pole at one-tenth
of J;,.
Area (2). As the frequency increases, the slope of the phase transfer
function approaches a maximum in the general neighborhood of the
cutoff frequency (f,). Also, the phase is approximately one-half of the
final phase at fc.
Area (3).As the frequency of interest increases beyond f,, the phase
response slope decreases and the phase value approaches the ultimate
phase value given by Equation 2.18.

Group Delay
Let us examine the circuit diagram of Figure 2-18 again. At a frequency coo, we will assume the filter produces a phase shift of -pO (the minus sign
signifies that Voutexits the filter delayed in time from V i J . Figure 2-29
shows the steady-state time-domain plots of Voutand Vcn.We can interpret
the phase shift Po as a time delay (tpd). We know that one cycle of a sine
wave takes l/fo
seconds t o complete and that there are 2n: radians in one
cycle. Thus we can write

Rearranging Equation 2.24 produces
2.25
The quantity tpdis the phase delay time, or carrier delay time and refers
to the time required for a sine wave to pass through a filter under steadystate conditions. Figure 2-29 shows that Po and to represent the same
amount of time in different formats. Note that Po can be larger than 360".
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Figure 2-29 Group delay definition in the time domain.
The absolute amount of time it takes for a signal to pass through a fdter is usually irrelevant. The differentid time delay through a filter is of
importance, however. If some components of a signal take longer to pass
through a filter than others, the phase relationship of the Fourier components of the signal is destroyed. This can cause severe distortion especially
in complex signals.
Group delay measures the differential time delay caused by a filter, i.e.,
it indicates if certain frequency components will be delayed more than
other components and by how much. It is defined as

ap
Group Delay = tgd = - ao

2.26

Equation 2.26 represents the slope of the VouJVLn
phase vs. frequency
curve. In other words, the greater the slope of the Vout/Vzn
phase curve, the
higher the value of group delay.
A flat group delay curve means that all the frequency components of a
signal pass through the filter in the same amount of time without differential delay. An uneven group delay curve indicates that some components
will take longer to pass through the filter than other components. At the
output of the filter the phase relationships among the signal’s components
will be upset and the signal will be distorted.
Figure 2-27 shows the phase response of a filter and its corresponding
group delay plot. Agam, note that the group delay plot is the derivative of

the phase plot with respect to frequency. If there are ripples in a filter’s
phase plot, there will be lumps in the group delay plot. Group delay usually peaks at or near a low-pass filter’s cutoff frequency In a band-pass filter,
the group delay usually peaks near the edges of the passband. Group delay
does not directly suggest the transient response of a filter. Group delay is a
steady-condition; transient measurements speak to non-steady-state conditions. Figure 2-30 illustrates some of the fundamental differences between
group delay and transient response measurements.
Filter delay and attenuation characteristics are interdependent. The
narrower a filter’s transition band, the larger the delay peaks. Generally,
filters with numerous poles and filters with close-in stopband zeroes have
large delay peaks, On the other hand, low selectivity filters with large transition bands tend to have smaller delay peaks.
Rise Time Measurement
R

o Input is a step or impulse function
Q

Before applying the input, all inductor currents and capacitor voltages = 0

a Apply input and plot output voltage in the time domain.

Group Delav Measurement

o Input is a sine wave source that has been on long enough for
all transients to have died down.
o All I, and V, are in their steady state canditions

k

o Measure
@ different frequencies and plot the phase
and group delay responses

Figure 2-30 Group delay versus transient response measurements.
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Effcects of Group Delay
Inappropriate group delay can create unexpected distortion in modulated signals. Amplitude modulation (AM) is fairly immune from the effeds
of group delay because of the way the signal is demodulated. Employing an
AM signal, we can show how group delay can affect modulation. Using
Figure 2-18 as a circuit model, let us assume the signal source consisting of
V, in series with R, is an AM source and V, takes the form of

where
ma = the modulation index (0 < = ma < = 11,
fc = the RF carrier frequency,
fm = the modulation frequency.
Further, let us assume the modulation index (mJ equals 0.5, the carrier fiequency fc equals 1MHz and the modulating frequency f, is 1kHz. Figure 231 shows V, in the time-domain, the frequency domain and as a phasor.

T

i

M m M l Amp1zhuZ.e mudukhon in the tim-,j k p m c y - andphasor domains.

F I LTE RS

A Fourier analysis of the input waveform Vs shows the signal consists of
three separate sine waves:
0

*
0

the carrier is at f,,
the lower side band (LSB) is at a frequency of (f, -fJ,
the upper side band (USB) is at a frequency of ( f , + f,).

The phasor interpretation of V' will be the most useful to the present
discussion (see Figure 2-32).The carrier is stationary and functions as a
reference. The USB is placed at the end of the arrow end and rotates
counter-clockwise about the end of the carrier vector. The rotation rate is
f,. When the LSB is positioned at the end of the carrier, it rotates clockwise
around the end of the carrier at the same rate.
USB

USBandLSB
t=o

clarity

t =x/o,

1.o

I '

t = ni2w,

US6

\
t = 3ni4Wm

1 .O

US6 and LSB

displaced
for clarity

*h-

USB
I-m-4,
Carrier

LSB
a

b

t =xIo,

1.o

Figure 2-32 Detailed phasor diagram of amplitude modulation.
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Before the AM signal was distorted with poor group delay, the phases
of the LSB and USB appeared in a way that the two vectors were always
symmetrical to the carrier. The upper and lower sidebands rotate about the
end of the carrier at the same rate but in opposite directions. Jointly, they
lengthen and shorten the carrier.
The symmetry of the LSB and USB is critical. If one sideband experiences a time delay (or equivalently, a phase shift) that the other sideband
does not experience, the AM waveform will be distorted. Figure 2-33shows
an AM waveform passing through a filter with a nonsymmetrical group
delay. Since the filter’s group delay has destroyed the symmetry of the USB
and LSB with respect to the carrier, the instantaneous amplitude of the
waveform is distorted. Since the angles of the USB and LSB no longer cancel out, the carrier is now shifting in phase at a rate off,.

Figure 2-33 Effectsof filter group delay on amplitude modulation.

FILTERS

Although group delay distortion is easy to visualize in the AM system: it
usually is not a problem with this modulation. It can be a considerable problem in frequency- or phase-modulated systems. Like AM, the sidebands of
FM and PM systems must add vectorially to produce the proper composite
waveform. If they do not, the distortion irrevocably damages the signal,

2.7

Classes of Low-Pass Filters

In this section, four common types of filters will be discussed. All filters
are 5-pole low-pass filters. The low-pass characteristics of each filter apply
to the equivalent high-pass, band-pass and band-stop filters.
The filter performance will be graphed on a logarithmic frequency x-axis
to linearize the plot and make visible aspects of the plots that would not be
obvious if performances with linear frequencies were plotted on the x-axis.
Filter cutoff frequencies are specified as either fc,3ds (the 3 dB or half-power
cutoff frequence which is the most common specification),or, fc,ER (the equalripple cutoff frequency normally associated with Chebychev filters).

Butterworth Low-PassFilters
The Butterworth filter is the most common filter. Since its characteristics are simple to describe mathematically, we will use the Butterworth as
the calculation standard. Whenever we are interested in calculating the
attenuation of a filter in a system, we will assume it is a Butterworth filter.
The cutoff frequency of the Butterworth filter is the frequency at which the
output power has dropped by 1/2 or 3 dB from its maximum value. This is
the 3 dB or half-power frequency cfc,3dB).
Figure 2-34 shows the magnitude response of the Butterworth filter. At
low frequencies, the filter does not attenuate the signal at all. As the frequency increases, the attenuation of the filter increases slowly at frst, then
more rapidly as the frequency increases beyond fc,3dB. This type of response
is called a monotonically decreasing, or maximally flat response, which means
that it does not have any ripples in it and exhibits a smooth transition from
the passband to the stopband and beyond. In the stopband, the filter reaches its ultimate roll-off rate almost immediately beyond fc,3du.
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Figure 2-34 The magnitude response of a 5-pole Butterworth low-pass filterr
Figure 2-35 shows the polehero plot for a 5-pole, Butterworth low-pass
filter. Simple Butterworth filters consist only of poles (no zeroes) and the
poles all lie on a circle centered about the origin. No one pole is ever dominant; a smooth magnitude response can be observed.

Figure 2-345 Polelzero plot of a &pole Butterworth low-passfilter

FILTERS

Figure 2-36 shows the phase and group delay responses for a fj-pole
Butterworth low-pass filter. The plots exhibit several noteworthy features.
The phase response begins to change long before the magnitude response
shows any significant attenuation. For example, at fcj3dB/10,a
Butterworth low-pass filter will typically exhibit a phase shift of about 4"
per pole. The 5-pole Butterworth LPF will show about 20" of phase shift
at fc,3dB/10(The measurement on an actual Butterworth filter showed
less than 0.1 dB of attenuation and 18"of phase shift at f,,,,llO>.
The phase slope is steepest in the neighborhood of the 3 dB cutoff frequency fc,sdB. Since the group delay is the derivative of the phase plot,
it reaches a peak around the same spot.
When the frequency increases to well beyond fc,3dB, the largejco approximations we discussed earlier are valid and the filter approaches the
ultimate phase given by Equation 2.18. A 5-pole LPF exhibits a find
phase of -90 * (5 - 0 ) = -450 .

At very high frequencies (i.e.?largejo), the filter reaches its ultimate
phase. However, at
we still have not reached the final phase
given by Equation 2.18. At 10fc,sdB,we are about 4" per pole away from
the find phase.

Figure 2-36 Phase and group delay responses of a 5-pole Butterworth lowpass filter.
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Chebychev Low-PassFilters
The Chebychev (pronounced “Cheby-shev”) filter is the second most
common filter in use. As Figure 2-37 indicates, the Chebychev’s magnitude
response displays ripples in the passband and a steeper initial roll-off than
the Butterworth. It is acceptable to allow ripples in the passband (which is
undesirable) if this results in a steeper initial roll-off (which is desirable).

Nomenclature
Some authors distinguish two types of Chebychev filters: Chebychev I
and Chebychev 11. Figure 2-37 shows a Chebychev I filter. The passband
exhibits amplitude ripple, and the theoretical stopband attenuation
increases monotonically. Figure 2-38 shows a Chebychev I1 filter. The passband is flat but the stopband exhibits amplitude ripple and is not monotonic. In this book, we will refer to the Chebychev I filter simply as
Chebychev filter, Any filter with a nonmonotonic stopband response will be
classified as an elliptic filter.

Figure 2-37 Magnitude response of a 5-pole Chebychev I low-pass Filter:

FILTERS

Figure 2-38 Magnitude response of a &pole Chebychev II low-pass filter.
Chebychev Characteristics
A Chebychev filter lets us trade passband ripple for steepness of the initial roll-off. The more passband ripple we allow, the faster the initial rolloff. The two cutoff frequencies associated with a Chebychev filter are fc,ER
and fc,3dB. The fc,3dB is the same half-power cutoff frequency we associated
with the Butterworth filter.
We might specify a Chebychev filter with the following statement: a &pole
0.1 dB ripple Chebychev low-pass filter with a 25 MHz equal-ripple cutoff frequency. The “0.1 dB” indicates that the passband will exhibit 0.1 dB of ripple.
The passband ripple has to be tolerated in order to obtain the steeper initial rolloff the Chebychev will provide. The “25MHz equal-ripplecutoff frequency”indicates that when the flter passes from the passband into the stopband, it will
exhibit 0.1 dB of attenuation at 25 MHz. The attenuation will increase as the
frequency increases from that point.
Sometimes the terms cutoff frequency (of a Chebychev low-pass filter)
and bandwidth (of a Chebychev band-pass filter), are used synonymously
with equal-ripple cutoff frequency and equal-ripple bandwidth. In this book,
we will specify in each instance which we mean.
Similar to the Butterworth filter, the Chebychev also has a 3 dB cutoff
frequency (see Figure 2-39). Since Chebychev filters with more than 3 dB
of passband ripple are uncommon, it holds that
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f c , W f c,ER

2.28

The difference between fc,ER and fc,3dB is important when we want to compare a Chebychev filter to a Butterworth. Figure 2-39 shows a 5-pole
Chebychev low-pass filter and a 5-pole Butterworth low-pass filter. Both
have the same 3 dB cutoff frequency.

As Figure 2-40 shows, the initial roll-off of the Chebychev filter is
greater than the Butterworth’s. However, the ultimate roll-off of both fdters is the same because both are 5-pole filters. At any given frequency in
the stopband, the Chebychev filter will offer more attenuation than the
Butterworth filter. The difference in attenuation increases if we allow more
ripple in the passband of the Chebychev.
Figure 2-41 shows the pole/zero plot of a 5-pole Chebychev low-pass filter.
As the Butterworth filter, the Chebychev is an all-pole filter. The poles of a
Chebychev low-pass filter lie on an ellipse whose long axis coincides with the
jo-axis. This pole configuration gives the Chebychev its “ripply” magnitude
response. As the frequency rises and passes by each pole, the closest pole
appears slightly dominant. This in turn causes the magnitude ripple. The closer the poles are to thejo-axis, the more passband ripple the filter will exhibit. Remember that the poles of the Butterworth low-pass filter lie on a circle
centered about the origin, which gives the filter its smooth magnitude plot.

FILTERS

5

Comparison of the magnitude responses of a 5-pole
Butterworth low-pass filter and a 5-pole Chebychev I low-pass filter.

Figure 2-40

Figure 2-41 Polelzero plot of a &pole Chebychew I low-pass filter.
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Figure 2-42 shows the pole placement for several Chebychev filters
with differing amounts of passband ripple. The poles of the filters with the
larger passband ripple are closer to the j o - a x i s .

Figure 2-43 Phase and group delay responses of a typical 5-pole Chebychev
I low-pass filter

FILTERS

Figure 2-43 shows the phase and group delay responses of a typical
Chebychev low-pass filter. Overall, these graphs are similar to the phase
and group delay plots of the Butterworth filter.
There is some measurable phase shift at fc,3dB/I, long before any significant attenuation occurs.
The phase slope is at its steepest in the neighborhood of the 3 dB cutoff frequency fc,3dB. Since the group delay is the derivative of the phase
plot, it peaks at fc,3dL(.
Similar to the Butterworth, when the frequency increases to well
beyond fc,3dB, the Chebychev filter will eventually reach the ultimate
phase given by Equation 2.18.
Unlike the Butterworth, the phase and group delay response of the
Chebychev exhibits ripples due to the pole spacing. The phase ripples
cause the group delay of a Chebychev filter to exhibit peaks and valleys.
Also, the main group delay peak (around fc,3dB) is higher than the one
o f the Butterworth filter.
Similar to the Butterworth, the Chebychev filter will eventually reach
its ultimate phase at very high frequencies. At 10f,3dB,we have not
reached the final phase given by Equation 2 . 1 8 , and we will still be about
4" per pole away from the ultimate phase at 10fc,3dB.

Filters for the Time Domain
The following exemplary discussion of Bessel filters applies also to
other time-domain filter types such as Gaussian, Bessel and equi-ripple
group delay filters.

Bessel Filters
The magnitude responses of Bessel Filters are poor, but their phase and
group delay characteristics are excellent. This means a Bessel filter handles
transient phenomena very well. Bessel filters exhibit little or no ringing or
overshoot, and their rise time is nearly optimal.
The Bessel filter has a maximally flat group delay response, similar to
the magnitude response of a Butterworth filter. It stays flat throughout the
filter's passband, then drops off slowly beyond the filter's cutoff frequency.
Figure 2-44 shows the phase and group delay response of a Bessel filter.
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Figure 2-44 Phase and group delay responses of a typical 5-pole Bessel
low-pass filtel:
The magnitude response of a Bessel filter is gentle and rounded. Figure
2-45 shows the magnitude responses of both the Bessel and Butterworth

filters for comparison. The Butterworth filter exhibits less attenuation
throughout the passband and more attenuation in the stopband than the
Bessel filter. We use the 3 dB cutoff frequency (fc.m)
to specify the filter.
Figures 2-45 and 2-44 show the magnitude, phase and group delay
responses of a Bessel filter, which is another all-pole filter. Figure 2-46
shows the pole constellation for a 5-pole Bessel filter. Similar to the
Chebychev filter, the poles of the Bessel filter lie on an ellipse whose axis is
situated along thejmaxis. Figure 2-47 shows the pole locations for a 5-pole
Butterworth; a 5-pole Bessel filter;, a 5 pole 1.0 dB ripple Chebychev; and
a s-pole, 1dB ripple elliptic filter with four zeroes. As the Butterworth, the
pole configuration of the Bessel filter insures no pole is ever dominant and
the magnitude response remains gentle and sloping.
Although the magnitude response is poor, the Bessel filter excels in
terms of phase and group delay performance (see Figure 2-44).The phase
response is very linear throughout the passband. The group delay stays flat
until beyond f,, then drops off gently to zero. Because they exhibit quick
rise and fall times, Bessel filters are ideal for handling pulses.

FI LTER S

Figure 2-45 Comparison of the magnitude responses of a typical Butterworth
and Bessel low-passfilter:

Figure 2-46 Polelzero plot of a 5-pole Bessel low-passfilter.
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Figure 2-47 Comparison of various low-pass filter magnitude responses.
Other Filters for the Time Domain
The Bessel filter is only one of many filters designed for its timedomain response. Others include

Gaussian magnitude response filters. Both the magnitude response and
impulse response of this filter resemble the familiar Gaussian bell
curve of statistics, which means there is no ringing or overshoot for
transient inputs. However, the magnitude response does not roll off as
quickly as a simple Butterworth filter.
Equal-ripple group delay filters. These filters are designed to show a
flat group delay response. In other words, the group delay is nearly constant except for a tightly controlled amount of ripple. The group delay
response of this filter vaguely resembles the magnitude response of a
Chebychev filter. An equal-ripple group delay filter exhibits some of the
time-domain properties of a Gaussian or Bessel filter (i.e., good pulse
handling capabilities), but the magnitude response is similar to the
Butterworth filter. In short, this filter is a compromise between time
domain and frequency domain characteristics.

*

Transitional filters. Transitional filters are arrangements of flat group
delay and a rectangular magnitude response. For example, we might
design a low-pass filter with a Gaussian passband response. When the
attenuation of the filter reaches, for example, 12 dB, we design the filter to exhibit a Chebychev-type roll-off response. The result is a
Gaussian-Chebychev filter. Another type of transitional filter is the
Thompson-Butterworth filter. This filter has a Thompson- or Besseltype passband response coupled with a Butterworth stopband roll-off.
The performance of these filters lies somewhere between the two filters
used to generate the transitional filter.

*

Finite-impulse response filters (FIR). FIR filters are usually built using
the tapped delay line topology of Figure 2-48. The signal is fed into a
delay line input and sampled at various points along the line. The signal from each delay tap is multiplied by a weight (WI>,then the delayed,
weighted signals are added.

We tailor the filter’s response by adjusting the complex weights present
at each tap. By appropriately adjusting the weights, we can build filters
with absolutely flat group delay and very good magnitude characteristics at
the same time. In the analog world, we build FIR filters using crystals for
the delay lines. Surface acoustic wave or SAW filters are FIR filters. FIR fib
ters are also very common in the digital world.

Figure 2-48 Topology of a finite-impulse response (FIR) filter.
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Elliptic Filters
The Butterworth, Chebychev I and Gaussian filters we have studied
are all-pole filters because their transfer functions contain only poles and
no zeroes. All-pole filters have a very high theoretical attenuation at high
frequencies, yet their transition from passband to stopband is not always
as steep as it is desirable. At times, we can forgo attenuation at very high
frequencies to obtain a quicker transition from the passband to the stopband. Note that we have gathered all filters with transfer function zeroes
in the elliptic category. Some authors refer to filters exhibiting passband
ripples as ChebycheuI, filters with stopband ripples as Chebycheu II and filters with both passband and stopband ripples as elliptic filters. Elliptic filters are also known as Cauer filters.
Elliptic filters contain both poles and zeroes in their transfer functions.
The zeroes help the filter achieve a sharp transition into the stopband at
the expense of reduced stopband attenuation. An elliptic filter usually
requires more components than an equivalent all-pole design.

Figure 2-49 Comparison of the magnitude response of a typical Butterworth
low-passfilter and a typical elliptic low-passfilter
Figure 2-49 shows the magnitude response of a typical elliptic filter.
The passband can contain ripples like the Chebychev or it can be flat like
the Butterworth filter. The transfer function zeroes are responsible for the

FILTERS

two points of high attenuation in the stopband. By properly placing the
poles and zeroes, we can assign almost any amount of initial roll-off'.
Figure 2-49 also contains a Butterworth filter response. Both filters
shown are 5-pole filters with the same fc,JdB, but the elliptical filter contains
4 zeroes in the stopband and has a much smaller transition band than the
Butterworth. However, the Butterworth's stopband rejection is superior at
high frequencies. The elliptic filter is more suitable when attenuation is
needed very close to the passband.
The ultimate roll-off of an elliptic filter is given by Equation 2.14. We
used the Same equation for the Butterworth, Chebychev and Bessel filters
but now have a nonzero number of transfer function zeroes. Since the exemplary elliptic fdter has 5 poles and 4 zeroes, its ultimate roll-off will be only 6
dB/octave. The other 5-pole filters produced a 30 dB/octave ultimate roll-off.
Figure 2-50 depicts the pole/zero plot of a b-pole, 4-zero low-pass filter.
For the most part, the pole positions determine the passband characteristics, and the zero positions determine where the points of maximum attenuation occur. The zeroes are positioned on or very near the jwaxis. This
causes the zero to become dominant wheneverjw is nearby. The dominant
zero is responsible for the high attenuation.

Figure 2-50 Polelzero plot of a 5-pole, d-zero elliptic low-pass filter.
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Figrcre 2-51 Phase and group delay responses of a 5-pole, 4-zero elliptic
low-pass filter.
The phase response shows sudden 180"jumps at the frequencies of the
zeroes, fzl and fi2. Since the zeroes are dominant whenjo is in the neighborhood of fil and fi2, they cause a rapid phase change as well as a significant magnitude change. The sudden leaps in the phase response at fzr and
fi2 produce jumps in the group delay response at the same frequencies.
However, since these group delay spikes occur at the frequencies of maximum attenuation, they are not likely to present a problem. Depending on
the computer program used to design the filters, the magnitude response of
an elliptic filter can be specified in any one of several ways.

Specifj minimum stopband attenuation. We can specie that the filter
always provides at least & of rejection throughout the stopband. In
Figure 2- 49, we chose 30 dB.The filter algorithm positions the zeroes
in a way that by the time the frequency is past the first zero and the
attenuation is decreasing, the next zero takes effect, ensuring that the
filter's stopband attenuation is always greater than Amin.
Specifj initial roll-off. First, we specie the filter's cutoff frequency,
then we specify a frequency fattn above the filter's cutoff frequency
where we want to achieve at least kttn
dB of rejection. Then the filter
algorithm will put the stopband zeroes wherever it is necessary to
achieve the desired attenuation at the desired frequency.

*

Specify the frequencies of the zeroes. Sometimes it is convenient to
able to specify the frequencies of the zeroes directly. For example, we
may want to place the filter zeroes at the image frequency of a receiver. Other possibilities include using one of the zeroes to improve the IF
rejection or LO radiation performance of the same receiver. Note that
the stopband ripples may not be of uniform depth and the bin
will
vary In addition, we no longer have control over the initial roll-off.

*

Complicated. In the worst cases, we may have to obtain the filter
response in a complicated way (perhaps to meet some FCC specification).
The problem may place different rejection requirements on certain frequency bands. Advanced computer programs allow us to place the poles
and zeroes of the filter directly to achieve almost any arbitrary response.

2.8

low-Pass Filter Comparison

To complete this discussion, Figures 2-47,2-52, 2-53 and 2-54 show the
magnitude, pole/zero, phase and group delay plots of the following filters:
0
0

0
0

Butterworth LPF
Chebychev I LPF with 1 dB of passband ripple
Bessel LPF
Elliptic LPF with 1 dB of passband ripple and 30 dB of stupband attenmtion.

In Figure 2-47, we can see that the filters all have the same LyaB.On
this scale, it is difficult to discern any significant differences in their passband responses. However, in the stopband, we can see that the Butterworth,
Chebychev and Bessel filters all have the same ultimate roll-off (30
dB/octave). We can also see that although the elliptic filter has a smaller ultimate roll-off (6 dB/octave), it provides the most attenuation immediately
above the filter’s passband. As advertised, the elliptic filter trades attenuation at very high frequencies for attenuation immediately after
The Butterworth performs in a middle-of-the-road fashion. It is not quite
as good as the Chebychev, but better than the k s e l . Figure 2-52 shows the
polelzero plots of the four filters on the same scale. In the Butterworth and
Bessel filters, no single pole becomes dominant and the magnitude responses
of these fdters are smooth and quiet. The poles of both the Chebychev and
elliptic filters are closer to thejw-axis than in the Butterworth or B e ~case.
l
Single poles become slightly dominant and produce passband ripple. The
zeroes in the elliptic filter cause the magnitude response of the filter to
change to its stopband very quickly. Note the increased group delay and a
decreased amount of attenuation at high frequencies.
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Figure 2-52 Comparison ofpolelzero constellations of four low-pass filters.
Figure 2-53 presents the phase response of all four filters. At fc,3dB/10,
the filters exhibit between 15"and 27" of phase shift. The Bessel filter is the
smoothest, followed by the Butterworth and the 1dE3 Chebychev. The most
abrupt phase plot is the 1.0 dB ripple elliptic filter.
The elliptic filter's phase response shows a sudden 180"jump as the fie
quency passes through the frequencies of the two zeroes. The zeroes are very
close to thejoarris and behave as dominant zeroes when the input frequency
is close to either of the zero frequencies.
Figure 2-54 shows a plot of the passband group delay of the four filters
under discussion. The Bessel filter has the best group delay response; it
remains flat well into the filter's stopband. The Butterworth filter's group
delay is the next flattest, followed by the 1.0 dB Chebychev filter then the
1.0 dl3 ripple elliptic filter.
Except for the Bessel filter, the group delay tends to become uneven as we
approach the filter's cutoff fiquency. In addition, the group delay d
y peaks
at a cutofffrequency of approximately 3 dB.The 1.0 dB ripple Chebychev filter
exhibits group delay ripple. The low-ripple elliptic filter, the Butterworth and
the Bessel filter rise only once to hit their single peak at approximately&=.
The sudden phase jumps we observed at the zeroes of Figure 2-53
should produce group delay peaks at the same frequencies. These group
delay peaks are not displayed due to an anomaly in the circuit analysis program but do exist. However, since these group delay leaps occur at frequencies of maximum attenuation, they are almost never a problem.

FILTERS

7

Figure 2-55 shows a close up view of the passband responses of the four
filters. The plot shows clearly that the filters all have the same 3 dB cutoff
frequency f fc,3dB). The Butterworth filter stays reasonably flat throughout
most of the passband. The Bessel filter exhibits measurable attenuation
even atrvery low frequencies (for example, below fc,3ds/5).

Figure 2-53 Comparison of phase responses of four low-pass filters.

Figure 2-54 Comparison of passband group delay of four low-pass filters.
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Figure 2-66 Comparison of passband magnitude responses of four
low-pass filters.

Rgum 266 Comparisonof stopband magnitude responsesoffburlowpass flters.

FILTERS

Figure 2-56 shows the stopband performance of the four filters from fc,SdB
to 100 fc,3dB. The horizontal scale represents the logarithmic frequency and
the vertical scale attenuation. 100 dB is almost certainly beyond the ultimate attenuation of any common filter; 70 to 80 dB is a good rule of thum
We can easily compare the elliptic filter’s stopband performance with the
all-pole filters.
The Butterworth, Chebychev and Bessel filters are s-pole, no-zero Eliters and exhibit an ultimate roll-off of 30 dB/octave. The &pole, 4-zero
elliptic filter provides 6 dB/octave of ultimate roll-off. These results are consistent with Equation 2.14.

2.9

Filter Input and Output Impedances

Circuit Realizations
Electronic filter design programs offer several circuit topologies. For example, Figure 2-57 shows two possible realizations of a 0.5 dB ripple Chebychev filter with a 3 dB cutoff frequency of 100 MHz. Both filters are designed to work
in a 50 ohm system (i.e., Rs = RL = 50 ohms). Let us assume the components in
the filter are lossless and the filter cannot dissipate any energy. Figures 2-58
through 2-60 show the magnitude, phase and transient responses of the two
Chebychev fdters. The two topologies perform identical functions.

0.5 dB
Chebychev I
L = nH
C = pF
50 Ohms
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Figure 2-58 Magnitude response of the two filters of Figure 2-57.
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FILTERS

1 4 1 - ---

-7-

-

,

Shunt-C/Senes-L Filter Step Response
__ .-_7__
- ---1--

--,
-

Figure 2-6U Transient responses of the two filters

of

-

7-----

I

Figure 2-57.

Filter Element Impedances
Consider the impedances of the filter components above and below cutoff'.
Figure 2-61 shows the series L filter and the reactance of each element when the
frecruency is well into the pasband (f,&lOO = 1 MHz). Figure 2-62 shows the
same filter when the frequency is well into the stopband (lOOfi,N = 10 GHz)
At 1 MHz (Figure 2-61), the series elements exhibit low impedances
while the parallel elements show high impedances. As the frequency
decreases, the series elements will short-circuit while the shunt elements
will open-circuit. At low frequencies, the source and load resistor are connected directly There is a perfect impedance match between the source and
load and maximum power transfer can be achieved.
As Figure 2-62 shows, the series elements become high impedance at 10
GHz. The shunt elements are low impedances and short-circuit. At this fiequency, the series elements in the filter stop the signal from propagating.
Any signal that passes through the high series impedance enters a node connected to ground through a low impedance. This process of high series
impedance, low shunt impedance repeats as the signal continues to move
from the source to the load.
This fundamental mechanism of filtering occurs in all lossless filters,
including low-pass, high-pass, band-pass and band-stop filters. In the pass-
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band, the series elements short-circuit while the shunt element open-circuit. The source and load resistors both see 50 ohms when they look into
the filter. The filter is matched to 50 ohms on both the input port and output port of the filter. Since the filter is lossless, maximum power transfer
from the source to the load resistor can be experienced.
In a filter’s stopband, the series element open-circuit while the shunt
element short-circuit. The source and load both see a high impedance when
they look into the filter because the first element is a series element. Since
the filter is severely mismatched on both the input and output ports, maximum power transfer cannot be achieved. The degree of mismatch determines the amount of power that passes through the filter and also regulates the stopband rejection the filter provides.
@ 1 MHz

L=

L = 214.2nH

143.8nH

L = 143.8nH

+jo.w

+jl.35

I

I

=

Shunt Elements
High impedance

Figure 2-61 Element impedances of the series-L filter below the cutoff frequency.
@ 10 GHz

L = 143.8 nH
+j9035

L = 214.2 nH
+j13458

L = 143.8 nH

I
f = 41.5pF
-j0.38

+
Series Elements
Shunt Elements

->
->

0

1
I C = 41 SpF

T&

-j0.38

High Impedance

Low Impedance

Figure 2-62? Element impedances of the series-Lfilikr above the cutofffhquency.
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Series Element First, Shunt Element First
When features for a 100 MHz 0.5 dB ripple Chebychev low-pass filter
for a 50-ohm system are electronically selected, the program displays the
two candidates shown in Figure 2-57. The first filter has a shunt element
closest to the source and will present a low impedance in the stopband. The
second filter has a series element closest to the source and will present a
high impedance to the source in the stopband.
Most filters perform their filtering action through frequency-selective
matching. Figures 2-58, 2-59 and 2-60 show that the two filters in Figure
2-57 behave identically, Figure 2-63 shows the input impedance of the two
filters plotted over frequency. One filter exhibits a high impedance in its
stopband while the other filter exhibits a low impedance. These mismatches reject power from the source and keep power from the load. In summawe find that
In the passband, where maximum power transfer through the filter is
desirable, the filter “opens up” and connects the load resistor to the source
resistor. The filter is well matched on both its input and output ports.
In the stopband, a fdter presents a severe mismatch to both the source and
the load resistors. Since the filter ports are no longer matched to the source
and load, the filter will accept neither the power from the source nor will it
efficiently deliver any power it accepts to the load.
This is a fundamental filtering mechanism. It is present in low-pass,
high-pass, band-pass and band-stop filters.
The input and output impedances of a filter normally have both resistive and reactive components and change with frequency. The impedances may be expressed in terms of VSWR, return loss, resistance and
reactance, or magnitude and phase angle as well as return loss or VSWVR.
Most commonly used filter designs are based on reflective rather than
absorptive theory. For example, a lossless filter can have no resistance
to absorb power but must attenuate by reflecting power. At the 3 d
passband edge, half of the incident power is reflected; the return loss is
already reduced to 3 dB and the VSWR is 5.8:l.
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Figure 2-63 Input impedances of the two filters of Figure 2-57.
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. I 0 Transient Response of Filters
m e 2-68 shows a typical transient event measurement. The s@ source
V, has been turned off for a long time and the transients in the filter have receded.when the signal source is turned on quickly we observe the voltage across RL.
Figure 2-69 shows another typical occurrence. We have been feeding a
signal into the filter for a long time. We then abruptly change the input signal. The frequency of the new input signal is fi, the new amplitude is A2 and
the new phase is eZ.The two situations are equivalent. In order to to determine how the filter reacts to signal changes, several questions are relevant,
*

What is the shape of the output waveform? Does it rise slowly, without
ringing, or does it ring for a long time?
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How fast can we expect the filter to react to input changes? How long
before the output is a reasonable representation of the filter’s input?

What transient responses can we expect out of the different filter types?
How do they differ? What is the best filter to use in a particular situation?

VS

DUT = Device Under Test
= The low pass filter we are investigating

I

I

0

time (sec)

Examine VRLin the time domain
R,= Rs=50 Ohms

Figure 2-68 One type of transient event.
Transient Response of Low-Pass Filters
Figure 2-70shows the output characteristics of the four low-pass fdters: a Butterworth, a 1.0 dB ripple Chebychev I, a 0.1 dB ripple elliptic fdter with 55 dB of stopband attenuation and a Bessel filter. All filters have
a 100 MHz 3 dB cutoff frequency. The Bessel filter is the quickest to rise.
It approaches its final value quickly and with very little ringing. It has a
relatively poor magnitude response and does not filter very well. The
Butterworth reaches its final value after the Bessel, followed closely by the
0.1 dB passband ripple elliptic filter and the 1.0 dB ripple Chebychev. Each
of these three filters exhibits significant ringing.

__I____

-1

*

I

Signal #I
@f,> A,, 1

t

Signal #2
@f2'

A 2 5

2

Figure 2-69 A second type of transient event.

Figure 2-78 Comparison of the transient responses of four low-pass filters.
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Rules of Thumb
Genera& the more ripple the filter exhibits in its passband, the longer
the filter will take to respond to a change in its input. In Figure 2-70, the
Bessel settles out first with a minimum of ringing, followed by the
Butterworth (with no passband ripple). Then the 0.5 dB ripple elliptic filter settles followed by the 1.0 dB ripple Chebychev. Also, the sharper the
transition band, the longer a filter will take to settle out after its input
changes. Note that the stopband response can play a role in the settling
time. The elliptic filter has the highest overshoot but still settles quicker
than the Chebychev. A filter built with high &-poles and zeroes will ring
longer than one built from low Q poles and zeroes. A high Q-pole is a pole
placed very close to thejwaxis.
Williams [9], Blinchikoff and Zverev [l], and Zverev [lo] provide many
graphs depicting transient responses of various filters. Their books are an
excellent source of information on filtering of all types.

Transient Response of Band-PassFilters
In various situations, the transient response of a band-pass filter
becomes an important issue. In a spectrum analyzer, for example, the settling time of the narrowest filter usually determines how fast we can sweep
through a piece of spectrum. A radar receiver must also process pulsed signals to produce its output.
Figure 2-71 shows the schematic diagrams of four band-pass filters. As in
the low-pass filter case, we have a Butterworth, 1.0 dB ripple Chebychev, 0.1
dB ripple elliptical with 40 dF3 of minimum attenuation and a Bessel filter.
Each filter contains three poles; all have a 10 MHz 3 dB bandwidth with a
100 MHz center frequency We designed all of the filters to work in a 50- ohm
system. Figure 2-72 shows the magnitude responses of these four filters.
Figure 2-73 is a diagram of the transient response test. We will apply
an impulse to the filter at time T = 0 and observe the output of the filter.
Figures 2-74 through 2-77 show the voltage across the load resistor for the
four filter cases. The time-domain responses of the four band-pass filters
are strikingly similar to the time-domain responses of the four low-pass filters. References [9], [lo] and [l]expand on filter transient responses and
filters in general.
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Figure 2-71 Circuit diagrams of four band-pass filters.
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Figure 2-72 Comparison of the magnitude responses of four low-pass filters
R, = 50 Ohms

t=O

S
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l
"RL

Impulse

1

= 50
Ohms

I

-1

DUT = Device Under Test
= Filter whose transient response we want to measure

Figure 2-73 Transient response test schematic.
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Figure 2-74 Impulse response of Butterworth band-pass filter.
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Figure 2-75 Impulse response of Chebychev band-pass filter.
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Figure 2-76 Impulse response of elliptic band-pass filter
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Band-Pass Filters

Band-pass filters are by far the most common filters used in receiver design.

Band-PassFilter Terminology
Figures 2-78 and 2-79 show the magnitude response of a typical bandpass filter. We will define the following terms:
loss in dB. This is the minimum amount of attenuation
present in the passband. The minimum value for ILdBusually lies in
the neighborhood of the filter's center frequency.

ITL"dB. Insertion

These are the upper and lower 3 dB passband frequencies
of the filter. They are the frequencies where the filter provides 3 dB of
attenuation below the insertion loss of the filter (see Figure 2-78).

f u, J d B , fL,3dB-

fuER, fL,E;R. These are the upper and lower equal-ripple passband frequencies of a Chebychev band-pass filter. They are equivalent to the
equal-ripple cutoff frequency of a Chebychev low-pass filter. Note that
the upper and lower equal-ripple frequencies are defined with the filter's insertion loss in mind (see Figure 2-79).

Figure 2-78 Band-pass filter 3 dB bandwidth definitions.
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Figure 2-79 Band-pass filter equal-ripple bandwidth definitions.

Band-PassFilter Center Frequencies
f o f,,,,. The filter’s geometric center frequency. The geometric center
frequency of a band-pass filter is not equal to the filter’s arithmetic
center frequency. The geometric center frequency of a band-pass filter
follows the geometric relationship

2.29
which can be simplified to
fc = f,,,

=

J
K

2.30

The upper and lower frequencies f u and f L specified in Equations 2.29 and
2.30 can be either the 3 dB frequencies or the equal-ripple frequencies.

fc,arith. The filter’s arithmetic center frequency (often conhsed with the
geometric center frequency).
f

. = -fu + f L

c,anth

2.31

2

Again, the f u and f L values in Equation 2.31 can be either the 3 dB values or the equal ripple values. Note that

FILTERS

fc,arith

’

1
2.32

fc,gm

Band-Pass Filter Bandwidths
Figure 2-80 illustrates several of the most common bandwidth definitions.
*

B3dB.This is the 3 dB bandwidth of the filter. The frequencies where
the filter’s attenuation is 3 dB greater than its insertion loss are fiJ,JdB
and fuv3ds. The 3 dB bandwidth is
B3dB = (fIi,BdB - fL,3dB

1

2.33

*

BMB.This is the 6 dB bandwidth of the filter. We find the frequencies
that are 6 dB down from the filter’s insertion loss point to determine
fL,GdB and fU,GdB. The 6 dB bandwidth is

9

BER.

This is the equal-ripple bandwidth of a Chebychev filter. The
equal-ripple bandwidth of the filter is
.35

where fL,ER and fUER are the equal-ripple cutoff frequencies.

Figure 2-80 Definition of a band-pass filter 3 d B and 6 d B bandwidths.
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Figure 2-81 shows the most general case of bandwidth definition. At
any particular bandwidth defined by points of equal attenuation (x dB in
the case of Figure 2-81), we can write
- fc,geo

fU,X-dB
--fc,gm

fL,X-dB

2.36

or
fc

= fc,geo =

JE

2.37

We can also write
B X - d B = IfU,X-dB

- fL,X-dBI

/
Figure 2-81 Definition of band-pass filter x dB bandwidth.

2.38
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Shupe Factor
The shape factor of a band-pass filter measures how fast the filter transitions from its passband to its stopband. Figure 2-83 shows the magnitude
response of a band-pass filter. We measure or calculate the bandwidth of
the filter at two attenuation values: Attnl,a and Attn,,, (taking the filter’s
insertion loss into account). The shape factor is

-,dB

ShapeFactor =-a2
Bl

2.42

For example, a typical shape fador specification reads “The 60 dB/3 dB shape
factor of the filter is 3.3.” The attenuation values are an integral part of the
shape factor specification. Simply specifying the shape factor as 4.4 without
giving the attenuation values is meaningless. For all realizable filters,
Shape Factor > 1

2.43

The 60 dB/3 dB shape factor and the 60 dB/6 dB shape factor are two common specifications.

FILTERS

Figure 2-83 Band-pass filter shape factor.
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Comparison of Band-Pass Filter Types
We will examine a Butterworth, a 1.0 dB ripple Chebychev, a Bessel and an
elliptic filter. The filters are all 5 pole filters centered at 100 MHz with a 3 dB
bandwidth of 10 MHz. We designed the flters for a 50-ohm system. The elliptic filter contains 5 poles, 4 zeroes and has 40 dl3 of minimum stopband attenuation (A->. These design criteria produce transmission zeroes at 87.5 MHz
and 118 MHz.
Figure 2-85 shows the magnitude responses of the four filters swept from
50 to 150 MHz. We can see that the band-pass filters mirror the behavior of
their low-pass equivalents. All of the comparisons we made when we discussed the corresponding low-pass fdters apply to band-pass filters as well.
Note the steep roll-off of the elliptical filter and its narrow transition bands.
Figure 2-86 shows the passband characteristics of the four band-pass filters. Figure 2-87 shows the stopband characteristics. Figure 2-88 shows the
group delay responses of the filters. As in the low-pass case, the Bessel is
the flattest in the passband and the 1.0 dB Chebychev is the lumpiest.
Note that the characteristics of a particular low-pass filter carry over
into the band-pass realizations. The characteristics also carry into the
high-pass and band-stop cases.

FILTERS

Figure 2-85 Comparison of the magnitude responses of four band-passfilters.

Figure 2-86 Comparison ofpassband characteristics of four band-pass filters.
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Figurn 2-87 Comparison of stopband characteristics of four band-pussfilters.

BIgum2-88 Comparison ofgrroup delay charactens
' tics of four bund-passfilters.
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Other Filters

Some filtering problems may not fit neatly into one of the Butterworth,
Chebychev, Gaussian or elliptic filter solutions we have presented here and
other filter realizations have to be found.

Band-Pass and Band-Stop Filter
Consider a system that contains a fixed-tuned receiver and a transmitter. The receiver tunes to 650 MHz while the transmitter tunes to 750 MHz
(see Figure 2-89). Due to system constraints, the antennae of the receiver
and transmitter are in close proximity; accordingly, the receiving antenna
will collect a considerable amount of energy at 750 MHz.
We would like to place a filter between the receiver and antenna that
has a minimum insertion loss at 650 MHz, yet provides high isolation at
750 MHz. Clearly, this filter does not fit conveniently into any of the standard filters we have discussed and should be a combination bandpassband-stop filter. We have not placed any restrictions on the type of
passband response we require.

Close
Proximity

Filter

-

Receiver
@ 650 MHz

Transmitter
a750 MHz

Figure 2-89 Receiverltransmitter block diagram.
Figure 2-90 shows the schematic diagram of the starting point, a
Butterworth band-pass filter centered at approximately 650 MHz. The 3 dB
bandwidth was approximately 30 MHz, or 5%.Figure 2-91 shows the magnitude response. The filter exhibits only 10 dB of rejection at 750 MHz,
which is insufficient.
Each 2.5 pF capacitor in Figure 2-90 was first series-resonated with an
inductor to produce the circuit of Figure 2-92. We set the resonant frequency to 750 MHz because, at resonance, a series LC configuration
becomes a short circuit. The two circuit nodes were grounded at 750 MHz
while passing 650 MHz. This procedure placed transmission zeroes at 750
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MHz (see Figure 2-93).Although high attenuation was achieved at 750
MHz, the passband has shifted down in frequency. This new filter also
exhibits an undesired passband at 1700 MHz. Figure 2-94 shows the next
iteration. We have added a low-pass filter and used the computer to optimize the components for the best overall response. The final response of
the filter is shown in Figure 2-95.Although this filter is far from being
ideal, it nevertheless illustrates that we do not have to be restricted to one
of the filter types we have described here. If necessary, an individualized filter c8n be created to achieve exactly the desired response.
650 MHz Band Pass Filter

35.6 nH

2.5 pF

35.6 nH 2 . W

Figure 2-90 Circuit diagram of a 650 MHz band-pass filter.

Figure 2-91 Magnitude response of the filter in Figure 2-90.

1.25pF

1.25 pF

1

2n

JT

= 750MHz

Figure 2-92 650 MHz band-pass filter with transmission zeros at 750MHz.

Figure 2-93 Magnitude response of the filter in Figure 2-92.

228

I RADIO RECEIVER DESIGN

BandpasslSandstop
Filter
650i750
MHz

Low Pass
Fllter
700 MHz

Figure 2-94 Filter in Figure 2-92 with follow-on low-pass filter.

Figure 2-95 Magnitude response of the filter in Figure 2-94.

Amplitude Equalizer

A filter can be used to equalize the amplitude response of a system with
a nonflat response. For example, Figure 2-96(a) shows the amplitude
response of a channel. The attenuation increases with increasing frequen-

FILTERS

9

cy. Figure 2-96(b)shows the appropriate amplitude equalizer. The slope of
the equalizer is the inverse of the slope of the channel.
Figure 2-96(c) shows the equalized channel. Note that the total insertion loss has increased over the entire band, but the equalized channel has
a flat passband.

Channel

freq

~

i

i

Amplitude Equalizer

1

freq
_
_
I
_

I
I

i

\

Figure 2-96 Amplitude Equalizer (a) unequalized channel, (b) equalizes
response, fc) equalized channel.

2.13

Noise Bandwidth

A radio receiver’s ultimate sensitivity or noise floor is a strong function
of the noise bandwidth of the receiver’s final IF fitter. Noise bandwidth is a
filter parameter. It allows us to determine how much noise power a fitter
will pass based upon its passband shape. Although low-pass, high-pass and
band-stop filters also possess noise bandwidths, the concept is most useful
when we discuss band-pass filters. Many of the concepts introduced here
are covered in more depth in Chapters 5 and 7.
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In this section, we assume we are dealing with spectrally flat, Gaussian
noise. Figure 2-97 shows the problem in a simplified block diagram. The signal source and its associated source resistor generate a signal and noise,
respectively. The spectrum present at the input of the filter is shown in
Figure 2-98. The filter allows the signal and a certain amount of noise to
pass to the load resistor. The spectrum present at the load resistor RL is
shown in Figure 2-99. The band-pass filter is wide enough to pass the entire
signal. We want to know the amount of noise that passes through the filter.
This is the noise that will compete with the signal for control of the demodulator. Clearly, the amount of noise present at the load resistor is a function
of the filter's passband shape. Figure 2-100 shows the spectral shape of the
noise dissipated in RL for various types of band-pass fdters.

Figure 2-97 Noise analysis of a band-pass filter:
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Figure 2-100 Noise present across the load resistor for various types of
band-pass filters.
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For the sake of analysis, the arbitrary band-pass filter in Figure 2-100 is
replaced with a filter that has the Same insertion loss yet a perfectly rectangular passband (see Figure 2-101). If'this rectangular filter has the same noise
bandwidth (B,) as the first filter, the load resistor will dissipate the same
amount of noise energy. In other words, the noise bandwidth of any arbitrary
filter equals the bandwidth of an ideal rectangular band-pass filter with the
same insertion loss. The ideal redangular filter will allow the m e amount of
noise power to pass as the original filter allowed. In Figure 2-101, the load mistor will dissipate the same amount of noise power in cases (a) and (b). Given an
arbitrary filter shape, we are interested in h d m g the noise bandwidth B,.

Figure 2-101 Definition of noise bandwidth.

Noise Bandwidth Calculation
Figure 2-101 (a) shows a filter of arbitrary shape presented with noise
that has a one-sided power spectral density 77. The noise presented to the
load resistor is
2.46

When INf'jo) I is a perfect rectangular filter [see Figure 2-101(b)],the noise
power in the load resistor is

Equating 2.46 with Equation 2.47 produces

2.48

Equation 2.48 is valid if the filter's transfer function is presented to us
as a power ratio (i.e., I SZl12 or 2010g I SZ1I). If the data represents a voltage
ratio or a voltage transfer function, i.e., ISZl1, the noise bandwidth is
2.4

The most difficult part of evaluating the integral is deciding which type a f
data we have, then verifying we have the correct units.

234

I RADIO RECEIVER DESIGN

FILTERs

236

I RADIO RECEIVER DESIGN

Noise Bandwidth of Various Band-Pass Filters
Figure 2-104 shows the noise bandwidth of various band-pass filters.
The following rule of thumb can be derived.
OfZen the noise bandwidth of any arbitrary band-pass filter is approximated by the filter's 3 dB bandwidth. In truth, the noise bandwidth
is usually somewhere between the filter's 3 CiB and 6 dB points.
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Figure 2-104 Noise bandwidth of various band-pass filters.

2.14

Butterworth Filters in Detail

Butterworth filters are simple and common filters. Their equations are
straightforward and generally intuitive. This is a great benefit when things
are not working quite right and a design has to be improved. We can easily
answer questions like, How many more poles do I need? or, What is the
attenuation at this frequency?
Although the numbers we receive will not be exact, they will usually be
accurate enough. If we want to be more accurate, we can always resort
to computer simulation.
Without actually going to the trouble of building your filter or simulating it on a computer, it is nearly impossible to judge what effect real-

ization factors, such as component losses or realization approximations, will have on the filter. Even if exact equations were used, they
probably would not accurately reflect reality.
9

Filter synthesis algorithms may indicate that unrealizable components
will be required and the filter topology may have to be changed with various circuit transforms to produce a more realizable design. As a result,
however, the mathematical purity of the filter is lost. Although the passband has not changed much in appearance, the stopband can change
dramatically. For example, the transformed filter might have better
rejection at low frequencies than the original design but poorer rejection
at higher frequencies. Since the filter's performance has changed, and
since there is not a convenient or precise way to describe the new filter
mathematically, it is necessary to use the Butterworth equations.

Butterworth Low-Pass Filters
Pole Positions
The poles of a Butterworth filter lie on a circle centered about the origin.
This pole configurationwill not allow any pole to be dominant, so the magnitude
response of a Butterworth filter is maxhmlly flat or monotonic. The positions of
the poles for a Butterworth low-pass filter with a 3 dB cutoff frequency off, are

where
N = the number of poles in the filter
h = I, 2, "".,N.
The circle containing the Butterworth poles intersects the j o - a x i s at the
radian 3 dB cutoff frequency q 3 d B = 2$c,3dB.
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Magnitude Response
Figure 2-106 shows the magnitude response of a Butterworth filter.
The response proceeds without ripples and the attenuation increases
steadily as the operating frequency increases beyond the 3 dB cutoff frequency fc,3&. The attenuation for a lossless low-pass Butterworth fdter is

where
N = the number of poles in the filter,
fc,3dB = the filter’s 3 dB cutoff frequency,
fx = the frequency of interest.

Equation 2.52 describes the attenuation characteristic for a lossless
Butterworth low-pass filter. The lossless approximation is usually accurate
enough for practical, realizable filters, even those with insertion loss.
However, insertion loss usually has to be considered when we are dealing
with band-pass filters.

Figure 2-106 Magnitude response of a Butterworth low-pass filter:
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Butterworth Band-Pass Filters

Magnitude Response
Using Figure 2-107 as a guide, the absolute attenuation for a lossy
Butterworth band-pass filter is

2.55
where
A h ? n h , d B = the absolute amount of attenuation the fdter provides at B,,
N = the number of poles in the filter,
B3dB = the 3 dB bandwidth of the filter,
B, = the bandwidth of interest,
ILdB = the insertion loss of the filter in dB.

The relative attenuation is the difference between the absolute attenuation
and the insertion loss or
2.56

Figure 2-107 Magnitude response of a lossy Butterworth band-pass filter.
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Noise Bandwidth
We will assume we are using Butterworth filters when we are evaluating a system. The noise bandwidth of a Butterworth band-pass filter is
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where
B, = the noise bandwidth of the Butterworth band-pass filter,
N = the number of poles in the filter,
B3dB= the 3 dB bandwidth of the filter.
Note that the noise bandwidth of a Butterworth band-pass filter is always
slightly larger than the filter’s 3 dB bandwidth.

Figure 2-109 Magnitude response of a band-pass filter.

F1 LTERS

Butterworth High-Pass Filter

Magnitude Response
Figure 2-110 shows the magnitude response for a Butterworth highpass filter. We find that
2.14

where
N = the number of poles in the filter,
/&dB = the filter's 3 dB cutoff frequency,
f, = the frequency of interest.
Equation 2.74 is very similar to Equation 2.52 which describes the
attenuation characteristics of a Butterworth low-pass filter.

Figure 2-110 Magnitude response of a Butterworth highpass filter.
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Butterworth Band-Stop Filters

Magnitude Response
The attenuation of a Butterworth band-stop filter is

Attn, = lOlog

2.77

2.78

where
AttndB = the absolute amount of attenuation the filter provides at fx,
N = the number of poles in the filter,
BadB= the 3 dB bandwidth of the filter,
f,
= the band-pass fdter’s center frequency,
fx = the frequency of interest.
Note the similarity to Equations 2.56 and 2.65 for the Butterworth bandpass filter (see Figures 2-111and 2-112for details on the variables).

FiLTERS

Figure 2-1I 1 FM broadcast band Butterworth band-stop filter parameters.

Figure 2-112 Bandwidth and frequency definitions for Equation 2.77.

250

I RADIO RECEIVER DESIGN
2.79

We use -tion

2.77 to

13saB.

lorn=

2.15

2.80

Filter Technologies and Realizations

As we write this (in the late 199Os),filter technologies are changing at
a rapid pace. New materials and technologies have made filters smaller,
exhibit less loss and perform better than ever. Any advice given regarding
filter realization would be dated before this book got to press. Thus, we ask
you to turn to the filter vendors and their catalogs for realization advice.
Some classic technologies, however, will remain workhorses over time. We
have included an introduction of those techniques and their characteristics.
Be aware that this data may be dated by the time you read this.
Characteristics of Classic Realizations
We have chosen the following six design technologies to spotlight:
LC filters,
Monolithic crystal filters,
Discrete crystal filters,
Cavity filters,
Ceramic Resonator filters,
Surface Acoustic Wave (SAW) filters
Ceramic filters.
Although there are other techniques available such as BAW, mechanical
and stripline, these technologies cover a center frequency range from 10
kHz to 18 GHz with bandwidths from 100 Hz to 10 GHz.

FILTERS

'I

LC Filters

LC filters are the workhorses of the filter industry because they are
versatile, easy to build on the bench and well-understood. Moreover, LC filters are also very cost-effective. LC filters do not exhibit the close-in spurious responses that plague crystal filters and will normally be smaller (but
lossier) than distributed-element filters. However, LC filters do not possess
the stability or the high Q of crystal filters or distributed element filters,
which limits their minimum bandwidth capability.
rystal Filters
The resonators of crystal filters consist of quartz crystals. They offer
very low loss (i.e., high Q or quality factor) and high stability. These resonator characteristics allow crystal filters to exhibit very narrow bandwidth band-pass filters with reasonably low loss. Crystal filters can be
either monolithic or discrete. The resonant elements in monolithic filters
are built on the same piece of quartz ; the elements in a discrete filter are
packaged separately and then connected to form the filter.

Monolithic Crystal Filters
Monolithic crystal filters are usually smaller and less expensive than
discrete crystal filters because they use fewer crystal elements for the same
number of resonators. They also tend to be more reliable because they use
fewer components. Additionally, monolithic crystal filters do not use hybrid
coils and tend to be more stable and have less flat loss than most discrete
crystal filters. In the VHF range, the monolithic approach allows bandwidths on overtones that can only be realized with costly fundamental
mode resonators if a discrete resonator design is used.
Discrete Crystal Filters
Discrete-resonator crystal filters have better power handling capabilities
than monolithic crystal filters. They are usually a better design choice for very
narrow or very wide bandwidths. In addition, discrete crystal filters allow
more flexibility concerning the choice of network topology. This allows the
design of networks that have sharply asymmetrical performance (required for
single sideband work), which is difficult to achieve with monolithic designs.
Spurious Responses in Crystal Filters
Figure 2-113 shows the passband response of a typical crystal filter.
The 30 MNz passband is well-defined. This particular filter exhibits reentrant responses at 340 and 400 MHz. These spurious responses are common in crystal band-pass filters and are caused by unwanted resonances in
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the crystals that were used to build the filter. The AT-crystal cut, which is
most commonly used for filters, has a family of unwanted responses at frequencies slightly above the desired resonance and at approximately odd
harmonic frequencies of the findmental resonance. We can often suppress
the overtone responses (which cause the response at three times the filter
center frequency) with additional LC filtering but this increases the loss,
complexity and size of the filter. However, we cannot filter the close-in spurious responses.

Figure 2-113 Bandwidth and frequency definitions for Equation 2.78.

Ceramic Filters
Ceramic filters are very similar to crystal filters. The resonant elements are realized with piezoelectric materials although the quality factors
of ceramics are much smaller than those of quartz. Ceramic filters excel in
the low-cost, physically small arena. They are designed for consumer goods
such as FM radios, televisions and cordless telephones. A ceramic filter
should be the choice if a filter at a standard center frequency and bandwidth is needed.

Cavity Filters
A cavity filter replaces the resonant LC structure of a discrete filter
with a resonant cavity. We couple the energy from cavity to cavity by plac-

ing apertures between the cavities. The center frequency of the filter is
inversely proportional to the size of the cavity; the bandwidth is proportional to the aperture size between cavities. Thus the ultimate limit on center frequency, bandwidth and stability is directly related to manufacturing
tolerances and mechanical stability over time and temperature. Cavity filters exhibit higher Qs and therefore lower loss and more selectivity than
LC filters. They also tend to be more stable than LC filters and are easier
to manufacture than combline filters.

Ceramic Resonator Filters
Ceramic resonator filters are similar to cavity filters except that the cavity is filled with dielectric material to decrease the size of the resonator. We
can couple the resonators using the same technique utilized in cavity filters,
or we can externally couple the elements, which affords a wider choice of filter topologies. The dielectric increases the loss of the filter over the cavity filter. We can tune some ceramic resonator filters by moving a dielectric ‘‘slug’2
into and out of the resonant cavity. Ceramic resonator filters are very popular for front-end preselection filters in consumer electronics such as cellular
telephones and wireless W s .

Surface Acoustic Wave (SAW) Filters
Surface acoustic wave filters convert the signal to be filtered into an
acoustic waveform and then launch the acoustic energy into a crystal medium. The response of the filter results from the structure used to launch and
collect the acoustic energy. Since these structures are deposited directly on
the crystal medium, the designer determines the properties of the filter.
SAW filters can operate in any of several modes; consequently, the
bandwidth, insertion loss and center frequency relationships are quite complicated. However, we can realize rather sophisticated designs using SAW
filters. Building a custom filter can be expensive and time-consuming but
many old designs can help to accommodate most needs.

2.16

Miscellaneous Items

Isolators
High-performance filters are often equipped with isolators on both the
input and output ports. The isolators assure that the filter is always terminated in the proper impedance. This guarantees that the critical performance of the filter will not be spoiled by outside forces.
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Nonlinearities
Like any other component, a filter acts as a linear device if the input
signal power is small enough. However, the filter may exhibit nonlinear
behavior when the input signals are strong. Intermodulation occurs when
a filter acts in a nonlinear manner, which creates new signals whose frequencies are based upon the frequencies of the input signals. These new
signals are called intermodulation products. Intermodulation products are
the most troublesome in receiver applications when a very large input signal is present simultaneously with a very small signal.
Crystal filters produce the most intermodulation distortion of the filter
types we have discussed here. The crystals themselves can exhibit strong
nonlinearities for large signal input levels. At low signal levels, the linearity of the filter is determined by surface defects associated with the resonator manufacturing process.
Crystal filters in particular can exhibit gain compression, i.e., the insertion loss of the filter .may change with drive level. At high power levels,
quartz resonators become nonlinear causing an increase in the filter loss.
At low drive levels, resonator processing becomes critical in order to maintain constant insertion loss.

Power-Handling
Power-handling in a filter is closely related to the factors determining
the filter’s nonlinearities. The following occurrences can limit the amount
of power passed by a filter.
Insertion loss may cause the filter to heat up and dissipate signal power.
For example, a filter with a 1dB insertion loss absorbing 100 watts from
a source will dissipate about 20 watts internally.
At high current levels, the magnetic materials used in HF and low VHF
filters can saturate. Consequently, the inductors behave as resistors
and the insertion loss increases.
Many filters, particularly narrow band-pass filters, have very high
impedance internal nodes. Even at moderate power levels, peak voltages high enough to cause capacitor breakdown or corona may occur,
which leads to higher insertion loss and degraded filter performance.
Crystal filters can exhibit unexpected nonlinearities. At low power levels, the filter may perform beautifully, but even moderate power
changes may cause the filter to behave differently.
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In general, if a filter must pass more than 1watt of power, the filter’s power
handling capability has to be considered.

Vibration Sensitivity
If the components that comprise a filter change when subjected to
vibration, the filter’s performance will change as well. Thus, a filter performance depends upon the filter’s mechanical stability.
Vibration-induced sidebands may appear on a signal passing through a
filter when the filter is subject to acceleration forces due to vibration.
Quartz crystal resonators, being piezoelectric devices, convert mechanical
to electrical energy. Therefore, the resonant frequency of a crystal is modulated at the frequency of vibration. The source of vibration can be an
internal equipment fan, a transformer, or a speaker. Many manufacturers
o f precision signal generators shock-mount their spectrum clean-up crystal
filters to avoid this problem.

2.17

Filter Design Summary

This section contains quick reference data from this chapter. Similar
data is placed at the end of each chapter.

Ultimate Filter Roll-Off

[
[

Ultimate Rolloff = 6-o c ~ v e)(#Poles
= 20-

dB

Decade)

- #Zeroes)

(#Poles - #Zeroes)

Ultimate Phase of a Filter
Ultimate Phase=-90”[#Poles - #Zeroes]
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Noise Bandwidth of a Filter

IS p l I2>.

If HGw) is a power ratio (i.e.,

If HGo) is a voltage ratio, i.e., ISZlI

where
Hpk is the maximum filter response.

Magnitude Response of Butterworth Filters
Low-pass

Attn, = lOlog

[

1+

-

[t?:&j’”]

where

N = the number of poles in the filter,
filter’s 3 dB cutoff frequency,

fc,MB = the

f x = the frequency of interest.

Band-PasS
The absolute attenuation for lossy Butterworth band-pass fdters is

Am,,,

[

=lOlog 1+[ ;;7+ILdB

The absolute attenuation of a Butterworth band-pass filter at any frequency cf,) is
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N

&Abs,dB

= lolog 1+

where
= the absolute amount of attenuation the filter provides at fx7
N = the number of poles in the filter,
B3dB = the 3 dB bandwidth of the filter,
f,,, = the band-pass filter’s center frequency,
fx = the frequency of interest,
Bx = the bandwidth of interest,
I L d B = the insertion loss of the filter in dB.

Attn&S,dB

High-Pass

where
N = the number of poles in the filter,
fc,.&B = the filter’s 3 dB cutoff frequency,
f, = the frequency of interest.

Band-stop
The attenuation of band-stop filters is

or
N

Attn, = lolog 1+
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where
AttndB = the absolute amount of attenuation the filter provides at f,,
N = the number of poles in the filter,
BW = the 3 dB bandwidth of the filter,
f,
= the band-pass filter’s center frequency,
f , = the frequency of interest.

Noise Bandwidth of a Butterworth Band-Pass Filter
The noise bandwidth of a Butterworth band-pass filter is

where
B, = the noise bandwidth of the Butterworth band-pass filter,
N = the number of poles in the filter,
BaB = the 3 dB bandwidth of the filter.
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Mixers

A translation is no translation, he said, unless it will give you the
music of a poem along with the words of it,
- John Millington Stone
Translation increases the faults of a work and spoils its beauties.
Voltaire

3J

Introduction

A mixer translates signals from one center frequency to another
while keeping the modulation intact. The translation is performed for
the following reasons:
Filtering
When building a receiver, we need to filter the signal of interest from
other signals before we apply the signal to a demodulator. Filtering reduces
noise and attenuates unwanted signals. For example, if we are building a
commercial FM broadcast receiver, we want to separate the desired station
from all of the other stations. It is much easier to move the signal of interest from its original center frequency to some intermediate fi-equency (IF)
and perform the filtering at the IE This method also has the advantage that
the IF can be chosen based upon filtering needs. It is often less problemat-
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ic to realize narrowband filters at low center frequencies and better to handle large bandwidth signals at high center frequencies. The realizable
insertion loss, percent bandwidth, and physical size of the filter are all
strong functions of the filter center frequency

Frequency Assignments
On-the-air frequencies are almost always assigned by government
agencies such as the FCC. These frequencies are often chosen based on
external requirements that have nothing to do with filtering or demodulator requirements. To build the best system possible, we perform all the
complex receiver functions at a frequency we choose, then translate the signal of interest to that center frequency.
For example, moving data through a satellite system is expensive. The
transmitter’s power, center frequency and bandwidth are tightly controlled.
In order to pass the most data through this channel, satellite transmitters
use complex modulation schemes to limit the transmitted bandwidth while
keeping the data rate as high as possible. The transmitter performs the
modulation at one frequency (usually 70 MHz), then a separate piece of
equipment translates the modulated waveform to the desired center frequency. This method produces a system with carefully controlled characteristics because the modulator has to perform at only one frequency.

Antenna Size
The physical size of an antenna in terms of wavelengths determines the
electrical properties of the structure. For example, antennas at very low
frequencies are very large. On the other hand, the mechanical tolerances
required for very high frequency devices may be difficult or expensive to
realize. If we have to build a device with a small antenna, such as a missile
or an electronic pager, it is preferable to use a high frequency in order to
minimize the antenna size.

Propagation
Propagation characteristics change with frequency. The attenuation,
multipath and reflection characteristics of the propagation environments
are all strong functions of frequency. The atmosphere exhibits points of
high attenuation due to water, oxygen and other atmospheric components.
For example, there is a point of high attenuation at 60 GHz due to energy
absorption by oxygen (the “oxygen line”). Normally, we want to avoid
transmitting at absorption frequencies because of the high attenuation.
However, if we do not want anyone to listen to personal communications

and only have to transmit a short distance, these frequencies are ideal.
Some military communications links operate at 60 GHz for just this purpose. Some satellite-to-satellite links operate at 60 GHz to avoid interference from earth-bound communications. The signal passes easily throug
the vacuum of space but will not pass through the atmosphere.

Realization Effects
It is often easier to achieve performance goals over a single, narrow frequency range than over a large range of frequencies. For example, radio
receivers almost universally move a signal at some tuned frequency to some
intermediate frequency before processing. The demodulator has to function
at only one frequency, rather than over a range of frequencies. Translating
the signal to a common IF also helps to ensure that the receiver’s characteristics do not change as the receiver is turned.

Component Availability
Many people desire cheaper and better components for mass-marketed
electronic systems. Once a standard develops, economic factors allow the
design of components that work within the standard. For example, most
commercial FM radios use a 10.7 MHz IF, a frequency for which many
cheap electronic components are designed. Similarly, the television industry has developed amplifiers, filters and other useful components that perform at 45 MHz. The satellite and military industries favor 70 MHz IFs.

3.2

Frequency Translation Mechanisms

When moving signals from one frequency to another, we want to avoid
distortion and keep the modulation of the signal intact.

Amplifier Distortion
A nonlinear device will produce output signals that are not present at
the input. Figure 3-1 shows the input and output spectrum of a typical ROW
linear device,
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The spectrum of Figure 3-1 has the following characteristics:
0

The output frequencies are given by
3.1

where
n = 0, 1, 2, ...
m = 0,1, 2, ...
n + m = the order of the response.
If we space the two input signals so that f i = f2, the output signals tend
to “bunch” together about the harmonics of f l and f2. The “bunched”
signals are Af apart where Af = Ifi - f2 I .
The higher the order, the smaller the output power of the signal. In
other words, the conversion loss increases with increasing order.

Second-Order Response
The second-order nonlinear response is preferable because it produces
the strongest output signals, i.e., it exhibits the least conversion loss. The
second-order operation is
3.2

We will assume Vinis the sum of two signals: a modulated signal Vmodand
an unmodulated cosine wave Vunmod.
We can write
3.3

MIXERS

and

where
A(t) = AM information waveform,
@‘t)= PM or FM infomation waveform,
w1 = 2xf1 = carrier frequency of the modulated wave,
co2 = 2nf2 = carrier frequency of the unmodulated wave.
The second-order output is

- k2[1+A2(t)]+-k2A2(t)cos[2w,t + q ( t ) ]
2
2
+k2 cos(zo2t)
2

3.5

The last two terms of Equation 3.5 at w1 -t % are the desired signals.
They contain the undistorted AM and FM modulation and are located at a
different center frequency. The signal at w1 + w2 is the “sum” product; the
signal at w1 - cz)z is the “difference” product.
We use filters to remove the unwanted second-order products and
pass the desired signals. A conversion scheme is designed so that none of
the unwanted products are too close to the wanted signals and too difficult to filter.

Amplifier Difficulties
Figure 3-2 shows how we might use a nonlinear amplifier as a mixer in
a receiver. We connect the antenna to a band-pass filter (BPF,) to limit the
number of signals into the amplifier. The output of BPF, is connected to
the input port of the amplifier.
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If, + f,l

Center Frequency = f,
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Inf, f mf,

I

Figure 3-2 Using a nonlinear amplifier as a mixer.
We also connect the amplifier’s input port to a locally generated sine
wave, i.e., a local oscillator (LO). The frequency of the LO signal is f2 . The
local oscillator signal must be strong enough to force the amplifier to generate nonlinear output products. The signals present on the output of the
amplifier will be f l and its harmonics, f2 and its harmonics, and the nonlinear intermodulation products described by Equation 3.1.
The two signals that are commonly usef’ul are at f l + f2 and f l - f2 (the
sum and difference frequencies). In Figure 3-2, we use BPF, to select either
the sum or the difference signal. This architecture is widely employed in
commercial equipment although it has several flaws.
The output of the amplifier contains many signals that are not desirable, including f l , f2 and all their sum and difference products. Since we
want to ensure we are operating the amplifier in its nonlinear region, we
have to make the locally generated signal at f2 very large. This means we will
see high-power signals at the amplifier’s output at the LO frequency and its
harmonics. A typical LO can be 90 dB higher than the desired signals.
The signals at fi and f2 experience the amplifier’s first-order power gain
and will likely be larger than the desired signals at f l + f2 and f l - f2. A large
portion of the local oscillator will travel out of the antenna. This raises
interference questions and wastes power.
The first three items place high demands on BPF,. The filter must adequately reject the unwanted signals while passing the desired signal with
minor attenuation. Much of the finesse of receiver design lies in arranging the
conversion scheme so the unwanted signals are easy to remove by filtering.
In summary, we can use the second-order distortion characteristics of
an amplifier to generate the signals we want but it is not a very high-performance solution. Many of these shortcomings can be overcome with a different nonlinear operation.

MIXERS

Time-Domain Multiply
A table of trigonometric identities provides us with the following equation:
*

*

COS( A) COS(

1

1

B ) = - COS( A + B ) + - COS( A - B )
2

2

3.

If we multiply two signals in the time domain, we produce only two output
signals: one at the sum frequency and one at the difference frequency. None
of the other frequency components are present. With one modulated signal
and one unmodulated signal, the input signals will be
3.7

and
3.8

Combining these two equations with Equation 3.6 produces

3.
= --c0s[(w1
A(t)

+ w z ) t+ #(t)]

+--cos[(wl
A@)

-0,)t

2

+ @(t)]

2

Equation 3.9 illustrates a fundamental property of mixing. The A(tJ2
terms indicate that we will lose at least 6 dB in the conversion process.
Except for a scaling factor, both the AM and PM modulation pass
through the multiply unscathed. The preferred method of frequency translation is the time-domain multiply. At high frequencies, it is difficult to perform the multiplication in a mathematically precise way but we can approximate the operation. These implementation details result in higher levels of
spurious output signals than Equation 3.9 indicates.

3.3

Nomenclature
Figure 3-3 shows the block diagram of a frequency converter, or mixer.
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Signal Flow

RF

IF

nLO
P,F 5 P, - 20dB
for “linear”operation

PIF z P,F

- 10 dB

input
PL+ 0 - 30dBm
(1mW to 1 Watt)

Figure 3-3 A typical mixer used to convert signals at the radio frequency
(RF) to some intermediate frequency (IF) using a local oscillator (LO).
Ports

A mixer has three ports.

Radio Frequency (RF) Port
The radio frequency (RF) port is often the input port of the mixer. The
signal carrying the information enters through this port. A mixer changes
the center frequency of the signal present at the RF port to the sum and
difference frequencies and places those signals on the IF port. The IF filter
then selects either the sum or difference signal and passes it further
upstream. As a rule of thumb, the signal power entering the mixer’s RF
port should be at least 20 dB below the LO power. If the RF power is any
larger than this number, the mixer will still operate but it w
ill generate
more unwanted signals than necessary.
Intermediate Frequency (IF) Port
The mixer’s intermediate frequency port functions usually as the output port of the mixer. The sum and difference frequencies appear at this
port along with the unwanted spurious signals. The IF port is almost universally connected to a band-pass filter in order to remove the unwanted
signals and pass the desired signals. The sum and difference products present at the IF port are generally about 10 dB below the level of the RF signal applied to the RF port. In other words, common mixers have about 10
dB conversion loss.

h c u l Oscillator (LO) Port
The local oscillator, which is generated internally in the receiver, is
another mixer input port. The frequency of the local oscillator, along with
the RF and IF band-pass filters, determine which signals present at the RF
port are converted to the IF frequency. The local oscillator power usually
ranges from about 0 dBm (1 mW) to 30 dBm (1 watt). As a rule, the LO
power should be the strongest signal present in the mixer by at least 20 dB
for reasons we will be discussing later. In a high-performance receiver, the
local oscillator should be free of amplitude and phase noise.

Port Interchangeability
Most passive mixers have ports labeled “Re” “IF” and “LO.” Despite
the labels, these ports are usually interchangeable, i.e., the RF signal can
be applied to the IF port, the LO can be applied to the IF port and the signal can be removed from the RF port. This is convenient to do when the frequency ranges of the three ports are different. If we operate a mixer using
its ports for different purposes, the performance will likely be different
from the data sheet’s description.
The ports are not always interchangeable on specialized mixers. Some
mixers contain active devices or special circuitry to cancel undesired signals,
so their ports cannot be interchanged. When we use the term “RF,” for
example, we will be referring to the signal present at the RF frequency, not
to a specific mixer port. The same holds true for the terms “IF” and “LO.”

Frequency Trunslation Equations
Two theoretical processes, second-order nonlineurities and time-domain
multiplication, can be used to translate signals in frequency. In both cases,
the equation that quantifies the relationship between the signals present at
a mixer’s RF, IF and LO ports is

Figure 3-4 illustrates the conversion process graphically We will apply
a single tone at fRF into the RF port of the mixer. A second tone will be
placed at fLo into the mixer’s LO port. We will now examine the spectrum
present on the output port.
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Figure 3-4 A frequency conversion and the resulting spectrum.
For now, we will ignore everything leaving the mixer's IF port except
the two signals at the sum and difference frequencies. One signal will be at
the difference frequency of fiEDzFF = f L 0 - f R F The second signal will be at
the sum frequency of fiEsuM = fLo + f R p Often, the signal at the sum frequency is referred to as the upper sideband and the signal at the difference
frequency as the lower sideband.
Figure 3-4 shows the graphical symmetry between the two IF frequencies and the LO frequency. If we start at the LO frequency and move down
by f R F hertz, we d l find the signal at the difference frequency. If we start
at the LO frequency and move up by f R F hertz, we will find the signal at the
sum frequency.

Zero Hertz
Assuming that fLo and f R F are both positive (which we can force by definition), zero hertz will lie below the lower sideband when f R F C f m (see
Figure 3-5). Zero hertz will lie between f m and the lower sideband (at
fiEDzFF) when f R F > fLo, as shown in Figure 3-6(a). What is the most useful
way to interpret a negative frequency?

L
'

One possible
place for 0 Hz

Figure 3-5Conversion spectra. One possible position for zero hertz (or DC).
Absolute Value
Any table of trigonometric functions shows
c o s ( 4 ) = cos(0x)

3.11

We can simply form the absolute value of any frequency produced by the
conversion equations. With this in mind, we can write Equation 3.10 as
3.12

If we accept only positive frequencies and consider Equation 3.11, the spectrum in Figure 3-6(a) is equivalent to the spectrum in Figure 3-6(b). The
lower sideband, which was formerly below zero, has been mirrored off the yaxis and is now in the positive frequency domain. Note that the distance from
fLo to the y-axis plus the distance from the y-axis to the lower sideband is still
fRF We will consider the sign of the frequency whenever it is usefkl to solve
the problem. Likewise, we will ignore the sign when it is not necessary.
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fL0

0 Hz

Figure 3-6 When one sideband of the mixing process falls below zero hertz,
we simply use the absolute value of the frequency for all calculations.

Three Forms
Equation 3.12 can be expressed as three separate equations when we
hlly expand the "+" signs. If we know the LO and RF frequencies, then
the RF signal will be simultaneously converted to two different IFs. These
two IFs are given by

If we know the LO and IF frequencies, we can find the two possible RFs,
which will be converted to the IF by the mixer.

*

f RF = f LO f I F

3.14

The third equation yields two possible LO frequencies we can use to convert some RF signal to a given IF

f LO= f

RF

’f

IF

3.15

Figure 3-7 shows these equations graphically A useful way to interpret the
graphs is by comparing starting points and distances traveled. For example, the
top of Figure 3-7 illustrates Equation 3.13. If we begin at fLo and move a distance fRF to either side, we find the two possible solutions of the equation.

I

t

Figure 3-7 The frequency conversion Equations 3.13 through 3.15
expressed graphically.
The “ 2 ” sign in Equations 3.13 through 3.15 means that there are
always two possible solutions anytime we solve for one of the variables.
This can be both a convenience and an annoyance, depending upon the
problem to be solved.
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Frequency Translation and Filters
Figure 3-8 illustrates the conversion process in practice. The antenna
receives many different signals at different frequencies, but we are interested
in only one at a time. Ideallx we would like to remove all the unwanted signals from the antenna using the RF BPF but, because of practical concerns,
we usually cannot do so.Instead, the RF filter will remove only those signals
that are grossly different in frequency from the desired signal. The filtered RF
spectrum then travels to the mixer’s RJ? port and all the signals undergo the
frequency conversion. Two copies of the RJ? spectrum are generated by the
mixing process: one centered about fiFslFF and one centered about fEsm.
Ultimately, the IF filter passes the one signal we want to process.

freq

freq

.I__.
.

freq

Figure 3-8 The conversion and filtering processes i n a single-conversion receiver.
Practical Considerations
Figure 3-8 lends itself to a discussion of some of the practical considerations. Why, you might ask, do we go through all this trouble of converting
the signal of interest to the IF before filtering it? The answer is that we
either cannot or do not want to filter the signal adequately at its RF frequency. Let us look at the FM broadcast band as an example. A commercial
FM broadcast receiver should be able to process all of the 101 possible FN
stations. We can

*

Build 101 band-pass filters just wide enough to pass one particular FM
station, then switch to a new filter whenever the user changes stations.
It would be difficult and also expensive to build filters of such small
percentage bandwidths, especially on a production basis.
Build a narrow, tunable RF band-pass filter and change its center frequency as the user changes stations. This is a difficult-to-realize and
expensive solution because of the small percentage bandwidths and the
extra circuitry involved.
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Let the RF band-pass filter pass all 101 stations, then filter out the particular station we want at a later stage. This is exactly the solution used
in practice.
Receiver design involves solving filtering problems. If you cannot filter
a signal at a particular frequency, move the signal to a frequency where you
can filter it. In a commercial FM broadcast receiver, we convert the signal
of interest to 10.7 MHz, no matter what the RF frequency was originally.
When we want to change the station, we only have to change the LO frequency and the mixer will convert a different station down to the 10.7 MHz
IF. This technique has the advantage that everything following the IF filter
has to work only at the IF frequency.

Conversion Loss
When a mixer converts a signal from its RF to some IF, the signal at the
IF has usually lost some of its power. This is due to the mixer’s conversion
loss. Figure 3-9 illustrates the concept.

Figure 3-9 Definition

of mixer conversion

loss.

If, after the conversion, we will be using the lower sideband IF signal (at
the mixer’s conversion loss is

fitDIFF),

CLLSB =

Signal Power at f R F - f L u
Signal Power at f RF

3.1

- P DIFF

PRF
If we will be using the IF signal at the upper sideband frequency VIESUM).
then the mixer’s conversion loss is

CLUSB=

Signal Power at f RF +- f
Signal Power at f R F

3.2

--P S U M
PRF
Note that PsuM does not necessarily equal FDIFF although they are often
very close. Mixer data sheets usually give only one conversion loss specification, implying that C L s u M = C L D I F F and that PsuM = PDIFF.
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Port-to-PortIsolation
Due to realization effects, signals applied to one port of a mixer will
leak through the mixer to the other two ports. This occurs without any frequency translation. In other words, if a signal is applied at fLo to the LO
port of a mixer, we will see a signal at fLo on both the IF and RF ports of
the mixer. Identical effects occur when we apply a signal to both the RF and
IF ports. Leakage through the mixer (asspecified by the interport isolation
specifications) is often the major driver in the design of IF and RF BPFs.
The three mixer isolation specifications are as follows (see Figure 3-10).

Figure 3-10 Mixer port-to-port isolation.
L0:RF Isolation
This is the amount of signal attenuation between a mixer’s LO and RF
ports. For passive mixers, the isolation is usually bilateral; it applies for signals travelling from the LO port to the RF port and for signals travelling
from the RF port from the LO port. We are more interested in how much LO
power leaks onto the mixer’s RF port than how much of the RF signal leaks
to the LO port. With that in mind, we will define the L0:RF isolation as

ISO~LO:RF
=

LO power present at the RF port (at f Lo)
LO power entering the LO port (alsoat f L O )

3.23

MIXERS

Since the LO is a high-power signal ( usually > 7 dBm), even a mixer with
a large L0:RF isolation can have a large LO signal present at the RF port. The
RF filter in Figure 3-10 helps to attenuate the LO leaving the RF port.

L0:IF Isolation
This is the amount of attenuation between the LO and IF ports of the
mixer. Similar to the L0:RF isolation, this attenuation is usually bilateral.
We are mostly interested in how much LO power appears on the IF port of'
the mixer. Thus, the L0:IF isolation is defined as
ISOILO:IF
=

LO power present at the IF port (at f Lo)
LO power entering the LO port (also at f Lo)

3.24

Since the LO is a relatively high-power signal, even slight L0:IF leakage
places a large LO signal at the mixer's IF port. The IF band-pass filter in
Figure 3-10 must be designed to attenuate this LO leakage.

RF:IF Isolation
To measure the RF:IF isolation, we apply a signal at fRF to the RF port
of the mixer, then measure how much RF signal is present on the IF port
of the mixer (still at fRF). The leakage has not undergone the frequency conversion process.
The RF:IF isolation applies to signals present at the same frequency on
the RF and IF ports; conversion loss applies to signals at different frequencies (fRF on the RF port and fRF & fLo on the IF port). In equation
form, the RF:IF isolation is
RFpowerpresent at the IFport (at f R F )
ISOLRF~IF
=
RFpower entering the RFport (still at f H F )

3.25
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Practical Effects of Mixer Inter-port Isolation
The following discussion shows how to apply mixer isolation specifications.

Antenna Radiation
Figure 3-12 shows that the L0:RF isolation of the mixer can allow the

LO to radiate out of the antenna port. By receiver standards, the LO is a
very strong signal and can interfere with other receivers. For example, the
LO of a commercial US FM radio receiver runs from about 99 MHz to about
119 MHz. It happens that the commercial US aircraft band is about 108
MHz to 132 MHz. Note that the two bands overlap.
There is a distinct possibility that the LO of the FM receiver could interfere with aircraft communications equipment if everything is just right.
This is the reason that Commercial airlines do not allow their passengers to
use FM radio or other electronic equipment during take-off and landings. If
a passenger’s equipment radiates a signal that is near one of the impartant
aircraft frequencies, it could interfere with the pilot’s communications,
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Let us assume that a mixer in a particular receiver requires an LO
power of + 7 dBm and its mixer will provide a L0:RF isolation of 40 dB.
(This is an unusually large number.) A -33 dBm signal, which is a strong
signal, will leave the antenna.

Figure 3-12 L0:RF isolation causes a strong LO signal to radiate f k m a
receiver’s antenna.
Intermixer Isolation
Receivers with two separate mixers and two separate local oscillators
are called dual conversion receivers. Figure 3-13 shows a simple block diagram of a dual conversion receiver.
Mixer #I

BPF
-.

Mixer #2

.

n

Figure 3-13 Isolation problem in a dual conversion receiver. Good design
keeps LO1 out of mixer #2 and keeps LO, out of mixer # l .
In a poorly designed receiver, significant amounts of LO1 will leak out
of mixer #1 (via its L0:IF isolation) and enter the RF port of mixer #2.
Likewise, LO, can leave mixer #2 (via its L0:IF isolation) and make its way
into mixer #l. A n y signal that enters a mixer will participate in the conversion process. In mixer #1, for example, LO2will mix with LO1 as well as
any RF signals present in the mixer. In mixer #2, LO1 will mix with LO2as
well as any other signal present in the mixer.

MIXERS

1

As a result, many different kinds of signals will be generated at many
different frequencies. These signals are one cause of interndy generated
spurious responses or “birdies.” “Birdies,” to the casual observer, appear to
be coming from the receiver’s antenna port. Internally generated spurious
signals can be minimized by designing a proper conversion scheme and
carefully selecting filters and other components.
The receiver LOs are not the only source of unwanted signals that cause
internally generated spurious signals. Other oscillator or signal source present in the receiver can contribute signals. The receiver’s microprocessor
and its power switching supply are also major contributors.

Mixers in Cascade
A mixer used in a cascade is treated in the same way any other component is treated. It has a loss or a gain, a noise figure, a TO1 and a SOI. For
the purposes of the cascade calculations, we ignore the frequency translation
aspects of the device.
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Block vs. Channelized Systems

Most of the frequency translation tasks can be divided into two different types: block conversions and channelized conversions. We will often
perform them both in the same system.

Block Conversions
In a block conversion, we move an entire band of signals from one center frequency to another using a fured, single-frequency local oscillator.
Figure 3-15 shows the conversion scheme of a commercial satellite television
receive only (TVRO) system. The T W O receiver collects television signals
from geostationary satellites. The satellite’s C-band transponders transmit
24 television channels at 3700 MHz to 4200 MHz (a 500 MHz bandwidth
centered at 3950 MHz). After the outdoor antenna captures the TVRO signal, we must move the signal to the house, which can be several hundred
feet away. This is a commercial application and, to keep costs down, we can
use cheap lossy cable between the antenna and the house.
3700 - 4200 MHz

I

950 - 1450
MHz

I

0

3950 MHz CF
500 MHz BW

ILo

1200 MHz CF
500MHzBW

Figure 3-15 Television Receive-Only (TVRO)frequency conversion scheme.
This is a block conversion.

To solve the problem, we place a block converter at the receive antenna’s
feed point to convert the 3950 MHz signal to a 1200 MHz IE We then move the
1200 MHz IF signal to the house, taking advantage of the lower cable losses at
1200 MHz. No one channel from the 24 possible channels has been selected yet
- only a swatch of spedrum was moved from one center frequency to another using a single-frequency LO. Since we are moving the entire spectrum into
the house, several users can access the Same antenna at once.

Channelized Conversions
A channelized system uses a tuning local oscillator to pick just one signal out of a crowded spectrum. For example, Figure 3-16 shows the architecture of a commercial FM receiver. The FM broadcast band in the United
States runs from about 88 MHz to 108 MHz. In an FM receiver, we apply the
entire 20 MHz FM spectrum into the mixer and tune the LO. We select the

frequency of the LO so that only the desired signal will be centered in the
IF filter. All of the other stations are severely attenuated by this filter.
88 - 108 MHz

98.0 MHz CF
20 MHz BW

,l L o

10.7 MHz CF
200kHzBW

I

Figure 3-16 Commercial FM receiver frequency conversion scheme. This is
a channelized conversion.
Suppose we wanted to listen to a station broadcasting at 99.1 MHz. The
88.4 MHz LO frequency of Figure 3-16 translates the desired signal from
99.1 MHz to 10.7 MHz (the center frequency of the IF filter). The desired
signal, now at 10.7 MHz, passes through the IF filter without attenuation.
The stations below 98.9 MHz and above 99.3 MHz are considerably reduced
in power. After the IF filter, the strongest signal comes from the station we
want to receive. This FM demodulator then processes the signal further
downstream and we hear music, music, music!

3.5

Conversion Scheme Design

Designing a conversion scheme is an iterative process. We start with
an initial guess, examine the consequences and problems, adjust the
premises, reexamine the problems, and so on. This process is continued
until a workable system is established. We usually start with several
questions or specifications.

*

What is the frequency of the RF spectrum we want to convert? This
specification will contribute to the choice of the first IF and the selectzionof the first LO frequencies.
Do we want to perform a block conversion or a channelized conversion'?
For a block conversion, the LOs are usually fixed whereas a channelized system demands tunable LOs.

0

UF we are performing a channelized conversion, what is the bandwidth of the
RF' signals? This af€& the final IF selection as well as the accuracyof the LOs.
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What kind of modulation is present on the RF signals? This places
demand on the phase noise of the LO which, in turn, can limit the selection of the IF center frequency. (High IFs tend to require high frequency LOs which can have poor phase noise.)

Are there any cost, mandacturability, physical size, power or other special
features? This category tends to override many of the other specifications
of the radio. Often, these miscellaneous considerations force the designer
to use a technique or component that he or she would rather avoid.
For example, if' the receiver is battery-powered, a power supply to convert the changing battery voltage into a stable, well-regulated supply for the
receiver must be designed. The switching power supplies used w i l l generate
large, low-frequency current spikes around the system, which will take some
effort to filter properly.
Small physical size forces many packagmg issues such as heat removal
and the physical size of the components. The component size issue compels
us to consider common IF frequencies because of the variety of physically
small components available at these frequencies.

Television Receive-Only (TVRO) Example
Figure 3-17 shows a block diagram of a satellite TVRO receiver. The
signal from the satellite covers 3700 to 4200 MHz (a 3950 MHz center frequency). We would like to convert this band of frequencies to a 1200 MHz
center frequency. These details determine the bandwidths and center frequencies of both the RF and IF band-pass filters. We now calculate the LO
frequency needed for this conversions scheme.
n

IF
BPF

n
3700 - 4200 MHz
3900 MHz CF
500 MHz BW

I

Lo
LO

-

950 1450 MHz
1200 MHzCF
500 MHz BW

Figure 3-17 Television receive-only (TVRO) receiving system.
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Equation 3-15 yields the two possible LO frequencies that can be used to
convert a signal from some RF to an IE For now, we will only look at the center frequencies of both the RF and the IE Applying Equation 3.15 produces
fL0

=fRF

fIF

= 3950 k 1200 MHz
= 2750 MHz

3.31

or 5150 MHz

We can select either 2750 MHz or 5150 MHz as the LO frequency. Both will.
convert a signal from 3950 MHz to 1200 MHz with equal efficiency. Is there
a difference?

Band Edges
We now examine the effect of the LO on the RF signal at 3700 MHz and
4200 MHz. Using fLo = 2750 MHz and Figure 3-18 (a) as a guide, Equation
3.13 produces
Lower Band Edge 3 3700 - 2750 = 950 MHz
Upper Band Edge + 4200 - 2750 = 1450 MHz

3.32

A signal at 3700 MHz converts to 950 MHz; a signal at 4200 MHz converts to 1450 MHz. The IF spectrum is identical to the RF spectrum when
fL0 = 2750 MHz.

3700
MHz

4200
MHz

2750 MHz

7 E;

z: :

Spectrum not

inverted

..L-L
950
1450

---_I_-

3750
MHz

4200
MHz

MHz

5150 MHz

t

MHz

Spectrum

inverted

Figure 3-18 The TVRO RF and IF spectra for the twopossible LO frequencies.
Let us look at the effect of the other LO frequency, fLo = 5150 MHz.
Equation 3.13 and Figure 3-18(b) produce
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Lower Band Edge 3 5150 - 3700 = 1450 MHz
Upper Band Edge 3 5150 - 4200 = 950 MHz

3.33

This local oscillator selection produces a frequency inversion. Signals that
were above the center frequency at the RF port of the mixer are now below
the center frequency at the IF port. This is usually not a problem as long
as we are aware of the effect. We have not altered the information content
of the signal; we have simply moved it.

High-Side and Low-Side LO
We have the choice of two LO frequencies to convert a signal at the RF
to a signal at the IF The two LO possibilities are often defined as

Low-Side LO (LSLO). The LO frequency is less than the RF frequency.
High-Side LO (HSLO).The LO frequency is greater than the RF frequency.
In equation form, these definitions correspond to

Low - Side LO fLo < fRF
High - Side LO 3 fLo > fRF

3.34

Occasionally, the terms low side injection for LSLO and high side injection
for HSLO are used.

LO Frequency Calculation
In a channelized system, several similar signals (or channels) are spread
over some frequency range. Each individual signal should be convertible to
some common IF, where the signal will be processed or demodulated. The
desired signal can be selected by changing the frequency of the LO.
Given the channelized conversion scheme of Figure 3-19, we can
determine the HSLO and LSLO frequency ranges. In the following discussion, we define
the lowest frequency at the RF port to be converted to the IF center
frequency.
fREH = the highest frequency at the RF port to be converted to the IF center
fi-equency.
frFcF = the center frequency of the IF BPE
fREL =

For the low-side LO,
f"sLo,L = the lowest LO frequency required to perform the conversion,
f',sLa,H = the highest LO frequency required to perform the conversion.
For the high-side LO,

fHsLo,L= the lowest LO frequency required to perform the conversion,
fHsLO,H = the highest LO frequency required to perform the conversion.

Figure 3-19 To convert a given band of RF to some IF center frequency,
there are two possible choices of LO frequencies.
Figure 3-20 clarifies the definitions of fRaL and fRam From here on, we
will show only the lower and upper RF frequencies to keep the drawings
from becoming too cluttered.

T

Figure 3-20 RF spectrum and the two possible LO choices.
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Equation 3.15 and Figure 3-21 provide some insight into the LO selection
process. Figure 3-21 shows that the low-side L o fresuency is a distance of f i F
below the RE The high-side LO frequency is a distance frF above the RE

fRF

fHSL0

Figure 3-21 Graphical interpretation of Equation 3.15.
Low-side LO
Combining Equation 3.15 with Figures 3-20 and 3-2 1 results in expressions for the low-side LO frequencies [see Figure 3-22(a)].
3.35

Figure 3-22 Graphical expression of Equation 3.15. Given the required RF
passband, find the two possible ranges of LO Fequencies.

High-Si& LO
Similarly, the expressions for the high side LO frequencies are [see
Fiwre 3-22(b)]
fHSL0,L = fRF,L

fIFCF

fHSL0,H = fRF,H

fIXF

3.36
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Frequency Inversion

Some conversion schemes produce a spectral or frequency inversion,
which nevertheless does not distort the signal. For example, in a digital /+equency shift’keying (FSK) system, transmitting a tone below center frequency may correspond to a binary zero, and transmitting a tone above center frequency may represent a binary one. A system with frequency inversion will
invert all the bits. The data is still present. We just have to know enough to
place an inverter somewhere in the data path to make things right again.
Which conversion schemes produce a frecluency inversion and why?
Suppose we are given a LO frequency and a RF and want to examine the
IF spectrum. We can apply Equation 3.13. Figure 3-24 shows Equation 3.13
in a graphical format. If we start at fw and move up in frequency a distance
fRF, we f h d one output sideband of the mixer. If we move fRF down in frequency from fw,
we find the other sideband. If we ignore the position of zero
hertz, Figure 3-24 indicates that a frequency inversion will occur if the lower
sideband is selected.However, if the lower sideband falls below zero hertz, the
spectrum will be re-inverted.

fL0

Inverted
spectrum

‘IF

= f,,

+

f,,

Non Inverted

s m m

Figure 3-24 A single conversion. If we ignore the position of zero hertz, the
lower sideband is always spectrally inverted.

We will look at the low-side LO first (see m e 3-25).In a LSLO conversion, the local oscillatorfkequency is always less than the RF' and thus zero hertz
lies between fi0and frF = fLo - fRF. The position of zero hertz indicates that the
lower sideband at frF = fLo - f R F is made up entirely of negative frequencies.
When we take the absolutevalues of the lower and upper band edges, we receive
the noninverted spectrum shown at the bottom of Figure 3-25. The implied
absolute value operation in Equation 3.13 re-inverts the spectrum of the lower
sideband if it falls below zero hertz. Since the lower sideband always lies below
zero hertz when a LSLO is used, a frequency inversion is not possible

--i--fL0

\

L.0

i

fRF

(LSLO)

/1 T

fL0

fl,

=,,f

,,f

+

flF = fLo - fRF

Positionof Zero Hz for
LSLO (LSLO f,, > f,)

3

Equivalent
Positive
Spectrum

h-eq
flF

= If,,

- fRFl

fF = fLO -tfRF

Figure 3-25Spectral re-inversion of the lower sideband when it fulls below
zero hertz. This conversion scheme uses a LSLO.
WSLO
Figure 3-26 shows the situation with a high-side LO. With a HSLO, fL0
is always greater than f R F , so the position of zero hertz is always below the
lower sideband (i.e., it is below f l F = f L 0 - f R F ) . Since the lower sideband
spectrum is always above zero hertz, the spectrum remains inverted.
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fRF

Figure 3-26 The lower sideband of a HSLO never falls below zero hertz.
The lower sideband does not experience a frequency re-inversion.
Conclusion
A frequency inversion occurs only when we use a high-side LO and
select the lower sideband (at f r F = fLo - fRF). In equation form,

Spectrum Inversion when

Using HSLO
and
Selecting the Lower Sideband

3.39
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3.7

Image Frequencies

Looking at the TVRO example (Figure 3-28),we have to take another
problem into consideration. A 3950 MHz signal is emitted by the satellite.
We have selected a LSLO of 2750 MHz to convert the incoming TVRO signal to a 1200 MHz center frequency. Note that, for the purposes of example, we have omitted the RF filter in Figure 3-28.
CF = 3950 MHz

satellite dish

IF
BPF

I

RF BPF removed for
sake of example

LO

LSLO = 2750 MHz

Figure 3-28 TVRO conversion scheme. The RF BPF has been removed to
illustrate the image response of the system.
We know the LO frequency and the IF frequency (The IF frequency is
set by the IF band-pass filter). Since we have omitted the RF band-pass fdter, we w
ill treat the RF as an unknown and use Equation 3.14to analyze
the system. Equation 3.14produces

f R F = f LO

'

fIF

= 2750 It 1200

=1550MHz

3.42

3950MHz

This analysis shows that there are two frequencies which, when placed into
the RF port of this mixer, will convert to 1200 MHz. One is the desired frequency of 3950 MHz, the other is the image frequency at 1550 MHz. The
design goal for this system was to convert 3950 MHz down to 1200 MHz.
However, because of the way the conversion equations work out, we have
also designed a system that will convert a signal at 1550 MHz down to 1200
MHz with the same efficiency. Any energy at 1550 MHz, including noise or
an interfering signal, will be converted to 1200 MHz. Once an unwanted
signal is converted to an IF, it cannot be removed. This image response is
the reason we place a filter on the RF port of a mixer. One of the functions
of the RF filter is to attenuate the image frequency so that signals or noise
present at the image frequency are not converted to the IF along with the
desired signals.

Locating Image Frequencies
To calculate the image frequencies we use Equation 3.14.

f R F = f LO

'

f1F'

.43

Given a fiF and a fLo, any fRF that satisfies Equation 3.14 will mix down to
the mixer's output.

fIF at

LSLO Image Frequencies
Combining Equation 3.14 with Equation 3.35 produces an expression
for the LSLO image frequencies.
3.44
Figure 3-29(a) shows this relationship graphically and makes another relationship apparent.
3.45
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fLSlM

fRF

I

fRF

Figure 3-29 Graphical relationship between the RE u )and image jkquencies.

HSLO Image Frequencies
The expression for the HSLO image frequency is derived from
Equations 3.14 and 3.36.
3.46

Figure 3-29(b)shows this relationship graphically. Again, we can see a second relationship among the variables.
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Image Noise
Mixers can add extra noise to a system in a way that is not obvious. This
effect, called image noise, can also cause incorrect results when the mixer’s
noise figure is measured. Figure 3-31illustrates the problem. The local oscillator frequency is 200 MHz and the center frequency of the IF filter is 45
MHz. Let us assume that the bandwidth of the RF amplifier is 20 to 1000
MHz and that the signal of interest from the antenna resides at 245 MHz.

I

l

l

20 155 245

Figure 3-31 The image response of the conversion process can translate outof-band noise into the IF filter, increasing the noise contribution of the mixer:
Figure 3-31 also shows the noise spectrum present at the RF port o f the
mixer. The architecture of the system assures that any energy present on
the mixer’s RF port at 245 MHz will be converted to 45 MHz. However,
because of the “ 2 ” present in the conversion equation, we will also convert
energy centered at 155 MHz on the mixer’s RF port to the 45 MHz IE The
result is that there will be more noise present at the mixer’s IF port than
anticipated and, if the noise power at 245 MHz is equal to the noise power
present at 155 MHz, the noise on the mixer’s IF port will be 3 dB greater
than anticipated.

3.8

Other Mixer Products

In practice, we build a receiver by first deciding on a conversion
scheme, then placing the appropriate RF and IF band-pass filters in position. Normally, the RF band-pass filter is wider than desirable and passes
more than just the signal of interest. For example, in the case of commercial FM broadcast reception, we allow the entire 20 MHz worth of RF spectrum to come through although we only want to listen to one station at a
time. Finally, we apply the LO to the mixer and examine the signals which
emerge from the mixer’s IF port.
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"to

Example

Figure 3-32 shows the LSLO conversion scheme for the TVRO
downconverter.

I
I
I

3700

Lo

I

,,f = 2750 MHz
@ +7 dBm

3950 4200

f(MHz)

Figure 3-32 TVRO downconverter with one RF signal and one LO frvquency.
We apply the LO and RF to the mixer and examine the signals present on the IF port. Equation 3.13 indicates the frequency of the desired
output signals.
~ I F = ~ L O + ~ R F

= 2750 rt 3950

3.52

=6700MHz and 1200MHz
Two signals are emerging from the mixer due to the mathematically derived
mixing knction. However, because of practical considerations, signals at
other frequencies will emerge from the mixer including the RF signal (still
at fRF) and its harmonics, the LO signal (at fLo) and its harmonics and every
combination of
ImfLO*nfRFI

for

m = 0,1,2,...
n = 0,1,2,...

3.53

including the desired signal and its image.
Table 3-1 lists some of the frequencies that will be present on the output of the mixer.
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Table 3-1 Mixer spurious components.

The output spectrum of the TVRO mixer will resemble Figure 3-33. In
reality, there will probably be more signals present at the mixer’s output
than those shown.
Many of these output products can be easily removed by the IF filter.
Others will fall either inside the IF filter or close enough to the filter’s
passband that they will not experience significant attenuation. We are
interested in the frequencies of each mixer product and its expected
power level.
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Figure 3-33 Possible signals present at the IF port of the mixer in Figure 3-32.
Mixer Spur Tables
Mixer data sheets often include just such information. Table 3-2 shows
the data measured for one particular mixer used in one particular conversion scheme at specific levels of RF and LO powers. The RF and LO frequencies are fured. The power of the spurious products present on the
mixer's output is a strong function of the LO and RF signal power. Spurious
performance also changes with RF and LO frequencies.
Table 3-2 shows relative power levels of the various mfm & nfRFmixing products for one particular mixer and conversion scheme. The numbers
in the table represent the number of dB the undesired product (at m f m k
nfW) is below the desired product (at fLo & fRF). This data was gathered
under the following conditions:
0

0
0

fRF = 500 MHz at 4 dBm
fLo = 470 MHz at 7 dBm
f P = 30 MHz, measured to be -11 dBm.

The numbers in Table 3-2 are fairly typical although the RF power is quite
high. Mixer catalogs often contain similar spurious power tables.
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Table 3-2 shows the amount of power in every n by m spurious output
product (up to 10 by 10).Ifwe change the input conditions (their frequency and
especially the power of the LO and RF signals), this table w
ill not be accurate.
The desired output signal of the mixer (at fLo 2 fRF) is at the intersection of RF harmonic ( n ) = LO harmonic (m) = 1. The table entry at that
spot is zero.
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Double-BalancedMixers
Table 3-2characterizes a double-balanced mixer (DBM), the most common mixer used in high-end receiving equipment. From Table 3-2 and
other mixer tables describing double-balanced mixers, we can draw some
general conclusions about the spurious output products of these mixers.

Even-by-even products. Examples of even by even products are 2 by 6,
8 by 4 and so on. Examination of many mixer tables indicates that the
even-by-even products tend to be the weakest spurious components
generated in the mixer. As such, they are the least worry.

Even-by-odd and odd-by-evenproducts. Examples are 3 by 2,4by 5 and
1 by 7. These responses are generally higher power than the even-byeven products.

Odd-by-odd products. Examples are 3 by 7 and 1 by 5. These are generally the highest-level undesired products. Consequently, they are the
most trouble.
Order of the Undesired Product. The order of the product is
Order = m + n

3.54

It follows that the higher the order, the lower the power level of the
product. Low-order spurious output signals tend to have larger magnitudes than high-order spurious products. With this in mind, we tend to be
more concerned about low-order products than about high-order products. In general, the more odd products the undesired component is associated with, the higher the output power. These characteristics are a
direct result of the topology of the double-balanced mixer. The power of
the spurious products generated inside of a mixer is a strong function of
the input power levels and the characteristics of the particular mixer. The
spurious output power is a weaker function of the frequency of operation.
In short, if any of the input characteristics are changed, the mixer table
probably will not be accurate.
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Spurious Calculations

3.9

Suppose we have found a candidate conversion scheme for a system we
want to build. We know the range of RF signals we want to process, we have
decided on an LO range and know the IF center frequency and bandwidths.
Figure 3-34 shows the system complete with RF and IF filters. Now we
would like to analyze this system to find out how well it performs from a
spurious signal perspective.

I

RF

IF

Figure 3-34 A candidate receiver architecture, showing the definitions of
frequencies used in the analysis of the receiver’s spurious performance.
In the simplest case, the signals present on the IF port of the mixer will be
3.55

where
frF

= the frequencies of the signals present at the mixer’s output port,

fro = the LO frequency,
the RF frequency,
nz = 0,1. 2 ,3 ’..,
n = 0, 1, 2, 3 ...

fRF =

The RF and LO signals present at the ports of the mixer in Figure 3-34 now
represent frequency bands rather than single tones. In Equation 3.55, fLo
now represents the ranges of fLo,L to fLO,H, and f R F represents fREL to f R E H .
We begin by asking ourselves the following questions: Do any of the
mixer’s spurious products fall within the passband of the IF filter? If some spurious products from the mixer do frnd their way into the IF filter, what is their
power level? Are they low-order signals (implying that they will be relatively
high power) or are they high-order signals (and thus, tending to be low power)?
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Assumptions
To simplie the analysis of Figure 3-34, we will assume the following:
The RF band-pass filter is a brick wall filter, i.e., it passes all the frequencies between fREL and fREH while completely attenuating everything else.
The IF band-pass filter is also a brick wall filter. It will pass all the signals from fiEL to fiEH while completely attenuating signals outside of
this range. Alternately, we will sometimes specie the IF band-pass filter with its center frequency fiFcF and its bandwidth (BIF).
This conversion scheme dictates that the local oscillator will tune from
fL0,L to fLO,H*
In an operational system, the RF band-pass filter will be connected to an
antenna so we will have no control over the signals entering the RF port
of the mixer. we only know that their frequencies must he between fREL
to fRFfi The worst-case scenario is to assume that the entire RF band is
flooded with signals. In other words, we will assume that every frequency
in the range of fREL to fREH is present at the RF port of the mixer.

As the receiver tunes from one channel to the next, the frequency of the
LO will change. In an operational system, the LO can be constantly
changing in frequency, or it could sit on one frequency for months at a
time. All we know is that the LO frequency will be somewhere between
fLo,L and fLO,H. The worst-case assumption is to assume that every frequency from fLo,L to fLO,H is present at the L o port of the mixer. In redity, only one frequency at a time is present on the LO port of the mixer.
Analysis Procedure
Figure 3-35 illustrates the analysis procedure. We have a band of signals extending from fREL to fREH on the mixer’s RF port. We also have a
band of signals from fLo,L to fLO,H on the mixer’s L o port. we then want to
calculate the signals present on the output port of the mixer with special
attention to those signals falling between fiEL and f i E H . We must perform
this analysis for every value of m (the LO harmonic number) and n (the RF
harmonic number). Any spurious signals that pass through the IF filter
without significant attenuation may present a problem.

Figure 3-35 Graphical illustration of the spurious analysis procedure. We
repeat this analysis for each value of m and n.
Derivation
We want to find the range of frequencies present on the mixer’s IF
port for each value of m and n. Equation 3.55, repeated here, describes
the frequencies of the spurious IF output signals given the RF and LO
input frequencies.
f p =mfLo

nfRF

3.56

Figure 3-36 indicates that the LO spectrum from fL0,L to fLO,H will mix
with the RF spectrum from f&L to f&H to produce two frequency bands on
the mixer’s IF port. The two bands fall in the ranges of fiF,+ to flF,-,H (the
lower sideband) and fiF,+,Lto flF,+,H (the upper sideband). Figure 3-36
depicts the operation for only one value of rn and one value of n. If we
change either m or n, we have to recalculate because the upper and lower
IF sidebands will shift in frequency
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L
fL0 L

fL0.H

t

C

Figure 3-36 Given the possible R F and LO ranges, find the possible outputs present on the mixer's IF port. Perform this analysis for every value of
m and n.
We can find expressions for fi~,-,~,
fi~,-,~,
f i ~ , + and
, ~ ~ I F , + , Hby applying
Equation 3.55 to the band edges of the RF and LO spectrums. For the lower
sideband usingfiF = mfLo- nf&, we find
3.57
For the upper sideband, usingfiF = mfLo+ n f R F , we find
3.58
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3.10

Mixer Realizations

So f a r we have looked at mixers as black boxes placed at appropriate
points in the receiver cascade. To appreciate the strengths and weaknesses
of these devices, it is important to understand how mixers work and how
they are built. We will look at several different topologies and explore the
advantages and problems with each of them.

3.11

Single-Ended Mixers (SEM)

The term single-ended mixer (SEM) generally refers to the technique
of using a nonlinear device to perform frequency conversion. One input
signal is the RF, the other is the LO. The nonlinear device can be a diode, a
transistor, or an amplifier driven into saturation. In this example, we will
describe a single-diode mixer. This inexpensive technique is common in
commercial equipment.

Operation
Figure 3-39 shows a simplified diagram of a single-ended mixer. The RF,
LO and IF band-pass filters increase the interport isolation, and the diode
is the nonlinear element that performs the time-domain multiply.
RF
BPF
(-110 to -20 dBm)

(-0 Lo

LO
BPF

Figure 3-39 Schematic diagram of a simple single-ended mixer (SEM).
The LO switches the diode and gates the RF to the IF port. The bandpass
fitters work to improve interport isolation.
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Conceptually, it is helphl to think of the diode as a switch which is controlled by the local oscillator voltage (see Figure 3-40).When the instantaneous LO voltage is greater than the diode’s turn-on voltage, current flows
through the diode, forward-biasing it. The switch in Figure 3-40is closed,
and the RF signal passes through to the IF filter. When the instantaneous
LO voltage is less than the diode’s turn-on voltage, the diode is reversedbiased and the RF port is isolated from the IF port.
LO
BPF

Figure 3-40 A single-ended mixer consists of a switch controlled by the LO
voltage. When the LO is greater than the diode‘s turn-on voltage, the RF is
passed to the IFport. When the LO is less than the diode’s turn-on voltage,
the RF is isolated fiom the IF port.
Figure 3-41shows the appropriate waveforms. (V,, is the voltage present at the input to the IF filter.)

Figure 3-41 Time-domain waveforms present in a single-ended mixer. The
switching action of the diode performs an approximation of the time-domain
multiply between the LO voltage and the RF voltage.

Instead of performing a time-domain multiply between the LO and RF
waveforms, we are multiplying the RF waveform by either zero or unity at
a rate determined by the LO. In other words, when the LO voltage is
greater than a diode drop, we multiply the RF by unity; when the LO voltage is less than a diode drop, we multiply the RF by zero. In equation for
the multiplying waveform, WLo(t),derived from the LO is
0 when VLO(t) 5 Diode Turn - on Voltage
1when VLO(t) > Diode Turn - on Voltage

3.63

Fourier analysis reveals an equivalent expression for WIJO(t).
3.6

Ideally, we multiply the RF waveform by the LO waveform which produces
only the sum and difference products. In the single-ended mixer, we multiply the RF waveform by a constant and all the harmonics of the LO. This
still produces the desired sum and difference products but it also produces
many other unwanted (spurious) mixing products.
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The astute reader may notice that the multiplying waveform Wm(t) is
almost a square wave with a 50% duty cycle. This approximation approaches
reality when the LO voltage is much greater than the turn-on voltage of the
diode. For a large LO voltage, we can approximate Wu)(t) as

3.67
This expression contains only the odd harmonics of the LO frequency.
Since the even harmonics are not present in the multiplying waveform,
they will not cause spurious products. For large LO powers, the singleended mixer suppresses the spurious products generated by the even harmonics of the LO.
Due to realization effects, the time-domain waveforms shown in Figure
3-41 are not exactly accurate. Every diode has a forward voltage drop, a forward series resistance, a reverse current, interterminal capacitance and a
nonzero switching time. Consequently, the waveform present at the input
to the IF filter is different from how we have drawn it. The actual waveform is decidedly nonsymmetrical and contains all of the LO harmonics
(not just the odd ones) and all of the harmonics of the RF signal. Instead of
multiplying the RF waveform by the LO, all of the harmonics of the LO are
multiplied by all of the harmonics of the RE In other words, the spectrum
of the signal present at the input port of the IF filter contains all of the
ImfLO nfRFIspectral components in sigmfhnt amounts.
The SEM can be a spurious product nightmare. However, if the RF, IF
and LO signals are widely separated, then the RF, IF and LO band-pass filters can provide excellent interport isolation. We can often tolerate the poor
spurious performance of a SEM in narrowband systems such as commercial
FM radio receivers.

SEM LO Power
When we discussed single-ended mixers, we assumed that the diode
switch was completely controlled by the LO voltage and opened and closed

MIXERS

1

exactly at the zero crossing of the LO signal. This is approximately true
when the LO voltage is much greater than the RF voltage. As the magnitude
of the RF voltage approaches the magnitude of the LO voltage, the exact
switching instant of the diode will change. Equations 3.63 and 3.64 will be
less accurate as the RF power increases. As a result, the spurious output levels of the mixer will rise although the desired mixing action still occurs. In
practice, we make sure that the RF power level entering the mixer is at least
20 dR below the LO power level or
3.68

A single-ended mixer typically requires at least 0 dBm of LO power to farward-bias the mixing diode. This limits the maximum RF signal power to
approximately -20 dBm.

Diode Resistance
In practice, we do not have to supply enough LO voltage to turn the
diode from its fully nonconducting state to its fully conducting state. We
can get by with much less LO voltage. Figure 3-42 shows a more accurate
model of the single-ended mixer.
LO
BPF

Figure 3-42 A single-ended mixer that accounts for the non-zero diode
resistance when the diode is in its conducting state, This model also
accounts for the finite resistance of the diode when the diode is in its nonconducting state.
The diode is now modeled as a resistor whose resistance varies with the
instantaneous LO voltage. The voltage divider action between the diode
and the shunt resistor at the input to the IF filter forms the basis for the
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multiplying action. Since the change in diode impedance can vary widely
with temperature and DC bias current, it is difficult to describe the LOderived multiplying function mathematically. It varies at a rate determined
by the LO. As the LO power decreases, the change in diode resistance also
decreases. Consequently, for decreasing LO power, the conversion loss of
the mixer increases (see Figure 3-43).

Figure 3-43 The effect of insuficient LO power on the waveforms in a single-ended mixer. Insufficient LO power causes increased RFIF feedthrough,
higher conversion loss and higher spurious power.
SEM Advantages and Disadvantages
Single-ended mixers are on the low end of the performance spectrum
yet cost-efficient.As such, these mixers are usually operated with little concern for the spurious performance, LO power or anything other than cost.
One of the chief advantages of a single-ended mixer is that the nonlinear
element can be a simple diode or transistor.

LO and RF Power
There are various trade-offs in selecting the LO power suitable for a single-ended mixer. A large LO power causes the switching waveform to
approach a square wave and suppresses the spurious products involving the

MIXERS

I 31

odd-order LO harmonics. However, a large LO may be difficult to generate or
may waste power. The minimum power required by a SEM is relatively low
(usually 0 dBm or less) since we only have to drive a single diode or transistor. This simplifies the LO design and is easier on battery-powered systems.
In any mixer, we would like the LO to be the only waveform that
switches the mixer diodes on and off. With this in mind, it is a good idea to
keep the RF power applied to the mixer at least 20 dB below the LO power
level. When a low-power LO is used, the amount of RF power we can apply
to the mixer is limited, which reduces the dynamic range of the mixer,

Interport Isolation
The LO:RF, L0:IF and RF:IF isolations depend almost entirely upon
the three band-pass filters placed around the nonlinear element. For high
isolation, the frequencies of the RF, LO and IF should be well separated,
which puts constraints on the possible conversion schemes that can be realized with a single-ended mixer.
Suppression of Spurious Products
The spurious performance of a SEM is poor. For small LO powers, there
i s no mechanism to suppress any of the
3.69
products. We can normally accept this in narrowband systems, but we must
consider a more sophisticated topology in a wideband system, or in cases
where more spurious signal suppression is needed.

Port Impedances
The input and output impedances of a SEM are not friendly. Since the
diode switch opens and closes at the LO rate, the RF and IF band-pass filters are alternately connected together and open-circuited. The input
impedance of a SEM can change significantly over the period of the LO. We
can use matching attenuators or other circuitry to alleviate this problem.
Conversion Loss
When a passive device is used to convert a RF signal into two equal-level
IF signals, we will suffer an automatic 6 dB conversion loss. Half of the RF
voltage goes to one sideband and half goes to the other sideband. In the single-ended mixer, the RF port is connected to the IF port only 50% of the time.
The theoretical minimum conversion loss of a single-ended mixer is roughly
9 dB. In practice, realization effects cause the insertion loss to be 10 to 20 dB.
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Single-Balanced Mixers (SBM)

The single-ended mixer is inexpensive and easy to realize, but has flaws
such as poor interport isolation and many spurious signals. The single-balanced mixer (SBM) is an improvement over the SEM.Figure 3-44 shows the
schematic diagram of one type of single-balanced mixer.

LO

-

(-3dBm)

LO
BPF

,

RF
BPF

dBm)

Figure 3-44 Schematic diagram of a simple single-balanced mixer (SBM).
Operation is similar to the SEM but the balun allows us to improve L0:IF
and L0:RF isolation.

This single-balanced mixer contains a balanced-to-unbalanced transformer,
or balun. To understand the operation of the complete mixer, we first have
to understand the operation of a balun.

Baluns convert unbalanced signals to balanced signal and vice versa.
An unbalanced signal is commonly carried on one wire and is referenced to
a ground. The information in an unbalanced signal is derived from how the
signal on the single wire varies with respect to ground.
A balanced signal is carried on two wires and is not referenced to
ground. The information content of a balanced signal is derived from how
the signal in one wire changes with resped to the other wire. To convert an
unbalanced signal to a balanced signal, we first split the signal into two
equal parts, then multiply one signal by -1 or 1 L 180".We put the positive
signal on one wire and the negative signal on the other wire to form the balanced signal. To form an unbalanced signal from a balanced signal, we subtract the negative signal from the positive signal.
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We will use the balun of Figure 3-44 to convert the unbalanced LO signal into a balanced signal. Since we now have the positive and negative versions of the LO together in the same system, we have the opportunity to
add the two signals together. If we work everything right, we can completely cancel the LO signal out at the IF and RF ports of the SSM.

The Dot Convention
It is common practice to draw dots on the terminals of a transformer to
indicate polarity. The dot convention shows how the transformer is wound
and the polarity of output windings [see Figure 3-45(a)].
F

Force current into
a dotted terminal

Current is forced
out of all other
dotted termianls

Figure 3-45 Transformer (balun) dot convention.
By definition, if we force a current into any dotted terminal, it will be forced
out of all the other dotted terminals, as shown in Figure 3-45(a).L i k e d , if we
force a current into an undotted terminal, current will flow out of all the undotted terrninals of the transformer. Of course, the magnitude of the current
depends upon the turns ratio and upon the losses in the transformer.
Figure 3-45(b) shows the dot convention with respect to voltage. The
voltage source VO
'
forces a current into the primary's dotted terminal, so
current flows out of the secondary's dotted terminal and through the load
resistor. The voltage across the load resistor (V'L), will be of the polarity
shown in the figure. The dotted terminal will exhibit a positive voltage. It
follows that if we apply a positive voltage to any dotted terminal, all of the
other dotted output terminals will exhibit a positive voltage.
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Balun Voltages
When speaking of mixers, the term balun usually refers to a balanced
transformer with a center tap, as shown in Figure 3-46. The center tap can
be grounded or connected to a signal source, or to a load.

Figure 3-46 Voltagegenerated in a simple balun (balanced-to-unbalanced
transformer).
If a signal is applied to the primary side of the balun (on the left of
Figure 3-46), the secondary output voltages (Vml and Vm) appear with
the polarities shown. In an ideal balun, the transformers are exactly
matched and the voltage Vml exactly equals - V m . In a non-ideal balun,
the magnitudes of the two voltages are about equal and the two signals are
approximately 180"out of phase (i.e., VLOl2 -Vm>.
Figure 3-47shows the circuit of F'igure 3-46 with a slight modification.We
have simply connected the two grounded ends of the load resistorstogether. If
we assume that the resistors have exactly the same value (i-e.,RL1= RL2 =
Rd and that Vml = -Vm = V', then the current through the resistors is
3.70

Thus, current flows through the resistors RL1and RL2at a rate determined by Vto.

\Time

t

Figure 3-47 Operation of a balanced-unbalanced transformer (BALUN).
Transformer action produces equal and opposite voltages across R L 1 and
RL2,canceling the LO voltage at the IF port.
If the resistors have exactly the same value and the balun is perfectly
balanced (VLol exactly equals -VLO2),then the voltage VzFat point A, sometimes referred to as a virtual ground, will be zero.
This effect does not apply only to sine waves. Any complex waveform can
be applied to the transformer primary to achieve perfect cancellation at point
A if the balance remains intact over the bandwidth of the signal. If the transformers are not exactly balanced or the two components are not exactly the
same, then we will see a nonzero voltage at point A. The magnitude of the
voltage at point A is a direct measure of the system’s balance.

Center Tap Drive
Figure 3-48 shows another balun configuration. We are driving the
center point of the balun with VRFWe want to calculate what the voltages VLoand VzFwill be. Again, we will assume the balun is perfectly balanced and RL1 = RL2.
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+
"IF

Figure 3-48 Operation of a balanced-unbalanced transformer (Balun).
Balun action produces equal and opposite currents at transformer action
produces equal and opposite voltages across R L 1 and ItL2, canceling the LO
voltage at the IFport.
Any current ( I R F ) that is sourced by V R F is split into IRFl and I R E as it
enters the transformer. If the balun is perfectly balanced and R L 1 = R L 2 , the
current will split evenly as it enters the center tap of the balanced transformer and IRFl = I R m = I R F / 2 . Note that half of the RF current enters a
dotted terminal and the other half enters an undotted terminal.
On the balun p r i m q , I R n will generate TRFl in the direction shown;
I R m will generate r R m in the opposite direction. Since I R m = Im, r R F 1 =
r R m and the RF current exactly cancels at the LO port. By superposition, we
can also say that any current sourced from the LO port will be cancelled at
the RF port. In other words, the balun provides L0:RF isolation. The two
RF currents I R n and I R m will recombine in-phase at the IF port, i.e., there
is no isolation between the RF and IF ports of this mixer (see Figure 3-48).
Figure 3-49 sums up the analysis when we apply both a LO voltage and
RF voltage. The balun will completely suppress the LO voltage at both the
RF and IF ports of the mixer. The RF port is directly connected to the IF port.
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Figure 3-49 Balun operation, illustrating the voltage cancellation which
is responsible for increased L0:IF and L0:RF isolation.
In Figure 3-50 we have replaced the resistors of Figure 3-49 with another type of component with no detrimental effect. A capacitor, inductor or any
complex combination of the three (R, L or C)is possible. We can even replace
the resistors with a nonlinear device such as a diode. However, in order to
maintain a balance, we must insure that the two components are exactly
identical. If the two components are inductors, for example, the inductors
must have identical losses and internal capacitance. If we use diodes, the
diodes must have the same dynamic impedance and impedances must track
over temperature. Fortunately, diodes built on the same substrate under
carefirlly controlled conditions track quite closely.
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Figure 3-SO A BALUN will provide isolation even when we replace the
load resistors with complex, nonlinear loads. Each complex, nonlinear load
must be as closely matched as possible to maintain balance and achieve high
levels of cancellation.

SBM Operation
The balun places the LO voltage across the two diodes, so the diodes
will open and close at a rate determined by the LO (see Figure 3-51). If the
balun is perfectly balanced and the diodes are exactly identical, the LO will
be completely cancelled at both the RF and IF ports.
LO
BPF

LO
(-3 dBm)

(-RF-1 W&n)

RF
BPF
(-120 to -20
dBm)

Figure 3-61 Single balanced mixer (SBM) schematic. The two diodes must
be carefilly matched to provide high levels of L0:RF and L0:IF isolation.
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When the two diodes are both in their conducting or low-impedance states,
the insertion loss between the RF port and the IF port of the mixer depends
upon the forward resistance of the diodes. Since the resistance of the diodes is
a strong function of the LO power, we can see that a high LO power leads to
low mixer insertion loss. When the two diodes are in their nonconducting or
high-resistance states, the RF port is disconnected from the IF port.
Figure 3-52 shows the conceptual operation of a single-balance mixer,
which i s identical to the conceptual operation of a single-ended mixer.

LO 0-

LO

1

o--.-------/

Figure 3-52 Simplified single balanced mixer (SBM) operation. The
diodes have been replaced by switches that are controlled by the LO.
Figure 3-53 shows the applicable waveforms. The only difference between
the waveform diagrams of the SEM and the SBM is that the LO must switch
on two series-connecteddiodes rather than just one. This means that the SBM
will usually require more LO power than the SEM.

Figure 3-53 Waveforms present in a single balanced mixer (SBM).
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Advantage and/Disadvantages

cost
The SBM costs more than the SEM because of the extra diode and the
addition of the balun. The SBM also costs more in terms of LO power
because we now have to switch two series-connected diodes.
Interport Isolation
The addition of the balun and an additional diode causes the SBM to
exhibit greater L0:RF and L0:IF isolation than the SEM. This is due to the
diode match and balun balance. However, the SEM and the SBM offer similar RF:IF isolation. Since the LO is the strongest signal present in the
receiver’s conversion chain, keeping it under control is important. The
SBM architecture addresses this most pressing mixer problem.
Spurious Performance
The spurious performance of the SBM is usually better than the SEM
because the LO is not present at the IF port.
LO Power
Since a SBM must forward-bias two series-connected diodes, the SBM
usually requires more LO power than the SEM (which relies on only one
diode). The SBM requires at least 3 dBm of LO power.

Conversion Loss
Similar to the SEM, the RF port of the SBM is disconnected from the
IF port for at least half the time, so the two mixers tend to exhibit similar
insertion loss characteristics. Like the SEM, the SBM exhibits an insertion
loss of 10 to 20 dB in practice.
Port Impdunces
The input impedance of the RF and IF ports change sigruficantly over
a LO period. For half of the LO cycle, the two diodes are forward-biased and
the RF port is connected to the IF port. For the other half of the LO cycle,
the two diodes are in their high-impedance state; the impedances of the
mixer’s RF and IF ports are higher during this time period.
Effects of Poor Balance
The L0:IF and L0:RF isolation of the SBM are derived from two conditions. The two diodes in the mixer should be exactly the same and the balun
should generate two perfect copies of the LO that W e r only in their phase
angle. The diodes are usually built on a common substrate to assure that

they are made from the exact same material with the same doping levels.
This structure also insures that the two diodes are at the same physical temperature. In practice, the SBM offers about 20 dB worth of LO suppression
over the SEM at both the RF and IF ports (depending upon the bandwidth)..

3.13 Double-Balanced Mixers (DBM)
The double-balanced mixer (DBM) offers improved performance over
the SEM and SBM topologies. The DBM contains additional circuitry to
improve the interport isolation over the single-ended and single-balanced
designs. Furthermore, the design of the DBM acts to suppress the spurious
products associated with the odd harmonics of both the LO and RE

DBM Circuits
Figure 3-54 shows a common DBM topology. Both circuits are equivalent yet drawn differently. The diode topology shown is typically referred to
as a diode ring. These diodes are manufactured on a single substrate to
ensure that they are matched as closely as possible. For the sake of the initial analysis, we will assume that all of the diodes are identical and that the
transformers are perfectly balanced.
,-"Diode

Ring"

IF

Still a "Diode Ring"

Figure 3-64 Two equivalent circuit diagrams of a double-balanced mixer.
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W, LO and IF are usually interchangeable. The LO can be forced into
the IF port and the IF signal taken out of the LO port. The only practical
difference is that each port may support a M e r e n t frequency range. For
example, the LO port in Figure 3-54will extend to DC (or zero hertz) but
the other two ports will not.
We will consider the diodes to operate as simple switches. Figure 3-55
shows an equivalent circuit for the DBM circuit of Figure 3-54when the LO
voltage is greater than the turn-on voltage of the diodes. Diodes D2 and D, are
in their conducting state; diodes D , and D, are in their nonconducting state.
In this condition, the top of balun T,is connected to the top of balun T2.The
RF signal will pass through the mixer to the IF port with a 0" phase shift.

RF

IF

Figure 3-55 Equivalent circuit of a double-balanced mixer (DBM) when
the LO voltage is a diode drop above zero volts. The top of TIis connected to
the top of T2 and VIF= VRF.
Figure 3-56shows the DBM when the LO voltage is a diode drop below
zero volts. Diodes D , and D , are conducting, and diodes D , and D, are nonconducting. The top of balun T 1is connected to the bottom of balun T2so the
RF signal will pass through the mixer to the IF port with a 180"phase shift.
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RF c:

Figure 3-56 Equivalent circuit of a double-balanced mixer (DBM) when
the LO voltage is a diode drop below zero volts. The top of transformer T , is
now connected to the bottom of transformer T2 and VIP= -VRp
Figure 3-57 shows the waveforms over several cycles of the LO.

Figure 3-57 RE LO and IF voltages present in a double-balanced mixer.
The RF is alternately connected to the IF port with a 0" phase shift,
then with a 180" phase shift. In effect, we are multiplying the RF signal by
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+1 when the LO voltage is greater than a forward diode drop and by -1
when the LO voltage is a diode drop below zero volts. This is a change from
the SEM and SBM cases when we multiplied the RF by a +1/0waveform.
In equation form the multiplying waveform for the DBM is

1

-1when VLO(t)5 Diode Turn - on Voltage
( t )= + 1when VLo( t ) > Diode Turn - on Voltage

wLo

3.71

0 Otherwise

Fourier analysis reveals an equivalent expression for WLo,, is
3.72
There are two differences between Equation 3.72, which describes a
DBM, and Equation 3.64, which describes SEMs and SBMs. The first difference is that Equation 3.72 does not include a constant or DC term. The
DC term in Equation 3.64 is responsible for poor RF:IF isolation of the
SEM and SBM. The second difference is that Equation 3.72 contains only
odd harmonics of the LO.

Harmonic Suppression
Similar to the other two mixer topologies, the DBM tends to suppress
the spurious products associated with the even-order LO harmonics.
However, the DBM makes use of additional mechanisms to further suppress the even-order LO products as well as the even-order RF products. By
noting certain symmetries in the time-domain, we can often comment on
the odd or even Fourier components of the wave.
Fourier analysis reveals that if a time-domain function f(t) satisfies
the relationship.
f ( t ) = -f( t +

$)

3.73

for any To,
then f(t) contains only odd harmonics of fo = l/To.This is a sufficient, but not necessary condition.
Figure 3-58 shows the equivalent LO-derived multiplying waveform
generated by a double-balanced mixer. The six graphs represent the results
for three values of LO power. In every case, the multiplying waveform satisfies Equation 3.73. It contains only the odd harmonics of the LO. The suppression of the even-order LO harmonics is a direct result of balun balance
and diode match.

Figure 3-58 Symmetrical waveforms generated in the DBM produce only
odd LO harmonics. This effect helps to further suppress odd harmonic spuriousproducts in the DBM.
Port Swapping
Double-balanced mixer ports are generally interchangeable, i.e., the LO
can be put into the IF port and the IF signal taken from the RF port. The
mixer will still function although there might be a performance penalty. As
an exercise, the interested reader might swap two of the ports and figure
out how the DBM still performs the time-domain multiply necessary for
mixer action. The frequency range of the three mixer ports may be different, however. For example, the port connected to the center tap of the two
baluns usually extends down to DC; the other two ports (which are eonnected to baluns) do not operate at DC.

Advantages and Disadvantages
Through the use of baluns, the DBM exhibits a hgh isolation between dl of
its ports, The DBM also suppressesevenader spurious products due to diode and
balun matchug. The DBM makes more effedive use of the available RF' power
than either the SEM or the SBM. The SEM and SBM gate the RF signal on and
ofX In other words, the IF port is connected to the RF' port only a fradjon of the
time. Consequently,the IF' port receives only half of the available RF' powex
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The DBM makes full use of the RF power by connecting the IF and RF
ports, in some way, 100%of the time. This causes the conversion loss of the
DBM to be less than the conversion loss of the SBM and SEM. The theoretical single-sideband insertion loss is about 4 dB (We see normally see 7
to 10 dB in practice).
Since the DBM must drive two series-connected diodes at a time, the
LO drive power requirements of the DBM are higher than either the SEM
or the SBM. Typically, we need at least + 7 dBm of LO power to drive a
DBM adequately. Some designs use special diodes to achieve a lower drive
level, but as a result their linearity usually suffers.

3.14

Further Mixer Characteristics

LO Power and Conversion Loss
In any of the mixer types we have discussed, the LO turns the mixer’s
diodes on and off, which causes the series impedance of the mixer diodes to
change from low impedance (when the diode is conducting) to high impedance (when the diode is nonconducting).
An analysis of semiconductor physics reveals that the small-signal
resistance of a diode decreases with increasing forward voltage. In other
words, the series resistance seen by the RF signal as it passes from the RF
port to the IF port directly depends on the instantaneous voltage across the
diode. A high-power LO will decrease this resistance and tend to decrease
the insertion loss of the mixer. In other words, the mixer’s insertion loss is
a strong function of the LO power.
Figure 3-58 shows the LO-derived multiplying waveform Wu)(t) for
several levels of LO power. In each case, there is a period of time when
WLo(t)is zero. During the off-time, the RF port is not connected to the IF
port, and RF power is wasted. The conversion loss of the mixer is a direct
function of this off-time and the length of the off-time period depends upon
the LO power. A large LO power produces a short off time and thus a lower
insertion loss. A small LO power produces a long off time and a higher
insertion loss.

LO Power and Linearity
The LO alone controls when the diodes switch, which is approximately
true when the LO power is very much larger than the RF power (for example by 20 dB). As the RF power approaches the power of the LO, the RF signal begins to affect the exact instant the diodes switch between their conducting and nonconducting states. This generates spurious signal power.

Applying a strong RF signal to a mixer can be compared to applying a
strong RF signal to an amplifier. In an amplifier, the RF power begins to
affect the DC bias levels of the transistors inside the amplifier. In a mixer,
the RF signal causes the diodes to switch at the wrong moments. In both
cases, the device is operated in its nonlinear region and the results are
rather unpredictable. Generally, the LO power should be kept at least 20 dB
higher than the maximum RF signal to confine the mixer to its weakly nonlinear range.

LO Noise
In a receiver, we use the zero crossings of the LO to switch the mixer
diodes, For a first-order approximation, the mixer's diodes switch at the
exact instant that the LO makes a zero crossing. Oscillator phase noise
manifests itself as random changes in the zero-crossings of the LO waveform. Instead of a pure cosine wave, we can write the equation for a noisy
oscillator as

where ALO('t)is the amplitude noise of the oscillator and fLo(t) represents
the phase noise of the oscillator. If this noisy LO is mixed with a pure cosine
wave, we obtain

Noise present on the LO is transferred to both sidebands. This is true for
both amplitude and phase noise but, in practice, we usually find that the
oscillator's phase noise is a greater problem than its amplitude noise.
Generally, it can be assumed that any signal converted from one frequency to another inherits the phase noise of the local Oscillator. A noisy
oscillator can contaminate a signal so badly that it cannot be demodulated.

Effects of Impedance Mismatch
Like most other RF components, mixers are characterized assuming
they will be operated in a 2, environment. However, a mixer is is a device
that demands that the outside world present a Zo-load to it.
For optimum performance (including low spurious output and good
inter-port isolation and such), we must design the systems to present the
mixer with a wideband Zotermination on all of its ports. This presents a
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problem when we need to filter the RF or IF ports of the mixer. As we
learned in Chapter 2, the input impedance of a filter in its stopband is usually not Zo. The non-Zo filter impedance usually causes the mixer’s spurious output power to increase, although it can also cause increased insertion
loss and other effects.
The technical literature indicates that it is very important to t e m t e the
mixer’s IF port at the sum and the difference frequencies and at the LO frequency. For example, if we are makmg use of the difference product from the
mixer’s IF port, the difference frequency will see a Zo termination. We may
have to take extra care to ensure a good match at the sum and LO frequencies.
There are several solutions to this problem. We can follow the mixer
with an amplifier whose frequency range includes the sum, difference and
other frequencies. We can usually count on an amplifier presenting the outside world with a Zo termination over its operating frequency range.
However, the amplifier must exhibit sufficient dynamic range to process
the large range of signals present on the mixer’s IF port. The LO power
leaving the mixer’s IF port, for example, can be very strong (0 dBm or
greater). The amplifier must be able to process the weak RF signals in the
presence of the strong LO signal. We can also build special filters that are
matched throughout their passband and their stopband.
A third solution is to place an attenuator directly on the IF port. The
worst-case return loss of an attenuator is twice the value of the attenuation. For example, the maximum return loss of a 6 dB attenuator is 12 dB,
even when we present the output of the attenuator with an open- or
short-circuit. In this case, though, we must endure the signal loss
through the attenuator.

Mixer SOUTOI
A mixer has a second-order intercept point as well as a third-order intercept point. These numbers are a strong function of the LO power. As the LO
power decreases, so do the second- and third-order intercepts of the mixer.
A third-order intercept test on a mixer is performed in much the same
way we performed the test on an amplifier, except we have to consider the
frequency conversion. Figure 3-59shows the test technique.
We place two tones at the RF port (at fRF,I and fRE2). The IF port of the
mixer will show two sets of four tones (each close to fsuMand fDIFF). The
sum and the difference frequencies will each exhibit their own set of thirdorder distortion products. We normally select either the sum or the difference frequencies with an IF band-pass filter to examine the third-order distortion products at the desired output frequency.

LO

I
i

Figure 3-69 Measuring mixer TOI. The third-order spurious signals
appear at both the sum and difference frequencies.
We measure the mixer’s second-order intercept in the same way. We
apply a single tone to the RF port of the mixer and note that the sum and
the difference products at the mixer’s IF port each shows a second-order
output product. We normally filter either the sum or the difference frequency for use in the system and make the measurements at the selected
frequency. Note that, if the IF band-pass filter is less than an octave in
bandwidth, the IF band-pass filter will attenuate the second-order signal.
A mixer’s intercept performance can be affected by how well the
mixer’s ports are terminated. A 2 dB improvement in the TO1 of a mixer
can be realized by properly terminating its ports.

3.15

Other Uses of Mixers

RF Switch
Figure 3-60 shows a double-balanced mixer used as a RF switch. We apply a
switdmg waveform Vsw& to the mixer’s LO port. Resistor RLtnitlirnits the current through the diodes. When the switchingvoltage is greater than a diode drop
(about 0.65 volts), diodes D2and D4conduct. This corn- balun TIdirectly to T2.
The RF signal passes through to the IF port. When the LO voltage is less than a
diode drop (near zero volts), all of the diodes in the mixer are in their hq$ impedance states and the RF signal is severely attenuated before arriving at the mixer’s
IF port. We can o b n achieve 25 or 30 dE3 on-to-offratio with this simple technique.
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Figure 3-60A double-balanced mixer used as an RF switch. When the LO
voltage is positive, diodes D2and D4turn on and pass the RF signal to the
IF port. When the LO voltage is zero, all the diodes are off and the RF port
is isolated from the IF port.
Experimentally, we note that some of the RF signal leaks through the
mixer when the LO voltage is slightly above zero volts, but well below the
0.65 volts required for full diode conduction. When the LO voltage is slightly above zero volts, the mixer passes the RF signal to the IF port with a 0"
phase shift. When the LO voltage is slightly below zero volts, the mixer
passes the RF signal to the IF port with a 180" phase shift. The amount of
attenuation suffered between the RF port and the IF port depends upon the
magnitude of the LO voltage.
When we use a DBM as an RF switch, we can often adjust the turn-off
voltage so that the RF signal leaking through the mixer is cancelled by the
RF signal we purposefully let through via the nonzero off voltage. This is
one technique of increasing odoff ratio of the RF switch.
The ports of a mixer have frequency limits. Normally, the IF port will
extend down to the lowest frequency, for example, often down to DC. This
is the port we use to apply the control voltage to the RF switch. We can usually switch the ports of a mixer at will, as long as we pay attention to the
frequency response of each port.

Voltage Variable Attenuator
The diodes of Figure 3-60 do not switch immediately when the LO voltage rises above 0.65 volts. There is a range of LO voltage, covering perhaps

two-tenths of a volt, when the diodes are in transition between their conducting and nonconducting states. If we apply a LO voltage in this range,
we can adjust the amount of RF power present at the IF port of the mixer.
In this way, we can use a DBM as a voltage variable attenuator.
However, diodes are very temperature-sensitive devices. If we apply a
constant control voltage to the mixer and measure the output power, we
will find that the output power changes radically for even small changes in
temperature. However, we can often compensate for this effect using automatic gain control or AGC. In an AGC system, the signal power is measured
at some point in the system, then the gain of the system is adjusted based
upon the power level we are measuring. This technique compensates for
widely varying temperature ranges.

BPSK Modulator
When the LO voltage is in one polarity (above 0.65 volts, for example),
the mixer passes the RF signal to the IF port with a 0" phase shift. When
the LO voltage is in the other polarity (below -0.65 volts), the mixer passes the RF to the IF port with a 180"phase shift. In effect, we can use a signal on the LO port to alternate the phase of signal present on the IF port.
If the LO is a digital data signal, we can use a DBM as a binaryphase shift
keying (BPSK) modulator.

Phase Detector
A mixer multiplies two signals together in the time domain.

V d t )= [c0s(,,t,][c0s(,,*t,~

If the LO frequency equals the RF frequency (i.e., oRF = uL0)but they are
offset by some phase 8, then we can write

1
2

= -cos(e)

1
+ -cos(~&
+ 0)

3.17

2

Finally, if we remove the signal at 2 0 with a LPF, we are left with
3.78
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The output is proportional to the cosine of the phase difference between the
RF and the LO signals. Figure 3-61 shows a graph of this function with
respect to 8.
Mixers as Phase Detectocs
1.5
~

i

I

- 1 51
1

2

3
0 (radlanS)

4

5

6

Figure 3-61 Mixer output voltage as a functionof the phase differencebetween
the LO and RF signals. The LO and RF signals are at the same frequency.
Since

we can achieve fairly high resolution when the phase shift is in the neighborhood of 90".In other words, we can use a DBM as a phase detector with
high resolution as long as the phase difference between the two signals is
approximately 90".

3.16

Mixer Design Summary

The Mathematical Basis of Mixing
We assume the two input signals are

MIXERS

where
Aft) = AM information waveform,
&'t) = PM or FM information waveform,
ml = 27f1 = carrier frequency of the modulated wave,
602 = 2nf2 = carrier frequency of the unmodulated wave.

Second-Order Trantcfer Function
We can use a second-order process to perform the mixing process. The
second-order operation is

The second-order output is

I

2

2

We then filter to remove the unwanted terms.

Time Domain Multiply
A time-domain multiply is the preferred way to pedorm the mix. This
method produces only the sum and difference products .
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+ 0 2 ) t+ @(t)]

*COS[(O,
2
+-COS[(O,
2

- O2)t

+ @(t)]

The A(t)/2 term in this equation guarantees a minimum theoretical conversion loss of 6 dB. Despite our best efforts, we are generating higherorder distortion products than what is listed above.

Frequency Translation Equation
The output frequencies of a general nonlinear process are

where
n = 0 , 1 , 2,...,
m = 0 , 1 , 2,...,
n + m = the order of the response.

Three Forms
When the above equation is applied to mixers, we obtain three equations depending upon which quantities we know and which quantities we
want to find.
fIF=fLOffRF

f RF

= f LO f f IF

LO= ~

R f
Ff i F

High-Side and Low-Side Injection
High-side and low-side LO frequencies are defined by

MIXERS

I

Frequency Inversion

A frequency inversion occurs only when we use a high-side LO and select
the lower sideband (at f I F = fLo - f R F ) . In equation form,
Using HSLO
Spectrum lnversion when
and
Selecting the Lower Sideband

LSLO Image Frequencies
The image frequencies obtained when using a LSLO are

HSLO Image Frequencies
The expression for the HSLO image frequencies is

Suppression by a DBM
In order of highest suppression to lowest suppression, a DBM will suppress the following products:
e

e
e

Even-by-Even,
Even-by-Odd,
Odd-by-Even,
Odd-by-Odd,

where the order of the product is
Order = m + n
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Oscillators

Purity lives and derives its life solely from the spirit of God.
-David Hare (1917-1992)

4*1

Introduction

Oscillators play an important part in the ultimate performance of
receivers. In this chapter, we will examine oscillator phase noise, frequency accuracy, drift and their cumulative effects on receiver performance.

Ideal Oscillator
Figure 4-1 shows some of the characteristics of an ideal oscillator. The
time-domain plot of an ideal oscillator is a mathematically perfect sine wave
[see Figure 4-l(a)]. There is no noise present on the signal. The period,
defined as the time between zero crossings, is l/fo
where fo is the frequency.
Figure 4-l(b) shows the zero crossings of the waveform are exactly
deterministic: we know precisely when the waveform will cross zero.
Figure 4-l(c) shows that the single-sided Fourier spectrum of a perfect
oscillator is a single, discrete impulse function with zero width. The spectrum contains no other discrete components such as harmonics and sampling sidebands. The signal has an infinite signal-to-noise ratio. The ideal
oscillator is always exactly on the desired frequency over time, temperature, power supply variations, and so on.
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Figure 4-l(d) shows the phasor representation of an ideal oscillator. A
single phasor rotates counterclockwise about the origin at an angular frequency of coo.
Infinite SNR

V(t)

Zero crossings
exactly deterministic

v,(t)

Iv(t)f - No width - a single
discrete impulse function
- No other components,
harmonics, etc.

I

I
(dl

- phasor rotates at
exactly q, Wsec

figure 4-1 Various representations of an ideal oscillator: (a) time domain,
(b) zero crossings, (c) frequency domain and (d)phasor domain.
Practical Oscillators
Actual oscillators are not ideal. Figure 4-2 shows the less-than-ideal
properties of one such oscillator. The oscillator is contaminated by noise, as
shown in Figure 4-2(a). The waveform now exhibits random amplitude and
frequency variations.
Figure 4-2(b) indicates that the zero crossings have also taken on a random, nondeterministic character. We can no longer state exactly when a
zero crossing can occur; we can only comment on the statistics.
Figure 4-2(c) reveals frequency domain characteristics of a less-thanideal oscillator. The spectrum is no longer an impulse function with zero
width. The exact shape of the spectrum depends on the details of upon the

construction details of the oscillator. Figure 4-2(c) also shows oscillator
drift. The frequency of a non-ideal oscillator will change with time, ternperature and other environmental factors.
Changes in the oscillator's frequency over time periods which are
greater than approximately one second are referred to as drift. Frequency
changes over time periods less than a second or so are called phase noise.
Both drift and phase noise represent the idea that the oscillator is not exactly at its nominal frequency.
Figure 4-2(d) shows the phasor representation of a noisy oscillator. The
phasor still rotates about the origin at coo, but exhibits random variation of
the amplitude and phase.
We represent the noise present on the oscillator by adding a second
noise phasor to the phasor of the ideal oscillator. The magnitude and phase
of the noise phasor are statistical quantities. It is frequently necessary to
break up the noise phasor into its in-phase and quadrature components. The
in-phase components represent the amplitude or AM oscillator noise, and
the quadrature components are the phase or PM components of the noise.
v(t)

I

I

Add noise 3 finite SNR

Regions of

c
Limits of Drift

Nonzero width
Jv(t)Ji due to oscillator

I
!
!

I#.\
\"I

4---.-----

-

slow drift with time,
etc.

\--

freq

fo

Drift time frame of hours, days, years...

1
Rotatmn rate IS
approximately

q,within range
of drfi

Noise

__

______I_

Figure 4-2 Various representations of a nonideal oscillator: (a) time
domain, (b) zero crossings, (c) frequency domain and (d)phasor domain.
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Example of a Poor Frequency Synthesizer
The spectrum of an imperfect oscillator usually contains discrete unwanted signals. Most commonly, the spectrum contains harmonics of the fundamental (or desired) signal. The output spectrum often contains other discrete
signals such as subharmonics and frequencies that are remnantsof the oscillator realization. The spectrum will also show the oscillator’s phase noise.
Figures 4-3through 4-8show the spectral plots of a PLL synthesizer
built by one of the authors. The principal requirements for this particular
project were small physical size and low power consumption rather than
low phase noise and low harmonic content. Consequently, the spectrum
exhibits most of the problems discussed in the previous section. The synthesizer was tuned to 120 MHz.
Figure 4-3shows the synthesizer’s spectrum from 0 hertz to 1 GHz.
Harmonics of varying strength are present at the oscillator’s output.
Normally, the second harmonic is strongest, followed by the third, fourth,
and so on. However, in this particular design, the second harmonic is below
the third harmonic, which is the strongest at 28 d k . Note that the harmonics are observable to 840 MHz.

Figure 4-3 Wideband spectrum of a phase-locked loop (PLL)fhequency synthesizer. The fundamental is at 120 MHz. Note the various harmonics.
Figure 4-4 shows the oscillator’s spectnun over a 5 MHz bandwidth. The
output spectrum suggests close-in phase noise which could be confirmed with a
narrow scan. The spectrum also exhibits discrete, spurious signals approximate
ly 1.935MHz away and 50 dEk down from the carrier. These spurious products
can probably be traced to some waveform present in the synthesizer circuitry.

OSCILLATORS
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Figure 4-4 The output of the PLL frequency synthesizer over a 5 MHz span.
Note the discrete, nonharmonically related spurious signals at -t- 1.935 MHz.
Figure 4-5 shows the synthesizer output across a 500 kHz span. The
plot reveals that the close-in phase noise observed in Figure 4-4 contains
several discrete tones approximately 50 kHz apart. The step size of this
synthesizer is 50 kHz. These spurious signals are commonly referred to as
sampling sidebands.

Figure 4-5 The output of the FLL frequency synthesizer over a 500 kHz
span reveals the oscillator’s phase noise and several discrete components at
50 kHz intervals. The output is not exactly at its 120 MHz design frequency.
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Figure 4-6 shows that the oscillator is not exactly on frequency. The synthesizer frequency is about 28 kHz too high. This 230 part-per-million (ppm)
or 0.023% error is quite large. We have centered the spectrum in Figure 4-6.
The oscillator’s close-in phase noise is now apparent over the 100 kHz span.

Figure 4-6 The frequency synthesizer’s output over a 100 kHz span. The
oscillator’s phase noise is quite apparent.

Figure 4-7 shows the behavior of the oscillator’s noise floor over a 10
kHz frequency span. The oscillator phase noise exhibits a change in slope
as we approach the carrier. As we move toward the carrier, the noise
increases, then levels off about 1200 hertz from the carrier. The noise then
drops as we continue to approach the carrier. This noise profile is common
in PLL frequency synthesizers. This synthesizer is particularly noisy due to
a noisy voltage-controlled osciZZator (VCO). We can also detect numerous
spurious signals about 600 and 1200 hertz from the carrier. Figure 4-8
shows the oscillator’s output over a 500-hertz span.
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Figure 4- 7 The output of the frequency synthesizer over a 10 kHz span. The
change in slope of the noise is due to the control loop nature ofthe design.

Figure 4-8 The output of the frequency synthesizer over a 500-hertz spun.
The noise constantly increases as we approach the carrier
Receivers and Oscillators
In Chapter 3, we saw that any signal that is converted fkom one frequency
to another by a local oscillator inherits the faults of that local oscillator. If the
LO has significant phase noise, then signals converted by that LO will have sig-
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nificant phase noise. If the LO drifts with time and temperature, every slgnal
converted by that LO will drift accordingly with time and temperature.

4.2

Phase Noise

Phase noise is a subtle characteristic of oscillators with far-reaching
effects. Oscillator phase noise can limit the ultimate signal-to-noiseratio of
any signal processed by a receiver. It can cause unwanted signals to mask
wanted signals. In radar systems, receiver phase noise helps clutter mask
the targets we want to see. Phase noise can limit the ultimate bit e m r rate
(BER) of a system.

Representations of a Noisy Oscillator
Phase noise is defined as the short-term variation in an oscillator’s
phase or frequency. Generally, phase noise represents changes in the oscillator’s phase or frequency observed over time periods of about a second or
less. The term drift describes changes over periods of a second or greater.
As Figure 4-9(a) shows, we can represent a perfect oscillator by an
impulse hnction in the frequency domain. The impulse is at the oscillator’s
center frequency fo. We can show a noisy oscillator as a more complex function that remains centered about the oscillator’s nominal frequency.
We can think of a nonideal oscillator as an ideal oscillator plus a series
of sinusoids, each set off from the carrier by Af [see Figure 4-9(b)J.Figure
4-10shows the phasor diagram of the noisy oscillator, showing the carrier
(at fo) and one of the noise sidebands (at fo +

m.

Ideal Oscillator

I
freq

f0

1

Oscillator
4

f0

Sideband

*
freq

Figure 4 9 A nonideal oscillator can be modeled as the arithmetic sum of
ideal oscillators. Each noise sideband at offset @has a statistically descnbed
amplitude and phase.

We can divide the noise vector into in-phase and quadrature components. When the magnitude of the carrier is much greater than the magnitude of the noise, we can label the in-phase component of the noise as “AM
noise” because it changes only the amplitude of the carrier. We can label the
quadrature component of the noise as FM or PM noise because this component can change only the phase of the carrier.
The in-phase and quadrature components of the noise vector are functions of time and they possess separate and unique Fourier spectra. There is
no fundamental mechanism that forces the AM spectrum to be the same as
the PM spectrum. In some oscillators, the two spectra are vastly different.
Figure 4-10 shows the oscillator output at one instant of time. The inphase and quadrature vectors are both random processes. To describe their
behavior over time, we have to use statistics. Figure 4-11 shows snapshots
of the phasor taken over several intervals. Since we always sample the
oscillator’s output at l / f o , the coherent or deterministic portion of the oscillator does not move. However, the noise vector will exhibit random amplitude and phase. The circles might represent the lo, 20 and 30 characteristics of the noise vector if the statistics are Gaussian.
The statistics for the in-phase and quadrature components can be different. For example, the standard deviation of the in-phase component
could be three times the standard deviation of the quadrature component.
In that case, the circles of Figure 4-11 would become ellipses.
Rotates at

Quadraure
Component (PM)

Component (AM)

Real
Figure 4-10 The phasor representing the oscillator noise component at Af
is attached to the head of the fundamental oscillator phasor. We can break
the noise phasor into in-phase and quadrature components.
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Figure 4 1 1 If we sample the noise phasor over many intervals, we can
develop circles that represent the statistics of the noise as a way to describe
the phase and hquency of the oscillator over time.

Amplitude Noise and Phase Noise
The phasor representation of Figure 4-11 shows snapshots of the oscillator’s output taken at different times. The real part of this phasor is the
projection onto the real or horizontal axis. Remember that the real part is
the voltage we would see on an oscilloscope.
Figure 4-12shows the phasor when it is just passing through the real
axis. The real part of the vector and the instantaneous output voltage is
maximum. At this instant, the quadrature component of the noise (the
phase modulation) does not have much of an effect on the real part of the
resultant vector. The uncertainty of the output is dominated by the inphase or AM component of the noise.

I

I

In-Phase

Figure 412 The phasor, which represents the oscillator output, just as it
passes through the real axis. The quadrature component of the noise does
not affect the oscillator output at this time. The output uncertainty is dominated by the in-phase component of the noise.

Figure 4-13 shows the phasor diagram when the oscillator’s output waveform is just passing through zero. The projection of the in-phase component
onto the real axis is zero. The uncertainty in the zero-crossings is entirely controlled by the quadrature component of the noise. Accordingly, the AM noise
does not d f w t the zero crossings of the oscillator whereas the PM noise does.
hag
In-Phase
Comporisnt (AM)
>

,

1
’
4-.

/

Component (PM)

Figure 4-13 The oscillator’s output at zero-crossing time. The phasor,
which represents the oscillator output, just as it passes through the imaginary axis. At this instant in time, the quadrature component of the noise
dominates the oscillator’s uncertainty. The in-phase component does nod
afect the oscillator’s output.
Phase Noise and Mixers
Mixers convert signals from one frequency to another. The conversion
is usually performed by a time-domain multiply. A noisy LO will affect the
signals being converted differently, depending upon how the mixer is realized. In most mixers, we use the local oscillator to switch diodes on and off.
The diodes act like switches, alternately connecting and disconnecting the
RF port to the IF port. When the LO is much stronger than the RF, the
diodes switch synchronously with the LOs zero crossings. Since the AM
noise does not d e c t the zero crossings of the oscillator’s time-domain
waveform, the AM noise is not passed onto the RF signal. In effect, any saturated switch mixer suppresses the AM noise of the LO.
If the LO is not strong enough to switch the diodes completely on and off,
some AM noise will be impressed onto the RF signal as it passes through the
mixer. Figure 4-14shows a noisy load oscillator combined with a pure sine
wave in a mixer. In almost all cases, the quadrature (or phase) noise component of the oscillator will be transferred to the IF signal. In some cases, the
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in-phase (or amplitude) noise will also be transferred to the IF signal, i.e.,
some of the modulation present on the LO will be passed onto the RF signal.

I

Figure 4-14 The mixing process using a noisy local oscillator (LO). Noise
present on the LO is transferred to every signal which is converted to a new
frequency by the mixer.
Effects of Phase Noise
A@a.cent Channel Masking
In a channelized system, for example in the commercial FM broadcast
band, a receiver is likely to collect many Merent signals at the Same time. The
signals will be at Werent frequencies and their power levels will vary dramatically. One of the most difficult receiver problems is the reception of a weak,
desired slgnal in the presence of a strong, adjacent signal. The strong s@
taxes the receiver’s lineariw, and the weak s g d taxes the receiver’s noise performance. LO phase noise makes this situation even more problematic.
In Figure 4-15, a typical channelized spectrum is applied to the RF port
of a mixer. The channel spacing is fch. As the mixer converts the RF spectrum to the IF, it impresses the phase noise of the LO onto each signal. The
result is the IF spectrum shown in Figure 4-15. The strong signal at f2 combined with the phase noise of the LO has degraded the SNR of the signal at
fi. The signal at f3 has been completely enveloped in noise. This effect is
called adjacent channel masking or receiver desensitization.
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Figure 4-15 Oscillator phase noise can cause Large signals to mask weaker signals in channelized systems.
In channelized systems, we are particularly interested in the levels of
LO phase noise which are fch away from the carrier. As channelized signals
on the air get closer together, phase noise specifications become more difficult. Ideally, we would like the phase noise of the local oscillator to have significantly receded by the time we have moved one channel spacing away
from the LO'S center frequency.

Radar
We use Doppler radar to measure moving targets (such as the radar
guns used by the police). Doppler radar works by transmitting a signal at
the target, then searching for the return. The change in frequency of the
returned signal is a measure of the speed of the target. The transmitter frequency is usually several GHz, and the frequency shift caused by the
Doppler shift is usually less than 10 kHz.
Figure 4-16 shows a typical return. The signal at f i is the transmitter
feed through (at approximately 10 GHz). The signal at f2 is the return from
the target (at perhaps 10 GHz + 10 kHz). In this receiver, the phase noise
of the transmitter is insufficient at a 10 kHz offset and the return signal is
completely masked.
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Figure 4-16 Oscillator phase noise can cause clutter to mask the desired
signal in a RADAR system.
Ultimate SNR or Ultimate BER
Mathematical analysis reveals that LO phase noise can limit the
ultimate signal-to-noise ratio (SNR) or the ultimate bit error rate (BER)
o f a receiver.

Phase Noise Description: CCfd
Figure 4-17shows the spectrum of a noisy oscillator as it might appear
on a spectrum analyzer. Instead of a single, narrow impulse function, the
spectrum has width.

1

,f

,f + f,,,

freq

Figure 4-1 7 Single-sideband phase noise is the oscillator power present
at some offset f m from the carrier. A measurement bandwidth of one hertz
is assumed.
One of the most common measures of phase noise is ccf,),the single sideband phase noise. 4 f m ) is the power present at some offset cf,) from the carrier to the total signal power and is commonly expressed in &/hertz. When
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measuring a noise-like waveform, we must specifjr a measurement bandwidth.

As usual, we will assume a 1-hertz measurement bandwidth.

llf,, 1 =

Power at offset f m from the carrier(1- hertz bandwidth)
Total signal power

..f

.- ___p ( f m ) l hertz

--

Total signal power

As Figure 4-17 indicates, L(fm)refers to the signal power on just one
side of the carrier (single sideband phase noise). When comparing two oscillators at the same frequency, the oscillator with the lower value of L(fn,).at
a particular f m , is the oscillator with the lower phase noise.
Figure 4-18 shows the output spectra of two oscillators operating at the
same frequency. Their phase noise performance is markedly different: at
some values of f m oscillator #1 has lower phase noise while at other values
o f f , oscillator #2 is lower. Note that noise spectra are not necessarily symmetrical about fo.
,C(f,} is the most commonly used expression of phase noise. It is easy to
measure with a spectrum analyzer and useful for comparing two oscillators
which operate at the same frequency. However, L(f,) is not very effective
from a mathematical point of view.

Figure 4-18 The spectra of two oscillators. Note that oscillator spectra can
be nonsymmetrical about the carrier frequency fo.
Measuring L { f d
The phase-noise of the test equipment may influence the measurement. Quartz crystal oscillators usually exhibit very low phase noise (even
a poorly designed crystal oscillator can exhibit excellent phase noise). Let
us consider what might happen if we tried to measure L(fm)of a crystal
oscillator using a spectrum analyzer.
The spectrum analyzer, like any other receiver, uses an internal local
oscillator to convert the input signal to some IE The spectrum analyzer's LO
is tunable over a wide range and its phase noise performance is likely to be
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poor compared to the crystal oscillator. Signals converted from one frequency to another by a LO will pick up the phase noise of the LO. Since the phase
noise of the spectrum analyzer's LO is worse than the phase noise of the crystal oscillator, the phase noise of the LO will most likely be represented. Thus,
measurements performed at the IF measures only the test equipment.
Sources of Phase Noise: The Leeson Model

Receiver designers and engineers need to know which oscillator technology
will provide the lowest phase noise and how to design oscillators with low phase
noise. The Leeson d b r model, for example, is simple and provides answers
to these problems. Figure 419 shows the Leeson model for an oscillator.
Active Stage with known gain and
noise figure

/

Figure 4-19 The Leeson model of an oscillator consists of a gain stage
with a known gain and noise figure. The resonator determines the f?equency of oscillation.
To build an oscillator, we feed the output of the active device through a
resonant network. We then apply the output of the resonant network to the
input of the active device, creating a feedback loop. Oscillation w i l l occur at
the frequencies where the power gain around the loop is greater than unity,
and the phase shift around the loop is a multiple of 360".
The oscillation f'requency is a strong hnction of the phase response of
the resonant network and the active device. The active device is wideband
and exhibits a low phase slope. Therefore, the resonant network primarily
determines the oscillation frequency. For illustration, a parallel LC configuration as the resonant network is shown in Figure 4-19, but other resonators such as crystals, transmission lines, and surface-acoustic wave
devices are commonly used. Regardless of the resonator type, the following
analysis is universal.
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Flicker Noise
Figure 4-20 shows the noise spectrum of a typical active device. Above
the corner frequency f c the device exhibits a flat noise spectrum. Below the
corner frequency the noise rises as f - 1 . The corner frequency (f,) in Figure
4-20 is about 150 hertz.
Active Device Flicker Noise
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Figure 4-20 The noise spectrum of a typical active device. Below some cutoff frequency fc, the noise power increases as l l f
All active devices exhibit this flicker noise. The spectrum of the flicker
noise affects the oscillator's output signal. As this noisy signal passes
through the resonant circuit in the oscillator's feedback path, the f - 1 and
f O noise components are converted into f -3 and f -2 slopes, respectively. In
conclusion we find that, by the time the signal leaves the oscillator, it has
noise components with slopes of f O , f - 1 , f - 2 and f-3. Figure 4-21 shows the
idealized spectrum of the oscillator's output.
The additive white Gaussian noise (AWGN) generated by the active
device causes the phase noise in Figure 4-21. The AWGN causes both AM and
PM noise to appear on the oscillator's output. It is desirable to use low-noise
active devices to build low-noise oscillators.
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Figure 4-21 The noise spectrum of a typical oscillator: The slopes of the noise
power and the cutoff fiequencies are derivable from the noise spectrum of the
active device and the characteristics of the resonator used in the oscillator.
Oscillator Limiting
When DC power is first applied to an oscillator, the internally generated noise of the active device passes through the resonant network and back
into the active device. If the power gain and phase shift around the loop are
sufficient, a signal will build up and oscillation occurs. The signal passing
around the loop will continue to build in strength until limiting occurs in
the active device which restricts the magnitude of the output waveform.
Phase Noise Expression
An analysis of Leeson’s model is beyond the scope of this book. The
result of the analysis is an approximation for the single-sided phase noise
of an oscillator.

4.2

where
.c(fns = the single-sideband phase noise of the oscillator,
k = Boltzmann’s constant = 1.38 E-23 watt-sec,
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F = the noise factor of the active device tin linear terms),
T = the physical temperature in K,
PaUg= the average power taken from the oscillator,
fo = the carrier or center frequency of the oscillator,
f;, = the offset from the carrier frequency,
QL = the loaded Q of the oscillator’s resonator.

Figure 4-22 shows some of these variables graphically.

I

fr,

fo

+

5,

Figure 4-22 Oscillator spectrum illustrating the variables in Equation 4.2.
Minimizing Phase Noise

Resonator Q
Resonator Q is defined as
Q=2;n

Maximum energy stored
per cycle
Total energy lost

4.3

Loaded Q is a measure of the energy stored by a resonant circuit when the
resonator is placed in a circuit. Different resonator technologies have different Q’s and certain technologies are more suited to particular applications. For example, quartz crystals have very high Q’s but are difficult to
tune. LC networks are easily tuned yet their Q’s are lower.
Equation 4.2 indicates that phase noise and the loaded resonator Q are
inversely proportional. If the resonator Q is increased, the phase noise of
the oscillator decreases. To maximize the loaded Q of the resonator, high
unloaded Q is required. Unloaded Q is a function of the type of oscillator
the resonator used. Common choices include
Crystal: Q range is 20k to 200k,
Surface Acoustic Wave (SAW) Resonators : Q’s of 2k to 12k are common,
* Dielectric Resonators : 500 to 5000,
* LC: Q’s of 20 t o 300.
9
9
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This list is in the order of hqghest Q to the lowest unloaded Q. Equation 4.2
indicates that this list is also in the order of increasing oscillator phase noise.
With regard to phase noise, even the poorest crystal oscillator will outperform the best VCO because of the very large Q’s of crystal oscillator resonators. From an ability-to-tune perspective, the VCO is the better choice.
Experience has shown that we can change the frequency of a crystal oscillator perhaps 1000 ppm of the center frequency. Voltage-controlled oscillators can tune an octave or more, provided we accept poor phase noise.

Oscillator Center Frequency
Equation 4.2 shows that the phase noise increases with the oscillator
center frequency. Consequently, all other things being equal, oscillators at
lower frequencies are quieter than oscillators at higher frequencies. Note
that poor resonator Q can spoil this relationship. A RC oscillator, which has
a very poor Q, running at 5 kHz may be much noisier than a LC oscillator
running at 100 MHz.
offset Frequency
Equation 4.2 reveals that the phase noise increases as we approach the
carrier. In other words, the value of .c(fns increases with decreasing f m .

Phase Modulation Review: Sinusoidal Modulation

4.3

Time Domain
For a sinusoidal modulating wave, the instantaneous phase of a PM
signal is
4.4

where
A$,pk = the peak phase shiR,
f m = the modulating frequency,
fo = the oscillator’s carrier or RF frequency,
om= 2xfm = the modulating angular frequency,
o, = 2nf0 = the oscillator’sangular frequency.

The time-domain expression for a sinusoidally phase-modulated wave is
4.5
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Frequency Domain
Fourier analysis reveals that Equation 4.5 can be rewritten as

4.6

where
Jn(At#+,k, = the Bessel flunction of the first kind, order n, with an argument

of A4pk*

Equation 4.6 takes the same form for a FM modulated wave. With
some slight changes (for example, a sign, or changing a sine to a cosine in
a few places), the spectrum of a PM wave is identical to the spectrum for
an FM wave. Figure 4-23 shows the spectrum of a sinusoidally modulated PM waveform.

f0-4fm

f0-2fm

f0-3fm

fo-fm

fo

f,+2fm
fo+fm

f0+4fm

f0+3fm

Figure 4-23 The spectrum of a phase-modulated carrier under sinusoidal
modulation.

Bessel Functions
Equation 4.6 relates the magnitudes of the spectral components of a
PM waveform with the Bessel functions of the first kind. Figures 4-24 and
4-25 show the first 6 Bessel functions, Jo through J5.
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Figure 4-24 The first three Bessel finctions, Jo through J2.

Figure 4-25 Bessel functions J3, J4,and J5
The 0th Bessel function describes the amplitude of the carrier (at fo). The
1st Bessel function describes the amplitude of the two sidebands at f o 2 f,,
the 2nd Bessel function describes the amplitude of the sidebands at f o 2 2fm,
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the 3rd Bessel function describes the sidebands at fo ~f:
f,, and so on. In general, the nth Bessel function describes the amplitude of the sideband at fo ?
nf,,. Normalized to 1ohm, the power level of the unrnodulated carrier is
PPM,Unmodulated Carrier =

($

2

4.7

62 )

The power level of the spectral component at fo 2 nfi, is
4.8

The ratio of the power level any single spectral component to the power in
the unmodulated carrier is
P P M ( f 0 +nf,)
PPM,Unmodulated Carrier

-

pPM (f0 - n f m

)

PPM,Unmodulated Carrier

4.9

= J,2(A$pk)

(

= 20 log/Jn A $ p k ) / in dB

Small B Approximations
When the phase perturbation, A#pk, is small as it is with noise then several useful approximations may be used. These approximations are called
the small p approximations. Rather arbitrarily, we say the small /3 approximations are valid when
AQPk 5 0.2 radians

4.10

For small values of A#pk,
1. The value of J o (A$pk) is very close to unity or
Jo(Aqpk) 1 for A G p k 5 0.2

4.11
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4.12

3. The values of the rest of the Bessel functions J 2 ( A # p k ) through J n ( A 4 p k )
are zero.

Applying these approximations to Equation 4.6, the Fourier spectrum for a
PM modulated wave under small p conditions is

4.14

Frequency Domain (Small #I)
We can make some approximations for the power spectrum of a PM
wave under small p conditions.
The power in the component at fo is
4.15
=1

The power in the modulated carrier approximately equals the power in the
unmodulated carrier.
The power in each of the components at fo

zt

f , is

4.16
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must be less than 0.2 radians for the small /3 conditions to be
Since
valid, the sidebands will always be less than
.~

-

PPM(f0
'PM,Unmodulated

PPM,Unmodulated Carrier ( f 0 )
z
-

-fm)
Carrier (f0

)

4.1

A@ik
4

(0.q2

5-

4

0.010 = -20 dB

The sidebands of a phase modulated signal under small p conditions
will always be less than 20 dB below the carrier. Figure 4-26 shows the
spectrum of a phase modulated waveform under small /3 conditions.

Figure 4-26 Spectrum of a sinusoidally modulated PM waveform under
small j3 conditions. Only the carrier (at fo) and the two sidebands (at fo -+ f,/
contain significant energy.

Phasor (Small /3 )
Figure 4-27 shows a phasor diagram of a phase modulated wave under
small p conditions. The only nonzero Fourier components are the carrier
(at fo> and the two sidebands (at fo t fm). Figure 4-28 shows the phasor diagram when the two sidebands at fo rt f, add together to produce the maximum phase deviation on the carrier.

370

I RADIO RECEIVER DESIGN

Figure 4-27 Phasor diagram of a phase-modulated signal under small p
conditions.

t

Figure 4-28 Phasor diagram of a phase-modulated signal under small p
conditions. The two sidebands at fo f m are colinear at this instant in time.
The extent of these sidebands produces a peak- and RMS-phase deviation of
the carrier.

*

The peak phase deviation A&k is given by
4.18

It is convenient to talk about a RMS phase deviation A+RMS where
4.19
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Phase Modulation: General Modulation
For the following discussion, consider a perfect oscillator.

This oscillator has the desirable properties discussed earlier: an infinite
SNR, a zero-width frequency spectrum and deterministic zero crossings. To
model an oscillator with phase noise, we introduce a nondeterministic or
noise-like waveform #(t). The analysis is easier if we assume #(t) is a
Gaussian process (although that assumption does not have to be true). The
frequency spectrum of (t) is #(fm). The Fourier transform of #(t>is
4.21

We also say that #(t),being a Gaussian random process, has a RMS value
4JRMs. The mathematical model for an oscillator corrupted by phase noise is
.22

The addition of the phase noise term reduces the SNR of the oscillator,
widens up its frequency spectrum and causes the zero crossings to be statistical, rather than deterministic. The characteristics of the noisy oscillator, its frequency spectrum and the statistics of its zero crossings, depend
very strongly on the characteristics of # (t)and 4 (fm).

Time Domain
For a general modulating waveform 4(t), the time domain equation for
a phase-modulated wave is

where

$(t) = the modulating waveform.
If we build an oscillator and want to measure its phase noise, we have to
measure #(t)given V'dt].

Measuring #(fd
Figure 4-29 shows a phase detector consisting of a mixer and a low pass
filter (LPF). Assuming that the LO has much lower phase noise than the
oscillator under test, the voltage present at the IF port of the mixer is
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where
kmi, is a constant related to the mixer's conversion loss.
LPF

I

I LO

"IF

cos[o,t

I
'LPF

- 11/21

Figure 4-29 Using a phase demodulator to measure the phase noise of an
osc i 1lato r.
With identical RF and LO frequencies and the cutoff frequency of the
LPF set to remove the sum term from the output of the mixer and pass the
difference term, we find
4.25

2

Since
4.26

we can write for small values of Nt),

L 3

cos @ ( t-) - = sin[@(t)]

4.27

= @(t)

The output of the LPF is

VLPF( t )= k,,@(t )
2

4.28

VLpFmay be applied to a suitable spectrum analyzer to view

q5qm)

Measurement DiftCiSculties
Let us examine some of the problems we might experience in measuring +(t)as it was described. One obstacle is deriving the local oscillator. The
LO should have much lower phase noise than the device under test, otherwise we measure the phase noise of the local oscillator.
The LO must be at the same frequency as the device under test. If the
frequency difference is even one hertz, the results of Equations 4.2
through 4.28 will be inaccurate.
We can phase-lock the LO and the signal being measured. This produces
a second signal whose frequency is exactly the same as the signal of interest
but also introduces further measurement uncertainties.
Frequency Domain
The spectral analysis of a PM modulated wave under general conditions is quite complex. If we assume the small /?conditions though, we can
make various simplifying assumptions.

md

L(fJ is the power spectrum of an oscillator as it would appear on a suitable spectrum analyzer when taking into account all of the measurement
caveats we discussed earlier and normalizing the measurement bandwidth
LO 1hertz.

Phasor
Figure 4-30 shows the phasor diagram of a carrier that has been small
/3 phase-modulated by a random waveform. The RMS length of the unmod-

dated carrier is
4.29

The tip of the vector representing the random waveform will gradually
trace a path similar to that shown in Figure 4-30.The amplitude of the
resultant will change slightly but this change can be ignored because mixers usually suppress small amplitude variations. The angle labeled $(t) is
the same +(t)that appears in Equations 4.21 through 4.23.
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Real

Figure 4-30 Phasor diagram of an oscillator exhibiting phase noise. We
model the noise component as a random vector placed at the end of the carrier vector, which creates a resultant with phase and amplitude variations.
Figure 4-31 shows how L(fm)is related to #(t)and tPRMS for two offset
frequencies. We divide the spectral plot of the oscillator into narrow slices
and consider the effect of each slice on the phasor description. The slice
chosen in Figure 4-31(a) at fo + fml contains only a small amount of power.
The small amount of noise causes only a small phase ambiguity #mlCt),the
larger noise power of Figure 4-31(b) causes a larger #mz(t).

Figure 4-31 The phase deviation in the oscillator at a particular offset is
caused by the amount of noise power present at that frequency offset. Higher
power causes a wider phase deviation.
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Relating HfJ to C(fJ

Figure 4-32 shows the conceptual model we will use for this analysis.
The box labeled “Phase Modulator” is a perfect oscillator whose phase can
be controlled by an input waveform. The input waveform is $(t) which has
a frequency spectrum described by $(f,,). The output waveform is Vp&t)
and its frequency spectrum is L:CfJ.

4

I t

I

f,-2fm

f”+2fW

Figure 4-32 Conceptual model used to analyze a noisy oscillator. Figure 432(a) shows the modulator under small p conditions. Figure 4-32(b) shows
the modulator under large p conditions.
Small /?,
Large /? and Sinusoidal Modulation
Figure 4-32(a) shows the phase modulator with a sinusoidal input signal under small p conditions. One of the consequences of the small p conditions was that if we apply a sinusoidal input signal whose frequency is fnl
to a phase modulator, the output spectrum will contain only three tones:
fo - f,, fo and fo + fm. In practice, the spectra on the right side of Figure 432 represent the oscillator as we observe it on a spectrum analyzer. If we
observe that the output of our oscillator exhibits equal-amplitude sidebands at fo - f, and fo
f m , and we assume that the small p conditions
apply, then we can model the oscillator as a small /3 phase modulator whose

+

376

I RADIO RECEIVER DESIGN

input signal is a sinusoid at frequency f,. Figure 4-32(b) shows the same
experiment under large /3 conditions. A sinusoidal input at frequency f m
produces an output spectrum with components at fo - nf,, fo and fo + nfm
where n runs from one to infinity. A large p output spectrum may not be
used to draw conclusions about the input spectrum. For example, let us
look at the signals at fo- 3fmand fo + 3f, in Figure 4-32@).Under large p
conditions, these output components could have been produced by input
signals at f, or 3fm.

Small

and Complex Modulation

Figure 4-33(a) shows a complex modulating waveform. We can model
any complex waveform as a collection of sine waves. Under small p conditions, the signals present in the output spectrum at fo 2 f m are caused only
by the components of the input signal at f m .
In Figure 4-33(b), a frequency f m is missing from the input waveform
so the components at fo & f m will be missing from the output waveform.
Similarly, if an input frequency component fl is particularly strong, the output components at fo ? fl will be strong as well.

Figure 4-33 The relationship between the input and output spectra of a
phase modulator. This representation is valid only under small p conditions.
The Magnitudes of #fm) and L{fm)
Next we w i l l find the power relationship between the input and output
spectra of Figure 4-33. If we know the shape of the output spectrum fTfJ,
what does that tell us about the shape of the input power spectrum 4(f,)?
Under s m d /3 conditions, we know that Jo(d&,k) = 1,Jl(Af#!pk) =
and
Jn(A#pk)= 0 for n equals two through infinity.
The first approximation [JO(A&,k) = 13 results in equal modulated and
unmodulated carrier magnitude. If the carrier is at 10 dBm when the phase
modulator input waveform is zero volts [i.e., when #(t)= 01, the carrier will
still be 10 dBm when #(t) is not zero. The last approximation [Jn(A&k) = 0
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for n = 2 to infinity] indicates that the components at f o & n.fm are negligible for n 2 2. The middle approximation tells us about the relationship
between the output and input spectra. The output spectrum, Is(fm) is given by
Power in a 1-hertz bandwidth measured f m from the carrier
-qfr??)
= ____
Total signal power
-

I

.30

' i f m j 1 hertz

"rota1 signal power

Under small /?conditions, we can use Equations 4.15 and 4.16 to simplify
the equation above to

Since d, (t)is a nondeterministic, statistically described waveform, we must
describe it using RMS rather than peak values. Since much of this analysis
was done assuming sinusoidal modulation and we modeled the complex
modulating waveform as a combination of sinusoids, we can write
4.32

and
4.33

Converting this equation to decibels produces
4.34
L

= 2o log[@ RMS (f m)]

dB
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Up to this point, we have specified a 1-hertz measurement bandwidth for
both ofm)
and Nf,). The quantity Sdfm)is simply the power of ~ f m meas)
ured in a 1-hertz bandwidth or
4.35

In other words, S4('fm)is the spectral density of the phase fluctuations of an
oscillator. This is the power of a phase discriminator's output measured in a
1-hertz bandwidth. It may be measured with an audio spectrum analyzer,

4.6

When the Small

Conditions are Valid

Previous derivations required that the oscillator meet the small p conditions. Given an oscillator, how can we tell from its output spectrum if it
meets the small p criteria? The -10 dB/decade line drawn on Figure 4-34
represents an FWS phase deviation of approximately 0.2 radians integrated
over any one decade of offset frequency. At 0.2 radians, the power in the
higher-order sidebands of the phase modulation is still small compared to
the power in the first sideband, which guarantees the small p criterion.

Figure 4-34 Regions of validity for small p conditions.
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Phase Noise and Multipliers

Most frequency synthesizer designs involve multiplying and/or dividing
a stable reference oscillator. For example, to generate a 1234.567 MHz LO,
we might start with a 1MHz crystal oscillator, divide it by 1000 to obtain a
1 kHz oscillator then multiply the 1 kHz oscillator by 1,234,567 to obtain
the frequency needed.
Figure 4-35 shows the multiplication. We begin with a fuzed reference
oscillator (at fREF). To generate a particular frequency, we multiply the
oscillator by some number (n) to produce a new signd at rzfREF. Given the
phase noise characteristics of the reference oscillator, what are the phase
noise characteristics of the output of the multiplier? We will use the
expression for a noisy oscillator to describe the reference oscillator
4.

where
$(t)is a random waveform with some RMS value

$RMs.

Figure 4-35 A frequency multiplier.
Passing the reference oscillator waveform through the frequency multiplier produces

We have multiplied both the frequency and 4(t) by n. The quantity n@t)
now has a RMS value of qbrns. Before the multiplication, the single-sideband phase noise of the reference oscillator at some arbitrary offset f, is
4.38
After the multiplication, the single-sided phase noise at the same f, is
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4.39

The ratio of the single-sided phase noise power of the multiplied oscillator
to the unmultiplied oscillator is
4.40
= 2Olog(n)

in dB

If n > 1(i.e., for frequency multipliers), then the 4 f J of the multiplied oscillator is increased. This analysis assumes the small p conditions apply for
both the unmultiplied and for the multiplied carrier at the f , of interest.
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Equation 4.40 shows that each doubling of the carrier increases the
phase noise measured at f m by 6 dB. Likewise, each halving of the carrier
results in a decrease in the phase noise measured at f m by 6 dB.
The multiplier can be a nonlinear device utilizing some high-order distortion component or it can be a phase-locked loop. Also, Equation 4.40
shows what the minimum phase noise of the multiplier will be. The multiplier system can introduce excess phase noise into the system, and the output of the multiplier will be noisier than Equation 4.40 indicates.

4.8

Phase Noise and Dividers

Equation 4.40is also true for frequency division. If we apply a signal LO
a digital flop-flop, for example, the output frequency equals one-half of the
input frequency. We can divide the input signal by any number we desire
using the appropriate digital techniques.
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Incidental Phase Modulation

Oscillator phase noise represents an uncertainty in an oscillator's phase
or frequency. As we have seen, any signal converted from one frequency to
another by a mixer will inherit the phase noise of the LO used to perform
the conversion. The LO phase noise can mask the idormation present on an
information-bearing signal.
We can encode digital data into the phase of a sine wave. We may assign
a binary 0 to 0" and a binary 1 to 180".Anything that masks the true phase
of the signal such as poor SNR or excess LO phase noise, can cause the
phase of the signal to be misread.

Phase Demodulation
A phase demodulator produces an output voltage which is directly proportional to the phase difference between a reference signal (internally
generated in the demodulator) and a data-bearing signal. In Figure 4-37,
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the information-bearing signal is

4.43
The locally generated reference frequency is
4.44

where

h(t)carries the information encoded as carrier phase,
q5mdt)represents the phase noise on the locally generated reference signal.

The output o f the phase demodulator is

If the locally generated reference is quiet and &@)> > hEy,
then the
phase demodulator output represents the information-bemng &Ct). If
k E E m is significant with respect to &(t),the phase demodulator output is
corrupted by the local oscillator's phase noise. Let us assume a phase demodulator will produce an output of 1 volt when Nt) is 180".When &s is 0", the
demodulator produces 0 volts. The phase demodulator is described by
AVoltage
APhase
- 1Volt
-180"
mV
= 5.6
Degree

"=

4.46

~

The LO phase noise introduces noise on the demodulator's output. This noise
represents a nonreducible uncertainty and h i t s the demodulator's amumcy.
Continuing the example, suppose we measure 8.2 mVRMs of noise on the
phase demodulator's output when we apply a quiet carrier to the input of
the phase demodulator in Figure 4-37 [i.e., k(t>= 01. The equivalent phase
noise of the reference oscillator is
APhaseRMs=

AVoltageRMS

k,
8.2 mVms
5.6 mV/degree
= 1.5 degreesRMs

-

4.47
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Phase
Demodulator

Information
bearing signal
Vit) = cos[o,t + $Xt)]

Figure 4-37 A phase demodulator The information is encoded in the
phase of the received signal as #it). The LO phase noise is described by
REF(^) and ~ R E E R M S We can say the LO has 1.5 degreesRMsof incidental phase modulation.

IPM Definition
The incidental phase modulation (IPM) of an oscillator is
4.48

Y fa
For small p, we can write
4.49

IPM = 21Le (f,)df,

(radiansms 1

where
fa am. f b represent the lower and upper frequency u o u n d a r a of the
demodulated signal.
Thesetwo@ns-t
the amaunt o f p h a s e j i t t e r ~manoecillatarm
t
its w
e
J
K
. y
spectnrm 4fJ the
CEenSity ofthephasem
S&m).
Conceptuallx we measure the incidental phase modulation of an oscillator
by assuming a phase demodulator constant k,. We apply a known phase-modulated s@ and a noiseless reference signal to the demodulator and calculate
the output voltage. We then calculate the output voltage when the demodulator input is a noiseless reference plus the noisy reference VW#) containing
b F ( t ) .The ratio of the two output voltages is the IPM of the oscillator.

m
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IPM and SNR
The IPM of the receiver’s LO will affect the ultimate SNR of a phase
demodulated signal. We also have to consider the characteristics of the
information-bearing signal. Imagine the RMS phase noise of a receiver is
IPM,,,.
Figure 4-39shows the constellation diagrams for an 8-state and
a 16-state PSK signal. The phase noise of the receiver causes a phase
measurement uncertainty of IPMRMs,which is drawn on the diagram.
The $-state PSK demodulator will make a symbol error if the IPM of the
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local oscillator causes a phase error of more than 360"/16 = 22.5". Since
we are dealing with noise-like signals, we want the IPM to be much
smaller than 22.5".
The 16-state PSK demodulator w i l l produce an error if the input signal
deviates by more than 360"/32 = 11.25". The 16-PSK signal is more sensitive to LO phase noise than the 8-PSK signal because it requires more accuracy when it recovers the phase of the received signal.

Figure 4-39 Incidental phase modulation (IPM) requirements of 8-PSK
and 16-PSK.
Measuring IPM
Figure 4-40 diagrams a measurement setup. A phase demodulator produces a voltage proportional to the phase difference between an externally
applied signal and an internally generated reference signal. The receiver
generates the reference signal from the received signal.

Signal
Generator

n

+

,v
LO1

Figure 4-40 Measuring the incidental phase nwdulatton (IPM) of a receiver:
The signal generator is phase-modulated at some arbitrary rate (for
example, 1 kHz) and at some known phase deviation (A&), which corresponds to a RMS phase deviation ( A h s ) (see Figure 4-41).
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Phase (Radians)

Figure 4-41 Definitions of peak and RMS phase deviation.
When the receiver demodulates the phase-modulated signal from the
generator, the RMS voltage present on the output of the demodulator will be
Vout,PM,RMS = k$'@RMS

4.5 1

where

K , is a constant associated with the phase demodulator.
Next, we remove the phase modulation from the signal generator and
provide a quiet, noiseless carrier to the receiver. If the IPM of the signal
generator is much smaller than the IPM of the receiver, the output of the
phase demodulator will change to
Vout,quiet,RMS = ' 4 ( I p M R M S

)

4.52

The ratio of these two voltages is

4.53

4.54
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S N R and IPM
If the LOs in a receiver were perfect, the smallest voltage we would
ever measure from the receiver’s PM demodulator port would be zero volts.
This occurs when the input signal is unmodulated (quiet carrier).
Under quiet carrier conditions the receiver produces noise due to the IPM
of the receiver’s LOs. This is the ultimate noise floor of the demodulator. It
will never release a signal smaller than that voltage. If IPM is the limiting factor in a receiver, the ultimate S N R at the output will be

4.55
2

= 20log( 4 R M S

)

IPMRMS
where
A h s is the RMS phase deviation of the signal to be received.

Signals with small RMS phase deviations are more sensitive to IPM than
signals with large RMS phase deviations.
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Incidental Frequency Modulation

Incidental frequency modulation (IFM) is a measure of the effects of a
receiver’s LO on frequency-modulated signals. IFM applies to frequenq
modulation in the same way that IPM applies to phase modulation.

Frequency Demodulation
A FM demodulator (or FM discriminator) produces a voltage whose
instantaneous value is a direct function of the instantaneous frequency o f
a signal. For example, if we perform the FM demodulation at a 21.4 MHz
XE the discriminator produces a voltage proportional to the difference
between the input signal’s instantaneous frequency and 21.4 MHz.
In a receiver, the phase noise of the local oscillators causes measurement uncertainty. During frequency conversion, the signal acquires the
phase noise of the local oscillators. Consequently, even a pure sine wave
input acquires phase noise. Noise is always observed on the output of the
FM demodulator as a result of the receiver’s phase noise.

FM Definition
Incidental frequency modulation (IFM) is defined as
4.58

Under small ,!?conditions, we can write
4.59
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where

and fb represent the lower and upper frequency boundaries of the
demodulated waveform.

fa

Given the frequency spectrum of an oscillator, these two equations represent
the amount of variation in the instantaneous frequency of the oscillator.

IFM and SNR
The IFM of a receiver's LO will a f k t the maximum output SNR. consider
one F'M signal that carries a printer signal at 75 baud which deviates 75 hertz and
a second one that is a digital cellular telephone signal that deviates 20 kHz. In
order to decide ifthe printer is sending a binary 0 or binary 1,we must measure
the fEequency with an accuracy of 37.5 hertz. To decode the cellular data proper1~ we have to measure the fEequency of the signal with an aocu1'8cy of 10 kHz.
In the last example, the LO had an IFM of 4.2 HzMs and, similar to
IPM, IFM is a statistical quantity. The instantaneous frequency of the oscillator can be larger or smaller than 4.2 hertz. The printer signal (which
deviates a mere 75 hertz) will be more sensitive to oscillator phase noise
than the cellular telephone signal (which deviates 20 kHz).
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Measuring IFM
Figure 4-42 is a measurement setup for the IFM of a receiver. It is
very similar to the IPM setup except that FM demodulation and modulation are employed.

Figure 4-42 Measuring the incidental frequency modulation (IFM) of a
receiver
First, we frequency-modulate the signal generator at some arbitrary
rate (for example, 1kHz) and at some known peak frequency deviation Afpk.
This corresponds to some RMS frequency deviation A+RMs (see Figures 443 and 4-44). When we demodulate the FM signal from the generator, the
RMS voltage from the receiver is

~FMWRMS

~ A , F M=
,RMS

4.61

where
kFMis a constant associated with the frequency demodulator,
lilfRMs is the RMS frequency deviation of the test signal (see Figure 4-44).
fin = fo + m,a(t)

Frequency
Demodulator

Figure 4-43 A frequency demodulator. The information is encoded in the
frequency of the received signal. The LO phase noise is described by #REF(t)
and ~ R E E R M S .
Next, we remove the frequency modulation from the signal generator
and provide a quiet carrier to the receiver, If the IFM of the signal generator is much smaller than the IFM of the receiver, the output of the frequency demodulator is
%ut,quiet,RMS

= kFMIpMRMS

4,62
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The ratio of these two voltages is
4.63

Solving for IFMwS, we find
4.64

Freq (Hz)
Afpk

f \

AfRMS

/

Time

\I

Figure 4-44 Definitions of peak and RMS frequency deviation.
SNR and IFM
If the receiver LOs were perfect, a quiet carrier would produce zero
volts at the demodulated output. We have seen, however, that under quiet
carrier input conditions, the receiver produces a noise voltage due to the
IFM of the receiver's LOs. We can think of this as the ultimate noise floor
of the demodulator. If IF'M is the limiting factor in a receiver, the ultimate
SNR present at the output of a receiver will be
2

Vout,FM,RMs
Vout ,quiet,RMS

4.65

where

urns
is the RMS frequency deviation of the signal of interest.

Signals with small RMS frequency deviations will exhibit a smaller IFMlimited SNR than signals with large RMS frequency deviations.

4.11

Comparison of IPM and IFM

Since phase and frequency are closely related, we expect the IFM and
IPM of an oscillator to be related. The equations describing IPM and IFM are

and
4.69

Equations 4.68 and 4.69 are very similar except that the IFM equation con-
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tains an f m 2 term. In practice, we observe that if we apply white noise
(which has a flat frequency spectrum) to a FM demodulator, the power in
the output spectrum increases parabolically with frequency. If we apply
white noise to a phase demodulator, the output spectrum is flat, an observation that is validated by the equations.

4.12

Other Phase Noise Specifications

We characterize phase noise in many different ways. The following list
contains the most common phase noise descriptions.

Spectral Density of the Frequency Fluctuations
This is the power spectral density of a frequency discriminator’s output. We can measure it by passing the signal of interest through a frequency discriminator and then connecting a spectrum analyzer to the discriminator’s output. The symbol commonly used is S6flm>,the units are
Hz2hertz. Note that S6flm),is a function of f m and not a single number.

Spectral Density of the Phase Fluctuations
This is the power spectral density of a phase discriminator’s output. We
can measure this quantity by phase-demodulating the noisy oscillator and
examining the output on a spectrum analyzer. The symbol is S,cf,>, the
units are radzhertz. This is a function of f m and not a single number.

Spectral Density of the Fractional Frequency Fluctuations
This quantity allows us to compare the phase noise characteristics of
oscillators operating at different center frequencies. For example, if we pass
an oscillator through a multiplier, we can use this quantity to tell us if the
multiplier is adding excess phase noise. The symbol for the spectral density of the fractional frequency fluctuations is Syvm)and

The units are lhertz.

Two-Point Allan Variance
AZZan variance is a time-domain measure of oscillator phase noise. We

determine the two-point Allan variance using a frequency counter to measure the oscillator frequency repetitively over a time period t. The Allan
variance is the expected value of the RMS change in frequency with each
sample normalized by the oscillator frequency. The symbol for Allan variance is o$t) and the quantity is unitless.

4.13

Spurious Considerations

Spurious signals are coherent signals generated by an oscillator other
than the desired tone at fo. There are two categories: harmonically related
spurious signals and nonharmonically related spurious signals.

Harmonically Related Spurious Signals
Harmonically related spurious signals (or simply harmonic spurious) are
coherent signals present at the output of an oscillator whose frequencies are
integer multiples of the desired output signal, i.e., their frequencies are Zfo,
3f0, and so on. When the oscillator drives a mixer, we have already taken the
LO harmonics into account because they are generated internally in the
mixer's nonlinear elements. When the oscillator drives a transmitter, regulatory bodies are concerned about the radiated harmonic components. FCC part
15 requirements dictate strict guidelines for harmonic suppression. It is often
necessary to filter in order to meet these requirements.
Figure 4-45 shows the harmonically related spurious of an oscillator.
Each of the harmonic components exhibit the multiplied phase noise of the
fundamental frequency (via Equation 4.40).

I Amplitude
I

f0
2f0
3f0
4f,
5f0
(100 MHz) (200 MHz) (300 MHz) (400 MHz) (500 MHz)

freq

Figure 4-45 Harmonically related spurious signals present at the output
of an oscillator.
Nonharmonically Related Spurious Signals
Nonharmonically related spurious signals (nonharmonic-spurious) are
coherent signals present at the output of an oscillator whose frequencies
are not integer multiples of the desired output signal. These signals are
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usually caused by realization effects within the oscillator. Nonharmonically
related spurious signals also include signals that are subharmonics of the
desired output signal.
Figure 4-46 shows the close-in spurious outputs of an oscillator. Closein is a rather a r b i t r q term meaning that the spurious signal falls close to
the fundamental component (usually within 1% of the oscillator’s fundamental frequency). The close-in spurious signals in Figure 4-46 are typical
of a phase-locked loop frequency synthesizer. Figure 4-47 shows the far-out
spurious products that may also be present at the output of an oscillator.
These signals include subharmonics of the fundamental output frequency
as well as frequencies whose relationship to the desired output frequency is
not apparent.

4
I

--t

-1-100 kHz

treq

fo
(100 MHz)

Figure 4-46 Close-in spurious signals present at an oscillator’s output.
“Close-in spurious signals are coherent signals whose frequencies differ
from the fundamental signal by no more than 1% .
”

Figure 4-47 Far-out spurious signal present at an oscillator’s output.
“Far-out spurious signals ” are coherent signals whose frequencies differ
from the fundamental signal by more than 1 % .
Effects of Oscillator Spurious Products
Harmonically related spurious products are manageable because they
may be filtered. Moreover, these products are likely to be generated in any
system due to the system’s inherent nonlinearities. We expect harmonics to
be present in this system and attempt to control only their level.
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Nonharmonic spurious outputs are often more problematic. Figure 448 shows a receiving system with two input signals. The strong, undesired
signal is at frequency f i ; the weak, desired signal is at frequency f2. The
receiver is tuned to fi.
Tuned to f,
Undesired

I
--

I

@

i
f,

f2

freq

Clean,
spuriousfree LO

Figure 4-48 The conversion process using a clean, spurious-free LO. The
strong, undesired signal is at frequency f l and the weak, desired signal is at
frequency f2
The action of the receiver is to move the desired signal from f i to the
receiver's IF center frequency. We then use the IF filter to pass only the
desired signal. The IF filter also attenuates the other signals which were
converted with the desired signal. Figure 4-48shows how the system would
behave if it had spurious-free local oscillators. Figure 4-49 shows how the
receiver could behave if one of its local oscillators had a spurious output signal at an inconvenient frequency.
Tuned to f,
Undesired

i
i

1

1

_-

t

11

Desired

1 Spurious
t

!I= f2 - f,

flo-a
fL0-4

fL"+2i

fLO

ft0+4

1
Spurious signal
related to strong
signal at f, (offset
for clarity)

Figure 4-49 The conversion process using an LO with close-in spurious
components. The strong, undesired signat at fi combines with the LO spurious components to mask the weak, desired signal at f l .
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Signals that are converted from one frequency to another by a mixer
acquire the characteristics of the LO. If the LO has phase noise, the output
signal will have phase noise. If the LO has spurious signals present in its output, then signals converted by the LO will contain spurious signals. If the LO
exhibits spurious products which are @away from the desired output, the
signals present at f i and f 2 both acquire these spurious products as they pass
through the mixer. The spurious products, which are now present on the
undesired signal, can mask the desired signal. For example, ifa receiver's LO
contains a spurious product whose frequency equals the IF, the signal may
bleed through from the mixer's LO port to its IF port. If that occurs, every
desired signal successfully converted to the IF by the mixer has to compete
with this spurious product. In many cases, if the spurious signal at the
receiver's IF is even slightly stronger than the desired signal, the receiver
will demodulate the stronger signal. In this case, the oscillator's spurious output signal has degraded the receiver's ability to process weak signals.

Channelized Systems
Figure 4-50 depicts the spectral diagrams associated with channelized
systems such as commercial broadcast FM radio. The channel spacing, i.e.,
the distance between adjacent stations, is 200 kHz.
The output of a phase-locked loop frequency synthesizer often contains
spurious signals which are multiples of the channel spacing. As Figure 4-51
shows, when we use that oscillator to convert signals in a channelized system, the spurious output products cause adjacent channels to convert to
the same IF Both the desired and undesired signals must compete for the
attention of the demodulator.

IFCF

Figure 4-50 The conversion process in a channelized system. We convert
the desired RF signal to the center frequency of the IF filter.
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Undesired signal
,(big)

200 kHz,

Desired signal

I RF

t o

Figure 4-51 The conversion process in a channelized system using an LO
with spurious components. The undesired signal (UD) combines with the
LO spurious signals to mask the desired signal (D).

4.14

Frequency Accuracy

Frequency changes which occur over periods longer than a second are
called oscillator drift. An oscillator may not produce the desired frequency
when power is first applied. Over time, the oscillator's frequency will change
slightly depending upon the temperature, power supply voltage and component aging.

Quantifying Drift
Oscillator drift is usually specified in parts per million (or ppm) of the
center frequency. A typical specification might read 10 MHz & 3 ppm. If the
drift is specified as fo t A ppm, the frequency range of the oscillator is

4*n
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Oscillator drift in ppm and percent are related by
(A in %) =

(A in PPm)

10,000

4.75

Nomenclature

Initial Accuracy
Initial accuracy is generally defined as the difference between the oscillator output frequency and the specified frequency at 25°C at the time the
oscillator leaves the manufacturer. If the oscillator includes a tuning feature, the initial accuracy is specified as a range.

Temperature Stability
Oscillator frequency varies with temperature. The specification might
read “.t5 ppm over a -30°C to + 70°C temperature range.” This means that
the oscillator will be within 5 ppm of its initial frequency setting over the
specified temperature range. This does not mean that the oscillator’s frequency will be a linear function of temperature.
Figure 4-52 shows the frequency vs. temperature curves for several 1MHz
crystal oscillators. The stability specificationson the oscillators are X-ppm over
a -30°C to +70”C temperature range, where “X” is rt 10 ppm, +5 ppm, 1t2pprn
and + I ppm.

Figure 4-62 Frequency us. temperature curves for several AT-cut crystal
oscillators. Note that the frequency is not a linear function of temperature.
Measured curves may not be as ‘%lean”as these calculated curves.
The curves are roughly 5th order polynomials. At -30°C and +70°C, the
oscillators are at extreme ends of their tolerances. They also reach the
extremes at about -5°C and +45”C. Finally, actual oscillators exhibit hys-
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teresis; they do not quite trace the same curve when the oscillator heats up
as when it cools down, which is one of the fimdamental limits on oscillator
temperature stability.

Long-Term Stability
Over a long period of time, the frequency of an oscillator will change
even if all the external parameters such as temperature and power supply
voltage are held constant. This process is called oscillator aging. Figure 453 shows a typical oscillator aging curve. When the oscillator is initially
turned on, the crystal ages quickly and stability improves rapidly with
time. Most oscillators achieve their lowest aging rates within several
months after turn-on. One cause of drift is the stresses generated in the
crystal by the machining process when the crystal was made. These stresses affect the resonant frequency of the crystal and relax over time.

Figure 4-53 Long-term oscillator aging. The fkequency changes quickly at
first, then more slowly as the stresses in the crystal relax.
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Frequency Multiplication and Stability
If we use a multiplier to increase the frequency of an oscillator that
drifts, the absolute drift (in hertz) increases directly with n, the multiplier.
The drift, in percentage or ppm, remains constant. For example, if we multiply a l MHz & l hertz reference oscillator by 100, the output signal will be
at 100 MHz & 100 hertz. In both cases, however, the accuracy of the oscillator is 1ppm or 0.0001 %. Similarly, we can see that frequency division will
decrease the amount of oscillator drift (in hertz) by the division factor n.

OSCILLATORS
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For a given value of temperature stability, higher frequency oscillators
exhibit greater frequency drift than lower frequency oscillators. The high
frequency oscillators will drift by a greater number of hertz than the low
frequency oscillators. However, if we multiply or divide the frequency of an
ascillator, the amount of drift expressed in ppm or percentage does not
change; only the drift expressed in hertz changes.
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Timing Accuracy
Occasionally, we want to record elapsed time with nonideal oscillators.
Both aging and initial offset cause errors in the perceived time lapse. The
tables below summarize those errors. Table 4-l(a) assumes we start exactly on frequency, then the reference oscillator ages. Table 4-l(b) assumes
that the reference oscillator is off by a fured amount.

OSCILLATORS

Table 4-1 (a) Oscillator aging and timing inaccuracies.

Table 4-1 (b) Oscillator aging and timing inaccuracies.

4.15 Other Considerations
Tuning Speed

Tuning speed is the time required for a receiver to tune from frequency to frequency. After a tune command, how long is it before the receiver is
settled at the new frequency and demodulating signals?
Tuning speed specifications vary. It can be defined as the time it takes
the frequency synthesizer to tune to a new frequency, or the time it takes
the converted waveform to settle at the IF port of the receiver, or when the
synthesizers are within 1% of their final frequency. Tuning speed depends
on realization. Some configurations tune quickly, others tune slowly. Other
factors such as phase noise may dictate solutions which are slower.
Automatic Frequency Control
Due to oscillator drift with temperature, aging or other factors, the signals may not be exactly centered in a receiver's final IF filter. Each LO in
the receiver gets to add its inaccuracies to the signal as the frequency conversion process proceeds.
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Automatic fiequency control (AFC) was developed to center a signal in
the IF filter. As long as the desired signal is the largest signal in the IF passband, the receiver uses this signal to compensate for drift in the system.
The user initially disables the AFC and tunes the receiver to the desired
signal. The operator then turns the AFC on and the receiver centers the
signal in the IF passband. This feature functions whether the desired signal or the receiver drifts. Provided the signal does not change too quickly,
the receiver keeps it centered.

4.16 Oscillator Realizations
Receivers require locally generated oscillators to translate communications signals from frequency to frequency. To make intelligent decisions
about frequency conversions schemes, we need to know how frequency synthesizers are built.

Phase-Locked Loops

Crystal
Oscillator

+

i M

Phase
Comparator

F(s)

vco

foul
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When we design the conversion scheme, we will obtain requirements for
the frequency synthesizers. The basic requirement is that the synthesizer
must tune from a lower frequency to an upper frequency with a channel ste
size. For example, a PLL with a 20 kHz step size can tune in frequency increments of 20 W Z ,but no finer. However, the ultimate step size of the receiver might be finer than the step size of an individual PLL synthesizer. There
are often several frequency synthesizers present in a receiver that may be
realized with different techniques. For example, it is common to have a PLL
and a numerically controlled oscillator (NCO) in one receiver.

PLL Nomenclature
Locked us. Unlocked
When the PLL is locked, the output has settled to the desired frequency and has been there for some time. The phase noise and accuracy of the
reference are conveyed to the VCO. When locked, the PLL is in a steadystate condition.
The PLL is in its unlocked state for some period after a command to
tune to a new frequency. The output has not yet settled to the desired frequency and the entire system is in a transient condition. The VCO phasenoise and stability are uncorrected by the reference.
Loop Bandwidth
A PLL control system compares the output of a system to some input,
and then acts to change the output to match the characteristics of the input.
In a PLL frequency synthesizer, the input is a stable, low-phase noise crystal
oscillator. The output is a noisy, unstable VCO.
Two distinct regions characterize the phase noise of a PLL synthesizer:
phase noise close to the carrier and phase noise far from the carrier. Figure
4-7 shows the transition. The action of the PLL corrects the noise close to
the carrier to that of crystal oscillator. Far from the carrier, the phase noise
resembles the uncontrolled phase noise of the VCO.
The PLL loop bandwidth is approximately equal to the offset from the
carrier (in hertz) where the phase noise contribution from the VCO and reference oscillator are similar. The loop controls the output over a limited
range of frequencies equal to the loop bandwidth.
Components of a PLL Frequency Synthesizer
Figure 4-56 shows a block diagram for a PLL frequency synthesizer,
The functions of each block are explained below.
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Reference Oscillator
The reference oscillator is the frequency reference of the system. The
output of the PLL is locked to this oscillator and determines the stability
and phase noise performance of the system. The crystal reference oscillator
is often in the 1 to 10 MHz range. Since this oscillator is the system reference, the accuracy and stability of this oscillator should be excellent. If the
entire receiver requires a frequency accuracy of f 2 ppm, the stability of
the reference oscillator must be at least f2 ppm.
The PLL impresses the phase noise of the reference on the VCO so the
phase noise of the output is a strong function of the phase noise of the reference. Reference oscillators are fixed-frequency, and high Q quartz crystals may be used for excellent phase noise.
If we ignore the components of the PLL and consider only the input and
output ports, we can see that the PLL is essentially a frequency multiplier.
As such, the phase noise of the output signal will be at least 2010g(n) times
worse than the phase noise of the input (lower limit). In typical PLL synthesizers other loop components contribute significant noise.
+M
Crystal oscillators are easier, smaller and cheaper in the low MHz
range. However, inside the PLL, we need a signal whose frequency equals
the step size of the receiver. The +M counter divides the reference oscillator’s output frequency down to the step size frequency. For example, a synthesizer with a 1 MHz reference oscillator and a 20 kHz step size would
require a &I value of
1 MHz
= 50
20 kHz

4.90

A counter with at least 6 bits is required to accomplish this division. A
&I counter needs at least Zog2(M) bits or flip-flops so the PLL synthesizer
IC must have the capacity to perform the required frequency division. The
&I counter is usually set at power up to a single value of m.

Phase Comparator
The phase comparator is one of the most subtle components of the synthesizer. Its function is to compare the phase of the divided-down reference
oscillator (at fss = fREF/2M) with the phase of the divided-down output frequency (at fvco/2v).
When locked, the phase comparator output contains information
regarding the phase noise and stability of the VCO compared to the reference oscillator. If the VCO’s phase (or frequency) is correct, the loop uses the
phase comparator error signal to correct the problem. From the perspective

of a control system, the output of the phase comparator is an error signal.
and the action of a control system is to drive the error signal to zero.

Frequency Acquisition
The phase comparator often performs a second function: frequency
acquisition. When the synthesizer is tuned to a new frequency, new data is
written to the +N counter and the PLL is unlocked. Initially, the VCO
remains at the original frequency. Since the two signals applied to the
phase comparator (fss = fREF/Mand fvco/N> are different frequencies,
measuring the phase difference between them is meaningless.
In this situation, the data from the phase comparator will be high
enough in frequency so that it will not pass through the PLL’s loop filter.
The feedback path is effectively broken and the VCO will drift. In these situations, we need a method of gross frequency acquisition. The control signal should tell the VCO to either tune up or tune down in frequency. The
digital phase detectors present in modern PLL frequency synthesizer ICs
contain an automatic frequency acquisition feature. When the difference
between the input frequencies is large, the error signal steers the VC
the correct direction.
These digital phase detectors are referred to as phaselfrequency deteectors. They consist of a series of flip-flops that keep track of the edges of the
input waveforms. When significantly more edges are derived on one input,
the phase detector recognizes different input frequencies and acts to drive
the VCO in the proper direction. Although digital phase detectors handle
acquisition well, they are the major source of the close-in spurious products
on the frequency synthesizer’s output signal. These sampling sidebands are
discrete signals present on the output of the PLL synthesizer. They fall at

where fo is the desired output frequency of the synthesizer and
step size of the PLL synthesizer.

Cqs

i s the

The phase/frequency detectors produce digital waveforms that are filtered by the loop integrator to provide the control voltage for the VCO.
Some of the energy from the digital waveform passes through the synthesizer’s loop filter and FM modulates the VCO, producing the sampling sidebands. Figure 4-5 shows the sampling sidebands of a PLL frequency synthesizer. This oscillator has a tuning step of 50 kHz.

Loop Filter
Designers set loop parameters via the loop filter. The loop filter determines the tuning speed, the settling time, the spurious suppression and the
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phase noise performance of the synthesizer. However, all of these parameters are not independently adjustable. The filter is simply a LPF with carefully controlled gain and phase characteristics but the design involves
many tradeoffs (see references 10 through 13).

Voltage-Controlled Oscillator
Voltage-controlledoscilhtors (VCOs) are tunable oscillators whose frequency is controlled by an applied voltage. The VOC determines the tuning
range of the synthesizer and sets the phase noise and spurious characteristics of the output.

Tuning Range
In general, a VCO that tunes over a wide frequency range has a higher
phase noise than a narrow-range VCO. To explain this effect, we first need
to define VCO tuning constant gain, which is the VCO’s change in frequency divided by the corresponding change in input voltage or,

kvco =-

Afvco

4.92

fwco

Let us assume we have two VCOs, which both require an input range of 5
to 20 volts to tune over their entire frequency range. The first oscillator,
tuning over a 10 MHz range, has a tuning constant of

OSCILLATORS

- 10 MHz
_-

I

4.94

15 Volts
MHz
~ 0 . 6 7-Volt;

The second oscillator (100 MHz tuning range) has a tuning constant of
4.95
- 100 MHz
-

15 Volts
MHz
=6.67
Volt
~

Imagine that there is a small amount of noise present on the VCO’s
input line. This noise can be thermal noise or it can be an unwanted, discrete signal. Let us assume the undesired input voltage has an RMS value
of 10 ,uVRNls.
The 10 pVms of noise will cause a frequency deviation of
4.96

on the narrow-tuning VCO. That same 10 pVRMs of noise will cause a frequency deviation of
4.97

The wider the VCO tunes, the more susceptible it is to undesired signals
on its tuning line. If the undesired signal is noise, then the oscillator exhibits
excess phase noise. If the undesired signal is a discrete waveform, the oscillator will exhibit discrete sidebands. Although it helps to decrease the
amount of thermal noise present on the control line of a VCO, some of the
noise is due to the components internal to the VCO itself.
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Phase Noise
A PLL frequency synthesizer is a control system that is capable of controlling the phase noise of the output only within the loop bandwidth. The
loop bandwidth covers
f0-fLBW

to

fO+fLBW

4.98

where
f o is the current output frequency of the synthesizer,
fLBW is the loop bandwidth of the PLL synthesizer.
Inside the loop bandwidth, the PLL disciplines the VCO phase noise with
the phase noise of the reference oscillator. Consequently, inside the loop bandwidth, the phase noise of the VCO is suppressed. At fiequencies well outside
of the loop bandwidth, the control loop does not afTect the VCO phase noise.
The phase noise at these offsets approaches the phase noise of the basic VCO.
The PLL phase noise in the neighborhood of the loop bandwidth is a
composite of the multiplied reference noise and the undisciplined VCO
noise. It we want low phase noise outside of the loop bandwidth, we must
choose a VCO with low phase noise at the offsets of interest.

4v
The +N counter in concert with the reference oscillator and the tM
counter controls the output frequency of the loop. In normal operation,
both the reference and the +M counter are fured. The +N counter is
changed to alter the output frequency of the synthesizer. To shift the output frequency, a new number is written to the +N counter. When the iN
counter is dmnged, the loop unlocks for a periodof time and then settlesto the new
output fkquenq. This is the t u n q speed of the synthesizer.

Spectrum
Figures 4-3 through 4-8 show various views of the spectrum of a PLL
frequency synthesizer.

PLL Design Tradeoffs
The design of a PLL synthesizer involves many trade-offs. The following discussion focuses on how to define and quantifjl the various tradeoffs
and their interaction.

Rules of Thumb
The list below contains generalized design guidelines for typical PLL
frequency synthesizers.
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A VCO with a large tuning range is noisier than a similar VCO with a
small tuning range.

A PLL frequency synthesizer containing a VCO with a large tuning
range will tend to have stronger close-in spurious signals than a synthesizer containing a VCO with a small tuning range.

A PLL frequency synthesizer with a large loop bandwidth will tune
faster than a synthesizer with a small loop bandwidth.
Synthesizers whose loop bandwidths are a large percentage of the step
size will exhibit higher close-in spurious signals than an equivalent
synthesizer with a small percentage bandwidth.
Because of stability concerns and other realization factors, the loop
bandwidth is typically less than 10% of the synthesizer’s step size.
The phase noise of the output is determined by the VCO for offsets well
outside of the loop bandwidth. The phase noise of the output is determined
by the reference oscillator for offsets well inside the loop bandwidth. Near
the loop bandwidth, the phase noise is a combination of both.
Synthesizers with small step sizes must have small loop bandwidths.
Therefore, these synthesizers will tend to tune slowly and their VCO’s
must have good close-in phase noise.

Phase Noise
In order to realize a low-phase noise synthesizer, we need either
0

0

a wide loop bandwidth, which will let us discipline the phase noise of
the VCO to large offset frequencies, or
a narrow loop bandwidth and a VCO whose phase noise is acceptable
for offsets greater than the loop bandwidth.

A wide loop bandwidth implies a large step size because the loop bandwidth
is limited to 10% of the step size. Therefore, PLL frequency synthesizers
with small step sizes, low phase noise and a wide tuning range are dificult
to build. One of the following configurations is much easier to realize.
*
0

0

Small step size and low phase noise, but narrow-tuning range.
Small step size and wide tuning range, but with poor phase noise.
Low phase noise and wide tuning range, with large step size.
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Well-designed communications receivers recognize these limits in their conversion schemes. The first LO of a wideband receiver will often tune over a
very large range but with a 1 MHz step size. This is the coarse-step synthesizer. The large step size allows for a large loop bandwidth and good
phase noise performance. The coarse-step synthesizer places the signal of
interest somewhere in the first IF filter. The first IF filter must be wide
enough to handle this situation.
The second LO has a small step size (perhaps the ultimate step size of the
receiver) but it tunes over only 1MHz. The small step size forces a narrow loop
bandwidth. The phase noise of the raw VCO will be low since the VCO is narrow-tuning. This synthesizer is often d e d afine-step synthesizer.

Spurious Signals
The magnitude of the sampling sidebands is determined by the digital
phase/frequency comparator, the loop filter and the VCO tuning characteristics. Commonly used digital phase/frequency detectors produce discrete
signals at their output ports even when the synthesizer is locked. These signals contain strong components at the step size frequency and its harmonics. When the synthesizer has a step size of 1 kHz, the signals present at
the phase/frequency detector outputs have strong components at 1 kHz, 2
kHz, 3 MZ,and so on. We have discussed the dangers associated with large
VCO gains. The larger the VCO gain, the more sensitive is the VCO to noise
or other unwanted signals on its control line.
Figure 4-56 shows that the loop filter lies between the digital phase/frequency detector and the VCO. We can think of the loop filter as a low-pass
filter whose cut-off frequency is directly related to the loop bandwidth of the
synthesizer. The loop filter can be used to suppress the digital waveforms
from the phase/frequency detector. The lower the cut-off frequency of the
loop filter, the more suppression the filter provides for the digital waveforms. This implies that synthesizers whose loop bandwidth is a small percentage of the step size will tend to have lower spurious output power than
synthesizers with large percentage bandwidths. For example, if two PLL
synthesizers are identical except that one has a 1 kHz loop bandwidth and
the other has a 10 kHz loop bandwidth, we would exped to see a lower spurious output power from the synthesizer with the 1kHz loop bandwidth.
On the one hand, a large loop bandwidth provides better phase noise.
On the other hand, the narrow loop bandwidth offers lower close-in spurious signal power. Separate filters are often added to the loop whose sole
purpose is to suppress the sampling sidebands. The phase and magnitude
response of these sideband suppression filters must be carefully evaluated,
lest they introduce instability.
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Tuning Speed
Normally, the synthesizer with the widest loop bandwidth will tune the
fastest. Control signals with a wide loop bandwidth travel quickly around the
loop and the loop can react quickly. In receivers that contain several PLL frequency synthesizers,the tuning speed is determined by the PLL with the narrowest loop bandwidth and thus by the synthesizer with the smallest step size.
A second option for the fine-step synthesizer is a numerically controlled
oscillator (NCO). As will be shown, a NCO offers a very fine step size and
a very quick tuning speed though its spurious output is only fair and its
frequency range is limited.

4.17

Numerically Controlled Oscillator (NCO)

A numerically controlled oscillator (NCO) generates sine waves using a
digital counter, ROM tables and a digital-to-analog converter (DACs). The
NCO offers very small step sizes (< 1 hertz, in some cases) and very fast
tuning speeds. However, the output exhibits many nonharmonically related spurious signals at unusual (but predictable) frequencies. The maximum
output frequency of NCO is limited but technology will advance the speed.
Figure 4-57 shows the basic configuration. The NCO uses an n-bit phase
accumulator driven at a reference clock at fREp At each rising edge of the reference clock, the phase accumulator output increases by the phase increment,
PE.The output of the phase accumulator is fed into a read-only-memory(ROM)
which converts the phase information into a digitized sine wave of b-bits.
n

Binary
Adder
(Phase
increment)
Phase
Accumulator

n

If
1

+
n

l

b

Phase/cos
Table

-

Reference Frequency fREF I

Figure 4-57 Simplified block diagram of a numerically controlled oscillator U?CO). Practical NCOs have modifications that allow modulation.
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Qpemtion
To provide a simple example, we will assume a 4-bit data path (n = 4).
"ypically, NCOs use a larger number of bits (some devices accommodate a
32-bit data path). The frequency resolution of an NCO is related to the
number of bits in its data path.
The output of the binary adder is the modulo-16 sum of the two inputs.
The user applies the phase increment at the Piport and, as will be shown,
this value controls the output frequency&,. The &'cos) table is a ROM containing a digitized sine wave. The output of the phase accumulator is zero to
2n-1 which corresponds to 0 to 359.999.. . degrees of the sine wave. The number of bits we apply to the +/CON
table is the phase resolution of the NCO. In
the example, the NCO's phase resolution is four bits.

Table 4-2 NCO phase accumulator

The value of Pidetermines the output frequency. The higher the value of
Pi,
the higher the output frequency. Assume that the phase accumulator initially contains all zeroes and that Piis 01, (= OOOlg). At every rising edge
of fREF, the phase accumulator copies the data present on its input port to
its output. The phase accumulator holds this data on its output port until
fREF produces another rising edge.

On successive rising edges of the clock line, the phase accumulator output becomes 02, (OOIOB), 03H (OO1lB), 04, (OIOOB), 05, (01OlB), 06f1
(011OB,, 07, ( O 1 l l B ) , ... , OF, (llllB),
00, (OOOOB) ... The phase accumulator output is incrementing by 1every time we get a rising edge on the f R E p
line. When the phase accumulator gets to 15 (OF, = llll,), the output
rolls over and starts at 0 again. In effect, we have built a modulo-16 counter that increments by 1on each cycle of the clock.
When P, is 02, (OOIOB), the modulo-16 counter increments by 2s. When
P, is 3, we have a counter that increments by 3s, and so on. In effect, we
have built a user-programmable frequency divider. If we assume that the
clock line provides a rising edge every micro-second (i.e., a 1 MHz clock
rate), then the Table 4-2shows the output of the phase accumulator over
time for various values of P,. Figure 4-58 shows this data graphically.

1

Phase Accumulator

output

P,= 1

time (psec)

Figure 4-58 The output of the phase accumulator of Figure 4-57 for different values of phase increment P,. This is the data from Table 4-2.
Frequency of Output
Using the 1NIHz clock rate, the output frequency is
4.99

For any Piand fREF, the output frequency is
Spur Level (due to PM) = -6p

+ 5.17

(dB)

4.100

where
n = the number of bits carried by the phase accumulator and binary adder,
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fREF =

the reference frequency,

Pi= the phase increment supplied by the user.
More Bits
We can increase the number of discrete frequencies available from the
NCO by increasing the number of bits carried through the NCO. The number of discrete frequencies generated by an NCO is given by
Spur Level (due to AM) = -6.0%

+ 1.76

(dB)

4.101

The number of frequencies is not 2 n because of sampling effects in the DAC
and rollover effects in the phase accumulator. The practical number of frequencies produced is on the order of 80% of the 2n-1 figure.

NCO Phase Noise
Since the output frequency of a NCO is less than the input frequency,
the output can have better phase noise performance than the input by the
20 log(r2) rule.

Tuning Speed
As long as the phase increment (Pi>is constant, the NCO output frequency will be constant. When we change PE,the frequency of the NCO
changes. Frequency changes are instantaneous and phase-continuous. In
other words, there is no abrupt transient waveform present at the output of
the D/A converter. The time-domain waveform is smooth and continuous. If
we examined the output of a PLL frequency synthesizer as it changes frequency, we would see a complex waveform full of transients. At the instant
we change the +N counter in the PLL IC, we generate a complex transient
in the loop, which is followed by the VCO sweeping to the new frequency.
Modulation
The digital nature of the NCO provides excellent control of the output waveform. The frequency changes are phase-continuous. A phase continuous waveform has definite advantages when we use complex waveforms to transmit digiLdl data. Phase-continuous waveforms, for example, require less freguency
spectrum than other waveforms. With some minor changes to the architecture
of Figure 4-57, we can accommodate phase, amplitude modulation and m u e n cy modulation. We can also configure the NCO to produce both sine and cosine
waves. The two signals, always 90"apart, are usefid in basebanding circuitry.

Practical Aspects of NCOs
NCOs generate spurious signals along with the desired output tone. The
source of these signals lies in the realization details of Figure 4-57. Figure 459 shows the n-bit phase accumulator divided into two parts: one part i s p
bits wide, the other is q = n - p bits wide. A typical commercial NCO IC
contains a 32-bit phase accumulator. If we fed all 32 bits into the phaselcos
table, we would need over four billion addresses in the phaselcosine table.
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7

P
to D/A

T

Figure 459 A more practical block diagram of a NCO. Only the most significant bits of the phase accumulator are passed to the phaselcos lookup table.
We carry the full n bits in the phase accumulator and binary adder,
which produces a very small frequency step size. Only the most significant
bits (MSBs) of the phase accumulator will be presented to the phasekos
table. The valuep is often in the range of eight to twelve bits. This phase
truncation is one source of spurious NCO signals.

Phase Truncation
Looking at Figure 4-59, let us assume a seven-bit phase accumulator
(n = 7) and feed the four MSBs into the phasekos table (p = 4). The phase
accumulator “knows” the output phase to seven bits but it is not passing
that knowledge on to the phaselcos table lookup ROM. Consequently, the
ROM always looks up a slightly wrong phase value and the DAC output is
always slightly incorrect. Let us assume P , is 3. For each clock cycle, the
state of the NCO is shown in Table 4-4.
The first two cycles (clocks 0 through 10 and clocks 11 through 21) are both 11
cycles long. The third cycle (clocks 22 through 31) is 10 cycles long. At clock
#32, the state of the NCO is identical to its state at clock #0, and this cycle will
repeat. The NCO will perpetually produce this string of
[ll,ll,lO,ll,ll,lO,ll,ll,lO...I long cycles (two longcycles, then a short cycle).
The average fiequency is correct but the instantaneous frequency is
always a little off. Thus, the NCO output always exhibits a little frequency
modulation, causing output spurs. The exact level of the spurs and their fiequencies depend on the number of bits carried through the phase accumulator
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and on how many bits we use in the sine lookup table. Some numbers produce
no FM at all because they do not affect the bits not presented to the sine lookup
table. As an exercise, work though Figure 4-59 and Table 4-4 when Pz is 4.

Table 4-4 NCO Phase Truncation.

Figures 4-60 through 4-63 show NCO spectra generated under the following conditions: Ten-bit phase accumulator (n = 10) and a five-bit
$/COS$ table lookup (p = 5 ) . The clock, fREF,runs at 100 MHz
*

Figure 4-60. Phase increment Piset to 32. (The frequency is 3,125,000
hertz.)This is a ''perfed"PLnumber which generates a spectrum with no FlM.
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NCO Powv Specbun (I = 3 125OOO OOO MHr)
10

Figure 4-60 NCO output for Pi= 32. This is a ‘>perfect* Pi which generates no unwanted spurious signals.

Figure 4-61. Ten-bit phase increment is set to 33. (The frequency is
3,222,656.25hertz.) This is one step size away from the perfect Pisetting. A one-bit change in the phase increment has changed the output
spectrum from almost no spurs to spurs that are only 30 dB below the
desired output. This is a very common effect in NCOs.
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Figurn 4-61 NCO output for Pi= 33. Although we am only one step size away
from the “‘prfect”Piof 32, the spurious output has changed signifiantly.
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Figure 4-62. Pi is set to 38. (The frequency is 3,710,937.5 hertz.)
Spurious products are still only 30 dB below the desired signal but their
frequencies have changed.
NCO Power Spectrum (f = 3 222 656 250 MHz)
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Figune 462 NCO output for Pi= 29. The spectrum is similar to Figure 461 but
the frequencies and amplitudes of many of the spurious signals have chunged.
*

Figure 4-63. Piis set to 29 (The frequency is 2,832031.25 hertz).
NCO Power Spectrum (f = 3 710 937 500 MHz)
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Figure 4-63 NCO output for Pi = 38. Again, the amplitudes and frequencies
of the spurious signats are radically different porn Figures 4-62 and 4-63.
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Figures 4-64 and 4-65 show the effect of increasingp, the number of
bits sent to the $/cos$ lookup table. In both cases, Piis ten bits and the
value is 17. The fREF clock is 100 MHz. This configuration produces an output signal at 1.660 156 250 MHz.We are sending 5 bits phase resolution to
the sine lookup table in Figure 4-64.
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Figure 6-64 NCO output when sending 5 bits of phase resolution to the
$/cos$ lookup table. Pi= 17, fRef = 100 MHz and the output fhequency is
1.660 156 250 MHz. The worst-case spurious products are 30 dBc.
In Figure 4-65, we are using 8 bits of phase resolution. More bits of phase
resolution passed to the lookup tables generates fewer spurious signals. A
rough approximation of the NCO spur level due to phase quantization is
Spur Level (due to PM) = -6p

+ 5.17

(dB)

where p = the number of bits sent to the $/cos$ table.
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NCO Power Spectrum (8 Bits of Phase Resolution)
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Figure 4-65 The NCO from Figure 4-64 except we are sending 8 bits of
phase resolution to the @lcos@lookup table. The three extra bits have significantly decreased the number of spurious products in the NCO output
and have also decreased their magnitude to 50 dBc.
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Figure 4-66 One method of randomly dithering the phase of an NCO using
a pseudo-random PN Sequence.
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The spurious signals present on an NCO’s output are due to repetitive
events occumng in the NCO. If we can force those events to become more
random, the coherent spurious products are changed into a more noiselike
phenomenon. Figure 4-66 shows one method of randomizing the output of
the phase accumulator.
The PN Generator is a pseudorandom sequence generator that produces
semirandom numbers. We add this random noise to the output of the phase
accumulator, then pass the randomized data on to Phase/Cos table. Figures 4
67 and 4-68 show the output of the NCO with and without phase dithering.

Figure 4-67 The output of a NCO without the phase dithering mechanism
of Figure 4-66. The spurious signals are coherent tones which are 30 dBc.

Figure 4-68 The output of a NCO when we dither the oscillator’s phase.
The spurious signals have been converted into pseudo-random noise and the
worst-case spurious signal is now 35 dBc.
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We have reduced most of the spurs below 50 dBc. The strength of the
two strongest spurs are reduced about 10 dB, which raised the noise floor
over the entire output bandwidth. We did not remove spurious energy; we
simply spread it.
Figure 4-69 shows the architecture of a commercial NCO. This IC features a 32-bit data path, an eight bit digital-to-analog converter (DAC',
path, and both cosine (in-phase) and sine (quadrature) output ports.
CARRY
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t
_I _ _ _
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-
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Figure 4-69 The architecture of a commercial NCO IC.
DIA Converters (DACs)
The distortion in the figures shown thus far is due only to phase truncation. The NCO output signals are represented to full floating-point precision, which means we have not considered DAC distortion.
The NCO of Figure 4-69 contains a 10-bit Digital-to-Analog converter
(DAC) to transform the digital output of the sine ROM into an analog waveform. Because of its digital nature, the NCO can express the instantaneous
value of a sine wave only with finite precision. The output waveform is
quantized, which means that there is a nonzero error between an ideal sine
wave and the output waveform of the NCO.
There are two nonlinear effects at work in an actual DAC. One is the distortion the DAC introduces because it represents an analog waveform in discrete steps. The second source of distortion arises from DAC nonlinearities.
DACs exhibit missing codes, non-uniform step sizes and a host of other
Parameters that generate nonlinear distortion. Currently, these parameters
are the ultimate limit to NCO spurious performance.
Amplitude Quantization
Let us ignore phase truncation effects and concentrate on the effects of
amplitude quantization. Amplitude quantization behaves similar to phase
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truncation. The frequency and amplitude of the nonlinear products are
strong fundions of Pi,
the phase increment, and of b, the number of bits fed
to the DAC. If the DACs are perfed, larger values of b lower the noise on the
NCOs’ output. Figures 4-70and 4-71 show two identical NCOs: one uses an
8-bit DAC, the other uses a 12-bit DAC. The nonlinear products shown in
these figures are a result of DAC nonlinearities.

Figure 4-70 NCO output for an ideal 8-bit DAC. The spurious products are
about 70dBc.

Figure 4-71 NCO output of Figure 4-70 when we increase the number
DAC bits to 12. The spurious products are now about 90 dBc.

of

OSCILLATORS

Figure 4-72 NCO output tuned to one frequency. Note the quantity and
character of the spurious signals.

Figure 4-73 The NCO from Figure 4-72tuned to a slightly different frequency. The quantity and strength of the spurious products of a NCO can
change dramatically with slight changes in frequency.
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Compare Figures 4-72 and 4-73. Both NCOs use %bit DACs but are
tuned to slightly different frequencies. The character of the spurious signals is very different. Agam, the distortion presented here is caused entirely by the DAC nonlinearities. We can separate the NCO’s output waveform
into two components: the ideal sine wave and an error signal. The NCO
output signal is the time-domain sum of the ideal sine wave and the error
signal. Likewise, the frequency spectrum of the NCO’s output is the sum of
the frequency-domain plot of the ideal sine wave plus the frequencydomain plot of the error hnction.
The nature of the error function depends upon the exact frequency the
NCO is generating and the number of bits in the DAC converter. For example, at some frequency settings, the NCO will generate a sine wave whose
exact values just happen to coincide with the values that the DAC converter can produce. The error function is zero and the output spectrum is a
pure, ideal sine wave.
With other frequency settings, the exact values of the ideal sine wave
and the NCO hardly ever correspond and the result is a complex, nonzero
error function with a complex, nonzero frequency spectrum. The error
functions are repetitive and any repetitive signal present in the error waveform translates into unwanted spurious products in the frequency domain.
The repetition rate of the error function will be related to the desired
NCO output signal. That does not mean the repetition rate of the error
function is the same as the desired output signal. There is no simple way to
determine the spurious output frequencies given the architecture of an
NCO and the desired output frequency.
The NCO spur level due to DAC quantization is roughly
Spur Level (due to AM) = -6.0%

+ 1.76 (dB)

4.103

where b = the number of amplitude bits in the DAC.

Nonideal DACs
Nonideal D/A converters also contribute to the spurious output signals
present in a NCO. In an ideal DAC converter, each output state differs from
its immediate neighbor by the same amount (A). For example, if we apply
some binary number N to the input of a DAC converter, the output is VN.
If we apply N -1 or N + 1 to the input of the DAC, the outputs should be
V- A or V + A, respectively. This is a linearity specification. Since actual
DAC converters are nonlinear, this effect causes the spurious output spectrum to increase. As of this writing, non-ideal DAC performance is the limiting factor on NCO spurious performance.
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Crystal Reference Oscillators

An uncompensated crystal oscillator can provide at least 2100 ppm of
stability over a 0°C to 70°C temperature range. At high frequencies and
small channel spacings this accuracy is not sufficient.
Oscillator mand&urers have developed several techniques to improve the
accuracy and temperature stability of a basic crystal oscillatm The choice of a
particular type of compensation is determined by the required stability. The next
most significant specificationsare usually power consumption and physical size.
Qvenized Crystal Oscillators (OCXO)
One way to prevent an oscillator from drifting with temperature is to
maintain the resonant element at a constant temperature, which is the
basis for the OCXO. In an OCXO, the crystal and its associated electronics
are mounted inside a temperature-controlled module. This keeps the temperature of the frequency-determining elements constant. The oscillator is
designed to work at a temperature that is above the highest expected ambient (usually around 8OOC).
The advantage of an OCXO is its stability, which is unequalled by other
oscillator types. Typical fractional stabilities are 2 1ppm to 2 100 ppb for a
temperature range of -55°C to +85"C. Oscillator manufacturers can obtain
better stabilities over narrower temperature ranges.
The disadvantages of OCXOs are power, size, warm-up time and cost.
The oven power is determined mainly by the amount of insulation used and
the temperature differential between the oven and the external environment. Increasing the amount of insulation to reduce heat loss requires an
increase in size and results in a trade-off between power and size.
Warm-up is defined as the time required for the oven to reach operating temperature and for the frequency to stabilize. It depends largely on
the available power and the thermal mass of the oven. Typical warm-up
times are from 2 to 10 minutes.
OCXOs require power for the oscillator, the oven and the oscillator's
output stages. Oscillator manufacturers can design their units to run off a
single power supply but dual supplies are helpful. The power supply feeding the electronics has to be well-regulated and low noise (typical values are
5 to 24 volts with 12 volts being a happy medium). The oven supply can be
noisy and not well-regulated but it must be able to supply from 5 to 20
watts at turn on and 1to 3 watts after the oven is up to temperature.
Most OCXOs are tunable over a small frequency range, either with an
adjustment screw internal to the device or with a voltage control
(VCOCXO). The control feature will affect both the stability and the phase
noise of the unit. typical fractional tuning range is 2 1ppm.
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Temperature-Compensated Crystal Oscillators (TCXO)
Temperature-compensatedcrystal oscillators (TCXOs)are less stable in
frequency than OCXO’s. However, the warm-up time of the TCXO is much
shorter (100 msec is typical) and their power consumption is much less (15
to 150 mW). TCXO’s typically cost only a fraction of an OCXO.
A TCXO uses a temperature-compensation network to discipline the
basic crystal oscillator. Temperature sensitive components in the compensation circuitry tune the oscillator to offset the basic oscillator’s temperature drift. With the usual compensation techniques, frequency stabilities of
t 1ppm over a -55°C to +85”C temperature range are realizable. Designers
can achieve better stabilities over narrower temperature ranges.
Most TCXOs are tunable over a small frequency range to account for
aging. The typical tuning range is +5 ppm, although ranges of up to 250
ppm can be realized. As with the OCXO, a large tuning range generally
degrades the phase noise of the oscillator. The phase noise of a TCXO is typically a little worse than an OCXO because of the temperature compensation network. TCXOs require power for the oscillator, the compensation
network and the output circuitry. They can usually fhnction with just one
power supply.

Digital Temperature-Compensated Crystal Oscillators (DTCXO)
The digital temperature-compensatedcrystal oscillator (DTCXO)uses a
digital temperature compensation network or a microprocessor to discipline the basic crystal oscillator over temperature. A microprocessor inside
the DTCXO monitors the temperature of the resonator and other critical
elements, then adjusts a temperature-compensating network to accommodate for the oscillator’s frequency shift. The microprocessor lets the designer generate complex tuning curves based on current temperature, supply
voltage and the recent temperature history of the resonant element.
Disadvantages include large physical size and increased complexity. The
compensation network slightly increases the phase noise of the oscillator.

Uncompensated Crystal Oscillators (XO)
Uncompensatedcrystal oscillators are simple crystal oscillators with no
temperature compensation. They are used in low precision applications
such as digital system clocks. Typical frequency stability is in the 210 to
~ 1 0 0 0ppm range, depending upon the cost and operating temperature
range. Typically, hybrid assembly techniques are used to achieve small
physical size and large production volume. XOs are usually smaller in size
and less expensive than TCXOs.

Oscillator Design Summary

4.19

Single Sideband Phase Noise
The single sideband phase noise of an oscillator is the oscillator’s power
spectrum as measured on a spectrum analyzer (in a 1-hertz bandwidth). We
are also assuming the phase noise of the spectrum analyzer is invariably
better than the phase noise of the device under test. In equation form, the
single sideband phase noise is
,

Power in a 1- hertz bandwidth measured f, from the Carrie.
Total signal power

3

C(f,, = -

p(fm

)1 hertz

Total signal power

Leeson Model of a Noisy Oscillator
An approximation for the single-sideband phase noise of a generic
oscillator is

where
L(fJ = the single-sideband phase noise of the oscillator,
k = Boltzmann’s constant = 1.38 E-23 watt-sec,
F = the noise factor of the active device (in linear terms),
7’= the physical temperature in K,
Paus = the average power taken from the oscillator,
fo = the carrier or center frequency of the oscillator,
fm = the offset from the carrier frequency,
Qt = the loaded Q of the oscillator’s resonator.

Phase Modulation
The time-domain expression for a sinusoidally phase-modulated wave is

where
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Ahk= the peak phase shift,
f, = the modulating frequency,
fo = the oscillator’s carrier or RF frequency,
urn= 2xf, = the modulating angular frequency,
wo = 2xfo = the oscillator’s angular frequency.
According to Fourier analysis this equation can be rewritten as

where
Jn(A#pk)= the Bessel hnction of the first kind, order n, with an argument of A#pk.

Small Conditions
Rather arbitrarily, we say the small p approximations are valid when
A e P k 5 0.2 radians

For small values of A#pk, we note the following relationships:
1. The value of Jn(A#pk)
is very close to unity or

~e~~5 0.2

J ~ ( A =~: 1 ~for~ )

The power in the component at fo is

The power in the modulated carrier approximately equals the power in the
unmodulated carrier.

2. The value of Jl(A#pk)is

The power in each of the components at fo

&

f m is

(o.2)2

5-

4

0.010 = -20 dB

The sidebands of a phase modulated signal under small /? conditions will
always be less than 20 dB below the carrier.
)
~
3. The values of the rest of the Bessel functions J 1 ( A # &through
are zero.

~

(

Applying these approximations, the Fourier spectrum for a PM modulated
wave under small /? conditions is

@

m )t

Small j3 Conditions and Single-SidebandPhase Noise
Under small p conditions, L(fJ and

In decibels,

@RM&,>

are related by

A

~
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When the small p approximationsapply, we add 3 dB to .c(fm) to find &(fm).

Phase Noise and Multipliers
Phase noise increases with multiplication as

= 20 log(n)

in dB

This equation indicates that each doubling of the carrier increases the
phase noise measured at f m by 6 dB. Likewise, each halving of the carrier
results in a decrease in the phase noise measured at f m by 6 dB.

Incidental Phase Modulation
The incidental phase modulation (IPM) of an oscillator is

For small 8, we can write

where fa and f b represent the lower and upper frequency boundaries of the
demodulated signal.
If IPM is the limiting factor in a receiver, the ultimate SNR at the output will be
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= 2*log[--)
WRMS

IPM
where A h M s is the RMS phase deviation of the signal we want to receive.

Incidental Frequency Modulation
Incidental frequency modulation (IFM) is defined as

For small p, we can write

where fa and f b represent the lower and upper frequency boundaries of the
demodulated waveform.

If IFM is the limiting factor in a receiver, the ultimate SNR present at
the output of a receiver will be

IFM
where A h M s is the RMS frequency deviation of the signal of interest.

NCO Spur Levels
According to a rough approximation, the NCO spur level due to phase
quantization is
Spur Level (due to PM) = -6p

+ 5.17

(dB)
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where p = is the number of bits sent to the &os+ generator.
The NCO spur level due to DAC quantization is approximately
Spur Level (due to AM) = -6.0%

+ 1.76

(dB)

where b is the number of amplitude bit in the DAC.
Frequency Accuracy
If the drift of an oscillator is specified as f o t A ppm, the frequency
range will be
fRange = f o

i[Ai;$pmfo]

If the drift is specified as f o t A%, the oscillator’s frequency will fall in the
range of
fRange = f o

4.20

’[100
A in %

fO]
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5
Amplifiers and Noise

Noise is the most impertinent of all forms of interruptions. It is not only
an interruption, but also a disruption of thought.
- Arthur Schopenhauer
He that loves noise must buy a pig.
-John Ray
The noise is so great, one cannot hear God thunder.
- R. C . Trench

5-1

Introduction

Many noise properties are statistical in nature. Thermal noise, also known
as white or Gaussian noise, is the fundamental limit on the smallest signal a
receiving system can process. In this chapter, we will exarnine noise from a
mathematical point of view and relate this knowledge to receiving systems.

5.2

Equivalent Model for a RF Device

Figure 5-1 shows the general noise model that will be used throughout
this chapter. The signal source can be a signal generator, antenna or another
RF amplifier. We will model the signal source as a voltage source Vs in series
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with a resistor Rs. The resistor Rs represents the output impedance of the
signal source. Rs can also be used to account for the noise present at the output port of the signal source. We will assume this resistor is at some noise
temperature (Ts).Ts is not the physical temperature of the signal source but
accounts for the noise power present at the output of the signal source.
Eventually, we will replace the source notation (Rsand Ts ) with an antenna
notation (Rantand Tan,)
to emphasize the receiving asof the discussion.

Figure 5-1 Noise model of a receiving system.
The receiving system can be a s w e RF amplifier (as shown in Figure 5-1)
or it can be a complex system of amplifiers, mixers, attenuators and oscillators.
At this point, we will only look at its input and output ports. Rgure 5-2 shows
the model we will be using to describe an average receiving system.

Figure 5-2 M&

of

a receivingsystem emphasizingthe mise aspects of the &vice.

AMPLIFIERS AND NOISE

The receiver accepts power from the external source. The system measures
the power delivered to R, and adjusts its internal voltage source Vsrs so that
a fixed multiple of the input power is delivered to RL,i.e.,

where
P,, = the power delivered to the system's input resistor by some external source (in linear units such as watts or milliwatts).
PEL = the power delivered to the load resistor RL by the system (in linear units).
GP = the power gain of the system (usually > 1, in linear units).
We can write Equation 5-1 in a logarithmic format

where
the power delivered to the receiving system's input resistor
by some external source (in dBm).
PRL,dBm = the power delivered to the load resistor RI, by the receiving
system in dBm.
G e d B = the power gain of the system (usually > 0 dB in dB).

PLn,dBm =

We can also write

where
= the power delivered to the receiving system's input resistor
by some external source in dBW.
PEL,,,
= the power delivered to the load resistor RI:by the receiving
system (in dBj.

Pin,dBW

In other words, the power gain of a system does not change with how the
power is described (whether it is in dBW, dBm, or dBf).

Mental Model
A convenient mental model of the RF system in Figures 5-1 and 5-2 can
be established as follows.
e

The system measures the input power dissipated in Rsys.It multiplies
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this power by some power gain Gpand delivers the multiplied power to
the load resistor RL.

0

0

The waveform developed across the output resistor (RL) is a duplicate
of the waveform developed across R,.
The input power dissipated in R , includes both signal and noise power.

Power Gain and Noise
The receiving system does not register the difference between signal
power and noise power. The external source, an antenna, for example, will
deliver both signal power and noise power to R,. The system will add
noise of its own to the input signal, then amplify the total package by the
power gain.

Noise Temperature
The temperature (TVJ of the input resistor R , is the noise temperature
of the system. Tsrs is a direct measure of the noise added by the system.
Although there are many sources of noise inside the receiving system, we are
going to “blame” the temperature of the input resistor. We universally assume
the noise temperature of the output resistor (Routof Figure 5-2) is 0 K. In
other words, the output resistor is noiseless.

Power Supply
The receiving systems of Figures 5-1 and 5-2 have connections to both
a power supply <Vcc>
and ground. Extraneous noise can leak in through
these connections if the power supply is not adequately filtered.

Matching
Most of the analysis in this chapter assumes that the various components
are matched, i.e., that Rs = R , = Rout= RL.The actual system will deviate
from this ideal. (We will discuss the effects of mismatching later.)

5.3

Noise Fundamentals

If we measure the AC voltage present across the terminals of a physical
resistor, we w i l l find that there is a voltage present. This is thermal noise. The
effect responsible for the noise involves the physical temperature of the resis-
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tor. Since the resistor exists at some temperature above absolute zero (0K),
the atoms and electrons inside the material are in constant, random motion.
The hotter the resistor, the faster the electronsjiggle. This jiggling represents
a random current and, since we have a random current moving through a
resistive material, there will be a random voltage present across the material. Thermal noise places a limit on the smallest signal we can process. Other
sources of noise are independent of the thermal effect.

Thermal Noise
Figure 5-3 shows a resistor of resistance R s;Z at a physical temperature
of T K. This resistor is connected to a lossless and noiseless band-pass filter whose noise bandwidth is B,.
Lossless BPF
sets noise
bandwidth B,

/-A

i\

\,

----

Resistor (W)
at physical
temperature
Tok

Figure 5-3 Model of a receiving system emphasizing the noise aspects
the device.

of

Figure 5-4 shows the noise voltage we will see across the terrninals of
the resistor. Thermal noise is completely random; there is no deterministic
relationship between the voltage at one instant in time and the voltage in
the next instant.
However, the noise voltage can be described statistically. If we examine
a large number of instantaneous voltage samples, we find that thermal
noise has a Gaussian amplitude distribution that is characterized by the
familiar bell-shaped curve. The Gaussian bell curve is shown to the right of
the time-domain plot of random noise in Figure 5-4. The shaded area represents the percentage of the time the instantaneous noise voltage lies
between voltage e l and voltage e2.
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Figure 5-4 The statistical description of Gaussian noise. The RMS voltage
of the noise is the standard deviation of the Gaussian bell curve.

RMS Value

,

Since we can describe noise only in statistical terms, we cannot state
that the noise voltage will always be less than a certain value. After a long
enough waiting period, the noise will eventually exceed any arbitrary voltage. When discussing noise, it is more meaninghl to speak of noise in terms
of its RMS or standard deviation value. We then can apply the properties of
the Gaussian statistics to predict how ofZen the noise voltage is likely to
exceed any particular value.

Statistical Description
We almost universally assume that noise is a Gaussian-distributed phenomenon. We need both the mean and standard deviation to describe a
Gaussian process completely. Since the RF world is an AC-coupled arena,
the mean value of noise is almost universally taken to be 0 volts. In other
words, noise has no DC component and only the standard deviation is needed to describe the distribution. If we measure the open-circuit AC voltage
across the output terminals of the band-pass filter (seeFigure 5-31,we will
find that the RMS voltage is
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5.4

where
Vn,,,RMs = the open-circuit R,MS noise voltage produced by the resistor.
This noise voltage (V,,oc,RMs)
is the standard deviation value we will use
in calculations involving Gaussian statistics.
h = Boltzmann’s constant = 1.381-10-23joules/K (or 1.381.10-23 wattsec/K). This number represents the conversion factor between two
forms of energy. It gives the average mechanical energy per particle
which can be coupled out electrically per K (another useful expression
for Boltzmann’s constant is 1.381.10-20 milliwatt-sec/K).

T = temperature in K. The hotter the resistor, the faster the atoms and
electronsjiggle. With increasingtemperature, each particle contains more
energy on the average and the noise voltage across the resistor rises. We
often use room temperature (about 290 K) for this number. We know
5.5
and
To,

5
9

= - ( T F - 32)

5.6

B, = the noise bandwidth of the measurement in hertz. The noise
power is spread evenly across the frequency spectrum, i.e., the wider
the measurement bandwidth, the more noise voltage we will measure.
Figure 5-14 shows the effects of changing the noise bandwidth. As the
noise bandwidth narrows, the noise voltage becomes smaller (see
Equation 5.4).

R = the value of the resistor in ohms. The larger the resistance the noise
current must flow through, the more voltage will be generated.

Voltage Source Model
Figure 5-5 shows a model for a noisy resistor. We will replace the noisy
resistor by an ideal, noiseless resistor in series with a voltage source. The
voltage source’s value is V,,,,.
This noise generator is not one of the usual
sinusoidal voltage sources often found in circuit theory. This voltage source
generates random Gaussian noise and has to be treated as such. All noise
phenomena discussed in this chapter are based upon this model.
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-re
5-6 The voltage source model for a noisy resistor. The noisy resistor is
replaced by a noiseless resistor in series with a Gaussian noise voltage source.

Current Source M&L
We can also model the noisy resistor of Figure 5-5 as a current source
in parallel with an ideal noiseless resistor. Figure 5-6 shows this model.
The value of the current source is

5.7
where
= the short-circuit RMS noise current produced by the resistor.

In,scms is the standard deviation of the noise current generated by the current source of Figure 5-6. All of the other variables are defined above.
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noise current generator

”

R@
Tok

........ .......
*

*

:
:

‘noiseless

Figure 5-6 The current source model for a noisy resistor: The noisy resistor is
replaced by a noiseless resistor in parallel with a Gaussian noise current source.
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Thermal Noise Properties

The thermal resistor noise we have described in the previous section is
also known as Gaussian noise, white noise, Johnson noise, or Nyquist noise.
We will refer to thermal resistor noise simply as thermal noise.

Flat Frequency Spectrum
The most common type of noise is additive white Gaussian noise
(AWGN). “Additive” refers to the fact that the noise is arithmetically added
to the signal of interest. The “white” refers to the shape of the frequency
spectrum. Thermal noise has a flat frequency spectrum. Figure 5-9 shows
the frequency spectrum of thermal noise voltage.

Figure 6-9 Thermal noise in the time and Pequency domains. The noise
power present in a given bandwidth is independent of center fiequency.
Thermal noise contains all frequencies. The noise power is independent
of frequency. Looking at Equation 5.4, we see that the magnitude of Vn,m,m
depends only on Boltzmann’s constant, the physical temperature of the
resistor, the noise bandwidth and the value of the resistor. The center frequency is not part of the equation. Accordingly, we will measure the same
amount of noise energy between 1 and 2 hertz and between 1,000,000and
1,000,001hertz provided the noise bandwidths of both filters are identical.
In reality, the bandwidth of thermal noise is limited. A close examination of the physics reveals that the noise spectrum does exhibit an upper
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frequency limit. The 3 dB bandwidth of the thermal noise spectrum i s
about 1012 hertz (or one terahertz).

Random
Thermal noise is random, and its amplitude distribution is Gaussian,
i.e., if we measure the instantaneous amplitudes of noise voltage over a
period of time and plot a histogram, we will find that the histogram resembles a Gaussian bell curve.

Coherence Time
The random nature of noise does not necessarily mean that the noise
voltage at one instant in time is completely uncorrelated with the noise voltage at the next instant in time. For practical reasons, we always view noise
through a filter. The filter will not let the noise voltage change too rapidly
from one instant to the next. For example, suppose we are observing a noise
source after it has been passed through a 10 hertz lowpass filter. This filter
will react very slowly to changing inputs, and we would not expect to see the
noise voltage on the filter’s output to change faster than the filter would
allow. This property is called the coherence time of the noise and is related
to the bandwidth of the filter through which we observe noise. Coherence
time is roughly the amount of time that passes between consecutive samples
of the noise so that the new sample will be uncorrelated to the previous sample. The coherence time causes the autocorrelation function of the noise to
widen. The autocorrelation function will be shallower and fatter than the
impulse response we expect from wideband noise.
Statistical Description
The noise voltage can be described statisticallyWhen we take a large number of samples, thermal noise has a Gaussian amplitude distribution, characterized by the bell-shaped curve. Figure 5-10 shows a time-domain plot of thermal noise superimposed over the Gaussian bell curve. If we assume the mean
value of the noise is zero ( p = 0 or no DC component),the RMS voltage w
ill be
equal to the standard deviation of the Gaussian voltage distribution.
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Figure 5-10 The instantaneous noise voltage follows a Gaussian probability distribution.
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Noise Rules of Thumb
The following rules of thumb are derived from analyzing the Gaussian
bell curve. The rules assume we are dealing with Gaussian-distributed
noise and the value of the noise voltage is in RMS units. We also assume the
mean of the noise voltage is 0 volts.
The magnitude of the peaks of Gaussian noise will not exceed three
times the RMS value of the noise signal (in reality, we will exceed this
value only 0.26%of the time).
Given a noise voltage of Vn,RMS,we can construct the following table
using Gaussian statistics.

Table 5-1 Peak values of Gaussian noise.
% of time the magnitude of
the noise peaks will exceed

Threshold Value

the threshold value

zfz

the noise peaks
d the threshold

100%

50%

31.8%

15.9%

4.56%

2.28%

0.26%

0.13%

0.097%

0.0488

63 pprn

32 ppm

0.57 ppm

0.29 ppm

1.98.0~
ppm

0.990~10~
ppm

2.6.104ppm

1.3-104ppm

Some specifications speak of a peak noise voltage. Although we should
inquire further to be certain, this specification frequently means 3.3
times the RIMS value. From the table above, the magnitude of the noise
peaks will exceed 3.3 times the RMS value no more than 0.1% of the time.
For band-limited Gaussian noise viewed through a band-pass filter, the
statistically expected number of maxima per second is
5.15
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where
f L = the lower 3 dB frequency of the band-pass filter,
f b = the upper 3 dB frequency of the band-pass filter.
For narrow band-pass filters (i.e., for bandwidths of less than 10% of
the center frequency), fu z f L and we obtain
Maxima -I-f L u
the Filter's
=
Center Frequency
Second
2
For a lowpass filter

5.I6

vL= 0) the expected number of maxima per second is

Maxima
5.11
= 0.775fu for a LPF
Second
Equations 5.16 and 5.17 describe only the number of maxima per second. To find the number of maxima and minima per second, multiply by 2.
The average number of zero crossings per second at the output of a narrowband-pass filter of rectangular shape when the input is a sine wave in
Gaussian noise is
5.18
where
fo = the center frequency of the filter,
B, = the filter's noise bandwidth,

SNR

=

the signal-to-noise power ratio in linear terms.

For the case of Gaussian noise only, we specify the SNR = 0 and the equation becomes

If half of the zero-crossings are positive-going and half are negativegoing, a frequency counter connected to this system would read a frequency
of Nzer0-cmssings/2,
assuming there was enough signal to drive the counter adequately. For random white noise with frequency limits f v and fL, the expected number per second of either the positive- or negative-going sense is
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5.20

For a lowpass filter, iff' = 0,
Zero Crossings - 0.577fu
Second

5.21

For narrow band-pass filters with bandwidths of less than 10%of the center frequency V; z f L ) , we find
Zero Crossings -- fu + fL
Second
2

5.22

When we make measurements with average-responding meters, we are
interested in the following ratios:
For Gaussian noise,
5.23

Average Value
= L25
= 1.96 dE3

For a sine wave,
RMSValue -- 7r
Average Value 2&
= 1.11
= 0.91 dB

5.24

For a square wave,

RMS Value
=1
Average Value
=OdB
The average value above is the full-wave rectified average.

5.25
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Combining Independent Noise Sources
There are many important cases where two different noise sources are
present in a system at the same time. Common examples are transistor
amplifiers, operational amplifiers and receiving systems. Figure 5-11shows
a basic example. Resistors R1 through R, are noisy resistors; RL is noiseless. We are interested in the noise voltage present across RL due to the
noise sources in R1 through R,.

-r

'3.nolsy

Vn.oc.rms.3

@

"n,oc,rms,n

@

r---

Figure 5-11 Independent noise sources present in a system. Adding the
RMS noise voltages together produces an incorrect result. We calculate the
noise power delivered to RLby each noise source, then add the powers together to produce the correct result.
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Since the noise voltages in resistors R1 through R, are random, we cannot make any assumptions about their voltages at any particular instant in
time. Although their RMS voltages cannot be added together, we can add
their powers. To solve problems like the one shown in Figure 5-11, we first
short out all of the noise sources but one. We then find the power dissipated
in RL due to the active noise source. In Figure 5-11 for example, we would
first short out Vn,oc,,,2 through V,,,,,,,
and leave Vn,,,m,l in the circuit.
We then find the noise power dissipated in RL as a result of Vn,,,,,l.
Next, we would short out all of the noise sources except for Vn,oc,m,2and
find the power dissipated in RL due to the noise generated by R2. We continue by examining the power delivered to RL by each resistor in succession
until we have found the power delivered to RL by each noise source in the
circuit. Finally, we add all of the powers together to find the total noise
power dissipated in RL. We can find the total noise voltage across RL using
2
vn,oc,RMS,RL

P m i s e ,=~ ~

RL

5.26
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Bandwidth Effcects
Equation 5.4 expresses the relationship between noise bandwidth B, and
Vn,mms. Simply put, the wider the noise bandwidth, the larger the RMS
noise voltage. Figure 5-14 shows thermal noise observed through a 50 kHz,a
10 kHz and a 2 kHz lowpass filter.

Figure 5-14 Noise observed through filters with varying noise bandwidths.
The narrower the filter bandwidth, the lower the RMS noise voltage.
Response of Voltmeters to Gulcssian Noise
Average responding meter. Random noise with the same RMS value as
a sine wave has an average value of 1.05 dB less than the average value of
the sine wave (1.96 - 0.91 = 1.05 dB). An average responding meter cali-
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brated to read the RMS value of a sine wave will therefore read 1.05 dB too
low compared to the RMS value of a random noise input.
Average meter responding with both sine wave and noise applied. An
average responding meter with equal RMS levels of a random-noise signal
and a sine wave signal applied reads 2.18 dB higher than it would for the
random noise alone, or 1.13 dB higher than it would for the sine wave alone
(2.18 - 1-13 = 1.05 dB).

Miscellaneous Comments
Although some of the following points may seem obvious, we have often
found it necessary to include them.
Filters will filter noise. Noise is just like any other signal.

*

Attenuators will attenuate noise.

*

Noise can and does exist at levels below kT@,, or -174 dBm/Hz.

Noise behaves just like any other signal a system processes. The difference is
that the received signal is wanted and the noise is unwanted. The choices available we have to minimize the amount of noise we are receiving are limited.

5.5

Noise Power

So far we have been discussing noise voltages and currents. Because receiving systems deal with energy and power, we will examine thermal resistor noise
in terns of noise power. First we will define the terms source and load.
A source is an energy source. It contains some type of signal generator,
which we will model as a voltage source in series with a source resistor. We will
universally label the source’s series resistor as Rs, which can be either noisy
or noiseless, depending upon the problem. A source can be an antenna, a signal generator, a noisy resistor, an RF amplifier or a receiver’s output port.
A load is an energy sink. We model it as a resistor (either noisy or noiseless, depending upon the problem) and label it RL.We are interested in the
noise and/or signal power delivered to RL.

5.6

One Noisy Resistor

Figure 5-15(a)shows a noisy source resistor (Rs,misy)
connected to a noiseless load resistor (RL,miseless).
In a receiving system, we almost universally
match the value of the load resistor to the source resistor., i.e., Rs equals RIA.
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n
V

RL, noiseless

%noisy
@TS

n
v

I

Figure 5-15 Calculating the noise delivered by a noisy resistor to a noiseless resistor.
Figure 5-15(b) shows the noisy source resistor replaced by its noise
and a noiseless series resistor RS,misekss.
The noise
voltage source Vn,oc,nns,RS
power delivered to the load resistor RL is
5.27

Since R L = Rs,
5.28

and
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5.29

Since Rs = RL,we can write

In a matched system, the amount of noise that a noisy resistor passes
to a noiseless resistor is kTSB,. This is true regardless of the values of the
two resistors. Every resistor, whether it is a piece of wire with milliohms of
resistance or a 10-megohm resistor, will deliver kTsB, worth of noise power
to its matched load resistor.
In a receiving system, the source and load resistances are matched to
each other to allow the load resistor to receive the maximum amount of signal power from the signal source. By matching the system, we will also
receive the maximum amount of noise power as well.

Room Temperature (To)
As a standard, radio engineers, particularly those dealing with terrestrial radio links, often assume the temperature of the source resistor is
room temperature. We use Tofor room temperature.
Room Temperature = To
= 290 K

=17"C
=62"F

5.31
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Note that Tois actually a little colder than a comfortable room temperature.

NO
The noise power delivered to a matched load resistor by a source resistor (at room temperature) is No.

No = kToB,

5.32

Also, note that

kTo = (1.38- 10-23)(290)
5.33
= -174

dBm
-

Hz
Equation 5.33 states that when we are dealing with a 1-hertz noise bandwidth, a source resistor at room temperature will deliver -174 dBm of
power to a matched, noiseless load resistor. In reality, we rarely deal with
systems with 1-hertz noise bandwidths.
We will use Equation 5.33 as a starting point for more realistic calculations. If we are analyzing a system with a noise bandwidth of B,, the noise
power delivered by a room temperature source resistor to its matched
source resistor is
NO,dBm = -174

dBm
+ 10log(B,)

5.34

Hz

Equations 5.33 and 5.34 are classic examples of unit misuses. Although logarithmic quantities have no units associated with them, we frequently
include bogus units with these equations for clarity or 85 a memory jogger.
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System Model

- Two Noisy Resistors

We can now examine a realistic model for a receiving system. Figure 516(a) shows an antenna connected to a receiver that is drawn as a simple
RF amplifier. Figure 5-16(b) shows the model in more detail. Source Vant
represents the signal collected by the receiving antenna. The resistor Rani
represents the output impedance of the antenna. It also models the noise
collected by the antenna via its noise temperature Tanl.The more noise collected by the antenna, the higher Tantbecomes.
The input impedance of the receiving system is modeled by It,,,, Tq3ys
accounts for all of the internally generated noise of the receiving system.
(The noiseless resistors Routand Rt are not important for the noise analysis.) The receiving system measures the power dissipated in R,, and delivers a copy of this signal to the load resistor El,.
The only noisy components in Figure 5-16(b) are the two resistors, Rant
at Tantand R, at Tsy8.The other components in the figure are noiseless. By
definition, all the noise in the system has to come from either Rantor R,,.
Figure 5-17(a) shows the receiving system stripped down to its bare
noise essentials. Figure 5-17(b) shows the same circuit, but the two resistors have been replaced with their noise models. Since the two noise
sources are uncarrelated, we have to exarnine the noise performance of the
circuit one noise generator at a time.
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Receiving
Antenna
:
:

Receiving
System

"ant

Antenna

;

Receiving System

Figure 5-16 A noisy antenna and a noisy receiver in a receiving system
configuration. The noise present at the input of the system comes from the
antenna and from the noise generated internally by the receiver.

Figure 5-17 The receiving system
mental noise contributors.

of

Figure 5-16 emphasizing the funda-
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Case 1. First, we short Vn,oc,rms,sys
and leave Vn,oc,rms,unt
in the circuit
[Figure 5-1$(a)J.Using voltage division, we find that the noise voltage
across R,, is half of the generator voltage Vn,oc,rvLs,ant
because Rant= Rssys.
Furthermore, we can say that the voltage across Rantis also one-half of the
generator voltage Vn,oc,rms,ant'
In other words,

where

Vn,Hant,cme
= the noise voltage across Rant,
Vn,Rs.ys,case
= the noise voltage across Rsys.

+
Vn.oc,rms,ant
'fn,Rsys,casel

Case 1

Case 2

Figure 5-18 The receiving system noise model of Figure 5-17. Analyze the
effects of one noise source at a time.
Since the Vn,Rant,cme
- Vn,Rsys,case
1, the noise power dissipated by each
resistor is the same and equal to
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5.38

The noise power delivered to R , equals the noise power delivered to Rmt.
The noise power delivered to each resistor is k T a d n .The source of the
noise power is the thermal noise generator inside of Rant.
Case 2. Figure 5-1")
shows the second circuit where Vn,oc,rms,unl
is
shorted and Vn,oc,m,sysis left in the circuit. Using the same techniques, we
find the noise power dissipated in each resistor is the same and equal to

5.39

As with Case 1, the noise power delivered to R,, equals the noise power
delivered to Rant.The noise power delivered to each resistor is kTsY..$In
and
the source of the noise power is the thermal noise generator inside of R?,.
The total noise power dissipated by each resistor is the sum of the noise
powers from Case 1 and Case 2. The total noise power dissipated by each
resistor is
Pn,Rant = Pn,Rsys

= k( Tunt

+~ s y s ) ~ n

5.40

Equation 5.40 presents a simple yet far-reaching relationship. We have
shown that all the noise present in the system depends only on the noise
temperature of the antenna (Tant)and on the noise temperature of the
system (T,,).
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In theory, the power flowing from RHotto Rcoldwould eventually cause
RHotto cool down and RColdto heat up until the temperatures of the two
resistors were equal. There would be no net power flow from one resistor to
another. In reality, the outside environment supplies the energy necessary to
sustain this heat transfer. The boiling water forces RHotto stay at 100°C, an
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the dry-ice bath forces the temperature of RcoMto stay at -79°C.For the general case, the net power flow from a hot resistor to a cooler one is

Antenna Noise Models
In a receiving system, we built the antenna and positioned it in the
environment to collect electromagnetic waves. Some of those waves will be
the signals we are interested in receiving and some w
ill be Gaussian noise
at the same frequency of the received signal. The noise is at the same frequency as the signal; we cannot filter it. If the noise and signal were at different frequencies, they could be separated by filtering.
To quantify the noise performance of the antenna, we use the model
shown in Figure 5-20. The voltage source (Vat)
represents the ability of the
antenna to collect signals. The larger the signal the antenna receives, the
larger the value of Vant.The value of the series resistor R, represents the
output impedance of the antenna (typically 50,75, or 300 ohms). We have to be
careful when matdung the antenna to the characteristic impedance of the system.
There is no physical resistor inside the antenna -Rant mmes b m matdung the
characteristicimpedance of f k space to the system characteristicimpedance.
Signals

Noise

Figure 5-20 Signal and noise models of a receiving antenna.
Antenna Noise Temperature
Figure 5-20 indicates that Rantexists at some noise temperature (Taflt).
The larger the noise power we measure at the output of the antenna, the
larger the value of Tant.The physical temperature of the antenna does not
influence the value of Tant.The noise the antenna produces is simply the
noise it collects from its environment. Figure 5-21 emphasizes this point.
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Poor Location

Better Location

Figure 5-21 Since an antenna collects noise from the environment, the
same antenna can have a widely varying noise temperature, depending upon.
what the antenna views. The noise temperature of the leftmost antenna will
higher than the noise temperature of the rightmost antenna.
The noise temperature of the antenna can be reduced by repositioning it
with respect to sources of external noise.
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Characteristics of Antenna Noise Temperature
Antenna noise temperature changes with frequency. Figure 5-24 shows
the temperature of an antenna pointed at a 5" elevation off of the horizon.
Note that the noise temperature is different at different frequencies.
Antenna noise temperature changes with direction. If the antenna is pointed at one section of the environment, we might see a very small noise temperature. Changing the antenna's orientation even slightly can have a significant effect on the noise power.
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Figure 5-24 Noise temperature of one particular antenna pointed 5" above
the horizon,

5.8

Internally Generated System Noise Model

Internally generated system noise adds noise to the signal due to several effects.

Physical Temperature
The receiving system is physically at some temperature above absolute
zero (0 K). The thermal noise voltage generated by the resistors inside of
the system develops Gaussian noise.

Recombination Noise
Recombination noise is the random generation and recombination of
holes and electrons inside the active devices due to thermal effects. When a
hole and electron combine, they create a small current spike. Since there
are many recombination events occurring at once, these small spikes combine to form Gaussian noise.
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Partition Noise
Partition noise is the result of the random division of emitter current
between the base and collector in bipolar transistors. This random division
manifests itself as thermal noise. Partition noise is absent in FET’s because
there is no chance for current splitting.

Shot Noise
The DC current used to bias the transistors inside the system’s amplifiers contributes noise. Current flowing across the barriers of transistors,
diodes and vacuum tubes is not smooth and continuous but a flow of discrete
electric charges. Since electrical current is the flow of electrons, a continuous
current is the sum of pulses of current caused by each electron as it crosses
the barrier. Watching the number of electrons crossing the barrier over a
period of time, we will find that sometimes a little more than the average
number of electrons cross the barrier, sometimes a little less than average
cross. This variation is called shot noise. The RMS value of shot noise is

where
q = the electron charge = 1.6022.10-19 coulomb,
IDc = the direct current in amperes,
B, = the noise bandwidth in hertz.

Shot noise is Gaussian and has a flat frequency spectrum.
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Note that as the DC current becomes smaller, the shot noise problem worsens.
Equation 5.50 assumes the charges passing through some barrier act
independently of one another. This is true for transistors, diodes and vacuum tubes where the current flows by diffusion, but not for metallic conductors (i.e., a simple piece of wire). The movement of each electron strongly
depends upon the movement of its neighbors. A simple resistive circuit will
exhibit far less shot noise than Equation 5.50 indicates.

Amplifier Noise Model
Figure 5-16 shows the models used in this chapter to describe and analyze the noise performance of a receiving system. As a mathematical tool,
we will use the two noisy resistor models we discussed in Section 5.7.

Equivalent Input Noise Power
Referring to Equation 5.40 and to Figure 5-16, the total noise power
dissipated by R,, is

where
Nin = the total noise power dissipated in Rsy,due to the sum of the
external noise generated by Rant and the internal noise generated by
R, (in linear units, for example, watts or milliwatts),
Tanl= the noise temperature of the antenna,
Tsy3= the noise temperature of the system.
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Ni,is the equivalent input noisepower, or the system noise ftoor.The equivalent input noise power is the total noise power dissipated by RW. This is
the sum of any noise power delivered to the amplifier from external
sources (like the antenna) plus any noise power generated internally within the amplifier.
Converting Equation 5.54 into more convenient units produces

5.55
and

Equations 5.54 through 5.56 show the amount of noise power present on the
input of an amplifier given the temperature of the input source resistor and
the noise performance of the amplifier. Equation 5.54 states that the portion
of input noise generated by the system is directly related to Tsys.The lower
TVs, the lower thereceiver’s internally generated noise power. In other
words, the noise characteristics of the receiver are completely defined by T,,,,.
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Equivalent Output Noise Power
The amplifier applies its power gain (Gp)to the equivalent input noise
power Ni, and produces
NOUt

= Gpk(

TURt

+TVS)BR

where

Nout= noise power delivered to RL by the RF amplifier of Figure 5-16.
Converting Equation 5.63 into more convenient units produces

and

System Noise Temperature
As we saw above, there are many sources of noise inside of a receiving
system. Figure 5-16 shows a model of a receiving system. For this model,
we are going to “blame” all of the receiving system’s internally generated
noise on the noise temperature (TsYs)
of the resistor (RqS).

5.9

Signal-to-Noise Ratio (SNR)

In receiving systems, we are interested in the ratio of signal power to
noise power or signal-to-noise ratio (SNR or S/N). The SNR indicates how
well we can interpret the received signal; it directly affeds the signal’s quality. In the digital domain, SNR relates directly to the expected number of bits
we will receive in error, i.e., the bit error rate (BER).Usually, the SNR is measured at the output of a receiver where the demodulation is performed, but
it is equally valid to measure or calculate it at the receiver’s input.

Definition
The signal-to-noise ratio is defined as

SNR = Total
Power in a given bandwidth
Total Noise Power

5.66

Note that some bandwidth is implied. The signal plus noise waveform will
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always be filtered and the filter will restrict the amount of noise power present. The filter will also restrict the amount of signal power present if we
are not careful.
A high number for a SNR is desirable because it means that the waveform contains much more signal power than it does noise power, This
implies that the characteristics of the signal coming out of the receiver are
almost entirely controlled by the received signal and not by the received
noise. A low SNR means that the waveform’s signal power is not much
higher than the waveform’s noise power.
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Increasing Received SNR
For a large SNR,we need a large received signal power, a small amount
of noise power or both present at the input of the receiver. To increase the
received signal strength, we can decrease the distance between the receiver
and transmitter, equip both the transmitter and receiver with better antennas
or increase the transmitted signal power. However, we will eventually reach a
point where the received signal power cannot be increased any further and we
have to decrease the amount of noise power that is being received.
Equation 5.54 offers three options to reducing the amount of noise
we receive.
We can decrease TYs,the noise temperature of the system. Decreasing
TVs involves selecting the proper components for the system and connecting them appropriately.
We can decrease T-, the noise temperature of the receiving antenna. To
some extent, we can do this by using a narrow-bandwidth antenna. Since
the antenna looks at a smaller amount of the universe, it w i l l tend to
receive less noise. Reducing the antenna side and back lobes can also help.
We can reduce the antenna noise temperature by operating only during
quiet times such as the middle of the night. We can also try to re-orient
the link so that the receiving antenna points to a quiet section of real
estate. In general, trying to reduce the received noise power through
reducing Tantis difficult and results are uncertain at best.
Since the received noise power is directly proportional to the noise
bandwidth of the system, we can reduce the noise power by reducing
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the noise bandwidth (B, ) of the system. This is one of the primary re&sons we use the narrowest filter bandwidth possible. The minimum filter bandwidth is usually set by the bandwidth of the signal to be
processed. We make the filter as narrow as possible but just wide
enough to accept all of the signal power without significant distortion.

5,IO

Noise Factor and Noise Figure

Determining the noise temperature of an antenna can be quite difficult. In carefully controlled situations, such as microwave telephone links
or satellite communications systems, this seems less of a problem because
we are typically spending a considerable amount of money on the link and
can afford to take the time to actually measure the antenna’s noise ternperature as well as take steps to minimize it. Also, we have a narrow antenna beamwidth and a relatively clear, fixed transmission path.
However, there are a great many situations when it is uncertain what the
antenna noise temperature will be. Several situations which exhibit poorly
characterized noise performance are cellular telephone equipment, ham
radio gear, commercial broadcasting (AM, FM and television) and hand-held
[“walkie-talkie”)situations. In these cases, we cannot characterize the noise
performance of the antenna. Yet answers to questions such as “How far away
can we get and still talk?” have to be found. Since we cannot perform an accurate noise analysis of these situations, we have to rely on guess work.
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NO
It is assumed that the antenna noise temperature will be To = 290 K .
By definition, a signal source with a noise temperature of To will deliver
a noise power of No to a matched load resistor where
N0,watts =kToBn
= (l.38.

290)B,

5.68

= (4.00.10-21)B,

Also
5.69
For the sake of analysis, we will assume we are operating in a system with
a 1-hertz noise bandwidth. This assumption is obviously impractical, but we
use it as a starting place for computations. For a noise bandwidth of 1 hertz,

dBw
Hz = -174 dBm
Hz = -204

NO,dBm,l

5.70

Note that No describes only the noise power the antenna delivers to a
matched load resistor. No is independent of the noise internally generated in
the receiving system.

The noise temperature concept we have developed in this chapter
describes noise and its effects on receiving systems in the most general
terms. These equations will always work and are always applicable. Once
we have defined a standard antenna noise temperature of To = 290 K, we
can define terms to make the calculations easier.
When the noise temperature of the receiving antenna is To, we use
noise factor to quantify the amount of noise power the system adds to a signal. Noise factor and noise temperature of a system both describe how much
noise the system adds to a signal. Noise factor is most useful when the
input noise power is No. The definition of noise factor is

AMPLIFIERS AND NOISE

Noise power delivered by a noisy component
Noise power delivered by a noiseless component
when the component’s input noise power is No = kToB,

F=

5-71

Occasionally, other definitions of noise factor can be found; all are derivations of Equation 5.71. The noise power delivered by a noisy receiver is the
equivalent input noise of the receiver times the receiver’s power gain or
Gpk(To+ TamP}Bn.
The noise power delivered by an ideal noiseless receiver
is GpkT$,. Combining these two expressions with Equation 5.71 produces
5.7
The simplified version reads
5.13

Noise Factor and Noise Figure
To convert between noise factor (8a linear term) and noise figure ( F d B ,
a term in decibels), we use
F d B = 10log(F)

5.74

Knowing the difference between noise factor and noise figure is very important from a mechanical point of view. Many mistakes result from plugging
noise figure into equations that need noise factor.

Noise Factor and Noise Temperature Relationships
Rearranging Equation 5.73 produces
.75
Both Tsys and F describe exactly the noise performance of a system.
However, noise figure is a little handier to calculate when the temperature
o f the input noise is 290 I(.
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Equivalent Input Noise Power
The equivalent input noise power of a component is the sum of the
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noise delivered to the component by the external source plus the noise gem
erated internally in the component. We model the internally generated
noise by assuming the input resistor is at a temperature Tsys.The equivalent input noise power, or noise floor of a system with a noise figure of F , a
noise temperature of Tsysand an input noise temperature of To is

Combining Equations 5.73 and 5.76 produces

Nin,eqli = k[TO + (F - 1
= F k ToB,,,

) ~ 0 ] ~ n

5.77

Converting Equation 5.77 into decibels produces
5.78

10log(kTo)= -174-

dBm

wx

5.79

Accordingly, Equation 5.78 becomes
5.6

Equation 5.80 describes the equivalent input noise power for a system with
a noise figure of FdB and a noise bandwidth of B, when the input noise
power, i.e., the power delivered by the external source is kT4,.
Let us examine the terms of Equation 5.80.
-1 74 dBm/Hz. This term represents the noise temperature of the anten-

na (or other external source). When we assumed the antenna noise temperature to be 290 I(,we effectively set this term to -174 dBm/Hz. The
noise delivered to the system by the antenna is k T S n . We assume a 1hertz noise bandwidth and kTo = 174 dBm/Hz.

FdB. This term describes the noise generated internally by the system.
Note that the higher the noise figure, the higher the equivalent input
noise power. A low noise figure is desirable.
10 Zog(BJ. The noise is observed through a filter with some bandwidth.
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This term takes the noise bandwidth into account.
Note that the larger the noise bandwidth, the larger the equivalent input
noise power. In order to minimize the input noise power, we have to operate in the smallest bandwidth possible.
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Equivalent Output Noise Power
Once we know the equivalent input noise power being dissipated in Ramp.Ln,
we can find the output noise power by multiplying by the power gain or

Nout = GpFkToB,

5.87

In decibels, this is
5.88

Signal-to-Noise Ratio and Noise Figure
Let us examine the signal-to-noise ratios at the input and output of an
amplifier whose noise figure is F and whose power gain is Gp.The noise temperature of the external source is To = 290 K. Using Figure 5-26 as a guide,
let S equal the signal power dissipated in R,. The noise power delivered to
R, by the external source is No = kT&. The input signal-to-noiseratio is

($Iin "&)

5.89

The signal power delivered to RL is the input signal power times the amplifier's power gain or

Sout =GpSin

5.90

Equation 5.87 states that the noise power delivered to RL is

Nout = GpFkToBn
The signal-to-noise ratio at the output of the amplifier is

5.91

AMPLiFlERS AND NOISE

5.92

combining Equations 5.89 and 5.92 produces
5.93

Canceling out all of the like terms, we find
5.9

The noise factor of a system measures the degradation of the signal-tonoise ratio as the signal passes through the system. As with most calculations involving noise figure, Equation 5.94 is valid only when the input noise
is No. Equation 5.94 is derived from Equation 5.71 and is commonly quoted
as the definition for noise figure.
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I

Cascade Performance

The system in Figure 5-2")
contains several amplifiers in cascade,
k.,
the output of one amplifier feeds the input of the next. Given the power
gain and the noise characteristics of all the devices in a cascade, we want to
find the noise performance of the cascade. Let
- the power gain of the first amplifier in linear terms,
Gp,z= the power gain of the second amplifier in linear terms,
G,,, = the power gain of the nthamplifier in linear terms,
qH1

T 1 = the noise temperature of the first amplifier,
T2 = the noise temperature of the second amplifier,
T, = the noise temperature of the nth amplifier,
F , = the noise factor of the first amplifier in linear terms,
F2 = the noise factor of the second amplifier in linear terms,
F,, = the noise factor of the nth amplifier in linear terms,
GP,@,dB= the power gain of the nth amplifier in decibels,
Fa,dB = the noise figure of the nth amplifier in decibels,

Gp,cm= the power gain of the cascade in linear terms,
FcaJ;,dB
= the noise figure of the cascade in linear terms,
Teas= the noise temperature of the cascade,
Gp,cas,dB
= the power gain of the cascade in decibels,
Fcas,dB= the noise figure of the cascade in decibels.
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Figure 5-28 An n-element cascade and its single-element equivalent.
For a first-pass analysis, we will assume that the entire system is exactly matched to the system's characteristic impedance Go).This means that
Rs = RL = Zo,and that the input and output impedances of all the amplifiers are exactly Zo. (This is not always true in practice but we will make
corrections to the analysis later.) The goal is to describe the cascade as a
single amplifier with a power gain of G,,,,, a noise temperature of Tcosand
a noise factor Fc, [see Figure 5-28(b)].

Gain Performance of a Cascade
Using Figure 5-28(a) as a guide, we would like to find the total power
gain of the cascade (G,,m) given the power gains of the individual components which make up the cascade. First, we will present amplifier A, with an
input signal power of Sinpl.The signal power present at the output of Al is
Sout,Al

= Sin,AIGp,l

5.102

The output of amplifier A, is connected to the input of amplifier A2. The input
signal applied to A2 is Soutpl and the signal present at the output of A, is
5.103
Finally, amplifier A3 sees an input signal of Soutp2to the input of amplifier
A,. The output ofA, is
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Sout,A3 = Sout,A2GP,3

-

- sin,AlGP,lGP,2GP,3

5.104

We continue this process until we reach the end of the cascade, i.e., the output of the nth amplifier. The signal out of the nth amplifier is

The power gain of the cascade is

Converting Equation 5.106 to decibels, we find
'p,cas,dB

- Gp,l,dB + Gp,2,dB 4- Gp,S,dR+.- -+(;p,n,dB

5.307
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Practical Effects
If we build up a cascade and measure its power gain, we will find that
the actual results deviate slightly from Equations 5.106 and 5.107. There
are several reasons for the deviation. One of the implicit assumptions we
made as we derived the cascade gain equations was that all of the amplifiers
had input and output impedances which were exactly matched to the system
impedance. In other words, the terminal impedances of all the amplifiers
were exactly equal to Zo.If this is the case, then each amplifier accepts all of
the signal power available from the amplifier preceding it. Equations 5.106
and 5.107 are exactly accurate when all of the amplifiers are matched.
In practice, however, amplifiers are not exactly matched to the system's
characteristic impedance. This is especially true for wideband amplifiers,
i.e., amplifiers whose frequency range is greater than one octave. For example, one vendor specifies a wideband amplifier with a maximum input/output VSWR of 2.5 over the entire band of operation (6 octaves). We know

R,

= Zo(VSWR) or

R, = 20
VSWR

5.110

The RL must be

RL = Zo(VSWR)

RL =-

L O

VSWR

= 5q2.5)

--50

= 125 R

=20R

5.111

2.5

The terminal impedance on this amplifier can vary from 20 to 125 ohms (in
a 50-ohm system). The terminal impedances usually change with fhquency.
For example, the input impedance may be 120 ohms at one freguency, 75 ohms
at another frequency and 25 ohms at a third h q u e n q . Another factor we did
not account for when we derived Equations 5.106 and 5.107 is that the gain
of a typical amplifier will not always be the same over time, temperature and
frequency. For example, one mandacturer sellsan amplifier with a gain specification of 25 dB -1 dB.The -1 dB span addresses the change in amplifier gain
with time, temperature and frequency. We normally run through equations
5.106 and 5.107 only once, usingthe nominal gain for each amplifier. The effed
is that the cascade will, on average, exhibit the gain given by equations 5.106
and 5.107. However, the actual gain of the cascade may be higher or lower than
expected, or may vary with fkquenq.
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Noise Temperature of a Cascade
To determine the noise temperature of the cascade in Figure 5-28(bl we
have to take into consideration the noise and gain characteristics of the cascade elements. Refer to Figure 5-30 as you follow along this derivation.
Let us apply an input noise power of RT,,&3, to the cascade. Using
Equation 5.54, we find the equivalent input noise power to amplifier A, is

which includes noise supplied by the external source (T& and noise generated internally by A, (T,). Amplifier A, applied its power gain to the
input noise; accordingly, the noise available at the output of A, is
Nout,Al = Gp,lk( Tant -4-

lBn

= Gp,lkTantBn + Gp,lkT~Bn

5.113

Figure 5-30 shows this noise power schematically. The blacks are labeled
“GpqIkT1Blt”
and ‘‘Gp,lkTanJ3n.
”

Figurn 5-3U Graphical description of the noisepresent in a three-element c w c d .
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Since the output of A , is connected to the input of amplifier A,,
Equation 5.113 also shows the external noise applied to the input ofA,. We
can rearrange Equation 5.113.

We can think of the term [Gp,l(T,, + T,)]
as the temperature of the noise
applied to A2’sinput. Amplifier A, accepts this noise power from the external source and adds some noise of its own. The noise added by amplifier A,
is due to T,,the noise temperature of A2’sinput resistor. In Figure 5-30, the
noise power contributed by A , is labeled “kT$,.”
The total noise power dissipated in A2’s input resistor is

where NinA2is a result of the noise delivered by A , and the noise generated internally by A,. A, applies its power gain to the input noise power. The
noise power present at the output of A, is
Nout,A2

= Gp,‘2k[

+

Gp,l

+

5.116

Figure 5-30 shows Nout,Aa. The blocks are labeled “GP,,kT2Bn.”
“Gp,2Gp,lkT1Bn”
and “Gp,zGp,lkTan$n.
” We can rewrite Equation 5.116.
Nout,A2 =

’{

[

(

Gp,Z G p , l Tant +

+T2]}B~

5.117

The term {Gp,2[Gp,l(Tant+
T1)
+ T,]}is the temperature of the noise available from A,. Amplifier A3 accepts the noise from A, and adds its own noise
to the system (the block labeled “kT3Bn”in Figure 5-30). The total noise
power present at the input of A, is
5.118

The noise power available from the output of amplifier A3 is

When we carry this process through to the nth amplifier, we can write the
noise power available from the output of the nth amplifier as
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Dividing the output noise power given by Equation 5.120, by the power gain
of the cascade produces the equivalent input noise power to the cascade.

5.121

Equation 5.121 simplified becomes

Looking at the cascade as a single device with a noise temperature of Tcas9
Equation 5.54 indicates that the equivalent input noise power of the cascade is

Equating 5.54 and 5.122 produces

Canceling out like terms produces an expression for the noise temperature
of the cascade.

Gp.lGp,2Gp.3*

- - Gp.n-1

5.125

Note that the power gains are linear, not logarithmic or decibel quantities,

504

I RADIO RECEIVER DESIGN

Noise Factor of a Cascade
Given the noise factors of all the elements making up the cascade, combining Equation 5.125 with Equation 5.75 produces an expression for the
noise factor of a cascade

AMPLIFIERS AND NOISE

5.127

Simplifying produces
Fcas

Fn -1
F2-1+ F3-1 +. . .+
GPJ
GP,lGP,2
Gp,lG*,2- Gp,n-l

= Fl + -

* *

5.128

The power gains and noise factors of Equation 5.128 are the linear, not the
logarithmic, quantities.
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a computer program

In Practice
As with gain, the noise temperature and noise figure of an actual cascade are not always what Equations 5.125 and 5.128 dictate. The plot of the
noise performance versus frequency of a real-world cascade will exhibit
peaks and valleys just like the gain performance will. There are several reasons for this behavior.
The terminal impedances and gain ripple of each amplifier in the cascade cause errors when we evaluate the cascade noise equations. Since
the noise performance of the cascade is intimately connected to the cascade’s gain, any error when evaluating the gain will result in error
when evaluating the noise performance.
The noise figure or noise temperature of a component is usually not constant with time, temperature and frequency. As the noise performance
changes, the error in the calculated noise performance increases.
The noise figure or noise temperature specification associated with an
amplifier or mixer purchased from a vendor is valid only when the component has been terminated in its characteristic impedance on both its
input and output. If the terminations are wrong, the component can
exhibit widely different noise characteristics from what is specified by
the manufacturer. Usually, but not always, the noise performance worsens as we move away from the characteristic impedance.
Figure 5-32 shows two examples. In Figure 5-32(a), a noisy resistor connected to an amplifier through a band-pass filter. The amplifier has a power gain Gp and a noise figure of FdB.Remember that the
gain and noise figure were measured when the amplifier was terminated in a wideband 2,.
When we discussed fdters, we found that the input and output impedance of a filter can change rapidly as we move away from the passband
of the filter. This can radically alter the gain and noise characteristics of
the amplifier at these frequencies. The amplifier can exhibit gain and
noise “humps” caused by the non-2, impedance present on its input. This
effect is not too problematic because the system’s behavior outside of the
frequency band of interest is not relevant. It can be an obstacle, however,
when we are performing frequency conversions using mixers and have an
elevated noise level at the mixer’s imam freauencv. Immomr termination
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can also cause the amplifier to break into oscillation, which will distort
any notion of the amplifier’s gain or noise performance.
Figure 5-32(b) shows three RF amplifiers in series. Since the input an
output impedances of the amplifier can be different from the system’s
Z,, each amplifier may not be terminated properly, and its noise performance may be compromised. Since the effect of Figure 5-32(b) can
occur both in- and out-of-band, it can be more of a troublemaker t
,
the effect illustrated in Figure 5-32(a).
All these effects combined produce the noise performance that will, on
average, behave as Equations 5.125 and 5.128 dictate. However, like the
gain, the noise performance of the cascade will have high spots (the cascade
is noisier than expected) and low spots (the cascade is quieter than expected) on its noise versus frequency plot.
BPF,

-

Gain
Noise Figure
Noise Temp

G

c;’
T,

(4

Amplitier

Gain = G,
Noise Figure = F

G

+:

T2

G

+j”

T3

Figure 6-32 Errors associated with the cascade noise equations.

5.12

Examining the Cascade Equations

Equations 5.125 and 5.128 indicate the noise performance of a cascade
when the characteristics of the pieces that make up the cascade are given.
The two equations offer insight into the effects of the individual components on the cascade performance. Here we will only discuss Equation
5.125, which deals with noise temperature. The sarne conclusions apply to
the noise figure Equation 5.128.

~
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It is easy to isolate the contribution each component makes to the noise
performance of the cascade. For example, the only place where the noise
temperature of amplifier A3 appears in Equation 5.125 is the term
5.130

which quantifies the contribution amplifier A3 makes to the cascade’s
overall noise temperature.
Since all of the terms in Equation 5.125 are positive, the noise temperature of the cascade will always be greater than T1,the noise temperature of the first amplifier. Tl is the minimum noise temperature of the
cascade. For a low-noise cascade, we use an amplifier with a low noise
temperature for the first amplifier (Al>.
The amount of noise a particular amplifier contributes to the cascade
depends on the amount of power gain preceding the amplifier. In
Equation 5.125, the amount of noise that temperature A3 adds to the
cascade is diminished by the power gain of the first two amplifiers. This
implies that if we want to build a system with a small noise figure, we
should use as much gain as possible as early in the cascade as possible.

5.13

Minimum Detectable Signal (MDS)

Equation 5.54 indicates that when we connect a receiver whose noise
temperature is Tvs to an antenna with a noise temperature of Tunt,the
noise power present at the input of the receiver is
5.131

The equivalent noise power present on the input to a receiver sets a
lower limit on the smallest signal the system can detect. The smallest signal we can detect is the minimum detectable signal (MDS). We arbitrarily
assume a signal is detectable when the signal power equals the equivalent
input noise power or
5.132

In other words, if we apply a signal to the system’s input and the signal’s power equals the system’s MDS, then the signal-to-noise ratio will be
unity or, equivalently, 0 dB. Note that, although the system may be able to
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detect a signal whose power is the MDS of the system, the system may not
be able to process the signal. In other words, it may not produce a suitable
'nit error rate or output signal-to-noise ratio.

If we assume that the antenna noise temperature is To,we can derive
several equations that describe the MDS,

5.134

where
F,, = the noise figure of the system,
Tsy,= the noise temperature of the system,
B, = the noise bandwidth.

5.14

Noise Temperature Measurement

After we have built an amplifier, we measure its noise performance.
Normally, we perform this task with a noise figure meter. Figure 5-33
shows a rough schematic diagram of the HP-8970 noise figure meter,

I

DUT
Gp=?
_ i

L

F=?

Noise Bandwidth

noiseless

1
I
_
_

-_I.

Measure:
Nout, cold
Nout, hot

Figure 5-33 Simplified block diagram of HP-8970 noise figure meter.

510

I RADIO RECEIVER DESIGN

At the leR, we have two resistors, “Rhot”and “RmU.”Both have the value
Ro,which is the characteristic impedance of the system. The two resistors are
at different noise temperatures: one is at That (usually about 10,000 K), and
the other is at TcoU(usually about room temperature or 290 K). We know Tht
and Tmldwith a high degree of accuraq. The noise figure meter alternately
connects first the hot resistor to the device under test, then it connects the
cold resistor to it. The output of the DUT goes to a band-pass filter that sets
the noise bandwidth of the measurement. The noise bandwidth of the HP8970 noise figure meter is about 4 MHz. (The actual bandwidth, however,
does not matter because it cancels out in the equations. We have to keep in
mind that this filter does not change during the measurement.)
Finally, we measure the noise energy coming out of the band-pass filter
in a load resistor RL.When we connect the hot resistor to the DUT, we will
measure a noise power of Nout,hot.
When we connect the cold resistor to the
DUT, we will measure a quantity of noise power (Nout,cold).
During the
analysis, it will be convenient to form the ratio

Y = Nout,hot

5.135

Nout,dd

Noise Source

Rht and Rcoldused to be precision resistors at precisely controlled physical temperatures. Traditionally, the cold resistor was placed in a liquid
nitrogen bath and the hot resistor was placed in either boiling water or ice
water. Figure 5-34 shows the form the two-resistor noise source takes
today. The noise figure meter alternately connects and disconnects a +28
VDC power supply to an avalanche noise diode. The avalanche diode generates a lot of the noise when the +28 VDC is applied. It generates very little noise when the DC power supply is disconnected.
+28V

?

‘Matching Attenuator‘

(Avalanche
noise
diode

Noise out at
T, and T,

Figure 5-34 Simplified block diagram of a noise generating pod. This
device generates noise at well-calibrated temperatures.
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The three resistors in a T-formation on the right side of Figure 5-34
form a matching attenuator, or matchingpad. The matching pad helps keep
the input impedance of the noise generator constant when it is turned on
and when it is turned off. The matching pad is also partly responsible for
making sure Tcoldis 290 K.
This method of generating noise is repeatable and accurate. It is less trouble
than keeping a Dewar flask of liquid nitrogen around and b o a up some water
every tirne we want to make a noise temperature measurement. The diode is
reversebiased into the avalanche region. Such noise sou~ceshave become very
popular because of their small size and low power requirements. Recent design
advances have produced noise sourcesthat are stable with time, have a broad frequency range and a low reflection coefficient (i.e., they are well matched to Zo>.

Excess Noise Ratio (EATR)
The noise source is characterized by its excess noise ratio (ENR). The
ENR is related to That and Tcotdby
E m & = lolog[ That

- Teold
Tcold

1

5,136

We have shown the ENR data from one particular noise generator in Table
5-3 below. This particular set of data comes from a Hewlett Packard 346B
noise source which covers a frequency range of 10 MHz to 18.0 GHz.
The excess noise ratios of well-matched devices are usually about 15 dB
(i.e., Thol= 18,000 K). Higher excess noise ratios are possible by giving up
impedance match and flat frequency response. Noise generators are usually
calibrated at the factory, and each noise generator is slightly different. The
factory prints the data on the noise generator as frequency vs. ENR.
Table 5-3- ENR us. frequency for one particular HP346B noise pod.
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Measuring Noise Temperature
We measure the noise temperature of an unknown unit by alternately
applying the hot and cold noise power to the device. If we measure the output noise power in both cases, we have all the information we need to calculate the gain and noise temperature of the unknown device. When the
input noise temperature is Thot (see Figure 5-33), the noise power present
on the output of the device under test is
5.138

where

Gp,8ys= the power gain of the DUT,
Tsvs= the noise temperature of the DUT.
When the input noise temperature is Tcold,the output noise power is

If we take the ratio of Equations 5.138 and 5.139, we can isolate the noise
temperature of the DUT.
y = -Nout,hot
Nout,rold

- G , , q Tht

+

T,,)&

G,,,qTmM

+

T,s)B,

- (Tht + Tsys)
(Tcold + TS.,,

5.140
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Tsys =

That - YTcold

5.141

Y-1

Measuring Gain
M e n we use a noise figure meter to measure the gain and noise figure
of a device, we must first calibrate the meter. We perform the calibration
before we make any measurements by connecting the output of the noise
pod directly to the input of the noise figure meter. The noise figure meter
then measures its own noise temperature and gain. After calibration, we
attach the unknown device. The power gain of the DUT is
5.142

where
Nout,hot,cal
= the noise power measured by the noise figure meter when
the input noise is at ThOt and the meter is in calibration mode (i.e.,
when the output of the noise pod is connected directly to the input of
the noise figure meter).
Nout,co~d,cal
= the noise power measured by the noise figure meter when
the input noise is at Tcoldand the meter is in calibration mode.
Note that we have made all the measurements without knowing the noise
bandwidth of the noise figure meter. The only requirement is that B, stay
the same when we apply the cold noise, and when we apply the hot noise.
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Practical Effects
Noise figure meters can be tricky instruments. Unless we are careful,
we can receive bad or misleading measurements. Some of the noise-figure
measurement problems we have encountered over the years and their eauses B~*Efisted here.
a

Note that we have managed to measure both the gain and noise figure
UT without knowing the noise bandwidth of the measurement
system. This is important from a practical point of view because it is
~ ~ ~to mass-produce
~ c ~ l a tfilter with a precise noise bandwidth, especially over time and temperature. All that is required of the noise bandwidth is that it remain the same when we measure the hot noise as
when we measure the cold noise.
M e n we performed the derivations above, we assumed the gain of the
device under test remained the same when we switched the input
between the hot noise and the cold noise. This is not always a valid
assumption. Many receivers, for example, incorporate an automatic gain
control or AGC feature. The receiver varies its gain with varying input
power levels. When measuring the noise figure of a receiver, the AGC
has to be disabled to avoid unfavorable results. Leaving the AGC
enabled when making noise figure readings will make the noise temperature appear worse than it really is.

*

When performing a noise figure measurement, the noise power presented to the device under test is very small. In Example 5.26 above, the noise
powers presented to the DUT are

assuming a 10 MHz noise bandwidth. These are very small signal powers. Figure 5-35 shows a typical laboratory setup. The cable running
between the noise figure meter and the noise pod carrier is either 28
VDcor 0 VDc.When the noise figure meter supplies 28 VDcto the noise
pod, the pod generates noise with a noise temperature of That. When the
noise figure meter supplies 0 VDcto the noise pod, the pod produces
noise with a temperature of Tcold.
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Interference
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amplifier

DUT
GP = ’?
F=?

Noise Power
measured by noise
figure meter

Figure 5-35 Measuring the noise figure of a receiver with a wideband.
Since two noise powers generated by the noise pod are at fairly small levels, the cable running between the noise pod and the DUT and the cable running between the DUT and the noise figure meter can c a w problems. If the
cables have poor shielding, they can allow external noise and interference
into the system. Since the noise presented to the DUT and the noise measured by the noise figure meters are not what we expect them to be, we will
receive incorrect results. In short, it is preferable to use double-shielded or
even hard-line cable when you are making noise figure measurements.
When measuring a system that performs a frequency conversion,
another problem can arise. Figure 5-36(a) shows a setup of a system we
might use to measure the noise figure of a receiver. Figure 5-35(b) is a
schematic representation of the receiver we are testing.
The tow oscillators might present a problem. If sgmficant energy from
either of these two oscillators is present on the output port of the receiver (and
the freguency of the oscillator is nght), the noise figure meter will measure the
power in the oscillator.The meter will assume that the energy is due to the noise
power presented to the receiver by the noise pod. Consequently, results will be
poor, and the noise temperature of the DUT will look worse than it really is. To
solve this problem, we place a band-pass filter between the receiver’s output and
the input port of the noise figure meter.
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Figure 5-36 Measuring the noise figure of a device that performs a fiequency conversion.

Figure 5-37 shows a block diagram of a receiver. We would like to memure
its noise figure but, due to mechanical constraints, we can only connect to the
receiver at point A. When we connect the noise figure meter?we fmd the noise
figure is much higher than we expect it to be based upon the calculations.
Since sensitivity measurements agree reasonably well with noise figure calculations, the problem must arise from the noise figure measurement.
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Figure 5-37 Measuring the noise figure of a receiver with a wideband
output device.
The problem lies in the last two components. The last amplifier is a
wideband unit (10 to 500 MHz) and has a fairly high noise figure (approximately 10 dB). As a consequence, the amplifier driving point A has a high
level of noise present at its output at all times. Even if there is no input signal, the amplifier will provide

GpkTampB,watts

5.148

to the outside world.
The band-pass filter preceding the amplifier is only 50 kHz wide. Any
noise power generated by the noise pod of the noise figure meter has to pass
through this 50 kHz filter to be measured. Most noise figure meters have
about a 4 MHz noise bandwidth. The noise figure meter simply measures the
noise power present when the noise pod is on and when it is off. It compares
the two power readings to measure the gain and noise figure of the DUT.
When the noise pod is turned off, the noise figure meter measures the
noise coming through the 50 kHz filter combined with the wideband noise
generated by the amplifier. When the noise pod is turned off, the noise figure meter measures the noise passing through the 50 kHz filter (which has
now changed because the noise pod is generating more noise power). The
noise figure meter also measures the wideband noise generated by the
amplifier. This noise never changes, because it was not generated in the noise
pod. The noise figure meter sees essentially the same amount of noise power
when the noise pod is off as when it is on. If you care to unfold the math of
Equations 5.135 and 5.141, you will see that the noise figure meter interprets
this condition as if it is measuring a device with a high noise figure.
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The solution was to place a 10 kHz band-pass filter between point A
and the noise figure meter. This eliminated all of the wideband noise from
the final amplifier. Any noise measured by the noise figure meter is due to
the noise that the noise pod presents to the input of the receiver.

5.15 Lossy Devices
Not all of the devices we use to design radio systems provide power
gain; some cause power loss. In this section, we will look at the gain and
noise characteristics of these lossy devices.

Gain Performance of Lossy Devices
The terms gain and loss are frequently used when discussing signals
and systems. When a device is specified as having a 6 dB gain, it means the
device will accept a signal, multiply its power by 4 times (or add 6 dB) and
present that power to the outside world. If the input signal power is Plrt.
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then the output signal power is
Pout = @in

5.151

or, in decibels,
5.152

A 6 dB loss means that the device accepts a signal, divides the signal
power by 4 (or subtracts 6 dB from the input signal power), then presents
that power to the outside world. Let the input signal power be Pin.The output signal power will be
Pout

- P,n
--

5.153

4

or
5.154

A loss of x dB is equivalent to a gain of -x dB. Mathematically, gains and
losses are treated the same.
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Noise Performance of Lossy Devices
When designing systems, we occasionally find it is necessary to introduce loss into a system at a particular point, One of the most commonly
used devices for intentionally introducing loss is a resistive attenuator,
~ t t e ~ ~are~often
t ~ referred
r s
to aspads. A 6 dB attenuator is a 6 dB pad.

Characteristic Impedance
Attenuators are designed in view of the characteristic impedance of
their operating system. Figure 5-39 shows two 6 dB attenuators, one for a
50-ohm system and one for a 300-ohm system, with differing resistor values.
16.6 Ll

100 r(l

16.6 R

100 a

Z,= 300 L2

Figure 5-39 Two 6 dB attenuators. The top attenuator is designed for a
50-ohm system. The bottom attenuator is designed for a 300-ohm system,
The first design parameter of an attenuator is its characteristic impedance. If we terminate one end of the attenuator in its characteristic impedance and look into the other end, we will still see the characteristic impedance. Figure 5-40 shows the 300-ohm pad terminated in 300 ohm. The
input impedance Zi, is
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(402)(400)
402 + 400
= 100 + 200
= 300 0

22, = loo+

100 n

+

[
1

5.157

vA100 R
v

R, = I-0 =300R

I

I

Vatt"

-

+
VRL

Figure 5-40 Calculating the input impedance of an attenuator. The attenuator must be terminated in its characteristic impedance.
Note that we will see the characteristic impedance only when the
attenuator is terminated in its characteristic impedance. If we replaced
the 300-ohm resistor with an open circuit, the input impedance would be
502 ohms. If we replaced the 300-ohm resistor with a short circuit, the
input impedance would be 180 ohms.

Attenuation
The second characteristic of an attenuator is the designed-in attenuation, or loss value. In other words, we want the signal to suffer a precise, designed-in amount of loss as it passes through the attenuator. For
example, we apply a sine wave to the attenuator in Figure 5-41. VAtn is
0.548 VRMs(which will dissipate 1 mW in 300 ohm). When the attenuator is terminated in 300 ohm, the input impedance of the attenuator is
also 300 ohms. The power delivered to the attenuator is

- (0.548)2
-

300
=lmW
= 0 dBm

5.158
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There are many ways to find VRL,,,.
The voltage VA (Figure 5-40) is
VA

Here we will use voltage division.
200
300

= (0.548)-

The voltage across RL is VRI,and
300
400

V R L = (0.365)-

5.160

Finally, the power delivered to RL is

_- (0.274)2

-

300

= 0.250 mW

The power gain of the attenuator is

G,

=-

Pin

Pout

--0.250
1.00

5.162

= 0.25
= -6 dB

The power gain of the attenuator is -6 dB. Equivalently, we can say that the
power loss of the attenuator is 6 dB. In short, we design an attenuator to
operate in some characteristic impedance. When we terminate the attenuator in its characteristic impedance Z, the input impedance of the attenuator will be 2, and the attenuator will reduce the signal power by the
amount specified. When the attenuator is not terminated in its characteristic impedance on both the source and the load sides, the input and output
impedances as well as the loss value of the attenuator will change.

System without Attenuator
Figure 5-41(a) shows a signal source (Vs in series with R,) connected
directly to a load resistor RL. The system is matched, i.e., Rs = RL.
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RL@OoK
PRL,no pad

3 dB Attenuator

(b)

8.55R

%@To
n

r

8.55 R
w
"

n

!

&

R'R, +141Ri R

R, = 8,550 R @To
PRL= PRL,
no ped - 3dB
R, = 141.9R @To
R, = 8,550 R @To
R,=50R @ T o
R, = 50 R @ Oo K (noiseless)
Rant= 50 R @To

Figure 5-41 A system with and without a 3 d B attenuator in the signal path.
We will assume that the noise temperature of Rs is Toand that we meain RL. Since Rs is at To and the system is
sure a signal power of PRL,no
matched, RL will dissipate a noise power of No where
Pnoise,RL,NoPad = N O

5.163

= kToB,

If we assume a 1-hertz noise bandwidth, then

= (1.38.
= 4.10-21

290)( 1)

5.164

w

System with Attenuator
Figure 5-41(b) shows the Same system with a resistive attenuator between
the signal sourceand the load resistor. By design, this attenuator has a power
loss of 3 dB or a power gain of -3 dB.We are interested in the total noise power
delivered to the load resistor when the attenuator is in place.
The noise power generated by the source resistor Rs is attenuated by 3
dB before it reaches the load resistor. However, the resistors that make up
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the attenuator will generate noise of their own since they are at some
nonzero physical temperature. The noise generated by R1,R2 and R3 will
Contribute to the total noise power dissipated in the load resistor.
To make the mathematics a easier, we will assume that the noise temperature of all the resistors, except RL,is To (290 K). We have to keep in mind
that the noise temperature and physical temperatures of a resistor can be different, although there can be a strong relationship between the two. RL is
noiseless since its noise temperature is 0 K. We will assume that the characteristic impedance of the system is 50 ohms, so Rs = R, = 50 ohms. We wil
use a noise bandwidth of 1hertz.
First we find the values of the noise voltage sources in series with ea
resistor in the attenuator of Figure 5-42(b). Repeated application
Equation 5.4 produces the following table.

bke 6-4 Noise voltages generated by resistors in Figure 5-41.
Resistor Value

R,@TO

VS

1507
PV,>

:
---

141 9 12
620°K

I
I
_

F i g w e 5-42 The system of Figure 5-41(b). The noise-producing resistors
have been replaced by their equivalent circuits - a noise generator in series
with a noiseless resistor.
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Figure 5-42 shows the noise-equivalent circuit of Figure 5-41(b) with
noiseless resistors and noise voltage generators. The noise generators in
each resistor are uncorrelated, which means that we have to examine the
noise power delivered to the load resistor by each noise generator separately and add up all the noise powers to produce the final result.
First, let us look at the effect of the noise generator in R,. Figure 5-43
shows the circuit from Figure 5-42 with all the voltage sources removed
except for the 895 pVm generator present in Rst.Analysis of the loop currents il and i2, as shown in Figure 5-43, produces
5.165
We can rewrite these equations in matrix format as

5.166

8.943 PANS

The noise power delivered to RL by the noise generator present in R, is
PNoise in R, due to %

-2

= L2,RMSRL
= (6.33. 10-12)2(50)
= 2.00.

R,=50R
R, = 8.55 R
R, = 141.9 R
R, = 8.55 R
R,= 5 0 0

5.167

w

@O°K
@O°K
@O°K
@O°K
@O°K

Figure 5-43 Loop current analysis of the system with attenuator shown in
Figure 5-41 (b). This analysis determines the noise delivered to the load
resistor by R, only.
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When the 3 dB attenuator is in the system, the noise power delivered
to the load resistor is 2.00.10-21 watts. When the 3 dB attenuator was not
in the system, Equation 5.164 showed that the noise power delivered to the
load resistor was 4-10-21watts.The 3 dB attenuator reduces the amount o f
power which reaches the load resistor by 1/2 or 3 dB. However, the noise
power generated by R1, R2 and R3 has yet to be accounted for. Figure 5-45
ows the circuit topology we will use to analyze the noise effect o f R,,

R,
R,
R,
R,
R,

= 50 R
= 8.55 LR
= 141.9 R
= 8.55 S2

@O°K
@290°K
@O°K
@O°K
@O°K

= 50 R

Figure 5-44 Loop current analysis of the system with attenuator shown in
Figure 5-41 (b). This analysis determines the noise delivered to the load
resistor by R1 only.
The current-loop matrix is
5.168
3.697 pAms

The noise present in RL due to the noise generator in R1 is
PNoise in RL due to R1

-2

= l2,RMSRL
= (2.62 = 343.

5.169
(50)
watts

Applying the same analysis techniques to R, and R3, we find
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pNoise in RL due to R2

-2

= l2,RM.SRL
= (4.4010-’2)2(50)

= 969 -

5.170

watts

and
pNoise in RL due to R3

-2

= 12,RMSRL
= (3.70-10-12)2(50)

= 684.5.

5.171

watts

The total noise power delivered to the load resistor is the sum of the noise
powers delivered to RL by R,, R1,R2 and R3, and we can write
pTotal Noise in R,

= pNoise from Q + pNoise from R, + ‘Noise from R, -I-‘Noise from R,
= (200.10-21)+(343.10-24)
+(969.10-24)
+(684.10-24)
= 4.00-

5.172

W

The total noise power dissipated in RL due to the noise generated by Rs, R1,
R2
and RS,is 4.00.1W23watts. This is the same noise power delivered to the load
resistor of Figure 5-41(a) when the attenuator was not in the system. The 3 dB
attenuator of figure 5-41(b) attenuates the noise power generated by R, by 3
dB.However, the resistors that make up the attenuator add just enough noise
so that the noise power dissipated in RL is back up to k T a n . The attenuator
does reduce the noise power but the thermal noise generated by the lossy elements of the attenuator returns the same amount of noise into the system.
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Noise Figures of Lossy Devices
Example 5.29 illustrates that if the physical temperature of a resistive
attenuator is To,the noise figure of the attenuator (in decibels) equals the
loss of the attenuator (in decibels), or
FAttenuator,dB
= Attenuator's LossdB
When the attenuator'sphysical temperature is To

5.177

assuming that the noise temperature of the attenuator equals the
physical temperature.
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These examples illustrate that the noise figure of a resistive attenuator
epends upon its physical temperature. When the attenuator is at room
temperature, the noise figure of the attenuator equals the loss of the attenuator. When the attenuator is at absolute zero (0K), the noise figure of the
attenuator is 0 dB. The noise temperature of a lossy, resistive attenuator is
related to its physical temperature by
5.18
where
TAtt.n,Noise
= the noise temperature of the attenuator in K,
TAttlz,Physkul = the physical temperature of the attenuator in K,
Gp,Aktn
= the power gain of the attenuator in linear terms.
This relationship can be verified experimentally. We used an HP-8970 noise
figure meter to measure the noise figure of a 6 dB attenuator at various
temperatures and generated the following table:
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Applying Equation 5.188 to Table 5-5 above produces

Measured

Measured Noise
Temperature

Power
Gain

PC)

Noise Figure
(dB1

(K)

(dB)

-31.6

5.41

718

-6.05

Physical
Temperature

-21.0

5.52

744

-6.05

+26.4

6.20

919

-6.05

+52.7

6.60

1036

-6.05

+78.0

6.75

1082

Measured results agree well with theoretical results.
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In summary, the noise power added by the attenuator depends entirely
upon the noise temperature of the attenuator. The noise temperature is
almost directly related to the attenuator’s physical temperature. For exam
ple, if we were to repeat the analysis of Figure 5-42 assuming the physical
temperature of R,, Rz and R3 was different from To,we would find a different amount of noise power is dissipated in RL.
There are many topologies for resistive attenuators, including pi-,
bridged-T?balanced and distributed attenuators. Although we performed
an analysis on only one topology, the analysis holds for any type of resistive
attenuator and is also valid for lossy filters (i.e.?filters with insertion loss)
as long as they are matched to the system’s characteristic impedance.
~

Signal Loss without Attenuators
Attenuators are used most frequently to produce a signal loss in a system. Other ways of introducing loss into a system include methods such as
introducing an intentional mismatch into a system, reactive power splitting
and losses via signal spreading causing path loss. Since these alternative do
not involve resistive losses, they usually do not possess the noise penalties
associated with resistive lossy attenuators.
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5.16 Amplifier and Noise Summary Data
Open-Circuit Noise Voltage Across a Resistor
The open-circuit RMS noise voltage present across the terminals of a
resistor is

where
Vn,oc,m= the open-circuit RMS noise voltage produced by the resistor,
k = Boltzmann's constant = 1.381.10-23joules/K (or 1.381.10-23
watt-sec/K),
T = temperature in K.

Short-circuit Noise Current Through a Resistor
The short-circuit RMS current present through a resistor is

where

I,,,,,

= the short-circuit RMS noise current produced by the resistor.

Combining Uncorrelated Noise Sources
When combining separate, uncorrelated noise sources, their powers must
be added together. Adding their RMS voltages together, will produce the
wrong number. One method of combining independent noise sources together is to remove all but one noise source,then calculate the power delivered to
the load by the one source. Next, we remove everything but a second noise
source, repeat the process and continue calculating the effect of single noise
sources until you have run through them all. Finally, we add the powers.

Thermal Noise Delivered to a Receiver
The noise power delivered by a noisy resistor to a matched, noiseless
resistor is

N = kT,Bn
When the noisy resistor represents the noise available from an antenna, this
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equation represents the noise delivered by the antenna to a receiver. This
noise power does not include the internal noise generated by the receiver.
The noise power delivered by a noisy resistor (at Ts) to a noisy loa
resistor (at TL)is

N = k( T,

+ TJB,

where
N = the total noise power dissipated in the load resistor RL by the
source resistor Rs and by the load resistor RL,
Ts = the noise temperature of the source,
TI,= the noise temperature of the load,
B, = the noise bandwidth of the measurement.

If the source is an antenna whose noise temperature is Tantand the load is
a receiver whose noise temperature is Tsys,noise delivered to the system (or
the system’s input noise floor) is

It is commonly assumed that the noise temperature of an antenna is To
or 290 K. When this is true, the antenna delivers the noise power No to a
matched load where

We note
kTo = (1.38 10-23)(290)
*

Watts
= 4.10-21 -

Hz
dBm
-174 Hz
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Thus,

Using Noise Figure
Noise figure, like noise temperature, accurately describes the noise
behavior of a receiving system. The relationship between system noise figure and system noise temperature is

and
Tsys = T o ( F s y s - 1)

If the antenna noise temperature is To,the receiver's noise floor is

We can write
NFloor = FsyskTOBn
NFZoor,dBm = Fsys,dB i-lolog(Bn

) - 74

when antenna temperature is To

Minimum Detectable Signal (MDS)
The criteria for minimum detectable signals is that the MDS signal
power equals the input noise power into the receiver. When the antenna
noise temperature is Tant,the MDS is

When the antenna noise temperature is To,the MDS is
sMDS

= k( ~ s y +
s T0)Bn

AMPLIFIERS AND NOISE

Cascade Equations
The cascade equations for noise temperature and noise figure are

Noise Figure and Resistive Attenuators
The noise figure of a resistive attenuator at room temperature is about
equal to the attenuator’s loss. M e n we place a resistive attenuator (whose
noise temperature is To)at the input of second device, the gain and noise
figure of the two-element cascade is

where

GAttn,dB
= the gain of the attenuator,
G2,dB = the gain of the second device,
GAttn,dB 1= the noise figure of the attenuator = -GAttn,dB,
F2,,, = the noise figure of the second device.
Add the loss of the resistive attenuator to the noise figure of the second
device to produce the noise figure of the cascade.

5.17
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6
Linearity

Nothing is more noble, nothing more venerable than fidelity.
-Cicero

6A

Introduction

In Chapter 5, we found that thermal noise sets the limit on the smallest
signal a receiver can process. Linearity, on the other hand, sets the limit an
the largest signal that can be processed. A system will alter or distort any
signal that is too large.

Definitions
Since there is some contention about describing the various harmonics
of a signal, the following nomenclature is used throughout this book:
*

*
*
*

Fundamental: The frequency is fo.
First Harmonic: The frequency is also fo.
Second Harmonic: The frequency is 2f0.
Third Harmonic: The frequency is 3fo.
nth Harmonic: The frequency is nfo.
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Linear and Nonlinear Systems

Although every system is nonlinear to one extent or another, this discussion focuses on linear systems for the following reasons:
Almost every nonlinear system can be modeled as a linear system over
a narrow operating range. For example, RF amplifiers are nonlinear
devices but, if the input signal power is kept small enough, the amplifier can be modeled as a linear device.
Even simple filters, which consists of common inductors and capacitors, are nonlinear devices. At very high power levels, the dielectrics of
the capacitors behave in a nonlinear fashion and the inductors can saturate. As a result, the value of the component changes with the voltage
across it or the current through it. This is a nonlinear process.
The mathematics describing linear systems is simple and well-understood. The equations are reasonably easy to program into a computer,
which makes numerical simulation quick and uncomplicated. A system
that is modeled as linear yields the most information because the system’s
nonlinearities can be described as deviations from its linear behavior.

Linear Systems
In Chapter 2, we discussed linear systems and their characteristics. We
found that a linear system has the following characteristics:
The only frequencies present in a linear system are directly traceable
to some voltage or current source in the system. For example, if a linear system is excited with a 1 MHz sine wave, it will be impossible to
find any voltage or current in the system at any other frequency
(excluding internally generated noise).
Superposition works. The system behaves the same regardless of the
magnitude of the input signal power. It does not matter whether the system is driven with a 10-femtowatt signal (very small) or a 10- megawatt
signal (very large). The terminal impedances and the various transfer
functions all remain unchanged.
A linear system does not change its characteristics when more than one
signal at a time is applied. Increasing the number of sine waves or complex waveforms will not result in a system change.

LINEARITY

f

Weakly Nonlinear Systems
Nonlinear effects are troublesome to describe mathematically and programming the equations into a computer is a difficult task. The numericd
simulations tend to be slow, which makes repetitive calculations unwieldy
and sluggish. To keep things simple, we will examine systems which are
weakly nonlinear. We will add signals to the system which are just strong
enough to cause nonlinear effects to occur, but not so strong that the system characteristics change dramatically.

Gain Compression
One common nonlinear effect is a change in a system’s voltage transfer
function with changing power levels. For example, a system may exhibit a
voltage gain of Gvor, equivalently, a power gain of Gpwhen small signals are
applied to its input. If the input signal power is increased, the voltage and
power gains of the system change. Since the gain usually decreases, this is
commonly referred to as gain compression.
Hurmonic Distortion
Another common nonlinear effect is harmonic distortion. When a large
signal is applied to a nonlinear system, signals at the output of the system
can be observed that were generated internally inside the system. For
example, if a signal whose frequency is f o is applied to a system, we will
observe signals at DC (or 0 hertz), fo, Zfo, 3f0, ... , at the output.
If two signals, at f l and fi2, are applied to the input of a nonlinear system, signals at +nfl +mf2will be observed at the system’s output. The variables n and rn are integers, including zero. These distortion products are
always present at the output of any nonlinear system. However, if the input
signals are weak enough, the distortion generated by the system may be too
weak to notice. Distortion products are often ignored if their power levels
are below the noise.
Mixers, frequency doublers and the like are purposely nonlinear. They
are used because they develop signal frequencies at their outputs that are
not present at their inputs. All systems are nonlinear to one degree or
another. However, at regular input power levels, the nonlinearities are so
small that they can be ignored. Further, if the input signal power is small
e n ~ u g hevery
,
system is a linear system.

6.3

Amplifier Transfer Curve

Figure 6-1 shows a circuit diagram of a Rf amplifier along with a source
and load. The signal voltage at the input of the amplifier is Viaand the sig-
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nal voltage across the load resistor is Vout.The power supply terminals are
labeled Vccand Vbb.
RF Amplifier

Figure 6 1 Circuit diagrtm of a Rf amplifir with input and output voltages.
F'igure 6-2shows the large signal voltage transfer curve of one amplifier.
Note the flattening at the top and bottom of the plot and the sharp slope to
the curve as the curve passes through (0,O).The flattening denotes saturation, and the slope about (0,O)is related to the voltage gain of the amplifier.

Figure 6-2 Large signal voltage transfer curve of the amplifier shown in
Figure 6-1.
Large Signals
If we drive the amplifier with a large sine wave, we might observe the
input and output voltages of Figure 6-3.

Figure 6-3 Large signal input and output voltages of the RF amplifier of
Figure 6-1.
The output is a distorted version of the input. Saturation effects keep
The output waveform is also
the output wave from exceeding Vsat+or Vsar.
asymmetrical. This is the most general case -other amplifiers may behave
differently, and this amplifier might behave differently for a different input
power level. The values of Vsat,+and Vsafare related to the power supply
voltages and the bias points of the transistors inside the amplifier. Figure
6-4 shows the spectra of the input and output waveforms.
I
-

Figure 6-4 Spectra of the input and output voltages of Figure 6-3.
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The input is a mathematically pure sine wave, and the output shows significant harmonic content. As mentioned earlier, one characteristic of a nonlinear system is that new frequencies are developed in the nonlinear process.

Small Signals
When the amplifier is driven with miniscule signals, it is operating
under small signal conditions. Since the input voltage will be restricted to
a very small range, we will be operating the amplifier very close to the (0,O)
point shown in Figure 6-1. Figure 6-5shows that the magnified neighborhood around (0,O)is very nearly a straight line. The slope of the linear
approximation is related to the amplifier’s power gain.

Figure 6-6 Voltage transfer curve of Figure 6-2, magnified around (0,O).
The linear approximation holds for small input signals.

Figures 6-6 and 6-7 sum up the behavior of nonlinear devices. Figure
6-6 shows the amplifier under small-signal conditions. The signal level at
the input is 1 pVpk, which is -110 dBm in a 50-ohm system. The signal
present at the output of the RF amplifier looks very much like the input
signal in both the time and frequency domains. The only measurable difference is the increase in voltage and power. Since the input signal is -110
dBm and the output signal is -90 dBm, the small signal power gain of this
amplifier is 20 dB.
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Time

Figure 6-6 A nonlinear amplifier under small signal conditions.
Figure 6-7 shows the amplifier operating under large signal conditions.
The input signal voltage is 1 Vpb which is +10 dE3m in a 50-ohm system.
Except for the change in power level, the large input signal has the same
appearance as the small signal in both the time and frequency domains.
However, the amplifier’s output signal is now severely distorted. In the
time domain, the output is clearly different from the input waveform. The
frequency domain shows a series of sine waves harmonically related to the
input sine wave. The power levels of the output harmonics are related to
the input power level and to the shape of the amplifier’s voltage transfer
curve. These harmonics are clearly not present on the input and were generated inside the amplifier. These signals, generated in nonlinear devices,
are often referred to as intermodulation products or simply as interrmds.
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Time

Figure 6-7 A nonlinear amplifier under large signal conditions.
Nonlinear Device
This amplifier meets several of the criteria for a nonlinear device.
*

Its behavior changes when signals of different powers are applied.

0

The amplifier distorts the waveform, producing frequencies not present at the input. This is especially noticeable at high power levels, but
the effect occurs at all input power levels. For small signals, these distortion products are usually very small and can be ignored.

For single input tones at a frequency of f o , the distortion takes the form of
discrete signals at nfo where n extends from zero to infinity. For multiple
input signals, the expression is more involved.
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In general, every component discussed in this book is nonlinear to some
extent. This includes devices such as amplifiers, mixers, filters, attenuators
and transmission lines. However, some devices are more linear than others.
For example, we can pass several thousand watts (60 dBm = 30 dBW = 1000
watts) of RF power through a properly designed transmission line or filter
with no visible signs of nonlinear distortion. Yet, most of the amplifiers and
mixers reviewed in this book show sigmficant distortion at input power levels ofjust 1mW (0 dBm = - 30 dBW = 1 mw). From a linearity perspective,
the two most troublesome components are amplifiers and mixers. Diode
switches and voltage-controlled attenuators can also be problematic.

Nonlinear Behavior
Nonlinear behavior limits the large signal handling capability of an
amplifier just as noise limits the small-signal capability. For small signals, the
distortion generated by a nonlinear device may be very low in power. The distortion products below the noise floor or the minimum detectable signal of
the system can be ignored. As the input power is increased, the system will
eventually be able to detect the distortion generated by the nonlinear device.
At some input power level, the distortion power will become too great and the
output waveform will become unacceptable.

6.4

Polynomial Approximations

How can devices be compared from a linearity point of view? When a slgnal
is applied to a device, how much distortion will the device generate? Polynomials
provide the solution. Since we can express any arbitrary curve as a polynomial,
the error between the approximation and the curve will be as small as we like if
we carry enough terms. A polynomial is an equation of the form
Y = ko + k $ + k2x2 + k3x3 +... + k n x n

6.5

where knxn is the nth-order term of the polynomial.

RF Amplifier
To model the voltage transfer curve of a RF amplifier, Equation 6.5 is
modified to include more familiar variables.
6.6

LINEARITY
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Matching Derivatives
There are several numerical methods available for generating a polynomial to approximate a given curve. The method used here forces a
match between the derivatives of the curve and the derivatives of the
polynomial. Figure 6-8 shows the amplifier transfer function and its firstsecond- and third-order polynomial approximations. The equations for
the approximations are
?

First-Order or Linear Approximation:
Vout( t )= 1.752

I

qn( t )

.7

Second-Order Approximation:

Vout( t )= 1.752- y n( t )+ 1.446. qz ( t )

6.8

Third-OrderApproximation:

Vout( t )= 1.752- yn( t )+ 1.446 V,: ( t )- 3.229

*

(t)

6.9

Figure 6-8 Amplifier transfer function with its first, second and third order
polynomial approximations.

552

I RADIO RECEIVER DESIGN

Observations
Close examination of Figure 6-8 reveals that the higher-order polynomials match the original curve better at the (0,O)point. Note that the polynomial approximations diverge rapidly from the original curve with
increasing input signal. The higher-order curves diverge quicker than the
lower-order curves.

Weakly Nonlinear
In the following analysis, the amplifier will be operating close to the
(0,O)point on the voltage transfer curve. Under small signal conditions, the
linear approximation holds. As the input signal increases in power, we must
describe the transfer function with a second-order polynomial to account
for the distortion observed. As the input signal level increases further, the
amplifier should be described using the third-order approximation. It is not
necessary to continue increasing the polynomial order as the input signal
increases. For reasons we will discuss later, we can usually stop at the thirdorder polynomial.
The polynomial approximations are valid for small signals and near the
(0,O)point of Figure 6-8. With increasing input level, the approximations
no longer describe the amplifier adequately and the analysis breaks down.
In other words, as long as we do not allow the input signal to become too
strong, the following analysis is accurate and useful. If the input signals are
strong enough that the amplifier’s transfer curve cannot be accurately
described by a matching polynomial, the analysis becomes obsolete.

6.5

Single-Tone Analysis

We can approximate the nonlinear voltage transfer function of a Rf
amplifier with a polynomial of the form of Equation 6.6. Since we are
interested in amplifylng RF signals, let us look at the output voltage of
the nonlinear device when the input voltage is a single cosine wave, i.e.,
when Vin= cos(0t).

The ko Term
The 0th term of the polynomial is independent of the input signal. This
term represents the DC present at the output of the amplifier. Since we are
usually interested in signals whose fiequencies are greater than 0 hertz and
since RF amplifiers are usually AC-coupled, this term is ignored. In most RF
devices, this term is usually very small or equals zero.

LINEARITY

The kzVinlTerm
The k , term represents the power gain of the amplifier. Large hi's
translate into large power gains; small kl’s translate into small power
gains. Equation 6.4 relates the power gain of the amplifier to k , term. For
a sinusoidal input voltage of

the klVi,l term produces an output voltage of

This linear or first-order term is not responsible for any distortion in the
amplifier’s output. If a voltage Vinis applied to a linear device, the output
voltage Voutwill contain only the same frequency. As will be shown, this is
not necessarily true for the higher-order polynomial terms.

The k2Vin2Term
The second-order k2Vin2term of the polynomial is responsible for some
of the signal distortion present on the amplifier’s output. For a sinusoidal
input signal of

y n( t )= Acos(&)

6*12

the k2Vrn2term will generate an output voltage of

Vout,2
( t )= k2A2c0s2(&)
k2A2

[

= -14-

2

-

cos(2 4 1

6-13

k2A2 k A2
+ -Lcos(2clltj
2

2

The second-order term produces energy at frequencies other than the input
frequency. Equation 6.13 shows output energy at DC or 0 hertz (the k,A 2/2
term) and energy at twice the input frequency (the k2A2/2 .cos(2wt)term).
Clearly, the second-order term is at least partially responsible for the nonlinear behavior of the amplifier since it produces frequencies at the amplifier’s output that were not present at the input. We often use the term second-order distortion to describe the effects caused by the second-order term
of the approximating polynomial.
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The k3Vin3Term
This is the third-order term of the polynomial. For a sinusoidal input
signal of

y n( t )= A C O S ( ~ ~ )

6.14

the third-order term produces

V0ut,3(t)
= k3A3c0s3(wt)
- k 3 A 3 [3cos(Wt)
-4

+ cos(w)]

6.15

Equation 6.15 shows energy at the hndamental frequency (the original
input frequency or fo> and at three times the input frequency (at 3f0). This
is third-order distortion. Similar to the second-order term, the third-order
term is responsible for some of the amplifier’s nonlinear behavior.

The k4Vin4Term
For a sinusoidal input, the fourth-order term produces

k, A4
Vout,,
(t) = 8[3 + 4 COS( 2Wt)+ COS( 4

4

6.16

The fourth order term generates energy at DC, at the second harmonic of
the input signal and at the fourth harmonic of the input signal. The secondorder term produces energy at DC and at the second harmonic of the input
waveform. The fourth-order term produces energy at DC and the second
harmonic as well as the fourth harmonics of the input signal.

The k5Vin5Term
The fifth-order term produces
6.17

which contains energy at the hndamental frequency, the third harmonic
and the fifth harmonic. The fifth-order term of the polynomial spawns signals at the hndamental, the third and the fifth harmonics of the input signal, and the third-order term creates energy at only the fundamental and
the third harmonics.

1-1 NEARITY

The k&,G

Term

Under sinusoidal drive, the sixth-order term produces

k A6
VotLt,G
( t )= .-!L-- [10+ 15COS( 2&>+ 6 COS( 4&)
32

+ COS(~&)]

6.18

The output has energy at DC, the second, fourth and sixth harmonics.

Observations
Several conclusions can be drawn from the data of the previous section.
Although these conclusions can be mathematically proven, we will forgo a
rigorous analysis and simply state the results.

Even n
For even n, the term

COP(&)
will produce only even harmonics of the
fundamental. The harmonics range from DC (which is the 0th harmonic)
up to and including the nth harmonic. These are the even-order responses of
the system.

odd n
For odd n, COP(&) will produce only odd harmonics of the fundamental. The harmonics begin with the fundamental or first harmonic up to and
including the nth harmonic. Responses that are odd and greater than one
are called the odd-order responses of the system.

nth-Order Polynomial and nth-Order Harmonics
For a given n, COP(&) will produce harmonics up to and including the
nth harmonic, but no higher. For example, C O S ~ ( W ~will
)
generate only odd
harmonics up to and including the 5th harmonic.

Power of Each Harmonic
At the output of the amplifier, the strength of a given harmonic is
determined by several terms of the polynomial. For example, given a 6thorder polynomial that describes an amplifier’s voltage transfer function,
the amplitude of the second harmonic will be determined by the second-,
fourth- and sixth-order terms of the polynomial.

Power Decreases as n Increases
When we operate the amplifier in its weakly nonlinear input range, the
amplitude of the nth harmonic will tend to decrease as n increases. For
example, the third harmonic will be smaller than the second harmonic; the
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fourth harmonic will be smaller than the third harmonic, and so on.
However, if the input signal power is increased to the point where we are
operating in the amplifier's grossly nonlinear range, none of these approximations hold. Remember that the polynomial approximation is valid only
when the input voltage is small. Devices such as mixers and frequency doublers are built to be purposefully nonlinear. Designers go out of their way
to enhance particular nonlinearities and suppress the linear responses. The
decreasing amplitude with increasing n rule does not apply to mixers, frequency doublers and the like.

6.6

Two-Tone Analysis

So far we have assumed that only one sine wave at a time was present
in the system. In practice, however, this is normally not the case.Therefore,
we have to analyze the system when it is driven by more than one sine wave.

Commercial FM Radio
In the United States, the commercial FM radio broadcast band inhabits
the spectrum from 87.8 to 108.0 MHz. Each channel is centered on an odd
multiple of 100 kHz: 87.9,88.1,883,88.5,... 107.7 and 107.9 MHz. There are
101 allocated channels and each channel can occupy up to 200 kHz of bandwidth. Figure 6-9 shows the FM broadcast band graphically. A typical commercial F'M broadcast receiver in an urban environment might see 30 signals simultaneously at the output of the antenna.

*
150 kHz

50 kHz
Guard Band

e,

f

Signal Energy

J

87.9 MHz

88.1 MHz

88.3 MHz

107.5 MHz

107.7 MHz

107.9 MHZ

Figure 6-9 The commercial FM broadcast band in the United States.
Two-ToneAnalysis
How will a nonlinear device behave when many different signals are
simultaneously applied to its input? In practice, the signals will likely be at
different frequencies and different power levels.
Proceeding directly to the general case is difficult. To make the initial

LlNEARiTY

analysis a little easier, we will analyze the behavior of a nonlinear device
when only two sine waves are applied to the input and assume that both
sine waves are the same power level. The input signal will be

where
Wl

= 2#1,

a 2 = 2$2,
f1 = frequency of

tone #1,

fi2 = frequency of tone #2,
A,, A, = the amplitude of each cosine wave.
The ko Term.
This term represents the DC present at the output of the amplifier. We
will ignore it for the purpose of this discussion.

The lzrVinlTerm
This term again represents the power gain of the amplifier. The larger
the value of k,, the larger the power gain. For the dual-tone input described
by Equation 6.19, the output of the amplifier due to the klVi,l term is

As in the single-tone case, the linear term does not change or distort the
input signal; it simply applies power gain.

The kzVinTerm
When we apply the two-tone input signal described by Equation 6.19 to
a nonlinear device, the second-order term produces an output voltage of
K u , , , ( t ) = h[A, cos(w1t)+ A2 cos(%4]2
= k2

A:
~

+ A;

+

A: c o s ( 2 q t ) A; cos(2w2t)

+

6.21

+A,A, cos[(ml + o,)t]+ A,A, cos[(m, - m2)t]}

As in the single-tone case, the second-order term produces energy at 0 hertz
(or DC) and at the second harmonic of each input signal (i.e. at 2 s l and at
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2%). Equation 6.21 contains two terms we have not previously observed:
cos[(ol + q ) t ]and cos[(ol -%MI. We define

the difference frequency as Am = I o1- 0~ I or Af = If l - f2
the sum frequency as Co =

lo1+

or cf=

If1

I

+ f2l

The spurious signals generated by the second-order term tend be the
strongest of all the spurious signals. Figure 6-10 shows the portion of the
output spectrum of a Rf amplifier which is due only to second-order distortion. The output tones are concentrated around DC and fi + f2. There are
no components at either f l or f2.
When building systems, nonlinear distortions are often avoided at all
costs although they can be used in a positive way. A mixer is a device built
with enhanced second-order performance (see Chapter 3). We use the sum
and difference products arising from the kqVin2term to perform frequency
translation, phase detection and other functions.
No response at

/ Levels
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" h e k3Vin3Term

When a nonlinear device is driven with two equal-levelsine waves, the thirdorder term in the appmximatingpolynomial produces an output voltage of
Vout,3(t)

= k3[A1

4

cos(wlt) +

+-c0s(3w1t)

cos(w2t)]3

+ -A;
cos(h,t)

4

4

6.22

As might be expected from the single-tone analysis, the third-order term
produces energy at the fundamental frequencies, f l and f2, and at three
times the input frequencies, 3f1 and 3f2. We also find several new products
at (2fl + f 2 ) , (2f2 + fi), (2f1 - f , )and (2f2-fl).
In a nonlinear device with both linear and third-order components, most
of the power at fl and f2 will be generated by the klVinterm of the approximating polynomial. The relative power levels given above assume that all of
the power in the signals at f l and f2 is due to the third-order term.

Nonlinear

,v = %V,'

\

The sienah,at f, and f,
shown here are due onlv

Figure 6-12 Output spectrum of a nonlinear device due only to thirdorder distortion.
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Figure 6-12 shows the portion of the output spectrum of a RF amplifier
which is due only to the third-order distortion.
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The k,Vi,4 Term
Under two-tone sinusoidal drive, the fourth-orderterm produces signals ah.
C tor 0 Hzl,
2fk
1
9

fl

4f2l

-+ r
L
!

2fs
3f;

* 2f2,
:+ f2,

3fz t f p

The fourth-order term produces energy at DC, the second harmonics offl
and f i and the fourth harmonics of f l and fi2. We also observe distortion
products at several sum and difference combinations.

The k5Vin5Term
The fifth-order term of the approximating polynomial produces signals at:
DC (or 0 Hz),

fi, fi,
Zfi 2 fi, 2 h
3f;, 3fb7
3f1 2

Zf2,

3f2

.Ifi f z , 4fi2
5f1,

fi

* Zf1,
f1,

SfH.

The fifth-order term produces energy at fi and f2, the third and fifth harmonics of f i and fz, and several sum and difference combinations.

Observations
Figure 6-14 shows the output spectrum of a nonlinear amplifier when
two sine waves are applied at slightly different frequencies, fi and f2. The
number associated with each spectral element is the order of the lowest
term of the approximating polynomial that will generate the element. For
example, if the lowest order that can produce a particular spectral element is a
fAh-order combination of the input signals, then the spectral component is
labeled with a “5.”
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Figure 6-14 Output spectrum of a nonlinear device when the input is two
equal-amplitude sine waves of slightly different frequencies.
Neigh borhoals
The tones generated by the nonlinear process tend to concentrate in
the general neighborhood of the harmonics of the two input signals. When
the input signals are fl and f2 and f l = f2, the spurious output signals will
cluster in the general area of
n--f1

+f2

2

where n = 0,1,2,3, ...

6.23

Separation
The spurious signals tend to cluster in the neighborhoods given in
Equation 6.23.If only the signals in a particular neighborhood are examined, we find the signals are separated by a frequency Af where

Af

= I f 1 - f21

6.24

Power Decreases as n Increases
The power of a particular spurious signal is inversely proportional to its
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order. A 5th-order spurious signal will likely be stronger than a 7th-order
spurious signal, and so on.

Spurious Frequencies
In equation form, the spurious output signal frequencies are given by
fout

where rn

6.7

= IIfInfi k mfi

1 where

i

n = 0,1,2,3, ...
rn = 0,1,2,3, ..*

.25

+ r~is the order of the spurious product.

Distortion Summary

A nonlinear device will generate distortion products whose frequencies
are derived from the input frequencies. As a mathematical tool, the transfer function of a nonlinear device was modeled as a polynomial, then the
terms of the polynomial under sinusoidal drive were analyzed.
The approximating polynomial holds only for moderately small power
levels. As the input power increases, deviations between the device’s actual transfer function and the approximation increase and eventually the
model falls apart completely. Accordingly, the analysis is limited to weakly
nonlinear systems, i.e., systems driven by just enough power to make the
nonlinear aspects of the system noticeable. Because the model degenerates
rather quickly with increasing power levels, two more approximations
involving the transfer function of a nonlinear device will be used.
Small Signal Approximation (I)
For very small input signals (and ignoring the DC component), we can
completely ignore the nonlinear aspects of most devices and simplify
Equation 6.6 to
6.26

This is the first small signal approximation.

Small Signal Approximation (11)
When the power of the input signals is relatively small yet large enough
to generate noticeable distortion, we can make a second small-signal
approximation. Instead of modeling the device’stransfer function as linear, we
will model it as a third-order polynomial with no dc term (i.e., ko = 0).
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This polynomial describes a weakly nonlinear device. The input power is
still small and the device does exhibit slight nonlinearity.
Equation 6-27 is a third-order polynomial that will generate only secondand third-order distortion. The higher-order distortion products are ignored.

Summary
Table 6-1 summarizes the second- and third-order distortion components for single-tone and double-tone input signals.
Table 6-1 Second- and third-order distortion generated by a nonlinear
device under sinusoidal drive.
Signal

V ,( t ) = A cos(W)

A’
A’
-+-cos(2Wr)
2
2

3A3

- C4O s ( W )

A3
+ --Cos(3Wt)
4

4’+4
2
+-cos(2w,t)
2

+-cos(20,t)
4
2

T w o Types of Distortion
From this point forward, two major types of distortion will be primarily discussed: second-order distortion and third-order distortion. Distortion
caused by the second-order term of Equation 6.27 is second-order distortion; the distortion caused by the third-order term of Equation 6.27 is
third-order distortion.
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When the amplifier is operated in its weakly nonlinear input range, the
amplitude of the nth harmonic tends to decrease as n increases. The secondorder term of Equation 6.27 generates the strongest even-order spurious
signals; the third-order term generates the strongest odd-order signal
power. Higher-order distortion, however, can be a problem. The power of"
the second- and third-order spurious signals will be the largest of the
unwanted products from a nonlinear device.
Also, the behavior of the second-order spurious signals is representative of all the even-order spurious signals; third-order spurious signals are
representative of all the odd-order spurious signals. We will consider the
Characteristics of the higher-order spurious signals as deviations from the
behavior of the second- and third-order behavior.
Finally, the various nonlinear distortion products can be filtered away if
their frequencies are sufficiently removed from the desired signals. In some
cases, we can design the systems to almost eliminate second-order distortion,
This means that we can often ignore the stronger second-order distortion
concentrate on reducing the weaker third-order distortion,

6.8

Preselection

Figure 6-15 shows the receiving system model used in this discussion. In
any receiver design, we now have to process some specific band of frequencies. The band-pass filter (BPF) between the antenna and the first amplifier
is normally wide enough to accept this entire band of frequencies. For example, in the United States, the commercial FM radio band covers 87.8 to 108
MHz. In this case, the band-pass filter between the antenna and the first RF
amplifier will allow 87.8 to 108 MHz to pass with relatively little attenuation.
Alternately, the United States cellular telephone band inhabits the spectrum
from 824 to 894 MHz. If we were building a cellular telephone receiver, the
first band-pass filter in the system would pass 824 to 894 MHz.

---/
Preselection
Filter

Nonlinear
Amplifier

1

I

Receiver
Circuitry

Figure 6-15; Simple receiving system with a preselection filter.
We almost universally place some type of filter between the antenna and
the first amplifier because the filter limits the number of signals present in
the receiver at one time. We are not interested in receiving these out-of-band
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signals and letting them into the receiver offers no benefit. Moreover, these
unwanted signals can seriously degrade the receiver’s performance.
Suppose you were listening to the FM radio in your car and you passed
another driver who was using his cellular telephone. The car with the cellular phone is probably much closer to you than the FM transmitter. The
undesired cellular telephone signal will be considerably stronger than the
desired FM radio station. The band-pass filter between the antenna and
first amplifier attenuates the unwanted signal (the cellular telephone frequency) while passing the desired signal (the FM radio station frequency).
Without this filter, any large, undesired signal could cause the f r s t amplifier to behave in a nonlinear fashion, producing distortion and perhaps completely masking the station’s signal. High-performance receivers always
have some form of filter between the antenna and the frst amplifier. This is
called preselection, and the first filter is a preselection filter.

6.9

Second-Order Distortion

Preselection and Second-Order Effects
The lower the order of the distortion, the larger the distortion power
tends to be. Second-order distortion w i l l therefore generate the largest spurious signals in the system. Anything we can do to minimize the nonlinear
second-order effects will help us toward achieving a spurious-free system.

One Input Signal
For a single input signal whose frequency is fo, Equation 6.13indicates
that second-order effects will generate distortion only at DC and at 2f0. For
example, Figure 6-16shows a wideband antenna connected to a nonlinear
amplifier. A telephone radio receiver follows the amplifier. We will assume
the receiver is tuned to 872.700 MHz.
Since the antenna is wideband, it will pick up the desired signal present
at 872.700 MHz as well as signals above and below that frequency. Given
we observe a signal at 872.700 MHz at the output of the nonlinear amplifier, how can we arrange things to be sure that the signal was not generated
inside the amplifier? To answer this question, we need to apply knowledge
of second-order effects.
One way we would observe a signal of frequency fo at the output of a
second-order device is if we applied a signal at fd2 to the input. In the cellular telephone example, the fd2 frequency is 436.350 MHz. The singletone case forces us to place a high-pass filter (HPF) between the antenna
and the amplifier. The HPF must supply significant attenuation at fd2 or
436.350MHz.

Wideband
Antenna

uI/
Other
Receiver

j

L
2nd Order
Nonlinear

I

-

-

_____I_

Flunad= 872.700 MHz

Figure 6-16 Wideband antenna connected to a nonlinear amplifier. No preselection filter.
In the more general case, if the receiver tunes from some lower frequency
f L to some upper frequency fv, then the range of single-tone input signals
which will generate in-band distortion due to second-order effects is
f r , to fu
6.28
2
2
In the example, cellular telephone receivers in the United States must
receive 869 to 894 MHz. The troublesome f0/2 frequencies are 434.5 to
447.O MHz. To insure against single-tone second-order nonlinearities, the
HPF of Figure 6-17 must provide high attenuation throughout this range.

Significant Attenuation
@ f012 = 434.5 - 447.0
MHz

u
F,

= 869 - 894 MHz

Figure 6-17 Wideband antenna connected to a nonlinear amplifier
through a high-pass preselection filter.

Two Input Signals
Equation 6.21 describes the second-order outputs for two input signals.
Any two signals whose sum or difference equals the tuned frequency might
cause interference. In equation form, any two signals which satisfy
6.29

can cause inband second-order distortion. Both signals must be present in
the nonlinear amplifier at the same time and both must be at high levels to
cause distortion.
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Problematic Frequencies
The system shown in Figure 6-18 consists of a wideband antenna followed by a preselection filter. The output of the filter goes into a nonlinear
amplifier with a second-order characteristic. Finally, we feed the amplifier’s
output into a receiver with a tuning range of fLow to f H I G H . The center frequency is fo. We now derive the system constraints which will allow us to
remove second-order distortion with filtering.
The preselection filter must pass the signals between f L O w and f H I G H .
We know the filter must suppress signals from fLod2to f H I G H / 2 so their
second harmonics will not fall in the receiver’s pass-band. Thus, the
highest frequency f H I G H should be kept less than twice the lowest frequency fLow If this requirement is not enforced, we could apply a signal at fLow and its second harmonic would fall in the receiver passband. The receiver then cannot tell if a signal present at 2fLow is real
or if it comes from second-order distortion in the amplifier. A system
whose highest frequency is less than twice its lowest frequency is called
a suboctave system.
We must keep signals whose frequency sums lie between fmwand f H l G H
from combining in the amplifier. For example, a signal at 0.32f0 will
combine with a signal at 0.68f0 to produce a signal at fo.

LINEARITY

Close examination of Equation 6.21 reveals that we have to suppress only
one of the offending carriers. For example, if we apply f o / l O O and
99fo/100 to the system, we have to attenuate only the signal at fo/ 100 to
keep intermods from forming. A high-pass filter will solve this problem,
9

Signals whose frequency differences lie between fLow and fHIGH should be
kept out of the amplifier. A signal at 3fo will combine with a signal at 2fo
to produce a signal at fo. A low-pass filter will solve this problem.

The frequency difference component also forces us to accept a suboctave system.
Wideband
Antenna

Preselection
Filter

2nd Order
Nonlinear

Tunes from
f,,
to f,c;w

Figure 6-18 Analysis of second-order distortion and the preselection filter
bund w idth.

The Second-Order Solution
Since we do not have any control over the signals present at the output
of the antenna, we have to look at distortion almost from a statistical perspective. What are the most likely events that will cause harmful secondorder distortion? We know a single tone at half the tuned frequency will
cause problems. Since this is the most likely event, a high-pass filter has to
be installed between the antenna and the first amplifier.
For two tones to combine to create in-band interference, both must
have a large amplitude and the correct frequency relationship. Their sum
or difference must be the tuned frequency. Combating this type of distortion requires both a high-pass and a low-pass filter. Ideally, we would like
the preselection filter to be as narrow as possible, letting in only those frequencies the receiver is interested in seeing.
The sum and difference problem also forces us to keep the bandwidth of
the system less than an octave. In a multioctave system, we cannot filter out
the problem tones and have to rely on the nonlinear devices to hold up under
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strong signal conditions. Figure 6-19 shows a suboctave and a multioctave
receiving system. Second-order distortion is a problem in systems that must
process more than an octave of bandwidth at some point in the system
Wideband
Antenna

I

Response
BpF

BPF

f----l

Wideband

3f H,Gd
a,,
3 2nd ORDER DISTORTIONCANNOT BE
COMPLETELY FILTEREDAWAY

Narrowband

3 fHIGH<2fL,
32nd ORDER DISTORTIONCAN BE
COMPLETELY REMOVED BY
FILTER1NG

Figure 6-19 Suboctave and multioctave receiving systems.

6.10 ThirdlOrder Distortion
Second-order distortion produces the strongest intermodulation products in a nonlinear device. In some situations second-order effects can be
completely removed by using filters intelligently. However, there is no effective way to remove third-order intermodulation products from the systems,
which is a fundamental limit on linearity in many common systems.

Preselection and Third-Order Effects
To diminish second-order distortion, a preselection band-pass filter is
placed just after the antenna and before any nonlinear device. This filter
was made as narrow as possible to pass desired signals while rejecting signals that might combine nonlinearly.

Lf NEARITY

One Input Signal
Equation 6,15 describes the output of a third-order nonlinearity under
sinusoidal drive. If the input frequency is fl, the third-order output frequencies are fl and 3f1. The third-order nonlinearity generates a term at
the fundamental frequency f l . The fundamental component due to the nonlinearity will combine in some way with the fundamental component from
the linear term of the amplifier to produce the fundamental output signal.
In other words, some combination of the undistorted signal and the distortion makes up the output signal present at f l .
Realization effects can change the relative phases between the undistorted signal (at f l ) and the third-order spurious signal (also at f i > . This
third-order distortion can increase the apparent power gain of a nonlinear
device (if the two signals are in phase) or it can decrease the power gain (if
the two signals are 180"out of phase).
The spurious signal at 3f1 will fall outside of the preselection bandwidth in Figure 6-19 if fHIGH 5 3 fLow In narrowband systems, when the
bandwidth is less than an octave, the 3f1 component will always fall outside
the preselection bandwidth. However, if the bandwidth is so large it can fit
in a 3 : l frequency range, it can also fit in a 2 : l frequency range.
Two Input Signals
Equation 6.22 describes the output voltage of a third-order process
when driven by two sinusoids of different amplitudes and frequencies. The
third-order term produces energy at the fundamental frequencies (fi and fi>
and at three times the input frequencies (3f1 and 3f2). We also find signals
at (2f1 + f 2 ) , (2f2 + f l ) , (2fl - f l ) and (2f2 - fl). These new components
demand examination, especially when the frequencies ( f l and fi2> are
restricted by the band-pass preselection filter.
In a simplified analysis, we can make the approximation that fl = f"2
since both o f these signals must pass through the preselection filter. The
third-order components are

6.30

These frequencies terms fall somewhere near the third harmonics of the
input frequencies. In a suboctave system, these products can be filtered.
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2fl - f 2 = fi = f 2
and

6.31

2f2 - f i =: f l = f 2

These distortion components will be problematic. When the input frequencies
are about equal, these third-order terms occur very near the ori@ input fiequencies and are impossible to avoid. The only way to circumvent this problem is to depend upon the raw linearity of the system being designed.

Problematic Frequencies
Figure 6-20 illustrates the hndamental problem frequencies. We build
a receiving system that is capable of receiving signals at f l through f4. The
input band-pass filter must be wide enough to pass this frequency range. If
we apply two signals at f 2 and f 3 , we may observe the output spectrum
shown in Figure 6-20. The signals at f 2 and f 3 along with the nonlinear distortion at f l and f 4 can be observed.
It is impossible to determine whether the signals present at f l and f4
come from the antenna or if they are internally generated spurious signals.
If there are signals from the antenna at f l and f 4 , nonlinear distortion could
mask them, which constitutes a fundamental limitation.
4

Shape
/
4

A

Nonlinear
I

I

b

Figure 6-20 The fundamental third-order problem. This distortion cannot
be removed by filtering.
The Third-Order Solution
The third-order solution is the same solution we used for the secondorder problem. The preselection band-pass filter should be as narrow as
possible, and the system should be kept suboctave to prevent second-order
effects. However, the preselection filter will not prevent the third-order
limitation caused by the 2f1 - f 2 and 2f2 - f l components.

6.11

Narrowband and Wideband Systems

Under a broad definition, a system is considered to be wideband if it contains more than an octave of bandwidth somewhere in its processing chain. A
narrowband system never processes more than one octave. Narrowband systems are limited by third-order effects. Since second-order nonlinearities usually generate stronger distortion than third-order nonlinearities,it is useful to
convert wideband systems into narrowband systems.
Generally, if a device is used in a narrowband system, we ignore its second-order performance and concentrate on its third-order performance. If
we plan to use the same device in a wideband system, we are interested in
i t s second-order distortion characteristics.

Wideband and Narrowband Examples
A system is narrowband if all of the filters in the processing path are less
than an octave wide. A system is wideband if any of the filters in the RF path
are more than an octave wide. Figure 6-21 shows an example of a wideband
system. This is a 1 to 4 GHz receiver and the preselection filter covers the
entire 1 to 4 GHz range. Since the receiver has a filter whose bandwidth
must process more than one octave at a time, this is a wideband system.

fhigh= 4 GHz

Amplifier

Figure 6-21 A wideband receiving system. This system contains at least
on,e filter with more than an octave of bandwidth.

-\
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Figure 6-22 shows the Same receiver with a slightly different filtering
scheme. The receiver tunes over the Same frequency range, but it now uses
three switchable band-pass filters for preselection. When the receiver tunes
in the 1 to 1.8 GHz band, we switch BPFl into the system. When the receiver tunes in the 1.8 to 2.7 GHz band, we switch in BPF, and, finally, when
we tune the receiver anywhere in the 2.7 to 4.0 GHz range, we switch in
BPF,. Although the receiver still tunes over a 1 to 4 GHz range, this is now
a narrowband system because we never have more than an octave’s worth
of frequency coverage present in the amplifier at one time.
,f
,,f

= 1 GHr

= 1.8 GHz

fk, = 1.8 GHz
fhm = 2.7 GHz

Other
Receiver
Circuitry
fb, = 2.7 GHz

Nonlinear
Amplifier

Figure 6-22 A narrowband receiving system. The wideband system of
Figure 6-21 has been converted into a narrowband system by the addition of
switched filters. None of the filters in the processing chain is more than an
octave wide.
Another example: suppose we need a radar-warning receiver to tell us
whether someone is shining radar on us. The radar signal is 120 MHz wide
and might be centered anywhere from 1 to 4 GHz. We will start with the system in Figure 6-22 but will convert the signal to 160 MHz before processing
(see Figure 6-23). The IF band-pass filter is centered at 160 MHz and has a
120 MHz bandwidth. The filter will pass 111 MHz to 231 MHz. The IF filter BPF, must pass more than an octave bandwidth. When the IF stage was
added, the receiver was turned back into a wideband system.
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BPFl
1.O 1.8 GHz

-

i

Local

Oscillator

Figure 6-23 A wideband receiving system. The preselection structure is
narrowband but the multi-octave IF filter defines this system as wideband.
In Figure 6-24we have moved the IF center frequency to 700 MHz while
keeping the 120 MHz bandwidth. The IF filter will pass 643 to 763 MHz.
Since no part of this receiver has to process more than an octaves' worth of
frequency at one time, this is a narrowband system. The definitions for wideband and narrowband systems that were presented here are somewhat loose.
Depending upon the environment, the terms narrowband and wideband may
have entirely different meanings.
BPFl
1.0 1.8 GHz

-

BPF2
1.8 - 2.7 GHz

-El-

\'

BPF4
Other
Receiver
Circuitry

L

BPF3
2.7 - 4.0 GHz

f, = 700 MHz
BW = 120 MHz

U

Local
Oscillator

Figure 6-24 A narrowband receiving system. Moving the IF of Figure 6-23
up from 160 MHz to 700 MHz allows the IF filter to be suboctave.

6.12

Higher-Order Effects

We examined second- and third-order distortion in detail because they
present fundamental limits on distortion in the cases that interest us.
However, real devices exhibit higher-order nonlinearities.
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Harmonics
If a signal of frequency fo is applied to a nonlinear device, the device will
generate harmonics at
nfo where n = 2,3,4, ...

6.32

Looking at the problem from a receiver perspective, if we are tuned to f o ,
an input signal at

fo wheren = 2,3,4, ...
n

6.33

can generate an interfering signal right on top of the tuned signal. The highpass aspect of the preselection filter attenuates the troublesome input signals.

Multiple Input Signals
If multiple input signals are applied to a nonlinear device described by
an nth order polynomial, the output frequencies are given by

[ n= 0,1,2,...
6.34

Problems arise when one of the possible fout frequencies lies on a signal of
interest. It is therefore best to limit the number of signals a nonlinear
device must process because it limits the number of signals that can combine and possibly cause interference.

6.13

Second-Order Intercept Point

Given an input signal power, how much second-order power will a particular nonlinear device generate? What will be the power at each of the
second-order frequencies? The intercept concept quantifies the linearity of
the device in a useful way. The linearity of different devices can be compared and the intercept information can be used to calculate the strength
of the second-order distortion for a given fundamental input power.
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Measuring Nonlinear Devices
To measure the second-order distortion generated by a nonlinear
device, a tone at frequency f is applied to the input. The output power at f
and at 2f is then measured. The input and output spectra are shown in
Figure 6-25.

Figure 6-25 Measuring the second-order distortion generated by a nonE i near dev ice.
After connecting a signal generator up to the device under test (DUT), we
apply an input and watch the output on a spectrum analyzer. We must
make certain that
*

the signal generator output is free from second harmonic energy,

*

the spectrum analyzer itself is not generating the second-order distortion observed on the screen.
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Then the input port of the DUT is radiated with a single tone at f , the output power at f and the power of the second-order product at 2f is measured.

Definitions
The fundamental (or h t harmonic) input power at frequencyf is Pin,fam
in dBm. The fundamental output power in dBm (still at frequency f , is
Pout,t;d.Bm* we
'out,f ,dBm

= e n ,f , a m + Gp,dB

6.35

where
Gp,dB

= the power gain of the amplifier in dB.

Let the output second-order distortion power at 2f be
Although
the second-order signal does not exist on the input terminal of the nonlinear device, sometimes it is convenient to describe the equivalent input second-order power as

where
Pin,2f;dBmis

the equivalent second-order input power in dBm.

Figure 6-26 Measured output power of a nonlinear device, at the findamental frequency f and at the second-harmonic frequency 2f
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There is no second-order signal present at the input of the amplifier
because the amplifier generates it internally. We write Equation 6.36 only
for mathematical manipulation. In the laboratory, we can easily measure
pout,fidBrn and Pout,zKdBrn for different values of Pin,idBn and frequency f.
Figure 6-26 shows the graph of these quantities for a particular device. All
quantities are expressed in decibels. At low power levels, Figure 6-26 shows
that the fundamental output power rises with a 1:l slope with the fixndamental input power (expressed in dB). This confirms the linear gain
described by Equation 6.35.
The second order output power rises at a 2:l slope with increasing
input power (in dBm). The 2:l slope is consistent with the device's secondorder transfer function model of
Vout =

6.37

At high input power, the amplifer saturates. Both the f!undamental and second-order output powers flatten out because the amplifier simply cannot supply
any more signal.The flatteningis not predicted by the simplethird-order model.

Second-Order Intercept Point
If the fundamental and second-order output power curves were extended as shown in Figure 6-27, the two lines would intersect. The intersection
is the second-order intercept point or SOI of that particular device. This is
a direct measure of the amplifier's second-order performance.
Two possible SOI points, one for the input and one for the output, can
be gathered from Figure 6-27. We will use ISOI for the input second-order
intercept point and OSOI for the output second-order intercept point. The
units for ISOI and OSOI are power.
Reading from Figure 6-27, the ISOI of this particular device is -3.1
dBm and the OSOI is + 12.1 dBm. Note that
6.38

This relationship is always true because of the way the terms were defined.
Although the SOI point is a power level, a particular device should not be
operated at its intercept point. This is a very high power level, which is well
into saturation. The SOI point is simply a mathematical tool that allows us
to describe the nonlinear behavior of a device. For example, the ISOI of the
device in Figure 6-27 is -3.1 dBm. If we applied this power level to the input
of the amplifier (i.e. Pin,fidBrn = -3.1 dBm), the fundamental output power
level (reading Pout,$dBrn from Figure 6-27) would only be 4.5 dBm. The output second-order power level (Pout,2tdBrn) would be -3.4 dBm.
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Figure 6-27 Definition of second-order intercept point from measured output powers at f and at 2f
Quantifying Distortion Power

How does the SOI point relate to the fundamental input power level,
the fundamental output power level and the second-order output power
level? The geometry of Figure 6-28 provides the answer.

Figurn G28 The geometry used to derive the relationships between findurnental input power and second-order distortion generated by a nonlinear device.

The fundamental and second-order lines both pass through the point
The slope of the fundamental line is unity, and the
slope of the second-order line is two. The equation for a line with a known
slope passing through a known point is
(ISO&Bm, OSoIdB,).

The equation of the line describing the fundamental input output power vs.
the fundamental output power (Pin,f;dBm vs. PoUt,f;dBm) is
=

'out,f ,dBm - O S o I d B m

'

('in,,f

,dBm - I s 0 I d B m )

* 'out,f ,dBm - 'in,f ,dBm - lrSordBm
-

6*40

+ OSoIdBrn

Similarly, the equation for the line corresponding to the fundamental input
power level vs. the second-order output power level (i.e., the P l n , f ; d B m vs.
pout,2f;dBm line) is
pout,2f ,dBm - OSoIdBrn

=

*

( q n f ,dBm

* p0ut,2 f ,dBm = 'qn, f ,dBm - zrsO1dBm

- IsoIdBm

6.41

OSoIdBm

If we define fiso,dB as the difference between the fundamental output power
and the second-order output power (see Figure 6-28), we can write
ASO,dB = Pout,f,dBm

=

en,

f ,dBm

Pout,2f,dBin

- IsoldBm

-( ' e n , f ,dBm - 2'so1dBm
Iso1dBm

+ oSoIdBm

6.42

+ obso'dBm)

- pin, f ,dBm

Similarly, we can show
ASO,dB = OSIodBm

-

f ,dBm

6.43

Further manipulation of Equations 6.42 and 6.43 reveals
q n , Z f ,dBm = ' % , f

,dBm - IsoIdBm

6.44

6.45
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6.14 Third-Order Intercept Point
The third-order intercept point concept is used to compare the linearity of various devices in a useful way. It can also be used to calculate the
amount of third-order distortion a device is likely to generate under a particular set o f input conditions.

Measurement Technique
Figure 6-31 shows the third-order measurement procedure. We radiate
the input terminal of a nonlinear device with two tones of equal power, The
frequencies are f l and f2. Then the output power and the power of the thirdorder products at 2f1 - f2 and at 2f2 - f i are measured.
The two third-order tones at 2f1 - fi and 2f2 - f i will always exhibit the
same power (see Equation 6.22) when A, equals A2). We will assume both
tones have equal power.

Figure 6-31 Third-order intercept point measurement procedure.
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Measurement Requirements

A more detailed test schematic is shown in Figure 6-32. This measurement requires two signal sources and a summing network. We could
perform an equivalent test by applying a single tone to the DUT and measuring the third harmonic at the device’s output terminal. If the device
under test operates over the entire f to 3f frequency range, this measurement would produce an equivalent description of the device’s third-order
performance. This characterization could be used to find the expected output levels of the components at 3fas well as the components at 2f1 - f2 and
2f2 - f l . In other words, we could make the characterization by generating
only a single sine wave.
However, the single tone at 3f is not a problem. We are interested in the
two tones at 2fi - f2 and 2f2 - fi. These difference tones are the most troublesome because they usually cannot be filtered. The tones at the third harmonic are less dificult to filter.
Generator

DUT
Spectrum
Analyzer

*
Generator

fl

f2

2f1-f2 f,

f2 2f,-f,

Figure 6-32 Detailed test schematic for measuring the third-order
intercept point.
Definitions
Referring to Figure 6-31, the fundamental (or first harmonic) input
power of each tone is pin,t;dBm. The fundamental output power of each tone
is Pout,f;dBm and
Pout, f ,dBm = e n ,f ,dBm + Gp,dB

where G p , d B = the power gain of the amplifier in dB.

6.51
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The power of each output tone at Z f l - f2 and Zf2 - f l will be equal. The
third-order output power of a single tone is labeled Pout,2f-f;dBm.
A s in the
second-order case, sometimes it is convenient to reference the third-order
tones to the input.
Pout,2f-ff,dBm

= %,2#-f.,d3m

$- G p , d 3

6.5

where Pcn,2fidBm
is the equivalent third-order input power. Again, this equation is for mathematical manipulation only. There are no signals at Z f i and Zfi - fi present on the input of the nonlinear device. If we measure
Pin,fidBm Pout,-f;dBm and Pout,2f-f;dBm for many different values of Pin,tdBm, we
can graph these quantities as a function of Pin,f;dBm(see
Figure 6-33).
Figure 6-33 shows that the fundamental output power, expressed in
dBm, rises at a 1:l slope with increasing input power, also expressed in
dBm. The third-order power rises at a 3:l slope with increasing input
power. At high levels of input power, the amplifier saturates. Both the fundamental and third-order output powers flatten out because the amplifier
cannot supply any more output signal.
Before the amplifier saturates, we move from the weakly nonlinear region
of the amplifier’stransfer curve to the strongly nonlinear portion of the curve,
The polynomial approximations do not apply for large input signals.
9

Figure 6-33 Measured output power of a nonlinear device, at the fundamental fkequency f and at the third-order distortion fkequencies (2f2- fi or
2fi - fd.
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Third-Order Intercept Point
If the fundamental and third-order output power curves of Figure 6-34
are extended, the two lines intersect at the third-order intercept point or
TOI. The device possesses both input (ITOI) and output (OTOI)third-order
intercept points. The TOI point has units of power.
Figure 6-34 shows the characteristics of a device whose ITOI is -11.4
dBm and whose OTOI is 3.4 dBm. As in the second-order case, the ITOI
and OTOI of a device are related by
6.53
Applying an input power of ITOIdBm dBm would push the device into its
strongly nonlinear region. The TOI point is only a mathematical tool that
allows us to describe the nonlinear behavior of a device. For example, if we
apply a fundamental power level of ITOI = -11.4 dBm (i.e., Pin,f;dBm
= -11.4
dBm) to the device described by Figure 6-33, the kndamental output power
(Pout,f;dBm)
level will be only 1.4 dBm. The output third-order power level
(Pod,2f-LdBm)
would be - 11.3 dBm.

Figure 6-34 The geometry used to derive the relationships between fun&mental input power and third-order distortion generated by a nonlinear device

Quantifying Distortion Power
The third-order intercept point describes the relationship between the

LI NEARITY

fundamental input power and the third-order output powers. Figure 6-34
shows that the fundamental and third-order lines pass through the point
( I T O I d B m , OTOIdBm).The slope of the fundamental line is unity, and the
slope of the third-order line is three (recall the slope was two for the second-order case),
We can write the equation of the fundamental Pout,f;dBm line as
.54

The equation for the third-order
?mf,2f -f ,dBm
=3 Potct,2f-f,dBm

Pout,zF;dBm

line is

- OT0IdBm = 3 e n , f ,dBm - 31T01dBm
= 3%,f,dBm

-31To'dBm

6.55

+OT0IdBm

ATO,dBis defined as the difference between the fundamental output power
and the third-order output power (see Figure 6-35).
ATO,dB = pout, f ,dBm - 'out,2f - f , d B m

-

- e n , f , d B r n - IToIdBm

a T 0 , d B = 2(I T o I d B m

6.5

OT0IdBm

- q n , f .dBm

Figure 6-35 Definition of third-order intercept point from measured output powers at f and at 2f2- f r or 2f1 - f2.
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We can also show
ATO,dB = qoToIdBrn

- pout,f ,dBrn)

6.57

Combining these two equations produces
C n . 2 f - f . d ~ r n= Q C n . f . d ~ m
- 2'TOIdBm

6.58

and
Pout,2 f - f ,dBm = 3pout, f ,dBm

- 2oTo1dBm

6.59
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6.15

Measuring Amplifier Nonlinearity

Equations 6.45 and 6.59 provide an easy way to measure the SO1 and
the TOI of an unknown device.

Second-OrderMeasurement
Rewriting Equation 6.45 produces
OSo1dBm = 2 p ~ ~f ,dBm
t,
,2f ,dBm
6.65
A test signal is applied to the nonlinear devices, then the fundamental output power and the second-order output power are measured. Equation 6.65
then yields the output second-order intercept for the amplifier. Figure 6-38
shows the test setup. We could have also written

6.66

We would measure the fundamental power and Aso,dB (on either the input
or the outputi, then use Equation 6.66 to find the SO1 of the DUT.
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Figure 6-38 Measuring the second-order interceptpoint of a nonlinear device.

Third-Order Measurements
We can measure the TOI of any device using Equation 6.59. Rewriting
this equation produces

3

oTo'dBrn

= $ pout, f ,dBm -

1

2 Pout,2 f -f ,dBm

Figure 6-40 shows the test setup.

Figure 6-40 Measuring the third-order intercept of a nonlinear device.
We apply two signals to the DUT and measure the fundamental output
power along with the output power at the intermod frequencies. Equation
6.71 yields the output third-order intercept of the DUT. Combining
Equations 6.71 and 6.57 produces
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OTo'dBm

A T0,dB
2

= pout,f ,dBm + -

and
IToIdBm

= en,f,dBm

6.72

A T0,dB
+-

2

These equations allow us to measure the fundamental power (either input
or output) and the AT0,dB in order to find the ?'OI of the DUT.

LINEARITY

6.16 Gain Compression and Output Saturation
Other concepts describing the linearity of a device are the 1 dB gain
compression point and the saturated output power. Figure 6-42 shows output power vs. input power for a nonlinear device. The curve is linear at low
input power levels. An n dB increase on the input port results in an 72 dB
increase in output power.

Figure 6-42 Input power us. output power plot of a nonlinear device. Note?
the output saturation.
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As the input power increases, the device becomes nonlinear and the
amplifier is unable to supply the necessary output power to the load. This
is a gradual process; the amplifier’s gain usually drops off gently with
increasing input power.
1 dB Compression Point

Figure 6-42 shows a linear approximation to the Pout,dBmvs. Pln,dBm
curve. At low power levels (below approximately -30 dBm), the linear
approximation follows the exact curve very well. However, the two curves
depart at higher power levels.
Figure 6-43 shows the same two curves enlarged in the area where the
two curves just begin to differ. The point where the two curves deviate by 1
dB is the amplifier’s 1 dB compression point or simply the compression point.

Figure 6 4 3 Figure 642 enlarged around the device’s 1 d B compressionpoint.
The device has both an output compression point (OCPdBm)
and an input
compression point (ICPdBm).The input compression point is the input power
at which the amplifier’s gain has dropped by 1dB. The output compression
point is the amplifier’s output power when the input power is ICPdB,. The
IcpdB, and the ocPdB, are related.
6.77
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This equation is a little different from the other equations that relate the input
and output parameters of a device. Usually the equation takes the form of
Output SpecdBm= Input SpecdBm+Gp,dB

6.78

The ICP and the OCP of a device are related by the power gain minus one.
Some of the literature defines the OCPdBmas ICPdBm + Gp,am.This is the
point labeled “OCPdB, + 1”on Figure 6-43. Here it is defined as stated in
Equation 6.77.
The 1 dB compression point is an arbitrary boundary between the
small signal operating range of a device and its large signal operating
range. Before the concepts of SO1 and TOI, the 1dB compression point was
the primary linearity specification. The intercept concepts allow us to calculate useful data when given the input power levels. The l dB compression point provides no such information.

Saturated Output Power
saturated outputpower is the maximum fundamental power a device will
produce under any input conditions. Figure 6-42 shows the Poutvs. P,,curve
for a nonlinear device. The device shown in Figure 6-42 saturates at about
5.2 dBm of output power. Saturated output power is important in transmitter applications. Since we are generating the signal applied to the amplifier,
we know there will be only one signal present in the power amplifier at one
time. This limits the possible distortion products to the harmonics of the single input signal. Normally, a band-pass filter is placed after the power amplifier to suppress the harmonics of the fundamental output signal.
The saturated output power of an amplifier refers to the maximum
amount of power the amplifier will produce at its output port. For example,
a 10 watt amplifier can produce one sine wave at 10 watts, 2 sine waves at
5 watts each or 100 sine waves at 0.1 watts each. The amplifier can also
produce a signal whose bandwidth is 20 MHz and whose power spectral
density is 0.25 watts/MHz.
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Comparison of Nonlinear Specifications

Figure 6-45 shows a summary of device nonlinearities. The nonlinearity of a particular device can be expressed in many ways: as second-order
intercept, as third-order intercept, as compression point or as saturated
output power. Several rules of thumb can be established when comparing
the nonlinear characteristics of various devices.
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SOI, TOI, then CP
For a common RF device, for example, an amplifier or mixer, the compression point is generally the smallest quantity, followed by the thirdorder intercept and the second-order intercept. The following relationships
tend to be true:

SOIdB, TOIdB, + (10or 15 dB)
ToIdB, C P d B , + (10or 15 dB)

6. 80

For a third-order polynomial approximation, the output compression point
of a nonlinear device is 10.6dB below the output third-order intercept or
6.81

which implies
6.82

Balanced Devices
Balanced devices are designed with a symmetrical output structure to
reduce second-order distortion and increase the output power of the device.
The balanced output increases the SOI about 15 dB. Unless the word “balanced” appears in the specifications or data sheet, the device probably is
not balanced. If a device is balanced, then the following relationships
should be true:

Slopes
If we express the power levels in dB, we have seen that the secondorder output power of a weakly nonlinear drops off at a 2:l slope with
decreasing input power. Third-order power device drops off at a 3:l slope.
This relationship holds as long as the input power is at least 20 dB below
the ICPdB,. Above that level, all bets are off, although the degradation is
usually a gradual process.

Worst-case Scenario
From a linearity perspective, the worst-case scenario is having to
process many large undesired signals in a nonlinear device at the same time
as a small, desired signal. The large, undesired signals may cause nonlinear
distortion, which may even bury the small desired signal.
The worst-case scenario represents the world of practice. The antenna
will supply an abundance of signals at a variety of frequencies and amplitudes. Since the possible intermodulation products fall at

foul = Iknfi k ofi2 k pf3 k

...I

[ n= 071,Z7”..
o = O,l,Z, ...
where
p = 071,2,...

1

6.84

:

we can see why linearity is critical.

6.18

Nonlinearities in Cascade

Ultimately, when we build systems, we will string filters, attenuators,
amplifiers and mixers together to perform receiving functions. We are
interested in what happens to the system’s linearity as we cascade nonlinear devices together. How does the linearity of the cascaded device compare
with the linearity of the pieces used to build the cascade?

Nomenclature Refresher
Figure 6-46 shows the three-element cascade used in this analysis. We know
the power gain and the output third-order intercept (OTOI) of each arnplifier.

A,

M2

G, = 12 dB

G!,= -7 dB

IS01 = 4 dBrn

OSOl = 10 dBrn

IS01 = 5 dBrn

IT01 = 20 dBm

IT01 = 32 dBrn

IT01 = 28 dBm

A3

G, = 6 d B

Figure 6-46 Simple three-element cascade used to analyze the Linearity uf
cascaded devices.
In the following derivations, we define:
Gp,n= the power gain of the nth element in the cascade,
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Gp,ca = the power gain of the cascade,
ITOI, = the input third-order intercept of the nth element in the cascade,
OTOI, = the output third-order intercept of the nth element in the cascade,
Pf = signal power at the fundamental frequency,
P2Ff= the third-order power at Zfl - f2 or at Zf2 - f l .

Also, let
= the fundamental input power of each tone applied to element
#n of the cascade. The two tones are at frequencies f l and f2.
Pout,2FLn
= the third-order output power of one tone generated by cascade element #n. If the two input signals are at frequencies fi and f2,
then the third-order signals will be at 2f2 - f l and Z f l - f2.
Pout,2f-f;n,pt3
= the third-order output power generated by cascade element #n after it has been mathematically transferred to the end of the
cascade (point 3 in Figure 6-46).

All terms are assumed linear if they lack a dB or dBm subscript. For examare described in deciple, Gpand Pout,fare linear terms. Gp,dBand
bels. An out subscript ties a parameter to the output port, an in subscript
to the input port.

Third-Order Intercept
Equation 6.59 expresses the relationship between the fundamental output power, the third-order output power and the OTOI of the nonlinear
device. Equation 6.59 is repeated here.
‘out ,2 f - f ,dBm = 3pout, f ,dBm - 2oToId13rn

6.85

We also know
-

Pout, f ,dBm - e n ,f ,dBm i-Gp.dB

6.86

The linear equivalents for these two equations are
POU,,2f-f

p2t.r
OTOI~
and

=-

6.87

Equation 6.59 and its linear equivalent, Equation 6.87, indicate that the
third-order distortion power is proportional to the fundamental input
power cubed and inversely proportional to the amplifier’s OTOI squared.

LINEARITY
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Amplifier #I
Each tone we apply to the input of amplifier #I has a power of Pi,,l, The
fundamental and third-order output powers from amplifier # 1 are
Pout,f ,I = G,.lP,,,~,1

6.88

and

pfut ,f ,1
= _____

P,,t;2f-f,l

OTOI;

6.89

At the end of the cascade (point 3 in Figure 6-46), the third-order output
power due to amplifier # I is
Pout,Bf-f,l,pt3

= Pout,2f-,.,lGp,2Gp,3

6.90

Amplifier #2
The fundamental signal power present at the input of amplifier #2 is
%,f,2

= P O U t , f , 1 = Pln,f,lGp,l

6.91

The fundamental and third-order powers at the output of amplifier #2 are
%t,f

,2

= Gp,lGp,ZPEn.f,l

6.92

and
P f U t , f ,2

Pout,2f-f,2

=-

6.93

OTOI;

The third-order power present at the output of the cascade due to amplifier #2 is
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Pout,2f - f ,2,pt3 = Pout,2f - f ,2Gp.3

6.94
=E , f J

Gi,lGi,2Gp,3

OTOI;

Amplifier #3
The fundamental power applied to amplifier #3 is
6.95

The fundamental output power of amplifier #3 is
6.96

The third-order power present at the output port of the cascade due to
amplifier #3 is
Pout,2f-f,3 - Pout,2f-f,3,pt3

- E u t ,f ,3

6.97

OTOI;

Third-Order Power Summation
We now have third-order distortion power from three separate devices
present at the output of the last amplifier in the cascade.
Pout,2fil,pt3is

the third-order power generated by amplifier #l. This
power was multiplied by the gain of the last two stages to bring it to
point 3, the output of the cascade.

Pout,2f-f;2,pt3
is

the distortion power generated by amplifier #2. This
power was moved mathematically to the end of the cascade.

Pout,2fL3,pt3
describes the third-order distortion power generated by
amplifier #3 present at the end of the cascade.
Coherent us. Noncoherent Summation
The third-order distortion products present at point 3 of Figure 6-46
are all at the same frequency. To combine the three signals accurately, we

LINEARITY
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have to know the relative phases of the signals as they exist at the end of
the cascade. If all of the signals are in phase, the vector sum of these signals will be one quantity. If some of the signals are in phase while others
have different phases, the vector sum of the signals is a different quantity.
The most nonlinear cascade results when we assume that the distortion voltages are all exactly in phase and add directly together, which is
called coherent summation.
The term noncoherent summation means that the signal powers are
added together. This does not produce a worst-case result but models the
behavior of most systems. In practice, we usually observe results that suggest that signals are adding noncoherently. At some frequency, however, the
distortion will add together in a coherent fashion, and the coherent numbers
can be seen. The noncoherent summation results in a mostly right value.
The coherent summation data represents a worst-case result.

Coherent Summation TOI Equation
First the nonlinear power components present at the output of the cascade are converted into voltages, then the addition is performed, and finally
the sum is converted back into power. The coherent sum of several signals is

The total third-order power available at the output of the cascade is

The cascade gain is
6,100
Combining these two equations produces

r

The third-order output power for the cascade is

12

6.101
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E u t ,f

6.102

Pout,2f-f= OTOI~

These equations produce an expression for the cascade third-order intercept

Ed,f ,1

1

2

1

OT0Izm = po3ut’f~1 Gp,2Gp,30TOIl
+ Gp,,OTOI,
OTOI,

6.103

which can be simplified to
1

1

-

OTOI,

1

+

+-

1

Gp,2Gp,30TO11 Gp,30TO12 OTO13

6.104

or, in terms of ITOI,
-=-

1

ITOI,

l

ITOIi

+

l

+

1

ITOIdGp,l ITOI..dGp,iGpsp

6.105

More algebra for an n-element cascade reveals

6.106

and

-_-

1

ITOI-

-

1

ITOIi

+

1

IT012fGp,i

+...

6.107
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Noncoherent Summation TOI Equation
Noncoherent summation assumes the phases of the third-order distortion from each cascade element are random. The distortion powers are simply added together.

The total third-order power available at the output of the cascade is

6.109

Again,

p"

P,ut,2f -f

out ,I'
= ~-

6.110

OTOI~

which combines to produce

6.111

Simplifying reveals
1

1

1

6.112
and

The equations describing an n-element cascade are
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1

1

-

oTol:-

2

(Gp,~Gp,3Gp,,...Gp,nOTOZl)
6.114
+. ..

+

1

(OTOI, ) 2

and

+
(IT012/ G p , l )

6.115

+. ..

1

Examining the TO Cascade Equation
The cascade Equations 6.104 through 6.107 and 6.112 through 6.115
provide insight into system design. To simplifi the discussion, only
Equations 6.106 and 6.107 are explained although the discussion applies to
all the linearity equations.

Component Contribution
The linearity contribution of each component in the cascade is neatly
tied up in a single term of the cascade equations. In a 3-element cascade,
for example, the third component's contribution to the cascade's linearity
is found only in the term
1

6.116

This is the only place in the cascade equation that contains the IT01 of the
third element, which will make cascade analysis much easier.

LINEARITY

1

Imaging
Concerning the linearity contribution of the third element in a cascade.
the only term that needs to be analyzed is
1

6.127

If we think of the ITOI, as power in watts, for example, the term
6.118

appears as if we are mathematically moving that power level to the input
of the cascade, Every term in the cascade equation can be thought of in this
manner. When we perform cascade analysis in later chapters, we will move
the TOI of each device in the cascade to a common port to perform comparisons and look for the weak link in the cascade’s TO1 chain.
The linearity of a cascade depends upon the linearity of each component and the power gain surrounding the component. Components preceded by a lot of power gain will experience higher signal levels and generate
higher levels of distortion power. For example, if we apply a -80 dBm signal to the cascade of Figure 6-47, amplifier #1 will see a -80 dBm signal.
Amplifier #2 will see a -60 dBm signal because of the 23 dB power gain of
amplifier #l.Although amplifiers #1 and #2 have the same TOI, amplifier #2 will generate higher levels of distortion because it sees a larger signal. Likewise, amplifier #3 will see a -40 dBm signal and will generate the
most distortion power of all the devices in the cascade. This is the reason
that amplifier #3 dominates the TOI of the cascade.
When we translate the TOI of every component to a common port in a
well-designed system, the translated TOI of each component should be about
equal. If all the reflected TOIs are equal, then all of the elements in the cascade become nonlinear at the same input power level. If one element is too
small, the TO1 of the entire cascade will be dominated by that one weak link.
A,

A2

Pt. 1

Gu,dE

T
I O,!

*fob,,

Pt. 2

,-.

0

20

20

20

-10

-10

-10

’

10

10

O

Figure 6-47 Three-element cascade.
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Resistors in Parallel
l3quations 6.104 through 6.107 mght look familiar to electrical engineers,
because they resemble the equation that describes resistors in parallel.
6.119
Figure 6-48 shows the similarities between Equations 6.104 and 6.105
graphically. The value of each resistor represents the TOI of each component when it is referenced to a common port. Whenever a new device is
added to a cascade, another parallel resistor is added to the equivalent circuits, lowering the TOI (resistance) of the cascade. Adding another component will never improve the linearity of the cascade.
1

1

1

1
+-+-

R,

R,

R2

-

1

(zeal

-

+-+- 1

4
1

(181 ( K ]

(I<]

+-

1

1

OTOI 3

1
GP,GP,OTO'

1

OTOI,

1

1
G,OTOI,

Figure 6-48 The similarity of the TOI cascade equation to adding resistors
in parallel.
Second-OrderIntercept
Figure 6-49 shows the system used in this analysis. Knowing the gain and
OSOI of each amplifier, we want to find the OSOI of the cascade. Equation
6.45, repeated here, shows an important relationship between the hndamental and second-order power levels present in a nonlinear system.

LINEARITY

pout,Z f ,dBnz

= 2pout, f , d B n

1

61

6.12

- oso'dBn,

We also know
6.121

Converting these equations to linear expressions produces
6.122

and
6.123
Pt. 1

Pt. 2

Q

Pt. 3
4

%l

OSOI,
ISO\

%2

osol,
sol,

Figure 6-49 Simple three-element cascade used to analyze the linearity of
cascaded devices.
More Definitions
= the fundamental input power applied to amplifier #n.
0

0

Pout,2tn= the second-order output power generated by amplifier #n. If
the input signal is at a frequency off, then the second-order output signal will be at 2f.

*

Pout,2Ln,pt3
= the second-order output power generated by amplifier #n
present at the end of the cascade (point 3 in Figure 6-49). The secondorder signals generated by an amplifier will experience the power gain
of the succeeding stages.

Amplifier #1
First, we apply an input power of Pin,Llto amplifier #1 and calculate
the fundamental and second-order output powers.
Pout,f ,1 = % . f , l G p . l

6.124
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and
POUt,Zf,l

cut,f ,1

=-

osor,

6.125

At point 3 in Figure 6-49 (the end of the cascade), the second-order output
power due to amplifier #1 is
P r u t , 2 f ,l,p*3 = Pout,2f , 1 G p , 2 G p . 3

6.126

Amplifier #2
The input signal we applied to the input of amplifier #1 experiences
the power gain of the first amplifier then arrives at the input to amplifier
#2. The fundamental input power to amplifier #2 is

The fundamental and second-order powers at the output of amplifier #2 are

and
6.129

The second-order output power present at the end of the cascade due to
amplifier #2 is
Pout,Zf,2,pt3

= Pout,2f,2Gp,3

6.130

Amplifier #3
The fundamental input power to amplifier #3 is
6,131

The fundamental output power of amplifier #3 is

The second-order power at the output port of the cascade generated in
amplifier #3 is

6.133

Second-Order Power Summation
We now have three expressions that describe the second-order distortion power present at the output of the last amplifier in the cascade.

Pout,2Ll,pt3
describes the distortion power generated by amplifier # 1.
This power was multiplied by the gain of the last two stages to bring it
to point 3, the output of the cascade.
describes the distortion power generated by amplifier #2.
This power was moved mathematically to the end of the cascade.

Pout,2f;2,pt3

Pout,2L3,pt3
describes the second-order distortion power generated by
amplifier #3 present at the end of the cascade.
Coherent Summation SOI Equation
The coherent sum of several signals is
8otal.coherent

= ?['12

1/2

p2

'112
3

1'

+ .. + P,lJ2
*

6.1.34

The total second-order power available at the output of the cascade is
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The cascade gain is
6.136

GP,Cas = G p , l G p , 2 G p , B

Combining the cascade gain with Equation 6.135 produces

Looking at the entire cascade as a single unit, the second-order output
power of the cascade is
-

Pout,2f,cas -

cut,f $as

6.138

OSOI,,

Combining these two equations produces

which can be simplified to
1

1

1

1

6.140

The general expression for n devices in cascade is
1

1

6.141
+...

The input seamd-order intercept point for the 3element cascade of Rgure 6-49 is

f- iNEARiTY

Far n devices in cascade, the expression is

6.143
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Noncoherent Summation SOI Equation
We calculated the equivalent SOI of a cascade by mathematically moving the distortion generated by the components in the cascade to a single
point. We then summed up the distortion components assuming that they
were all in phase (coherent addition). This produces the worst-case results
described by Equations 6.141 and 6.143.
However, in practice, the distortion components are not always in
phase, and we find that the results of Equations 6.141 and 6.143 are often
too conservative. If we assume the phases of the distortion components are
random by the time they arrive at a signal point, we can simply add the
powers of all the distortion components together.
For a simple three-element cascade, noncoherent summation produces
the following equations:

and
1
--ISOI,

-

1

l +
l
+
ISOI, ISO12/Gp,, ISO13/Gp,,G,,z

6.149

For the general n-element cascade, noncoherent summation produces

and

6.154.

Examining the SOI Cascade Equations
Equations 6.141 and 6.143 relate the cascade's second-order performance to the second-order performance of the components in the cascade.
The component contributions, imaging and resistors in parallel observa-
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tions we made for the third-order cascade equations apply equally well to
the second-order equations.

Compression Point
The problem of compression points in cascade does not easily lend itself
to analysis. Using the rule of thumb from Equation 6.80 it can be stated

We calculate the cascade TO1 then infer the cascade CP from the TOI.

6.19

Distortion Notes

Third-Order Measurement Difficulties
Occasionally, when we perform a third-order intercept test, we will
observe the output spectrum shown in Figure 6-51.

Figure 6-51 Third order intercept measurement difficulties. The distortion
power levels are not identical.

LINEARITY

Equation 6.72 indicates that we need to measure the difference between
the fundamental output power and the third-order output power.
Occasionally, when measuring the nonlinearity of a device, the two tones
will not be at the same power level (as theory dictates).
What is the third-order intercept of this device? If the smaller A is measured, the result will be a smaller number for the device’s TOI, i.e., the
device will look less linear. Measuring the larger A yields a larger TOI number, and the device will appear to be more linear. The two A s can also be
averaged. It is wise to choose whichever method seems more reasonable for
each particular application and be consistent
I

Input vs. Output Specifications
Note the difference between input and output specifications.
6.154

If the reference port is not given, how can we differentiate the input specification and the output specification? The vendor will often specify the
number on the port where it looks the best. Since a larger SOI (or TOI) is
better than smaller SOI (TOI),the linearity of a device on the output port,
if the device has gain, will be given. If the device is lossy (such as a mixer
or a filter), the vendor will usually detail the input numbers. For example,
an amplifier with a 10 dB power gain has an OSOI of + 7 dBm and an ISOI
of -3 dBm. The specifications would read “a +7 dBm third-order intercept.” However, a mixer might have a gain of -10 dB (a loss of 10 dB), an
OTOI of + 7 dBm and an ITOI of + 17 dBm. The vendor will usually specify “a + 17 dBm third-order intercept.”

Model Inadequacy
Occasionally, the results actually measured will deviate from the theory presented here because several simplifj7ingassumptions were made dur-

ing this analysis. When discussing the weakly nonlinear approximation and
its implications, a fairly small input power level was assumed. If we apply
too much power to any device, it will no longer behave in a weakly nonlinear fashion, and the analysis becomes invalid.
Another simplifylng assumption was that the transfer function of any
nonlinear device can be modeled as a cubic polynomial with a zero DC level or
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Vout ( t )= k,V,n

(4 + bY2,( t )+ k,V,3,( t )

6.155
I
f this assumption was always true, the output spectrum of any third-order
nonlinear device would always show a specific symmet-. Figure 6-52(a)
shows such a symmetrical spectrum. The power levels of symmetrically
spaced signals are identical. However, we often observe spectra similar to
the one shown in Figure 6-52 (b). The amplitude of the nonlinear products
have lost their symmetry although the distortion products are still at exactly the same frequencies. The simple third-order relationship also predicts
that the second-order products will rise at a 2:l rate with increasing input
power, and the third-order products will rise at a 3:l rate.

Figure 6-52 Symmetrical and nonsymmetrical output spectra. This simple
analysis predicts a symmetrical output spectrum (a). In practice, we often
observe a nonsymmetical output spectrum (b).
The following mechanisms cause the model to break down and produce
nonsymmetrical spectra.
The model was developed assuming a weakly nonlinear system. If the
input signals are too strong, the model rapidly breaks down.

We have assumed that the gain and input impedance of the device stays
constant over frequency and input power, This is not always the case.
The third-order relationship between Vinand Voutdescribes a memoryless system. The output depends only upon the instantaneous input
voltage. In reality, devices contain inductors and capacitors with memory. The present state depends on their instantaneous inputs and upon
the past inputs.
However, the approximations inherent in the simple third-order equation
bold under the most common conditions.

Linearity and Power Consumption
If linearity is such a problem, why not just build systems out of very linear components to avoid problematic SOI, TO1 or any other nonlinear specification? Linearity in a particular device can only be reached at the expense
of other factors. For example, an amplifier with a high TOI will tend to use
more DC power than a device with a low TOI. The same is true for SOI and
for CF? In other words, there is a strong correlation between the linearity of
a device and its DC power consumption. A mixer with a high TOI will usually require more local oscilZator (LO) drive power than a mixer with a low
TOI. However, filters and simple resistive attenuators are usually very linear devices. The TOI of a band-pass filter, for example, can be several thousand watts. At high power levels, however, the inductors can saturate and
the dielectrics of the capacitors can exhibit nonlinear properties.

Coherent vs. Noncoherent Addition
Coherent addition is more conservative than noncoherent addition, i.e.,
the coherent assumption indicates a less linear system than the noncoherent
equations indicate. In a worst-case scenario, coherent addition should be used.
When designing low-noise receiving systems, it was found that welldesigned cascades usually behave as though the distortion products are
adding up noncoherently. For the most part, these systems have achieved
the equivalent of noncoherent summation plus one or two dB. With wideband systems, the cascade SOI or TOI will stay at noncoherent levels over
most of the frequency range of the system. However, over narrow frequency ranges, the SOI and TOI will increase to coherent summation levels.
In a well-designed system (where the equivalent intercept points of all
the devices are equal), the difference between coherent and noncoherent
summation is 4 to 5 dB. When designing a system, it is best to calculate the
numbers for both the coherent and noncoherent cases to assess the variation likely to be expected over time and frequency.

626

I RADIO RECEIVER DESIGN

Second-Order Distortion and Mixers
Second-order effects are extremely disadvantageous regarding amplifiers. They are useful, however, when a signal is moved from one center frequency to another with the help of a mixer. A mixer is a device built with
enhanced second-order performance. We use the sum and difference products arising from the k2Vin2term to perform frequency translation, phase
detection and other functions.

6.20

Nonlinearities and Modulated Signals

Nonlinearities are not just undesirable effects to be avoided; they &ect
modulated signals in both useful and harmful ways.

One Modulated Signal
First, we will explore what happens to a single modulated signal as it
passes through a nonlinear device. The input waveform is

y n(t) = [1+ A(t ) ]COS[cllt + @(t )]

6.156

where
A(t) represents the AM modulation present on the signal and

f(t) represents the

PM or FM modulation present on the signal.

Second-Order Output
When the waveform of Equation 6.156 undergoes a second-order
process, the output waveform is
Vout,2( t )=

(4

= [1+A(t)12c0s2[cllt + @ ( t ) ]

6.158

[1+ A(t)I2 [1+ A(t)I2
+
cos[ 2 a + %(4]
2
2

=-+A(t)+-A2(t)
1
2
2

2

The second term on the last line of Equation 6.158 [the A(t)] is the amplitude modulation present on the input signal (see Equation 6.156). We can
low-pass Equation 6.158 to remove the high-frequency components.

The low-passed, second-order process returns DC, the AM signal and a
distortion term involving A&). A device with second-order characteristics
can be used to demodulate an AM waveform. We can recover the AM present on V,,(t) even though the input waveform exhibits angle modulation
[i.e., the FM or PM represented by f(t)].
The output waveform also contains the term A2(t)/2 which is the AM
signal squared. The demodulated waveform will exhibit second-order distortion. If the magnitude of A(t) is a lot less than unity, the second-order
distortion will be very small and can often be ignored.
Using a squaring operation to demodulate AM is a very common technique. The nonlinear element is usually a single diode or transistor.
Equation 6.158 also contains a signal centered at the second harmonic of
the input. The second-harmonic signal still possesses the original AM hut
the modulation now exhibits second-order distortion.
The angle modulation f(t) has also changed. Let us assume that f(t) represents frequency modulation and that the original frequency deviation
was 100 kHz. The deviation at the second harmonic has doubled to 200 kHz
via the 2f(t) term of Equation 6.158. This effect accounts for the increase in
the phase noise of an oscillator when the frequency of an oscillator is doubled (see Chapter 4 for more details).
If the input signal were a quiet carrier, i.e., if both A(t) and fit) were
zero, then the output waveform would be

v:ut,z(tj = -21+ -21COS(202j

6.160

The output frequency is twice the input frequency, which means a squaring device can be used to double the frequency of an oscillator.

Third-Order Outputs
If we apply the input waveform (see Equation 6.156) to a t h rd-order
nanlinear device, the output is
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= [1+ A(t)13cos3[& + +(t)]
= [1+ 3A(t) + 3A2(t)+ A3(t)]
{%OS[wt

4

6.161

+ +(t)]
+ -41c o s [ w + w(t)]}

The signal at the fundamental and at the third harmonic of the fundamental both still possess amplitude modulation. However, the AM envelope of
the signal is distorted. The signal at the hndamental frequency still
exhibits the undistorted angle modulation. The deviation of the signal present at the third harmonic has increased three-fold.

Frequency Deviation
Generally, the deviation of a signal will increase directly with the nonlinear order n. If we pass a signal with a 100 kHz bandwidth through a fourthorder device, the output signal will exhibit a 400 kHz deviation. This is one way
to determine the order of a signal generated by a nonlinear effect. For example, a FM radio station has an FCC-dehed bandwidth of about 150 kHz. If we
find a FlM radio station with a bandwidth of 3(150) = 450 kHz,we know it is
most likely due to third-order distortion somewhere in your system.

One Modulated Signal, One Quiet Carrier
We now apply two signals simultaneously to the nonlinear device; one
signal is modulated, and the other signal contains no modulation (quiet carrier). The modulated signal is
6.162

We can describe the quiet carrier as
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6.163
The input signal is the sum of these two waveforms QS
6.164

Second-Order Outputs
Applying a second-order process to the input waveform described by
Equation 6.164 produces

.- [1+A(t)I2 +-+
1 [1+ A(t)I2cos[2w1t + 2#(t)]
2
2
2

6.165

The AM demodulation can be observed with the associateddistortion and the Signals generated at the second harmonicsof the two input sgnals. The imprtmt
components of the output waveform are centered approximately at t
q %.
+_

6.166
As long as these two components do not overlap in the frequency domain,
we have moved the modulated signal to two new frequencies without distortion. Both the AM and FM modulation is intact and undistorted.

Third-OrderComponents
The output signal produced when we apply Equation 6.164 to a device
with a third-order characteristic is
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6.167

Some tones are modulated, and some of those tones are modulated by
distorted waveforms. The amount and type of modulation impressed on
each output components are determined by the input signals that combined
to form the particular component. It is interesting to note that the quiet
carrier at ~2 has acquired AM modulation from the signal at q.This common effect is called crossmodulation.

T w o Modulated Signals
Examining the effects of a nonlinear device on two modulated signals
will provide insight into many common receiver problems. Each signal will
have both AM and FM (or PM). The signals are
VInod,l(t)= [1+ A,(t)]cos[w,t

and

+

@l(4

6.168
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6.16

The input signal is the sum of these two waveforms or

Second-Order Outputs
Applying a of a second-order process to Equation 6.170 produces

Accordingly,

+--------A 1 ( t ) l p
2

cos[2w1t+ 2@,(t)]

+- [1* A2 (41' cos[2w2t+ 2#'(t)]

6.172

2

The modulation of the input signals is distributed to the second-order
output terms in various ways. The nonlinear output signals will contain the
modulation which was present on the input waveforms. However, the modulation will often be distorted. This is one useful way to determine if a signal is caused by nonlinearity. If the signal sounds distorted or requires an
unusual bandwidth to demodulate, there is a good chance the signal is the
result of nonlinearity.
In Chapter 3, the second-order nonlinearity was used to translate a signal from one center frequency to another. Referring to Equation 6.172, the
two terms we will use to perform this translation are
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We normally do everything possible to make certain that one signal is a
quiet carrier, i.e., it has no amplitude or phase modulation. This is the local
oscillator or LO. However, the LO will always possess some irreducible
amplitude or phase modulation. Equation 6.172 states that any modulation
present on the LO will be transferred to both of the output signals, i.e., any
modulation present on the LO will contaminate the signal of interest.
In practice, the LO amplitude modulation can often be ignored, i.e., it
can be assumed that A&) = 0. When the local oscillator exhibits only phase
noise, the last two terms of Equation 6.172 become
[1+ A1(t)]cos[(o1 + 0 2 ) t + @ l P )+ @ 2 W ]
and
[1+ Al(t)]cos[(@l-

6.174

-

+ @lP) @ 2 ( 4

The oscillator phase noise is transferred directly to the two output signals.
This effect often limits the processing of radar signals and can limit the
ultimate bit error rate of digital phase-modulated signals.

Third-OrderOutputs
Applying a third-order process to Equation 6.170 produces

6.175

The modulation of both signals transfers to the third-order output terms in
various combinations.

Crossmodulation
If two modulated signals (see Equation 6.170) are applied to to a nonlinear device whose transfer characteristic is

the output signal will be a combination of the linear, second-order and
third-order components of the device. Let us examine all of the contributions to the output signal power present at one particular frequency, for
example, f l . Examination of Equations 6.170, 6.172, and 6.175 reveals that
the total signal voltage present at fl will be

where k l and k3 refer to the amplifier’s transfer polynomial. The constant
K , represents the amplifier’s linear power gain; k3 refers to the amplifier’s
third-order distortion characteristic.
The signal present at fl contains the AM from the input signal at f2.
This is due to the third-order distortion of the amplifier. In general, if we
examine the output present at one frequency, we will often find that the
distortion of the amplifier has impressed the modulation of one signal onto
a second signal (crossmodulation).

6.21

Linearity Design Summary

General Polynomial Model
We model the voltage transfer function of a nonlinear amplifier as a
memoryless system whose input/output relationship is

Second-Order Intercept
If we define ASO,dBas the difference between the fundamental output
power and the second-order output power, we can write
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- Pout,f,dBm

*SO,dB = OsI0dBm

- e n ,f ,dBm

‘ S 0 , d B = IsoIdBm

The relationship between fundamental output power and second-order output power is
‘out,2f ,dBm = wout,f

,dBm - OSoIdBrn

The relationship between fundamental input power and the equivalent second-order input power is
e n , 2 f ,dBm = win,f,dBm

- ISoldBrn

We can also write
= ‘out,f,dBrn + ASO,dB

Oso’dBm

and
= c n , f , d B m + ASO,dB

ISordBm

Coherent Cascade Equation
The general expression for n devices in cascade is

+. . .

1
+

Josor,

The input second-order intercept point for the 3-element cascade of
Figure 6-49 is

For n devices in cascade, the expression is

LINEARITY

Noncoherent Cascade Equation
For the general n-element cascade, noncoherent summation produces

+...

+-------1

OSOI,

and
1

ISOI,,

--

1

ISOI,

L

1

Tbird-Order Intercept
is defined as the difference between the fundamental output
power and the third-order output power.
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The relationship between fundamental output power and third-order output power is

The relationship between fundamental input power and the equivalent
third-order input power is

Coherent Cascade Eqzuztion
Using coherent addition, the TOI of a cascade given the element
characteristics is

T-

Gp,3Gp,4...Gp,n-iOTOI2
+...

+-

1

OTOI,

and

Noncoherent Cascade Equation
Using non-coherent addition, the TO1 of a cascade given the element
characteristics is

1

1

-

2

+. ..

1

and
1

1
1

I

+..

D

Relationship Between Input and Output Parameters
Input and output parameters are related by the gain of the device.

We can also write
OT0IdBn

= pout,f , d B n

-I-

A T0,dB
2

and
ATO,dB

IToIdBm

= e n ,f ,dBm + -

2

Relationships Between Linearity Specifications
TQa rough approximation, we can write
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A 1 dB increase (decrease) in fundamental input power level will cause
a 2 dB increase (decrease) in signals caused by second-order distortion.
A 1 dB increase (decrease) in fundamental input power level will cause
a 3 dB increase (decrease) in signals caused by third-order distortion.
Inserting an n dB attenuator in a signal path will cause a 2n dB decrease
in second-order distortion and a 3n dB decrease in third-order distortion.
The general form of the linearity cascade equations follows a resistorsin-parallel format. Adding a nonlinear device to a cascade will never
improve the linearity of a cascade.
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Cascade I — Gain Distribution

What are you able to build with your blocks?
Castles and palaces, temples and docks,

-R.L.S*

7.1

Introduction

This chapter discusses how filters, amplifier noise, amplifier linearity,
mixers, oscillators and transmission lines interact in cascade and how to
distribute the gain along the cascade. Numerous examples are supplied to
indicate the advantages and disadvantages with each system.

Description of the Problem
The receiving system of Figure 7-1 contains an antenna, a demodulator
and the electronics between the two. The antenna port presents the receiver with different signals at different frequencies, with varying power levels
and different types of modulation. The demodulator expects its input signal
to always be centered at one frequency, the intermediate fkequency (IF), ,and
that its input signal to be at a particular power level.
The signal of interest is converted from its on-the-air frequency to the
IF, Further, the gain of the receiver electronics is adjusted so the demodulator always sees a constant power level. This task is complicated by oscillator drift (both in the transmitter and receiver), phase noise, interfering
signals, multipath and other dificulties.
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Seceiver

Demodulator
Signal Sink

Antenna or other
signal source
Many signals present
at many diffrerent
frequencies and power
levels

One signal present
at one frequency
and one constant
power level

Figure 7-1 General receiving system.
Input and Output Requirements
Figure 7-2 shows some of the specifications of the antenna (signal
source) and the signal sink (demodulator).

Signal Source
The signal source provides signals with the following characteristics:
different center frequencies,
different bandwidths,
different signal power levels,
a noise floor that changes with frequency,
a nominal impedance environment.

Signal Sink
The signal sink may demand that the signal of interest,
be centered at one particular frequency,
exist in a filter large enough to pass the signal without distortion, yet
narrow enough not to let excess noise through,
be at a particular power level,
exist in a specific impedance level.
System Specitkutions
The receiver converts signals from the relatively “messy” antenna port
to the relatively clean and controlled environment required by the demod-
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ulator. The receiver electronics of Figure 7-1 must perform this conversion
under a variety of system specifications, including
required frequency range,
maximum permissible added noise (relates to the system’s noise temperature or noise figure),
maximum permissible signal distortion (relates to the system’s linearity => SOI, TOI),
allowed power range of the input signals that the system must process
(very small to very large).
o Required Frequency Coverage (Ex. 1 - 2 GHz)

o Expected Signal Levels (Ex. -120 to 0 dBm)
o Expected Noise Levels (Ex. -160 dBm/Hz)
o Different Signal Bandwidths (Ex. 15 kHz, 6 MHz)
o lmpedence Levels (Ex. 50 SZ, 75 L2 etc.)

o Required center frequency (Ex. 21.4 MHzj
o Required Bandwidth (Ex. 1 MHz)
o Input lmpedence (Ex. 50 Q)
o Required Input Level (-30 dBm f 2dB)

Figure 7-2 Specifications of a signal source and a signal link.

7.2

Minimum Detectable Signal (MDS)

The minimum detectable signal of a system is the minimum signal
power we can apply to a receiver and still be able to detect that the signal
is present at the output. We are not interested in demodulating the signal;
we simply want to be able to determine whether it is present or not. Rather
arbitrarilx we will define the MDS power as input signal whose signal
power equals the equivalent input noise power or

SMDS= Nin

7.1
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where
Nin is the total noise power dissipated in the input resistor Ramp,in,
Ninincludes the noise coming in from the antenna as well as the receiver’s own internally generated noise (see Figure 7-3).
When the input noise temperature is To,the total noise power dissipated in
Ramp,in is

Ni, = FvkToBn

7.2

= SMDS

7.3

7.4

Rs@To

Big, Ugly,
complicated
Radio system
I

I

System NF = F,,
System Noise Bandwidth = B,

Figure 7-3 Internal and external noise sources in a receiving system.
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Dynamic Range

The term dynamic range defineshow well a system handles signals with varying power levels. System designers have developed various ways to spec@ this
characteristic. Here we will discuss only the three most common specifications.

Linear Dynamic Range
Linear dynamic range is defined as the difference between the MDS
and the input compression point (ICP) of a system.

In practice, linear dynamic range is useful only when comparing systems.
This specification does not provide mathematical insight into the amount
of distortion power generated by a system.

Gain-Controlled Dynamic Range
Gain-controlled dynamic range (or noninstantaneous dynamic range)
describes the ability of a system to process signals of different signal levels,
one at a time. Only one signal is presented to the system at a time, then we
let the system adjust itself to that one signal. For example, if you go outside
on a dark, moonless night, at first you will not be able to see much. If yuu
wait approximately ten minutes, your pupils will open and your eyes will
become more sensitive. Similarly, you can also function in a bright, well-lit
room after your eyes have had a chance to adjust.
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Gainantrolled dynamic range specifies how well a system responds to
input s.lgnals when they are applied one at a time (seeE”lgure 74). The system
is allowed to adjust in order to accommodate for the Werent signal strengths
- similar to how the eye opens and closes to adjust for varying light levels.
Gaincontrolled dynamic range indicates what range of input sqpals the
receiver is capable of processing. The lower end is set by the noise performance
of the system. The upper end is usually set by some system nonlinearity.
Bright Light
I
Different times

,/I

*

Dim Light

Figure 7-4 Gain-controlled dynamic range in a receiver is similar to the
behavior of the eye in dim and bright light conditions.

7.4

Spur-Free Dynamic Range

Spur-free dynamic range (or instantaneous dynamic range) describes
the ability of a receiver to process a small, desired signal in the presence of
a large, unwanted signal. Another name for this quantity is instantaneous
dynamic range. For example, imagine you are driving down the road late at
night. A car in the other lane approaches you with its high beams on. Spurfree dynamic range describes your ability to see the relatively faint light
coming off the lines on the road (the desired signal) in the presence of the
other driver’s high beams (the undesired signal). The equivalent receiver
situation is processing a very small signal in the presence of a very large
signal (see Figure 7-5).
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We are interested in the range of input signals the system can process
simultaneously without
*

0

losing the desired signal in the noise. This is a noise problem principally controlled by the noise temperature of the receiver and the noise
gathered by the receiving antenna.
creating undesirable spurious products that can mask or distort the
small, desired signal. This is a linearity problem described by the system’s SO1 and TOI.

Spur-free dynamic range is the most used and most useful dynamic range
specification. Frequently, a major design goal is to maximize a system’s
spur-free dynamic range.

Figure 7-5 Instantaneous dynamic range in a receiver is similar to the
behavior of the eye when it views dim and bright objects at the same time.
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Derivation
Spur-free dynamic range is the difference between the MDS and the
input power which will cause the third-order spurious products to be equal
to the MDS. The low-level input condition is clear: the input signal equals
the MDS. There are two high-level input conditions, one for second-order
limited systems and one for systems limited by third-order distortion.
Second Order
Figure 7-6 illustrates the high-level input conditions when secondorder distortion is a concern. The input consists of a signal tone and a noise
floor. We increase the signal power until the second-order spurious product
just peaks out of the noise. At this point, the power in the spurious tone
equals the system MDS. The power in the second-order tone is
7.8

We know
7.9

When the second-order distortion power just equals the system’s MDS, the
fundamental input power is
- sMDS,dBm

E n ,f ,dBm -

+ ISo1dBm

7.10

2

Second-order spur-free dynamic range is almost universally ignored because
it creates only a problem in wideband systems (e.g., RADARS and ELINT
receivers). Most of the world is interested in communications systems which
are inherently narrowband and are limited by third-order distortion.

Figure 7-6 High-level input conditions with second-order distortion limiting the system dynamic range.
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Third Order
Figure 7-7 illustrates the high-level input conditions when third-order
distortion is the limiting distortion. The signal power of the two input tones
is increased until the third-order spurious products are just discernable in
the output noise. At this point, the power in each spurious tone equals the
system MDS. This is the highest input signal we will allow.
Given a system with a minimum detectable signal of SMDs,a noise figure of Fs.,,s and an input third-order intercept of ITOI, we want to find the
fundamental input power when the third-order power equals the SAvDs
or

When discussing linearity, we found that

Combining Equation 7.12 with Equation 7.11 produces
%,f ,dBm

-

51sMDS,dBrn

2
3

4--IToldBrn

7.13

This is the maximum input signal power that the system can process without producing detectable third-order spurious signals.

Figure 7-7 High-level input conditions with second-order distortion lirniting the system dynamic range.
Dynamic Range
Using the third-order criteria, the spur-free dynamic range is the difference between the maximum allowable input signal
of Equation
7.13) and the system's minimum detectable signal, or
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sFDRdB

= c n , f,dBm - sMDS.dBm

7.14

A large spur-free dynamic range is desirable. The SFDR will be improved
(increased)if'we increase the IT01 ,decrease the noise figure or decrease the
noise bandwidth. The spur-free dynamic range applies only to spurious signals produced by the nonlinearities in the receiver's cascade chain. Spurious
signals can arise in a receiver through other mechanisms such as poor LO
rejection or electromagnetic interference generated within the receiver itsell:
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Front-EndAttenuators and Spur-Free Dynamic Range
The design goal is often to maximize the SFDR of a system. We can
“move” this dynamic range to any input power level using an attenuator on
the front end of the receiver. Let us look at an example (see Figure 7-103.
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I

I

I

'

Gp = 94 dB

94

Gp,dB

Fsys= 5 dB

5

FdB

ITOI,,,,,

-90

B"

30kHz

)

Cascade

i
Gp,dB

FdB

ITOIdB,

-50

94

50

5

co

-90

)

GP=44dB
Fsys=55dB

I

Figure 7-10 System SFDR with and without a n attenuator on the
receiver 's inp u t .
Without Attenuator
Figure 7-10(a)shows a receiving system with a 5 dB noise figure, a 30 k H z
noise bandwidth and a -90 dBm ITOI. The system has an MDS of
7.18
dBm

= 5 - 174-+ 10log(30,000)

Hz

= -124 dBm

The SFDR is
2

SFDRdB

= -[ITo',,
3
= -[-go2

3
= 22.7 dB

This is a fairly poor SFDR.

- SMDS.dBrn

(-124)]

]

7.19
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With Attenuator
The system with the attenuator is shown in Figure 7-10(b). When we
add the attenuator, the gain of the system drops to 44 dB, the noise figure
rises to 55 dB and the system’s IT01 rises to -40 dBm. The MDS is
7.20
The attenuator has made the system nearly deaf. However, the SFDR is

2

sFDRdB

= -[IToldBm
3

--SMDS.dBrn]

= 2[-40-(-74)]
3

7.21

= 22.7 dB

The SFDR is the same as before. The receiver simply performs over a different range of input power levels. In general, a receiver can process signal
power levels in the range of

Without the attenuator, the system can process signals over the input
power range of
-124 to (-124 + 83)
= -124 dBm to - 41 dBm

7.23

With the attenuator, the system can process signals over the input power
range of
-74 to (-74 + 83)
= -74 dBm to + 9 dBm

An input attenuator does not affect the SFDR of a receiver. It affects
only the range of input signals. These calculations assume we are using a
resistive or other highly linear attenuator.
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Dynamic Range Notes

Specifications
Since there are two or three separate dynamic range specifications, we
have to be clear about which dynamic range is meant. Engineers designing fixed-gain systems usually specify the spur-free dynamic range
(SFDR); designers who are speaking about receiving systems often quote
the gain-controlled dynamic range. Moreover, there is the secondorder/third-order ambiguity.

Other Sources of Spurious Signals
There are many sources of spurious signals in a receiver. The dynamic
range quantities specified here only address the nonlinearity of the system
(i.e., the second- and third-order intercepts of the components making up
the system). Other effects can cause spurious signals in a receiver.

Dual Conversion Systems
Figure 7-ll(a) shows one source of these spurious products. In a dual
conversion receiver, the signal is converted from the RF to the first IE After
filtering, the signal is then converted from the first IF to a different IF,
which requires two separate local oscillators to be running in the receiver
simultaneously. Due to the finite attenuation of the band-pass filter
between the mixers and port-to-port leakage, LO, can find its way into
mixer M 2 and LO2 can find its way into mixer M , . These two signals will
mix and produce spurious products at
ImfLo,+nfLozi for

n = 0,1,2,3...
m = 0,1,2,3...

7.25

When one of the products falls inside any one of the IF filters in the
radio, the result is a spurious signal. This type of spurious response (internally generated spurious) is not related to the linearity of the amplifiers
and mixers that make up the system. The amount of spurious signal power
we will see is purely a function of how well the two local oscillators were
kept apart.

Other Nonlinearities
Figure 7-ll(b) shows an example architecture which will generate
spurious products. A 350 MHz RF signal will pass through the RF BPF
and generate second-order distortion in the mixer. This effect produces a
700 Mhz signal at the mixer’s output. This is a second-order effect which
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is not addressed by Equation 7.14; hence a spurious product generated in
this way will not be predicted by the equation. This spurious product will
be very large and will almost certainly reduce the measured spur-free
dynamic range of the receiver. If the second-order spurious product i s a
problem, the conversion scheme of the receiver can be redesigned to solve
this problem (see Chapter 8).
MI

BPF

M2

RF
BPF

IF
BPF

20 - 500 MHz

IFCF = 700 MHz

IC

Figure 7-11 Sources of spurious signals in a receiving system.

Digital Logic
Another serious source of spurious products in a receiving system is the
always present digital logic. Figure 7-1l(c) shows a typical microprocessorcontrolled receiving system. Although designers take great pains to isolate
the sensitive receiving circuits from the digital logic, digital signals occasionally find their way onto the receiver’s signal path. Consider a receiver
with a 60 MHz IF with a 10 MHz crystal for its microprocessor clock. Since
the microprocessor is probably a 0 to 5 volt square wave, it is rich in strong
harmonics. The 6th harmonic of a 10 MHz microprocessor clock will fall
directly on top of the 60 MHz IF center frequency.
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The receiver’s control logic often contains counters, gating and other
functions that produce many frequency components that are not obvious.
For example, a microprocessor using a 10 MHz system clock might produce
components at 45.6 kHz or 22.3 MHz. Digital control lines that must pass
into sensitive RF compartments are especially dangerous. These lines are
usually filtered heavily. Although digital logic and microprocessors can be a
serious problem for a receiving system, they are just too usefid not to
include in a modern system.

Measuring the SFDR
Receiver users, as opposed to receiver designers, are not interested in
the source of the spurious signal. They are interested only in whether the
signal being observed is real or an internally generated phantom. Testing
should reflect the concerns of the receiver user.
The SFDR is measured by tuning the receiver with the antenna port
terminated in a matched load. Any signals that show up are generated
internally in the receiver. The equivalent input power level of the largest of
these internally generated spurious products is then used in place of SMDs
in Equation 7.14. Internally generated spurious signals limit the receiver’s
dynamic range.

7.6

Gain Distribution

The goal is to appropriately convert signals present at the output of the
antenna into a format compatible with some downstream signal processor,
which involves changing both the power level of the signal and the frequency of the signal and removing other signals that are close to the signal of
interest. In this chapter, we focus on the gain aspect of the problem.
Frequency conversion and filtering aspects will be discussed in Chapter 8.

Required Gain
Figure 7-12 shows a receiving system in its initial design stages. Let us
assume the noise figure of the completed receiver must be 5 dB and its
IT01 will be 0 dBm. The receiver must support frequencies of 500 to 1000
MHz. The demodulator requires a signal with a 30 kHz bandwidth. The signal must be centered at 21.4 MHz and must be at least -30 dBm. The minimum detectable signal of this system will be
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dBm
+ 10log(30,000)
HZ
= -124 dBm

= 5 - 174

f
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7.26

~

Since we need -30 dBm at the output of the receiver even under MDS input
conditions, the receiver must have a power gain of
Gp,d=
~: -30

I

(-124)

= 94 dB

The system needs 94 dB of power gain. We must also translate any signal
in the 500 to 1000 MHz range to a 21.4 MHz IF center frequency. What is
the best way to distribute the gains and losses of the system to achieve a
maximum SFDR?
IT01 = 0 dBm

I

500 - 1000 MHz
(Signal
frequencies and
power levels vary)

Signal of interest
@ -30 dBm
@ 21.4 MHz

Figure 7-12 Receiving system in its initial design stages. Only high-level
specifications are shown.
Three Gain Distributions
Figure 7-13 shows three ways to distribute the 94 dB of power gain.
0

0

In Figure 7-13 (a), we have placed all of the gain at the front of'the cascade. After the signal passes through the lossy components, there is a
total of 94 dB through the cascade.
In Figure 7-13(b), we have placed all of the power gain at the very end
of the cascade. Again, after accounting for the lossy elements, we
achieve a total cascade gain of 94 dB.
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Figure 7-13(c) shows a distributed system. We apply gain in various
places throughout the cascade and in concert with the losses. The total
cascade gain remains 94 dB.
(a)
0

G, = 120 dB

/

G,=94dB

G, = 94 dB

\

Gain Distibuted

/

G, = 94 dB

Figure 7-13 Three ways to distribute the power gain in a receiving system.
(a) Place all of the gain at the front end of the receiver. (b) Place all of the
gain at the end of the receiver cascade. (c) Distribute the gain throughout the
receiver according to some rule.
Which method will produce the system with the largest dynamic range?
We can find a solution to this problem by examining several of the equations developed over the last several chapters. For the n-element cascade of
Figure 7-14, we can write
1. The noise temperature of a cascade given the noise temperature and
gain of its components is
7.28
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Similarly, the noise figure of a cascade given the noise figure and gain
of its components is
7.2

2. The IT01 of a cascade, given the IT01 and gain of its components,
assuming coherent addition, is

-_- 1 - 1
ITOI,,
ITOI,

+

+

1

ITOI2/Gp,l
1

IT013 &,I

7.30

Gp,2

+...
1

-L

We will discuss only the IT01 equation in this chapter but the arguments
are valid for OTOI and the SO1 equations as well. We will begin by examining some common themes to understand Equations 7.28, 7.29 and 7.30.

A1

GP,1
TI
TOI,

TOI,

TOl,

TOI,

Figure 7-14 A general n-element cascade.
Excess Gain
The three cascade equations contain expressions for excess gain. Excess
gain describes the amount of power gain between the cascade input and a
particular component. Figure 7-15 shows an example of excess gain calculation. The first row of numbers, placed under each component, is the power
gain of the component. The row of numbers centered between components
is the excess gain of the cascade up to that point.
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Y
‘ex,

dB

-3

1

7

-2

18

1

Figure 7-15 Excess gain calculation. In a receiver, the excess gain is the
amount of gain between the antenna and any given point in the receiver.
To find the excess gain of any point in a cascade, simply add up the
power gains (in dB) of all the components before the point of interest.
Remember, gains are associated with components; excess gain is associated
with the points between components. The excess gain appears in Equations
7.28, 7.29 and 7.30 as

Translation
On closer inspection, we find that the individual terms of the cascade
equations mathematically translate the component specifications to either
the input or output port.
Linearity
To determine the linearity contribution of the third element in a cascade,for example, the third term of Equation 7.30 is analyzed.
1

7.32

The term ITO13 represents a power in watts. The term

represents mathematically translating that power level to the input of the
cascade. Every term in the TO1 cascade equation can be viewed in this
manner. For example, Figure 7-16 shows three amplifiers in cascade. It is
not obvious which amplifier is limiting the cascade’s IT01 until we translate the TO1 of each amplifier to the input of the cascade.
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Figure 7-16 Three amplifiers in cascade. Determine which amplifier linzits the easeade TOI.
Amplifier Al. This amplifier's TO1 is already referenced to the cascade's input.
A, 's TO1 referenced to cascade input = ITOI,
= -10 dBm

7.34

Amplifier A2. The relevant part of Equation 7.30 is
7.35

Accordingly, we find that

A,'s TO1 referenced to cascade input =ITO12/G,,
= 0 - 10 dBm
= -10 dBm

7.36

Amplifier A3. The relevant part of Equation 7.30 is
7.37
Accordingly, we find that
A,'s TO1 referenced to cascade input =ITO13/GP,,GP,,
=10-3OdBm
= -20 dBm

7.38

After moving the IT01 of all the amplifiers to a common point, we find two
amplifiers both produce a -10 dBm equivalent input TO1 while the third
amplifier produces a -20 dBm value. Since the IT01 of a device is linearly
related to the amount of power the device can handle before it becomes
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nonlinear, the third amplifier is limiting the TO1 of the cascade. Equation
7.30 shows the IT01 for this cascade is -20.8 dBm.

Noise Temperature
Translation also works for the noise temperature. Figure 7-17 shows
three amplifiers in cascade. Which one limits the noise performance of the
cascade? Equation 7.28 contains the answer.
Amplifier Al. The noise temperature contribution of this amplifier is
already referenced to the cascade's input.
Al's noise temperature at the cascade input = TI
= 290 K

7.39

Amplifier AS. Equation 7.28 indicates

A2'snoise temperature at the cascade input = Tl/Gp,l
= 888ylO
= 888.1K
Amplifier AS. Equation 7.28 reveals
A,'s noise temperature at the cascade input = T3/Gp,lGp,2
= 888l/lOOO

7.40

7.41

= 8.9K

Translating the noise to a common port reveals that amplifier A2 limits the
noise performance.

4

A,

Gp.dB

FdB

-Row

A3

10

20

10

3

15

15

290

8881

8881

Figure 7-17 Three amplifiers in cascade. Determine which amplifier limits the cascade's noise performance.
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7.7

Gain and Noise

Noise Temperature
Figure 7-14 and Equation 7.28 describe an n-element. We can write
Tcm = T I

[Component #1]

+- T2

[Component #2]

GPJ

+

T3

[Component #3]

7*42

GP,lG,,2

Component # I . This t e r n represents the noise temperature contributed to the cascade by amplifier A,. Note that this is the only place
T1 appears in the equation. This piece of the equation indicates that, if
we want a cascade with a low noise temperature, the first amplifier
should have a low noise temperature. Any change in the noise temperature of the first element directly affects the cascade’s noise temperature. We also note that the cascade noise temperature will never be any
lower than the noise temperature of the first component.
Component #2: This term represents the noise temperature contribution of amplifier A2. This is the only place where the noise temperature
of amplifier A2 exists in the cascade equation. In effect, the noise temperature of amplifier A2 is reduced by the gain of amplifier A,. The
noise temperature contribution of amplifier A2 will be small either
when Al has a large gain or when A2 has a low noise temperature (or
both). For example, if A, has 20 dB of gain and A, has a 290 K noise
temperature, the noise temperature contribution of A, is
7.43

The gain of A, has greatly reduced the noise contribution of A,.

Component #3. This term represents the noise contribution of A3 to the
cascade. In this case, the noise temperature of A, is reduced by G4,1Gp,2,
the gains of Al and A,. Because A3 should contribute only an insignifi-
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cant amount of noise to the cascade, the power gain of amplifiers A,
and A, should be as large as practical.
Component #n. We can see that the noise contribution of the nth term
is reduced by the gain of the (n - 1) components before the nth component. The noise temperature of the nth component is reduced by the
excess gain of the cascade at the input to the nth component.

Relative Levels
Figure 7-18 shows the noise levels present in a cascade when the excess
gain of the cascade is large. Most of the cascade’s noise power comes from
the antenna and the noise generated by the first amplifier. This is true
because the large excess gain reduces the contribution of the subsequent
amplifiers. After the input noise experiences the gain ofA,, the noise power
from Al’s output is much larger than the noise added by A,.

Figure 7-18 Relative noise levels in a cascade shown when the excess gain
is large. The output noise of amplifier A, is much greater than the noise generated by amplifier A2’s input resistor. Thus, most of the system noise originates from Ts and TI.
Figure 7-19 shows the relative noise levels when the excess gain of the
cascade is small. When the excess gain preceding a particular amplifier is
small, the noise contribution of that amplifier is large. For example, in
Figure 7-19, the noise added by amplifier A, is significant because of the
small excess gain prior to A,.
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Figure 7-19 Relative noise levels in a cascade when the excess gain is
small. The noise generated by amplifier A2's input resistor is significant
with respect to the output noise of amplifier A,. The system noise originates
from Ts, T I and T2.
If we want amplifier A2 to add only a small amount of noise to the cascade, Figure 7-18 and Equation 7.28 show
Noise at A1's output

> Noise added by A ,

Gp,lk(T,+ Tl )Bn >> kT2%

7.44

G , ,(Ts + Tl)>> T2
If Ts = To,we can speak in terms of noise figure and the equation becomes
7..45

If the Gp,lFlproduct is large, we can make one final approximation.
7.46

Using decibels, we can write
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In other words, add the gain of the first amplifier to its noise figure (all in dB).
If that number is much greater than the noise figure of the second amplifier,
the noise added to the cascade by the second amplifier will be insignificant.

A Rule of Thumb
A successful strategy is to keep the excess gain plus the noise figure
of the first amplifier at least 15 dB greater than the noise figure of the
second amplifier.
Gp,l,dB i-4 , d B

’

F2,dB i-l5

7.48

The approximation is experimental but, under the worst conditions, this rule
insures that the second component will contribute less than 0.1 dB of noise
figure to the cascade. If the difference is greater than 15 dB,the second
device will add even less noise to the cascade. However, although high excess
gains are very good for low-noise cascades, they degrade linearity. Remember
that the goal of cascade design is to maximize the SFDR, which depends on
both low cascade noise temperature and on high cascade linearity.
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Front-End Attenuators
In Chapter 5, we demonstrated that the noise figure of a resistive
attenuator equals its attenuation if the attenuator is at room temperature. In equation form,
Attenuator Noise Figure = Attenuator Loss
for attenuators at To

7.50

Figure 7-21 shows a simple two-element cascade consisting of a resistive
attenuator followed by an amplifier. The noise figure of the attenuator
equals the attenuator value or

Fmn =-

1

GAttn

or
F k , d B = -G&trz,dB

The noise figure of the cascade is
7.52

Under the special conditions where the noise figure of the first device is
inversely related to its gain, the cascade noise figure becomes
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In other words, we can simply add the value of the attenuator to the noise
figure of the amplifier to produce the noise figure of the cascade.

Attenuator

F,

Amplifier

F2

Figure 7-21 Two-element cascade consisting of a resistive attenuator
and an amplifier.

15 dB. We would like to add a TV amplifier to the system to improwP the
snowy chennnels. The arnpMer has a 4 d 3 noise figurr, and 20 dB of gain.
We have three choices.

1. We can attach the mnplifier direct& to the television. This is the -1
trouble because the amplifier is b i d e the houee and we can plug it
directly into the wall socket by the 1
‘ 1!
b the amplifier inside, right where the cfible enters the
house. This p b e a the mpWer about equidigtant betopeen the antem
na and
which means that it is more difficult to provide p e r to the
ampMerr than in mhtion 1.

2. We can p

3. Fball~wecanpktcethe
na. This is a lot of
against the weather

on the mast, next to the antento protect the amplifier
€UllplifiiZ.

Find the noise firJure of the system; wi th no amplifier. Alao, find the noise
figure reduction in each of the three situations described above.
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Gain and Linearity

This section examines the effects of gain distribution on the linearity of
a cascade. Although we will chiefly discuss TOI, the arguments apply to
SO1 as well. Figure 7-27 shows a general n-element cascade that we will use
for the analysis.

A1

G ,1

TOI,

A"
TOI,

TOI,

G,"

TOI,

Figure 7-27 General n-element cascade.

OTOI vs. IT01
Most design engineers are interested in the port that interfaces to the
outside world, i.e., the antenna port. In transmitter design, the levels of the
unwanted signals the system radiates into free space are important. Since
the output of the cascade is attached to the antenna, transmitter designers
pay more attention to output specifications, i.e., the OTOI or OSOI rather
than input specifications.
In transmitter design, the smallest and largest signals the system will
be able to reliably process are significant. Since the input of the cascade is
attached to the antenna, receiver designers are more interested in the cascade's input specifications, i.e., the IT01 or ISOI.
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This book concentrates on the input specifications of the cascade
although the arguments will be valid for the output specifications as well.
We will assume that all the coherent distortion products add coherently
(see Chapter 6 for details).

Linearity Cascade Equation
Equation 7.30 describes the linearity behavior of the cascade in Figure
7-27- The equation is reproduced here.

---1 - 1
1TUlC, ITOI,

[Component# 11
[Component #2]

7.58
[Component #3:1

The concepts of excess gain and translation apply. Each term of Equation
7.58 expresses the linearity contribution of each component in the cascade.

Resistors in Parallel
Equation 7.58 resembles the equation that describes adding resistors in
parallel.

7.59
Figure 7-28 shows the similarities. The value of each resistor represents
the TO1 of each component when it is referenced to the input port.
Whenever we add a new device to a cascade, we effectively add another parallel resistor to the equivalent circuits and lower the TO1 (resistance) of the
cascade. We cannot improve the linearity of the cascade by adding another
component; we can only make the linearity worse.
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ITOl,

ITOI,

ITOI,

GP1

Gp1Gp2

Figure 7-28 The equation describing resistors in parallel is similar to the
equation describing the linearity of a cascade given the linearity of the components which make up the cascade. Adding a component to a cascade will
always decrease the linearity of the cascade.

Pieces of the Linearity Cascade Equation
Referring to the analogy of resistors in parallel, each term of
Equation 7.58 signifies
Component #l.
1

ITOI,

7.60

The first term represents the distortion the first component contributes to
the cascade. Any change in the IT01 of the first element directly af&cts the
cascade’s linearity one-for-one. This is the only term in Equation 7.58
where the IT01 of amplifier Al appears.

Component #2.
1
ITOI, lGp,l

7.61
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This term represents the IT01 contribution of' amplifier A2 to the cascade.
This is the only place where the IT01 of amplifier A, exists in the general
equation. The IT01 contribution of amplifier A2 is reduced by the gain of
amplifier A,. In this case, excess gain is harmful.
Remember the parallel resistor analogy of Figure 7-28. If we add a lowvalue resistor, i.e., a low IT01 to the cascade in parallel, we limit the parallel resistance to a low value (a low cascade ITOI). The cascade linearity will
always be limited by the component whose IT01 is the smallest after it has
been moved to a common point.

Component #3. This term represents the linearity contribution that
amplifier A, makes to the cascade. In this case, the IT01 of A, i s
reduced by Gp,lGp,(the excess gain up to the input 0fA3). IfA, is to contribute only a small amount of distortion to the cascade, the combination of ITO13/Gp,lGp,2has to be as small as practical.
Component #n. We can see that the IT01 contribution of the nth term is
reduced by the excess gain from the (n - 1)components preceding the ritb
Component. In other words, the linearity of the nth component is reduced
by the excess gain of the cascade at the input to the nth component.
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Strength of Distortion Products
Equation 7.12, repeated here, indicates that the strength of the distortion products produced by a nonlinear device is a strong function of the fundamental input power.
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p0ut,2 f -f ,dBm

= 3Pout, f ,dBm - 2oTo1dBm

7.66

In a cascade, the strength of the hndamental signal into a particular device
is determined by the gain preceding the device. To keep the distortion products low (and the linearity high), the excess gain through the cascade
should be kept as low as possible.
For example, if a -80 dBm signal is applied to the cascade of Figure 730,amplifier #1 will see a -80 dBm signal. Amplifier #2 will see a -60 dBm
signal because of the 20 dB power gain of amplifier #l. Although amplifiers
#1 and #2 have the same TOI, amplifier #2 will generate higher levels of
distortion because it sees a larger signal. Likewise, amplifier #3 will see a
-40 dBm signal and will generate the most distortion power of all the
devices in the cascade, thus dominating the TO1 of the cascade.
A,

G,,dB

20

20

20

0

0

Figure 7-30 Three-element cascade. Amplifier A3 will always see a larger
signal than either AI or A2, so A, will limit the cascade’s linearity.
Conflict
Good noise performance dictates that we should keep the excess gain as
high as possible. Good linearity performance forces us to keep the excess
gain as low as possible. We have a fundamental compromise between low
noise temperature and high linearity.

Rule of Thumb
When the TO1 of every component is translated to a common port, the
translated TO1 of each component should be about equal. If all the translated TOIs are equal, then all of the elements in the cascade will become nonlinear at the same input power level. If one translated TO1 is much smaller
than all the rest, that component will set the linearity of the cascade.
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Coherent vs. Noncoherent Addition
In Chapter 6, two different equations describing cascade linearity were
derived. One equation assumed that the phase of the distortion products
were coherent and in-phase, so the distortion voltages added. This is the
worst-case assumption. The second equation assumed that the phases of
the distortion products were noncoherent and random, so the distortion
powers added. This is the noncoherent assumption.
When designing low-noise receiving systems, we have found that well-

CASCADE I

- GAIN DISTRIBUTION

1

designed cascades usually behave as though the distortion products are
adding up noncoherently. For the most part, these systems followed the
noncoherent equations plus one or two dB. With wideband systems, the
cascade SO1 or TO1 will stay at noncoherent levels over most of the frequency range of the system. However, over narrow frequency ranges, the
SO1 and TO1 will increase to coherent summation levels. In a well-designed
system (where the equivalent intercept points of all the devices are equal),
the difference between coherent and noncoherent summation is 4 to 5 dB,
When designing a system, we usually calculate the numbers for both the
coherent and noncoherent cases. This gives us an idea of the variation we
are likely to expect over time and frequency. For reference, the coherent
and noncoherent cascade equations are

Third-Order Intercept (Coherent)

Third-Order Intercept (Noncoherent)

7.68
+. ..
4-

1
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Second-Order Intercept (Coherent)

1

7.69

+-J
+...

Second-Order Intercept (Noncoherent)

-_- 1

-

1

ISOI,

ISOI,,

+

1

ISOIZ /Gp.I
+...

7.70

1
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7.9

System Nonlinearities

Detection
Given a common wideband receiving system connected to an antenna,
how can we determine if it is suffering from linearity problems? Several
clues may help to determine nonlinearities.
Signals are not where they are supposed to be. For example, we observe
FM radio stations at 500 MHz when they are supposed to be at 100 MHz.
Signals appear and disappear abruptly at the same time. This effect can
be caused by constant signals combining with push-to-talk signals
(“walkie-talkies”). If either signal is very strong, all of the intermodulation products developed by the combination will also exhibit the
onioff rate of the push-to-talk.
Signals seem to have more than one type of modulation present. In
other words, a signal with both AM and FM characteristics (with different modulating signals) can be a result of intermodulation.
The noise floor of the receiver bounces up and down, especially at pushto-talk rates.
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A signal is found with the same information on it at several different frequencies. Although this is occasionally done on purpose, it can also
result from intermodulation.
If distortion in a tunable receiver is suspected, view the IF port on a
spectrum analyzer as the receiver is tuned. Intermodulation products
will move through the IF at different rates than signals from the antenna. The distortion products will often be observed moving in opposite
directions as the receiver is tuned.
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orrection
Two major corrective actions can be taken when a system exhibits nonlinear behavior: the linearity of the system can be increased or the signals
that are causing the system to distort can be removed. The system's linearity can be improved by using more linear components. Limiting the
input signal power often requires some tradeoffs.
First, the complete spectrum that is being applied to the system should
be examined. Both in-band and out-of-band signals have to be included in
the search. Very strong signals that are far removed from the center frequency of the system can still cause problems. Ideally, all of the signals present within the bandwidth of every component in the system should be considered, Push-to-talk (PTT) systems often cause intermittent nonlinear
behavior in receiving systems because the transmitters can be very close to
the receiving antenna. The intermittent nature of the problem can also
make this type of interference difficult to track down and solve. Airport
communications, taxi cab transmitters and FM radio stations can all be
sources of strong signals which are likely to cause intermodulation problems. Once the offending signals are located, they can be removed with a
low-pass, high-pass or notch filter if the filter will not also remove the
desired signals. Sometimes the receive antenna just has to be re-oriented to
reduce the amplitude of the interferer.

. I 0 TO1 Tone Placement
Figure 7-35 shows a typical receiving system consisting of amplifiers, fdtem,
mixers and attenuators. The last filter in the system (BPF,) is typically the narrowest fdter in the system, i.e., it is just large enough to pass the entire signd of
interest. If it were any wider, it would pass more noise than necessary and degrade
the system performance. This filter also sets the system noise bandwidth. By de€inition, there is only one slgnal present in the system after it passes through BPF,.
This single s m is the slgnal to be collected and demodulated.
Third-order distortion results from unwanted signals combining to
form phantom signals that might obscure the wanted signal. Since BPF4
passes only the one signal of interest, we can safely state that there are no
unwanted signals present in the system beyond BPF,. In other words, the
components following BPF, do not contribute to the nonlinearity of the
cascade. The TO1 of these components can be considered infinite.
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A1

M1

M2

A2

A3

BPFl

BPF2

BPF3

BPF4

MHz

= 630 MHz

= 21.4 MHz

= 21.4 MHz

B=5MHz

B=lMHz

B = 30 kHz

Figure 7-35 Practical receiving system consisting of amplifiers, filters,
mixers and attenuators.
TO1 Input Tones
Suppose we wanted to measure the TO1 of the receiver in Figure 7-35.
The third-order test requires us to apply two tones to the receiver and look
for third-order distortion products. We measure the power of all four tones
present at the output of the receiver, then we can calculate the receiver’s
TOI. We usually set the frequency of the two tones so that the nonlinear
distortion will appear at the receiver’s tuned frequency.

100 kHz Tone Spacing
By way of example, the TO1 test will be examined when the two input
tones are spaced 100 kHz apart. Figure 7-36(a) shows the relationship
between the two tones, the receiver’s tuned frequency and the filter bandwidths of Figure 7-35. The receiver is tuned to the upper distortion product. Note that the two input signals pass through the entire receiver until
they are finally stopped by BPF,. Every amplifier and mixer in the cascade
has an opportunity to generate distortion power since every component
must process the large input signals. However, the components beyond
BPF, do not contribute to the cascade’s distortion power because BPF,
severely attenuates the large input signals. Components which are downstream from BPF, do not see the large input signals.
1 MHz Tone Spacing
Figure 7-36(b)shows two large input signals spaced out to 1 MHz. Since
the receiver is tuned to the upper third-order distortion product, the two input
signals are 1 and 2 MHz below the tuned frequency. Both input signals will
experience some attenuation due to BPF, (because of its 1MHZ bandwidth).
The components before BPF, contribute to the cascade’s distortion
(and its TOI) but the components after BPF3 will contribute less than they
did when the tones were only 100 kHz apart. When we increase the input
tone spacing, the cascade appears to have a higher TO1 because fewer components “see” the large input signals and fewer components can contribute
to the output distortion power.
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f

're'
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Figure 7-36 Testing receiver TOI with two input signals. The relationship
between the spacing of the two test tones, the receiverk tuned frequency and
the bandwidths of the filters affects the TO1 measurement.
5 MHz Tone Spacing
Figure 7-36(c)shows the results when the input tones are 5 MHz apart.
Only components between the antenna and the input of BPF, contribute
distortion to the cascade. Increasing the tone spacing again has made the
cascade look even more linear.
Figure 7-37 shows how the measured TO1 of a receiver changes with
the measurement tone spacing. The actual tone spacing has no significance
in itself. The tone spacing relative to the bandwidth of the band-pass filters
in the system is the important metric.
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Figure 7-37 When measuring the TOI of a receiver, the linearity will
change with the spacing of the test tones used to perform the test.
The measured linearity of the cascade changed depending upon how
the test was performed. The cascade did not change -its linearity was simply measured under different conditions. When a linearity test is performed
on a receiver, how far apart should the input tones be placed? If it is possible to specie, consider the receiver’s operational environment. Generally,
the tones are specified in a way that they can be stopped only by the final
IF filter. This lets every component in the cascade up to the final IF filter
contribute to the system’s nonlinearity.
In a channelized system, such as a commercial FM radio receiver, the
tones are placed on the two adjacent channels. For example, if we tune the
receiver to 99.1 MHz, we will place the two tones at 98.7 and 98.9 MHz (or
99.3 and 99.5 MHz). When the TO1 of a receive is specified, the test conditions should also be specified including
the IF bandwidths used,
the tuned frequency of the receiver,
frequencies of the two tones.

Application to Gain Distribution
Given that every device prior to the final IF filter is allowed to contribute to the nonlinearity of the cascade, the excess gain should be kept as
low as possible prior to the final IF fdter. After the final IF filter, only one
signal is present in the receiver. Since all of the undesired signals have been
suppressed at this point, gain is available without a linearity penalty. In
other words, gain can be applied freely &r the final IF filter without incurring a degradation in the cascade’s third-order intercept.
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Automatic Gain Control (AGC)
So far it was assumed that the signal present at the input port of the
receiver is very weak. In the example, we applied the MDS to the system and
calculated the amount of power gain needed to bring this signal up to the level
required by the downstream processor and found that the MDS was -124
dBm. We needed 94 dl3 of gain to make this signal compatible with the demodulator. If we design such a system and supply a signal at the MDS power, the
receiver will process it. However, the signals arriving at the input of a typical
receiver will not be that weak. Some could be very strong (upwards of 0 dBm,
in many cases), and strong signals will cause the high-gain system to distort,
which will influence the processing of signals negatively.

AGC Bandwidth
When designing a receiver with an AGC function, an AGC bandwidth
is implied (or equivalently, AGC attack and decay time). For example, suppose we wanted to design an AM receiver to process human speech that
nominally covers 300 to 3000 hertz. The information to be processed is present in the amplitude variation of the signal that is received. If the AGC is
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fast enough, it will change the gain of the receiver as the amplitude of the
AM waveform changes. The fast AGC will remove the AM modulation from
the signal to be received. In this m e , the bandwidth of the AGC should be
much less than 300 hertz and perhaps as small as 3 hertz.

Attack and Decay Times
AGC bandwidth is often specified in terms of attack and decay times
rather than bandwidth. Attack time describes the time it takes for a
receiver to adjust to a signal whose amplitude suddenly increases. Decay
time refers to how quickly the receiver adjusts to a signal whose amplitude
suddenly decreases.

Noise and Linearity Tradeoffs
For strong signals, the SNR is usually very large. It is helpful to exchange
some of the abundant signal power (and hence, some of the signal-to-noise
ratio) for some linearity.Earlier we found that an attenuator placed in front
of a receiver performs the exact function we require. It presel-ves the receiver's dynamic range and allows us to operate at higher signal powers.
Figure 7-38 shows an example. We design a receiver with enough gain
to process an input signal a t -124 dBm. If the signal arrives with -30 dBm
of power, the receiver will go into compression and the demodulator will see
a severely distorted signal [Figure 7-38(a)].Let us assume we want to keep
a 50 dB SNR on the signal present at the receiver's input (this is more than
enough SNR for even the most finicky demodulator). The equivalent
receiver input noise is -124 dBm. For an input SNR of 50 dB,we can write

(x),

= 50 dB
= Sin,dBm - (-124)

7.87

This equation indicates that the output SNR will be 50 dB if the receiver
sees an input signal of -74 dBm. An attenuator at the front end of the
receiver can be employed directly between the antenna and the receiver to
reduce the -30 dBm antenna signal to -74 dBm at the receiver input
[Figure 7-38(b)].The 50 dB of SNR at the receiver's output will remain and
the receiver will not have to process the strong-30 dBm signal.
The value of the attenuator is
Attn,

= -30 - (-74)
= 44 dB

7.88
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The problem can be solved by placing a 44-dB attenuator between the
antenna and the receiver.

I

Gp = 94dB

S,,= -30dBm

'9

'

A

44dB

SNR = 94dB

SNR = 50dB

Figure 7-38 Trading noise performance for linearity. A large signal can
drive a high-gain system into distortion. We adjust the receiver's gain based
upon the input power to process a wide range of signal powers.
Receiver Automatic Gain Control
In an actual receiver, the process of adjusting the receiver's gain based
upon the power level of the input signal is mechanized. At some point in the
cascade chain, the power of the desired signal has to be measured. We then
adjust the gain of the cascade to force the signal of interest to be at one set
power level at the input to the demodulator.
The gain variation is built in the receiver using voltage-variable attenuators (devices whose attenuation depends upon some input voltage) or
voltage variable gain stages (amplifiers whose power gain depends upon
some externally applied voltage). Figure 7-49 shows a diagram.
For practical reasons, the gain reduction is applied at several places in
the cascade. As the input signal power increases, the gain reduction is first
applied at places in the cascade where the excess gain is large. Then, as the
input signal power increases, the power gain at other stages in the receiver are decreased.
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Most commonly, the gain reduction occurs in two stages. As the input
signal level increases, the gain reduction is performed first at the sections of
the receiver that are farthest from the antenna. When the gain reduction
has reached its maximum value, a second gain reduction (or “delayed AGC”)
is applied to the sections of the receiver that are closest to the antenna.

Figure 7-39 Automatic gain control (AGC) applied to separate stages in the
receiver. This technique is commonly referred to as “delayed AGC.”

7.12

Cascade Gain Distribution Rules
"l+Alu tomatic
We are finally in a position to answer the question we posed earlier in
Gain
this chapter. Given that we
needControl
94 dB of gain, which configuration of
Figure 7-13 will produce the
system with the largest dynamic range? The
(AGC)

answer is that none of the candidate systems is really adequate. From a
noise perspective, Figure 7-13(a) is ideal because it applies a great deal of
gain at the very beginning of the cascade. This system will result in a minimum noise figure.
From a linearity perspective, Figure 7-13(a) is a very poor choice. Since
every component beyond the first amplifier is supposed to process a very
large signal, each component will produce a lot of distortion and the linearity of the cascade will suffer. Figure 7-13(b)presents a very linear solution because all of the components process very small signals. However,
Figure 7-13(b)is a poor performer in terms of noise because each lossy component takes precious signal power away from the receiver while contributing noise to the system. Figure 7-13(c) is a reasonable tradeoff
between noise and linearity. Taking both noise and linearity into account,
we arrive at the following design rules of thumb.

Excess Gain
Excess gain should be kept between 15 and 25 dB. At low levels of
excess gain, individual components contribute too much noise to the cas-
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cade. At high levels of excess gain, individual components add distortion
because they are forced to process signals that are too large.
Follow the 15 and 25 dB excess gain rule until you pass through the narrowest filter in the system. This filter determines your noise bandwidth. By
definition, we have only one signal present in this filter. Distortion, whie
results from unwanted signals combining to form phantom signals, is no
longer a problem since we are processing only one signal. After passing
through this filter, enough gain has to be added to make certain that the system’s MDS will experience enough power gain to bring it up to the leve
required by further processing.

IF Bandwidth
To avoid. second-order nonlinearities, all the bandwidths in the system
should be kept to much less than an octave. This might mean choosing a
high center frequency for one of the IFs if processing signals with large
bandwidths. Building a system containing a multioctave bandwidth should
be avoided because second-order distortion is typically much stronger than
third-order distortion.

Stability
An added benefit to placing most of the gain after the final IF filter is
stability. Whenever a system has power gain, oscillation is possible. Because
IF frequencies are usually lower than the received RF signals, oscillation is
usually less of a problem in the IF stages of a receiver.
AGC
Supply enough gain so the system can process its MDS. Rely on the
receiver’s AGC to reduce the gain so that the system can process larger signals. Remember, when dealing with a large signal, i.e., one with a large
SNR, noise performance can be traded off for linearity.

Limit Bandwidth
Almost without exception, it is a good idea to limit bandwidth when
possible because it will
*

decrease the possibility of producing spurious signals in nonlinear
devices. A device processing a large number of unwanted signals is
more likely to generate an in-band spurious response than a device processing a small number of unwanted signals.
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limit stability problems. Oscillation occurs because a signal finds its
way from a system’s output back to its input. Limiting the bandwidth
of a system limits the number of signals that can pass through the system with gain, which reduces the chance of oscillation.
limit external pickup of unwanted signals. As discussed earlier, there
are many sources of spurious responses in an actual receiver (particularly the internal digital logic). Limiting the bandwidth reduces the
chance that the wideband spectrum generated by the digital logic will
experience gain through the RF system.

Matching
Most components used to build receivers are designed, built and tested
assuming they will be operated in a wideband Zo impedance environment.
If the ports are not terminated, the devices will likely misbehave and not
perform as expected. This is especially the case with mixers and filters.
Occasionally amplifiers can be counted on to provide a wideband match
to the outside world, although this is a poor design practice. If misterminated, a poorly designed amplifier can oscillate or change its gain and noise
characteristics. However, there are many examples in functioning receivers
which have poorly terminated amplifiers providing a match to external
devices. Attenuators are useful matching tools, because the maximum
return loss of a resistive attenuator is twice its attenuation value (i.e., a 5
dB attenuator will always present at least a 10 dB return loss to anything
connected to it). Although some signal loss will occur, the matching provided by the attenuator is often worth it.
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Linearity and Power Consumption
An amplifier with a high TO1 will usually require more DC power than
an amplifier with a low TOI. High DC power usually means the amplifier
will dissipate much heat. If power consumption and heat dissipation can be
ignored, we can build a very linear system. Similarly, a mixer with a high
TO1 will usually require a higher LO drive level than a mixer with a low
TOI. This increases the complexity of the LO and complicates the receiver’s
internal isolation problems.

Balancing TO1 with Excess Gain
When we translate the linearity specificationsof each component in the
cascade to a common port, the translated specs of every component should
be about equal. For example, if all the translated TOI’s are equal, all of the
elements in the cascade become nonlinear at the same input power level. If
one element is too small, the TO1 of the entire cascade will be dominated
by that one weak link.

7.13 Cascades, Bandwidth and Cable Runs
In some situations, we are forced to place an antenna a long distance
from the receiving system. In these cases, the attenuation of the cable connecting the antenna and the receiver is a significant factor in a system’s
gain distribution. The cable attenuation is even more problematic when we
are handling wideband signals because the cable’s attenuation changes
with frequency. Table 7-11 lists the attenuation of three types of coaxial
cable over frequency.
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Table 7-11 Attenuation o f three types o f cable (100-foot run).

I

I

1

RG-58A

RG-223

1/4-inch Heliax

1.4

1.3

0.5

I

4.9

200

7.3

5.7

2.8

300

9.1

7.1

3.3

11.0

I

I

100

8000
10000

I

I

4.0

8.3

I

2.0

4.0

13.5

9.4

4.3

15.0

10.4

5.0

17.0

11.3

5.2

18.0

12.2

6.0

19.0

12.9

6.1

20.0

13.3

6.8

41.0

36.0

12.0

51.0

18.0

I
I

74.0

85.0

I

23.0

29.0

Figure 7-40 shows this data graphically; Examples 7.12 and 7.13 illustrate
the problem.

Ebmple 7.13 -Nan~rtabandcable Rum
Suppoae we want to move a signal which is centered at 8 GHz signal
and is 30 M H z wide. Although 30 lvMjsounds like a b g e number,the percentage bandwidth is very 4.
This signal will fall between 7.85 GHz to
8.15 GNZ;the percentage bandwidth is less than 0.4%.
Figure 7-40 shows that the attenuation of 100 feet of l/p.inch Heliax
cable is about 26 dB.Since the percentagekdwidth is so smail, the able’s
attenuation over the signal bandwidth is approximately constant. In other
words, the transrmssion line can be modeled as a fbquency-independent
attenwitor, and amplifers are simply inserted at the proper places in the
cable to keep the excess gain between 15 and 25 dB.
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Cascade I Design Summary

Resistive Attenuators

Return Loss of an Attenuator
The worst-case return loss of a resistive attenuator is twice the value
of the attenuation. For example, when looking at any component through
a 10 dB attenuator, the power that reflects off of the attenuator and back
into the source will always be at least 20 dB less than the incident power.

CASCADE I

- GAIN DISTRIBUTION

Front-End At tenuators
A resistive attenuator placed between the antenna and a receiver will
preserve the dynamic range of the receiver but will allow the system to
process stronger signals. Noise performance is being traded for linearity"

Noise Figure and Attenuators
If a resistive attenuator (whose noise temperature is To)is placed in front
of a device, the noise figure of the device will increase by the value of the attenuator. In other words, the value of the attenuator can be added to the noise
figure a€the amplifier to produce the noise figure of the two-element cascade.

ascade Evaluation
Noisellinearity Translation
Given a cascade, the best analysis approach is to move the noise or linearity specification of each component either to the cascade's input or to its
output and then perform the summation or comparison at that port. When
the intercept of each component is translated to a common port, we would
like the translated intercept of each component to be about equal. If all the
translated intercepts are equal, all of the elements in the cascade will
become nonlinear at the same input power level. If one translated intercept
is much smaller than all the rest, it will set the linearity of the cascade.
From a noise perspective, the first component in the cascade should set the
cascade's noise performance.

Cascade Design Rules of Thumb
1, Keep the excess gain between 15 and 25 dB. At low levels of excess gain,
individual components contribute too much noise to the cascade. At
high levels of excess gain, individual components add distortion
because they are forced to process signals that are too large.
2. Take every opportunity to limit bandwidth. To avoid second-order nonlinearities, keep all the bandwidths in the system much less than an
octave. This might mean choosing a high center frequency for one of
the IFs if signals with large bandwidths are to be processed . Limiting
bandwidth restricts the number of strong signals that can attack your
receiver and cause it to intermod.

3 . Place most of the gain after the final IF filter for stability and linearity.
Whenever a system has power gain, oscillation is possible. Because IF
frequencies are usually lower than the received RF signals, oscillation is
usually less of a problem in the IF stages of a receiver. Also, high gain
builds strong signals and strong signals cause intermod products.
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definition, only the desired signal is present in the receiver’s IF bandwidth after the final IF filter, which means that so multisignal intermodulation products are no longer an issue.
4.

Supply enough gain so the system can process its MDS. Rely on the
receiver’s AGC to reduce the gain so that the system can process larger signals. Remember, when dealing with a large signal (i.e., one with a
large SNR), noise can be traded for linearity.

5 . Use resistive attenuators to trim gain and improve interstage matching.
6. To increase the SFDR of a system, either increase the system’s IT01 or
decrease the system’s noise figure, or decrease the noise bandwidth.
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Cascade II - IF Selection

Suppose one of you wants to build a tower. Will he first sit down and estimate the cost to see if' he has enough money to complete it? For if'he lays the
foundation and is not able to finish it, everyone who sees it will ridicule him.
-Luke 14:18-29

8.1

Introduction

This chapter discusses design strategies and considerations for frequency conversion schemes.

cost
It is desirable to build an inexpensive system that includes the cost of
mixers, the filter, amplifiers, LOs and their support circuitry, the demodulator, microprocessor and other components. For example, cellular telephones
use a first IF of 45 MHz. Every television in the world uses this IF and plenty of cheap components are available that work in that frequency range.
Common IFs include 10.7 MHz, 21.4 MHz, 455 kHz, 70 MHz and 160 MHz.

Inertia
Designing a conversion scheme for a high-performance receiver can be
quite involved once you consider all the trade-offs, so there is some validity to designing a receiver using a previously fielded conversion.
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Physical Size
Physical size, commercial components, low power and common IFs are
usually interdependent.

Power Consumption
Small physical size makes it difficult to remove heat. Small systems
require that the power supply be very efficient and that the receiver itself
require little power. Often battery life has to be considered as well.
Further, the design of the power supply can influence a system in unexpected ways. For example, the switching frequencies present in a switch-mode
power supply can appear as sidebands on the LOs of a receiver. The switching
frequency affects the step size and noise performance of PLL-type frequency
synthesizers. It can also limit the receiver’s spur-free dynamic range.

spurious Considerations
A receiving system should generate as few spurious signals as possible.
Spurious signals usually arise from two events. Unwanted signals allowed
to pass through nonlinear elements in the receiver can generate new signals that are a t the same frequency as a desired signal. These intermodulation products can cover up or distort the desired signals.
The local, digital logic and power supply oscillators present in a receiver can find their way onto the desired signals present in a receiver and distort them. These internal signal sources can also seep into the receiver’s
nonlinear elements and combine to form new signals.
Narrowband vs. Wideband Design
A narrowband system, in contrast to a wideband system, does not process
more than one octave of s g n a l bandwidth at one time. In a wideband design,
the second-order and third-order distortion has to be taken into 8ccount. This
allows more undesired signals to be present at one time and increases the spurious problems. In short, a narrowband design is easier than a wideband design.

8.2

Review

Figure 8-1 shows a simple conversion scheme. The goal is to convert a
swatch of spectrum centered at the RF to some IF.
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Figure 8-1 A simple frequency conversion scheme defining variables for
analysis.

Observations
The following analysis is based upon three assumptions.
At any time, every signal in the range of fREL to fRRH will pass through
the RF BPF to the RF port of the mixer.

At any time, every signal in the range fLo,L to fLaH will be present on
the mixer’s LO port.
We are interested in signals that pass through the IF BPE We want to
determine the sum or difference component of the mixing process. Any
other mixing component that passes through the IF BPF is undesired
and constitutes an error.
Conversion Equation
The conversion equation is
flF=lrnfLOknfRFl

where

8.1
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For each value of m and n, the band of frequencies from fm,L to f L 0 . H
will mix with the band of frequencies from f R E L to f R E H to produce two frequency bands on the mixer’s IF port. The two bands fall in the ranges of
fzE-,L to fiE-p for the lower sideband and from f i F , + J to f i F , +& for the upper
sideband. Figure 8-1 represents the operation for only one value of m and
one value of n. If we change either m or n, the upper and lower IF sidebands
will shift in frequency. To calculate fiK-,L, f i E - , H , f i E + , L and f i E + , H , we evaluate the conversion equations at the band edges of the RF and LO ports. For
the lower sideband (using f r =~ Ifm - fRF I ), we find

Imf
=Im f

f IF,-,L =

L0,L-

n f RF,HI

f IF,-,H

L0,H-

n f RF,LI

8.2

For the upper sideband (using f r =~ f L 0

I

i- fRF ),

we Can write
8.3
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8.3

1

7

Image Noise

In a poorly designed system, the conversion process will move out-ofband noise to the IF along with the desired signal. Figure 8-4(a) shows the
front end of a receiving system. The antenna is modeled as a voltage source
in series with a noisy resistor. The noisy resistor models the antenna noise.
We will assume the temperature of Rantis 290 K (or To).
The RF BPF passes 10 to 50 MHz. We follow the RF BPF with a low
noise figure amplifier ( F = 3 dB; Tamp,in
= 290 K) whose gain is 25 dB, A
mixer converts a signal from the RF up to 145 MHz using a low-side LO
[LSLQ).Figure 8-4(b) shows where the LO, RF and image frequencies fall.
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,n

n

10 - 50
MHz

0

f, = 145 MHz
B,, = 4 MHz

,,,,f

= 95 - 135 MHz

Figure 8-4 A conversion scheme exhibiting image noise problems. (a) The
conversion scheme and( b) a graphical view of the conversion scheme showing the RE LSLO, IF and image fiequencies.
It is necessary to make various simplifjing assumptions.
The noise performance of the amplifier does not change when a poor
match is presented to its input terminal. In other words, the value of
Tamp,in
remains constant, even when the RF BPF presents the amplifier with a poor match above 500 MHz.
Amplifier Al provides constant gain up to approximately 300 MHz.
For the sake of calculation, we will assume a 1-hertz noise bandwidth.

A RF signal is applied at 30 MHz and -161 dBm to the front end of
the receiver.
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Figure 8-5 The noise and signal powers at various points of Figure 8-4. ( a )
The noise power present at the input of amplifier Al. (6) The spectrum present at the input to mixer M I . (c) The spectrum present at the output of the
245 MHz band-pass filter.
Figure 8-5(a) shows the noise and signal power dissipated in the input
resistor of amplifier A, over frequency. Inside the RF passband, the noise
from the antenna (at To)adds to the internally generated noise of amplifier A, to produce the noise increase from 10 to 50 MHz. In the RF passband,
the noise power dissipated in Al’s input resistor is
= h( 290 + 290)(1)

W

= 8.00.
= -171

The input SNR is 10 dB.

dBm

8.10
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In the stopband of the RF BPF, the noise from the antenna is severely
attenuated by the RF BPE This drives the antenna noise temperature to 0 K
outside the passband of the RF BPE The out-of-band noise dissipated in Al’s
input resistor is
~ i n , o u t - o f - h m i= k(Tamp + Tant)Bn

= K( 290 + 0)(1)
= 4.00.

W

8.11

= -174 dBm

Figure 8-5(b) shows the noise and signal power at the output of amplifier Al. A sigmficant amount of noise up to and beyond 300 MHz due to the
amplifier’s gain and noise figure is noticeable. However, the SNR (measured in a l-hertz bandwidth around the signal) remains 10 dB.
The noise figure of mixer M Iis 10 dB (or 10 in linear terms). This
means that Mi's noise temperature (i.e., the temperature of the mixer’s
imaginary input resistor) is
8.12

The mixer’s input resistance dissipates because of its own internally
generated noise.
Nmk = kTmkBn
= k(2610)(1)

W
= -164.4 dBm
= 6.0.

8.13

At the mixer’s image frequency band (240 to 280 MHz), we find two
sources of input noise: the noise from Al (at -149 dBm) and the noise
resulting from the mixer’s own internal noise (at -164 dBm). The external
noise is 15 dE! (or 32 times) bigger than mixer’s internal noise. The major
source of noise at this node is the amplified noise supplied by A,.
At the mixer’s input port, signals present at both the RF and at the
image frequencies are both converted to the IF center frequency with equal
efficiency. The excess noise present at the image frequency of mixer M1 is
similar to any other signal.
Figure 8-5(c) shows the spectrum on the output of M , . The SNR has
changed from 10 dB to only 7 dB. We lost 3 dB in SNR because the noise at
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the image frequency of the mixer (240to 280 MHz), along with the signal
and noise present at the desired frequency (10 to 50 MHz), was converte
to the IF center frequency. Since the noise powers at the RF and its image
were about equal, the net result is a loss of 3 dB of SNR (or an increase in
the effective noise temperature of the mixer).
Figure 8-6 shows the solution to this problem. Adding a filter between
amplifier A, and mixer M Iattenuates the noise generated by the amplifier
at the image frequency and preserves the received SNR. Figure 8-6(b)shows
the spectrum applied to the RF port of the mixer. Note that we did not have
to use a BPF for the filter between A, and M,. We have to attenuate the
noise at 240 to 280 MHz. Figure 8-6fc) shows the output spectrum at 145
MHz. The signal's SNR is preserved.

(4

Noise
Power

dBm

-136dBm
$.

-146

-1 64
__*

Noise

-146 dBm

Power
dBm

-_

I

1

I

141

143

T

--+--+-+145

147

149

Figure 8-6 Reducing the image noise problem of Figures 8-4 and 8-5. (a)
The cascade. Note the 10 to 50 MHz BPF between the amplifier and mixer.
(b) The spectrum present at the input to the mixer. (c) The spectrum present
at the output of the 145 MHz band-pass filter. Note the improved SNR.
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Upconversion vs. Downconversion

When a signal is moved from one frequency to another [see Figure 87(a-d)], we can
upconvert with a HSLO,
upconvert with a LSLO,
downconvert with a HSLO,
downconvert with a LSLO.
Upconvert means to move a signal from its original frequency to a higher frequency; downconvert means to move a signal from its original frequency to a
lower frequency. Low-side LO (LSLO) indicates that the LO frequency is less
than the RF frequency. High-side LO (HSLO) means that the LO frequency
is greater than the RF frequency. In equation form, we can write
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I

1
~

I

RF

LO

IF

,

I
j

I

LO

RF

Upconvert

I

Upconvert

IF

Downconvert
I

I

IF

RF

d
T
i

t?

IF

LO

I

LO
1

1

(a

LSLO
Downconvert

~

RF

Figure &7 Thefourposscble types of conversion schemes (a)HSLO upconverter;
(b) LSLO upconverter; (c) HSLO downconverter and (d) LSLO abwncorwerter
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Upconversion with HSLO
To upconvert, the signal is moved to a higher center frequency.
Whenever a HSLO is used and the lower sideband is selected, frequency
inversion will occur. The receiver architecture of Figure 8-8 shows a system
that will convert a signal from anywhere in the 20 to 500 MHz range to 700
MHz using a HSLO.
Note the directions of the horizontal arrows on the spectrum plot of
Figure 8-8, As we tune the receiver from 20 MHz upwards, the LO starts
at 720 MHz and moves upwards also. The HS image frequency starts at
1420 and moves upward in frequency.

Figure 8-8 Architecture and frequency plan for a HSLO upconverteer.
Strengths
The IF and image rejection, as well as the LO radiation at the antenna
port, can all be effectively serviced using a simple low-pass filter as the
RF BPE Very high rejection can be achieved with low complexity and
small physical size.

It is a very cheap and simple solution to the many spurious problems
present in a typical receiver.
The simplicity of this system makes it very easy to realize a complex,
yet precise measurement system. The architecture of Figure 8-8 is typical o€ many spectrum analyzers sold today.
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Weaknesses
The major weakness of this system is that its dynamic range is limited
due to harmonics of the RF falling within the IF passband. For example, if
the receiver is tuned to 80 MHz, the microprocessor tunes the LO to 780
MHz to convert the 80 MHz RF signal to a signal centered a t 700 MHz. A
350 MHz signal is applied to the front end of the system (while it is still
tuned to 80 MHz). The second harmonic of 350 MHz is 700 MHz. The second-order nonlinearity of the mixer will generate a 700 MHz signal from
both the 350-hertz signal and from the 80 MHz signal. The signal powers
will compete with each other for control of the IE
If the 700 MHz energy generated from the 350 MHz signal is greater
than the 700 MHz energy generated from the 80 MHz signal, the wanted
signal energy from 80 MHz will be covered up by the distortion energy. The
receiver is still tuned to 80 MHz, yet it is demodulating a signal coming
from the antenna at 350 MHz.
This system is also vulnerable to higher-order distortion products. For
example, if we apply 700/3 = 233.33 MHz to the receiver, the third harmonic of this RF signal falls within the IF passband. The same argument
holds for 175 MHz (=700/4), 140 MHz (=700/5), 116.67 MHz (=700/6),and
so on. This design can be improved by selecting an IF which is higher in frequency. For example, if we set the first IF to be 1100 MHz, second-order distortion is no longer a problem because the highest second-order distortion
product produced by the system will be 1000 MHz. Remember that the
lower-order products tend to exhibit stronger responses than higher-order
products. With the IF at 1100MHz, there is no second-order distortion, and
the higher-order products remain problematic. As a general rule of thumb
for a design consisting of an upconverter with a HSLO, it is desirable to
place an IF at least 2.1 times higher than the highest RF signal or
fZFCF

(2.1)fRF,H

8.15

Upconversion with LSLO
Figure 8-9 shows an upconverting receiver using a LSLO. The receiver
tunes from 20 to 500 MHz and uses an IF of 700 MHz. Note the directions of
the arrows on the spectrum plot of Figure 8-9. As we tune the receiver from
20 MHz upwards, the LO starts at 680 M H z and moves downward. The HS
image frequency starts at 1380 MHz and moves downward in frequency
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Figure 8-9 Architecture and frequency plan for a LSLO upconverter.

Strengths
As with the HSLO upconverter, we can use a LPF as the RF BPF and
achieve very good IF and image rejection.
Weaknesses
Since the LO overlaps the RF bandwidth, the front-end preselection
LPF does not always provide attenuation for a LO signal that may be
leaking out of the antenna port.
4

0

As with the HSLO upconverter, this architecture is subject to harmonics of the RF appearing in the IE The IF should be places as high in frequency as possible to mitigate this effect.

LO Effects of HSLO vs. LSLO Upconverters
The LO of these two upconverting schemes must tune over the same
number of hertz. However, since the HSLO is at a higher center frequency,
its LO tunes over a smaller percentage bandwidth than the LSLO converter does. In the first HSLO upconverter (see Figure 8-s),the HSLO tuned
from 720 to 1200 MWz. This is a 480 MHz bandwidth centered at 960 MHz,
or a 50%bandwidth. In the LSLO upconverter (see Figure 8-9),the LO must
tune from 200 to 680 MHz. This is also a 480 MHz tuning range but it is
centered at 440 MHz. The LSLO oscillator must tune over a 110% range.
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A s discussed in Chapter 4, if the tuning range of an oscillator (in percentage of center frequency) can be reduced, its phase noise can be
improved at the same time. In terms of phase noise, the HSLO system will
tend to be quieter.

Downconverting with HSLO
Figure 8-10 shows a system used to convert signals in the 100 to 500
MHz range to 60 MHz. Note that as we increase the tuned frequency, the
HSLO and HS image frequencies also increase.

Figure 8-10 Architecture and fkequency plan for a HSLO downconverter.
Since the R F and LO are both above the IF: their harmonics will not fall
into the IF. This increases the dynamic range of the system considerably.

Weaknesses
The IF, image and LO rejection problems have increased dramatically over the upconversion cases. The most common solution to these rejection problems is to use a tracking RF BPF as the preselection filter. This
will provide the IF and image rejection as well as suppress the LO leakage to the antenna port. It will, however, also increase the cost of the
receiver significantly.
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Downconverting with LSLO
Figure 8-11 shows a system used to convert signals in the LOO to 500
MHz range to 40 MHz using a LSLO. Note that as we increase the tuned
frequency, the HSLO and HS image frequencies also increase.

Figure 8-11 Architecture and frequency plan for a LSLO dorunconverter,
Strengths
The RF and LO are still above the IF, and there is no possibility of harmonics of either signal fall into the IE This increases the dynamic range of
the system considerably.

Weaknesses
The IF, image and LO rejection problems remain difficult issues in
regards to the upconversion cases. To provide adequate IF and image rejection as well as to suppress the LO leakage to the antenna port, we have to
use a tracking RF BPF as the preselection filter. Again, this will add significant cost and complexity to the receiver.
Conclusions
Simp1iei t y
Upconverters are generally simpler than downconverters. Upconverters
provide LO, IF, and image rejection all with a simple low-pass front-end filter.
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Downconverters usually require tracking band-pass filters or switched filters
on the RF port to accomplish these tasks. Upconverters have limited dynamic range because harmonics of RF signals can fall into the IF passband.

LO W e c t i o n
The HSLO upconverter usually has a smaller amount of LO power present on the antenna port than the LSLO upconverter because the HSLO
always falls outside of the RF passband. In a LSLO upconverter, the LO can
fall inside the RF passband.
Oscillator Tuning Range
Whereas the HSLO upconverter relies on a higher LO frequency
(which may be difficult to realize), the synthesizer has to tune over a smaller fractional bandwidth. This usually reduces the phase noise of the oscillator and makes for a cleaner demodulation.
When to Upconvert and When to Downconvert
Eventually, we must bring the signal to some common frequency to
demodulate it and, more often than not, the final IF is at a relatively low
frequency such as 10.7 MHz. Despite inherent problems, we have to use a
downconverter in some part of the receiver. In a narrowband environment,
the difference between upconversion and downconversion schemes is small
for the following reasons:
In both cases, the LO must tune over only a very small percentage
bandwidth, which means that the LO design considerations even out.
A careful design can achieve all of the LO, image and IF rejection needed in a downconverter using band-pass filters.
In conclusion, it is desirable to upconvert in a wideband environment.
Once the signal has passed through the first IF filter, we have considerably
simplified the problem. We can then downconvert from there to move the
signal to the final IF for demodulation, digitization and so on.
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8.5

I

7

LOs, Tuning Range and Phase Noise

In Chapter 4, we found that a local oscillator tuning over a large percentage bandwidth will tend to be noisy. One of the major problems in
building a wideband receiver is local oscillator phase noise. Since the LO
must tune over a large percentage bandwidth to cover the entire tuning
range of the receiver, the oscillator is likely to be noisy.

Large k i n g Range, Small Step Size
Figure 8-13 shows one possible architecture for a wideband receiver,
The receiver must tune from 20 to 500 MHz in 1 kHz steps (i.e., the
receiver must tune to 20.000 MHz, 20.001 MHz, 20.002 MHz ... 499.999
MHz, 500.000 MHz.) An IF of 700 MHz and a HSLO will be used first.
LO1 must tune over a 720 to 1200 MHz range (a percentage bandwidth of
52%) in 1 kHz steps.
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A phase-locked loop oscillator is ideal for this receiver because it can
easily realize the step size and the tuning range. Phase noise problems due
to the large tuning range can be expected. We know that a PLL will exhibit improved phase noise when we are within a loop bandwidth of the carrier. However, practical considerations limit the loop bandwidth of a typical
PLL synthesizer to less than 10%of the step size or 100 hertz in this case.
7hvo Synthesizers

Figure 8-13(b)shows that the first synthesizer tunes from 720 to 1200
MHz in 1 MHz steps. This allows for the loop bandwidth of the first synthesizer to be about 100 W z , quieting the phase noise of this oscillator significantly. The signal of interest now lies within lt500 kHz of the center frequency of the first IF filter (we have to make the first IF filter wide enough
to accommodate this variation).
20 - 500
MHz

I

500
MHz

700
MHz

-

720 1200 MHz
(1KHr Step Size)

-

20 500
MHz

I

LPF

500
MHz

BPF

I

700
MHz

720 - 1200 MHz
(1 MHz Step
Size)

BPF

I

10.7
MHz

710.2 - 711.2
MHz
(1 kHz Step Size)

Figure 8-13 Two possible architectures for a wideband receiver with a
small tuning resolution. (a) One synthesizer tunes over the entire LO range
with a small step size. (b) Two synthesizers: one tunes over a wide range
with a large step size, the second synthesizer tunes over a small range with
a small step size.
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We will use the second conversion stage to achieve the 1kHz step size.
The second LO is tunable with a 1 kHz step size, but it tunes only over 1
MHz. Since the tuning range of this oscillator is relatively small, the phase
noise of the basic oscillator will be small, and the small loop bandwidth will
be appropriate. This scheme allows us to achieve a wide tuning range with
a small step size.

Direct Digital Synthesizer
The second small-step-size synthesizer can be realized in several ways.
Although DDS technology is capable of a large percentage tuning range and
a very small step size, the center frequencies are limited. However, Figures
8-14(a) and 8-14(b) show two methods using a direct digital synthesizer,
Figure 8-14(a) uses a multiplier to achieve the 1 kHz step size at the
center frequency we require. Note that the multiplier multiplies the step
size as well as the center frequency of the oscillator.
Figure 8-14(b) shows a DDS with an offset oscillator. A second fured
oscillator (either a PLL or a crystal) is used in combination with the DDS
to translate the DDS output to the frequency we require for the second conversion. The band-pass filter following the mixer removes the various spurious products generated in the mixer.
The DDS output can contain spurious signals at relatively high levels.
This conversion scheme can reduce the dynamic range of the receiver.
Adding another oscillator and mixer to a receiver can cause isolation and
spurious responses in the receiver's output.

(b!

-*

20.2 - 21.2 MHz
(1 kHz Step Size)

I

i

710.7 MHz
1 MHzBW

690 MHz Fixed

Figure 8-14 Using a direct digital synthesizer (DDS) to produce a highfrequency LO with a 1 kHz step size.
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IF Selection Guidelines

Designing a conversion scheme can Ue difficult because the final performance of the receiver is of'ten determined by quantities that cannot be
readily measured or calculated. Sometimes, it is impossible to know how
well the design is going until a long way into the design process at which
time changes are difficult and expensive. Here are a few useful rules of
thumb that can be used in the initial stages of designing a conversion
scheme.

Suboctave Preselection
Use suboctave preselection filters to reduce the effects of second-order
distortion. Second-order effects are usually the strongest of the nonlinear
responses because the order is so low. Figure 8-15(a) shows a system with
a single 100 to 500 MHz RF preselection filter. Instead of a single filter, it
is sometimes wise to use several filters as shown in Figure 8-1501). Note
that each filter is less than an octave in bandwidth.
RF

100 - 500
MHz

Y

100 - 190 MHz

190 - 370 MHZ

370 - 500 MHz

I

Figure 8-15 Suboctave preselectton reduces the effects of semnd-order distortion. (a) The wideband RF BPF is greater than an octave wide and can causes8cond-onler problems to OCCUI: (b) Replacing the wldeband RF BPF with seved
suboctavefilters prevents second-order distortion fmm becoming a problem.
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Image Noise
Image noise can seriously reduce the sensitivity of a system. We have ta
be sure to provide filtering to eliminate it.

Upconverting
When upconverting, the harmonics of the RF should be kept out of the
IF filter. At best, the IF placed in a way that at least the 2nd harmonic of
the RF falls below the passband of the IF filter. A rough rule of thumb is to
place the center frequency of the IF passband at least 2.1 times the highest
RF frequency we want to process.

Butterworth Approximations
We use the Butterworth filter approximations to find the approximate attenuation of the filters in the system. This will allow us a rough
guess of the attenuation each filter will provide against unwanted signals although the Butterworth approximations will not predict the filter’s ultimate attenuation.

Downconverting
The insertion loss of a band-pass filter tends to increase as its percentage bandwidth (or its BIFIfiFCF ratio) decreases. In other words, a filter with
a small percentage bandwidth will tend to be lossier than a filter with a
large percentage bandwidth. To realize a narrow channel spacing (or a n u row IF bandwidth), we must eventually downconvert if we want to perform
the filtering with a reasonable insertion loss. For a narrowband signal of 30
kHz, for example, the signal has to be moved to a low frequency (i.e., 10.7
MHz or 455 kHz) to filter and demodulate it properly.

Filter Technologies
Some filter technologies, such as crystal filters and SAW filters, will
provide very small percentage bandwidths at high frequencies, but can be
bulky, expensive or suffer from high insertion loss. However, technology
moves on, and it is useful to survey the current vendor catalogs before committing to a design.

Oscillator Center Frequency
High frequency oscillators tend to be noisier than low frequency oscil-
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lators. Oscillators that must tune over a wide percentage bandwidth tend
to be noisier than oscillators that tune over a small percentage bandwidth.

Common IF Frequencies
When possible, common IF frequencies should be used to take advantage of the plethora of cheap, small commercial parts available. Some common IFs are
21.4 MHz (high-end receivers),
10.7 MHz (commercial receivers),
45 MHz (television, cellular telephones),
70 MHz (satellite television, military gear),
455 kHz (commercial equipment),
160 MHz (commercial satellite equipment).

Bad IF Frequencies
Avoid placing IFs in sections of the spectrum where there are many
strong signals. The receiver’s IF rejection has to be that much better in
order to function well. For example, in the United States, it would be inefficient to design a system whose first IF falls within the commercial FM
band. The receiver is likely to encounter very strong signals in this frequency range, which puts a heavy burden on the rejection of the RF BPF
at the IF center frequency. Also, it is wise to avoid the commercial aircraft
bands, the cellular telephone band and common amateur radio frequencies.

LO Harmonics
Since the local oscillator is one of the strongest signals present in a
receiver, it is unwise to design a conversion scheme that allows harmonics
of the LO to overlap the IF passband. The harmonics of the very strong LO
will likely be larger than most of the RF signals the receiver will process.
This is true even for high harmonic orders.

8.7

Practical Design Considerations

Separate Compartments

If possible, provide separate, isolated compartments for each subsystem
of the receiver. A separate compartment for each of the following receiver
subsystems is ideal.
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Switching power supply. The switching transients will get everywhere, especially the voltage-controlled oscillators used in the firequency synthesizers.
Microprocessor. The high-level digital signals present in clocked logic
are damaging to any high gain system. The harmonics of the digital
waveforms can be a problem to several hundred MHz.
Voltage-controZZedosciZZators ("0s). The VCOs used in PLL frequency synthesizers are especially sensitive to power supply, radiated and
conducted noise.
Digital PLL Components. In the ideal case, a separate compartment for
the PLL circuitry other than the VCOs is provided. This circuitry is a
unique combination of digital and analog systems working together,
which can be affected by other components. However, these components are often packaged in the same compartment as the VCOs with
only minor problems.
Each compartment should house only one LO. In other words, we do
not want two separate oscillators present in the same compartment at
the same time. The interface between compartments provides a unique
opportunity to increase the absolute attenuation of the filter that separates the two mixers.

Single Printed Circuit Board Systems
Cost and manufacturability are important considerations which may
force us to make design choices that are not ideal. Although placing all of
the sensitive circuitry in a compartment all by itself would be desirable, we
are often forced to place them on the same physical printed circuit board as
the noisy circuitry. With careful layout techniques, we can achieve reasonably high levels of isolation on a single circuit board [l].

Ground Planes
A ground plane provides a low impedance return path for power supply
and signal currents (the key term is low impedance). We can also call on a
properly designed ground plane to provide isolation between components (to
increase the ultimate attenuation of a filter, for example) and to form printed-circuit transmission lines (i.e., microstrip) directly on the circuit board.
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Power Supplies
Many of the subsystems of a receiver are sensitive to power supply variations. Commercial voltage-controlled oscillators, for example, usually
come with a frequency-pushing specification. This specification tells us how
much the frequency of the oscillator will change if its power supply voltage
is varied. If the power supply of the oscillator contains a component at 60
hertz, for example, the oscillator will exhibit sidebands at k-60 hertz fiom
the carrier. Amplifiers are also affected by power supply variations. The
power supply of a receiver is usually one of the most neglected subsystems
although it is crucial to a functioning system.

Switching Power Supplies
A switchmgpower supply is common in battery-poweredsystems. Switching
power supplies will accolTllTlodate the changing battery voltage and generate all
of the voltages requiredby the various receiver subsections. Howeveq they are a
notorious sourceof high-level transients that are hard to filter.
Switching power supplies operate using fast, high-current switches to
gate the DC battery voltage into AC waveforms. Then, by means of switching diodes and other means, the AC waveforms are converted back into
noisy DC voltages. The noisy DC voltages are then fdtered to produce the
stiZZ noisy DC voltages used throughout the receiver. Switching power supplies currently operate from 20 kHz to beyond 200 kHz. These relatively
low frequencies require large inductors and large capacitors to filter adequately. This is a diEcult problem in a miniature or cost-sensitive design.
The switcher is frequently used to generate a voltage that is three or
four volts higher than actually needed. Then a linear regulator is used to
subregulate. Linear regulators are fairly quiet (although specifications
vary) and, if properly designed and used, they will remove most of the
switching transients from the switcher’s output voltage.
Much of the noise from a switching power supply comes about from the
high-speed transients present in the circuitry. These switching transients
can have peak values of several amps, and their magnitudes are directly
related to the DC current supplied by the power supply. A system that draws
as little power as possible will help suppress the noise of the switcher.
Finally, the large transient currents developed by switching power supplies usually end up travelling in the system’s ground plane. These large
transient currents will cause transient voltage spikes on the ground plane
in the neighborhood of the switching supply circuitry. (V = IR; since the
ground plane has a nonzero resistance, the current transients will cause
voltage transients.). In short, the sensitive and low-level circuitry should be
kept as physically far away from the switching supply as practical. Imagine
the path that the transient currents from the switcher must take and place
the sensitive circuitry accordingly.
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Linear Regulators
Without exception, linear regulators are always quieter than switching
regulators even though they generate some noise. Linear regulators are
simple control systems, which contain a pass transistor (or FET) and an
internal voltage reference. It is necessary to monitor the output of the regulator and change the base (or gate) conditions on the pass transistor so
that the output voltage equals the reference voltage (after scaling).
There are two potential problems here. The first is that the control
process generates noise. Also, some regulators are quieter than others. It
pays to read the regulator's specifications. A noisy linear regulator used to
supply a voltage-controlled oscillator, for example, can cause excess phase
noise to appear on the oscillator's output.
The second potential obstacle involves the control bandwidth of the
regulator. Figure 8-16 shows an illustration of this concept. The first voltage source (VDC), represents the pure DC applied to the regulator. The
input voltage is normally several volts higher than the regulator's output
voltage (V,,J. The second voltage source (Vnoise)
represents noise present on
the unfiltered power supply. For this analysis, we assume a simple sinusoid
whose frequency can be changed at will.
Linear
Regulator

Figure 8-16 Using a linear regulator to reduce power supply noise. The
regulator will reduce power supply noise i f the frequency of the noise is lower
than the control bandwidth of the regulator. Noise outside the regulator's
control bandwidth may not be suppressed.
When Vnoise
is at a very low frequency (1hertz, for example), the control
loop inside the regulator may have no trouble following this variation and
suppressing it at the output. If we increase the frequency of Vnoise,we will
eventually reach a frequency where the loop will have trouble following the
variation on the regulator's input. Some component of Vnoise
will be present
on the regulator's output. As the frequency of Vnoise
increases, the regulator
will eventually become ineffective against VnOISe
and any component of Vnolse
will pass unaffected through the regulator and onto its output.

730

1

RADIO RECEIVER DESIGN

In short, linear regulators contain a control bandwidth. Inside this
bandwidth, they will apply some measure of attenuation to noise at the regulator’s input. However, little or no attenuation of Vmke components
beyond the regulator’s control bandwidth will occur. If a regulator is used
to subregulate some noisy DC voltage, it is necessary to ensure the regulator is capable of suppressing the particular frequencies. Low dropout regulators tend to have particularly small bandwidths.

Digital Logic
Every receiver built today contains a microprocessor or utilizes some
form of digital control. This advancement, although necessary and proper,
appears problematic. The high-level digital signals derived from the microprocessor’s clock present isolation problems. The harmonics of the digital
waveforms can extend to several hundred MHz, well into the passband of
most radio receivers.
However, to be able to transmit information from the digital portion of
the receiver to the rest of the system, it is necessary to run conductors from
the microprocessor portion of the receiver to the frequency synthesizers,
the demodulator and to the various IF and RF subsections.

Continuously Clocked us. Unclocked Logic
From a noise perspective, we can place digital logic into two categories:
continuously clocked and unclocked. Continuously clocked logic is defined
as logic that requires a continuous clock to operate. For example, most
microprocessors require a continuous clock or they will malfunction.
Unclocked logic does not require a continuous clock to operate. Flip-flops,
shift registers and static memory are examples.

Receiver Design Considerations
Continuously clocked logic poses a threat to the performance of a
receiver because the digital waveforms are always present as long as the
receiver has power. Unclocked logic is not a source of noise because both its
inputs and outputs are not changing (unless we specifically clock the logic
and command it to change). Unclocked logic can be placed in close proximity to sensitive electronic components without a noise penalty.

Number of Conductors
Designers are very concerned about the number of wires which transverse the boundaries between the separate subsections of a receiver. There
are good reasons to minimize these interconnections:
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EZectromagnetic Interference. Each conductor passing through the
boundary between a noise-generating piece of the system and a noisesensitive part of the system represents an opportunity for an interfering signal to escape from the noisy subsection and contaminate the
quiet subsection. Even though a conductor may appear to show only a
quiet DC level on an oscilloscope, receivers can easily detect signals far
below the observational threshold of oscilloscope.
Ease of Manufacture. A smaller number of interconnections minimizes
the number of operations required to build the receiver. This can
reduce the complexity and cost of the receiver.
Cost. Decreasing the interconnections reduces the assembly cost as well
as the cost of associated components such as wire and EM1 filters.
Reliability. Every solder connection has a non-zero probability of failure. Minimizing the number of connections will increase the reliability
OF the unit.
Miniaturization. In a very small system, the interconnections between
separate subsystems can take a surprising amount of physical space. The
fewer connections, the more space will be available for other fbnctions.

Digital Control of the Receiver Subsystems
Figure 8-17 shows the information that must be passed from the controller to the rest of the receiver. It is necessary to switch different preselection filters into the system depending upon the tuned frequency of the
receiver. There are six sets of suboctave preselection filters: 20 to 35, 35 to
60,60 to 110,110 to 200,200 to 350 and 350 to 500 MHz. We have to choose
a first IF filter and provide digital control to both PLL synthesizers,

ll

= Digital Control

Figure 8-17 Portions of a receiver which require digital control,
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Figure 8-18 shows one way to move the control data from module to
module. Three lines are brought from the microprocessor to the noise-sensitive compartment (filtered heavily, if necessary). The three lines run into
a shift register - one line carries the data, one line is the clock and one line
is the latch enable. The latch enable line transfers data from the internal
shift register flip-flops to an output latch, where the data is held until the
next latch enable toggle.
When the microprocessor changes the state of the digital control lines
in the noise-sensitive compartment, it shifts the new data into the shift register using the clock and data lines. The outputs of the shift register IC do
not change until the microprocessor toggles the latch enable line. Finally,
when all the data has been shifted in, the microprocessor toggles the latch
enable line and the states of the control lines in the module change to their
new values. This method is easily expandable. Figure 8-18 shows two 8-bit
shift registers in series are connected to produce sixteen control outputs.
Some makers of integrated circuits have adapted this technique in their
chip sets, requiring only two or three digital lines to perform multibit control over the IC’s function.

Figure 8-18 One method used to move digital data from module to module within a receiver. Only three wires are required.
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8.8

A Typical System

Figure 8-19 shows the architecture of an ideal receiving system. Most
receivers will not contain all components because factors such as cost or size
ultimately affect the performance of the receiver.

Figure 8-19 Architecture of an ideal receiving system. Many systems will
omit parts of the architecture shown here due to cost, physical size constraints or other trade-offs.
Filter BPF,
A BPF, filter is the RF preselection filter. It immediately limits the
bandwidth of the system to the range of frequencies processed. Allowing
the receiver to process signals outside of the range of interest will not help
the receiver’s performance. Large out-of-band signals will diminish the
receiver’s performance. This filter should be as narrow as possible without
excessive loss. Any loss at this point in the receiver adds directly to the
receiver’s noise figure and limits the receiver’s MDS. BPF, and BPF, (if
present) are responsible for the image and IF rejection of the receiver.
In high-performance wideband receivers, this BPF usually consists of a
voltage-tunableband-pass filter (see Figure 8-20). The complete receiver tunes
over a 500 to 1000 MHz frequency range. BPF, and BPF, are voltage-tuned
band-pass filters with a 5% bandwidth (i.e., the bandwidth is 5% of the center
frequency). A microprocessor inside the receiver changes the center frequency
of the band-pass filter to the receiver’s tuned frequency. The hnction of BPF,
and BPF, is to limit the bandwidth to the maximum practical extent as early
in the receiver chain as possible. This discourages unwanted out-of-band signals from creating in-band intermodulation products.
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Figure 8-20 Voltage-tunedpreselection filters and an equivalent filter configuration.
Amplifier Al
A,, as the first amplifier in the system, should have a low noise figure.
The amplifiers should possess enough gain to move the signal to the next
amplifier without the excess gain dropping below 15 dB.
The IT01 of this amplifier is not a major concern. Since there is no gain
before this amplifier, it will always see relatively small signals. The reverse
isolation of amplifier A, keeps internally generated signals such as LO1,
LOz and any unwanted signals generated by the microprocessor from leaving the receiver.

Filter BPF2
Filter BPF, is an optional component and may be used depending on
consideration such as cost and space. If amplifier Al has significant gain at
mixer Mi's image frequency, the wideband noise from A, present at the
image frequency will be converted to the IF center frequency by M , . This
will degrade the effective noise figure of mixer M , .
Amplifier A, is also an optional component. If A, is omitted, mixer M I
does not see a wideband match on its RF port. As a result, the mixer’s linearity may suffer. This filter is partially responsible for the mixer’s image
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and IF rejection as well as the suppression of internally generated signals
exiting the receiver.

Amplifier .A2
Amplifier A2, another optional component, provides gain and helps produce a wideband match to MI’s RF port.

Mixer MI
Mixer M1 converts the RF to the first IE The finite L0:RF isolation of
this mixer is partially responsible for the presence of LO1 at the receiver’s
antenna port. The finite LO:IF isolation of M I makes it possible for LO, to
find its way to M2. Two large signals present in a mixer at the same time
cause intermodulation products. If the sum or difference of any of the harmonics of LO1 and LO2 fall inside any IF filter, a spur occurs. The greater
the LO:IF isolation of mixer M,, the less LO power leaks through the mixer
into the receiver’s first IF and the lower the danger of a detectable spur. The
RF:IF rejection of mixer MI helps suppress the IF rejection of the receiver.

Amplifier A,
Amplifier A3 provides a wideband match to M1 and gain in the receiver
chain if needed. If there is no filter between M1 and A3, then A, must be
able to process the LOl leakage from M1. Since this is a fairly strong signal
(z-30 dBm), amplifier A, must have good linearity. The reverse isolation of
A, helps keep the local oscillator from mixer M2 out of mixer M1. If BPF, i s
placed between M 1and A3, then amplifier A3 does not have to be strictly linear. Since linearity usually comes at the cost of more DC power, it is sometimes possible to save power with this filter.

Filter BPF,,
The first IF should be selected with the characteristics of BPF3 in
mind. The rolloff, ultimate attenuation and bandwidth of this band-pass filter are all important in determining the spurious responses of the receiver.
BPF, rejects all of the out-of-band spurious products generated by mixer
MI, including the image, all of the )m.LO 4 n.RFI products and LO1.
BPF, should be as narrow as possible so that it will reject as many of
the unwanted signals as possible. However, BPF, must be wide enough to
pass the widest signal likely to be encountered. The ultimate rejection of
BPF, is important because this characteristic of BPF3 sets the lower limit
to the strength of the unwanted signals passing between M , and M 2 . Since
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LO1 will experience gain through amplifier A3, we would like BPF, to be as
lossy as possible at LO1. Sometimes we arrange to place a notch in BPF, at
the frequency of LO1. Amplifier A, and band-pass filter BPF, are often
reversed in the cascade.
Miser M 2
Mixer M 2 is responsible for the second conversion in the receiver. It
uses LO, to convert signals present at the first IF to the second IF Mixer
M 2is less important to the operation of the receiver than mixer M,.Due to
its physical position in the cascade, LO, is much less likely to find its way
to the antenna port than LO1. Also, at this point in the cascade, the bandpass filters will be considerably narrowed and spurious problems caused by
unwanted signals have been significantly reduced.

Filter BPF4
Filter BPF, is the narrowest band-pass filter in the system. It sets the noise
bandwidth and the sensitivity of the receiver. This filter must be wide enough
to pass the signal of interest without signrficant distortion. If' it is wider, it will
pass more noise than is absolutely necessary (thus decreasing the SNR of the
signal presented to the demodulator). If BPF, is too wide, it may also pass
strong, adjacent s g d s that can ruinthe performance of the demodulator. This
filter is responsible for the adjacent channel rejedion of the m i v e r .
Amplifier A,
Up to this point in the cascade, we have been very careful about applying gain to the signal - too little and we bury the signal in noise; too much
and we create distortion. However, since there is now only one signal present in the system beyond BPF, and since we normally make the bandwidth of BPF, less than an octave, linearity is much less of an issue than it
was prior to passing the signal through BPF,. Amplifier A, provides the
bulk of the gain in the receiver that is applied at this point.

8.9

Design Examples

Example #1
This example is a fairly expensive, high-performance receiver. The
most important design parameters are performance, low power and relatively small size.
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Tuning Range: 20 to 500 MHz.
Tuning Plan : Frequency synthesized local oscillators locked tQ an
internal reference.
Noise Figure: 8.5 dB maximum.
Input Third-Order Intercept: -10 dBm, 10 kHz IF bandwidth. Tones
placed at ftuned + 100 kHz and at ftuned + 200 kHz.
Reference Accuracy: k3.5 ppm over -10 to +55 "C temperature range.
Tuning Step SizelTuning Speed: 2.0 kHz125 ms
Front-End RF Preselectors: The bandwidth of the RF preselection filters will be less than 15%of the tuned frequency.
Detector Modes: AM, FM.
IFBandwidths: 10, 50, 200 and 1000 kHz (selectable). IF filter shape
factors: 3:l nominal (6 to 60 dB).
AM Sensitivity: For an input signal level of -110 dBm, a 1 kHz, 60%
modulated AM tone, the audio SINAD will be greater than 10 dB.
Measured in a 10 kHz IF bandwidth and a 3 kHz audio bandwidth.
FM sensitivity: For an input signal level of -110 dBm, a 1kHz FM tone
which deviates over 80% of the 50 kHz IF bandwidth, the SINAD ratio
will be greater than 10 dB. Measured with a 3 kHz audio BW.
Third-Order Intercept: The IT01 of the receiver will be greater than
-10 dBm with test signals at 0.5 and 1.0 MHz from the tuned frequency with the 50 kHz IF bandwidth selected.
Image Rejection: The power difference between a test signal at the
image frequency and at the tuned frequency will be greater then 65 dB.
IF Rejection: The power difference between a test signal at either of the
first IF frequencies and at the tuned frequency will be greater than 65
dB.
LocaZ Oscillator Radiation: The power of any local oscillator present at
the antenna port of the receiver should be less than -100 dBm.
Local Oscillator Phase Noise: The combined incidental FM of all the
local oscillators is less than 100 hertzRMswhen measured in an audio
bandwidth of 3 kHz.
Internally Generated Spurious SignaZs: All spurious signals should be
less than -110 dBm relative to the antenna input. No more than six
spurious responses should be greater than -120 dBm.
Automatic Gain ControZ: The AGC shall act to keep less than 2 dB of
variation in the IF signal for an input signal variation of 80 dB.
Computer Control via RS-232 with hardware reset.
OperatingJStorage Temperature: -10" to +55" C, operating -55" to 70" C,
storage,
Power Requirement: 6 to16 VDC, 1.25 W maximum.
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Analysis of ’thespedfications
This is a digitally controlled receiver, capable of autonomous action. It
requires a microprocessor, which can perform fairly sophisticated controlling functions, such as switching of preselectors, demodulator selection and
user interfaces. The disadvantage is that the microprocessor is also a huge
source of noise. Large isolation problems can be anticipated that have to be
addressed when the design process begins.
The front-end preselection filters enable the receiver to operate in
high-interference (urban) environments. These filters severely limit the
number of signals that can pass into the receiver and reduce possible intermodulation products. The preselectors also provide high rejection at the
local oscillator frequencies to avoid LO radiations from the receiver’s
antenna terminal.
Tuned preselection has historically been used in communication
receivers to reduce interference of desired weak signals by strong interfering signals. The interference falls into two general types: single tone and
double tone. Single-tone spurious signals are produced when the harmonics
of the interfering signal combine with the receiver’s local oscillator in the
first mixer. RF preseledors reduce the level of the interfering signals
between the antenna input and the mixer.
A second single-tone spurious response occurs when the image signal
(which is separated from the desired signal by twice the IF) mixes with the
first LO. The preseledors provide the only discrimination to these image
frequencies. The preselectors also protect the receiver from a signal whose
frequency is the same as the first IF (i.e., direct IF feedthrough).
Third-order intermodulation products are the most troublesome
because band-pass filtering alone cannot suppress these distortion products. Two signals can still produce a false signal in the passband regardless
of the narrowness of the preselector filter. However, the probability of two
signals producing third-order distortion products is directly proportional to
the preselector bandwidth. The narrower the preselector filter, the better
the third order performance for a given system TOI.
The final advantage of RF preselection is the reduction of the first LO
leakage power from the antenna connector. The minimization of the LO
leakage is particularly important in multiple receiver configurations, where
the LO of one receiver can appear as a valid signal to another receiver. In
summary, the advantages of preselection are
Reduction of higher-order spurious products.
Improvement of second- and third-order intermodulation performance.
Improvement of image and IF feedthrough rejection.
Reduction of the conducted LO leakage.
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Overall Block Diagram
Figure 8-21 shows the gross block diagram of the overall receiver. The
antenna output is fwst passed into a set of preselection filters. These filters
perform initial filtering and contain enough gain to set the noise figure of
the receiver. Then the RF is converted to an IF of either 60 MHz or 145
MHz, depending upon the tuned frequency. With this conversion scheme,
the receiver must generate an LO of 160 to 560 MHz for the first conversion
but this LOs step size is limited to 100 kHz. The 60/145 MHz signal of interest is then converted to the final IF of 21.4 MHz using either a 81.4 MHz LO
or a 166.4 MHz LO. Finally, the demodulation at 21.4 MHz is performed.
Digital
Control

Digital

Digital
Control

Filters

DWa'
Coarse-step LO
Control 160 - 560 MHZ loo
kHz Step Size

Digital
Control

Fine-step LO

-1

81 4 - 1664MHZ
f 50 kHz Step

Digital
Control

Figure 8-21 Block diagram of a candidate receiving system.
RF Preselection Filters
Figure 8-22 shows a block diagram of the voltage-tuned 20 to 500
MHz preselector filters. The microprocessor switches the 20 to 500 MHz
antenna input to the appropriate set of voltage-tuned band-pass filters.
The preselector tuning voltage comes from a 12-bit DAC, which is driven
by the system microprocessor. The receiver contains a ROM-based calibration table t o look up the proper DAC value when given the tuned frequency. The ROM table accommodates the nonlinear tuning characteristics of the preselectors. The processor also switches power to the
individual amplifiers (VCC1 through VCC4).
The losses in the input switch and the first two-pole band-pass filter add
directly to the receiver's noise figure. The amplifier isolates the two filters and
establishes the receiver noise figure. The gain of the first amplifier is fairly low
(approximately 12 dB). High-power signals may be present in the RF path.
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Figure 8-22 Structure of the voltage-tuned preselection filters (20 to 500
MHz) at the receiver's fkont end.
The microprocessor supplies power to an amplifier only when its band is
selected. The amplifiers in the bands that are not selected are powered off and
provide isolation from out-of-band signals. Table 8-1 lists the five sub-bands
that tune from 20 to 500 MHz.

Table 8-1 RF Preselection filter band breaks.

The output of the preselector module is routed into the first mixer in the
60/145MHz IF converter module.
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Coarse-Step SynthesizerlFirst LO
The conversion scheme requires that the first LO tune from 160 to 560
MHz. Oscillator phase noise is a strong function of tuning range (in percent),
so five separate, power-switched oscillators are used (see Figure 8-23). for a
block diagram. Since each oscillator tunes less than an octave, the system
phase noise can be reduced while maintaining the required tuning range.
The microprocessor provides power control for each separate VCO.
Only one oscillator is powered up at any one time, greatly reducing the likelihood of internally generated spurious signals.
Oscillator Power Control

GainJPowerlevelling loop

LO out

160-560MHZ
(100 kHz Step Size)

----,

voltage

1

Referenca
Voltage

Tuning Data from
Micropmssor

Figure 8-23 Block diagram of a candidate LO architecture. Several powerswitched VCOs are used to reduce phase noise.
The breakdown of the VCO frequencies is shown in Table 8-2.

Table 8-2 Frequency synthesizer VCO band breaks.
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The step size of the first synthesizer is 100 kHz. The large step size
allows for a large synthesizer loop bandwidth, which again helps reduce the
phase noise. The large loop bandwidth also enables fast tuning speed.
One effect of the 100 k H z step size is that the first mix will not exactly center the signal of interest in the first IF band-pass filter. The signal
will be 250 k H z removed from the first IF center frequency and will be
accounted for in the second mix. The LO leveling loop insures that the LO
power remains constant as we tune the receiver. Constant LO power preserves the system’s performance over the receiver tuning range.

First IF
The first IF section contains the first mixer and the first IF filters
(Figure 8-24). The two first IF center frequencies are 60 and 145 MHz.
Filter selection for the tuned frequency is based on an analysis of the spurious signals that might be generated. The microprocessor again switches
the signal and controls the power of each amplifier.
The first synthesizer tunes the 20 to 100 MHz band by tuning the first
LO from 165 to 245 MHz, upconverting the RF to 145 MHz. The 100 to 500
MHz band is downconverted to 60 MHz using an LO of 160 to 560. This
conversion scheme allows “reusing” some of the first LO tuning range.
Table 8-3 describes the IF selection and local oscillator frequencies with
respect to tuned frequency.

Table 8-3 IF and local oscillator fiequencies.
Tuned Frequency

-

20 86 MHz

86-1oOjuEz

-

100 170 MHz

170-260MH~

-

260 340 MHz
340 - 430 MHz
43O-M)oMHz

The first IF also contains the first instance of gain control in the receiver. One of the AGC voltages developed in the demodulator is fed to a voltage-controlled attenuator. When the signal of interest is large, the AGC
acts to reduce the receiver gain through VAGC.
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IF Select
From Microprocessor

VAGC,

I

1
20 - 500 MHz

I

p

r--L, 1 4 5 M H r ~

1

BPF

’

L_

160 - 560 MHz LO
From Coarse Tune
Synthesizer

Figure 8-24 Block diagram of the first conversion and the first IF stages.
The IF is switched to reduce intermodulation distortion and to allow the
receiver to “re-use”some of its LO range. The first LO has a 100 kHz step size.
Fine Step Synthesixerlsecond LO
The fine step synthesizer/second LO converts the first IF (at either 60
or 145 MHz) down to 21.4 MHz. Figure 8-25 shows the architecture of the
second frequency synthesizer tuning in 2 kHz steps. These LOs are centered about 81.4 and 166.4 MHz, depending upon which first IF is selected.
When the first IF is 60 MHz, the second LO tunes 81.4 MHz 2 50 kHz.
When the first IF is 145 MHz, the second LO tunes from 166.4 MHz 4 50
kHz. The second LO tunes only 250 kHz because only the first IF needs to
be centered in the final IF bandwidth. The narrow tuning range coupled
with the fine step size preserves the tuning speed of the receiver.
Oscillator Power Control

Figure 8-25 Block diagram of the second LO. Two separate oscillators are
required because the receiver contains two radically different first IFs. The
second LO has a 2 kHz step size.
Second IF
Figure 8-26 shows the second IF. The fine-step frequency synthesizer
converts the 60/145 MHz first IF to the 21.4 MHz second IF. The microprocessor selects the proper band-pass filter based on the user’s choice of
IF bandwidth. We use a second AGC voltage (VAGCB),
to control the receiver gain based on the received signal strength.
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21.4 MHz
Center Frequency

i

N

21.4 MHz

output
FineStep LO
81.4166.4 MHz

select

Figure 8-26 Block diagram of the second IF at 21.4 MHz. Several final IF
filters can be selected.
Denodulators
The demodulator block diagram is shown in Figure 8-27. Demodulators
develop much of the information used by the receiver.
,

I

-

21.4 MHz
In

1 -

Audio

out

+

AFC

Figure 8-27 Block diagram of the demodulator section. FM demodulation
requires a separate detector for each final IF bandwidth. We generate the
AGC control voltages and the automatic frequency control ( M C ) signals in
the demodulator,
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The AM detector is used to generate several automatic gain control
(AGC) voltages for the receiver. These voltages are designed to reduce the
receiver’s gain in a carefully controlled manner. The objective is to trade off
noise performance for linearity without giving up noise performance
entirely, Often these AGC voltages are delivered to the system’s microprocessor for further processing. The microprocessor then generates the
signals that control the receiver’s gain via a DAC.
The AM detector also generates a squelch signal. The receiver audio is
turned off when there is no signal present. When a signal arrives, the squelch
is released, the audio amplifier is enabled and the user can hear the signal.
The FM detectors generate a signal used for automatic frequency e m trol (AFC).
When the receiver is slightly off-tuned, we can measure the frequency error with the FM detectors and center the signal up in the selected IF bandwidth. Again, this signal often goes into the microprocessor an
the microprocessor makes the tuning decisions.

Digital Interfaces
Most of the receiver blocks require microprocessor control. We have t a
carefully control the physical interfaces between the very noisy microprocessor and the sensitive RF components.
Aggregate Plan
Table 84describesthe operationof the receiver over its tuned fkquency range.
Table 8-4 Aggregate receiver control.
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Example #2
At the time of its manufacture, this physically small and low-power
receiver achieved a state-of-the-art size/power/performancecapability.
Tuned Frequency: 20 to 500 MHz
Tuning Step Size: 5 kHz
Noise Figure: 8 dB (maximum).
IF Bandwidths: 30 kHz, 200 kHz, and 1 MHz.
Input Third-Order Intercept Point, Out-ofBand: Two Tones:Fo + 3.5 M H z
and ftuned +7.0 M H z with 1 M H z bandwidth selected: -11 dBm (minimum).
Input Third-OrderIntercept Point, In-Band Two Tones: Fo + 0.5 MHz and
Fo + 1.0 MHz with 30 kHz IF bandwidth selected: +20 dBm minimum.
Internally Generated Spurious Signals: -120 dBm maximum, referenced to the antenna input.
Image Rejection: > 60 dB.
IF Rejection: > 60 dB.
Reference Accurc~cy:&5 ppm, maximum, over temperature for threeyears.
Incidental Frequency Modulation: < 300 hertzRMS, measured over a
100-hertz to 3.0 kHz bandwidth.
Demodulation FM, AM.
FM Sensitivity: Signal deviation of IFBW/2, audio SINAD of 10 dB (in
a 3 kHz audio bandwidth). The FM sensitivities are: -108 dBm (30 kHz
IFBW),-100 dBm (200 kHz IFBW) and -93 dBm (1 MHz IFBW).
AM Sensitivity: Modulation index of 60%.Audio SINAD of 10 dB (in a
3 kHz audio bandwidth). The AM sensitivities are: -104 dBm (30 k H z
IFBW), -96 dBm (200 kHz IFBW) and -89 dBm (1 MHz IFBW).
IF Bandwidths: 30 KHz, 200 k H z and 1 MHz.
IF Filter Shape Factors (60dB/3dB):30 kHz bandwidth: 2:1, 200 kHz:
2.5:1, 1MHz: 2.0:l.
AGC Characteristics: 10 ms attack time, 80 ms decay time.
IF Output (10.7 MHz): -30 dBm -t 2.5 dB, 80 dB AGC range.
Maximum Power Dissipation less than 1.2 watts (with prime power
at 6 Vdc).
For this receiver, the prioritized characteristics are:
1. size,
2. power consumption,
3. performance.

Analysis of the Specitkxztions
This receiver requires a digital control system that does not have to be
very sophisticated. The design does not include a microprocessor. After the
receiver is tuned, there is no active digital circuitry. This quiets the inside
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of the receiver and greatly alleviates the isolation demands.
The small physical size dictates a simple conversion scheme. We choose
to upconvert the entire range to 700 MHz and then to filter with a SAW filter. SAW filters provide reasonable temperature stability and very narrow
bandwidths. Upconverting to the first 1F provides good spurious and image
rejection and low LO radiation. However, second-order problems are present.
We also used a SAW-based second LO for small size. Although the SAW
oscillators are not very stable, this design uses a compensation scheme to
partially compensate for this shortcoming.
Figure 8-28 shows a top-level diagram of this receiver. The receiver has
four basic functions: frequency converteq LO generator, demodulator and digital
controller. In the course of the design, we will develop candidate architectures for
each of these functions. We will discuss the merits and problems of each architecture before convergingon the finaldesign. The small physical size of this receiver dictates that we use the smallest number of frequency conversions possible.
*.

--_._.._I_

20 - 500 MHz

Control

SDU

i

Measurements

Figure 8-28 High-level block diagram of a candidate receiving system.
Selection of the First IF
Figure 8-29 shows a possible single-conversion architecture. The
desired signal is immediately moved down to 21.4 MHz and the demodulation is performed. However, this simple architecture does not provide any
image rejection and low LO radiation will be difficult to achieve. We readily abandon this approach.
The RF tuning range sets most of the constraints for the first IE
Simplicity and modest performance requirements force us to upconvert to
the first IF Filter roll-off considerations place the minimum center of this
filter at approximately 600 MHz. Ideally, we would like the first IF to be at
least 2.1 times the highest RF, which places the first IF above 1050 NHz,
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20-500MHz
RF In

'

----

n

RJ-p-L}

21.4 MHz
IF Out

Figure 8-29 High-level block diagram of a single conversion architecture.
This approach has no hope of achieving the required specitications.
To protect the receiver against strong undesired signals, the bandwidth
has to be limited as quickly as possible. The RF preselectors w i l l limit the
RF bandwidth to about 15%of the tuned frequency. Ideally, we would like
the first IF filter to be as narrow as the maximum final IF bandwidth. The
maximum bandwidth of the final IF is 1 MHz, and a 2 MHz bandwidth for
the first IF is ideal.
At the time of this design, the technology most suitable for the fwst IF
filter (center frequency > 600 MHz with a 2 MHz bandwidth) was a surface
acoustic wave (SAW) filter. SAW filters with center frequencies from 500 to
725 MHz were available with 2 MHz bandwidths.
Image rejection is determined by the RF preselection filters, the first IF
and the LO selection. High image rejection results when we maximize the
difference between the first IF and the highest RE The IF should be close
to 725 MHz rather than close to 500 MHz.
With a high-side LO it is easier to keep the LO from the antenna port.
It will also be easier to filter the LO-IF leakage using the first IF filter. We
have identified a possible first IF of 700 MHz. Let us look at the effect on
the rest of the system.

Selection of the Second IF
Physical size is crucial: we want to use standard, commercially available
and physically small parts in the demodulator. Second IFs of 10.7 MHz or 21.4
both meet these requirements. Can we build or buy the three IF filters we
need at either of these frequencies? Which IF produces the smallest volume?
We can build or buy the 30 kHz IF filter at either 10.7 or 21.4 MHz in
both discrete and monolithic crystal filters. The smallest physical volume
for the 30 kHz filter is the 21.4 MHz version (monolithic crystal filters).
The 200 kHz filter is smallest at 10.7 MHz if we use a common FM ra&o
ceramic filter. We can build the 1 MHz filter from discrete components at
either 10.7 or 21.4 MHz.
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A 10.7 MHz second IF seems the most feasible. We decided on a first IF
of 710.7 MHz, using high-side LO injection to convert the RF to the first IE
The second IF was 10.7 MHz, and we decided to use a low-side LO to convert the 710.7 MHz to 10.7 MHz.
The Design of the First LO
The characteristics of the LOs are:
*

First LO Frequency Coverage: 730.7 to 1210.7 MHz.
Second LO Frequency: 700 MHz.

Figure 8-30 shows a possible LO architecture using a frequency-synthesized first LO. A crystal oscillator and multiplier generate the second
LO. This architecture will work but the multiply-and-filter scheme used to
generate the second LO requires much filtering and shielding to develop a
clean, spurious-free second LO.

Synthesized LO
5 kHz Step Size

j

Reference

Figure 8-30 LO architecture using a single synthesized first LO and a x70
multiplier to generate the fixed second LO.
Figure 8-31 shows a different architecture using two frequency synthesizers. The first LO tunes in 5 kHz step sizes and the second LO is fixed at
700 MHz. This scheme achieves good frequency stability because both local
oscillators are referenced to one crystal reference but two complete synthesizers will require more surface area and power. After considering several other architectures, the two synthesizer designs of Figure 8-31 were
accepted and built.
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BPF
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architecture using two SyntheSiZed
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Cascade II Design Summary

System Considerations
Good receiver design requires careful consideration of the entire system - not only the RF components. The designer must consider the digital requirements of the receiver and the noise/isolation problems the digital circuits will introduce.

Frequency Conversion Schemes
Preselection filters are the only protection against the first mixer's
image response. The noise present at the image frequency of every conversion has to be considered. The choices between HSLO/LSLO and upconverting/downconverting involve VCO design, filter issues, signal bandwidths,
spurious signal specifications and physical size. Conversion scheme design
requires much analysis and iteration. Component realization plays an important part in the design. It is helpful to refer to many different catalogs.

Narrowband and Wideband Systems
Keep the design narrowband, i.e., all signal paths less than an octave of
bandwidth, if at all possible. This converts a second-order problem into a
more manageable third-order problem.
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Appendix

Gaussian or Normal Statistics

9.1

Gaussian Probability Density Function
The equation for the general Gaussian probability density function
(GPDF) is
9.1

where
p = the mean or average,
CT = the standard deviation,
x = the variable under consideration.

The Gaussian distribution is also referred to as a normal distribution. It is
common to speak of a Gaussian or normal distribution with mean p and
standard deviations. Thermal noise is almost universally assumed to be a
zero mean process. The mean value of the noise is zero, i.e., the noise has
no DC component because it has been passed through a capacitor. The
GPDF for thermal noise is
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9.2

Normalized Gaussian Probability Density Function
For the sake of calculation, we sometimes assume that the mean of the
GPDF in Equation 9.1 equals zero and that the standard deviation equals
1. These assumptions produce the normalized Gaussian probability density function (NGPDF). The equation for the NGPDF is
1
NGPDF( x)= --e

I;-[

9.3

42lr

where z = the normalized value of x.
Figure 9-1 shows the normalized Gaussian probability density function. Figure 9-2 illustrates the area A(z) and tail hnctions T(s) of the
Gaussian PDE Figure 9-3 shows the area and tail functions.

Figure 9-1 The normalized Gaussian probability density finetion NGPDF).

APPENDIX

Figure 9-2 The NGPDF and associated areas. The area under the curve
from 0 to z is denoted by A(.). The area under the curve from z to infinity is
denoted as Tfi).

Figure 9-3 The area and tail functions for a normalized Gaussian probability density function.
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Normalizing Data
Given a Gaussian population with a mean p and a standarddeviation a,the
normalized variable z is related to the unnormalized variables p, a,and x by
z=- x - P

9.4

0

This normalization translates ,u - a to -1, p to 0, and p

+ CT to + 1.

Properties of the NGPDF
The NGPDF has several usehl properties.

1. If a random process follows a Gaussian distribution, the area under the
Gaussian curve between two values of z is the expected percentage of
events that will lie between the two values of z. For example, the probability that a Gaussian random variable will fall between z1 and z2 is
P+, Iz 5

4

9.5

This probability is given by the shaded area shown in Figure 9-4.

Figure 9-4 Theprobability that a Gaussian random value will fall between
z1 and z2 is given by the area under the NGPDF curve between zl and z2

APPENDIX
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2. The entire area under the NGPDF curve is unity or

Pr[z, I z 5 z2] = Pr[-- i: z I 00
=1

The NGPDF is symmetrical about the x = 0 line. Note that the NGPDF will
not equal zero no matter how large the value of z.
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Complimentary Error Function
Calculations dealing with noise and demodulation oRen involve the area
under the NGPDF curve between some point z and sf: infinity, which is the complimentary error function Q(z) or, mathematidy, the integral of the NGPDE
9.11

APPENDIX

I 75

Figure 9-5 The complimentary error function Q(z). This function is also
Galled the cumulative normalized Gaussian probability density function, or
the co-error function.
The complimentmy error function is shown in Rgure 9-5. Q(z)is aiso called the cumul d v e m d d Gaussianprobabili&&m@findion, or the culierrr>rfin&n.

Approximations for QCz

>

Mathematically, we find that Equation 9.11 is not directly integrable.
There are many situations, however, where it is convenient to express Q(zi
as a simple equation. In these cases, we can form several approximations.
For x r = 3, we can approximate Q(z1 by
?
*

2

1-51

9.22

This approximation, which becomes more accurate as z increases, denotes
that, for large z, the function &(z) decreases at an exponential rate. This
exponential fall-off is responsible for the “waterfall” bit error rate curves of
detection theory. A more accurate approximation for Q(z) is

9.13
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where
a = 0.344,
b = 5.344.

9.2

Statistics and Noise

Gaussian statistical functions are used to describe the random thermal
noise that is present in a receiving systems. This noise exhibits a Gaussian
amplitude distribution. A Gaussian-distributed random process is completely described by two parameters: the mean, (or average) and the standard deviation.

The mean marks the center of symmetry of the Gaussian curve, as shown
in Figure 9-1. We universally assume that thermal noise has a mean of zero.

Standard Deviation (a)
Graphically, the standard deviation 0 is the distance from the center of
symmetry of the curve to the two points at which the curve changes from
curving downward to curving upward (see Figure 9-1). The standard deviation is a measure of the variability of the data; a change in 0 changes the
outline of the curve. A small standard deviation indicates a population that
is tightly concentrated about the mean and that the curve is high and narrow. A large standard deviation indicates that the population is spread out
and that the Gaussian curve is low and wide. A change in value of p does
not change the outline of the curve. It moves the whole curve farther to the
right or left depending upon whether p increases or decreases. The standard deviation of thermal noise is its RMS value.
ONoise

= vNoise,RMS

9.14

or
9.15

Variance
The variance of a Gaussian process is the square of the standard
deviation, or

APPENDIX

t

Variance = o2
For thermal noise, the standard deviation is the RMS value of the noise
voltage or current. Since the variance is the square of the voltage or current, the variance is a measure of the noise power.

762

I RADIO RECEIVER DESIGN

9.3

Cancellation and Balance of Cosine Waves

Frequency-selective multipath fading is caused by a single signal taking more than one path from the transmit antenna to the receive antenna.
For the sake of calculation, if we assume there were two paths, one signal
will experience a phase and an amplitude change with respect to the other
before they both arrive at the receive antenna. If the two copies of the signal are equal in amplitude and differ in phase by 180",the received signal
will be completely cancelled.
In a double-balanced mixer, we strive to increase the L0:IF isolation by
arranging for one copy of the LO to arrive a t the IF port along with a copy
of the LO signal multiplied by -1 (or equivalently, 1L180"). If we are successftll, the LO signal will be completely cancelled at the mixer's IF port,
and the LO-IF rejection will be infinite.
These are two examples of cancellation caused by the summing of two
signals. In the first case, cancellation should be avoided because it results
in frequency-selectivemultipath fading. In the second case, we can use cancellation to achieve high levels of isolation between mixer ports. This type
of cancellation also provides insight into the nulls of antenna patterns and
the effects of limiters and filters as they pass complex signals.

Two-Signal Cancellation
The model we will analyze is

vCance1
( t )= cos(ot)+ p cos(ut + cp)

9.18

where
cos( wt) represents the original, uncorrupted signal,

+

4) represents the signal after experiencing an amplitude and
phase change.

pas(wt

The sum of these two signals is the cancelled signal. Exact cancellation
occurs when p = 1and 4 = 180". To determine the power change between
the original cosine wave cos(0t) and VCamel(t),
we can use vector analysis.
Equation 9.18 can be rewritten as a single cosine with an amplitude and
phase change.
9.19
where

APPENDIX

1

7

t2=l+2pcos(@)+p2
and
9.20

The ratio of the power in Vcancel(t)
to the power in the original cosine wave is
42. The change in phase between the original cosine wave and Vcancel(t)
is N.

Characteristics of Cancellation
Figures 9-7 and 9-8 show the signal attenuation 52 with respect to the
phase difference between the two signals. As expected, the worst signal
attenuation occurs when p is unity and (b is 180".Under these conditions
complete cancellation occurs.

Figure 9-7 Equation 9.20. The resultant power when two sine waues of different phase and amplitude are additiuely combined. The most attenuation
occurs when the amplitudes of the two sine waves are equal and the phase
difference is 180",
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Figure 9-8 Close-up view of Figure 9-7, emphasizing the behavior of
Equation 9.20 at 180".
A small change in 4 results in a large change in the combined signal strength.
For example, the p = 1curve of Figure 9-8 shows the signal cancellation will
change from completely cancelled at 4 = 180" to -15 dB with a phase change
of lo". An increase in the cancelled signal can be observed when
-90"s 4 590"

9.21

The maximum increase is 6 dB (when p is unity and 4 is 0").The Same p
that produces the maximum increase in signal power also produces the
worst attenuation. The difference lies in the phase 4. Figures 9-9 and 9-10
show the phase resultant signal. When p is in the neighborhood of unity,
the received phase changes abruptly when 4 passes through 180". This sudden phase change plays havoc with phase-encoded signals.

Figure 9-9 Equation 9.20. The resultant phase when two sine waves of different phase and amplitude are additively combined. Note the abrupt phase
change when the amplitudes of the two sine waves are equal and the phase difference is 180".

Figure 9-10 Close-up view of Figure 9-9 emphasizing the behavior
Equation 9.20 at 180".
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