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Preface zyxwvutsr
It is gratifying to be able to offer the community at large aforementioned chapter on image processing education,
the second edition of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Handbook of Digital Image and Video which includes examples of educational libraries and visual
Processing. The response to the first edition was very positive datasets for image processing education. Section III covers basic
in every way, reflecting on both the timeliness of the topic and methods for image and video recovery, including enhancethe excellence of the contributions made by our many fine ment, restoration, and reconstruction. Section IV deals with the
authors. More so than five years ago, digital visual information basic modeling and analysis of digital images and video, and
processing and communication pervade nearly every aspect of includes chapters on wavelets, color, human visual modeling,
our daily experience, and have even invaded our pockets in the segmentation, and edge detection. Two new chapters in this
form of camera-equipped cell phones and PDAs. With many section are devoted to exciting new models for photographic
exciting frontiers still facing engineers on visual research, images of natural scenes, and the important topic of tracking
digital image and video processing remains a "hot" topic and of motion in image sequences. Three more new chapters have
been contributed on the rapidly expanding field of partial
promises to be one for a very long time.
As with the first edition, this Handbook is intended to serve differential equations (PDEs) in image processing. Section V
as the basic reference point on image and video processing in deals with image compression, including the ]PEG and JPEGthe field, in the research laboratory, and in the classroom. The 2000 standards, and includes a new chapter on recovering
success of this goal both in the first edition, and (I expect) in images that have been distorted by compression. Section VI, on
this revision, is a testament to the exceptional effort made by video compression, contains chapters on the various MPEG
all of the contributing authors, both those from the earlier and H.26X video compression standards that have been consivolume who updated their chapters to reflect the many and derably reworked, owing to repaid strides that have been
significant changes that have occurred in the field over made, as well as two new practical chapters on video transthe last half-decade, as well as new authors that have written coding and on embedded video coding, respectively. Section
chapters on more recent innovations, techniques, and theories. VII contains expanded presentation on the practical aspects of
As before, each and every chapter in this Handbook has been image and video acquisition, sampling, and interpolation.
written by carefully selected, distinguished experts specializing Section VIII contains a chapter on image quantization,
in that topic, ensuring that the greatest depth of under- halftoning, and printing, as well as two new chapters on the
standing be communicated to the reader.
exciting and fast-changing topic of image quality assessment.
As before, the Handbook covers introductory, intermediate, Section IX is devoted to image and video databases, image
and advanced topics, serving equally well as a classroom storage, retrieval, and communication, including new chapters
textbook and reference resource. Indeed, many colleges and on wireless video and on visual cryptography. Finally, the
universities have adopted the Handbook as the textbook of Handbook concludes with Section X, eleven exciting chapters
choice for their image/video processing classes. Of course, the dealing with applications. These have been selected for their
Handbook also offers the best available resource for research- timely interest, as well as their illustrative power of how image
ers and developers in the laboratory, academia, or in the field. processing and analysis can be effectively applied to problems
As a textbook, the Handbook offers easy-to-read material at of significant practical interest. Four new chapters now appear
different levels of presentation, including introductory and in this section concerning face recognition, iris recognition,
tutorial chapters on the most basic image processing tech- audio-visual processing, and computer-assisted microscopy.
niques. Further, there is now included a chapter on image
As editor and co-author of this second edition of the
processing education which should prove invaluable for those Handbook, I would like to thank the image processing
developing or modifying their curricula.
community for recognizing the quality, effort, and care that
The current edition of the Handbook retains the basic has been made (by many) in creating such a successful and
structure of ten major sections~now encompassing 73 useful product. I would also like to thank the staff at
chapters. Thus, the new edition is some 30% larger than the Elsevier~especially the senior editor, Chuck Glaser, for his
previous hefty volume! The Introduction is followed by good humor, faith, and gentle encouragement as this project
Section II of the Handbook, which introduces the reader to the proceeded; Michael Troy for his excellent efforts in spearheadbasic methods of gray-level and binary image processing, and ing the accurate and rapid typesetting of the book; and of
to the essential tools of image Fourier analysis and linear course Gary Ragaglia for his wonderful artwork in creating
convolution systems. This section now concludes with the such an interesting and eye-catching cover for the Handbook.

Finally, I would again like to thank the many co-authors, Handbook of Image and Video Processing will continue as an
both old and new, who have contributed such wonderful work essential and indispensable resource--at least until the next
to this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Handbook. They have been models of professionalism, edition becomes necessary.
responsiveness, and patience with respect to my cheerleading,
cajoling, and occasional bursts of temper. All in all, I am very
happy both with the experience and with the end product of
A1 Bovik
our efforts. I feel certain that this second edition of the
Austin, Texas
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In this new millenium, scarcely a week passes where we do
not hear an announcement of some new technological
breakthrough in the areas of digital computation and
telecommunication. Particularly exciting has been the participation of the general public in these developments, as
affordable computers and the incredible explosion of the
World Wide Web have brought a flood of instant information
into a large and increasing percentage of homes and
businesses. Indeed, the advent of broadband wireless devices
is bringing these technologies into the pocket and purse. Most
of this information is designed for visual consumption in the
form of text, graphics, and pictures, or integrated multimedia
presentations. Digital images and digital video are, respectively,
pictures and movies that have been converted into a
computer-readable binary format consisting of logical 0s and
ls. Usually, by an image we mean a still picture that does not
change with time, whereas a video evolves with time and
generally contains moving and/or changing objects. Digital
images/video are usually obtained by converting continuous
signals into digital format, although "direct digital" systems
are becoming more prevalent. Likewise, digital visual signals
are viewed using diverse display media, included digital
printers, computer monitors, and digital projection devices.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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The frequency with which information is transmitted, stored,
processed, and displayed in a digital visual format is increasing rapidly, and as such, the design of engineering methods
for efficiently transmitting, maintaining, and even improving the visual integrity of this information is of heightened
interest.
One aspect of image processing that makes it such an interesting topic of study is the amazing diversity of applications
that use image processing or analysis techniques. Virtually
every branch of science has subdisciplines that use recording
devices or sensors to collect image data from the universe
around us, as depicted in Fig. 1. This data is often multidimensional and can be arranged in a format that is suitable
for human viewing. Viewable datasets like this can be regarded
as images, and processed using established techniques for
image processing, even if the information has not been
derived from visible-light sources. Moreover, the data may be
recorded as it changes over time, and with faster sensors and
recording devices, it is becoming easier to acquire and analyze
digital video data sets. By mining the rich spatio-temporal
information that is available in video, it is often possible to
analyze the growth or evolutionary properties of dynamic
physical phenomena or of living specimens.
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(ultrasound) that are used to create images of the human
body, and the low-frequency sound waves that are used by
FIGURE 1 Part of the universe of image processing applications.
prospecting companies to create images of the earth's
subsurface.
One commonality that can be made regarding nearly all
Types of Images
images is that radiation is emitted from some source, then
interacts with some material, then is sensed and ultimately
Another rich aspect of digital imaging is the diversity of image
transduced into an electrical signal which may then be
types that arise, and which can derive from nearly every type
digitized. The resulting images can then be used to extract
of radiation. Indeed, some of the most exciting developments
information about the radiation source, and/or about the
in medical imaging have arisen from new sensors that record
objects with which the radiation interacts.
image data from previously little-used sources of radiation,
We may loosely classify images according to the way in
such as PET (positron emission tomography) and MRI
which the interaction occurs, understanding that the division
(magnetic resonance imaging), or that sense radiation in
is sometimes unclear, and that images may be of multiple
new ways, as in CAT (computer-aided tomography), where
types. Figure 3 depicts these various image types.
x-ray data is collected from multiple angles to form a rich
Reflection images sense radiation that has been reflected
aggregate image.
from the surfaces of objects. The radiation itself may be
There is an amazing availability of radiation to be sensed,
ambient or artificial, and it may be from a localized source,
recorded as images or video, and viewed, analyzed, transor from multiple or extended sources. Most of our daily
mitted, or stored. In our daily experience we think of "what
experience of optical imaging through the eye is of reflection
we see" as being "what is there," but in truth, our eyes record
images. Common nonvisible examples include radar images,
very little of the information that is available at any given
sonar images, laser images, and some types of electron micromoment. As with any sensor, the human eye has a limited
scope images. The type of information that can be extracted
bandwidth. The band of electromagnetic (EM) radiation that
from reflection images is primarily about object surfaces, viz.,
we are able to see, or "visible light," is quite small, as can be
their shapes, texture, color, reflectivity, and so on.
seen from the plot of the EM band in Fig. 2. Note that the
horizontal axis is logarithmic! At any given moment, we see
~
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very little of the available radiation that is going on around us,
although certainly enough to get around. From an evoluopaque
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are even simpler, since in this case the "vision" into the cosmos, where it has become possible to
objects being imaged are self-luminous. Examples include image extended structures extending over as much as 103o
thermal or infrared images, which are commonly encountered meters, and into the microcosmos, where it has become
in medical, astronomical, and military applications, self- possible to acquire images of objects as small as 10-l° meters.
luminous visible-light objects, such as light bulbs and stars, Hence we are able to image from the grandest scale to
and MRI images, which sense particle emissions. In images of the minutest scales, over a range of 40 orders of magnitude,
this type, the information to be had is often primarily internal and as we will find, the techniques of image and video
to the object; the image may reveal how the object creates processing are generally applicable to images taken at any of
radiation, and thence something of the internal structure of these scales.
Scale has another important interpretation, in the sense that
the object being imaged. However, it may also be external; for
example, a thermal camera can be used in low-light situations any given image can contain objects that exist at scales
to produce useful images of a scene containing warm objects, different from other objects in the same image, or that even
exist at multiple scales simultaneously. In fact, this is the rule
such as people.
Finally, absorption images yield information about the rather than the exception. For example, in Fig. 4(a), at a small
internal structure of objects. In this case, the radiation scale of observation, the image contains the bas-relief patterns
passes through objects, and is partially absorbed or attenuated cast onto the coins. At a slightly larger scale, strong circular
by the material composing them. The degree of absorption structures arose. However, at a yet larger scale, the coins can
dictates the level of the sensed radiation in the recorded be seen to be organized into a highly coherent spiral pattern.
image. Examples include x-ray images, transmission micro- Similarly, examination of Fig. 4(d) at a small scale reveals
small bright objects corresponding to stars; at a larger scale,
scopic images, and certain types of sonic images.
Of course, the above classification into types is informal, it is found that the stars are nonuniformly distributed over
and a given image may contain objects which interacted the image, with a tight cluster having a density that sharply
with radiation in different ways. More important is to realize increases towards the center of the image. This concept of
that images come from many different radiation sources multi-scale is a powerful one, and is the basis for many of the
and objects, and that the purpose of imaging is usually to algorithms that will be described in the chapters of this
extract information about either the source and/or the Handbook. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
objects, by sensing the reflected/transmitted radiation, and
examining the way in which it has interacted with the
Dimension of Images
objects, which can reveal physical information about both
source and objects.
An important feature of digital images and video is that they
Figure 4 depicts some representative examples of each of the
are multidimensional signals, meaning that they are functions
above categories of images. Figures 4(a) and 4(b) depict
of more than a single variable. In the classic study of digital
reflection images arising in the visible-light band and in the
signal processing, the signals are usually one-dimensional
microwave band, respectively. The former is quite recognizfunctions of time. Images, however, are functions of two,
able; the latter is a synthetic aperture radar image of
and perhaps three space dimensions, whereas digital video as a
DFW airport. Figures 4(c) and 4(d) are emission images,
function includes a third (or fourth) time dimension as well.
and depict, respectively, a forward-looking infrared (FLIR)
The dimension of a signal is the number of coordinates that
image, and a visible-light image of the globular star cluster
are required to index a given point in the image, as depicted in
Omega Centauri. Perhaps the reader can probably guess the
Fig. 5. A consequence of this is that digital image processing,
type of object that is of interest in 4(c). The object in 4(d),
and especially digital video processing, is quite data-intensive,
which consists of over a million stars, is visible with the
meaning that significant computational and storage resources
unaided eye at lower northern latitudes. Lastly, Figs. 4(e) and
are often required.
4(f), which are absorption images, are of a digital (radiographic) mammogram and a conventional light micrograph,
respectively.
Digitization of Images

Scale of Images
Examining the figures in Fig. 4 reveals another image diversity:

scale. In our daily experience we ordinarily encounter and
visualize objects that are within 3 or 4 orders of magnitude
of 1 meter. However, devices for image magnification and
amplification have made it possible to extend the realm of

The environment around us exists, at any reasonable scale of
observation, in a space/time continuum. Likewise, the signals
and images that are abundantly available in the environment
(before being sensed) are naturally analog. By analog, we mean
two things: that the signal exists on a continuous (space/time)
domain, and that also takes values that comes from a
continuum of possibilities. However, this Handbook is about
processing digital image and video signals, which means that
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FIGURE 4 Examples of reflection (a), (b); emission (c), (d); and absorption (e), (f) image types.

once the image/video signal is sensed, it must be converted
into a computer-readable, digital format. By digital, we also
mean two things: that the signal is defined on a discrete
(space/time) domain, and that it takes values from a discrete

set of possibilities. Before digital processing can commence,
a process of analog-to-digital conversion (MD conversion)
must occur. A/D conversion consists of two distinct
subprocesses: sampling and quantization.
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FIGURE 6 Samplinga continuous-domain one-dimensional signal.
Figure 6 illustrates the result of sampling a one-dimensional
continuous-domain signal. It is easy to see that the samples
collectively describe the gross shape of the original signal
digital video
very nicely, but that smaller variations and structures are
sequence
harder to discern or may be lost. Mathematically, information may have been lost, meaning that it might not be
possible to reconstruct the original continuous signal from the
samples (as determined by the Sampling Theorem, see
v
Chapters 2.3 and 7.1). Supposing that the signal is part of
dimension 1
an image, e.g., is a single scan-line of an image displayed on
a monitor, then the visual quality may or may not be reduced
FIGURE 5 The dimensionality of images and video. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the sampled version. Of course, the concept of visual
quality varies from person-to-person, and it also depends on
the conditions under which the image is viewed, such as
the viewing distance.
Note that in Fig. 6, the samples are indexed by integer
Sampling is the process of converting a continuous-space (or numbers. In fact, the sampled signal can be viewed as a vector
continuous-space/time) signal into a discrete-space (or of numbers. If the signal is finite in extent, then the signal
discrete-space/time) signal. The sampling of continuous vector can be stored and digitally processed as an array, hence
signals is a rich topic that is effectively approached using the the integer indexing becomes quite natural and useful.
tools of linear systems theory. The mathematics of sampling, Likewise, image and video signals that are space/time sampled
along with practical implementations are addressed elsewhere are generally indexed by integers along each sampled
in this Handbook. In this introductory chapter, however, it dimension, allowing them to be easily processed as multiis worth giving the reader a feel for the process of sampling dimensional arrays of numbers. As shown in Fig. 7, a sampled
and the need to sample a signal sufficiently densely. For a
continuous signal of given space/time dimensions, there are
columns
mathematic reasons why there is a lower bound on the space/
time sampling frequency (which determines the minimum
possible number of samples) required to retain the informarow s~
~ ~ 7
.. ~ o m ~ p ' o o ~ 7 ~
tion in the signal. However, image processing is a visual
/
o m o o m o o o m ~
/
o m ~ ~ , m m A p , o m o
discipline, and it is more fundamental to realize that what is
dimension 2

Sampled Images

v

usually important is that the process of sampling does not lose
visual information. Simply stated, the sampled image/video
signal must "look good," meaning that it does not suffer too
much from a loss of visual resolution, or from artifacts that
can arise from the process of sampling.
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FIGURE 7 Depictionof a very small (10 x 10) piece of an image array.
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image is an array of sampled image values that are usually contain a significant amount of interesting visual detail
arranged in a row-column format. Each of the indexed array that substantially defines the content of the images. Each
elements is often called a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
picture element, or pixel for short. image is shown at three different sampling densities: 256 x256
The term pel has also been used, but has faded in usage (or 28 x 28=65,536 samples), 128 × 128 (or 27 × 27= 16,384
probably since it is less descriptive and not as catchy. The samples), and 64 × 64 (or 26 × 26= 4,096 samples). Of course,
number of rows and columns in a sampled image is also in both cases, all three scales of images are digital, and so there
often selected to be a power of 2, since it simplifies computer is potential loss of information relative to the original analog
addressing of the samples, and also since certain algorithms, image. However, the perceptual quality of the images can
such as discrete Fourier transforms, are particularly efficient easily be seen to degrade rather rapidly; note the whiskers on
when operating on signals that have dimensions that are the mandrill's face, which lose all coherency in the 64 × 64
powers of 2. Images are nearly always rectangular (hence image. The 64 × 64 fingerprint is very interesting, since the
indexed on a Cartesian grid), and are often square, although pattern has completely changed! It almost appears as a
the horizontal dimensional is often longer, especially in video different fingerprint. This results from an undersampling
signals, where an aspect ratio of 4:3 is common.
effect know as aliasing, where image frequencies appear that
As mentioned above, the effects of insufficient sampling have no physical meaning (in this case, creating a false
("undersampling") can be visually obvious. Figure 8 shows pattern). Aliasing, and its mathematic interpretation, will
two very illustrative examples of image sampling. The two be discussed further in Chapter 2.3 in the context of the
images, which we'll call "mandrill" and "fingerprint," both Sampling Theorem.

256 x 256

128 x 128

64 × 64

256 × 256

128 × 128

64 x 64

FIGURE 8 Examplesof the visual effect of different image sampling densities.
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Unlike sampling, quantization is a difficult topic to analyze
Quantized Images zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
since it is nonlinear. Moreover, most theoretical treatments of
The other part of image digitization is quantization. The values
that a (single-valued) image takes are usually intensities, since
they are a record of the intensity of the signal incident on the
sensor, e.g., the photon count or the amplitude of a measured
wave function. Intensity is a positive quantity. If the image is
represented visually using shades of gray (like a black-andwhite photograph), then the pixel values are referred to as gray
levels. Of course, broadly speaking, an image may be multivalued at each pixel (such as a color image), or an image may
have negative pixel values, in which case, it is not an intensity
function. In any case, the image values must be quantized for
digital processing.
Quantization is the process of converting a continuousvalued image, that has a continuous range (set of values that
it can take), into a discrete-valued image, that has a discrete
range. This is ordinarily done by a process of rounding,
truncation, or some other irreversible, nonlinear process of
information destruction. Quantization is a necessary precursor
to digital processing, since the image intensities must be
represented with a finite precision (limited by wordlength) in
any digital processor.
When the gray level of an image pixel is quantized, it is
assigned to be one of a finite set of numbers which is the graylevel range. Once the discrete set of values defining the graylevel range is known or decided, then a simple and efficient
method of quantization is simply to round the image pixel
values to the respective nearest members of the intensity
range. These rounded values can be any numbers, but for
conceptual convenience and ease of digital formatting, they
are then usually mapped by a linear transformation into a
finite set of non-negative integers {0 . . . . . K - 1}, where K is a
power of two: K - - 2 B. Hence the number of allowable gray
levels is K, and the number of bits allocated to each pixel's gray
level is B. Usually 1 <_B <__8 with B - 1 (for binary images) and
B--8 (where each gray level conveniently occupies a byte)
being the most common bit depths (see Fig. 9). Multi-valued
images, such as color images, require quantization of the
components either individually or collectively ("vector
quantization"); for example, a three-component color image
is frequently represented with 24 bits per pixel of color
precision.

J

J
a pixel

8-bit representation

FIGURE 9 Illustrationof 8-bit representation of a quantized pixel.

signal processing assume that the signals under study are not
quantized, since it tends to greatly complicate the analysis. On
the other hand, quantization is an essential ingredient of any
(lossy) signal compression algorithm, where the goal can be
thought of as finding an optimal quantization strategy that
simultaneously minimizes the volume of data contained in the
signal, while disturbing the fidelity of the signal as little as
possible. With simple quantization, such as gray-level rounding, the main concern is that the pixel intensities or gray levels
must be quantized with sufficient precision that excessive
information is not lost. Unlike sampling, there is no simple
mathematic measurement of information loss from quantization. However, while the effects of quantization are difficult
to express mathematically, the effects are visually obvious.
Each of the images depicted in Figs. 4 and 8 is represented
with 8 bits of gray-level r e s o l u t i o n - meaning that bits less
significant than the 8th bit have been rounded or truncated.
This number of bits is quite common for two reasons: first,
using more bits will generally not improve the visual
appearance of the i m a g e - the adapted human eye usually
is unable to see improvements beyond 6 bits (although the
total range that can be seen under different conditions can
exceed 10 bits) - - hence using more bits would be wasteful.
Secondly, each pixel is then conveniently represented by a
byte. There are exceptions: in certain scientific or medical
applications, 12, 16, or even more bits may be retained for
more exhaustive examination by human or by machine.
Figures 10 and 11 depict two images at various levels of
gray-level resolution. Reduced resolution (from 8 bits) was
obtained by simply truncating the appropriate number of lesssignificant bits from each pixel's gray level. Figure 10 depicts
the 256 x 256 digital image "fingerprint" represented at 4, 2,
and 1 bits of gray-level resolution. At 4 bits, the fingerprint is
nearly indistinguishable from the 8-bit representation of Fig. 8.
At 2 bits, the image has lost a significant amount of
information, making the print difficult to read. At one bit,
the binary image that results is likewise hard to read. In
practice, binarization of fingerprints is often used to make the
print more distinctive. Using simple truncation-quantization,
most of the print is lost since it was inked insufficiently on
the left, and to excess on the right. Generally, bit truncation
is a poor method for creating a binary image from a graylevel image. See Chapter 2.2 for better methods of image
binarization.
Figure 11 shows another example of gray-level quantization.
The image "eggs" is quantized at 8, 4, 2, and 1 bit of gray
level resolution. At 8 bits, the image is very agreeable. At four
bits, the eggs take on the appearance of being striped or painted
like Easter eggs. This effect is known as "false contouring,"
and results when inadequate gray-scale resolution is used to
represent smoothly-varying regions of an image. In such
places, the effects of a (quantized) gray level can be visually
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FIGURE 10 Quantization of the 256 x 256 image "fingerprint." Left to right: 4, 2, and 1 bits per pixel.

FIGURE 11 Quantization of the 256 x 256 image "eggs." Clockwise from upper left: 8, 4, 2, and 1 bits per pixel.

exaggerated, leading to an appearance of false structures.
At 2 bits and 1 bit, significant information has been lost from
the image, making it difficult to recognize.
A quantized image can be thought of as a stacked set of
single-bit images (known as "bit planes") corresponding to

the gray-level resolution depths. The most significant bits of
every pixel comprise the top bit plane, and so on. Figure 12
depicts a 10 x 10 digital image as a stack of B bit planes.
Special-purpose image processing algorithms are occasionally
applied to the individual bit planes.
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camera color coordinates is a complicated topic, although
standard tables have been devised based on extensive
experiments. A number of other color coordinate systems
are also used in image processing, printing, and display
systems, such as the YIQ (luminance, in-phase chromatic,
quadratic chromatic) color coordinate system. Loosely
speaking, the YIQ coordinate system attempts to separate
the perceived image brightness (luminance) from the chromatic components of the image via an invertible linear
transformation:
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The RGB system is used by color cameras and video display
systems, while the YIQ is the standard color representation
used in broadcast television. Both representations are used
Bit Plane B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in practical image and video processing systems along with
FIGURE 12 Depiction of a small (10 x 10) digital image as a stack of bit
several other representations.
planes ranging from most significant (top) to least significant (bottom).
Most of the theory and algorithms for digital image and
video processing has been developed for single-valued,
monochromatic (gray level), or intensity-only images, whereas
color images are vector-valued signals. Indeed, many of the
Color Images
approaches described in this Handbook are developed for
Of course, the visual experience of the normal human eye single-valued images. However, these techniques are often
is not limited to gray scales - - color is an extremely important applied (suboptimally) to color image data by regarding each
aspect of images. It is also an important aspect of digital color component as a separate image to be processed, and
images. In a very general sense, color conveys a variety of recombining the results afterwards. As seen in Fig. 13, the
rich information that describes the quality of objects, and R, G, and B components contain a considerable amount of
as such, it has much to do with visual impression. For overlapping information. Each of them is a valid image in the
example, it is known that different colors have the potential same sense is as the image seen through colored spectacles,
to evoke different emotional responses. The perception of and can be processed as such. Conversely, however, if the color
color is allowed by the color-sensitive neurons known as components are collectively available, then vector image
cones that are located in the retina of the eye. The cones processing algorithms can often be designed that achieve
are responsive to normal light levels and are distributed optimal results by taking this information into account. For
with greatest density near the center of the retina, known as example, a vector-based image enhancement algorithm
fovea (along the direct line of sight). The rods are neurons applied to the "cherries" image in Fig. 13 might adapt by
that are sensitive at low-light levels, and are not capable of giving less importance to enhancing the Blue component,
distinguishing color wavelengths. They are distributed since the image signal is weaker in that band.
with greatest density around the periphery of the fovea,
Chromanance is usually associated with slower amplitude
with very low density near the line-of-sight. Indeed, this variations than is luminance, since it usually is associated
may be observed by observing a dim point target (such with fewer image details or rapid changes in value. The human
as a star) under dark conditions. If the gaze is shifted eye has a greater spatial bandwidth allocated for luminance
slightly off-center, then the dim object suddenly becomes perception than for chromatic perception. This is exploited
easier to see.
by compression algorithms that use alternate color represenIn the normal human eye, colors are sensed as near-linear tations such as YIQ, and store, transmit, or process the
combinations of long, medium, and short wavelengths, which chromatic components using a lower bandwidth (fewer bits)
roughly correspond to the three primary colors that are used in than the luminance component. Image and video comprestandard video camera systems: red (R), green (G), and blue ssion algorithms achieve increased efficiencies through this
(B). The way in which visible light wavelengths map to RGB strategy.
O
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FIGURE 13 Color image "cherries" (top left) and (clockwise) its Red, Green, and Blue components. (See color
insert.)

Size of Image Data
The amount of data in visual signals is usually quite large,
and increases geometrically with the dimensionality of the
data. This impacts nearly every aspect of image and video
processing; data volume is a major issue in the processing,
storage, transmission, and display of image and video
information. T h e storage required for a single monochromatic digital still image that has (row x column) dimensions
N x M and B bits of gray-level resolution is NMB bits. For
the purpose of discussion we will assume that the image is
square ( N = M ) , although images of any aspect ratio are
common. Most commonly, B = 8 (1 byte/pixel) unless the
image is binary or is special-purpose. If the image is vectorvalued, e.g., color, then the data volume is multiplied by
the vector dimension. Digital images that are delivered
by commercially-available image digitizers are typically of
approximate size 512 x 512 pixels, which is large enough to fill
much of a monitor screen. Images both larger (ranging up to

4,096 x 4,096 or more) and smaller (as small as 16 x 16) are
commonly encountered. Table 1 depicts the required storage
for a variety of image resolution parameters, assuming that
there has been no compression of the data. Of course, the
spatial extent (area) of the image exerts the greatest effect
on the data volume. A single 512 x 512 x 8 color image
requires nearly a megabyte of digital storage space, which
only a few years ago, was a lot. More recently, even large
images are suitable for viewing and manipulation on home
personal computers (PCs), although somewhat inconvenient
for transmission over existing telephone networks.
However, when the additional time dimension is introduced, the picture changes completely. Digital video is
extremely storage-intensive. Standard video systems display
visual information at a rate of 30 images/s for reasons related
to human visual latency (at slower rates, there is a perceivable "flicker"). A 512 x 512 x 24 color video sequence thus
occupies 23.6 megabytes for each second of viewing. A twohour digital film at the same resolution levels would thus
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TABLE 1 Data-volume requirements for digital still images of
various sizes, bit depths, and vector dimension

Spatial
Dimensions

Pixel
Resolution
(bits)

128 x 128
256 x 256
512 x 512
1,024 x 1,024
128 x 128
256 x 256
512 x 512

1
1
1
1
8
8
8

1,024 x 1,024

8

128 x 128
256 x 256
512 x 512

3
3
3

1,024 x 1,024

3

128 x 128
256 x 256
512 x 512
1,024 x 1,024

24
24
24
24

Image Type

Data
Volume
(bytes)

Monochromatic
Monochromatic
Monochromatic
Monochromatic
Monochromatic
Monochromatic
Monochromatic
Monochromatic
Trichromatic
Trichromatic
Trichromatic
Trichromatic
Trichromatic
Trichromatic
Trichromatic
Trichromatic

2,048
8,192
32,768
131,072
16,384
65,536
262,144
1,048,576
6,144
24,576
98,304
393,216
49,152
196,608
786,432
3,145,728

require about 85 gigabytes of storage at nowhere near theatre
quality. That's a lot of data, even for today's computer
systems. Fortunately, images and video generally contain a
significant degree of redundancy along each dimension.
Taking this into account along with measurements of
human visual response, it is possible to significantly compress
digital images and video streams to acceptable levels. Sections
5 and 6 of this Handbook contain a number of chapters
devoted to these topics. Moreover, the pace of information
delivery is expected to significantly increase in the future, as
significant additional bandwidth becomes available in the
form of gigabit and terabit Ethernet networks, digital
subscriber lines that use existing telephone networks, and
public cable systems. These developments in telecommunications technology, along with improved algorithms for
digital image and video transmission, promise a future that
will be rich in visual information content in nearly every
medium.

Digital Video
A significant portion of this Handbook is devoted to the topic
of digital video processing. In recent years, hardware technologies and standards activities have matured to the point that it
is becoming feasible to transmit, store, process, and view video
signals that are stored in digital formats, and to share video
signals between different platforms and application areas.
This is a natural evolution, since temporal change, which is
usually associated with motion of some type, is often the most
important property of a visual signal.
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Beyond this, there is a wealth of applications which stand
to benefit from digital video technologies, and it is no
exaggeration to say that the blossoming digital video industry
represents many billions of dollars in research investments.
The payoff from this research will be new advances in digital
video processing theory, algorithms, and hardware that are
expected to result in many billions more in revenues and
profits. It is safe to say that digital video is very much the
current frontier and the future of image processing research
and development. The existing and expected applications of
digital video are either growing rapidly or are expected to
explode once the requisite technologies become available.
Some of the notable emerging digital video applications are:
• Video teleconferencing
• Video telephony
• Digital TV, including High-Definition Television
(HDTV)
• Internet video
• Medical video
• Dynamic scientific visualization
• Multimedia video
• Video instruction
• Digital cinema

Sampled Video
Of course, digital processing of video requires that the video
stream be in a digital format, meaning that it must be sampled
and quantized. Video quantization is essentially the same as
image quantization. However, video sampling involves taking
samples along a new and different (time) dimension. As such,
it involves some different concepts and techniques.
First and foremost, the time dimension has a direction
associated with it, unlike the space dimensions, which are
ordinarily regarded as directionless until a coordinate system
is artificially imposed upon it. Time proceeds from the past
towards the future, with an origin that exists only in the
current moment. Video is often processed in "real time,"
which (loosely) means that the result of processing appears
effectively "instantaneously" (usually in a perceptual sense)
once the input becomes available. Such a processing system
cannot depend more than a few future video samples.
Moreover, it must process the video data quickly enough
that the result appears instantaneous. Because of the vast data
volume involved, the design of fast algorithms and hardware
devices is a major priority.
In principle, an analog video signal I(x, y, t), where (x, y)
denote continuous space coordinates and t denotes continuous time, is continuous in both the space and time
dimensions, since the radiation flux that is incident on a video
sensor is continuous at normal scales of observation. However,
the analog video that is viewed on display monitors is not truly
analog, since it is sampled along one space dimension and

14 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

(a)

(b)

FIGURE 14 Video scanning. (a) Progressive video scanning. At the end of a scan (1), the electron gun spot snaps back
to (2). A blank signal is sent in the interim. After reaching the end of a frame (3), the spot snaps back to (4). A
synchronization pulse then signals the start of another frame. (b) Interlaced video scanning. Red and blue fields are
alternately scanned left-to-right and top-to-bottom. At the end of scan (1), the spot snaps to (2). At the end of the blue
field (3), the spot snaps to (4) (new field).

along the time dimension. Practical so-called analog video
systems, such as television and monitors, represent video as a
one-dimensional electrical signal V(t). Prior to display, a onedimensional signal is obtained by sampling I(x,)1, t) along the
vertical (y) space direction and along the time (t) direction.
This is called scanning and the result is a series of time
samples, which are complete pictures or frames, each of which
is composed as space samples, or scan lines.
Two types of video scanning are commonly used: progressive
scanning and interlaced scanning. A progressive scan traces a
complete flame, line-by-line from top-to-bottom, at a scan
rate of At s/frame. High-resolution computer monitors are a
good example, with a scan rate of A t = 1/72 s. Figure 14(a)
depicts progressive scanning on a standard monitor.
A description of interlaced scanning requires that some
other definitions be made. For both types of scanning, the
refresh rate is the frame rate at which information is
displayed on a monitor. It is important that the frame rate
be high enough, since otherwise the displayed video will
appear to "flicker." The human eye detects flicker if the
refresh rate is less than about 50 frames/s. Clearly, computer
monitors (72 frames/s) exceed this rate by almost 50%.
However, in many other systems, notably television, such fast
refresh rates are not possible unless spatial resolution is
severely compromised because of bandwidth limitations.
Interlaced scanning is a solution to this. In P:I interlacing,
every Pth line is refreshed at each frame refresh. The subframes in interlaced video are called fields, hence P fields
constitute a frame. The most common is 2:1 interlacing which
is used in standard television systems, as depicted in Fig. 14(b).
In 2:1 interlacing, the two fields are usually referred to as the
top and bottom fields. In this way, flicker is effectively
eliminated provided that the field refresh rate is above the
visual limit of about 50 Hertz (Hz). Broadcast television in
the U.S. uses a flame rate of 30 Hz, hence the field rate is
60 Hz, which is well above the limit. The reader may wonder if
there is a loss of visual information, since the video is being
effectively sub-sampled by a factor of two in the vertical
space dimension in order to increase the apparent frame
rate. In fact there is, since image motion may change the

picture between fields. However, the effect is ameliorated to
a significant degree by standard monitors and TV screens,
which have screen phosphors with a persistence (glow time)
that just matches the frame rate, hence each field persists
until the matching field is sent.
Digital video is obtained either by sampling an analog video
signal V(t), or by directly sampling the three-dimensional
space-time intensity distribution that is incident on a sensor.
In either case, what results is a time sequence of twodimensional spatial intensity arrays, or equivalently, a threedimensional space-time array. If progressive analog video is
sampled, then the sampling is rectangular and properly
indexed in an obvious manner, as illustrated in Fig. 15. If
interlaced analog video is sampled, then the digital video is
interlaced also as shown in Fig. 16. Of course, if an interlaced
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FIGURE 15 A single frame from a sampled progressive video sequence.
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FIGURE 16 A single frame (two fields) from a sampled 2:1 interlaced video
sequence.
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video stream is sent to a system that processes or displays
Objectives of this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
Handbook
non-interlaced video, then the video data must first be
converted or de-interlaced to obtain a standard progressive
The goals of this Handbook are ambitious, since it is intended
video stream before the accepting system will be able to
to reach a broad audience that is interested in a wide variety
handle it. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of image and video processing applications. Moreover, it is
intended to be accessible to readers that have a diverse
background, and that represent a wide spectrum of levels
Video Transmission
of preparation
and engineering/computer education.
However, a Handbook format is ideally suited for this multiThe data volume of digital video is usually described in
user purpose, since it allows for a presentation that adapts to
terms of bandwidth or bitrate. As described in Chapter 6.1,
the readers needs. In the early part of the Handbook we present
the bandwidth of digital video streams (without compression)
very basic material that is easily accessible even for novices to
that match the current visual resolution of current television
the image processing field. These chapters are also useful for
systems exceeds 100 megabits/s (mbps). Modern television
review, for basic reference, and as support for later chapters.
formats such as HDTV can multiply this by a factor of four
In every major section of the Handbook, basic introductory
or more. By contrast, the networks that are currently
material is presented as well as more advanced chapters that
available to handle digital data are limited. Conventional
take the reader deeper into the subject.
telephone lines (POTS) delivers only 56 kilobits/s 9kbps),
Unlike textbooks on image processing, the Handbook is
although digital subscriber lines (DSL) multiply this by
therefore not geared towards a specified level of presentation,
a factor of 30 or more. ISDN (Integrated Services Digital Netnor does it uniformly assume a specific educational backwork) lines allow for data bandwidths equal to 64p kbps,
ground. There is material that is available for the beginning
where 1 _<p _< 30, which falls short of the necessary datarate to
image processing user, as well as for the expert. The Handbook
handle full digital video. Dedicated T1 lines (1.5 mbps)
is also unlike a textbook in that it is not limited to a specific
also handle only a small fraction of the necessary bandwidth.
point of view given by a single author. Instead, leaders from
Ethernet and cable systems, which deliver data in the gigabit/s
image and video processing education, industry, and research
(gbps) range are capable of handling raw digital video, but
have been called upon to explain the topical material from
have problems delivering multiple video streams over the
their own daily experience. By calling upon most of the leasame network. The problem is similar to that of delivering
ding experts in the field, we have been able to provide a comlarge amounts of water to through small pipelines. Either the
plete coverage of the image and video processing area without
data rate (water pressure) must be increased, or the data
sacrificing any level of understanding of any particular area.
volume must be reduced.
Because of its broad spectrum of coverage, we expect that
Fortunately, unlike water, digital video can be compressed
the Handbook of Image and Video Processing will serve as an
very effectively because of the redundancy inherent in the
excellent textbook as well as reference. It has been our
data, and because of an increased understanding of what
objective to keep the students needs in mind, and we feel that
components in the video stream are actually visible. Because of
the material contained herein is appropriate to be used for
many years of research into image and video compression,
it is now possible to transmit digital video data over a broad classroom presentations ranging from the introductory
spectrum of networks, and we may expect that digital video undergraduate level, to the upper-division undergraduate, to
will arrive in a majority of homes in the near future. Based the graduate level. Although the Handbook does not include
"problems in the back," this is not a drawback since the many
on research developments along these lines, a number of
examples
provided in every chapter are sufficient to give the
world standards have recently emerged, or are under
student
a
deep understanding of the function of the various
discussion, for video compression, video syntax, and video
image
and
video processing algorithms. This field is very
formatting. The use of standards allows for a common
much
a
visual
science, and the principles underlying it are
protocol for video and ensures that the consumer will be
best
taught
via
visual examples. Of course, we also foresee
able to accept the same video inputs using products from
the
Handbook
as
providing easy reference, background, and
different manufacturers. The current and emerging video
guidance
for
image
and video processing professionals
standards broadly extend standards for still images that
working in industry and research.
have been in use for a number of years. Several chapters are
Our specific objectives are to:
devoted to describing these standards, while others deal with
emerging techniques which may effect future standards. It is
• Provide the practicing engineer and the student with a
certain, in any case, that we have entered a new era where
highly accessible resource for learning and using image/
digital visual data will play an important role in educatvideo processing algorithms and theory
ion, entertainment, personal communications, broadcast, the
• Provide the essential understanding of the various
internet, and many other aspects of daily life.
image and video processing standards that exist or
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sensors, and the processes of digitally converting and
transmitting these signals are subject to errors. There are
many types of errors that can occur in image/video data,
including, for example, blur from motion or defocus; noise
that is added as part of a sensing or transmission process; bit,
pixel, or frame loss as the data is copied or read; or artifacts
that are introduced by an image or video compression
algorithm. As such, it is important to be able to model these
errors, so that numerical algorithms can be developed to
ameliorate them in such a way as to improve the data for
visual consumption. Section III contains three broad categories of topics. The first is Image/Video Enhancement, where
the goal is to remove noise from an image while retaining
The Handbook succeeds in achieving these goals, primarily
the perceptual fidelity of the visual information; these are
because of the many years of broad educational and practical
seen to be conflicting goals. Chapters are included that
experience that the many contributing authors bring to bear in
include very basic linear methods; highly efficient nonlinear
explaining the topics contained herein. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
methods; and recently developed and very powerful wavelet
methods; and also extensions to video enhancement. The
second broad category is Image/Video Restoration, where it
Organization of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Handbook
is assumed that the visual information has been degraded by a
Since this Handbook is emphatically about processing images distortion function, since as defocus, motion blur, or atmoand video, the next section is immediately devoted to basic spheric distortion, and more than likely, by noise as well.
algorithms for image processing, instead of surveying methods The goal is to remove the distortion and attenuate the noise,
and devices for image acquisition at the outset, as many while again preserving the perceptual fidelity of the informatextbooks do. Section II is divided into three Chapters, which tion contained within. And again, it is found that a balanced
respectively, introduce the reader to the most fundamental attack on conflicting requirements is required in solving these
two-dimensional image processing techniques. Chapter 2.1 difficult, ill-posed problems. The treatment again begins with
lays out basic methods for gray-level image processing, which a basic, introductory chapter; ensuing chapters build on this
includes point operations, the image histogram, and simple basis and discuss methods for restoring multi-channel images
image algebra. The methods described there stand alone as (such as color images); multi-frame images (meaning, using
algorithms that can be applied to most images, but also they information from multiple images taken of the same scene);
set the stage and the notation for the more involved methods iterative methods for restoration; and extensions to video
discussed in later Chapters. Chapter 2.2 describes basic restoration. Related topics that are considered are motion
methods for image binarization and for binary image detection and estimation, which is essential for handling many
processing, with emphasis on morphological binary image problems in video processing, and a general framework for
processing. The algorithms described there are among the regularizing ill-posed restoration problems. Finally, the third
most widely used in applications, especially in the biomedical category involves the extraction of enriched information
area. Chapter 2.3 explains the basics of the Fourier transform about the environment by combining images taken from
and frequency-domain analysis, including discretization of the multiple views of the same scene. This includes chapters on
Fourier transform and discrete convolution. Special emphasis methods for computed stereopsis and for image stabilization
is laid on explaining frequency-domain concepts through and mosaicking.
Section IV of the Handbook deals with methods for image
visual examples. Fourier image analysis provides a unique
opportunity for visualizing the meaning of frequencies as com- and video analysis. Not all images or videos are intended for
ponents of signals. This approach reveals insights which are direct human visual consumption. Instead, in many situations
difficult to capture in one-dimensional, graphical discussions. it is of interest to automate the process of repetitively
Section III of the Handbook deals with methods for interpreting the content of multiple images or video data
correcting distortions or uncertainties in images and for through the use of an image or video analysis algorithm. For
improving image information by combining images taken example, it may be desired to classify parts of images or videos
from multiple views. Quite frequently the visual data that is as being of some type, or it may be desired to detect or
acquired has been in some way corrupted. Acknowledging this recognize objects contained in the data sets. If one is able to
and developing algorithms for dealing with it is especially develop a reliable computer algorithm that consistently
critical since the human capacity for detecting errors, achieves success in the desired task, and if one has access to
degradations, and delays in digitally-delivered visual data is a computer that is fast enough, then a tremendous savings in
quite high. Image and video signals are derived from imperfect man-hours can be attained. The advantage of such a system
are emerging, and that are driving today's explosive
industry
• Provide an understanding of what images are, how they
are modeled, and give an introduction to how they are
perceived
• Provide the necessary practical background to allow the
engineer student to acquire and process his/her own
digital image or video data
• Provide a diverse set of example applications, as separate
complete Chapters, that are explained in sufficient depth
to serve as extensible models to the readers own potential
applications
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increases with the number of times that the task must be done
and with the speed with which it can be automatically
accomplished. Of course, problems of this type are typically
quite difficult, and in many situations it is not possible to
approach, or even come close to, the efficiency of the human
visual system. However, if the application is specific enough,
and if the process of image acquisition can be sufficiently
controlled (to limit the variability of the image data), then
tremendous efficiencies can be achieved. With some exceptions, image/video analysis systems are quite complex, but are
often composed at least in part of subalgorithms that are
common to other image/video analysis applications. Section IV
of this Handbook outlines some of the basic models and
algorithms that are encountered in practical systems. The first
set of chapters deals with image models and representations
that are commonly used in every aspect of image/video
processing. This starts with a chapter on models of the human
visual system. Much progress has been made in recent years in
modeling the brain and the functions of the optics and the
neurons along the visual pathway (although much remains to
be learned as well). Since images and videos that are processed
are nearly always intended for eventual visual consumption
by humans, then in the design of these algorithms, it is
imperative the receiver be taken into account, as with any
communication system. After all, vision is very much a form
of dense communication, and images are the medium of
information. The human eye-brain system is the receiver. This
is followed by chapters on wavelet image representations,
random field image models, image modulation models, image
noise models and image color models that are referred to in
many other places in the Handbook. These chapters may be
thought of as a core reference section of the Handbook that
supports the entire presentation. Methods for image/video
classification and segmentation are described next; these basic
tools are used in a wide diversity of analysis applications.
Complementary to these are two chapters on edge and
boundary detection, where the goal is to find the boundaries
of regions, viz., sudden changes in image intensities, rather
than finding (segmenting out) and classifying regions directly.
The approach taken depends on the application. Finally, a
chapter is given that reviews currently available software for
image and video processing.
As described earlier in this introductory chapter, image and
video information is highly data-intensive. Sections V and VI
of the Handbook deal with methods for compressing this data.
Section V deals with still image compression, beginning with
several basic chapters of lossless compression, and on several
useful general approaches for image compression. In some
realms, these approaches compete, but each has its advantages
and subsequent appropriate applications. The existing JPEG
standards for both lossy and lossless compression are
described next. Although these standards are quite complex,
they are described in sufficient detail to allow for the practical
design of systems that accept and transmit JPEG data sets.
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Section VI extends these ideas to video compression,
beginning with an introductory chapter that discusses the
basic ideas and that uses the H.261 standard as an example.
The H.261 standard, which is used for video teleconferencing
systems, is the starting point for later video compression
standards, such as MPEG. The following two chapters are on
especially promising methods for future and emerging video
compression systems: wavelet-based methods, where the video
data is decomposed into multiple subimages (scales or
subbands), and object-based methods, where objects in the
video stream are identified and coded separately across frames,
even (or especially) in the presence of motion. Finally,
chapters on the existing MPEG-1 and MPEG-2 and emerging
MPEG-4 and MPEG-7 standards for video compression are
given, again in sufficient detail to enable the practicing
engineer to put the concepts to use.
Section VII deals with image and video scanning, sampling
and interpolation. These important topics give the basics
for understanding image acquisition, converting images
and video into digital format, and for resizing or spatially
manipulating images. Section VIII deals with the visualization
of image and video information. One chapter focuses on
the halftoning and display of images, and another on methods
for assessing the quality of images, especially compressed
images.
With the recent significant activity in multimedia, of which
image and video is the most significant component, methods
for databasing, access/retrieval, archiving, indexing, networking, and securing image and video information are of high
interest. These topics are dealt with in detail in Section IX of
the Handbook.
Finally, Section X includes eight chapters on a diverse set of
image processing applications that are quite representative of
the universe of applications that exist. Many of the chapters in
this section have analysis, classification or recognition as a main
goal, but reaching these goals inevitably requires the use of a
broad spectrum of image/video processing subalgorithms for
enhancement, restoration, detection, motion, and so on. The
work that is reported in these chapters is likely to have
significant impact on science, industry, and even on daily life.
It is hoped that the reader is able to translate the lessons
learned in these chapters, and in the preceding material, into
their own research or product development work in image
and/or video processing. For the student, it is hoped that s/he
now possesses the required reference material that will allow
her/him to acquire the basic knowledge to be able to begin a
research or development career in this fast-moving and rapidly
growing field. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJI
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1 Introduction
This chapter, and the two that follow, describe the most
commonly used and most basic tools for digital image
processing. For many simple image analysis tasks, such as
contrast enhancement, noise removal, object location, and
frequency analysis, much of the necessary collection of
instruments can be found in chapters 2.1-2.3. Moreover,
these chapters supply the basic groundwork that is needed
for the more extensive developments that are given in the
subsequent chapters of the Handbook.
In the current chapter, we study basic gray-level digital
image processing operations. The types of operations studied
fall into three classes.
The first are point operations, or image processing
operations that are applied to individual pixels only. Thus,
interactions and dependencies between neighboring pixels are
not considered, nor are operations that consider multiple
pixels simultaneously to determine an output. Since spatial
information, such as a pixel's location and the values of
its neighbors are not considered, point operations are
defined as functions of pixel intensity only. The basic tool
Copyright © 2005 by Elsevier Academic Press.
All fights of reproduction in any form reserved.
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for understanding, analyzing, and designing image point
operations is the image histogram, which will be introduced
below.
The second class includes arithmetic operations between
images of the same spatial dimensions. These are also
point operations in the sense that spatial information is
not considered, although information is shared between
images on a pointwise basis. Generally, these have special
purposes, e.g., for noise reduction and change or motion
detection.
The third class of operations are geometric image operations.
These are complementary to point operations in the sense that
they are not defined as functions of image intensity. Instead,
they are functions of spatial position only. Operations of this
type change the appearance of images by changing the
coordinates of the intensities. This can be as simple as image
translation or rotation, or may include more complex
operations that distort or bend an image, or "morph" a
video sequence. Since our goal, however, is to concentrate on
digital image processing of real-world images, rather than
the production of special effects, only the most basic
geometric transformations will be considered. More complex
21
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and time-varying geometric effects are more properly contains basic histogram computation, manipulation, and
considered within the science of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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display routines (Chapter 4.13).
Since the histogram represents a reduction of dimensionality relative to the original image f, information is lost m the
2 Notation
image f cannot be deduced from the histogram Hf except in
trivial cases (when the image is constant-valued). In fact, the
Point operations, algebraic operations and geometric opera- number of images that share the same arbitrary histogram Hf
tions are easily defined on images of any dimensionality, is astronomical. Given an image f with a particular histogram
including digital video data. For simplicity of presentation, we Hp every image that is a spatial shuffling of the gray-levels of
will restrict our discussion to two-dimensional images only. f has the same histogram Hf.
The extensions to three or higher dimensions are not difficult,
The histogram Hf contains no spatial information about f
especially in this case of point operations, which are m it describes the frequency of the gray-levels in fand nothing
independent of dimensionality. In fact, spatial/temporal more. However, this information is still very rich, and many
information is not considered in their definition or application. useful image processing operations can be derived from the
We will also only consider monochromatic images, since image histogram. Indeed, a simple visual display of Hf reveals
extensions to color or other multispectral images is either much about the image. By examining the appearance of a
trivial, in that the same operations are applied identically to histogram, it is possible to ascertain whether the gray levels are
each band (e.g., R, G, B), or they are defined as more complex distributed primarily at lower (darker) gray levels, or vicecolor space operations, which goes beyond what we want to versa. Although this can be ascertained to some degree by
cover in this basic chapter.
visual examination of the image itself, the human eye has a
Suppose then that the single-valued image fin) to be tremendous ability to adapt to overall changes in luminance,
considered is defined on a two-dimensional discrete-space which may obscure shifts in the gray-level distribution. The
coordinate system n = (nl, n2) or n = (m, n). The image is histogram supplies an absolute method of determining an
assumed to be of finite support, with image domain [0, image's gray-level distribution.
M - I ] × [0, N - I ] . Hence the non-zero image data can be
For example, the Average Optical Density, or AOD is the
contained in a matrix or array of dimensions M × N (rows, basic measure of an image's overall average brightness or gray
columns). This discrete-space image will have originated by level. It can be computed directly from the image:
sampling a continuous image f(x,y) (see Chapter 7.1).
Furthermore, the image fin) is assumed to be quantized to K
1 N-1 M-1
(2)
levels {0. . . . , K - 1 }, hence each pixel value takes one of these
AOD(f) -- ~ Z Z f(nl, n2)
nl --0//2--0
integer values (Chapter 1.1). For simplicity, we will refer to
these values as gray levels, reflecting the way in which
monochromatic images are usually displayed. Since fin) is or it can be computed from the image histogram:
both discrete-space and quantized, it is digital.
1

3 Image Histogram

kHf(k).

(3)

k=0

The basic tool that is used in designing point operations on
digital images (and many other operations as well) is the
image histogram. The histogram Hf of the digital image f is a
plot or graph of the frequency of occurrence of each gray level
in f. Hence, Hf is a one-dimensional function with domain
{0. . . . . K - l } and possible range extending from 0 to the
number of pixels in the image, MN.
The histogram is given explicitly by

Hf(k) -- I

K-1

AOD(f) - -N---~Z

(1)

if f contains exactly l occurrences of gray level k, for each
k = 0 , . . . , /£-1. Thus, an algorithm to compute the image
histogram involves a simple counting of gray levels, which can
be accomplished even as the image is scanned. Every image
processing development environment and software library

The AOD is a useful and simple meter for estimating the
center of an image's gray-level distribution. A target value for
the AOD might be specified when designing a point operation
to change the overall gray-level distribution of an image.
Figure 1 depicts two hypothetical image histograms. The
one on the left has a heavier distribution of gray levels close to
zero (and a low AOD), while the one on the right is skewed
towards the right (a high AOD). Since image gray levels are
usually displayed with lower numbers indicating darker
pixels, the image on the left corresponds to a predominantly
dark image. This may occur if the image f was originally
underexposed prior to digitization, or if it was taken under
poor lighting levels, or perhaps the process of digitization was
performed improperly. A skewed histogram often indicates a
problem in gray-level allocation. The image on the right may
have been overexposed or taken in very bright light.
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FIGURE 1 Histograms of images with gray-level distribution skewed towards darker (left) and brighter (right) gray
levels. It is possible that these images are underexposed and overexposed, respectively.

Figure 2 depicts the 256 x 256 ( M = N = 2 5 6 ) gray-level
digital image "students" with gray-scale range {0. . . . . 255},
and its computed histogram. Although the image contains a
broad distribution of gray-levels, the histogram is heavily
skewed towards the dark end, and the image appears to be
poorly exposed. It is of interest to consider techniques that
attempt to "equalize" this distribution of gray levels. One of
the important applications of image point operations is to
correct for poor exposures like the one in Fig. 2. Of course,
there may be limitations on the effectiveness of any attempt to
recover an image from poor exposure, since information may
be lost. For example, in Fig. 2, the gray levels saturate at the
low end of the scale, making it difficult or impossible to
distinguish features at low brightness levels.
More generally, an image may have a histogram that
reveals a poor usage of the available gray-scale range. An
image with a compact histogram, as depicted in Fig. 3, will
often have a poor visual contrast or a "washed-out"

3000

appearance. If the gray-scale range is filled out, also depicted
in Fig. 3, then the image tends to have a higher contrast and
a more distinctive appearance. As will be shown, there are
specific point operations that effectively expand the grayscale distribution of an image.
Figure 4 depicts the 256 x256 gray-level image "books" and
its histogram. The histogram clearly reveals that nearly all of
the gray levels that occur in the image fall within a small range
of gray-scales, and the image is of correspondingly poor
contrast.
It is possible that an image may be taken under correct
lighting and exposure conditions, but that there is still a
skewing of the gray-level distribution towards one end of the
gray-scale or that the histogram is unusually compressed. An
example would be an image of the night sky, which is dark
nearly everywhere. In such a case, the appearance of the image
may be normal but the histogram will be very skewed. In some
situations, it may still be of interest to attempt to enhance

.
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FIGURE 2 The digital image "students" (left) and its histogram (right). The gray levels of this image are skewed
towards the left, and the image appears slightly underexposed.
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FIGURE 3 Histograms of images that make poor (left) and good (right) use of the available gray-scale range.
A compressed histogram often indicates an image with a poor visual contrast. A well-distributed histogram often has
a higher contrast and better visibility of detail.

or reveal otherwise difficult-to-see details in the image by
application of an appropriate point operation.

4 Linear Point Operations on Images
A point operation on a digital image fin) is a function h of a
single variable applied to identically to every pixel in the
image, thus creating a new, modified image g(n). Hence at
each coordinate n,

unchanged) according to the relation in (4). Therefore, a point
operation h does change the gray-level distribution or
histogram of an image, and hence the overall appearance
of the image.
Of course, there is an unlimited variety of possible effects
that can be produced by selection of the function h that
defines the point operation (4). Of these, the simplest are the
linear point operations, where h is taken to be a simple linear
function of gray level:
g(n) = Pf(n) + L.

g ( n ) - h[f(n)].

(5)

(4)

The form of the function h is determined by the task at hand.
However, since each output g(n) is a function of a single pixel
value only, the effects that can be obtained by a point
operation are somewhat limited. Specifically, no spatial
information is utilized in (4), and there is no change made
in the spatial relationships between pixels in the transformed
image. Thus, point operations do not effect the spatial
positions of objects in an image, nor their shapes. Instead,
each pixel value or gray level is increased or decreased (or

Linear point operations can be viewed as providing a graylevel additive offset L and a gray-level multiplicative scaling P
of the image f. Offset and scaling provide different effects, and
so we will consider them separately before examining the
overall linear point operation (5).
The saturation conditions Ig(n)l < 0 and Ig(n)l > K - 1 are to
be avoided if possible, since the gray levels are then not
properly defined, which can lead to severe errors in processing
or display of the result. The designer needs to be aware of this
so steps can be taken to ensure that the image is not distorted
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FIGURE 4 Digital image "books" (left) and its histogram (right). The image makes poor use of the available
gray-scale range.
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FIGURE 5 Effect of additive offset on the image histogram. Top: original image histogram; bottom: positive (left) and
negative (right) offsets shift the histogram to the right and to the left, respectively. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML

by values falling outside the range. If a specific wordlength has
been allocated to represent the gray level, then saturation may
result in an overflow or underflow condition, leading to very
large errors. A simple way to handle this is to simply clip those
values falling outside of the allowable gray-scale range to the
endpoint values. Hence, if Ig(n0)l < 0 at some coordinate no,
then set [g(n0)[- 0 instead. Likewise, if [g(n0)l > K-1, then fix
Ig(n0)[=K-1. Of course, the result is no longer strictly a
linear point operation. Care must be taken, since information
is lost in the clipping operation, and the image may appear
artificially flat in some areas if whole regions become clipped.

Here we have prescribed a range of values that L can take. We
have taken L to be an integer, since we are assuming that
images are quantized into integers in the range {0. . . . . K - 1 }.
We have also assumed that [L[ falls in this range, since
otherwise, all of the values of g(n) will fall outside the
allowable gray-scale range.
In (6), if L > 0, then g(n) will be a brightened version of the
image fin). Since spatial relationships between pixels are
unaffected, the appearance of the image will otherwise be
essentially the same. Likewise, if L < 0, then g(n) will be a
dimmed version of the f(n). The histograms of the two images
have a simple relationship:

Additive Image Offset

Hg(k) = H f ( k - L).

Suppose P = 1 and L is an integer satisfying [L[ _<K - 1 . An
additive image offset has the form
g(n) = f ( n ) + L.

(6)

(7)

Thus, an offset L corresponds to a shift of the histogram by
amount L to the left or to the right, as depicted in Fig. 5.
Figures 6 and 7 show the result of applying an additive
offset to the images "students" and "books" in Figs. 2 and 4,
I
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FIGURE 6 Left: Additive offset of the image "students" in Figure 2 by amount 60. Observe the clipping spike in the
histogram to the right at gray level 255.
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FIGURE 7 Left: Additive offset of the image "books" in Figure 4 by amount 80.

respectively. In both cases, the overall visibility of the images
has been somewhat increased, but there has not been an
improvement in the contrast. Hence, while each image as a
whole is easier to see, the details in the image are no more
visible than they were in the original. Figure 6 is a good
example of saturation; a large number of gray levels were
clipped at the high end (gray level 255). In this case, dipping
did not result in much loss of information.
Additive image offsets can be used to calibrate images to a
given average brightness level. For example, suppose we desire
to compare multiple images fx,f2 ..... fn of the same scene,
taken at different times. These might be surveillance images
taken of a secure area that experiences changes in overall
ambient illumination. These variations could occur because
the area is exposed to daylight.
A simple approach to counteract these effects is to equalize
the AOD's of the images. A reasonable AOD is the gray-scale
center 1£/2, although other values may be used depending on
the application. Letting L m - - A O D ( f m ) , for m = 1 . . . . . n, the
"AOD-equalized" images gx, g2. . . . . gn are given by
gin(n) = fro(n)

-

t m "3t-

K/2.

(8)

The resulting images then have identical AOD 1£/2.

Multiplicative Image Scaling
Next we consider the scaling aspect of linear point operations.
Suppose that L = 0 and P> 0. Then, a multiplicative image
scaling by factor P is given by
g(n) = Pf(n).

(9)

Here, P is assumed positive since g(n) must be positive. Note
that we have not constrained P to be an integer, since this

would usually leave few useful values of P; for example, even
taking P - 2 will severely saturate most images. If an integer
result is required, then a practical definition for the output
is to round the result in (9):
g(n) -- INT[Pf(n) + 0.5]

(10)

where INT[R] denotes the nearest integer that is less than or
equal to R.
The effect that multiplicative scaling has on an image
depends larger on whether P is larger or smaller than one. If
P > 1, then the gray levels of g will cover a broader range than
those of f. Conversely, if P < 1, then g will have a narrower
gray-level distribution than f. In terms of the image histogram,
Hg {INT[Pk + 0.5]} -- Hf(k).

(11)

Hence, multiplicative scaling by a factor P either stretches
or compresses the image histogram. Note that for
quantized images, it is not proper to assume that (11) implies
Hg(k) = Hf(k/P), since the argument of Hf(k/P) may not be
integer.
Figure 8 depicts the effect of multiplicative scaling on a
hypothetical histogram. For P> 1, the histogram is expanded
(and hence, saturation is quite possible), while for P < 1, the
histogram is contracted. If the histogram is contracted, then
multiple gray levels in f may map to single gray levels in g,
since the number of gray levels is finite. This implies a
possible loss of information. If the histogram is expanded,
then spaces may appear between the histogram bins where
gray levels are not being mapped. This, however, does not
represent a loss of information and usually will not lead to
visual information loss.
As a rule of thumb, histogram expansion often leads to a
more distinctive image that makes better use of the gray-scale

2.1 Basic Gray-Level Image Processing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I

I

I

0 A

Hg(k)

w

K-1

B

P>1

P(B-A)

I I

27

,

,

PA

PB

P<I

v

0

PA

PB

K-1

FIGURE 8 Effects of multiplicative image scaling on the histogram. If P > 1, the histogram is expanded, leading to
more complete use of the gray-scale range. If P < 1, the histogram is contracted, leading to possible information loss
and (usually) a less striking image.

range, provided that saturation effects are not visually and
noticeable. Histogram contraction usually leads to the
opposite: an image with reduced visibility of detail that is
Hg(k) -- H f ( K - 1 - k).
(13)
less striking. However, these are only rules of thumb, and there
are exceptions. An image may have a gray-scale spread that is
Scaling by P = - I
reverses (flips) the histogram; the additive
too extensive, and may benefit from scaling with P < 1.
offset L = K - 1 is required so that all values of the result are
Figure 9 shows the image "students" following a multiplicative scaling with P = 0.75, resulting in compression of the positive and fall in the allowable gray-scale range. This
operation creates a digital negative image, unless the image is
histogram. The resulting image is darker and less contrasted.
Figure 10 shows the image "books" following scaling with already a negative, in which case a positive is created. It should
P - - 2 . In this case, the resulting image is much brighter and be mentioned that unless the digital negative (12) is being
has a better visual resolution of gray levels. Note that most of computed, P > 0 in nearly every application of linear point
the high end of the gray-scale range is now used, although the operations.
low end is not. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An important application of (12) occurs when a negative is
scanned (digitized), and it is desired to view the positive
image. Figure 11 depicts the negative image associated with
Image Negative
"students." Sometimes, the negative image is viewed intenThe first example of a linear point operation that uses both
tionally, when the positive image itself is very dark. A c o m m o n
scaling and offset is the image negative, which is given by
example of this is for the examination of telescopic images
P - - 1 and L - K - 1. Hence
of star fields and faint galaxies. In the negative image, faint
bright objects appear as dark objects against a bright
g(n) - - f ( n ) + (K - 1)
(12) background, which can be easier to see.
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FIGURE 9 Histogram compression by multiplicative image scaling with P=0.75. The resulting image is less
distinctive. Note also the regularly-spaced tall spikes in the histogram; these are gray levels that are being "stacked,"
resulting in a loss of information, since they can no longer be distinguished.

28

Handbook of Image and Video Processing
3000

2000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1000

,L

50

100

150

200

250

FIGURE 10 Histogram expansion by multiplicative image scaling with P= 2.0. The resulting image is much more
visually appealing. Note the regularly-spacedgaps in the histogram that appear when the discrete histogram values are
spread out. This does not imply a loss of information or visual fidelity. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE

Full-Scale Histogram Stretch
We have already mentioned that an image that has a broadly
distributed histogram tends to be more visually distinctive.
The full-scale histogram stretch, which is also often called
a contrast stretch, is a simple linear point operation that
expands the image histogram to fill the entire available grayscale range. This is such a desirable operation that the
full-scale histogram stretch is easily the most common linear
point operation. Every image processing programming
environment and library contains it as a basic tool. Many
image display routines incorporate it as a basic feature.
Indeed, commercially-available digital video cameras for home
and professional use generally apply a full-scale histogram
stretch to the acquired image before being stored in camera
memory. It is called automatic gain control (AGC) on these
devices.
The definition of the multiplicative scaling and additive
offset factors in the full-scale histogram stretch depend on the
image fi Suppose that f has a compressed histogram with
maximum gray level value B and minimum value A, as shown
in Fig. 8 (top):
A -- mnin{f(n)}

and

B -- max{f (n)}

The goal is to find a linear point operation of the form (5) that
maps gray levels A and B in the original image to gray levels 0
and K - 1 in the transformed image. This can be expressed in
two linear equations:

PA - F L = 0

(15)

PB + L = K - 1

(16)

and

in the two unknowns (P, L), with solutions

P =

K- 1)

B-A

(17)

and
L-- -A(KSA).

(18)

Hence, the overall full-scale histogram stretch is given by

(14)

(19)
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FIGURE 11 Exampleof image negative with resulting reversed histogram.
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FIGURE 12 Full-scale histogram stretch of image "books."

We make the shorthand notation FSHS, since (19) will prove function that is very commonly used is the logarithmic point
to be commonly useful as an addendum to other algorithms. operation, which we describe in detail.
The operation in (19) can produce dramatic improvements in
the visual quality of an image suffering from a poor (narrow)
gray-scale distribution. Figure 12 shows the result of applying Logarithmic Point Operations
the full-scale histogram stretch to the images "books." The
Assuming that the image fin) is positive-valued, the
contrast and visibility of the image was, as expected, greatly
logarithmic point operation is defined by a composition of
improved. The accompanying histogram, which now fills the
two operations: a point logarithmic operation, followed by a
available range, also shows the characteristics gaps of an
full-scale histogram stretch:
expanded discrete histogram.
If the image f already has a broad gray-level range, then the
(21)
g ( n ) - FSHS{log[1 +f(n)]}.
histogram stretch may produce little or no effect. For example,
the image "students" (Fig. 2) has gray scales covering the
entire available range, as seen in the histogram accompanying Adding unity to the image avoids the possibility of taking the
the image. Therefore, (19) has no effect on "students." This is logarithm of zero. The logarithm itself acts to nonlinearly
unfortunate, since we have already commented that compress the gray level range. All of the gray level are com"students" might benefit from a histogram manipulation pressed to the range [0, log(K)]. However, larger (brighter)
that would re-distribute the gray level densities. Such a gray levels are compressed much more severely than are
transformation would need to nonlinearly re-allocate the smaller gray levels. The subsequent FSHS operation then acts
images gray level values. Such nonlinear point operations to linearly expand the log-compressed gray levels to fill the
are described next. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
gray-scale range. In the transformed image, dim objects in the
original are now allocated a much larger percentage of the
gray-scale range, hence improving their visibility.
The logarithmic point operation is an excellent choice for
5 Nonlinear Point Operations on
improving the appearance of the image "students," as shown
Images
in Fig. 13. The original image (Fig. 2) was not a candidate for
FSHS because of its broad histogram. The appearance of the
We now consider nonlinear point operations of the form
original suffers because many of the important features of the
image are obscured by darkness. The histogram is significantly
g(n)- h[f(n)]
(20) spread at these low brightness levels, as can be seen by
comparing to Fig. 2, and also by the gaps that appear in the
low end of the histogram. This does not occur at brighter gray
where the function h is nonlinear. Obviously, this encom- levels.
passes a wide range of possibilities. However, there are only a
Certain applications quite commonly use logarithmic point
few functions h that are used with any great degree of operations. For example, in astronomical imaging, a relatively
regularity. Some of these are functional tools that are used as few bright pixels (stars and bright galaxies, etc.) tend to
part of larger, multi-step algorithms, such as absolute value, dominate the visual perception of the image, while much of
square, and square-root functions. One such simple nonlinear the interesting information lies at low bright levels (e.g., large,
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FIGURE 13 Logarithmic gray-scale range compression followed by FSHS applied to image "students."

faint nebulae). By compressing the bright intensities much
more heavily, then applying FSHS, the faint, interesting details
visually emerge.
Later, in Chapter 2.3, the Fourier Transforms of images will
be studied. The Fourier transform magnitudes, which are of
the same dimensionalities as images, will be displayed as
intensity arrays for visual consumption. However, the Fourier
transforms of most images are dominated visually by the
Fourier coefficients of a relatively few low frequencies, so the
coefficients of important high frequencies are usually difficult
or impossible to see. However, a point logarithmic operation
usually suffices to ameliorate this problem, and so image
Fourier transforms are usually displayed following application
of (21), both in this Handbook and elsewhere.

for k - 0 , . . . ,

K-1. This function has the property that
K-1

Epf(k)-

1.

(23)

k=0

The normalized histogram pf(k) has a valid interpretation as
the empirical probability density (mass function) of the gray
level values of image f. In other words, if a pixel coordinate n
is chosen at random, then pf(k) is the probability that fin) = k:

pf(k) = Pr{ f(n) = kJ.
We also define the cumulative normalized image histogram
to be
r

Pf(r)-Epf(k);

r - 0 , .... K - 1 .

(24)

k=O

Histogram Equalization
One of the most important nonlinear point operations is
histogram equalization, also called histogram flattening. The
idea behind it extends that of FSHS: not only should an image
fill the available gray-scale range, but it should be uniformly
distributed over that range. Hence, an idealized goal is a flat
histogram. Although care must be taken in applying a
powerful nonlinear transformation that actually changes the
shape of the image histogram, rather than just stretching it,
there are good mathematic reasons for regarding a flat
histogram as a desirable goal. In a certain sense, 1 an image
with a perfectly flat histogram contains the largest possible
amount of information or complexity.
In order to explain histogram equalization, it will be
necessary to make some refined definitions of the image
histogram. For an image containing MN pixels, the normalized
image histogram is given by
1

pf(k) - MN Hf(k)
1In the sense of maximum entropy, see Chapter 5.1.

(22)

The function Pf(r) is an empirical probability distribution
function, hence it is a nondecreasing function, and also
Pf(K-1) = 1. It has the probabilistic interpretation that for a
randomly selected image coordinate n, Pf(r)=Pr{f(n)<_r}.
From (24) it is also true that:

pf(k) - Pf(k) - Pf(k- 1) ; k - 0 ..... K - 1

(25)

so Pf(k) and pf(k) can be obtained from each other. Both are
complete descriptions of the gray level distribution of the
image f.
In order to understand the process of digital histogram
equalization, we first explain the process supposing that the
normalized and cumulative histograms are functions of
continuous variables. We will then formulate the digital case
of an approximation of the continuous process. Hence,
suppose that pf(x) and Pf(x) are functions of a continuous
variable x. They may be regarded as image probability density
function (pdf) and cumulative distribution function (cdf),
with relationship pf(x)= dPf(x)ldx. We will also assume that
pfl exists. Since Pf is non-decreasing, this is either true or
pfl can be defined by a convention. In this hypothetical
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FIGURE 14 Histogram equalization applied to the image "students."

for 0 _<x _< 1. Finally, the normalized histogram of g is

continuous case, we claim that the image
FSHS(g)

(26) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
pg(X)- dQ(x)/dx- 1
(30)

where

for 0 _<x _< 1. Since pg(x) is defined only for 0 _<x _< 1, FSHS
in (26) is required to stretch the flattened histogram to fill
the gray-scale range.
To flatten the histogram of a digital image f, first compute
has a uniform (flat) histogram. In (26), Pf(f) denotes that Pf
the discrete cumulative normalized histogram Pf(k), apply
is applied on a pixelwise basis to f:
(28) at each n, then (26) to the result. However, while an
image
with a perfectly flat histogram is the result in the ideal
g ( n ) - Pf[f(n)]
(28)
continuous case outlined above, in the digital case the output
for all n. Since Pf is a continuous function, (26)-(28) histogram is only approximately flat, or more accurately, more
represents a smooth mapping of the histogram of image f flat than the input histogram. This follows since (26)-(28)
to an image with a smooth histogram. At first, (27) may collectively is a point operation on the image f, so every
seem confusing since the function Pf that is computed from occurrence of gray level k maps to Pf(k) in g. Hence,
f is then applied to f. To see that a flat histogram is obtained, histogram bins are never reduced in amplitude by (26)-(28),
we use the probabilistic interpretation of the histogram. although they may increase if multiple gray-levels map to the
same value (thus destroying information). Hence, the
The cumulative histogram of the resulting image g is:
histogram cannot be truly equalized by this procedure.
Figures 14 and 15 show histogram equalization applied to
Pg(x)- Pr{g < x} -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Pr{Pf(f) < x}
our ongoing example images "students" and "books,"
respectively. Both images are much more striking and viewable
(29)
= Prlf _ < / ) 7 1 ( x ) ] - / ) f l / ) 7 1 ( x ) ] - - x
than the original. As can be seen, the resulting histograms

g - Pf(f)

(27)

3000

2000

1000

0
50

100

150

FIGURE 15 Histogram equalization applied to the image "books."
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FIGURE 16 Histogram of the image "books" shaped to match a "V."

are not really flat; it is "flatter" in the sense that the histograms
are spread as much as possible. However, the heights of
peaks are not reduced. As is often the case with expansive
point operations, gaps or spaces appear in the output
histogram. These are not a problem unless the gaps
become large and some of the histogram bins become
isolated. This amounts to an excess of quantization in that
range of gray levels, which may result in false contouring
(Chapter 1.1).

Histogram Shaping
In some applications, it is desired to transform the image
into one that has a histogram of a specific shape. The
process of histogram shaping generalizes histogram equalization, which is the special case where the target shape is
flat. Histogram shaping can be applied when multiple
images of the same scene, but taken under mildly different
lighting conditions, are to be compared. This extends the
idea of AOD-equalization described earlier in this chapter.
By shaping the histograms to match, the comparison may
exclude minor lighting effects. Alternately, it may be that
the histogram of one image is shaped to match that of
another, again usually for the purpose of comparison. Or it
might simply be that a certain histogram shape, such as a
Gaussian, produces visually agreeable results for a certain
class of images.
Histogram shaping is also accomplished by a nonlinear
point operation defined in terms of the empirical image
probabilities or histogram functions. Again, exact results are
obtained in the hypothetical continuous-scale case. Suppose
that the target (continuous) cumulative histogram function is
Q(x), and that Q-1 exists. Then let

g _ Q-l[pf(f)]

(31)

where both functions in the composition are applied on a
pixelwise basis. The cumulative histogram of g is then:

Pr{Q-l[Pf(f)] < x}
Pg(x)- Pr{g < x} -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGF
=

Pr{Ps(f) _<Q(x)}- Pr[f _<P?I[(~(x)]}

(32)

= " , 1"?1 [O(x)] } -- I~(X),

as desired. Note that FSHS is not required in this instance.
Of course, (32) can only be approximated when the image f
is digital. In such cases, the specified target cumulative
histogram function Q(k) is discrete, and some convention for
defining Q-1 should be adopted, particularly if Q is computed
from a target image and is unknown in advance. One common
convention is to define
Q - l ( k ) - m~n{S • Q(S) >__k}.

(33)

As an example, Fig. 16 depicts the result of shaping the
histogram of "books" to match the shape of an inverted "V"
centered at the middle gray level and extending across the
entire gray scale. Again, a perfect "V" is not produced,
although an image of very high contrast is still produced.
Instead, the histogram shape that results is a crude
approximation to the target.

6 Arithmetic Operations Between
Images
We now consider arithmetic operations defined on multiple
images. The basic operations are pointwise image addition/
subtraction and pointwise image multiplication/division.
Since digital images are defined as arrays of numbers, these
operations need to be defined carefully.

2.1 Basic Gray-Level Image Processing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Suppose we have n N x M images fl, f2 . . . . . f,. It is
important that they be of the same dimensions since we will be
defining operations between corresponding array elements
(having the same indices).
The sum of n images is given by

33

The most common generic noise model is additive noise,
where a noisy observed image is taken to be the sum of an
original, uncorrupted image g and a noise image q:
f -- g + q,

(40)

where q is an two-dimensional N x M random matrix, with
fl +f2 + ... + fn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(34) elements q(n) that are random variables. Chapter 4.4 develops
m=l
the requisite mathematics for understanding random quantities and provides the basis for noise filtering. In this basic
while for any two images f , fs the image difference is
chapter we will not require this more advanced development.
Instead, we make the simple assumption that the noise is zero
fr --fs.
(35)
mean. If the noise is zero mean, then the average (or sample
mean) of n independently occurring noise matrices qx, q2. . . . .
The pointwise product of the n N x M images fl . . . . . f~ is qn tends towards zero as n grows large: 2
denoted by

-- £fm

(1)£qm~O
fl ®f2 @ ... ®fn -- f i f m

(36)

(41)

m--1

m--1

where in (36) we do not infer that the matrix product is being
taken. Instead, the product is defined on a pointwise basis.
Hence g = f l ®f2 @ . . . @f~ if and only if
g(n) - fl (n)f2(n) ... f,(n)

(37)

for every n. In order to clarify the distinction between matrix
product and pointwise array product, we introduce the special
notation "®" to denote the pointwise product. Given two
images fr, fS the pointwise image quotient is denoted

g - fr A fs

(38)

where 0 denotes the N x M matrix of zeros.
Now suppose that we are able to obtain n images fl,f2 . . . . .
fn of the same scene. The images are assumed to be noisy
versions of an original image g, where the noise is zero-mean
and additive:
(42)

fm -- g + qm

for m = 1. . . . . n. Hence, the images are assumed either to be
taken in rapid succession, so that there is no motion between
frames, or under conditions where there is no motion in the
scene. In this way only the noise contribution varies from
image to image.
By averaging the multiple noisy images (42):

if for every n it is true that fs(n) -Y=0 and
g(n) - f r ( n ) / f s ( n ) .

(39)

The pointwise matrix product and quotient are mainly useful
when manipulating Fourier transforms of images, as will be
seen in Chapter 2.3. However, the pointwise image sum and
difference, despite their simplicity, have important applications that we will examine next.

Image-Averaging for Noise Reduction
Images that occur in practical applications invariably suffer
from random degradations that are collectively referred to as
noise. These degradations arise from numerous sources,
including radiation scatter from the surface before the image
is sensed; electrical noise in the sensor or camera; channel
noise as the image is transmitted over a communication
channel; bit errors after the image is digitized, and so on.
A good review of various image noise models is given in
Chapter 4.4 of this Handbook.

C,m
m=l

qm'
m=l

rn=l

m=l

m--1

g

(43)

using (41). If a large enough number of frames are averaged
together, then the resulting image should be nearly noise-free,
and hence should approximate the original image. The
amount of noise reduction can be quite significant; one can
expect a reduction in the noise variance by a factor n. Of
course, this is subject to inaccuracies in the model, e.g., if there
is any change in the scene itself, or if there are any
2More accurately, the noise must be assumed mean-ergodic,which means
that the sample mean approaches the statistical mean over large sample sizes.
This assumption is usually quite reasonable. The statistical mean is defined in
Chapter 4.5.
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(a)

(b)

(c)

FIGURE 17 Exampleof image averagingfor noise reduction. (a) Single noisy image; (b) averageof four frames;
(c) averageof 16 frames (courtesyof Chris Neils).

dependencies between the noise images (e.g., in an extreme motion is also useful for tracking targets, for recognizing
case, the noise images might be identical), then the reduction objects by their motion, and for computing three-dimensional
scene information from two-dimensional motion.
in the noise will be limited.
If the time separation between frames is not small, then
Figure 17 depicts the process of noise reduction by frame
averaging in an actual example of confocal microscope change detection can involve the discovery of gross scene
imaging (Chapter 10.7). The image(s) are of Macroalga changes. This can be useful for security or surveillance
Valonia microphysa, imaged with a laser scanning confocal cameras, or in automated visual inspection systems, for
microscope (LSCM). The dark ring is chlorophyll fluorescing example. In either case, the basic technique for change
under Ar laser excitation. As can be seen, in this case the detection is the image difference. Suppose that fl and j~ are
process of image averaging is quite effective in reducing the images to be compared. Then the absolute difference image
apparent noise content, and in improving the visual resolution
g - ~fl -j~[
(44)
of the object being imaged. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Image Differencing for Change Detection
Often it is of interest to detect changes that occur in images
taken of the same scene but at different times. If the time
instants are closely placed, e.g., adjacent frames in a video
sequence, then the goal of change detection amounts to image
motion detection (Chapter 3.8). There are many applications
of motion detection and analysis. For example, in video compression algorithms, compression performance is improved by
exploiting redundancies that are tracked along the motion
trajectories of image objects that are in motion. Detected

will embody those changes or differences that have occurred
between the images. At coordinates n where there has been
little change, g(n) will be small. Where change has occurred,
g(n) can be quite large. Figure 18 depicts image differencing.
In the difference image, large changes are displayed as brighter
intensity values. Since significant change has occurred, there
are many bright intensity values. This difference image could
be processed by an automatic change detection algorithm. A
simple series of steps that might be taken would be to binarize
the difference image, thus separating change from nonchange, using a threshold (Chapter 2.2), counting the number
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FIGURE 18 Imagedifferencingexample. (a) Original placid scene; (b) a theft is occurring! (c) the differenceimage
with brighter points signifyinglarger changes; (d) the histogram.
of high-change pixels, and finally, deciding whether the however, is primarily concerned with creating images of an
change is significant enough to take some action. Sophisti- unreal world, or at least a visually modified reality, and
cated variations of this theme are currently in practical use. subsequently geometric distortions are commonly used in that
The histogram in Fig. 18(d) is instructive, since it is discipline.
characteristic of differenced images; many zero or small
A geometric image operation generally requires two steps:
gray-level changes occur, with the incidence of larger changes First, a spatial mapping of the coordinates of an original image
falling off rapidly. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f to define a new image g:

7 Geometric Image Operations
We conclude this chapter with a brief discussion of geometric
image operations. Geometric image operations are, in a sense,
the opposite of point operations: they modify the spatial
positions and spatial relationships of pixels, but they do not
modify gray level values. Generally, these operations can be
quite complex and computationally intensive, especially when
applied to video sequences. However, the more complex
geometric operations are not much used in engineering image
processing, although they are heavily used in the computer
graphics field. The reason for this is that image processing is
primarily concerned with correcting or improving images of
the real world, hence complex geometric operations, which
distort images, are less frequently used. Computer graphics,

g(n) = f(n') = f[a(n)].

(45)

Thus, geometric image operations are defined as functions
of position rather than intensity. The two-dimensional,
two-valued mapping function a ( n ) = [al(nl, n2) , a2(nl, n2) ]
is usually defined to be continuous and smoothly-changing,
but the coordinates a(n) that are delivered are not
generally integers. For example, if a(n)=(nl/3, n2/4), then
g(n) =f(n1/3, n2/4), which is not defined for most values of
(nl, n2). The question then is, which value(s) of f a r e used to
define g(n), when the mapping does not fall on the standard
discrete lattice?
Thus implies the need for the second operation: interpolation of non-integer coordinates al(nl, n2) and az(nl, n2)
to integer values, so that g can be expressed in a standard
row-column format. There are many possible approaches
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for accomplishing interpolation; we will look at two of
Regardless of the interpolation approach that is used, it is
nearest neighbor interpolation, and bilinear inter- possible that the mapping coordinates al(nl, n2), a2(nl, n2) do
the simplest: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
polation. The first of these is too simplistic for many tasks, not fall within the pixel ranges
while the second is effective for most. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 < al(nl, n2) _< M -

1

0 < a2(nl, n2) _< N -

1,

and/or

Nearest Neighbor Interpolation
Here, the geometrically transformed coordinates are mapped
to the nearest integer coordinates of fi
g(n) = f{INT[al(nl, n2) + 0.5], INT[a2(nl, n2) + 0.5]} (46)
where INT[R] denotes the nearest integer that is less than
or equal to R. Hence, the coordinates are rounded prior to
assigning them to g. This certainly solves the problem of
finding integer coordinates of the input image, but it is quite
simplistic, and, in practice, it may deliver less than impressive
results. For example, several coordinates to be mapped may
round to the same values, creating a block of pixels in the
output image of the same value. This may give an impression
of "blocking," or of structure that is not physically meaningful. The effect is particularly noticeable along sudden
changes in intensity, or "edges," which may appear jagged
following nearest neighbor interpolation.

Bilinear Interpolation
Bilinear interpolation produces a smoother interpolation than
does the nearest neighbor approach. Given four neighboring
image coordinates f(nlo, n20), f(n11, n21), f(n12, n22), and
f(n13, n23) (these can be the four nearest neighbors of
f[a(n)]), then the geometrically transformed image g(nl, n2)
is computed as
g(nl, n2) -- Ao + Alnl + A2n2 + A3nln2

(47)

(49)

in which case it is not possible to define the geometrically
transformed image at these coordinates. Usually a nominal
value is assigned, such as g ( n ) - 0, at these locations.

Image Translation
The most basic geometric transformation is the image
translation, where
al(nl, n2) = nl - bl and a2(nl, n2) -- n2 - b2

(50)

where (bl, b2) are integer constants. In this case g(nl, n2)=
f(nl -- bl, n2 - b2), which is a simple shift or translation ofg by
an amount bl in the vertical (row) direction and an a m o u n t b2
in the horizontal direction. This operation is used in image
display systems, when it is desired to move an image about,
and it is also used in algorithms, such as image convolution
(Chapter 2.3), where images are shifted relative to a reference.
Since integer shifts can be defined in either direction, there is
no need for the interpolation step.

Image Rotation
Rotation of the image g by an angle 0 relative to the horizontal
(nl) axis is accomplished by the following transformations:

al(nl,n2) -- nl cos0-- n2 sin0
and

(51)
a2(nl, n2) - nl sin 0 + n2 cos0

which is a bilinear function in the coordinates (nl, n2). The
bilinear weights Ao, A1, A2, and A3 are found by solving

Ao

1

nlo

n20

nlon20

A1

1

nil

n21

nlln21

A2

1

hi2

n22

n12n22

A3

1

hi3

n23

n13n23

-1 Vf(nlo,

n20)

I f ( n i l , n21)
1

(48)

[f(nl2, n22)

l

Lf(nl3, n23)

Thus, g(nl, n2) is defined to be a linear combination of the
gray levels of its four nearest neighbors. The linear combination defined by (48) is in fact the value assigned to g(nl, n2)
when the best (least-squares) planar fit is made to these four
neighbors. This process of optimal averaging produces a
visually smoother result.

The simplest cases are: 0 = 90 °, where [al(nl, n2), a2(nl, n2)] =
(--n2, nx); 0 -- 180°, where [al(nl, n2), a2(nl, n2)] -- ( - n l , - n2);
and 0 = - 9 0 °, where [ a l ( n l , n2), a2(nl, n2)] -- (n2, -- hi). Since
the rotation point is not defined here as the center of the
image, the arguments (51) may fall outside of the image
domain. This may be ameliorated by applying an image
translation either before or after the rotation to obtain
coordinate values in the nominal range.

Image Zoom
The image zoom either magnifies or minifies the input image
according to the mapping functions
al(nl, n2) -- nl/c

and

a2(nl, n2) = n2/d

(52)
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FIGURE 19 Exampleof (4x) image zoom followedby interpolation. (a) Nearest-neighborinterpolation; (b) bilinear
interpolation.
where c >_ 1 and d >_ 1 to achieve magnification, and c < 1 and
d < 1 to achieve minification. If applied to the entire image,
then the image size is also changed by a factor c (d) along the
vertical (horizontal) direction. If only a small part of an image
is to be zoomed, then a translation may be made to the corner
of that region, the zoom applied, and then the image cropped.
The image zoom is a good example of a geometric
operation for which the type of interpolation is important,
particularly at high magnifications. With nearest neighbor
interpolation, many values in the zoomed image may be
assigned the same gray scale, resulting in a severe "blotching"
or "blocking" effect. The bilinear interpolation usually
supplies a much more viable alternative.
Figure 19 depicts a 4x zoom operation applied to the image
in Fig. 13 (logarithmically transformed "students"). The
image was first zoomed, creating a much larger image (16
times as many pixels). The image was then translated to a
point of interest (selected, e.g., by a mouse), then was cropped

to size 256 x 256 pixels around this point. Both nearestneighbor and bilinear interpolation were applied for the
purpose of comparison. Both provide a nice "close-up" of the
original, making the faces much more identifiable. However,
the bilinear result is much smoother, and does not contain the
blocking artifacts that can make recognition of the image
difficult.
It is important to understand that image zoom followed by
interpolation does not inject any new information into the
image, although the magnified image may appear easier to see
and interpret. The image zoom is only an interpolation of
known information. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM
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1 Introduction
In this second chapter on basic methods, we explain and
demonstrate fundamental tools for the processing of binary
digital images. Binary image processing is of special interest,
since an image in binary format can be processed using very
fast logical (Boolean) operators. Often, a binary image has
been obtained by abstracting essential information from a
gray-level image, such as object location, object boundaries, or
the presence or absence of some image property.
As seen in the previous two chapters, a digital image is an
array of numbers or sampled image intensities. Each gray level
is quantized or assigned one of a finite set of numbers
represented by B bits. In a binary image, only one bit is assigned
to each pixel: B-- 1 implying two possible gray-level values, 0
and 1. These two values are usually interpreted as Boolean,
hence each pixel can take on the logical values "0" or "1", or
equivalently, "true" or "false." For example, these values might
indicate the absence or presence of some image property in an
associated gray-level image of the same size, where "1" at a
given coordinate indicates the presence of the property at that
coordinate in the gray-level image, and "0" otherwise. This
image property is quite commonly a sufficiently high or low
intensity (brightness), although more abstract properties, such
as the presence or absence of certain objects, or smoothness/
nonsmoothness, etc., might be indicated.
Since most image display systems and software assume
images of eight or more bits per pixel, the question arises at to
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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how binary images are displayed. Usually, they are displayed
using the two extreme gray tones, black and white, which are
ordinarily represented by 0 and 255, respectively, in a grayscale display environment, as depicted in Fig. 1. There is no
established convention for the Boolean values that are assigned
to "black" and to "white." In this chapter we will uniformly
use "1" to represent "black" (displayed as gray level 0) and
"0" to represent "white" (displayed as gray level 255).
However, the assignments are quite commonly reversed, and
it is important to note that the Boolean values "0" and "1"
have no physical significance other than what the user assigns
to them.
Binary images arise in a number of ways. Usually, they are
created from gray-level images for simplified processing or for
printing (see Chapter 8.1 on image halftoning). However,
certain types of sensors directly deliver a binary image output.
Such devices are usually associated with printed, handwritten
or line drawing images, with the input signal being entered
by hand on a pressure sensitive tablet, a resistive pad, or a
light pen.
In such a device, the (binary) image is first initialized prior
to image acquisition:
g(n) = "0"

(1)

at all coordinates n. When pressure, a change of resistance,
or light is sensed at some image coordinate no, then the image
is assigned the value "1":
g(n0) = "1"

(2)
39
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produce different valuable abstractions of the image. Other
thresholds may produce little valuable information at all. It is
instructive to observe the result of thresholding an image at
many different levels in sequence. Figure 3 depicts the image
o o ~ ~ ~ o ~ o o ~
~ o ~ o ~ o o ~ o ~
"mandrill" (Figure 8 of Chapter 1.1) thresholded at four
O ~ O 0 0 0 ~ A V ~ O
different levels. Each produces different information, or in the
case of Figs. 3(a) and 3(d), very little useful information.
Among these, Fig. 3(c) probably contains the most visual
FIGURE 1 A 10 x 10 binary image.
information, although it is far from ideal. The four threshold
values (50, 100, 150, 200) were chosen without using any
This continues until the user completes the drawing, as visual criterion.
depicted in Fig. 2. These simple devices are quite useful for
As will be seen, image thresholding can often produce a
entering engineering drawings, handprinted characters, or binary image result that is quite useful for simplified
processing, interpretation or display. However, some grayother binary graphics in a binary image format. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
level images do not lead to any interesting binary result
regardless of the chosen threshold T.
2 Image Thresholding
Several questions arise: given a gray-level image, how does
one decide whether binarization of the image by gray-level
Usually, a binary image is obtained from a gray-level image by thresholding will produce a useful result? Can this be decided
some process of information abstraction. The advantage of the automatically by a computer algorithm? Assuming that
B-fold reduction in the required image storage space is offset thresholding is likely to be successful, how does one decide
by what can be a significant loss of information in the resulting on a threshold level T? These are apparently simple questions
binary image. However, if the process is accomplished with pertaining to a very simple operation. However, the answers to
care, then a simple abstraction of information can be obtained these questions turn out to be quite difficult to answer in the
that can enhance subsequent processing, analysis, or inter- general case. In other cases, the answer is simpler. In all cases,
pretation of the image.
however, the basic tool for understanding the process of image
The simplest such abstraction is the process of image thresholding is the image histogram, which was defined and
thresholding, which can be thought of as an extreme form of studied in Chapter 2.1.
gray-level quantization. Suppose that a gray-level image f
Thresholding is most commonly and effectively applied to
can take K possible gray levels 0, 1, 2 . . . . . K - 1 . Define an images that can be characterized as having bimodal histograms.
integer threshold, T, that lies in the gray-scale range: Figure 4 depicts two hypothetical image histograms. The one
T ~ {0, 1, 2 . . . . , K - 1}. The process of thresholding is a pro- on the left has two clear modes; the one at the right either has
cess of simple comparison: each pixel value in f is compared a single mode, or two heavily-overlapping, poorly separated
to T. Based on this comparison, a binary decision is made that modes.
defines the value of the corresponding pixel in an output
Bimodal histograms are often (but not always!) associated
binary image g:
with images that contain objects and background having
significantly different average brightness. This may imply
bright
objects on a dark background, or dark objects on a
"0" if f(n) _> T
(3) bright background. The goal, in many applications, is to
g(n)- "1" i f f ( n ) < T
separate the objects from the background, and to label them as
object or as background. If the image histogram contains well
Of course, the threshold T that is used is of critical separated modes associated with object and with background,
importance, since it controls the particular abstraction of then thresholding can be the means for achieving this
information that is obtained. Indeed, different thresholds can separation. Practical examples of gray-level images with wellseparated bimodal histograms are not hard to find. For
example, an image of machine-printed type (like that being
currently read), or of handprinted characters, will have a very
distinctive separation between object and background. Examples abound in biomedical applications, where it is often
possible to control the lighting of objects and background.
Standard bright-field microscope images of single or multiple
cells (micrographs) typically contain bright objects against a
darker background. In many industry applications, it is also
possible to control the relative brightness of objects of
FIGURE 2 Simplebinary image device.
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FIGURE 3

(a)

(b)

(c)

(d)

Image "mandrill" thresholded at gray-levels (a) 50; (b) 100; (c) 150; and (d) 150.

interest and the backgrounds they are set against. For example,
machine parts that are being imaged (perhaps in an automated
inspection application) may be placed on a mechanical
conveyor that has substantially different reflectance properties
than the objects.
Given an image with a bimodal histogram, a general
strategy for thresholding is to place the threshold T between
the image modes, as depicted in Fig. 4(a). Many "optimal"
strategies have been suggested for deciding the exact place-

Hf(k)k ~ ~ ~

...

Threshold T

I

0

I

g r a y level k

(a)
FIGURE 4
modes.

K- 1

v

ment of the threshold between the peaks. Most of these are
based on an assumed statistical model for the histogram, and
by posing the decision of labeling a given pixel as "object"
versus "background" as a statistical inference problem. In the
simplest version, two hypotheses are posed:
H0: The pixel belongs to gray level Population 0
Hi" The pixel belongs to gray level Population 1

Hf(k)

I

0

!

g r a y level k

v

K-1

(b)

Hypothetical histograms. (a) Well-separated modes. (b) Poorly separated or indistinct
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(a)

(b)

FIGURE 5 Hypothetical histograms. (a) Multimodal histogram, showing difficulty of threshold
selection. (b) Non-modal histogram, for which threshold selection is quite difficult or impossible.

where pixels from population 0 and 1 have conditional
probability density functions (pdfs) pf(a[Ho) and pl(a[H1),
respectively, under the two hypotheses. If it is also known (or
estimated) that H0 is true with probability P0 and that H1 is
true with probability Pl (P0 + Pl = 1), then the decision may
be cast as a likelihood ratio test. If an observed pixel has graylevel f(n) = k, then the decision may be rendered according to
H1

pf(k[H1) > Po

p/(klHo) < p~
Ho

(4)

The decision whether to assign logical "0" or "1" to a pixel can
thus be regarded as applying a simple statistical test to each
pixel. In (4), the conditional pdfs may be taken as the modes of
a bimodal histogram. Algorithmically, this means that they
must be fit to the histogram using some criterion, such as leastsquares. This is usually quite difficult, since it must be decided
that there are indeed two separate modes, the locations
(centers) and widths of the modes must be estimated, and a
model for the shape of the modes must be assumed. Depending
on the assumed shape of the modes (in a given application, the
shape might be predictable), specific probability models might
be applied, e.g., the modes might be taken to have the shape
of Gaussian pdfs (Chapter 4.5). The prior probabilities P0
and Pl are often easier to model, since in many applications
the relative areas of object and background can be estimated
or given reasonable values based on empirical observations.
A likelihood ratio test such as (4) will place the image
threshold T somewhere between the two modes of the image
histogram. Unfortunately, any simple statistical model of
the image does not account for such important factors as
object/background continuity, visual appearance to a human
observer, non-uniform illumination or surface reflectance
effects, and so on. Hence, with rare exceptions, a statistical
approach such as (4) will not produce as good a result as
would a human decision-maker making a manual threshold
selection.
Placing the threshold T between two obvious modes of
a histogram may yield acceptable results, as depicted in
Fig. 4(a). The problem is significantly complicated, however,
if the image contains multiple distinct modes or if the image

is non-modal or level. Multi-modal histograms can occur
when the image contains multiple objects of different average
brightness on a uniform background. In such cases, simple
thresholding will exclude some objects (Fig. 5). Non-modal
or flat histograms usually imply more complex images,
containing significant gray-level variation, detail, nonuniform lighting or reflection, etc. (Fig. 5). Such images
are often not amenable to a simple thresholding process,
especially if the goal is to achieve figure-ground separation.
However, all of these comments are, at best, rules of thumb.
An image with a bimodal histogram might not yield good
results when thresholded at any level, while an image with a
perfectly flat histogram might yield an ideal result. It is a
good mental exercise to consider when these latter cases
might occur.
Figures 6-8 shows several images, their histograms, and the
thresholded image results. In Fig. 6, a good threshold level for
the micrograph of the cellular specimens was taken to be
T = 180. This falls between the two large modes of the
histogram (there are many smaller modes) and was deemed to
be visually optimal by one user. In the binarized image, the
individual cells are not perfectly separated from the background. The reason for this is that the illuminated cells have
non-uniform brightness profiles, being much brighter towards
the centers. Taking the threshold higher ( T = 200), however,
does not lead to improved results, since the bright background
then begins to fall below threshold.
Figure 7 depicts a negative (for better visualization) of a
digitized mammogram. Mammography is the key diagnostic
tool for the detection of breast cancer, and in the future,
digital tools for mammographic imaging and analysis. The
image again shows two strong modes, with several smaller
modes. The first threshold chosen (T--190) was selected at
the minimum point between the large modes. The resulting
binary image has the nice result of separating the region of the
breast from the background. However, radiologists are often
interested in the detailed structure of the breast and in the
brightest (darkest in the negative) areas which might indicate
tumors or microcalcifications. Figure 7(d) shows the result of
thresholding at the lower level of 125 (higher level in the
positive image), successfully isolating much of the interesting
structure.
Generally, the best binarization results via thresholding are
obtained by direct human operator intervention. Indeed, most
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FIGURE6 Binarizationof"micrograph." (a) Original; (b) histogramshowingtwo threshold locations (180 and 200);
(c) and (d) resulting binarized images.

general-purpose image processing environments have thresholding routines that allow user interaction. However, even
with a human picking a visually "optimal" value of T,
thresholding rarely gives "perfect" results. There is nearly
always some misclassification of object as background, and
vice-versa. For example in the image "micrograph," no value
of T is able to successfully extract the objects from the
background; instead, most of the objects have "holes" in
them, and there is a sprinkling of black pixels in the
background as well.
Because of these limitations of the thresholding process, it is
usually necessary to apply some kind of region correction
algorithms to the binarized image. The goal of such algorithms
is to correct the misclassification errors that occur. This
requires identifying misclassified background points as object
points, and vice-versa. These operations are usually applied
directly to the binary images, although it is possible to
augment the process by also incorporating information from
the original gray-scale image. Much of the remainder of this
chapter will be devoted to algorithms for region correction of
thresholded binary images.

3 Region

Labeling

A simple but powerful tool for identifying and labeling the
various objects in a binary image is a process called region
labeling, blob coloring, or connected component identification.
It is useful since once they are individually labeled, the objects
can be separately manipulated, displayed or modified. For
example, the term "blob coloring" refers to the possibility
of displaying each object with a different identifying color,
once labeled.
Region labeling seeks to identify connected groups of
pixels in a binary image f that all have the same binary value.
The simplest such algorithm accomplishes this by scanning
the entire image (left-to-right, top-to-bottom), searching for
occurrences of pixels of the same binary value and connected
along the horizontal or vertical directions. The algorithm can
be made slightly more complex by also searching for diagonal
connections, but this is usually unnecessary. A record of
connected pixels groups is maintained in a separate label
array r having the same dimensions as f, as the image is

44

Handbook of Image and Video Processing
3000

2000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1000

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1O0
150
200
250
5O
(a)

(b)
..

:\-...~..-k
..~.

.

%

\

(c)

....

(d)

FIGURE7 Binarizationof "mammogram." (a) Original negativemammogram; (b) histogram showingtwo
threshold locations (190 and 125); (c) and (d) resulting binarized images.

scanned. The following algorithm steps explain the process,
where the region labels used are positive integers.

Region LabelingAlgorithm
1. Given an N x M binary image f, initialize an associated
N x M region label array: r ( n ) - " 0 " for all n. Also
initialize a region number counter: k - 1.
Then, scanning the image from left-to-right and top-tobottom, for every n do the following:
2. If f ( n ) = "0" then do nothing.
3. I l l ( n ) = " 1 " and also f ( n - ( 1 , 0 ) ) - f ( n - (0,1))="0"
(as depicted in Fig. 8(a)), then set r ( n ) = " k " and
k = k + 1. In this case the left and upper neighbors of
f(n) do not belong to objects.

4. I f f ( n ) = " 1 " , f ( n - (1,0)) = " 1 " and f ( n - (0,1)) = " 0 "
(Fig. 8(b)), then set r ( n ) = r ( n - (1,0)). In this case the
upper neighbor f ( n - (1,0)) belongs to the same object
as f(n).
5. Iff(n) ="1", f ( n - (1,0)) = " 0 " and f ( n - (0,1)) - " 1 "
(Fig. 8(c)), then set r(n) = r(n - (0,1)). In this case the left
neighbor f ( n - (0,1)) belongs to the same object as f(n).
6. If f(n) = " 1 " , and f ( n - (1,0)) = f ( n - (0,1)) = " 1 "
(Fig. 8(d)), then set r(n) = r(n - (0,1)). If r(n - (0,1)) #
r(n-(1,0)), then record the labels r ( n - ( 0 , 1 ) ) and
r ( n - (1,0)) as equivalent. In this case both the left and
upper neighbors belong to the same object as f(n),
although they may have been labeled differently.
A simple application of region labeling is the measurement
of object area. This can be accomplished by defining a vector c
with elements c(k) that are the pixel area (pixel count) of
region k.

Region Counting Algorithm
(a)

(b)

(c)

(d)

FIGURE 8 Pixel neighbor relationships used in a region labeling algorithm.
In each of (a)-(d), f(n) is the lower right pixel.

Initialize c = 0. For every n do the following:
1. If f ( n ) - "0" then do nothing.

2.2 Basic Binary Image Processing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

45

16
t
(a)

(b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLK

FIGURE 9 Result of applying the region labeling/counting/removal algorithms to (a) the
binarized image in Fig. 6(c); (b) and then to the image in (b), but in polarity-reversedmode.

2. I f f ( n ) - " 1 " ,

then c [ r ( n ) ] - c[r(n)] + 1.

Another simple but powerful application of region labeling
is the removal of minor regions or objects from a binary
image. The way on which this is done depends on the
application. It may be desired that only a single object should
remain (generally, the largest object), or it may be desired that
any object with a pixel area less than some minimum value
should be deleted. A variation is that the minimum value is
computed as a percentage of the largest object in the image.
The following algorithm depicts the second possibility:

Minor Region Removal Algorithm
Assume a minimum allowable object size of S pixels. For every
n do the following:
1. If f ( n ) = " 0 " then do nothing.
2. If f ( n ) = "1" and c[r(n)] < S, then set g ( n ) = "0".
Of course, all of the above algorithms can be operated in
reverse polarity, by interchanging "0" for "1" and "1" for "0"
everywhere.
An important application of region labeling/region counting/minor region removal is in the correction of thresholded
binary images. Application of a binarizing threshold to a graylevel image inevitably produces an imperfect binary image,
with such errors as extraneous objects or holes or holes in
objects. These can arise from noise, unexpected objects (such
as dust on a lens), and generally, non-uniformities in the
surface reflectances and illuminations of the objects and
background.
Figure 9 depicts the result of sequentially applying the
region labeling/region counting/minor region removal algorithms to the binarized "micrograph" image in Fig. 6(c). The
series of algorithms was first applied to the image 6(c) as
above to remove extraneous small black objects, using a size
threshold of 500 pixels as shown in Fig. 9(a). It was then

applied again to this modified image, but in polarity reversed
mode, to remove the many object holes, this time using a
threshold of 1,000 pixels. The result shown in Fig. 9(b) is a
dramatic improvement over the original binarized result,
given that the goal was to achieve a clean separation of the
objects in the image from the background.

4 Binary Image Morphology
We next turn to a much broader and more powerful class of
binary image processing operations that collectively fall under
the name binary image morphology. These are closely related to
(in fact, are the same as in a mathematic sense) the gray-level
morphologic operations described in Chapter 3.3. As the name
indicates, these operators modify the shapes of the objects in
an image.

Logical Operations
The morphologic operators are defined in terms of simple
logical operations on local groups of pixels. The logical
operators that are used are the simple NOT, AND, OR, and
MAJ (majority) operators. Given a binary variable x, NOT(x)
is its logical complement. Given a set of binary variables
xl . . . . . Xn, the operation AND(x1 . . . . . Xn) returns value "1" if
and only if xl . . . . .
Xn = "1" and "0" otherwise. The
operation OR(x1 . . . . . Xn) returns value "0" if and only if
Xl . . . . .
x , = " 0 " and "1" otherwise. Finally, if n is odd,
the operation MAJ(xl . . . . ,Xn) returns value "1" if and only
if a majority of (xl . . . . . Xn) equal "1" and "0" otherwise.
We observe in passing the DeMorgan's Laws for binary
arithmetic, specifically:
NOT[AND(x1 . . . . . Xn)] = OR[NOT(x1) . . . . . NOT(xn)]

(5)

NOT[OR(x1 . . . . . Xn)] -- AND[NOT(x1) . . . . . NOT(xn)]

(6)

46

Handbook of Image and Video Processing

which characterizes the duality of the basic logical operators
AND and OR under complementation. However, note that

B is a set of 2P + 1 coordinate shifts bi--(ni, mi) centered
around (0, 0):

B = {bl . . . . . b2P+l} -- {(nl, ml) . . . . . (n2P+l, m2P+l)}
Xn)] -- MAJ[NOT(xl) . . . . . NOT(xn)] (7)
NOT[MAJ(xl, . . . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Some examples of common one-dimensional (row and
column) windows are
hence MAJ is its own dual under complementation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Windows
As mentioned, morphologic operators change the shapes of
objects using local logical operations. Since they are local
operators, a formal methodology must be defined for making
the operations occur on a local basis. The mechanism for
doing this is the window.
A window defines a geometric rule according to which gray
levels are collected from the vicinity of a given pixel
coordinate. It is called a window since it is often visualized
as a moving collection of empty pixels that is passed over the
image. A morphologic operation is (conceptually) defined by
moving a window over the binary image to be modified, in
such a way that it is eventually centered over every image pixel,
where a local logical operation is performed. Usually this is
done row-by-row, column-by-column, although it can be
accomplished at every pixel simultaneously, if a massively
parallel-processing computer is used.
Usually, a window is defined to have an approximate
circular shape (a digital circle cannot be exactly realized)
since it is desired that the window, and hence, the
morphologic operator, be rotation-invariant. This means
that if an object in the image is rotated through some angle,
then the response of the morphologic operator will be
unchanged other than also being rotated. While rotational
symmetry cannot be exactly obtained, symmetry across two
axes can be obtained, guaranteeing that the response be at
least reflection-invariant. Window size also significantly
effects the results, as will be seen.
A formal definition of windowing is needed in order
to define the various morphologic operators. A window

B = ROW[2P 4- 1] = {(0,m); m = - P , . . . . P}

(8)

B = COL[2P 4- 1] - {(n,0); n = - P . . . . ,P}

(9)

and some common two-dimensional windows are
B = SQUARE[(2P 4- 1)2] -- {(n,m); n,m = - P . . . . . P} (10)
B = CROSS[4P + 1] -- ROW(2P + 1) U COL(2P + 1) (11)
with obvious shape-descriptive names. In each of (8)-(11), the
quantity in brackets is the number of coordinates shifts in the
window, hence also the number of local gray levels that will be
collected by the window at each image coordinate. Note that
the windows (8)-(11) are each defined with an odd number
2 P + 1 coordinate shifts. This is because the operators are
symmetrical: pixels are collected in pairs from opposite sides
of the center pixel or (0,0) coordinate shift, plus the (0,0)
coordinate shift is always included. Examples of each of the
windows (8)-(11) are shown in Fig. 10.
The example window shapes in (8)-(11) and in Fig. 10 are
by no means the only possibilities, but they are (by far) the
most common implementations because of the simple rowcolumn indexing of the coordinate shifts.
The action of gray-level collection by a moving window
creates the windowed set. Given a binary image f and a window
B, the windowed set at image coordinate n is given by

Bf(n) =

{f(n-

m); m ~ B}

(12)

which, conceptually, is the set of image pixels covered by B
when it is centered at coordinate n. Examples of windowed
sets associated with some of the windows in (8)-(11) and
Fig. 10 are:

B = ROW(3):

Bf(nl, n2) = {f(nl, 1"12- - 1 ) , f(nl,n2), f(nl,n2 4- 1)}

(13)

B -- COL(3):

Bf(nl,n2) = { f ( n l - 1, n2), f(nl, n2), f(nl 4- 1, n2)}

(14)

B = SQUARE (9):

Bf(nl,n2)-- {f(nl - 1, n2 - 1), f ( n l - 1, n2), f(nl - 1, n2 4- 1),
f(nl, n2 -- 1), f(nl, n2), f(nl,

n2 4-

1),

f(nl 4- 1, n 2 - 1), f(nl 4- 1, n2), f(nl 4- 1, n2 4- 1)}
B = CROSS(5):

Bf(nl, n2) = {f(nl - 1, n2) , f(nl, n2 -- 1), f(nl,/'/2), f(nl, n2 4- 1), f(nl + 1, n2)}

(15)
(16)

2.2 Basic Binary Image Processing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

47

Morphologic Filters
I1
ROW(3)

11
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Morphologic filters are Boolean filters. Given an image f, a

COL(3)

ROW(5)

many-to-one binary or Boolean function h, and a window B,
the Boolean-filtered image g - h ( f ) is given by

(a)

g(n) -- h[Bf(n)]

o

II

SQUARE(9)

II

II

CROSS(5)

U
SQUARE(25)

CROSS(9)

(b)
FIGURE 10 Examples of windows. The window is centered over the shaded
pixel. (a) One-dimensional windows ROW(2P+I) and COL(2P+I) for
P = 1, 2, (b) Two-dimensional windows SQUARE [(2P + 1)2] and
CROSS[4P+ 1] for P = 1, 2.

where the elements of (13)-(16) have been arranged to show
the geometry of the windowed sets when centered over
coordinate n = (nl, n2). Conceptually, the window may be
thought of as capturing a series of miniature images as it is
passed over the image, row-by-row, column-by-column.
One last note regarding windows involves the definition of
the windowed set when the window is centered near the
boundary edge of the image. In this case, some of the elements
of the windowed set will be undefined, since the window will
overlap "empty space" beyond the image boundary. The
simplest and most common approach is to use pixel
replication: set each undefined windowed set value equal to
the gray level of the nearest known pixel. This has the
advantage of simplicity, and also the intuitive value that the
world just beyond the borders of the image probably doesn't
change very much. Figure 11 depicts the process of pixel
replication.

m

m

I11111

m

q_

at every n over the image domain. Thus, at each n, the filter
collects local pixels according to a geometrical rule into a
windowed set, performs a Boolean operation on them, and
returns the single Boolean result g(n).
The most common Boolean operations that are used are
AND, OR, and MAJ. They are used to create the following
simple, yet powerful morphologicfilters. These filters act on the
objects in the image by shaping them: expanding or shrinking
them, smoothing them, and eliminating too-small features.
The binary dilation filter is defined by
g(n) -- OR[Bf(n)].

(18)

and is denoted g-dilate (f, B). The binary erosion filter is
defined by
g(n) -- AND[Bf(n)].

(19)

and is denoted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH
g-erode (f, B). Finally, the binary majority

filter is defined by
g ( n ) - MAJ[Bf(n)].

(20)

and is denoted g = majority (f, B). Next we explain the response
behavior of these filters.
The dilate filter expands the size of the foreground, object,
or "l"-valued regions in the binary image f. Here the " l " valued pixels are assumed to be black because of the
convention we have assumed, but this is not necessary. The
process of dilation also smoothes the boundaries of objects,
removing gaps or bays of too-narrow width, and also
removing object holes of too-small size. Generally, a hole or
gap will be filled if the dilation window cannot fit into it.
These actions are depicted in Fig. 12, while Fig. 13 shows the
result of dilating an actual binary image. Note that dilation
using B = SQUARE(9) removed most of the small holes and

IP

•
•

(17)

•
•

•

dilate

0
O
FIGURE 11 Depiction of pixel replication for a window centered near the
(top) image boundary.

FIGURE 12 Illustration of dilation of a binary "l"-valued object. The
smallest hole and gap were filled.
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(c)

(d)

FIGURE 13 Dilationof a binary image. (a) Binarized image "cells." Dilate with: (b) B= SQUARE(9);
(c) B--SQUARE(25); (d) B--CROSS(9).

gaps, while using B=SQUARE(25) removed nearly all of
them. It is also interesting to observe that dilation with the
larger window nearly completed a bridge between two of the
large masses. Dilation with CROSS(9) highlights an interesting
effect: individual, isolated "l"-valued or BLACK pixels were
dilated into larger objects having the same shape as the
window. This can also be seen with the results using the
SQUARE windows. This effect underlines the importance of
using symmetric windows, preferably with near rotational
symmetry, since then smoother results are obtained.
The erode filter shrinks the size of the foreground, object, or
"l"-valued regions in the binary image f. Alternately, it
expands the size of the background or "0"-valued regions. The
process of erosion smoothes the boundaries of objects, but in a
different way than dilation: it removes peninsulas or fingers of
too-narrow width, and also it removes "l"-valued objects of
too-small size. Generally, an isolated object will be eliminated
if the dilation window cannot fit into it. The effects of erode
are depicted in Fig. 14.

Figure 15 shows the result of applying the erode filter to the
binary image "cell." Erosion using B = SQUARE(9) removed
many of the small objects and fingers, while using
B = SQUARE(25) removed most of them. As an example of
intense smoothing, B = SQUARE(81) (a 9 x 9 square window)
was also applied. Erosion with CROSS(9) again produced
a good result, except at a few isolated points where isolated
"0"-valued or WHITE pixels were expanded into larger " + " shaped objects.
An important property of the erode and dilate filters is the
relationship that exists between them. In fact, in reality they

erode

II

d'

FIGURE 14 Illustration of erosion of a binary "l"-valued object. The
smallest objects and peninsula were eliminated.
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(c)

(d)

FIGURE 15 Erosion of the binary image "cells." Erode with: (a) B=SQUARE(9); (b) B=SQUARE(25);
(c) B--SQUARE(81); (d) B-CROSS(9).

are the same operation, in the dual (complementary) sense.
Indeed, given a binary image f and an arbitrary window B, it
is true that

dilate(f, B) -- NOT{erode[NOT(f ), BI}

(21)

erode(f, B) = NOT{dilate[NOT(f ), B]}.

(22)

Equations (21) and (22) are a simple consequence of the
DeMorgan's Laws (5) and (6). A correct interpretation of this
is that erosion of the "l"-valued or BLACK regions of an
image is the same as dilation of the "0"-valued or WHITE
regions--and vice-versa.
An important and common misconception must be
mentioned. Erode and dilate shrink and expand the sizes
of "l"-valued objects in a binary image. However, they are not
inverse operations of one another. Dilating an eroded image
(or eroding a dilated image) very rarely yields the original
image. In particular, dilation cannot recreate peninsulas,
fingers or small objects that have been eliminated by erosion.

Likewise, erosion cannot unfill holes filled by dilation or
recreate gaps or bays filled by dilation. Even without these
effects, erosion generally will not exactly recreate the same
shapes that have been modified by dilation, and vice-versa.
Before discussing the third common Boolean filter, the
majority, we will consider further the idea of sequentially
applying erode and dilate filters to an image. One reason for
doing this is that the erode and dilate filters have the effect of
changing the sizes of objects, as well as smoothing them. For
some objects this is desirable, e.g., when an extraneous object
is shrunk to the point of disappearing; however, often it is
undesirable, since it may be desired to further process or
analyze the image. For example, it may be of interest to label
the objects and compute their sizes, as in Section 3 of this
chapter.
Although erode and dilate are not inverse operations of one
another, they are approximate inverses in the sense that if they
are performed in sequence on the same image with the same
window B, then object and holes that are not eliminated will
be returned to their approximate sizes. We thus define the
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FIGURE 16 Openand closefiltering of the binary image "cells." Openwith: (a) B= SQUARE(25);
(b) B=SQUARE(81). Closewith: (c) B--SQUARE(25); (d) B=SQUARE(81).
size-preserving smoothing morphologic operators termed

open filter and close filter, as follows:
open(f, B) - dilate[erode(f, B), B]

(23)

close(f, B) - erode[dilate(f, B), B].

(24)

Hence, the opening (closing) of image f is the erosion
(dilation) with window B followed by dilation (erosion) with
window B. The morphologic filters open and close have the
same smoothing properties as erode and dilate, respectively,
but they do not generally effect the sizes of sufficiently large
objects much (other than pixel loss from pruned holes, gaps or
bays, or pixel gain from eliminated peninsulas).
Figure 16 depicts the results of applying the open and close
operations to the binary image "cell," using the windows
B = SQUARE(25) and B = SQUARE(81). Large windows were
used to illustrate the powerful smoothing effect of these
morphologic smoothers. As can be seen, the open filters did an
excellent job of eliminating what might be referred to as
"black noise"rathe extraneous "l"--valued objects and other

features, leaving smooth, connected, and appropriately-sized
large objects. By comparison, the close filters smoothed the
image intensely as well, but without removing the undesirable
"black noise." In this particular example, the result of open is
probably preferable to that of close, since the extraneous
BLACK structures present more of a problem in the image.
It is important to understand that the open and close filters
are unidirectional or biased filters in the sense that they remove
one type of "noise" (either extraneous WHITE or BLACK
features), but not both. Hence, open and close are somewhat
special-purpose binary image smoothers that are used when
too-small BLACK and WHITE objects (respectively) are to be
removed.
It is worth noting that the close and open filters are again in
fact, the same filters, in the dual sense. Given a binary image f
and an arbitrary window B:

close(f, B) - NOT{open[NOT(f), B]}

(25)

open(f, B) - NOT{close[NOT(f), B]}.

(26)
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FIGURE 17 Close-open and open-close filtering of the binary image "cells." Close-open
with: (a) B--SQUARE(25); (b) B=SQUARE(81). Open-close with: (c) B=SQUARE(25);
(d) B = SQUARE(81).

In most binary smoothing applications, it is desired to
create an unbiased smoothing of the image. This can be
accomplished by a further concatenation of filtering operations, applying open and close operations in sequence on the
same image with the same window B. The resulting images
will then be smoothed bidirectionally. We thus define the
unbiased smoothing morphologic operators close-open filter
and open-close filter, as follows:

close-open(f, B) = close[open(f, B), B]
open-close(f, B) = open[close(f, B), B].

(27)
(28)

Hence, the close-open (open-close) of image fis the open (close)
o f f with window B followed by the close (open) of the result
with window B. The morphologic filters close-open and openclose in (27) and (28) are general-purpose, bi-directional, sizepreserving smoothers. Of course, they may each be interpreted
as a sequence of four basic morphologic operations (erosions
and dilations).
The close-open and open-close filters are quite similar but are
not mathematically identical. Both remove too-small struc-

tures without affecting size much. Both are powerful shape
smoothers. However, differences between the processing
results can be easily seen. These mainly manifest as a function
of the first operation performed in the processing sequence.
One notable difference between close-open and open-dose is
that close-open often links together neighboring holes (since
erode is the first step), while open-close often links neighboring
objects together (since dilate is the first step). The differences
are usually somewhat subtle, yet often visible upon close
inspection.
Figure 17 shows the result of applying the close-open and the
open-close filters to the ongoing binary image example. As can
be seen the results (for B fixed) are very similar, although the
close-open filtered results are somewhat cleaner, as expected.
There are also only small differences between the results
obtained using the medium and larger windows, because of
the intense smoothing that is occurring. To fully appreciate
the power of these smoothers, it is worth comparing to the
original binarized image "cells" in Fig. 13(a).
The reader may wonder whether further sequencing of the
filtered responses will produce different results. If the filters
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close-open
are properly alternated as in the construction of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and open-close filters, then the dual filters become increasingly
"~~
majority .~ zyxwvutsrqponmlkjihgfedcbaZYXWVUT
similar. However, the smoothing power can most easily be
increased by simply taking the window size to be larger.
Once again, the close-open and open-close filters are dual
filters under complementation.
FIGURE 18 Effectof majorityfiltering. The smallest holes, gaps, fingers, and
We now return to the final binary smoothing filter, the extraneous objects are eliminated.
majority filter. The majority filter is also known as the binary
median filter, since it may be regarded as a special case (the
binary case) of the gray-level median filter (Chapter 3.2).
The majority filter is a power, unbiased shape smoother.
The majority filter has similar attributes as the close-open However, for a given filter size, it does not have the same
and open-closefilters: it removes too-small objects, holes, gaps, degree of smoothing power as close-open or open-close.
bays and peninsulas (both "1"-valued and "0"-valued small
Figure 19 shows the result of applying the majority or binary
features), and it also does not generally change the size of median filter to the image "cell." As can be seen, the results
objects or of background, as depicted in Fig. 18. It is less obtained are very smooth. Comparison with the results of
biased than any of the other morphologic filters, since it does open-close and close-open are favorable, since the boundaries
not have an initial erode or dilate operation to set the bias. In of the major smoothed objects are much smoother in the case
fact, majority is its own dual under complementation, since
of the median filter, for both window shapes used and for each
size. The majority filter is quite commonly used for smoothing
noisy
binary images of this type because of these nice
majority(f, B) - NOT{majority[NOT(f), B]} (29)
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FIGURE 19 Majority or median filtering of the binary image "cells." Majority
with: (a) B=SQUARE(9); (b) B-SQUARE(25). Majority with: (c) B=SQUARE(81);
(d) B= CROSS(9).
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FIGURE20 Objectboundarydetection. Applicationof boundary(f, B) to (a) the image"cells";
(b) the majority-filteredimage in Fig. 19(c).

properties. The more general gray-level median filter (Chapter
3.2) is also among the most-used image processing filters.

process is shown in Fig. 20(b). In this case, the result is much
cleaner, as only the major boundary points are discovered.

Morphologic Boundary Detection
The morphologic filters are quite effective for smoothing
binary images but they have other important applications as
well. One such application is boundary detection, which is the
binary case of the more general edge detectors studied in
Chapters 4.11 and 4.12.
At first glance, boundary detection may seem trivial, since
the boundary points can be simply defined as the transitions
from "1" to "0" (and vice-versa). However, when there is
noise present, boundary detection becomes quite sensitive to
small noise artifacts, leading to many useless detected edges.
Another approach which allows for smoothing of the object
boundaries involves the use of morphologic operators.
The "difference" between a binary image and a dilated (or
eroded) version of it is one effective way of detecting the
object boundaries. Usually it is best that the window B that is
used be small, so that the difference between image and
dilation is not too large (leading to thick, ambiguous detected
edges). A simple and effective "difference" measure is the twoinput exclusive-OR operator XOR. The XOR takes logical
value "1" only if its two inputs are different. The boundary
detector then becomes simply:

boundary(f, B) = XOR[f, dilate(f, B)]

(30)

The result of this operation as applied to the binary image
"cells" is shown in Fig. 20(a) using B = SQUARE(9). As can
be seen, essentially all of the BLACK/WHITE transitions are
marked as boundary points. Often, this is the desired result.
However, in other instances, it is desired to detect only the
major object boundary points. This can be accomplished by
first smoothing the image with a close-open, open-close, or
majority filter. The result of this smoothed boundary detection

5 Binary Image Representation and
Compression
In several later chapters, methods for compressing gray-level
images are studied in detail. Compressed images are
representations that require less storage than the nominal
storage. This is generally accomplished by coding of the data
based on measured statistics, rearrangement of the data to
exploit patterns and redundancies in the data, and (in the case
of lossy compression), quantization of information. The goal
is that the image, when decompressed, either looks very much
like the original despite a loss of some information (lossy
compression), or is not different from the original (lossless
compression).
Methods for lossless compression of images are discussed in
Chapter 5.1. Those methods can generally be adapted to both
gray-level and binary images. Here, we will look at two
methods for lossless binary image representation that exploit
an assumed structure for the images. In both methods the
image data is represented in a new format that exploits the
structure. The first method is run-length coding, which is socalled because it seeks to exploit the redundancy of long runlengths or runs of constant value "1" or "0" in the binary data.
It is thus appropriate for the coding/compression of binary
images containing large areas of constant value "1" and "0".
The second method, chain coding, is appropriate for binary
images containing binary contours, such as the boundary
images shown in Fig. 20. Chain coding achieves compression
by exploiting this assumption. The chain code is also an
information-rich, highly manipulable representation that can
be used for shape analysis.
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Run-Length Coding

where there are run-lengths of any value. For example, in the
JPEG lossy image compression standard for gray-level images
The number of bits required to naively store an N x M
(see Chapter 5.5), a form of run-length coding is used to code
binary image is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
NM. This can be significantly reduced if it is runs of zero-valued frequency-domain coefficients. This runknown that the binary image is smooth in the sense that it is length coding is an important factor in the good compression
composed primarily of large areas of constant "1" and/or "0"
performance of JPEG. A more abstract form of run-length
value.
coding is also responsible for some of the excellent compresThe basic method of run-length coding is quite simple.
sion performance of recently-developed wavelet image
Assume that the binary image f is to be stored or transmitted compression algorithms (Chapter 5.4).
on a row-by-row basis. Then for each image row numbered m,
the following algorithm steps are used:
1. Store the first pixel value ("0" or "1") in row m in a
1-bit buffer as a reference
2. Set the run counter c = 1
3. For each pixel in the row:
Examine the next pixel to the right
If it is the same as the current pixel, set c = c + 1
- If different from the current pixel, store c in a buffer
of length b and set c = 1
- Continue until end of row is reached
-

-

Thus, each run-length is stored using b bits. This requires that
an overall buffer with segments of lengths b be reserved to
store the run-lengths. Run-length coding yields excellent
lossless compressions, provided that the image contains lots of
constant runs. Caution is necessary, since if the image contains
only very short runs, then run-length coding can actually
increase the required storage.
Figure 21 depicts two hypothetical image rows. In each case,
the first symbol stored in a one-bit buffer will be logical "1".
The run-length code for Fig. 21(a) would be "1", 7, 5, 8, 3, 1
. . . . with symbols after the "1" stored using b bits. The first
five runs in this sequence have average length 2 4 / 5 - 4 . 8 ,
hence if b _< 4 then compression will occur. Of course, the
compression can be much higher, since there may be runs
of lengths in the dozens or hundreds, leading to very high
compressions.
In Fig. 21(b), however, in this worst-case example the
storage actually increases b-fold! Hence, care is needed when
applying this method. The apparent rule of them, if it can be
applied a priori, is that the average run-length/, of the image
should satisfy L > b if compression is to occur. In fact, the
compression ratio will be approximately L/b.
Run-length coding is also used in other scenarios than
binary image coding. It can also be adapted to situations
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FIGURE 21 Examplerows of a binary image, depicting (a) reasonable and
(b) unreasonable scenarios for run-length coding.

Chain Coding
Chain coding is an efficient representation of binary images
composed of contours. We will refer to these as "contour
images." We assume that contour images are composed only
of single-pixel width, connected contours (straight or curved).
These arise from processes of edge detection or boundary
detection, such as the morphologic boundary detection
method just described above, or the results of some of the
edge detectors described in Chapters 4.11 and 4.12 when
applied to gray-scale images.
The basic idea of chain coding is to code contour directions
instead of naive bit-by-bit binary image coding or even
coordinate representations of the contours. Chain coding is
based on identifying and storing the directions from each pixel
to its neighbor pixel on each contour. Before defining this
process, it is necessary to clarify the various types of neighbors
that are associated with a given pixel in a binary image. Fig. 22
depicts two neighborhood systems around a pixel (shaded).
To the left are depicted the 4-neighbors of the pixel, which are
connected along the horizontal and vertical directions. The set
of 4-neighbors of a pixel located at coordinate n will be
denoted N4(n). To the right are the 8-neighbors of the shaded
pixel in the center of the grouping. These include the
pixels connected along the diagonal directions. The set of
8-neighbors of a pixel located at coordinate n will be denoted
N8(n).
If the initial coordinate no of an 8-connected contour is
known, then the rest of the contour can be represented
without loss of information by the directions along which the
contour propagates, as depicted in Fig. 23(a). The initial
coordinate can be an endpoint, if the contour is open, or an
arbitrary point, if the contour is closed. The contour can be
reconstructed from the directions, if the initial coordinate is
known. Since there are only eight directions that are possible,

iii i
I I

FIGURE 22 Depiction of the 4-neighbors and the 8-neighbors of a pixel
(shaded).
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FIGURE 23 Representation of a binary contour by direction codes. (a) A
connected contour can be represented exactly by an initial point and the
subsequent directions. (b) Only 8 direction codes are required.

then a simple 8-neighbor direction code may be used. The
integers {0. . . . . 7} suffice for this, as shown in Fig. 23(b).
Of course, the direction codes 0, 1, 2, 3, 4, 5, 6, 7 can be
represented by their 3-bit binary equivalents: 000, 001, 010,
011,100, 101, 110, 111. Hence, each point on the contour after
the initial point can be coded by three bits. The initial point of
each contour requires rlog2(MN)~ bits, where r.7 denotes the
ceiling function: rx] = the smallest integer that is greater than
or equal to x. For long contours, storage of the initial
coordinates is incidental.
Figure 24 shows an example of chain coding of a short
contour. After the initial coordinate no = (no, mo) is stored,
the chain code for the remainder of the contour is: 1, 0, 1, 1, 1,

no ~

D = initial point
m0
FIGURE 24 Depiction of chain coding.

1, 3, 3, 3, 4, 4, 5, 4 in integer format, or 001,000, 001, 001, 001,
001,011,011,011, 100, 100, 101, 100 in binary format.
Chain coding is an efficient representation. For example,
if the image dimensions N = M = 5 1 2 , then representing the contour by storing the coordinates of each
contour point requires six times as much storage as the
chain code.
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1 Introduction

2 Discrete-Space Sinusoids

In this third chapter on basic methods, the basic mathematic and algorithmic tools for the frequency-domain
analysis of digital images are explained. Also, introduced is
the two-dimensional discrete-space convolution. Convolution
is the basis for linear filtering, which plays a central role in
many places in this Handbook. An understanding of frequencydomain and linear filtering concepts is essential to be able
to comprehend such significant topics as image and video
enhancement, restoration, compression, segmentation, and
wavelet-based methods. Exploring these ideas in a twodimensional setting has the advantage that frequencydomain concepts and transforms can be visualized as
images, often enhancing the accessibility of ideas.

Before defining any frequency-based transforms, first we
shall explore the concept of image frequency, or more
generally, of two-dimensional frequency. Many readers may
have a basic background in the frequency-domain analysis
of one-dimensional signals and systems. The basic theories
in two dimensions are founded on the same principles.
However, there are some extensions. For example, a twodimensional frequency component, or sinusoidal function, is
characterized not only by its location (phase shift) and
frequency of oscillation, but also by its direction of
oscillation.
Sinusoidal functions will play an essential role in all of the
developments in this chapter. A two-dimensional discrete-space

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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sinusoid is a function of the form
sin[2u(Um 4. Vn)]

(1)

Unlike a one-dimensional sinusoid, the function (1) has two
frequencies, U and V (with units of cycles/pixel), which
represent the frequency of oscillation along the vertical (m)
and horizontal (n) spatial image dimensions. Generally, a twodimensional sinusoid oscillates (is nonconstant) along every
direction except for the direction orthogonal to the direction
of fastest oscillation. The frequency of this fastest oscillation
is the radial frequency:
f 2 - v/U 2 + V 2

(2)

that has the same units as U and V, and the direction of this
fastest oscillation is the angle:
O--tan-l(V)

(3)

with units of radians. Associated with (1) is the complex
exponential function

exp[j2rc(Um + Vn)] = cos[2~(Um + Vn)] +jsin[2rc(Um + Vn)],

(4)
where j - ~ - 1 is the pure imaginary number.
In general, sinusoidal functions can be defined on discrete
integer grids, hence (1) and (4) hold for all integers - o o < m,
n < oo. However, sinusoidal functions of infinite duration
are not encountered in practice, although they are useful for
image modeling and in certain image decompositions that
we will explore.
In practice, discrete-space images are confined to finite
M x N sampling grids, and we will also find it convenient to
use finite-extent (M x N) two-dimensional discrete-space sinusoids, which are defined only for integers
o _< m _< M -

1, 0 < n < N -

1,

(5)

and undefined elsewhere. A sinusoidal function that is confined to the domain (5) can be contained within an image
matrix of dimensions M x N and is thus easily manipulated
digitally.
In the case of finite sinusoids defined on finite grids (5), it
will often be convenient to use the scaled frequencies,

(u, v) -- (MU, NV)

(6)

which have the visually intuitive units of cycles/image. With
this, the two-dimensional sinusoid (1) defined on finite grid
(5) can be reexpressed as
u

v

sin[2u(~ m +~n)]

(7)
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with similar redefinition of the complex exponential (4).
Figure 1 depicts several discrete-space sinusoids of dimensions 256 x 256 displayed as intensity images after linear
mapping the gray scale of each to the range of 0 to 255.
Because of the nonlinear response of the eye, the functions in
Fig. 1 look somewhat more like square waves than smoothly
varying sinusoids, particularly at higher frequencies. However,
if any of the images in Fig. 1 is sampled along a straight line of
arbitrary orientation, the result is an ideal (sampled) sinusoid.
A peculiarity of discrete-space (or discrete-time) sinusoids
is that they have a maximum possible physical frequency at
which they can oscillate. Although the frequency variables
(u, v) or (U, V) may be taken arbitrarily large, these large
values do not correspond to arbitrarily large physical oscillation frequencies. The ramifications of this are quite deep and
significant and relate to the restrictions placed on sampling of
continuous-space images (the Sampling Theorem) and the
Nyquist frequency. Sampling of images and video is covered
in Chapters 7.1 and 7.2.
As an example of this principle, we will study a onedimensional example of discrete sinusoid. Consider the finite
cosine function cos[2x(~ m + ~ n)] - cos(2x ~6m), which
results by taking M - - N = 16, and v = 0. This is a cosine
wave propagating in the m direction only (all columns are
the same) at frequency u (cycles/image).
Figure 2 depicts the one-dimensional cosine for various
values of u. As can be seen, the physical oscillation frequency
increases until u = 8 ; for incrementally larger values of u,
however, the physical frequency diminishes. In fact, the
function is period-16 in the frequency index u:
cos 2x ~ m = cos 2x

1~

m

(8)

for all integers k. Indeed, the highest physical frequency of
cos(2x ~ m) occurs at u -- M/2 4- kM, (for M even) for all
integers k. At these periodically placed frequencies, (8) is
equal to (--1)m; the fastest discrete-index oscillation is the
alternating signal. This observation will be important next as
we define the various frequency-domain image transforms. zyxwvutsrqp

3 Discrete-Space Fourier Transform
The discrete-space Fourier transform, or DSFT, of a given
discrete-space image f is given by
cx)

F(U, V) -- Z

oo

Z

f(m' n)e-j2~(Um+v")

m=-oo n=-oo

(9)

with inverse discrete-space Fourier transform (IDSFT):

f (m, n) -

f O.5__ f q___
.5 F(U, V) ej2rffUm+Vn)dg dV.
0.5

0.5

(10)
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(a)

(b)

(c)

(d)
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FIGURE 1 Examples of finite two-dimensional discrete-space sinusoidal functions. The scaled frequencies (6)
measured in cycles/image are (a) u = 1, v = 4; (b) u = 10, v = 5; (c) u = 15, v = 35; and (d) u = 65, v = 35.

u=l

or

u=15

u=2

1

or

u=14

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
When (9), (10) hold we will often make the notation f ~ F

0

-1

0

2

4

6

8 10121416

-1

0

2

4

6

8

10 12 14 16

m

u=4

or

u=12

u=8

1

1

0

0

and say that f, F form a DSFT pair. The units of the frequencies (U, V) in (9), (10) are cycles/pixel. It should be noted
that, unlike continuous Fourier transforms, the DSFT is asymmetric in that the forward transform F is continuous in the
frequency variables (U, V), whereas the image or inverse
transform is discrete. Thus, the DSFT is defined as a summation, whereas the IDSFT is defined as an integral.
There are several ways of interpreting the DSFT (9), (10).
The most usual mathematic interpretation of (10) is as
a decomposition of tim, n) into orthonormal complex
exponential basis functions ej2rt(gm+Vn) that satisfy

f).5 fO__.5 eJ2rffUm+Vn)e-j2rt(Up+Vq)dU dV
-1
0

2

4

6

8 10 12 14 16
m

-1 .................
0 2 4 6 8
m

10 12 14 16

FIGURE 2 Illustration of physical versus numeric frequencies of discretespace sinusoids.

0.5

-

0.5

1;

m-pandn-q

0;

else

(11)
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Another (somewhat less precise) interpretation is the and
engineering concept of the transformation, without loss, of
(:x)
(x)
space-domain image information into frequency-domain
I(U,
V)
-E
E
f(m, n)sin[2rt(Um + Vn)] (15)
image information. Representing the image information in
m--o0 n - - ~
the frequency domain has significant conceptual and
algorithmic advantages, as will be seen. A third interpretaare the real and imaginary parts of F(U,.V), respectively.
tion is a physical one, where the image is viewed as the
The DSFT can also be written in the often-convenient
result of a sophisticated constructive-destructive interference
phasor form
wave pattern. By assigning each of the infinite number of
complex exponential wave functions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e j2rc(um + Vn)
the
(16)
F(U, V ) - IF(U, V)le jlv(v'v)
appropriate complex weights F(U, V), the intricate structure
of any discrete-space image can be recreated exactly as an
where the magnitude spectrum of image f is
interference-sum.
The DSFT possesses a number of important properties that
IF(U, V)] -- v/R2(uI V) -+-I2(U, V)
(17)
will be useful in defining applications. In the following,
assume that f ~ F, g +-> G, and h +-> H. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= v/F(U, V)F*(U, V)
(18)
where " , " denotes the complex conjugation. The phase
spectrum of image f is

Linearity of Discrete-Space
Fourier Transform
Given images f, g and arbitrary complex constants a, b, the
following holds:

af + bg ~ aF + bG.

(12)

This property of linearity follows directly from (9) and can be
extended to a weighted sum of any countable number of
images. It is fundamental to many of the properties of, and
operations involving, the DSFT.

Inversion of Discrete-Space Fourier
Transform
The two-dimensional function F(U, V) uniquely satisfies the
relationships (9), (10). That the inversion holds can be easily
shown by substituting (9) into (10), reversing the order of
sum and integral, and then applying (11).

Magnitude and Phase of Discrete-Space
Fourier Transform
The DSFT F of an image f is generally complex-valued. As
such, it can be written in the form

F( U, V) -- R( U, V) + jI( U, V)

(13)

(K)

m----~

(K)

~
n----cx~

(19)

Symmetry of Discrete-Space Fourier
Transform
If the image f is real, which is usually the case, the DSFT is

conjugate symmetric:
F(U, V) -- F • ( - U, - V),

(20)

which means that the DSFT is completely specified by its
values over any half-plane. Hence, if f is real, the DSFT is
redundant. From (20), it follows that the magnitude spectrum
is even symmetric:

IF(U, V ) [ - I F ( - U , - V)l,

(21)

whereas the phase spectrum is odd symmetric:

a~(u, v ) - - o : ( - u , - v).

(22)

Translation of Discrete-Space Fourier
Transform
Multiplying (or modulating) the discrete-space image f(m, n)
by a two-dimensional complex exponential wave function
exp [j27r(Uom + Von)] results in a translation of the DSFT:

f (m, n)exp[j2rffUom + Von)] ~.~F(U - Uo, V - Vo). (23)
Likewise, translating the image f by amounts too, no produces
a modulated DSFT:

where

R(U, V) -- ~

[I(U, V)]

/ F ( U , V) -- tan -1 LR(U, V) "

f (m, n) cos[2rt(Um 4- Vn)]

(14)

f(m - mo, n - no)~ F(U, V)exp[-j2rc(Umo + Vn0)]. (24)

61

2.3 Basic Tools for Image Fourier Analysis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

We will use
Convolution and the Discrete-Space
Fourier Transform zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

WK -- exp - j .2rc]
-~-

Given two images or two-dimensional functions, f and h, their
two-dimensional discrete-space linear convolution is given by
g(m, n) = f (m, n) • h(m, n) = h(m, n) • t i m , n)
--

~

f ( p, q)h(m - p, n - q).

(25)

p = -e~ q = - ~

The linear convolution expresses the result of passing an image
signal f through a two-dimensional linear convolution system
h (or vice versa). The commutativity of the convolution is
easily seen by making a substitution of variables in the double
sum in (25).
If g, f, and h satisfy the spatial convolution relationship (25),
their DSFTs satisfy
G( U, V) - F( U, V)H( U, V),

(26)

hence, convolution in the space domain corresponds directly
to multiplication in the spatial frequency domain. This important property is significant conceptually, as a simple and direct
means for effecting the frequency content of an image, and
computationally, because the linear convolution has such a
simple expression in the frequency domain.
The two-dimensional DSFT is the basic mathematic tool for
analyzing the frequency-domain content of two-dimensional
discrete-space images. However, it has a major drawback for
digital image processing applications: The DSFT F(U, V) of
a discrete-space image f ( m , n) is continuous in the frequency
coordinates (U, V); there are an uncountably infinite number
of values to compute. As such, discrete (digital) processing or
display in the frequency domain is not possible using the
DSFT unless it is modified in some way. Fortunately, this is
possible when the image f is of finite dimensions. In fact, by
sampling the DSFT in the frequency domain we are able to
create a computable Fourier-domain transform.~

4 Two-Dimensional Discrete
Fourier Transform
Now we restrict our attention to the practical case of discretespace images that are of finite extent. Hence, assume that
image f(m, n) can be expressed as a matrix f - [tim, n)O <_
m _< M - 1, 0 _< n _< N - 1]. As we will show, a finite-extent
image matrix f can be represented exactly as a finite weighted
sum of two-dimensional frequency components, instead of
an infinite number. This leads to computable and numerically
manipulable frequency-domain representations. Before showing how this is done, we will introduce a special notation
for the complex exponential that will simplify much of the
ensuing development.

(27)

as a shorthand for the basic complex exponential, where K is
the dimension along one of the image axes (K= N or K = M).
The notation (27) makes it possible to index the various
elementary frequency components at arbitrary spatial and
frequency coordinates by simple exponentiation:

w

[

W M W N -- COS 27r

V)]

m +~n

[

--jsin 2~

v)]

m +~n

.

(28)
This process of space and frequency indexing by exponentiation greatly simplifies the manipulation of frequency components and the definition of the discrete Fourier transform
(DFT). Indeed, it is possible to develop concepts and frequency transforms without the use of complex numbers (and
in fact some of these, such as the discrete cosine transform, or
DCT, are widely used, especially in image/video compressionsee Chapters 5.5, 5.6, 6.4, and 6.5 of this Handbook).
For the purpose of analysis and basic theory, it is much
simpler to use W~tm and W~rn to represent finite-extent
(of dimensions M and N) frequency components oscillating
at u (cycles/image) and v (cycles/image) in the m- and
n-directions, respectively. Clearly,
wum~Mvn
M "'N [ -- 1

(29)

and
~IM'umlMvn--

" M " N

(~d

--2re

V

)

m +-~ n .

(30)

Observe that the minimum physical frequency of W ~ m
periodically occurs at the indices u - kM for all integers k:
wkMm__
1
M

(31)

for any integer m; the minimum oscillation is no oscillation.
If M is even, the maximum physical frequency periodically
occurs at the indices u - kM + M/2,

w(kM+M/2)m
M
--

1

.e-j~m

-- (--1

)m

(32)

which is the discrete period-2 (alternating) function, the
highest possible discrete oscillation frequency.
The two-dimensional discrete Fourier transform, or DFT of
the finite-extent (M x N) image f is given by
M-1N-1

F(u, v) - E
m~O

E
n=O

tim,

n)WUMmW~

(33)
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for integer frequencies 0 < u < M - 1, 0 < v < N - 1. Hence,
the DFT is also of finite extent M x N, and can be expressed
as a (generally complex-valued) matrix F - [/3(u, v); 0 < u <
M - 1, 0 < v < N - 1]. It has a unique inverse discrete Fourier
transform, or IDFT:

f(m,n)--

l ~l~l_~(u,V)WMUmWN
MN u = 0 v - - 0

TM

(34)
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The DFT matrix F is generally complex; hence, it has an
associated magnitude spectrum matrix, denoted

IFI- [IF(u, v)l;

DFT pair.

1, 0 _< v _< N -

1]

(37)

1, 0 < v < N -

1].

(38)

and phase spectrum matrix denoted
/ F - [/F(u, v);

for 0 < m _< M - 1, 0 < n < N - 1. When (33) and (34) hold
it is often denoted f D+~FT~ and we say that f, F form a

0 < u _< M -

0 < u < M-

The elements of IF[ a n d / F are computed in the same way as
the DSFT magnitude and phase (16)-(19).

A number of observations regarding the DFT and its
relationship to the DSFT are necessary. First, the DFT and S y m m e t r y of D i s c r e t e Fourier T r a n s f o r m
IDFT are symmetric, because both forward and inverse trans- Like the DSFT, if f is real-valued, the DFT matrix is conjugate
forms are defined as sums. In fact, they have the same form, symmetric, but in the matrix sense:
except for the polarity of the exponents and a scaling factor.
Secondly, both forward and inverse transforms are finite sums;
&u, v) - ~ • (M - u, N - v)
(39)
both F and f can be represented uniquely as finite weighted
sums of finite-extent complex exponentials with integerThis follows easily by
indexed frequencies. Thus, for example, any 256 x 256 digital for 0 < u < M - 1 , 0 < v < N - 1 .
image can be expressed as the weighted sum of 2 5 6 2 - 65,536 substitution of the reversed and translated frequency indices
complex exponential (sinusoid) functions including those ( M - u, N - v) into the forward DFT equation (33). An
with real parts shown in Fig. 1. Note that the frequencies (u, v) apparent repercussion of (39) is that the DFT F' matrix is
are scaled so that their units are in cycles/image, as in (6) and redundant, and hence can represent the M x N image with
only about MN/2 DFT coefficients. This mystery is resolved
Fig. 1.
by
realizing that F is complex-valued; hence, it requires twice
Most importantly, the DFT has a direct relationship to the
the
storage for real and imaginary components. If f is not
DSFT. In fact, the DFT of an M x N image f is a uniformly
real-valued,
(39) does not hold.
sampled version of the DSFT of f: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Of course, (39) implies symmetries of the magnitude and
(35) phase spectra:
~(u, v) - F(u, v)] v=~' v=~
for integer frequency indices 0 _ < u _ < M - 1 , 0 _ < v _ <
N-1.
Because f is of finite extent, and contains MN
elements, the DFT F is conservative in that it also
requires only MN elements to contain complete information
about f (to be exactly invertible). Also, since F is simply
evenly spaced samples of F, many of the properties of the
DSFT translate directly with little or no modification to the
DFT.

The DFT is linear in the sense of (12). It is uniquely invertible,
as can be established by substituting (33) into (34), reversing
the order of summation, and using the fact that the discrete
complex exponentials are also orthogonal
m-p
0;

(40)

L&u, v) - - ~(M - u, N - v)

(41)

and

forO<u<M-l,O<v<N-1.
P e r i o d i c i t y of D i s c r e t e Fourier T r a n s f o r m

L i n e a r i t y and I n v e r t i b i l i t y of D i s c r e t e
Fourier T r a n s f o r m

~'~'(w~mw-uP~w~wF*vq)--{
M ~ =N0
; ' " uM , , " = N o

I (u, ,)1-

and n - q

Another property of the DSFT that carries over to the DFT is
frequency periodicity. Recall that the DSFT F(U, V) has unit
period in U and V. The DFT matrix F was defined to be of
finite extent M x N. However, the forward DFT equation (33)
admits the possibility of evaluating F(u, v) outside of the range
0<u<M-1,0<v<N-1.
It turns out that /5(u,v) is
period-M and period-N along the u and v dimensions,
respectively. For any integers k, h zyxwvutsrqponmlkjihgfedcbaZYXWVUTS

else
(36)

&u + kM, v + IN) -- ~(u, v)

(42)
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for every 0 < u < M - 1, 0 < v < N - 1. This follows easily
We will demonstrate the form of the cyclic convolution by
by substitution of the periodically extended frequency indices deriving it. Consider the two M x N image functions
(u+kM, v+lN) into the forward DFT equation (33). The f D+,FT~ and h D+,FT~ . Define the point wise matrix product a
interpretation (42) of the DFT is called the periodic extension
of the DFT. It is defined for all integer frequencies u, v.
G - F ®H
(45)
Mthough many properties of the DFT are the same, or
similar to those of the DSFT, certain important properties are according to
different. These effects arise from sampling the DSFT to create
the DFT. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA G(u, v) -- F(u, v)H(u, v)
(46)

for 0 < u < M - 1, 0 ~ v _ N - 1. Thus we are interested in
the form of g. For each 0 < u < M - 1, 0 < v < N - 1 we
have that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

Image Periodicity Implied by Discrete
Fourier Transform
A seemingly innocuous, yet extremely important consequence
of sampling the DSFT is that the resulting DFT equations
imply that the image f is itself periodic. In fact, the IDFT
equation (34) implies that for any integers k, h

f(m 4- kM, n 4- IN) - f ( m , n)

u--O

MN

u--O

v--O

vq

1

MN u=o v=O [p=o

r O

=

0

P'q)WuMPWN

Ur V]

l ~l~lf,

g(m, n) --

p,q)M~lN~lh(r,s)

p=O q=O

M-1N-1

x Z

u--O

One of the most significant properties of the DSFT is
the linear convolution property (25), (26), which says that
space-domain convolution corresponds to frequency-domain
multiplication:

}

E

wuP
(+rm
-w
)vq(+sn-")M

r=O s=O

"'N

(48)

v~-O

Now, from (36), the innermost summation

~lM~lav=0Tu(p+r--m)l
N" M; uM"v(q+s--n)--{
=
N
O -- 0;

elser--m-pands--n-q

(49)

(44)

This useful property makes it possible to analyze and design
linear convolution-based systems in the frequency domain.
Unfortunately, property (44) does not hold for the DFT; a
product of DFTs does not correspond (inverse transform) to
the linear convolution of the original DFT-transformed
functions or images. However, it does correspond to another
type of convolution, variously known as cyclic convolution,
circular convolution, or wraparound convolution.

(47)

by substitution of the definitions of F(u, v) and H(u, v).
Rearranging the order of the summations to collect all of the
complex exponentials inside the innermost summation reveals
that

Cyclic Convolution Property of the
Discrete Fourier Transform

f • h <-+ FH.

v--O

l ~~~~T(u, v)~(u, v)W~UaWFvV"

(43)

for every 0 < u < M - 1, 0 < v _< N - 1. This follows easily
by substitution of the periodically extended space indices
(m + kM, n + lN) into the inverse DFT equation (34).
Clearly, finite-extent digital images arise from imaging the
real world through finite field of view (FOV) devices, such as
cameras, and outside that FOV, the world does not repeat
itself periodically, ad infinitum. The implied periodicity of f is
purely a synthetic effect that derives from sampling the DSFT.
Nevertheless, it is of paramount importance, because any
algorithm that is developed, and that uses the DFT, will
operate as though the DFT-transformed image were spatially
periodic in the sense (43). One important property and application of the DFT that is affected by this spatial periodicity
is the frequency-domain convolution property.

M-1N-1
E E ~(u' v)WMumW~ TM

1

g(m, n) -- - ~

hence

M-1N-1
g(m, n) - E

Z f (P' q)h[(m - P)M, (n -- q)u]

(so)

p=0 q=0

= f(m, n) • h(m, n) - h(m, n) @f(m, n)
1As opposed to the standard matrix product.

(51)
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(0,0)
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(X)N'--X m o d N and the symbol "@" denotes the twodimensional cyclic convolution. 2 The final step of obtaining
(50) from (49) follows since the argument of the shifted
and twice-reversed (along each axis) function h(m - p, n - q)
finds no meaning whenever ( m - p ) ~ { 0 . . . . . M - l }
or
( n - q)~ {0. . . . . N - 1}, since h is undefined outside of those
coordinates. However, because the DFT was used to compute
_
g(m, n), then the periodic extension of h [ ( m - p), ( n - q)] is
implied, which can be expressed as h [ ( m - - p ) u , ( n - q)N]"
Hence (50) follows. That "@" is commutative is easily
established by a substitution of variables in (50). It can also
be seen that cyclic convolution is a form of linear convolution,
but with one (either, but not both) of the two functions being
periodically extended. Hence

image f

(0,0)

image h

L
!
!

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

_ _

( m O, n o )

(a)

f (m, n) ~ h(m, n) - f (m, n) * h[(m)M, (n)N ]
-- f[(m)M, (n)N ] * h(m, n).

(52)

This cyclic convolution property of the DFT is unfortunate,
because in most applications it is not desired to compute the
cyclic convolution of two image functions. Instead, what is
frequently desired is the linear convolution of two functions,
as in the case of linear filtering. In both linear and cyclic
convolutions, the two functions are superimposed, with one
function reversed along both axes and shifted to the point at
which the convolution is being computed. The product of the
functions is computed at every point of overlap, with the sum
of products being the convolution. In the case of the cyclic
convolution, one (not both) of the functions is periodically
extended; thus, the overlap is much larger and wraps around
the image boundaries. This produces a significant error with
respect to the correct linear convolution result. This error is
called spatial aliasing because the wraparound error contributes false information to the convolution sum.
Figure 3 depicts the linear and cyclic convolutions of two
hypothetical M x N images f and h at a point (m0, no). From
Fig. 3, it can be seen that the wraparound error can overwhelm
the linear convolution contribution. Note in Fig. 3(b) that
although the linear convolution sum (25) extends over the
indices 0 _ < m _ < M - 1
and 0 _ < n _ < N - 1 ,
the overlap is
restricted to the indices.

Linear Convolution Using the Discrete
Fourier Transform
Fortunately, it turns out that it is possible to compute the linear
convolution of two arbitrary finite-extent two-dimensional
discrete-space functions or images using the DFT. The process

2Modular

of (x/N).

arithmetic is remaindering. Hence (X)Nis the integer remainder

(b)

(c)
FIGURE 3 Convolution of two images. (a) Images f and h. (b) Linear
convolution result at (m0, no) is computed as the sum of products where f and
h overlap. (c) Cyclic convolution result at (m0, no) is computed as the sum
of products where f and the periodically extended h overlap.
requires modifying the functions to be convolved prior to
taking the product of their DFTs. The modification acts to
cancel the effects of spatial aliasing.
Suppose more generally that f and h are two arbitrary finiteextent images of dimensions M x N and P x Q, respectively.
We are interested in computing the linear convolution g = f , h
using the DFT. We assume the general case where the images
f, h do not have the same dimensions, because in most
applications an image is convolved with a filter function of
different (usually much smaller) extent.
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la is computed. The inverse DFT ~ of G then contains the
correct linear convolution result.
The question remains as to how many zeroes are used to
pad the functions f and h. The answer to this lies in
understanding how zero-padding works and how large the
linear convolution result should be. Zero-padding acts to
cancel the spatial aliasing error (wraparound) of the DFT by
supplying zeroes where the wraparound products occur.
Hence, the wraparound products are all zero and contribute
nothing to the convolution sum. This leaves only the linear
convolution contribution to the result. To understand how
many zeroes are needed, it must be realized that the resulting
product DFT G corresponds to a periodic function £g. If the
horizontal/vertical periods are too small (not enough zeropadding), the periodic replicas will overlap (spatial aliasing). If
the periods are just large enough, the periodic replicas will be
contiguous instead of overlapping; hence, spatial aliasing will
be canceled. Padding with more zeroes than this results in
excess computation. Figure 4 depicts the successful result of
zero-padding to eliminate wraparound error.
The correct period lengths are equal to the lengths of the
correct linear convolution result. The linear convolution result
of two arbitrary M x N and P x Q image functions will
generally be (M + P - 1) x ( N + Q - 1), hence we would like

zero-padded
image h
(a)

the DFT G to have these dimensions. Therefore, the M x N
function f and the P x Q function h must both be zero-padded
to size (M + P - 1) x (N + Q - 1). This yields the correct
linear convolution result:

(b)

-- [' • fi -- f * h.

FIGURE 4 Linear convolution of the same two images as Figure 2 by zeropadding and cyclic convolution (via the DFT). (a) Zero-padded images f and
h. (b) Cyclic convolution at (m0, no) computed as the sum of products where
and the periodically extended h overlap. These products are zero except over
the r a n g e 0 < p _ < m 0 a n d 0 < q <
no.
^

Clearly,
M-1N-1

g(m, n) -- f ( m , n) • h(m, n) - Z

Z

t i P ' q)h(m - p, n - q).

(54)

In most cases, linear convolution is performed between an
image and a filter function much smaller than the image:
M >3, P and N >> Q. In such cases, the result is not much
larger than the image, and often only the M x N portion
indexed 0 _ < m _ M - 1 , 0 < n _ < N - 1
is retained. The
reasoning behind this is first, that it may be desirable to
retain images of size MN only, and second, that the linear
convolution result beyond the borders of the original image
may be of little interest because the original image was zero
there anyway. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJI

p = 0 q=0

(53)
Inverting the pointwise products of the DFTs F ® H will not
lead to (53), because wraparound error will occur. To cancel
the wraparound error, the functions f and h are modified
by increasing their size by zero-padding them. Zero-padding
means that the arrays f and h are expanded into larger arrays,
denoted f and h, by filling the empty spaces with zeroes.
To compute the linear convolution, the pointwise product
-- ~" ® I2I of the DFTs of the zero-padded functions t' and

Computation of the Discrete
Fourier Transform
Inspection of the DFT relation (33) reveals that computation
of each of the M N DFT coefficients requires on the order of
M N complex multiplies/additions. Hence, on the order of
M2N a complex multiplies and additions are needed to compute the overall DFT of an M x N image f. For example, if
M - - N = 5 1 2 , then on the order of 236=6.9 x 10 l° complex
multiplies/additions are needed, which is a very large number.
Of course, these numbers assume a naive implementation
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without any optimization. Fortunately, fast algorithms for
(0, o)
v (0, N-l)
DFT computation, collectively referred to as fast Fourier
transform (FFT) algorithms, have been intensively studied for
low
low
many years. We will not delve into the design of these, because
it goes beyond what we want to accomplish in a handbook and
they are available in any image processing programming
high
library or development environment (Chapter 4.13 reviews
these) and most math library programs.
low
low
The FFT offers a computational complexity of order not
exceeding M N log2(MN), which represents a considerable
(M-l, 0)
(M-l, N-l)
speedup. For example, if M = N = 512, the complexity is on
the order of 9×219--4.7× 106. This represents a very
FIGURE 5 Distributionof high and low frequencyDFT coefficients.
common speedup of more than 14,500:1!
Analysis of the complexity of cyclic convolution is similar.
If two images of the same size M x N are convolved, then destroy the delicate constructive m destructive interference
again, the naive complexity is on the order of M 2 N 2 complex pattern of the sinusoids that make up the image.
multiplies and additions. If the DFT of each image is
As briefly noted in Chapter 2.1, displays of the Fourier
computed, the resulting DFTs point wise multiplied, and the transform magnitude will tend to be visually dominated by the
inverse DFT of this product calculated, the overall complexity low-frequency and zero-frequency coefficients, often to such
is on the order of M N log2(2M3N3). For the common case an extent that the DFT magnitude appears as a single spot.
M - - N - - 5 1 2 , the speedup still exceeds 4,700:1.
This is highly undesirable, because most of the interesting
If linear convolution is computed via the DFT, the information usually occurs at frequencies away from the
computation is increased somewhat because the images are lowest frequencies. An effective way to bring out the higherincreased in size by zero-padding. Thus, the speedup of DFT- frequency coefficients for visual display is via a point
based linear convolution is somewhat reduced (although in logarithmic operation: instead of displaying IF[, display
a fixed-hardware realization, the known existence of these
zeroes can be used to effect a speedup). However, if the
log2[1 + [/~(u, v)l]
(55)
functions being linearly convolved are both not small, the DFT
approach will always be faster. If one of the functions is very for 0 _ < u _ < M - 1 , 0 _ < v _ < N - 1 .
This has the effect of
small, say covering fewer than 32 samples (such as a small compressing all of the DFT magnitudes, but larger magnitudes
linear filter template), it is possible that direct space-domain much more so. Of course, because all of the logarithmic
computation of the linear convolution may be faster than magnitudes will be quite small, a full-scale histogram stretch
DFT-based computation. However, there is no strict rule of should then be applied to fill the gray-scale range.
Another consideration when displaying the DFT of a
thumb to determine this lower cutoff size, because it depends
on the filter shape, the algorithms used to compute DFTs and discrete-space image is illustrated in Fig. 5. In the DFT
formulation, a single M x N period of the DFT is sufficient to
convolutions, any special-purpose hardware, and so on. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
represent the image information and for display. However, the
DFT matrix is even symmetric across both diagonals. More
D i s p l a y i n g the D i s c r e t e Fourier Transform
important, the center of symmetry occurs in the image center,
It is often of interest to visualize the DFT of an image. This is where the high-frequency coefficients are clustered near
possible because the DFT is a sampled function of finite (u, v) - (M/2, N/2). This is contrary to conventional intuition,
(periodic) extent. Displaying one period of the DFT of image f because in most engineering applications, Fourier transform
reveals a picture of the frequency content of the image. magnitudes are displayed with zero and low-frequency
Because the DFT is complex, one can display either the coefficients at the center. This is particularly true of onemagnitude spectrum [F[ or the phase spectrum/F as a single dimensional continuous Fourier transform magnitudes, which
are plotted as graphs with the zero frequency at the origin.
two-dimensional intensity image.
However, the phase spectrum LF is usually not visually This is also visually convenient, because the dominant lower
revealing when displayed. Generally it appears quite random, frequency coefficients then are clustered together at the center,
and so usually the magnitude spectrum IF[ only is absorbed instead of being scattered about the display.
A natural way of remedying this is to instead display the
visually. This is not intended to imply that image phase
shifted
DFT magnitude
information is not important; in fact, it is exquisitely
important, because it determines the relative shifts of the
component complex exponential functions that make up the
I[(u - M/2, ~ - N/2)]
(56)
DFT decomposition. Modifying or ignoring image phase will
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FIGURE 6 Displayof DFT of image "fingerprint" from Chapter 1.1. (a) DFT magnitude (logarithmically compressed
and histogram stretched); (b) DFT phase; (c) centered DFT (logarithmically compressed and histogram stretched);
(d) centered DFT (without logarithmic compression).

for 0 < u < M - 1, 0 < v _< N - 1. This can be accomplished
in a simple way by taking the DFT of

(--1)m+nf (m, n)Df_>TF(u -- M/2, v - N/2)

(57)

5 Understanding Image Frequencies and
the Discrete Fourier Transform

It is sometimes easy to lose track of the meaning of the DFT
Relation (57) follows since (--1)m+n---e jnrt(m+n). Hence, and of the frequency content of an image in all of the
from (23) the DSFT is shifted by amount 1/2 cycles/pixel (necessary!) mathematics. When using the DFT, it is
along both dimensions; since the DFT uses the scaled important to remember that the DFT is a detailed map of
frequencies (6), the DFT is shifted by M/2 and N/2 cycles/ the frequency content of the image, which can be visually
digested and digitally processed. It is a useful exercise to
image in the u - and v - directions, respectively.
Figure 6 illustrates the display of the DFT of the image examine the DFT of images, particularly the DFT magnitudes,
"fingerprint" image which is Fig. 8 of Chapter 1.1. As can be because it reveals much about the distribution and meaning of
seen, the DFT phase is visually unrevealing, while the DFT image frequencies. It is also useful to consider what happens
magnitude is most visually revealing when it is centered and when the image frequencies are modified in certain simple
ways, since this reveals further insights into spatial frequencies
logarithmically compressed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 7 Image "peppers" (left) and DFT magnitude (right).

and it moves toward understanding how image frequencies DFT origin (unless it is very dark), because from (33) it is the
summed intensity of the image (integrated optical density)"
can be systematically modified to produce useful results.
In the following we will present and discuss a number of
M-1N-1
interesting digital images along with their DFT magnitudes
F~(O,O) -- ~ Z f (m, n).
(58)
represented as intensity images. When examining these, recall
m=0 n=0
that bright regions in the DFT magnitude "image" correspond
to frequencies that have large magnitudes in the real image.
Also, in some cases, the DFT magnitudes have been The image "fingerprint" (Fig. 8 of Chapter 1.1) with DFT
logarithmically compressed and centered via (55) and (57) magnitude shown in Fig. 5(c) just above is an excellent
example of image granularity. The image contains relatively
for improved visual interpretation.
Most engineers and scientists are introduced to Fourier- little low-frequency or very h i g h - frequency energy, but does
domain concepts in a one-dimensional setting. One-dimen- contain an abundance of mid-frequency energy as can be seen
sional signal frequencies have a single attribute m that of in the symmetrically placed half arcs above and below the
being either "high" or "low" frequency. Two-dimensional frequency origin. The "fingerprint" image is a good example
(and higher-dimensional) signal frequencies have richer of an image that is primarily bandpass.
Figure 7 depicts image "peppers" and its DFT magnitude.
descriptions characterized by both magnitude and direction, 3
which lend themselves well to visualization. We will seek The image contains primarily smooth intensity surfaces
intuition into these attributes as we separately consider the separated by abrupt intensity changes. The smooth surfaces
granularity of image frequencies, corresponding to radial contribute to the heavy distribution of low-frequency DFT
frequency (2), and the orientation of image frequencies, coefficients, while the intensity transitions ("edges") contribute a noticeable amount of mid-to-higher frequencies over
corresponding to frequency angle (3). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a broad range of orientations.
Finally, Fig. 8, "cane" depicts an image of a repetitive weave
pattern that exhibits a number of repetitive peaks in the DFT
Frequency Granularity
magnitude image. These are harmonics that naturally appear in
The granularity of an image frequency refers to its radial
signals (such as music signals) or images that contain periodic
frequency. "Granularity" describes the appearance of an image
or nearly periodic structures.
that is strongly characterized by the radial frequency portrait
As an experiment toward understanding frequency content,
of the DFT. An abundance of large coefficients near the DFT
suppose that we define several zero-one image frequency
origin corresponds to the existence of large, smooth, image
masks, as depicted in Fig. 9.
components, often of smooth image surfaces or background.
By masking (multiplying) the DFT F of an image f with
Note that nearly every image will have a significant peak at the
each of these will produce, following an inverse DFT, a
resulting image containing only low, mid, or high frequencies.
In the following, we show examples of this operation. The
3Strictly speaking, one-dimensional frequencies can be positive or negative.
astute reader may have observed that the zero-one frequency
This polarity may be regarded as a directional attribute, although without
masks, which are defined in the DFT domain, may be regarded
much meaning for real-valued, one-dimensional signals.
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FIGURE 8 Image "cane" (left) and DFT magnitude (right).

low-frequency
mask

mid-frequency
mask

high-frequency
mask

FIGURE 9 Image radial frequency masks. Black pixels take value "1", white
pixels take value "0."

as DFTs with IDFTs defined in the space domain. Because we
are taking the products of functions in the DFT domain, it has
the interpretation of cyclic convolution (46-51) in the space
domain. Therefore, the following examples should not be

thought of as low-pass, bandpass, or high-pass linear filtering
operations in the proper sense. Instead, these are instructive
examples where image frequencies are being directly removed.
The approach is not a substitute for a proper linear filtering of
the image using a space-domain filter that has been DFTtransformed with proper zero-padding. In particular, the naive
demonstration here does dictate how the frequencies between
the DFT frequencies (frequency samples) are effected, as a
properly designed linear filter does.
In all of the examples, the image DFT was computed,
multiplied by a zero-one frequency mask, and inverse DFT-ed.
Finally, a full-scale histogram stretch was applied to map the
result to the gray-level range (0, 255), because otherwise, the
resulting image is not guaranteed to be positive.
In the first example, shown in Fig. 10, the image "fingerprint" is shown following treatment with the low-frequency

o _

FIGURE 10 Image "fingerprint" processed with the (left) low-frequency DFT mask, and the (right) mid-frequency
DFT mask.
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FIGURE11 Image"peppers" processedwith the (left) mid-frequencyDFT mask,and the (right) high-frequencyDFT
mask.
mask and the mid-frequency mask. The low-frequency result describes those aspects of the image that contribute to an
looks blurred, and there is an apparent loss of information. appearance that is strongly characterized by the frequency
However, the mid-frequency result seems to enhance and orientation portrait of the DFT. If the DFT is brighter along
isolate much of the interesting ridge information about the a specific orientation, the image contains highly oriented
components along that direction.
fingerprint.
The image "fingerprint" (with DFT magnitude in Fig. 6(c))
In the second example (Fig. 11), image "peppers" were
treated with the mid-frequency DFT mask and the high- is also an excellent example of image orientation. The DFT
frequency DFT mask. The mid-frequency image is visually contains significant mid-frequency energy between the
quite interesting since it is apparent that the sharp-intensity approximate orientations 45 to 135 degrees from the
changes were significantly enhanced. A similar effect was horizontal axis. This corresponds perfectly to the orientations
produced with the higher frequency mask, but with greater of the ridge patterns in the fingerprint image.
Figure 12 shows the image "planks," which contain a strong
emphasis on sharp details. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
directional component. This manifests as a very strong
extended peak extending from lower left to upper right in
Frequency Orientation
the DFT magnitude. Figure 13 ("escher") exhibits several such
The orientation of an image frequency refers to its angle. The extended peaks, corresponding to strongly oriented structures
term "orientation" applied to an image or image component in the horizontal and slightly off-diagonal directions.

FIGURE 12 Image"planks" (left) and DFT magnitude (right).
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FIGURE 13 Image "escher" (left) and DFT magnitude (right).

//
FIGURE 14 Examplesof image frequency orientation masks.
Again, an instructive experiment can be developed by
defining zero-one image frequency masks, this time tuned to
different orientation frequency bands instead of radial
frequency bands. Several such oriented frequency masks are
depicted in Fig. 14.

As a first example, the DFT of the image "planks" was
modified by two orientation masks. In Fig. 15 (left), an
orientation mask that allows the frequencies in the range of
40 to 50 degrees only (as well as the symmetrically placed
frequencies 220 to 230 degrees) was applied. This was designed
to capture the bright ridge of DFT coefficients easily seen in
Fig. 12. As can be seen, the strong oriented information
describing the cracks in the planks and some of the oriented
grain is all that remains. Possibly, this information could be
used by some automated process. Then, in Fig. 15 (right), the
frequencies in the much larger ranges of 50 to 220 degrees
(and - 1 3 0 to 40 degrees) were admitted. These are the
complementary frequencies to the first range chosen, and they
contain all the other information other than the strongly

FIGURE 15 Image "planks" processed with oriented DFT masks that allow frequencies in the range (measured from
the horizontal axis): (left) 40° to 50° (and 220° to 230°), and (right) 50° to 220° (and -130 ° to 40°).
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FIGURE 16 Image"escher" processedwith oriented DFT masks that allow frequencies in the range (measured from
the horizontal axis): (left) -25 ° to 25° (and 155° to 205°), and (right) 45° to 135° (and 225° to 315°).
oriented component. As can be seen, this residual image transform of the original, unsampled image is basic to understanding the information content, and possible losses of
contains little oriented structure.
As a first example, the DFT of the image "escher" was also information, in digital images. These topics are ably handled
modified by two orientation masks. In Fig. 16 (left), an in Chapters 7.1 and 7.2 of this Handbook. Sampling issues
were not covered in this chapter, because it was believed
orientation mask that allows the frequencies in the range - 2 5
to 25 degrees (and 155 to 205 degrees) only was applied. This that most users deal with digital images that have been
captured the strong horizontal frequency ridge in the image, already created. Hence, the emphasis is on the immediate
corresponding primarily to the strong vertical (building) processing, and sampling issues are offered as a background
structures. Then, in Fig. 16 (right), frequencies in the vertically understanding.
Fourier domain concepts and linear convolution pervade
oriented ranges 45 to 135 degrees (and 225 to 315 degrees)
were admitted. This time, completely different structures were most of the chapters in Section 3 of the Handbook, because
highlighted, including the diagonal waterways, the back- linear filtering, restoration, enhancement, and reconstruction
all depend on these concepts. Most of the mathematic models
ground steps, and the paddlewheel. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
for images and video in Section 4 have strong connections to
Fourier analysis, especially the wavelet models, which extend
6 Related Topics in this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Handbook
the ideas of Fourier techniques in very powerful ways.
Extended frequency-domain concepts are also heavily used
The Fourier transform is one of the most basic tools for image
in Sections 5 and 6 (image and video compression) of the
processing, or for that matter, the processing of any kind of
Handbook, although the transforms used differ somewhat
signal. It appears throughout this Handbook in various
from the DFT.
contexts.
One topic that was not touched on in this basic chapter
is the frequency-domain analysis of sampling continuous Acknowledgment
images/video to create discrete-space images/video. Understanding the relationship between the DSFT and the DFT Thanks to Dr. Hung-Ta Pai for carefully reading and
(spectrum of digital image signals) and the continuous Fourier commenting on this chapter.
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1 Introduction
The principles of digital image processing (DIP) have found
applications in an amazing diversity of areas, such as
astronomy, genetics, remote sensing, video communications,
and biomedicine to name a few. Clearly, image processing
education needs to cater to a wide spectrum of people from
different educational backgrounds. Although well rooted in
advanced mathematics (probably unfamiliar and often superfluous to a majority of the general image processing audience),
the theory of DIP needs to be made "accessible" to practitioners
from diverse backgrounds. Complicating this is the highly
multidisciplinary nature of DIP m the field draws upon a great
variety of areas such as mathematics, computer graphics,
computer vision, visual psychophysics, optics, and computer
science. Presenting such an inter-disciplinary topic with
perspicuity to a heterogeneous audience is challenging. With
the recent trend of signal and image percolating lower down
the curriculum to even high school, as in the Infinity project
[1] and the importance of designing signal processing as a first
course in Electrical and Computer Engineering [2], the tools

Copyright © 2005 by Elsevier Academic Press.
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and techniques to present signal and image processing with
minimal math to a non-technical audience is a desideratum.
Image processing is a subject that lends itself to a rigorous,
mathematic treatment and which, depending on how it is
taught, is often perceived as being rather theoretical.
Two-dimensional digital signal processing concepts are
particularly challenging to students who are mainly exposed
to one-dimensional signals and single-variable functions
throughout their high-school and undergraduate education.
In contrast, we are immersed in a spatiotemporal "multidimensional" world and we are constantly exposed on a daily
basis in our life to multi-dimensional signals in the form of
images, video, three-dimensional audio and visual signals, for
example. Since engineering or applied science students are
often more interested in application than in pure theory, it is
strongly advisable for instructors to complement their courses
with hands-on experimentation with real images [3], eventually encouraging the students to program simple algorithms.
Students gain a lot in their understanding when they can
actively manipulate and process images [4, 5]. To reinforce
concrete fundamental concepts, most introductory courses
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assign computer-based exercises. However, more often than aspects of image processing (IP). IP-LAB is a software suite
not, the learning curve involved in becoming familiarized with and a collection of computer laboratories (assignments) that
the software detracts the student from assimilating the were designed to complement the basic lectures of an IP
concept. More effective techniques to uncover the intuition course.
IP-LAB provides a framework where the students can
behind "murky" equations, are visualization tools that
facilitate for aural and visual consumption of information. A experiment themselves with image-processing algorithms,
ready-to-use set of demonstrations illustrating the concepts change the parameters and get immediate visual feedback,
that the instructor deems important can, therefore, help the and also write their own code down to the pixel level. IPstudent to begin experimenting and assimilating immediately LAB is based on a general-purpose image-processing
without having to bother about programming intricacies. This software called ImageJ. ImageJ is written in Java and
situation also encourages students to experiment with their freely available. It has an open architecture that allows the
addition of plug-ins. IP-LAB takes advantage of this
desired inputs at their leisure.
There have been many significant contributions to the functionality; it adds to it a programmer-friendly software
general area of signal processing educational tools, developed layer that greatly facilitates the encoding of image procesprimarily with MATLAB [6-10], LabVIEW [ 11, 12], Java sing algorithms in Java. Even though a basic knowledge of
[13-15], and Mathematica [16]. Common Gateway Interface the Java syntax is required to implement standard IP
has also been used for handling signal-processing routines, algorithms, this knowledge comes at essentially no effort
with Java used for the user interface [17]. See Section 4.19 of from the part of the student. Thanks to the interface layer
this Handbook for an overview of various other software for (ImageAccess) that has been developed and to the learningimage and video processing. In general, the ease of program- by-example strategy, the laboratories require little programmability, cost of software, availability of inexpensive student ming skills; they also take full advantage of the user-friendly
versions of the software, flexibility of extending the education interface of ImageJ.
tools to an online community, execution speed (especially for
video processing), and operating system independence are
some of the desired factors to be considered in the
2.1 Digital Image Processing Education
development of education tools.
This chapter describes tools and techniques that facilitate a (SMT, SIN, EDNE) at the Swiss Federal
gentle introduction to fascinating concepts in digital image Institute of Technology Lausanne (EPFL)
processing from four leading universities. Equipped with
informative visualizations and a user-friendly interfaces, these IP-LAB was developed by the Biomedical Imaging Group
modules are currently being used effectively in a classroom (BIG) at the Swiss Federal Institute of Technology in Lausanne
environment for teaching DIP at many universities across the (EPFL). IP-LAB covers the standard image-processing methods. It is freely available at http://bigww .epfl.ch/teaching/
world. In particular we present: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
iplabsite/.
•
IP-LAB m A java-based plug-in to the popular ImageJ
Up to now, three courses at the Swiss Federal Institute of
software from the Swiss Federal Institute of Technology Technology Lausanne use IP-LAB as a complement to the
Lausanne, Switzerland
basic lectures:
• ALMOT 2D DSP and 2D J-DSP m Two java-based
• Image processing I and II (EPFL Master in Microeducation tools from Arizona State University, USA
Engineering, SMT)
• SIVA m A LabView-based education tool from the
•
Computer vision (EPFL Master in Computer Science,
University of Texas at Austin, USA
SIN)
• VcDemo m A Microsoft Windows-based interactive
• Image acquisition and processing in biology (EPFL
video and image compression tool from the Delft
Doctoral School in Neurosciences, EDNE)
University of Technology, The Netherlands

2 IP-LAB: A Tool for Teaching
Image-Processing Programming in
Java Using ImageJ
Daniel Sage and Michael Unser, SwissFederalInstitute of TechnologyLausanne
(EPFL), Switzerland

This section is devoted to the description of IP-LAB, a
didactic tool for teaching the practical and computational

Students who choose to complete a practical semester or
diploma project with EPFL's Biomedical Imaging Group also
heavily rely on the IP-LAB concept. They use the environment
to develop their new image-processing algorithms for realworld applications. The IP-LAB framework can also be used to
produce demonstration applets on the Internet. The IP-LAB
software is also used at other institutions since it is available
over the Web: over 350 potentially interested instructors have
subscribed so far (as of June 2004) to obtain full access to
the system.
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2.2 Description of IP-LAB
2.2.1 Image-Processing Hands-on and
Image-Processing Programming
The learning process is greatly facilitated when the students
participate in hands-on experimentation. This is the first level
of involvement: applying algorithms to real images and
observing the results. This can be achieved easily by providing
a user-friendly computer environment that allows trying out
different algorithms and visualizing their results. Such
experimentation is feasible on virtually any standard imageprocessing software.
The second level of involvement is more ambitious. It is
to have the students take part in the programming itself
and have them translate formulas into algorithms and code.
Here, the education requirements are the following:
• The best way to understand an algorithm is obviously to
code it and to test it. Students should get the opportunity
to implement the most representative algorithms.
• The exercises should be accessible to inexperienced
programmers. The assignment should concentrate on
image-processing issues alone and not on the programming skills.
• The code should be as generic as possible, close to the
formulas.
• The programming should be simple, robust and
convivial (graphical user interface and input/output
task).
• The edit-compile-execute programming cycle should be
short to see immediate effects on the images when
modifying the code.
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• Java is robust with a good handling of errors and garbage
collection; this eliminates the main source of bugs.
• Java is syntactically close to C, a well-known language.
• Java is reasonably fast: applying a 3 x3 filter takes only a
fraction of a second on a 512x512 pixels image.
• Java is attractive for students: Java plays a major role on
the Web, it is a modern and fashionable language.
• Java has a mechanism for loading classes dynamically
after each modification of the code; this functionality
offers a fast and comfortable way to edit-compile-execute
a program.

lmagel
• ImageJ is a powerful, full-featured image-processing
program developed at the NIH [19]; it is freely available.
• ImageJ has a graphical user-interface which provides
convivial interaction with images.
• Image] has an open architecture that allows extensibility
by addition of plug-ins.

2.2.3 ImageAccess: the Foolproof Interface Layer
Because the programming of Image] plug-ins was not
originally meant for beginners, we have developed a Java
class called ImageAccess which is the key component of IPLAB. Using this class, an image becomes simply an instance of
the ImageAccess class, providing high-level, robust functions
to access to the pixels. In this context, three kinds of
abstraction were defined to help producing pure source code
that is close to the original textbook algorithm.

1. Type abstraction: the pixel data is always retrieved and
stored in the 64-bit floating-point format (double in
Java), independently of the underlying image type (often
These features are not easy to achieve with standard
8-bit). In this way, students do not have to worry about
software or programming languages. IP-LAB is a contribution
rounding, truncation, or conversion of pixel data and
to the initiatives of providing pedagogical tools that fulfill
results are always high-precision.
these requirements.
2. Spatial abstraction: the pixel data can be accessed
anywhere through the use of consistent mirror
2.2.2 Foundation of IP-LAB
symmetric boundary conditions. For example, when a
The IP-LAB framework proposes a computing environment
student wants to retrieve a 3x3 block of an image
where the students can implement the algorithms literally as
centered on the upper left corner (0,0), the interface
they are seen in the course [18]. The system is based on the
layer provides a full block with outside pixel values that
Java language, on Image], and on a specific student-friendly
are correctly extrapolated. This frees the student from
interface layer called ImageAccess (Section 2.2.3) that
having to worry about what happens at the boundaries
simplifies the access to pixel data without having to worry
and results in more pleasant output images without
about technicalities and the interfacing with Image]. The
border artifacts.
justifications for these choices are as follows. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3. Read/write pixel abstraction: the typical way to program
is to retrieve an image block by using a method that
Java Language
begins with get...(). The block is processed and the result
is written in the output image using a put...() method.
• Java is free, platform-neutral, well-adapted to the
The block can be a single pixel, a row, a column, a
diversity of the student community.
neighborhood window. It is useful for implementing
• Java is an object-oriented language; it is ready for signal
filters that need to access the data in the neighborhood
and image processing applications.
of pixel.
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FIGURE 1
Overhead of the ImageAccess class. Convolution of a 2 5 6 x 2 5 6 image with a kernel of size L x L on an
Apple PowerMac 2.0 GHz.

Conceptually, there is a clear pedagogical advantage in
separating the image-processing code from the access to
the pixels as much as possible. However, this is not the
approach taken in ImageJ because it has a computational
cost associated with it. As a result, the typical imageprocessing routines in ImageJ are faster than their IP-LAB
counterparts, but they are also significantly more complicated.
We consider the overhead an acceptable price to pay for
the substantial simplifications in algorithm transcription.
Figure 1 shows the overhead time for a standard function
of 2D FIR filtering. It compares the built-in function of
ImageJ and a convolution routine written using ImageAccess (non-separable implementation) for various lengths
of the filter. Note that the ImageAccess routine includes
data conversion, pixel access, and implementation of the
boundary conditions.
In the case of a separable algorithm where rows and
columns are processed in succession, the cost of the access is
fixed (about 25 ms), irrespective of the kernel size.

2.2.4 IP-LAB Sessions
A laboratory session, which is usually three hours long, is
typically devoted to one chapter of the course. It contains a
programming part and an experimental part. Currently, the
following sessions are available:
1. Pointwise operations for (a) engineers and (b)
biologists
2. Morphology for (a) engineers and (b) biologists
3. Digital filtering for (a) engineers and (b) biologists
4. Fourier transform
5. Edge detection
6. Hough transform
7. Interpolation and geometric transformation
8. Wavelet transform
9. Tomography and backprojection
10. Image restoration and deconvolution

For the programming part, an example of a Java method that
does an operation that is similar to the assignment is always
provided. In addition, the student code is structured by
providing empty templates that need to be completed. This
means that a good portion of the assignment can usually be
implemented by simple modifications of the example.

2.3 Examples
2.3.1 Maximum Intensity Projection
This is an example of a function that produces the
maximum intensity projection (MIP) image of a z-stack of
images (see Listing 1). It illustrates how easy it is to
access a single pixel using the ImageAccess methods: getPixel()
and putPixel().
Listing 1: Maximum intensity projection

i!ii!i!!iili!i

iiiiiii!ii!!!i!
iiii!i
iili

2.4 Image Processing Education zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2.3.2 Moving-Average 5 × 5
The next example is a moving-average filter that produces
a smoothed output image. We compare two implementations
of this digital filter using a non-separable approach (see
Listing 2) and a separable algorithm (see Listing 3). This code
illustrates the access to a block of pixels of an image: methods
getNeighborhood(), getRow() and getColumn(). The code is
relatively straightforward; it is essentially a literal translation of
the textbook version of the algorithm.
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figure shows the higher level part of the code for the analysis,
which is primarily a loop over the scale (number of iterations).
The methods getSubImage() and putSubImage() of ImageAccess are useful for manipulating the data (wavelet coefficients)
in the various subband of the wavelet decomposition.
Listing 3: Separable filtering

Listing 2: Non-separable filtering

The separable implementation offers many advantages in
terms of computation time and modularity. The code, which
is generic for the most of part, clearly shows the two loops: the
first one, which scans the rows, and the second one, which
scans the columns. The only specific part is the 1D routine
average5(), which can easily be modified to yield other
separable filters.

2.3.3 Canny Edge Detector
Figure 2 shows a typical example of the application of the wellknown Canny edge detector [20]. Here, the students can
dissociate the various modules and see the step-by-step
evolution of the image during the various phases of the
algorithm.

2.3.4 Wavelet Transforms
Another interesting example is the implementation of a
separable wavelet transform of an image (see Fig. 3). The

2.4 C o n c l u s i o n
The IP-LAB computer laboratories have received extremely
positive feedback from the students. It helps students become
more active participants in the image-processing course. They
get more interested in processing images when they see the
results right away, and they also enjoy implementing imageprocessing algorithms. The proposed computer sessions
reinforce the learning process and the motivation of the
students. Based on our experience, we believe that IP-LAB
computer laboratories are a perfect complement to a
theoretical course on image processing. The IP-LAB sessions
take advantage of the robustness and the platform independence of Java. They make good use of the friendly graphical
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FIGURE 2 Example of an ImageJ plug-in that implements the various steps of the Canny edge detector. (a) ImageJ
running on Microsoft Windows. (b) Dialog box to set the parameters of the operations. (c) Original image. (d) Image
after a Gaussian smoothing (s=3.0). (e) Image after a gradient filter. (f) Image after non-maximum suppression and
hyteresis thresholding.

user interface and the domain-public licensing of ImageJ.
IP-LAB makes image-processing programming accessible to
inexperienced programmers thanks to the ImageAccess layer
and a learning-by-example strategy. Finally, the available
system offers an attractive and professional-level software and
the more motivated students can continue to work with this
environment. The framework is able to solve relevant imaging
problems inspired from real-world applications.

3 Java-based Educational Software for
Image and Two-Dimensional Signal
Processing
Lina J. Karam, Arizona State University, USA

This section describes interactive, platform-independent,
educational software and on-line laboratories that were
developed and are used at Arizona State University for
teaching the theory of two-dimensional signals and systems
and its application to processing digital imagery.
Two java-based educational 2D DSP software tools are
described. The first tool, called ALMOT 2D DSP, is based
on Active Learning through MOdular Testing (ALMOT), and
is targeted toward users with no a priori knowledge or
background in the signals and systems area, such as highschool students. The second tool, called 2D ]-DSP, is based
on a data-flow object-based visual environment and is

targeted toward undergraduate- and graduate-level engineering students who want to gain a deeper understanding
of the 2D DSP theory through on-line laboratories and
experimentations.
The ALMOT 2D DSP software has been used in several
courses at Arizona State University including the freshmanlevel Introduction to Engineering (ECEIO0) course, the
junior-level Signals and Systems (EEE303) course, and the
graduate-level Multi-dimensional Signal Processing (EEE507)
and Digital Image Processing and Compression (EEE508)
courses. In addition, the ALMOT 2D DSP software has been
used by first-year high-school students. Section 3.2 provides
more details about the ALMOT 2D DSP software.
The 2D J-DSP software has been used and evaluated as part
of the graduate-level Multidimensional Signal Processing
(EEE507) course. More details on the 2D J-DSP software are
provided in Section 3.3.

3.1 Digital Image and Video Processing
Education at Arizona State University
Currently, two graduate-level courses EEES07: Multi-D Signal
Processing and EEES08: Digital Image Processing and Compression are offered in the Electrical Engineering Department at
Arizona State University and are important to understanding
the area of digital image processing.
The EEE507 course is concerned with understandingsignals
of more than one variable and with systems for processing

2.4 Image Processing Education
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wavelet transform plug-in running on an Apple Macintosh machine. The original mit.tif
image is analyzed with the 2D Haar wavelet. A soft threshold is then applied to the wavelet coeffcients, and the image is
finally reconstructed by inverse transformation.

them. These signals include images, video, in addition to other
signals such as multivariate data, sonar, and radar signals.
This course covers the fundamental concepts and theory in the
area of multi-dimensional signal processing including multi-D
sampling, multi-D transforms, multi-D filter design and
implementations, processing of propagating space-time
signals, multi-D signal restoration and reconstruction.
The EEE508 course focuses on the area of image and
video processing and is concerned with understanding the

fundamentals of digital image perception, representation,
processing, and compression.
In addition to on-campus students with majors in electrical
engineering, bioengineering, and computer science, these
courses attract off-campus "on-line" students who are
typically working professionals. In order to cater to the
needs of the distance learners, the lectures of these courses are
streamed on-line and all course material including lectures,
assignments and demonstrations are available to students over
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the Web; Blackboard is also used to post the course material post-evaluation forms consisting of questions and feedback
and announcements.
sections. The evaluation results were very positive [23]. All
As indicated earlier and as discussed in Section 3.2, image partcipating students indicated that they were interested in
processing concepts and applications have also been intro- learning more about image processing after completing the
duced to freshman and junior-level students at ASU in on-line tutorial. Approximately 95% of the students indicated
addition to local high-school students. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
that the proposed Web-based ALMOT 2D DSP was better
than learning from a textbook. The remaining 5% indicated
that it was as good as learning from a book.
3.2 ALMOT 2D DSP
The software can be accessed at http://www.fulton.asu.edu/
The ALMOT 2D DSP software was developed using HTML image/almot2dsp/.
and Java to provide convenient platform-independent ubiquitous learning. In its current form, the software consists of an
3.3 2D J-DSP
interactive tutorial on 2D convolution and how it is used to
implement 2D linear systems with emphasis on image Java Digital Signal Processing (J-DSP) [24, 25] is a java-based
processing applications.
object-oriented signal processing educational software and
ALMOT 2D DSP includes several important features that programming environment that was developed at Arizona
provide effective interactive learning. These features include a State University for use in undergraduate- and graduate-level
user-friendly, point-and-click, graphical user interface with engineering classes and for distance learning. J-DSP resides on
context-sensitive help at each level of the tutorial, visual the Web as a platform-independent Java applet, and is thereby
animated illustrations and, in particular, the incorporation of easily accessible using a web browser.
Active Learning through the use of MOdular Testing
J-DSP provides a complete simulation environment and
(ALMOT).
doesn't require any programming experience. Its user friendly
Active learning, in an interactive environment which environment helps students to establish and execute simulaprovides feedback to learners based on the results of their tions easily and without the need to spend time and efforts on
actions, has been shown by science education research as an programming details. These simulations are well-illustrated
essential component for the development of effective teaching using graphics to understand the complex mathematics that
tools [21]. Also, studies have shown that learners retain 25% describe fundamental and advanced signal processing
of what they hear, 45% of what they see and hear, and concepts.
approximately 70% when they actively participate in the
2D J-DSP [26] was developed as a software extension to
process [22].
J-DSP in order to incorporate educational tools and on-line
Active learning and modular testing are implemented in laboratories for two-dimensional digital signal processing.
ALMOT 2D DSP by dividing the tutorial into a series of Two-dimensional DSP capabilities in 2D J-DSP include 2D
modules (also referred to as levels). These modules are signal generation, 2D FIR filter design and implementation,
arranged in the order of increasing level of interactivity, and 2D transforms. In addition, the developed 2D J-DSP
flexibility, and experimentation, similar to computer games. environment offers image processing capabilities including
This would motivate the students to complete each level in image restoration and enhancement. In order to illustrate 2D
order to move into the subsequent more interesting (and more concepts graphically, contour (2D) and perspective (3D) plots
fun) levels. In addition, the students have to answer correctly have also been incorporated into 2D J-DSP. On-line
one or more questions for each module before they can go laboratory exercises have been developed based on 2D J-DSP
to the next one. The software provides the students with for use in the graduate-level Multidimensional Signal Procesimmediate feedback after answering a question or making a sing (EEES07) and Image Processing courses (EEE508) at
selection, and with helpful explanation if they could not ASU. The 2D J-DSP simulation environment enables students
answer the questions correctly. So, the students cannot to establish and execute 2D DSP and image processing
passively scan through the electronic tutorial pages, but simulations. These simulations are well-illustrated using
must demonstrate understanding of the illustrated concepts in graphical tools and can help students understand advanced
the current module and answer the questions correctly in 2D digital signal processing concepts.
order to move on to the next module. Figures 4-5 present
Figure 6 shows the 2D J-DSP editor frame. It is divided into
excerpts from the developed 2D DSP tutorial.
three main areas. The first is the white-colored area, called
As indicated earlier, the Web-based ALMOT 2D DSP the graph panel or working area where the simulations are
software have been used and tested in freshman-, junior-, and performed; the second is the Error/Warning area that shows
senior-level courses at Arizona State University as well as by a general messages related to the 2D J-DSP functionality; and
class of first-year high-school students at Carl Hayden the third area is where the 2D J-DSP blocks are shelved. There
Community High School in West Phoenix. All the participat- are different categories of these blocks. The blocks placed in
ing students were asked to complete pre-evaluation and a horizontal line on top of the editor frame are changeable,
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FIGURE 4 Interactive and animated 2D convolution demo illustrating the 3 main 2D convolution steps and image
processing. Context sensitive help is available for each step by clicking on the corresponding arrow. Students need to
answer correctly the question at the top of the page in order to access the subsequent page of the tutorial.

while the blocks placed in a vertical line on the left-hand side
of the editor frame are called fixed blocks. The blocks in the
top row of the editor are selected from a drop-down menu list
called block-sets, which can be seen on the top left corner of
the editor frame. These blocks are grouped together according
to their functionalities and placed under one block-set as
shown in Fig. 6. For example, the 2D Transforms block-set
contains 2D FFT, 2D DCT and 2D Wavelet forward and
inverse transform blocks.
A number of 2D blocks have been developed, in 2D J-DSP,
that cover various areas of 2D signal and image processing.
The blocks are grouped together according to their functionality, and are called block-sets. The following block-sets are
available: 1) Basic Blocks, 2) 2D Filters, 3) 2D Transforms, and
4) Filter Banks. The Basic block-set covers blocks for 2D signal
generation, display, and manipulation, 2D output and 2D
arithmetics. The 2D Filters block-set covers 2D FIR Filter
Design and Implementation blocks. The 2D Transforms
block-set covers some of the popular 2D transforms, and the
Filter Bank block-set covers 1D blocks that operate on the 2D

images for filter bank analysis including row/column filtering
and up/down sampling. A detailed description of the 2D JDSP blocks can be found in [27].
The 2D J-DSP software provides a number of ways to view
2D signals and to view the output and characteristics of 2D
systems. These include sample view, image view, contour plot
and perspective plot. Figure 7 shows the perspective plot for a
2D FIR filter that is designed using a non-separable Hamming
window. The perspective plot is generated as a 3D mesh using
Java 3D [28]. A View window enables the user to view the
numeric values of the frequency response of the designed
2D FIR filter.
An example of a 2D J-DSP simulation is shown in Fig. 8.
Figure 8 also shows the dialog windows for the 2D Images
block and for the 2D Plot block, which are the input and
output of the system, respectively. In this simulation, the
2D Images block is used as a 2D input signal, the 2D FIR
Coef block provides the 2D FIR filter coefficients, the 2D
Filter block performs the 2D filtering operation and the
2D Plot block is used to view the 2D filtered output.
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FIGURE 5 Interactive2D linear system and lab experiments. (a) Example of the effect of applying a highpass system
to the Mandrill image. (b) User can change the image and add noise to it interactively. (c) User can change the system
interactively by choosing from provided standard systemsor by entering a custom 2D system impulse response (kernel).

The 2D Images block is double clicked with the left mouse
button and the desired image is selected from the drop-down
menu and the [Update] button is pressed; this will start the
simulation. The output can be viewed using the 2D Plot block
that is connected to the 2D Filter block. The blurred output

image illustrates the low-pass (LP) filtering effect of the
system.
A number of lab exercises have been developed and assigned
in the graduate-level Multi-Dimensional Signal Processing (EEE
507) course in order to help the students understand 2D DSP
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FIGURE 6
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2D J-DSP editor.

concepts that are hard to visualize in a traditional
classroom environment. These on-line laboratories mainly
cover fundamentals of 2D signals and image processing
concepts, implementation of 2D linear systems, 2D FIR
filter design and 2D transforms.
FIGURE 7 3D Mesh plot of filter frequency response.
Statistical and qualitative evaluations that assess the
learning experiences of the participating students have been
carried out. General assessment includes providing feedback on the developed 2D J-DSP java tools and lab
environment, while specific assessment focuses on the
developed laboratory exercises by posing questions to
determine whether the students have effectively learned the
intended concepts using these simulations. Table 1 lists
some of the general assessment statistics for the developed
2D J-DSP environment. Overall, the response is very
promising. More than 90% of the users appreciated the
idea of an internet-based simulation tool.
The 2D J-DSP tools, on-line laboratories, and evaluation forms are available through the Web site http://
jdsp.asu.edu. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 SIVA The Signal, Image, and Video
Audio-Visualization Gallery
Umesh Rajashekar and Alan C. Bovik, The University of Texas at Austin,
USA

This section describes tools for image processing education
from SIVA [29] m The Signal, Image, and Video Audiovisualization gallery developed at the University of Texas at
Austin (UT-Austin). The image processing gallery in SIVA
consists of a suite of special-purpose LabVIEW-based
programs (known as Virtual Instruments or VIs) designed
to serve as powerful visualization modules that are rich in

FIGURE 8 Exampleof a 2D ]-DSP simulation, and Dialog windows for the
2D Images and 2D Plot blocks.
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TABLE 1 General assessment zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Strongly Agree Agree Neutral

Disagree Strongly Disagree

Establishing/connecting blocks are easy.
The graphical user interface of 2D J-DSP is intuitive and user-friendly.
Setting up the required lab simulations was easy.
Blocks are elaborative and sufficient for visualizing 2D signals.
Lab exercises improve 2D DSP concepts.

53%
31%
40%
20%
20%

1%
1%
0%
0%
0%

fundamental image and video processing concepts. With its
powerful point-and-click graphic user interface, SIVA is ideal
for an in-class or online mode of instruction. Although all the
programs in SIVA are useful as stand-alone image/video
processing tools, they were, however, specifically created for
communicating concepts while teaching Image and Video
Processing, and therefore most effective in a didactic setting.
At UT-Austin, SIVA is used in an undergraduate image
processing course as an in-class demonstration tool to provide
live examples that illustrate the image/video processing
concept or algorithm under discussion. SIVA is available as
a free download from [30].

• Module 5 m Linear Filtering, Enhancement, and
Restoration
• Module 6 m Nonlinear Image Filtering
• Module 7 m Digital Image Coding and Compression
• Module 8 ~ Template Matching, Edge Detection
• Module 9 m Hough Transform, B-Splines, Stereo
Imaging
• Module 1 0 - Digital Video Processing

4.1 Digital Image and Video Processing
Education at The University of Texas
at Austin
EE371R:Digital Image and Video Processing is a true multimedia, hands-on, Web-intensive, demonstration-rich course
on digital image and video processing offered in the
Department of Electrical and Computer Engineering at UTAustin. Though intended for an electrical and computer
engineering (ECE) curriculum, this junior/senior course
attracts students (graduate and undergraduate alike) from
various other majors such as psychology; geology; astronomy;
mechanical,
chemical,
and
aerospace
engineering;
and computer science. This popular course regularly attracts
more than 80 students and is often the largest upper-division
undergraduate class in ECE. There is also a steady enrollment
of professionals from the local industries at Austin, Texas. In
line with the academic variety of the audience, the main
objective of this courses is "to make image processing accessible

to an audience with heterogenous backgrounds by augmenting
theory with numerous visual examples." Introductory material
covered in this course includes binary image processing, image
analysis, and image enhancement, while the more advanced
material covers topics like Hough transforms, edge detection
and video processing. The outline of topics covered in this
class is listed below.
•
•
•
•

Module 1 ~ Course Introduction
Module 2 - - Binary Image Processing
Module 3 ~ Histogram and Point Operations
Module 4 ~ Discrete Fourier Transform, Sampling
Theorem

39%
63%
52%
70%
70%

7%
5%
8%
10%
10%

0%
0%
0%
0%
0%

Along with course material designed specifically to keep the
level of math accessible to the audience, this Handbook is used
as the optional textbook to provide students with an
invaluable reference to state-of-the-art image processing.
Simple, but intuitive MATLAB-based assignments are
designed to reinforce the concepts without overwhelming
students with programming intricacies.
To encourage a Web-based educational system, Blackboard
[31] and WebCT [32] are used as an instruction medium to
make all course material and demonstrations available to
students over the Web. Blackboard and WebCT are powerful
tools to build online courses, requiring minimal technical
expertise on the part of the instructor. They offer an
impressive collection of online tools such as bulletin boards
for course announcements; discussion boards, chat rooms and
graphic tools for students to discuss their course-related issues
with the instructor, teaching assistants, or amongst themselves. Timed online quizzes and grade tools are few of the
other features offered by these online course tools. The
discussion board, in particular, has proven to be a very useful
tool to get students involved in discussions, which otherwise
are infeasible to promote in-class due to time restrictions.
The course also has a project component where students are
encouraged to investigate image processing applications in
their respective fields. Students are provided with ample
imaging hardware such as digital camcorders and firewire
cards to download digital video onto computers, Web cams,
state-of-the-art video conferencing equipment and video
editing software to develop their projects. Toward the end of
the semester, students present their work and are graded by
the entire class on creativity, difficulty of the problem, and
presentation. In our experience, and from student feedback,
we have found that the project component has proven to be
extremely successful in motivating and sustaining the
students' interests in the general area of image processing.
Students enjoy discovering image processing applications in
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(b)

FIGURE9 Typical GUI developmentenvironmentin LabVIEW.(a) Front panel. (b) Blockdiagram.
their respective areas and often, to our pleasant surprise,
winners of the "Ram's Horn Best Project Award" are students
from non-engineering backgrounds! 1
However, the most unique feature that make this course
very popular among students is the multimedia experience of
image and video processing that is given throughout the
course using live LabVIEW demos in SIVA. To assist visual
interpretation of ideas discussed, in-class demonstrations
using SIVA are used to complement lectures. The demos
have also been seamlessly integrated into the class notes to
provide contextual illustrations of the principles under
discussion. We will now describe the software framework
used by the SIVA demonstration gallery and illustrate some
of the image and video processing demos in SIVA.

4.2 LabVIEW Development Environment
LabVIEW [33] is a graphic programming language used as a
powerful and flexible instrumentation and analysis software
system in industry and academia. LabVIEW uses a graphic
programing language, G, to create programs called Virtual
Instruments or VIs in a pictorial form, eliminating much of
the syntactical details of other text-based programing
languages like C and MATLAB. LabVIEW includes many
tools for data acquisition, analysis, and display of results.
LabVIEW is available for all the major platforms and is easily
portable across platforms. LabVIEW also provides IMAQ
Vision, which includes more than 400 imaging functions and
interactive imaging windows and utilities for displaying and
building imaging systems, giving designers the opportunity
to create examples for many important concepts in image
processing, and using them for educational purposes. An
excellent introduction to LabVIEW is provided in [34, 35].
Simple programability, impressive integrated graphic functions, availability for a wide variety of platforms, and
extensibility to a Web-based education system, such as that
iThe term "Ram's Horn" refers to the flourishing check-mark grading
symbolused by Dean T. U. Taylorat UT-Austinearlyin the twentieth century,
and is a symbolof excellence at UT-Austin.

used at UT-Austin, made LabVIEW an attractive choice for
developing SIVA.
Each VI consists of two main parts:
The front panel contains the user interface control
inputs, such as knobs, sliders, and push buttons, and
output indicators to produce items such as charts and
graphs. Inputs can be fed into the system using the
mouse or the keyboard. A typical front panel (provided
in LabVIEW) is shown in Fig. 9(a).
The block diagram shown in Fig. 9(b) is the equivalent
of a "source code" for the VI. The blocks are
interconnected, using wires to indicate the dataflow.
Front panel indicators pass data from the user to their
corresponding terminals on the block diagram. The
results of the operation are then passed back to the front
panel indicators.

4.3 Examples of SIVA Demos
The image processing gallery of SIVA contains more than
40 VIs (see Table 2) that can be used in conjunction with class
lectures on image processing. Since most of the images in
Sections 1, 2 and Section 3.1 of this Handbook are, in fact, the
outputs from the SIVA demonstration modules, we will
illustrate only a few VIs here. The front panels for each of these
VIs is also shown to highlight the simple and intuitive
user interface. The reader is invited to explore and download
the other DIP demos in SIVA from the website mentioned in
[30].

4.3.1 Binary Image Processing
Binary images have only two possible "gray levels" and are
therefore represented using only 1 bit per pixel. Besides
simple VIs used for thresholding gray-scale images to binary,
SIVA has other VIs that demonstrate the effects of various
morphologic operations on binary images such as Median,
Dilation, Erosion, Open, Close, Open-Clos, Clos-Open and
other binary operations such as skeletonization. In these VIs,
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TABLE2 List of digital image and video processing demos in the
SIVA gallery
Image Quantization
Image Sampling
Image Histogram
Image Thresholding
Image Complementation
Binary Morphologic Filters
Image Skeletonization
Histogram Shaping
Linear Point Operations
Image Interpolation
Digital 2D Sinusoids
Discrete Fourier Transform
(DFT)
Bandpass Images
Orientation-Selective Images
DFTs of Important 2D
Functions
Low-Pass, Bandpass and
Highpass Filtering
Average Filtering
Ideal Low-Pass Filtering
Gaussian Filtering
Double Thresholding and
Contour Thresholding

Image Additive Noise
Image Deblurring Inverse Filter
Wiener Filter
Gray-Level Morphologic
Filters
Median Filtering
Trimmed Mean Filters
Peak and Valley Detection
Homomorphic Filters
Block Truncation
Image Coding
Entropy Reduction
Via DPCM
JPEG Coding
Gradient-Based Edge
Detection
Template Matching
Laplacian-of-Gaussian
Edge Detection
Canny Edge Detection
Hough Transform
Video Frame Differencing
Motion Compensation
Optical Flow Calculation
Block Motion Estimation

the user has the option to vary the shape and the size of the
structuring element. The interface for the Morphology VI with
a processed binary image is shown in Fig. 10.

4.3.2 Histogram and Point Operations (Gray
Scale)

Handbook of Image and Video Processing

compression) point operations on images are included in
SIVA. A more advanced VI shown in Fig. 11 demonstrates the
effects of histogram shaping. The histograms of the input
image and the resulting image after the linear point operation
are also displayed on the front panel to verify the results of
the shaping (e.g., the histogram in Fig. l l(d) is inverse
Gaussian-like).

4.3.3 Image Analysis Using the Discrete
Fourier Transform
A lucid understanding of the discrete fourier transform
(DFT) is important to appreciate the more advanced topics
of image filtering and spectral theory. SIVA has many VIs to
provide an intuitive understanding of the DFT by first
introducing the concept of spatial frequency using images
of 2D digital sinusoidal gratings. The DFT VI can then be
used to compute and display the magnitude and the phase of
the DFT for gray-level images. The user has the option of
displaying the DFT with its low frequencies clustered together
at the center of the image or distributed at the periphery. An
option is also provided to display the logarithmically
compressed, full-scale contrast-stretched version of the
magnitude spectrum to reveal low-contrast values. Masking
sections of the DFT using zero-ones masks of different shapes
and then performing inverse DFT is a very intuitive way of
understanding the granularity and directionality of the DFT
(see Section 2.3 of this Handbook). To demonstrate the
directionality of the DFT, the VI shown in Fig. 12 was
implemented. As shown on the front panel in Fig. 12(a), the
input parameters, Theta 1 and Theta 2, are used to control the
angle of the wedge-like zero-one mask. It is instructive to note
that zeroing out some of the oriented components in the DFT
results in the disappearance of the one of the tripod legs in the
"Cameraman" image in Fig. 12(e).

To demonstrate the effects of elementary gray-scale image 4.3.4 Linear and Nonlinear Image Filtering
processing, VIs that perform linear (offset, scaling, and SIVA includes many demos to illustrate the use of linear
and nonlinear filters for image enhancement and image
full-scale contrast stretch) and nonlinear (logarithmic range zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 10 Binary image morphology. (a) Front panel. (b) Original "Moly". (c) "Moly" Open-Clos.
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(b)
FIGURE 11

(c)

(d)

Histogram Shaping. (a) Front panel. (b) Original "Books". (c) Histogram-Flat. (d) Histogram-Inverted

Gaussian.

(a)

(c)

(b)

(d)

(e)

FIGURE 12 Directional DFT. (a) Front panel. (b) Original "Cameraman". (c) DFT magnitude. (d) Masked DFT.
(e) Inverse DFT after masking.
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(a)

(c)
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(b)

(d)

(e)

FIGURE 13 Nonlinearfiltering. (a) Front panel. (b) Original "Dhivya". (c) Salt and pepper noise. (d) Average
filtering. (e) Median filtering.
restoration. The use of low-pass filters for noise-smoothing schemes, a large number of edge detectors for image feature
and inverse and pseudo-inverse filters for deconvolving analysis and Hough transforms.
images that have been blurred are examples of some demos
for linear image enhancement in SIVA. SIVA also includes
demos to illustrate the power of nonlinear filters over their 4.3.6 Video Processing Demos
linear counterparts. Figure 13 demonstrates the result of The video processing demos in SIVA use the LabVIEW
filtering a noisy image corrupted with "salt and pepper" noise environment and IMAQ Vision to demonstrate key concepts
with a linear filter (average) and with a nonlinear (median) like motion estimation and compensation, motion compensated filtering, video compression and reconstruction, the
filter. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
effects of noise, and pre-processing. The results from these
demos can be compared both objectively (peak signal-to-noise
4.3.5 Image Compression
ratio for example) and subjectively for assessment of video
Block truncation coding (BTC) (see Section 5.2 of this book) reconstruction quality. Within many demos, users have the
is a very simple yet powerful method for image compression. option to vary computation methods for additional comparThe VI on BTC shown in Fig. 14 provides an introduction to ison. Figure 15 for example illustrates the estimation of optical
lossy image compression. The user can select the number of flow between two scenes of a video. To illustrate a practical
bits, B1, used to represent the mean of each block in BTC optical flow-estimating technique, SIVA contains a motion
and B2 for the block variance. The compression ratio is estimation demo that allows the use of different search
computed and displayed on the front panel in the CR methods, such as the 3-step search, cross-search or brute force,
and different match methods, such as the minimum mean
indicator in Fig. 14(a).
As listed in Table 2, SIVA has many other advanced VIs that square error, maximum absolute difference, maximum
include many linear and non-linear filtering for image matching pixel count, or maximum correlation. Additionally,
enhancement, other lossy and lossless image compression many demos will operate on live video acquired in class
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(a)

(b)
~;, Decoded Imatte

~!~

(.

(c)

(d)

(e)

FIGURE 14 Block Truncation Coding. (a) Front panel. (b) Original "Iris". (c) 2 bits for mean; 0 bits for variance.
(d) 4 bits for mean; 0 bits for variance. (e) 4 bits for mean; 5 bits for variance.
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(c)

Optical flow. (a) Front panel. (b) Successive video frames. (c) Estimated Optical Flow.

directly into LabVIEW from a digital camcorder and a laptop Image & Video Processing course at UT-Austin. The course
IEEE 1394/firewire port. These demos will add flexibility has become amazingly popular, typically attracting more than
and intrigue to the learning process and help emphasize both 80 students per class in recent semesters. The visual intuition
the simplicities and the intricacies of video processing provided by the demos has proved to be very useful in
that may be overlooked when using a predefined set of introducing image processing to an audience with very diverse
videos that have controlled acquisition environments. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
academic backgrounds. The SIVA demonstration gallery is
gaining popularity and is being widely used by instructors in
many educational institutions over the world for teaching
4.4 Conclusions
their signal, image and video processing courses, and by many
The interactive image/video processing demonstrations in individuals in industry for testing their image processing
SIVA have been integral to the success of the EE371R Digital algorithms. To date, there are around 150 users from over 40
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countries using SIVA. SIVA is available as a free download interpretation of the autocorrelation function). The course
from [30]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ET4269 begins with motivating the need for signal compression. Right from the start, image compression examples are
shown using VcDemo. For example, the students are given an
5 VcDemo - - The Image and Video
outlook on what compression algorithms can achieve by
Compression Learning Tool
simultaneously showing a pulse-coded modulation (PCM)
image at 1 bit per pixel and a JPEG compressed image at the
Reginald L. Lagendijk,Delft Universityof Technology,The Netherlands
same bit rate. Although the student cannot yet explain the
VcDemo is a software tool intended to assist students at cause(s) of the different artifacts, from such a simple example
graduate level and (postgraduate) professionals with sufficient the inherent quality loss and trade-offs that are made by
training in stochastic processes and signal processing in different compression techniques are immediately clear.
The courses then continues with three main topics, spread
studying lossy compression techniques [36]. Whereas in
out
over one quarter (7 weeks of teaching) with two lectures
textbooks the emphasis is typically on explaining compression
of
two
hours each per week. The subjects are:
methods from the perspective of information theory and
algorithm structure, VcDemo emphasizes studying compres• Fundamentals of compression, including information
sion techniques from observed performance (e.g., signal-totheoretical background, lossless source coding, ratenoise ratio and visual compression artifacts) under different
distortion theory, and quantization theory
parameters settings (such as selected bit rate or bit-error-rate
• Audio and image compression algorithms, covering
of the channel over which compressed data is sent). The
PCM, differential PCM, vector quantization, transform
software tool comprises nearly 20 image and video comprescoding (including DCT), subband coding, the ]PEG
sion modules. The operation of the software compression
image compression standards, and the mp3/AAC audio
modules is fully controlled by menus and push buttons:
compression standards
no programming by students is required. The modules are
• Video compression and motion estimation, the MPEGself-explaining, yet basic help functions are available oncompression standards, and an outlook to advanced
line (F1 button). VcDemo is very suitable for self-study,
compression techniques such as scalable and errorfor student homework exercises, and for in-class demonstraresilient compression. The latter subjects are often of
tions.
most interest to professionals from industry.

5.1 ET4269: Digital Signal Coding at Delft
University of Technology
The graduate course ET4269 (Multimedia Compression) [37]
is a compulsory course of 6 ECTS credits for students in the
Media and Knowledge Engineering masters program at Delft
University of Technology [38]. The course also attracts
students from various other M.Sc. programs, such as
Telecommunications and Computer Engineering. The yearly
enrollment is between 80 and 120 graduate students. Several
courses for professional engineers from industry have been
derived from ET4269. Two examples are the course "Video
Compression" lectured within the curriculum of the dutch
association for postgraduate education (PATO) [39], and a
yearly course with the same name being lectured in-house at
Philips Research, The Netherlands. Especially the courses for
professionals, who often have widely varying backgrounds
and interests, are built up around hands-on exercises using
VcDemo. The VcDemo tool then serves to stimulate selfexploration of compression algorithms as well as the
interaction with teaching assistants on compression techniques of interest to the professionals's work.
The student's background assumed in ET4269, is signal
processing and transformations (in particular linear systems,
discrete (time) Fourier transform, and spectral representations), and stochastic processes (in particular the theory and

The VcDemo tool greatly supports the lectures on the last two
subjects. Live demonstrations are seamlessly integrated into
the lectures, or illustrations in (power point) presentations are
taken directly from VcDemo's output (screen dumps).
Students are encouraged to download the VcDemo software
and practice at home with the compression module that have
been shown in class. Further, the opportunity is offered to
carry out the exercises under supervision of teaching assistants
during the last two weeks of the quarter. Exams regularly
include questions using the output of VcDemo; examples of
(English) exams m as well as all other lecture materials m can
be downloaded from Delft University of Technology's
blackboard [37] using the course search key "ET4269."

5.2 VcDemo Compression Environment
5.2.1 Balance between Versatility and Efficiency
In developing software that supports learning processes, the
primary choice is always how much programming the student
should do to obtain a certain functionality. For basic image
processing operations, such as linear filtering, the complexity
of implementation ~ and hence the time a student spends on
getting the algorithm to function properly ~ is manageable,
especially if a well-structured programming environment
is offered. Such environment should at least take away
the burden of writing image I/O and display functions.
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For more complicated image operations, pre-developed each other. Depending on which image and module is active,
parametrized building blocks are desirable in order to avoid the correct module interface is displayed on top. In this way it
students spending too much time on debugging. Clearly, this is very easy to work on multiple images at the same time and
takes away a lot of the insight that students obtain by have different modules active to compare different compresimplementing a particular algorithm. For image and video sion results. The top part of the module interface contains
compression, the underlying algorithms are often so complex, tabs with which the parameters can be set to control the
that, first, pre-developed building blocks are needed, and compression module. The bottom part shows numeric
that, second, few choices remain for how to combine different output such as image variance, signal-to-noise ratio, bit rate,
and bit allocation. Finally, the middle/left-hand side of
building blocks.
For that reason we decided already in the early days of the module interface displays original and compressed
VcDemo (around 1990) that a somewhat rigid menu and images, as well as intermediate results, for instance a subband
push-button-driven structure was favorable over a more decomposition.
The compression interfaces control the operation of the
versatile programmable structure, at the advantage of
transparency and especially time-efficiency for students. We underlying compression modules. In the current version of
have stayed with this choice during the different usage and VcDemo, many of the compression parameters are selectable
development stages of VcDemo: from the VAX/VMS context, from a discrete set of values. Although this is certainly not a
to Unix and Linux, to the current VcDemo Version 5 for requirement of the underlying software code, we have found
the Windows platform. Considering the complexity of some that limiting the parameter choices helps the student to find
of the algorithms included in VcDemo
such as the his/her way in doing the most interesting experiments. For
JPEG-2000 standard, and an MPEG-2 and H.264 video instance, many of the image compression modules operate
encoder ~ we believe that VcDemo indeed strikes the right with the bit rate set {0:05; 0:1; 0:2; 0:3; 0:4; 0:5; 0:75; 1:00; 1:5;
balance between versatility of operation and the learning curve 2:0; 3:0} bit per pixel, indicating the "interesting" bit rate
settings for most compression techniques.
of the students. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The workspace itself and all compression modules come
with on-line help (pressing F1). Figure 16(b) gives an example
5.2.2 Workspace
of the help information provided for the PCM module. The
VcDemo provides the workspace as illustrated in Fig. 16(a). help information does not explain the underlying compression
The workspace consists of three parts. The top part contains algorithm, only how the input parameters and output images
the pull-down menus and the push-buttons that start and numeric results relate to the compression algorithms. A
particular compression modules. The right-hand side of the second form of help is the information provided about
workspace contains the module interfaces, stacked on top of compressed images. Since compressed images are kept until
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FIGURE 16 Typical GUI in VcDemo. (a) Workspace with original image, (staggered) compressed images,
intermediate results, and compressionmodule interface. (b) Help informationfor the Pulse Coded Modulation (PCM).
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the user either closes that particular image window or the
window of the related original image (in which case all
derived images and compression modules will be closed),
many different image windows may be visible in the
workspace. In order to find back which parameters settings
were used and what the resulting compression performance
was, clicking the right mouse button gives access to a
context menu from which "image information" can be
selected, as illustrated in Fig. 16(a). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5.2.3 Supporting Functions
In addition to the compression modules itself ~ of which
some examples are given in Section 5.3 m VcDemo
contains several supporting functions. The four most
important supporting functions are described here.
any output image or
First, VcDemo allows for saving zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
decompressed video sequence, either in JPEG or TIFF
FIGURE 17 Automaticplotting of R(D) curves in VcDemo.
format. This makes it very easy for students and instructors
to include interesting (intermediate) results into lecture
materials or home work reports.
loop with a non-uniform quantizer of which the representaSecond, in VcDemo any two images originating from the
tion levels are entropy (Huffman) encoded. Four different
same original image can be subtracted. This allows the visual
spatial prediction models can be selected. The output shows
comparison of compression artifacts for different compression
m in addition to the compressed image m the prediction
techniques. Numeric information (average values, variance,
error image (top middle image in Fig. 18). Figure 18 shows the
and range) of the difference image is provided.
rate-distortion performance of DPCM on the image shown for
Third, series of images and video sequences of ~
format
two different prediction models in comparison with PCM.
can be played in real time. Video sequences are assumed to be
Students are encouraged to relate the observed performance to
stored in raw YUV 4:2:0 format. A separate ASCII header file
theoretical concepts such as high-rate performance (6 dB/bit)
provides information about, for instance, the frame dimenand DPCM prediction gain. Further, the enlarged image shows
sions and number of video frames.
the effect of randomly inserted bit error into the bit stream on
And finally, the student can let VcDemo store all (bit rate,
the decompressed image. Students should be able to explain
signal-to-noise ratio) pairs of the experiments carried out.
these particular artifacts from the algorithm structure of a
These pairs can then be used for plotting rate-distortion
DCPM-encoder/decoder.
(R(D)) curves that numerically show and compare the
performance of different compression algorithms on the
same image, and/or the performance of the same compression
algorithm under different parameter settings. Figure 17 shows
an example of such a comparison.

5.3 Examples of VcDemo Compression
Modules
VcDemo encompasses a wide range of compression modules.
The reader is invited to download and install VcDemo from
the Web site [36], and explore the different compression
modules. We here give three examples, namely differential
pulse-coded modulation (DPCM), subband coding (SBC),
and MPEG video compression.

5.3.1 Differential Pulse-Coded Modulation
(DPCMJ
The DPCM module implements one of the simplest
compression algorithm. It combines a spatial prediction

FIGURE 18 GUI of the DPCM compression module. The enlarged image
shows the effect of randomly inserted bit errors into the bit stream.
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FIGURE 19 GUI of the SBC compression module. The enlarged image FIGURE 20 GUI of the MPEG encoder module. The video flame on the left
shows an intermediate results: the quantized subbands. Also shown is the hand side showsthe temporal prediction difference flame plus motion vectors
subband decomposition prior to quantization of a zone-plate image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
used to build the motion-compensatedprediction. The windowon the righthand side shows the video flame currently being compressed, with numeric
information shown in lower part of the MPEG module interface.

5.3.2 Subband Coding (SBC)

The subband coding module implements a spatial subband
decomposition (with different selectable subband structures)
in combination with the PCM/DPCM encoding of the subbands. An important aspect of subband coding is the
allocation of bits over the subbands. The implemented
optimal bit allocation algorithm has been described in [40],
and uses predesigned LLoyd-Max or uniform threshold
quantizers. The numeric output window (part of the module
interface) lists the variances of the subbands, and the resulting
bit allocation and quantization error variance. Students should
be able to explain the observed pattern in bit allocation, and
relate this to the underlying information theory. Figure 19
shows the workspace with the activated SBC module. In
addition to the (intermediate) result of the bit allocation and
subband quantization of the "Lena" image, the figure also
shows the sub-band decomposition of a zone-plate (2D
frequency sweep) image. Students should be able to explain
the content of the subbands of this image in terms of 2D
(subband) filters.

5.3.3 MPEG Video Encoding and Decoding
Obviously, video encoders are among the most complicated
image/video processing operations. VcDemo currently
includes an MPEG-1 and -2 video encoder and decoder,
as well as an H.264 video encoder and decoder 2. The
MPEG-encoder creates an MPEG video file that is compatible
with most MPEG players. The student can set parameters such
2Most VcDemo code has been developed by the Information and
Communication Theory Group at Delft Universityof Technology. Exceptions
are compression code of EZW (contributed by Purdue University), SPIHT
(contributed by PrimaComp, Inc.), JPEG/JPEG2000, MPEG, and H.264
(public domain software). The latter module has been incorporated into
VcDemo by the SIPL group at Technion [41].

as bit rate, group-of-pictures structure, and motion search
length. The numeric output window gives the student
information about the performance of the MPEG encoder
on the current video frame, as well as the type of frame (I, P,
B) and macroblock being encoded.
The MPEG decoder c a n - in addition to normal decoding
of any MPEG-compressed video sequence - - also display the
motion vectors per macro block. Further, the MPEG decoder
can also display the video information encoded in the bit stream,
such as macro block differences or intra-encoded macroblocks. Figure 20 illustrates the GUI of the MPEG compression module. It also shows the temporal prediction difference
and motion vectors which represent the actual video
information encoded in the MPEG bit stream.

5.4 Conclusions
The structure of compression algorithms and their rationale
are often not difficult to understand. However, implementing
compression algorithms in order to evaluate their performance and typical artifacts is far too complicated for a
compression course, even at graduate level. VcDemo offers a
solution to this implementation hurdle, and makes it possible
for students to quickly focus on questions that are important,
such as "Can I explain what I see from the theory and
algorithms learned in class?". The VcDemo software has been
used in classes at Delft University of Technology for nearly 15
years now, and it has been available for public download since
February 2000. As of May 2004, the VcDemo Web page [36]
has received around 20,000 hits. Based on the VcDemo
concept, the SIPL Group at Technion has started the
development of a similar signal processing tool [41]. Thanks
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online at http://spib.ece.rice.edu/DSP2000/, (Last viewed:
to the many positive reactions and suggestions from lecturers,
Feb. 6, 2002).
professionals, and students worldwide, we plan to continue
[10]
J.
Rosenthal and J. H. McClellan, "Animations and guis for
the further enhancement and extension of VcDemo in the
Introductory Engineering Courses," Proc. of the International
near future. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Conf. on Electrical Engineering, 6E411-6E416, August 2001.
Available online at http://fie.engrng.pitt.edu/icee/, (Last viewed:
6 Conclusions
Feb. 7, 2002).
[ 11] G. C. Panayi, U. Rajashekar, and A. C. Bovik, "Image processing
for everyone," Proc. First Signal Processing Education Workshop,
The importance of stressing practical applications in an image
Oct 2000. http://spib.ece.rice.edu/DSP2000/, (Last viewed:
processing course has been prevalent for a long time now.
Feb. 6, 2002).
Making image processing accessible to an ever-growing nonexpert audience is highly desirable. In this chapter, a library of [12] "National Instruments LabVIEW Player VI Gallery."
Available online at http://zone.ni.com/devzone/explprog.nsf/
demonstrations built, and in successful use at various
webLabVIEWenabled, (Last viewed: Feb. 6, 2002).
universities around the world, intuitively introduce the
[ 13 ] Y. Cheneval, L. Balmelli, P. Prandoni, J. Kovacevic, and M. Vetterli,
concepts of digital image and video processing to a disparate
"Interactive DSP education using Java," Proc. 1EEE Int. Conf.
audience consisting of graduate and undergraduate students
Acoustics, Speech, and Signal Processing, 3, 1905-1908, 1998.
from a variety of backgrounds. The inertia to develop such
[14] A. Spanias, A. Constantinou, J. Foutz, and F. Bizuneh, "An
demos is understandable since a high investment of time and
online signal processing laboratory," Proc. First Signal Processing
effort is required. The authors hope that this chapter will
Education Workshop, Oct 2000. Available online at http://
spib.ece.rice.edu/DSP2000/program.html, (Last viewed: Feb. 6,
succeed in attracting the attention of many more instructors
2002).
to the availability of wonderful didactic tools for image
[15] J. Shaffer, J. Hamaker, and J. Picone, "Visualization of signal
processing education. The authors are optimistic that these
processing concepts," Proc. IEEE Int. Conf. Acoustics, Speech,
libraries will be instrumental in adding value to the way digital
and Signal Processing, 3, 1853-1856, 1998.
video processing and wavelets will be taught at many other
[16] B. L. Evans, L. J. Karam, K. A. West, and J. H. McClellan,
universities around the world.
"Learning signals and systems with Mathematica," IEEE Trans.
on Education, 36, 72-78, Feb 1993.
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1 Introduction
Linear system theory and linear filtering play central roles
in digital image and video processing. Many potent techniques for modifying, improving, or representing digital visual
data are expressed in terms of linear systems concepts. Linear
filters are used for generic tasks such as image/video contrast
improvement, denoising, and sharpening, as well as for more
object- or feature-specific tasks such as target matching and
feature enhancement.
Much of this Handbook deals with the application of linear
filters to image and video enhancement, restoration, reconstruction, detection, segmentation, compression, and transmission. The goal of this chapter is to introduce some of the
basic supporting ideas of linear systems theory as they apply
to digital image filtering, and to outline some of the applications. Special emphasis is given to the topic of linear image
enhancement.
We will require some basic concepts and definitions in
order to proceed. The basic two-dimensional discrete-space
signal is the two-dimensional impulse function, defined by
m = p and n = q

6(m-p,n-q)-/1;

! O;
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

•

else

(1)

Thus, (1) takes unit value at coordinate (p, q) and is everywhere else zero. The function in (1) is often termed the
Kronecker delta function or the unit sample sequence [ 1]. It plays
the same role and has the same significance as the so-called
Dirac delta function of continuous system theory. Specifically,
the response of linear systems to (1) will be used to characterize the general responses of such systems.
Any discrete-space image f may be expressed in terms of
the impulse function (1):
(x)

f(m,n)-- Z

oo

Z

f(m-p,n-q)

6(p,q)

p=-oo q--oo

(2)

-

~

tip, q) ,~(m - p , n - q).

p---oo q--c~

The expression (2), called the sifting property, has two meaningful interpretations here. First, any discrete-space image
can be written as a sum of weighted, shifted unit impulses.
Each weighted impulse comprises one of the pixels of the
image. Second, the sum in (2) is in fact a discrete-space linear
convolution. As is apparent, the linear convolution of any
image f with the impulse function ~ returns the function
unchanged.
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impulse response is a function of these four spatial variables.
However, if the system L is space-invariant, then if

g(m, n)

FIGURE 1 Two-dimensional input-output.

L[6(m, n)] - h(m, n)

The impulse function effectively describes certain systems
known as linear space-invariant (LSI) systems. We explain
these terms next.
A two-dimensional system L is a process of image
transformation, as shown in Fig. 1:
We can write
g(m, n ) - L[f(m, n)].

(3)

The system L is linear if and only if for any fl(m,n),
f2(m, n) such that
gl(m, n)

-- Elf

l(m,

n)]

and

g2(m, n) - L[f2(m, n)]

(4)

and any two constants a, b, then
a . gl(m, n) + b . g2(m, n) -- L[a. f l(m, n) + b . f 2(m, n)] (5)

is the response to an impulse applied at the spatial origin,
then also
L[6(m - p, n - q)] - h(m - p, n - q),

(6)

for any (p, q). Thus, a spatial shift in the input to L produces
no change in the output, except for an identical shift.
The rest of this chapter will be devoted to studying systems
that are linear and shift-invariant (LSI). In this and other
chapters, it will be found that LSI systems can be used for
many powerful image and video processing tasks. In yet other
chapters, nonlinearity and/or space-variance will be shown
to afford certain advantages, particularly in surmounting the
inherent limitations of LSI systems.

2 Impulse Response, Linear
Convolution, and Frequency Response

(9)

which means that the response to an impulse applied
at any spatial position can be found from the impulse
response (8).
As already mentioned, the discrete-space impulse response
h(m, n) completely characterizes the input-output response of
LSI input-output systems. This means that if the impulse
response is known, an expression can be found for the response
to any input. The form of the expression is two-dimensional
discrete-space linear convolution.
Consider the generic system L shown in Fig. 1, with input
f(m, n) and output g(m, n). Assume that the response is due
to the input f only (the system would be at rest without the
input). Then from (2):

for every (m, n). This is often called the superposition property
g(m, n) -- L[f(m, n)] - L
of linear systems.
The system L is shift-invariant if for every f(m, n) such that
(3) holds, then also zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
g(m - p, n - q) - L [ f (m - p, n - q)]

(8)

Z

f (P' q)8(m - p, n - q)

=-oo q=-oo

]

(101

If the system is known to be linear, then
oo

g(m, n) -

(x)

Z

f (P' q) L[8(m - p, n - q)]

Z

(11)

p=-oo q=-oo

oo

--

Z
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(12)
f(P' q) h(m, n; p, q),

p=-oo q=-oo

which is all that generally can be said without further knowledge of the system and the input. If it is known that the system
is space-invariant (hence LSI), then (12) becomes
(x)

g(m,n)-

Z

oo

Z

f(p,q) h(m-p,n-q)

(13)

p=-oo q=-oo

The unit impulse response of a two-dimensional input-output
system L is:
L[6(m - p, n - q)] - h(m, n; p, q).

(7)

This is the response of system L, at spatial position (m, n),
to an impulse located at spatial position (p, q). Generally, the

=f(m,n)*h(m,n),

(14)

which is the two-dimensional discrete space linear convolution of input f with impulse response h.
The linear convolution expresses the output of a wide
variety of electrical and mechanical systems. In continuous
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systems, the convolution is expressed as an integral. For
example, with lumped electrical circuits, the convolution integral is computed in terms of the passive circuits elements
(resistors, inductors, capacitors). In optical systems, the integral uses the point-spread functions of the optics. The
operations occur effectively instantaneously, with the computational speed limited only by the speed of the electrons
or photons through the system elements.
However, in discrete signal and image processing systems,
the discrete convolutions are calculated sums of products.
This convolution can be directly evaluated at each coordinate
(m, n) by a digital processor, or, as discussed in Chapter 2.3,
it can be computed using the discrete Fourier transform
(DFT) using a fast Fourier transform (FFT) algorithm. Of
course, if the exact linear convolution is desired, this means
that the involved functions must be appropriately zero-padded
prior to using the DFT, as discussed in Chapter 2.3. The
DFT/FFT approach is usually, but not always faster. If an
image is being convolved with a very small spatial filter, then
direct computation of (14) can be faster.
Suppose that the input to a discrete LSI system with impulse
response h(m, n) is a complex exponential function:

f (m, n)

-

e 2zrj(Um+vn)

(15)
= cos[2zr(Um + Vn)] + j sin[2Jr(Um + Vn)].
Then the system response is the linear convolution:
oo

oo

g(m, n) -- E
E h(p, q)f (m - p, n - q)
p=-oo q=-oe
-- £
£ h(p, q)e2~j[U(m-p)+v(n-q)]
p=-oo q=-oo
(x)

(16)

o~

--e2Jrj(Um+Vn) E
E h(p'q)e-2"j(up+vq)' (17)
p=-o~ q=-oo
which is exactly the input f(m, n) - e 2 ~ j ( U m + g n ) multiplied by
a function of (U, V) only:
(X)

(X)

H(U, V) -- E
E h(p'q)e-2"j(ap+vq)
p=-c~q=-e~
- IH(U, V)l. e j/H(U' v).

(18)

The function H(U, V), which is immediately identified
as the discrete-space Fourier transform (or DSFT, discussed
extensively in Chapter 2.3) of the system impulse response,
is called the frequency response of the system.
From (17) it may be seen that the response to any complex
exponential sinusoid function, with frequencies (U, V), is the
same sinusoid, but with its amplitude scaled by the system
magnitude response [H(U, V)[ evaluated at (U, V) and with a

shift equal to the system phase response / H(U, V) at (U, V).
The complex sinusoids are the unique functions that have
this invariance property in LSI systems.
As mentioned, the impulse response h(m,n) of an LSI
system is sufficient to express the response of the system to any
input. 1 The frequency response H(U, V) is uniquely obtainable from the impulse response (and vice versa), and
so contains sufficient information to compute the response
to any input that has a DSFT. In fact, the output can be
expressed in terms of the frequency response via G(U, V) =
F(U, V) H(U, V) and via the DFT/FFT with appropriate zeropadding. In fact, throughout this chapter and elsewhere, it
may be assumed that whenever a DFT is being used
to compute linear convolution, the appropriate zero-padding
has been applied to avoid the wraparound effect of the cyclic
convolution.
Usually, linear image processing filters are characterized
in terms their frequency responses, specifically by their
spectrum-shaping properties. Coarse common descriptions that
apply to many two-dimensional image processing include low
pass, band pass, or high pass. In such cases, the frequency
response is primarily a function of radial frequency and may
even be circularly symmetric, namely, a function of U2 + V2
only. In other cases, the filter may be strongly directional or
oriented, with response strongly depending on the frequency
angle of the input. Of course, the terms low pass, band pass,
high pass, and oriented are only rough qualitative descriptions
of a system frequency response. Each broad class of filters has
some generalized applications. For example, low-pass filters
strongly attenuate all but the "lower" radial image frequencies
(as determined by some bandwidth or cutoff frequency), and
so are primarily smoothing filters. They are commonly used
to reduce high-frequency noise, eliminate all but coarse
image features, or reduce the bandwidth of an image before
transmission through a low-bandwidth communication channel or before subsampling the image (see Chapter 7.1).
A (radial frequency) band-pass filter attenuates all but
an intermediate range of "middle" radial frequencies. This
is commonly used for the enhancement of certain image
features, such as edges (sudden transitions in intensity) or the
ridges in a fingerprint. A high-pass filter attenuates all but
the "higher" radial frequencies, or commonly, significantly
amplifies high frequencies without attenuating lower frequencies. This approach is often used for correcting images that are
blurred (see Chapter 3.5).
Oriented filters, which attenuate frequencies falling outside
of a narrow range of orientations or amplify a narrow range of
angular frequencies, tend to be more specialized. For example,

1Strictly speaking, for any bounded input, and provided that the system
is stable. In practical image processing systems, the inputs are invariably
bounded. Also, almost all image processing filters do not involve feedback,
and hence are naturally stable.
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it may be desirable to enhance vertical image features as a
In (19), both the original image and noise image are
prelude to detecting vertical structures, such as buildings.
unknown. The goal of enhancement is to recover an image
Of course, filters may be a combination of types, such as g that resembles o as closely as possible by reducing q. If
band pass and oriented. In fact, such filters are the most there is an adequate model for the noise, then the problem of
common types of basis functions used in the powerful wave- finding g can be posed as an image estimation problem, where
let image decompositions (Chapters 4.2) that have recently g is found as the solution to a statistical optimization probfound so many applications in image analysis (Chapter 4.4), lem. Basic methods for image estimation are also discussed in
human visual modeling (Chapter 4.1), and image and video Chapter 4.5, and in some of the following chapters on image
compression (Chapters 5.4 and 6.2).
enhancement using nonlinear filters.
In the remainder of this chapter, we introduce the simple
With the tools of Fourier analysis and linear convolution
but important application of linear filtering for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
linear image in hand, we will now outline the basic approach of image
enhancement, which specifically means attempting to smooth enhancement by linear filtering. More often than not, the
image noise while not disturbing the original image structure. 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
detailed statistics of the noise process q are unknown. In such
cases, a simple linear filter approach can yield acceptable
results, if the noise satisfies certain simple assumptions.
We will assume a zero-mean additive white noise model.
3 Linear Image Enhancement
The zero-mean model is used in Chapter 2.1, in the context
The term enhancement implies a process whereby the visual of frame averaging. The process q is zero-mean if the average
quality of the image is improved. However, the term image or sample mean of R arbitrary noise samples
enhancement has come to specifically mean a process of
smoothing irregularities or noise that has somehow corrupted
( R ) ~ q(mr, nr)----~ 0
(20)
the image, while modifying the original image information
r=l
as little as possible. The noise is usually modeled as an additive noise or as a multiplicative noise. We will consider
additive noise now. As noted in Chapter 4.5, multiplicative as R grows large (provided that the noise process is meannoise, which is the other common type, can be converted ergodic, which means that the sample mean approaches the
statistical mean for large samples).
into additive noise in a homomorphic filtering approach.
The term white noise is an idealized model for noise that
Before considering methods for image enhancement, we
will make a simple model for additive noise. Chapter 4.5 of has, on the average, a broad spectrum. It is a simplified model
this Handbook greatly elaborates image noise models, which for wideband noise. More precisely, if Q(U, V) is the DSFT
prove particularly useful for studying image enhancement of the noise process q, then Q is also a random process.
It is called the energy spectrum of the random process q.
filters that are nonlinear.
We will make the practical assumption that an observed If the noise process is white, then the average squared magninoisy image is of finite extent M x N: f - [f(m, n); 0 _< m _< tude of Q(U, V) takes constant over all frequencies in the
M - 1, 0 _< n _< N - 1]. We model f as a sum of an original range [-Wr, Wr]. In the ensemble sense, this means that the
sample average of the magnitude spectra of R noise images
image o and a noise image q:
generated from the same source becomes constant for large R:
f-o+q

(19)
[Qr(U, V)[ ~ r/

where n = ( m , n ) . The additive noise image q models an
undesirable, unpredictable corruption of o. The process q is
called a two-dimensional random process or a random field.
Random additive noise can occur as thermal circuit noise,
communication channel noise, sensor noise, and so on. Quite
commonly, the noise is present in the image signal before
it is sampled, so the noise is also sampled coincident with the
image.
2The term image enhancement has been widely used in the past to describe
any operation that improves image quality by some criteria. However, in
recent years the meaning of the term has evolved to denote image-preserving
noise smoothing. This primarily serves to distinguish it from similar-sounding
terms, such as image restoration and image reconstruction, which also have
taken specific meanings.

(21)

r=l

for all (U, V)as R grows large. The square ?'r/2 of the constant
level is called the noise_ power. Because q has finite extent
MxN, ithasaDFTQ[ Q ( u , v ) : 0 _ < u _ < M - 1,0_<v<_
N1]. On average, the magnitude of the noise DFT Q
will also be flat. Of course, it is highly unlikely that a given
noise DSFT or DFT will actually have a flat magnitude
spectrum. However, it is an effective simplified model for
unknown, unpredictable broadband noise.
Images are also generally thought of as relatively broadband signals. Significant visual information may reside at midto-high spatial frequencies, because visually significant image
details such as edges, lines, and textures typically contain
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higher frequencies. However, the magnitude spectrum of the window when centered at the spatial origin (0, 0), and zero
image at higher image frequencies is usually low; most of elsewhere, where R is the number of elements in the window.
For example, if the window is SQUARE [(2P + 1)2], which
the image power resides in the low frequencies contributed by
the dominant luminance effects. Nevertheless, the higher is the most common configuration (it is defined in Chapter
2.2), then the average filter impulse response is given by
image frequencies are visually significant.
The basic approach to linear image enhancement is lowpass filtering. There are different types of low-pass filters that
-- / 1/(2P4-1) 2 ; - P < m , n < P
h(m, n) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCB
(24)
can be used; several will be studied in the following sections.
0
;else
For a given filter type, different degrees of smoothing can
be obtained by adjusting the filter bandwidth. A narrower
bandwidth low-pass filter will reject more of the high- The frequency response of the moving-average filter (24) is:
frequency content of a white or broadband noise, but it may
sin[(2P 4- 1)rrU] sin[(2P 4- 1)JrV]
also degrade the image content by attenuating important highH(U,
V)
-(2P
+ 1)sin(rrU) " (2P + 1)sin(rrV)"
(25)
frequency image details. This tradeoff is difficult to balance.
Next, we describe and compare several smoothing low-pass
The half-peak bandwidth is often used for image processing
filters that are commonly used for linear image enhancement. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
filters. The half-peak (or 3 dB) cutoff frequencies occur on
the locus of points (U, V) where IH(U, V) I falls to 1/2. For the
Moving-Average Filter
filter (25), this locus intersects the U-axis and V-axis at the
The moving-average filter can be described in several equivacutoffs Uhalf_peak, Vhalf_peak ,~, 0.6/(2P + 1) cycles/pixel.
lent ways. First, using the notion of windowing introduced
As depicted in Fig. 2, the magnitude response [H(U, V)]
in Chapter 2.2, the moving average can be defined as an
of the filter (25) exhibits considerable sidelobes. In fact,
algebraic operation performed on local image neighborhoods
the number of sidelobes in the range [0, yrr] is P. As P
according to a geometric rule defined by the window. Given
is increased, the filter bandwidth naturally decreases (more
an image f to be filtered and a window B that collects grayhigh-frequency attenuation or smoothing), but the overall
level pixels according to a geometric rule (defined by the
sidelobe energy does not. The sidelobes are in fact a significant
window shape), then the moving-average-filtered image g is
drawback, because there is considerable noise leakage at high
given by
noise frequencies. These residual noise frequencies remain
to degrade the image. Nevertheless, the moving-average filter
g(n) -- AVE[Bf(n)]
(22) has been commonly used because of its general effectiveness
in the sense of (21) and because of its simplicity (ease of
where the operation AVE computes the sample average of programming).
its. Thus, the local average is computed over each local
The moving-average filter can be implemented either as
neighborhood of the image, producing a powerful smoothing a direct two-dimensional convolution in the space domain,
effect. The windows are usually selected to be symmetric, or using DFTs to compute the linear convolution (see
as with those used for binary morphologic image filtering Chapter 2.3).
(Chapter 2.2).
Because application of the moving-average filter balances
Since the average is a linear operation, it is also true that
a tradeoff between noise smoothing and image smoothing,
the filter span is usually taken to be an intermediate value.
g(n) = AVE[Bo(n)] + AVE[Bq(n)].
(23) For images of the most common sizes (e.g., 256 x 256 or
512 x 512), typical (SQUARE) average filter sizes range from
Because the noise process q is assumed to be zero-mean in the 3 x 3 to 15 x 15. The upper end provides significant (and
sense of (20), then the last term in (23) will tend to zero as probably excessive) smoothing, because 225 image samples are
the filter window is increased. Thus, the moving-average filter being averaged to produce each new image value. Of course,
has the desirable effect of reducing zero-mean image noise if an image suffers from severe noise, then a larger window
towards zero. However, the filter also effects the original image might be used. A large window might also be acceptable if it is
information. It is desirable that AVE[Bo(n)] ~ o(n) at each n, known that the original image is very smooth everywhere.
but this will not be the case everywhere in the image if the
Figure 3 depicts the application of the moving-average filter
filter window is too large. The moving-average filter, which is to an image that has had zero-mean white Gaussian noise
low-pass, will blur the image, especially as the window span is added to it. In the current context, the distribution (Gaussian)
increased. Balancing this tradeoff is often a difficult task.
of the noise is not relevant, although the meaning can be
The moving-average filter operation (22) is actually a linear found in Chapter 4.5. The original image is included for
convolution. In fact, the impulse response of the filter is comparison. The image was filtered with SQUARE-shaped
defined as having value 1/R over the span covered by the moving-average filters of window sizes 5 x 5 and 9 x 9,

!
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FIGURE 2 Plots of ]H(U,V)[ given in (25) along V = 0, for P = 1, 2, 3, 4. As the filter span is increased, the
bandwidth decreases. The number of sidelobes in the range [0, 7r] is P.

producing images with significantly different appearances
from each other as well as the noisy image. With the 5 x 5
filter, the noise is inadequately smoothed, yet the image
has been blurred noticeably. The result of the 9 x 9 movingaverage filter is much smoother, although the noise influence
is still visible, with some higher noise frequency components
managing to leak through the filter, resulting in a mottled
appearance.

Ideal Low-Pass Filter
As an alternative to the average filter, a filter may designed
explicitly with no sidelobes by forcing the frequency response
to be zero outside of a given radial cutoff frequency fac:

H(U, V) --

1;

~ / U 2 + V2 < ~"~c

O;

else

(26)

or outside of a rectangle defined by cutoff frequencies along
the U- and V-axes:

H(U, V) -

1;

IUI < Uc and IVl < Vc

O;

else

-

-

(27)

Such a filter is called ideal low-pass filter (ideal LPF) because
of its idealized characteristic. We will study (27) rather than
(26) because it is easier to describe the impulse response
of the filter. If the region of frequencies passed by (26) is
square, there is little practical difference in the two filters if
G = v~ = y~2~.

The impulse response of the ideal low-pass filter (26) is
given explicitly by:
h(m, n ) -

UcVc sinc(27rUcm), sinc(27rVcn).

(28)

where sinc(x)=(sinx/x). Despite the seemingly "ideal"
nature of this filter, it has some major drawbacks. First,
it cannot be implemented exactly as a linear convolution,
because the impulse response (28) is infinite in extent (it never
decays to zero). Therefore, it must be approximated. One way
is to simply truncate the impulse response, which in image
processing applications is often satisfactory. However, this
has the effect of introducing ripple near the frequency
discontinuity, producing unwanted noise leakage. The introduced ripple is a manifestation of the well-known Gibbs
phenomena studied in standard signal processing texts [ 1]. The
ripple can be reduced by using a tapered truncation of the
impulse response [e.g., by multiplying (28) with a Hamming
window] [1 ]. If the response is truncated to image size M x N,
the ripple will be restricted to the vicinity of the locus of cutoff frequencies, which may make little difference in the filter
performance. Alternately, the ideal LPF can be approximated
by a Butterworth filter or other ideal LPF approximating
function. The Butterworth filter has frequency response [2]:
H(U, V) --

1

+ (,lug+ W/ac)

(29) zyxwvutsrq

and, in principle, can be made to agree with the ideal LPF
with arbitrary precision by taking the filter order K large
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FIGURE 3 Example of application of moving average filter. (a) Original image "eggs"; (b) image with additive
Gaussian white noise; moving average filtered image using (c) SQUARE(25) window (5 x 5) and (d) SQUARE (81)
window (9 x 9).

enough. However, (29) also has an infinite-extent impulse
The second major drawback of the ideal LPF is the phenoresponse with no known closed-form solution. Hence, to be mena known as ringing. This term arises from the characterimplemented it must also be spatially truncated (approxi- istic response of the ideal LPF to highly concentrated bright
mated), which reduces the approximation effectiveness of the spots in an image. Such spots are impulselike, and so the
filter [2].
local response has the appearance of the impulse response
It should be noted that if a filter impulse response is of the filter. For the circularly symmetric ideal LPF in (26),
truncated, it should also be slightly modified by adding the response consists of a blurred version of the impulse
a constant level to each coefficient. The constant should be surrounded by sinclike spatial sidelobes, which have the
selected such that the filter coefficients sum to unity. This appearances of rings surrounding the main lobe.
is commonly done because it is generally desirable that the
In practical application, the ringing phenomena create
response of the filter to the (0, 0) spatial frequency be unity, more of a problem because of the edge response of the ideal
and since for any filter: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LPF. In the simplistic case, the image consists of a single
one-dimensional step edge: s(m, n ) - s ( n ) - 1 for n >_ 0 and
H(0, 0) -y ] h(p, q).
(30) s ( n ) - O, otherwise. Figure 4 depicts the response of the ideal
p=-~ q=-~
LPF with impulse response (28) to the step edge. The step
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B

s

FIGURE4 Depictionof edge ringing. The step edge is shown as a continuous
curve, while the linear convolutionresponse of the ideal LPF (28) is shown as a
dotted curve.

Once an impulse response for an approximation to the
ideal LPF has been decided, the usual approach to implementation again entails zero-padding both the image and the
impulse response, using the periodic extension, taking the
product of their DFTs (using an FFT algorithm), and defining
the result as the inverse DFT. This was done in the example
of Fig. 5, which depicts application of the ideal LPF using
two cutoff frequencies. This was implemented using a truncated ideal LPF without any special windowing. The dominant
characteristic of the filtered images is the ringing, manifested
as a strong mottling in both images. A very strong oriented
ringing can be easily seen near the upper and lower borders
of the image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJI

Gaussian Filter
response of the ideal LPF oscillates (rings) because the sinc
As we have seen, filter sidelobes in the space or spatial
function oscillates about the zero level. In the convolution
frequency domains contribute a negative effect to the ressum, the impulse response alternately makes positive and
ponses of noise-smoothing linear image enhancement filters.
negative contributions, creating overshoots and undershoots
Frequency-domain sidelobes lead to noise leakage, and spacenear the edge profile. Most digital images contain numerous
domain sidelobes lead to ringing artifacts. A filter with sidesteplike light-to-dark or dark-to-light image transitions;
lobes in neither domain is the Gaussian filter, with impulse
hence, application of the ideal LPF will tend to contribute
response
considerable ringing artifacts to images. Because edges contain
much of the significant information about the image, and
1
_(m2+n2)/20.2
(31)
because the eye tends to be sensitive to ringing artifacts, often
h(m, n) - 2Yra2 e
the ideal LPF and its derivatives are not a good choice for
image smoothing. However, if it is desired to strictly bandlimit the image as closely as possible, then the ideal LPF is The impulse response (31) is also infinite in extent, but falls
off rapidly away from the origin. In this case, the frequency
a necessary choice. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)

(b)

FIGURE 5 Exampleof application of ideal low-pass filter to noisy image in Fig. 3(b). Image is filtered using radial
frequency cutoff of (a) 30.72 cycles/image and (b) 17.07 cycles/image. These cutoff frequencies are the same as the
half-peak cutoff frequencies used in Fig. 3.
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(a)

(b)

FIGURE 6 Example of application of Gaussian filter to noisy image in Fig. 3(b). Image is filtered using radial
frequency cutoff of (a) 30.72 cycles/image (a -~ 1.56 pixels) and (b) 17.07 cycles/image (a ~ 2.80 pixels). These cutoff
frequencies are the same as the half-peak cutoff frequencies used in Figs. 3 and 5.

response is closely approximated by: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig. 7(b) is a Gaussian scale-space, where each scaled image is
calculated by convolving the original image with a Gaussian
H(U, V) ,~, e -2yz'2ry2(U2+-V2) for] U], IVl < -1
(32) filter of increasing a value [3].
The Gaussian scale-space may be thought of as
2
evolving over time t. At time t, the scale-space image gt is
which is also a Gaussian function. Neither (31) nor (32) shows given by
any sidelobes; instead, both impulse and frequency response
decay smoothly. The Gaussian filter is noted for the absence
gt = ho-*f
(34)
of ringing and noise leakage artifacts. The half-peak radial
frequency bandwidth of (32) is easily found to be:
where ha is a Gaussian filter with scale factor a, and f is the
fac - - - 1 V/1n x / 2 - ~ ~0.187
.
~o"

o"

(33)

If it is possible to decide an appropriate cutoff frequency
yf2c, the cutoff frequency may be fixed by setting a =
0.187/yf2c pixels. The filter may then be implemented by
truncating (31) using this value of a, adjusting the coefficients
to sum to one, zero-padding both impulse response and
image (taking care to use the periodic extension of the
impulse response implied by the DFT), multiplying DFTs,
and taking the inverse DFT to be the result. The results
obtained are much better than those computed using
the ideal LPF, and slightly better than those obtained
with the moving-average filter, because of the reduced noise
leakage (Fig. 6).
Figure 7 shows the result of filtering an image with Gaussian
filter of successively larger a values. As the value of a is
increased, small-scale structures such as noise and details are
reduced to a greater degree. The sequence of images shown in

initial image. The time-scale relationship is defined by cr = ~/t.
As a is increased, less significant image features and noise
begin to disappear, leaving only large-scale image features.
The Gaussian scale-space may also be viewed as the
evolving solution of a partial differential equation [3, 4]:
igg t
3t :

V2 gt

(3 5)

V2gt is the Laplacian of gt. For an extended discussion
of scale-space and partial differential equation methods, see
Chapters 4.15 through 4.18 of this Handbook.

where

4 Discussion
Linear filters are omnipresent in image and video processing. Firmly established in the theory of linear systems,
linear filters are the basis of processing signals of arbitrary
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(a)
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(b)

FIGURE 7 Depiction of scale-space property of Gaussian filter low-pass filter. In (b), the image in (a) is Gaussianfiltered with progressivelylarger values of a (narrower bandwidths) producing successivelysmoother and more diffuse
versions of the original. These are "stacked" to produce a data cube with the original image on top to produce the
representation shown in (b).

dimensions. Since the advent of the FFT in the 1960s, the
linear filter has also been an attractive device in terms
of computational expense. However, it must be noted that
linear filters are performance-limited for image-enhancement
applications. From the several experiments performed in
this chapter, it can be seen that the removal of broadband
noise from most images via linear filtering is impossible
without some degradation (blurring) of the image information content. This limitation is due to the fact that completely frequency separation between signal and broadband
noise is rarely viable. Alternative solutions that remedy the
deficiencies of linear filtering have been devised, resulting in a
variety of powerful nonlinear image enhancement alternatives.

These are discussed in Chapters 3.2 through 3.4 of this

Handbook. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED
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1 Introduction
Digital image enhancement and analysis have played, and will
continue to play, an important role in scientific, industrial,
and military applications. In addition to these applications,
image enhancement and analysis are increasingly being used in
consumer electronics. Internet Web users, for instance, not
only rely on built-in image processing protocols such as JPEG
and interpolation, but also have become image processing
users equipped with powerful yet inexpensive software such
as Photoshop. Users not only retrieve digital images from the
Web but are now able to acquire their own by use of digital
cameras or through digitization services of standard 35 mm
analog film. The end result is that consumers are beginning to
use home computers to enhance and manipulate their own
digital pictures. Image enhancement refers to processes
seeking to improve the visual appearance of an image. As an
example, image enhancement might be used to emphasize the
edges within the image. This edge-enhanced image would be
more visually pleasing to the naked eye, or perhaps could serve
as an input to a machine that would detect the edges and
perhaps make measurements of shape and size of the detected
edges. Image enhancement is important because of its
usefulness in virtually all image processing applications.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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Image enhancement tools are often classified into (a) point
operations, and (b) spatial operators. Point operations include
contrast stretching, noise clipping, histogram modification,
and pseudocoloring. Point operations are, in general, simple
nonlinear operations that are well known in the image
processing literature and are covered elsewhere in this
Handbook. Spatial operations used in image processing
today are, on the other hand, typically linear operations.
The reason for this is that spatial linear operations are simple
and easily implemented. Although linear image enhancement
tools are often adequate in many applications, significant
advantages in image enhancement can be attained if nonlinear
techniques are applied [1]. Nonlinear methods effectively
preserve edges and details of images while methods using
linear operators tend to blur and distort them. Additionally,
nonlinear image enhancement tools are less susceptible to
noise. Noise is always present due to the physical randomness of image acquisition systems. For example, underexposure and low-light conditions in analog photography
conditions lead to images with film-grain noise which,
together with the image signal itself, are captured during the
digitization process.
This article focuses on nonlinear and spatial image
enhancement and analysis. The nonlinear tools described in

109

zyxwvutsr

110 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

this article are easily implemented on currently available In most cases, the window is symmetric about x(n) and
computers. Rather than using linear combinations of pixel NL = NR.
values within a local window, these tools use the local
The input sequence {x(.)} may be either finite or infinite
weighted median. In Section 2, the principles of weighted in extent. For the finite case, the samples of {x(.)} can be
medians (WM) are presented. Weighted medians have striking indexed as x(1),x(2), . . . . x(L), where L is the length of the
analogies with traditional linear FIR filters, yet their behavior sequence. Due to the symmetric nature of the observation
is often markedly different. In Section 3, we show how WM window, the window extends beyond a finite extent input
filters can be easily used for noise removal. In particular, the sequence at both the beginning and end. These end effects are
center WM filter is described as a tunable filter highly effective generally accounted for by appending NL samples at
in impulsive noise. Section 4 focuses on image enlargement, or the beginning and NR samples at the end of {x(.)}. Although
zooming, using WM filter structures which, unlike standard the appended samples can be arbitrarily chosen, typically these
linear interpolation methods, provide little edge degradation. are selected so that the points appended at the beginning of
Section 5 describes image sharpening algorithms based on the sequence have the same value as the first signal point,
WM filters. These methods offer significant advantages over and the points appended at the end of the sequence all have
traditional linear sharpening tools whenever noise is present the value of the last signal point.
in the underlying images. Section 6 goes beyond image
To illustrate the appending of input sequence and the
enhancement and focuses on the analysis of images. In median smoother operation, consider the input signal
particular, edge detection methods based on WM filters are {x(.)} of Fig. 1. In this example, {x(.)} consists of 20
described as well as their advantages over traditional edge- observations from a 6-level process, { x : x ( n ) ~ {0, 1. . . . ,5},
detection algorithms. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n = 1,2 . . . . ,20}. The figure shows the input sequence and
the resulting output sequence for a window size 5 median
smoother. Note that to account for edge effects, two samples
2 Weighted Median Smoothers
have been appended to both the beginning and end of
and Filters
the sequence. The median smoother output at the window
location shown in the figure is

2.1 Running Median Smoothers

The running median was first suggested as a nonlinear
smoother for time series data by Tukey in 1974 [2]. To define
the running median smoother, let {x(.)} be a discrete time
sequence. The running median passes a window over the
sequence {x(-)} that selects, at each instant n, a set of samples
to comprise the observation vector x(n). The observation
window is centered at n, resulting in
x(n) - [x(n - NL) . . . . . x(n) . . . . . x(n + NR)]r

(1)

where NL and NR may range in value over the nonnegative
integers and N = NL + NR + 1 is the window size. The
median smoother operating on the input sequence {x(.)}
produces the output sequence {y}, where at time index n
y(n) -- MEDIAN[x(n - NL), ... ,x(n), ... ,x(n + NR)]

)'(9) -- MEDIAN[x(7), x(8), x(9), x(10), x(11)]
-- MEDIAN[ 1, 1, 4, 3, 3] -- 3.
Running medians can be extended to a recursive mode
by replacing the "causal" input samples in the median
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where xi(n) = x(n - NL + 1 --/) for i = 1, 2, . . . , N. That is,
the samples in the observation window are sorted and the
middle, or median, value is taken as the output. If
x(1),x(2), . . . . X(N) are the sorted samples in the observation
window, the median smoother outputs
{ x(_~_)
y(n)

-

30--O@@~.
2
e.
1

@-'-'-"

-'@
©©

©ee©

ee.

Output

©

if N is odd
(4)

X ( ~ ) _[_X(~_q_ 1 )

2

oo--o

otherwise

FIGURE 1 The operation of the window width 5 median smoother, o:
appended points.
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smoother by previously derived output samples [3]. The
output of the recursive median smoother is given by
y(n) =MEDIAN [y (n - NL) . . . . . y(n - 1),
x(n) . . . . . x(n + NR)].

(5)

In recursive median smoothing, the center sample in the
observation window is modified before the window is moved
to the next position. In this manner, the output at each
window location replaces the old input value at the center of
the window. With the same amount of operations, recursive
median smoothers have better noise attenuation capabilities
than their non-recursive counterparts [4, 5]. Alternatively,
recursive median smoothers require smaller window lengths
than their nonrecursive counterparts in order to attain a
desired level of noise attenuation. Consequently, for the same
level of noise attenuation, recursive median smoothers often
yield less signal distortion. In image processing applications,
the running median window spans a local 2 dimensional
area. Typically, an N x N area is included in the observation window. The processing, however, is identical to the
1 dimensional case in the sense that the samples in the
observation window are sorted and the middle value is taken
as the output.
The running 1D or 2D median, at each instant in time,
computes the sample median. The sample median, in many
respects, resemble the sample mean. Given N samples
Xx. . . . . xN the sample mean, X, and sample median, X,
minimize the expression
N

G(~) - ~

[xi - ~[P

(6)

i=1

for p = 2 and p = 1, respectively. Thus, the median of an odd
number of samples emerges as the sample whose sum of
absolute distances to all other samples in the set is the smallest.
Likewise, the sample mean is given by the value [3 whose
square distance to all samples in the set is the smallest possible.
The analogy between the sample mean and median extends
into the statistical domain of parameter estimation where it
can be shown that the sample median is the Maximum
Likelihood (ML) estimator of location of a constant parameter
in Laplacian noise. Likewise, the sample mean is the ML
estimator of location of a constant parameter in Gaussian
noise [6]. This result has profound implications in signal
processing, as most tasks where non-Gaussian noise is present
will benefit from signal processing structures using medians,
particularly when the noise statistics can be characterized by
probability densities having heavier than Gaussian tails (which
leads to noise with impulsive characteristics) [7-9].

2.2 Weighted Median Smoothers
Although the median is a robust estimator that possesses many
optimality properties, the performance of running medians is
limited by the fact that it is temporally blind. That is, all
observation samples are treated equally regardless of their
location within the observation window. Much like weights
can be incorporated into the sample mean to form a weighted
mean, a weighted median can be defined as the sample which
minimizes the weighted cost function
N

Gp(fl) - y ~ W i l x , - fll p

(7)

i=1

for p - 1. For p - 2, the cost function (7) is quadratic and the
value fl minimizing it is the normalized weighted mean

fl--argmi~n~'Wi(xi-fl)2=i=l
N

~-~N=I Wi "xi
y~N= 1 Wi

(8)

with Wi > 0. For p = 1, G1(fl) is piecewise linear and convex for
Wi >_O. The value fl minimizing (7) is thus guaranteed to be
one of the samples Xl,X2 . . . . . XN and is referred to as the
weighted median (WM), originally introduced over a hundred
years ago by Edgemore [10]. After some algebraic manipulations, it can be shown that the running weighted median
output is computed as
y(n) -- MEDIAN[W1 ~ X1(n), W 2 ~ x2(n) . . . . . WN ~ XN(n)]

(9)
where Wi >0 and ~ is the replication operator defined as
Wi times
W i ~ x i - ~xi,xi . . . . . x;. Weighted median smoothers were
introduced in the signal processing literature by Brownigg in
1984 and have since received considerable attention [11-13].
The WM smoothing operation can be schematically described
as in Fig. 2.
Weighted Median Smoothing Computation.
Consider the window size 5 WM smoother defined by the
symmetric weight vector W = [ 1, 2, 3, 2, 1]. For the observation x(n) = [ 12, 6, 4, 1, 9], the weighted median smoother
output is found as
y(n) -- MEDIAN[1 ~ 12, 2 ~ 6, 3 ~ 4, 2 ~ 1, 1 ~ 9]

= MEDIAN[12, 6, 6, 4, 4, 4, 1, 1, 9]

(10)

= MEDIAN[I, 1, 4, 4, 4, 6, 6, 9, 12] -- 4
where the median value is underlined in equation (10).
The large weighting on the center input sample results in this
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x(n)

x(n-1)

x(n-2)

y

,

, x(n-N+l)

Although the WM smoother admits real-valued positive
weights, it turns out that any WM smoother based on realvalued positive weights has an equivalent integer-valued
weight representation [14]. Consequently, there are only a
finite number of WM smoothers for a given window size. The
number of WM smoothers, however, grows rapidly with
window size [ 13].
Weighted median smoothers can also operate on a recursive
mode. The output of a recursive WM smoother is given by

MEDIAN
y(n) =MEDIAN[W_N1 # y(n - N1) . . . . , W_ 1 ~ y(n -- 1),

. y(n)
FIGURE 2

Handbook of Image and Video Processing

The weighted median smoothing operation.

sample being taken as the output. As a comparison, the
standard median output for the given input is y ( n ) - 6.
Although the smoother weights in the above example are
integer valued, the standard WM smoother definition clearly
allows for positive real-valued weights. The WM smoother
output for this case is as follows:
1. Calculate the threshold W0 - - 51 E N = 1 Wi;
2. Sort the samples in the observation vector x(n);
3. Sum the weights corresponding to the sorted samples
beginning with the maximum sample and continuing
down in order;
4. The output is the sample whose weight causes the sum
to become _> W0.
To illustrate the WM smoother operation for positive realvalued weights, consider the WM smoother defined by
W = [0.1,0.1,0.2,0.2,0.1]. The output for this smoother
operating on x(n) = [ 12, 6, 4, 1, 9] is found as follows.
Summing the weights gives the threshold W 0 - 1 E ~ = I
Wi =0.35. The observation samples, sorted observation
samples, their corresponding weight, and the partial sum of
weights (from each ordered sample to the maximum) are:

where the weights Wi are as before constrained to be positivevalued. Recursive WM smoothers offer advantages over WM
smoothers in the same way that recursive medians have
advantages over their non-recursive counterparts. In fact,
recursive WM smoothers can synthesize non-recursive WM
smoothers of much longer window sizes [14]. zyxwvutsrqponmlkjihgfed

2.2.1 The Center Weighted Median Smoother
The weighting mechanism of WM smoothers allows for
great flexibility in emphasizing or deemphasizing specific
input samples. In most applications, not all samples are
equally important. Due to the symmetric nature of the
observation window, the sample most correlated with the
desired estimate is, in general, the center observation sample.
This observation leads to the center weighted median (CWM)
smoother, which is a relatively simple subset of WM smoother
that has proven useful in many applications [12].
The CWM smoother is realized by allowing only the center
observation sample to be weighted. Thus, the output of the
CWM smoother is given by
y(n)

observation samples

12,

6,

4,

1,

corresponding weights

0.1, 0.1, 0.2, 0.2, 0.1
9,

9

sorted observation samples 1,

4,

6,

12

corresponding weights

0.2,

0.2

0.1, 0.1, 0.1

partial weight sums

0.7, 0.5, 0.3, 0.2, 0.1

(12)

W 0 ~ x(n) . . . . . WN1 ~ x(n if- N 1 ) ]

(11)

Thus, the output is 4 since when starting from the right
(maximum sample) and summing the weights, the threshold
W0 =0.35 is not reached until the weight associated with 4 is
added.
An interesting characteristic of WM smoothers is that the
nature of a WM smoother is not modified if its weights are
multiplied by a positive constant. Thus, the same filter
characteristics can be synthesized by different sets of weights.

--

MEDIAN[x1. . . . .

Xc-1, Wc ~ Xc, Xc+l . . . . .

XN]

(13)

where Wc is an odd positive integer and c = ( N + 1)/
2 = N 1 -[-1 is the index of the center sample. When We= 1,
the operator is a median smoother, and for W~ >_N, the CWM
reduces to an identity operation.
The effect of varying the center sample weight is perhaps
best seen by way of an example. Consider a segment of
recorded speech. The voiced waveform "a" noise is shown at
the top of Fig. 3. This speech signal is taken as the input of
a CWM smoother of size 9. The outputs of the CWM, as the
weight parameter Wc = 2w + 1 for w = 0 . . . . . 3, are shown in
the figure. Clearly, as W~ is increased less smoothing occurs.
This response of the CWM smoother is explained by relating
the weight W~ and the CWM smoother output to select order
statistics (OS).
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FIGURE 3 Effects of increasing the center weight of a CWM smoother of size N = 9 operating
on the voiced speech "a." The CWM smoother output is shown for W c = 2 w + 1, with
w = 0, 1, 2, 3. Note that for Wc--1 the CWM reduces to median smoothing, and for Wc--9 it
becomes the identity operator.

The CWM smoother has an intuitive interpretation. It turns
out that the output of a CWM smoother is equivalent to
computing
y(n) -- MEDIAN[x(k), xc, X(N-k+l)],

(14)

outside this range. Figure 5 shows an example of the CWM
smoother operating on a constant-valued sequence in additive
Laplacian noise. Along with the input and output, the
trimming statistics are shown as an upper and lower bound
on the filtered signal. It is easily seen how increasing k will
tighten the range in which the input is passed directly to the
output.

where k - ( N + 2 - W c ) / 2
for I _ W c < _ N , and k - 1 for
Wc > N. Since x(n) is the center sample in the observation window, i.e., x c - x ( n ) , the output of the smoother is 2.2.2 Permutation Weighted Median Smoothers
identical to the input as long as the x(n) lies in the interval The principle behind the CWM smoother lies in the ability to
Ix(k), X(N+ l--k)]- If the center input sample is greater than
emphasize, or de-emphasize, the center sample of the window
X(N + 1 - k) the smoothing outputs X(N + 1 - k), guarding against by tunning the center weight, while keeping the weight
a high rank order (large) aberrant data point being taken as values of all other samples at unity. In essence, the value given
the output. Similarly, the smoother's output is X(k) if to the center weight indicates the "reliability" of the center
the sample x(n) is smaller than this order statistic. This sample. If the center sample does not contain an impulse (high
CWM smoother performance characteristic is illustrated reliability), it would be desirable to make the center weight
in Figs. 4 and 5. Figure 4 shows how the input sample is large such that no smoothing takes place (identity filter).
left unaltered if it is between the trimming statistics X(k) On the other hand, if an impulse was present in the center of
and X(N+ 1-k) and mapped to one of these statistics if it is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the window (low reliability), no emphasis should be given to

I
x(1)

X(k)

X(N+l-k)

X(N)

FIGURE 4 The center weighted median smoothing operation. The center
observation sample is mapped to the order statistic X(k) (X(N+l-k)) if the
center sample is less (greater) than X(k) (X(N+l--k)), and left unaltered
otherwise.

the center sample (impulse), and the center weight should be
given the smallest possible weight, i.e., We= 1, reducing
the CWM smoother structure to a simple median. Notably,
this adaptation of the center weight can be easily achieved
by considering the center sample's rank among all pixels
in the window [15, 16]. More precisely, denoting the rank
of the center sample of the window at a given location as
Rc(n), then the simplest permutation WM smoother is defined
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F I G U R E 5 A n e x a m p l e o f the C W M s m o o t h e r o p e r a t i n g o n a L a p l a c i a n d i s t r i b u t e d s e q u e n c e
w i t h u n i t variance. S h o w n are the i n p u t ( . . . . .
) and output (~)
s e q u e n c e s as well as t h e
t r i m m i n g statistics X(k) a n d x(N+ 1-k). T h e w i n d o w size is 25 a n d k - 7 .

by the following modification of the CWM smoothing
operation

Wc(n) =

N

ifTL < Rc(n) < Tu

1

otherwise

(15)

where N is the window size and 1 <_ TL <_ Tu <_N are two
adjustable threshold parameters that determine the degree of
smoothing. Note that the weight in (15) is data adaptive and
may change between two values with n. The smaller (larger)
the threshold parameter TL (Tu) is set to, the better the detailpreservation. Generally, TL and Tu are set symmetrically
around the median. If the underlying noise distribution was
not symmetric about the origin, a non-symmetric assignment
of the thresholds would be appropriate.
The data-adaptive structure of the smoother in (15) can
be extended so that the center weight is not only switched
between two possible values, but can take on N different
values:

Wc(n) - [ Wc(:)(n)

!0

design of the weights is no longer trivial and optimization
algorithms are needed [15, 16]. A further generalization of
(16) is feasible where weights are given to all samples in the
window, but where the value of each weight is data-dependent
and determined by the rank of the corresponding sample.
In this case, the output of the permutation WM smoother is
found as
y(n)

--

MEDIAN [xl(n) ~ WI(R1),x2(n ) ~WI(R2)
Xl (n) ~ WI(R1)]

(17)

where Wi(Ri ) is the weight assigned to xi(n) and selected
according to the sample's rank Ri. The weight assigned to xi
is drawn from the weight set { Wi(1), Wi(2), . . . . Wi(N)}. Having
N weights per sample, a total of N 2 samples need to be
stored in the computation of (17). In general, optimization
algorithms are needed to design the set of weights although
in some cases the design is simple, as with the smoother
in (15). Permutation WM smoothers can provide significant
improvement in performance at the higher cost of memory
j E {1,2,...,N}
if Rc(n) - j, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cells [ 15].

otherwise

•

(16)

Thus, the weight assigned to Xc is drawn from the center weight
set {W c(1), We(2), . . . , We(N)}. With an increased number of
weights, the smoother in (16) can perform better although the

2.2.3 T h r e s h o l d D e c o m p o s i t i o n
and Stack S m o o t h e r s
An important tool for the analysis and design of
weighted median smoothers is the threshold decomposition
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property [17]. Given an integer-valued set of samples operations. That is, applying a weighted median smoother
Xl, x2. . . . . xN forming the vector x - [Xl, x2 . . . . . xN] T, to a 2M + 1 valued signal is equivalent to decomposing the
where xi 6 { - M . . . . . - 1, 0 . . . . . M}. The threshold decom- signal to 2M binary thresholded signals, processing each
position of x amounts to decomposing this vector into 2M binary signal separately with the corresponding WM
binary vectors x -u+l . . . . . x ° . . . . . x u where the ith element smoother, and then adding the binary outputs together to
obtain the integer-valued output. Thus, the weighted median
of x m is defined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
smoothing of a set of samples Xl,X2 . . . . . XN is related to the
1 if xi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
> m;
m--Tm
(18) set of the thresholded weighted median smoothed signals as
Xi
(Xi)--1 if Xi < m ,
[14, 17]
where Tin(.) is referred to as the thresholding operator. Using
the sign function, the above can be written as xm=
sgn(xi- m-) where m- represents a real number approaching
the integer m from the left. Although defined for integervalued signals, the thresholding operation in (18) can be
extended to non-integer signals with a finite number of
quantization levels. The threshold decomposition of the vector
x - [0,0,2,-2,1,1,0,- 1,- 1] T with M = 2, for instance, leads to
the 4 binary vectors
X 2 --

[ - 1 , - 1 , 1, - 1 , - 1 , - 1 , - 1 , - 1 , --1] T

X 1 --

[ - 1 , - 1 , 1, - 1 ,

x °-[
X -1

--

[

1,

1, - 1 , - 1 , - 1 ] w

1,

1, 1, - 1 ,

1,

1,

1, - 1 , - 1 ] r

1,

1, 1, --1,

1,

1,

1,

1,

(19)

Weighted MEDIAN(xl,
1

M
~
m = -M+

TD

....

Weighted MEDIAN(x~n. . . . . x~).

m

Since xi~-z~'{xi } and Weighted MEDIAN (xil~¢=~)TD
{Weighted MEDIAN(xm[~=I)}, the relationship in (21) establishes a weak superposition property satisfied by the nonlinear
median operator which is important from the fact that the
effects of median smoothing on binary signals are much easier
to analyze than that on multilevel signals. In fact, the weighted
median operation on binary samples reduces to a simple
Boolean operation. The median of three binary samples Xl, x2,
x3, for example, is equivalent to: XlX2 + x2x3 + XlX3, where
the + (OR) and xixj (AND) Boolean operators in the {-1, 1}
domain are defined as

1] r.

Threshold decomposition has several important properties.
First, threshold decomposition is reversible. Given a set of
thresholded signals, each of the samples in x can be exactly
reconstructed as
1

M

~
m = -M+

X7.

(20)

1

Thus, an integer-valued discrete-time signal has a unique
threshold signal representation, and vice versa:
r.v.

Xi ~
T.D.

(21)

1

Xi + Xj --

Xi---~

XN)

where ~ denotes the one-to-one mapping provided by the
threshold decomposition operation.
The set of threshold decomposed variables obey the
following set of partial ordering rules. For all thresholding
levels m > £, it can be shown that x m < x i . In particular,
if x m - 1 then x i - 1 for all £ < m. Similarly, if x~ - - 1 then
xm - - 1 ,
for all m > £ . The partial order relationships
among samples across the various thresholded levels emerge
naturally in thresholding and are referred to as the stacking
constraints [ 18].
Threshold decomposition is of particular importance
in weighted median smoothing since they are commutable

(22)

xixj -- min(xi, xj).

Note that the operations in (22) are also valid for the standard
Boolean operations in the {0, 1} domain.
The framework of threshold decomposition and Boolean
operations has led to the general class of nonlinear smoothers
referred here to as stack smoothers [18], whose output is
defined by
1

S(x1
{xm},

max(x/,xj)

.....

XN) -- -2

M

Z

f (Xl . . . . . X~)

(23)

m = -M+ 1

where f(.) is a Boolean operation satisfying (22) and the
stacking property. More precisely, if two binary vectors
U~{--1,1}N and v~{--1,1}N stack, i.e., ui>_vi for all
i E {1. . . . . N}, then their respective outputs stack,
f(u) >_f(v). A necessary and sufficient condition for a
function to posses the stacking property is that it can be
expressed as a Boolean function which contains no complements of input variables [19]. Such functions are known as
positive Boolean functions (PBFs).
Given a positive Boolean function f ( x T ~ , . . . ,x~) which
characterizes a stack smoother, it is possible to find the
equivalent smoother in the integer domain by replacing the
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binary AND and OR Boolean functions acting on the Xi'S with Wi ~ R for i = 1,2, . . . . N. Again, the weight signs
with max and rain operations acting on the multilevel xi are uncoupled from the weight magnitude values and are
samples. A more intuitive class of smoothers is obtained, merged with the observation samples. The weight magnihowever, if the positive Boolean functions are further tudes play the equivalent role of positive weights in the
restricted [14]. When self-duality and separability is framework of weighted median smoothers. It is simple to
imposed, for instance, the equivalent integer domain stack show that the weighted mean (normalized) and the weighted
smoothers reduce to the well known class of weighted median operations shown in (25) and (26) respectively
median smoothers with positive weights. For example, if minimize
the Boolean function in the stack smoother representation
N
is selected as f(xl,x2,x3,x4) = XlX3X4 nt- x2x4 nt- x2x3 -[- XlX2,
G2(fl) -- Z ]Wil(sgn(Wi)Xi - fl)2 and
the equivalent WM smoother takes on the positive
i=1
weights (W1, W2, W3, W4)= (1, 2, 1, 1). The procedure
(27)
of how to obtain the weights Wi from the PBF is described
N
in [14]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG l ( f l ) -- Z [W~l]sgn(W~)Xi - fl[.
i=1

2.3 Weighted Median Filters
Admitting only positive weights, WM smoothers are severely
constrained as they are, in essence, smoothers having "lowpass" type filtering characteristics. A large number of
engineering applications require "band-pass" or "high-pass"
frequency filtering characteristics. Linear FIR equalizers
admitting only positive filter weights, for instance, would
lead to completely unacceptable results. Thus, it is not
surprising that weighted median smoothers admitting only
positive weights lead to unacceptable results in a number of
applications.
Much like the sample mean can be generalized to the rich
class of linear FIR filters, there is a logical way to generalize
the median to an equivalently rich class of weighted median
filters that admit both positive and negative weights [20].
It turns out that the extension is not only natural, leading to
a significantly richer filter class, but it is simple as well.
Perhaps the simplest approach to derive the class of weighted
median filters with real-valued weights is by analogy. The
sample mean f l - MEAN(X1,X2 . . . . . XN) can be generalized
to the class of linear FIR filters as
fl -- MEAN (W1 • X l , W2" X2 . . . . .

WN" XN)

(24)

where Xi ~ R. In order to apply the analogy to the median
filter structure (24) must be written as

fi =MEAN (IWll" sgn(W1)Xl, IW21" sgn(W2)X2, ....
I W N I " sgn(Wn)XN)

(25)

where the sign of the weight affects the corresponding
input sample and the weighting is constrained to be nonnegative. By analogy, the class of weighted median filters
admitting real-valued weights emerges as [20]
fi =MEAN (IWll O sgn(W1)Xl, IW21<>sgn(W2)X2, . . . .

IwNI 0 sgn(Wn)XN)

(26)

While G2(fl) is a convex continuous function, Gl(fl) is
a convex but piecewise linear function whose minimum
point is guaranteed to be one of the "signed" input samples
(i.e., sgn(W/) Xi).
W e i g h t e d M e d i a n Filter C o m p u t a t i o n .
The WM filter
output for non-integer weights can be determined as
follows [20]"

1. Calculate the threshold To -- 1Z~¢= 1 I W i l .
2. Sort the "signed" observation samples sgn(Wi)Xi.
3. Sum the magnitude of the weights corresponding to the
sorted "signed" samples beginning with the maximum
and continuing down in order.
4. The output is the signed sample whose magnitude
weight causes the sum to become > To.
The following example illustrates this procedure. Consider
the window size 5 WM filter defined by the real valued
weights
[W1,W2, W3, W4, 1,115]T - [0.1, 0.2, 0.3, - 0.2, 0.1] T.
The output for this filter operating on the observation set
[Xl,X2,X3,X4,X5]T--[-2,2,- 1,3,6] T is found as follows.
Summing the absolute weights gives the threshold
To __ 1 Z ~ = I I W i l - 0.45. The "signed" observation samples,
sorted observation samples, their corresponding weight, and
the partial sum of weights (from each ordered sample to the
maximum) are:
Observation samples
Corresponding weights
Sorted signed observation samples
Corresponding absolute weights
Partial weight sums

-2,
0.1,
-3,
0.2,
0.9,

2,
0.2,
-2,
0.1,
0.7,

- 1,
3,
0.3, -0.2,
-1,
2,
0.3,
0.2,
0.6,
0.3,

6
0.1
6
0.1
0.1

Thus, the output is - 1 since when starting from the right
(maximum sample) and summing the weights, the threshold
T o - 0.45 is not reached until the weight associated with - 1 is
added. The underlined sum value above indicates that this is
the first sum which meets or exceeds the threshold.
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(b)
FIGURE 6 Effects of negative weighting on the cost functions G2(]~) and GI(]~). The input samples are
[X1,X2,X3,X4,Xs] T-- [ - 2 , 2 , - 1,3,6] T which are filtered by the two set of weights [0.1, 0.2, 0.3, 0.2, 0.1] T and
[0.1, 0.2, 0.3, -0.2, 0.1] T, respectively.

The effect that negative weights have on the weighted
median operation is similar to the effect that negative weights
have on linear FIR filter outputs. Figure 6 illustrates this
concept where G2(~) and GI(/~), the cost functions associated
with linear FIR and weighted median filters respectively,
are plotted as a function of/~. Recall that the output of
each filter is the value minimizing the cost function. The
input samples are again selected as [X1,X2,X3,X4,Xs] =
[ - 2 , 2 , - 1,3, 6] and two sets of weights are used. The first
set is [W1, I412,W3, W4, WS] = [0.1, 0.2, 0.3, 0.2, 0.1] where
all the coefficients are positive, and the second set being
[0.1, 0 . 2 , 0 . 3 , - 0.2, 0.1] where W4 has been changed, with
respect to the first set of weights, from 0.2 to -0.2. Figure 6(a)
shows the cost functions G2(fl) of the linear FIR filter for
the two sets of filter weights. Notice that by changing the sign
of W4, we are effectively moving X4 to its new location
sgn(W4)X4--3. This, in turn, pulls the minimum of the cost
function towards the relocated sample sgn(W4)X4. Negatively
weighting X 4 o n Gl(fl) has a similar effect as shown in
Fig. 6(b). In this case, the minimum is pulled towards the new
location of sgn(W4)X4. The minimum, however, occurs at
one of the samples sgn(Wi)Xi. More details on WM filtering
can be found in [20, 21].

2.4 Weighted Median Filters for
Color Images
The extension of the weighted median for use with multidimensional (multichannel) signals is not straightforward.
Sorting multicomponent (vector) values and selecting the
middle value is not well defined as in the scalar case, [22-26].
In consequence, the weighted median filtering operation of a
multidimensional signal can be achieved in a number of ways
[22-27].
Although we concentrate on the filtering of color images,
the concepts defined in this section, can also be applied to the

filtering of N-component imagery [28]. Color images are
represented by three components: red, green, and blue; with
combinations of these to produce the entire color spectrum.

2.4.1 Marginal WM Filter
The simplest approach to WM filtering a color image is to
process each component (red, green, and blue) independently
by a scalar WM filter and then combine them to produce
the filtered color image. A drawback associated with this
method is that different components can be strongly
correlated and, if each component is processed separately,
this correlation is not exploited. In addition, since each
component is filtered independently, the filter outputs can
combine to produce colors not present in the original image.
The advantage of marginal processing is the computational
simplicity.

2.4.2 Vector WM Filter (WVM)
A more logical extension, yet more computationally expensive
approach is found through the minimization of a weighted
cost function which takes into account the multicomponent
nature of the data. Here, the three components are jointly
filtered by a vector WM filter, such that the cross-correlations
between components is exploited, leading to a filtered color
image. Vector WM filtering requires the extension of the
original WM filter definition as follows. Define x i =
[X),X2, X3]T as a 3-dimensional vector, where xt,x 2, and x 3
are respectively the red, green, and blue components of the
ith pixel in a color image, and recall that the weighted
median of a set of 1-dimensional samples x~ i - 1 , . . . , N is
given by
N

]~ -- arg mjn E
i--1

]Will sgn(Wi)xi - ~1"

(28)
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Extending this definition to a set of 3-dimensional vectors x_i
for i = 1,..., N leads to
N

~ = arg~nE
-

IW~llls;- 3[I

(29)

i=1

where/3 = [ ~ 1 ~2, ]~31T, S ; - - sgn(Wi)x i and I1"11 is the L2 norm
defined as
[Is/- ~11-

((SJ -- fll)2 _[_ (S 2 __/32)2 q_ (S: --/33)2) 1.

as follows:
By definition, the WVM filter is selection type and its
output is one of the input samples as it is shown in (32). First
it is necessary to find the closest sample to the desired output,
say Sen,. The output of the filter is then calculated using the
current weights. If the output of the filter is S_emi.the weights
are considered optimal, Otherwise, the weights should be
modified in order to obtain Semi. as the output. The weights
should be updated according to
Wd n + 1) -- Wd n ) + la,,'x W~, i -

(30)

1,2, ... ,N

(33)

, i = 1,2 . . . . . N

(34)

where
The vector weighted median thus requires N scalar weights,
with one scalar weight assigned per each input sample. Unlike
the 1-dimensional case, _~is not generally^one of the si, indeed,
there is no closed form solution for ft. Moreover, solving
(29) involves a minimization problem in a 3 dimensional
space that can be computationally expensive. To overcome
these shortcomings, a suboptimal solution for (29) is found if
/3 is restricted to be one of the signed samples s i. This leads to
the following definition:
The vector WM filter output of x 1, . . . , _xN is the value of/J,
with ]3 ~ {sl, ...,SN} such that
m

A Wi

d(S.emin ) -- d(sjo )

li 0-sill-,S m n- i,
E -x

il

l]

where d(sj)-Wi[[sj- s__i[[ and sj0 is the current
filter output. This-algorithm is a greedy approach since it
determines the weight changes based on local characteristics.
Despite the existence of several optimization algorithms
like the one just shown, weighted vector medians have not
significantly spread beyond image smoothing applications.
A more general vector median filter structure is presented
N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
next.
forallj--1 .... ,N

m

^

N

ll < E,
i, lis -s/ll
i=1

i=1

(31)
This definition can be implemented as follows.
1. For each signed sample sj, compute the distances to
all the other signed samples (llsj - sill) for i = 1..... N
using (30).
2. Compute the sum of the weighted distances given by the
right side of (31).
3. Choose as filter output the sample sj that produces the
minimum sum of the weighted distances.
In a more general case, the same procedure can be
employed to calculate the vector weighted median of a set of
input samples using other distance measures. The vector
median in Astola et al. (1990) [29] uses the Lp norm defined as
1

Ilxllp = ( ~ ]xilP) p as a distance measure, transforming (29)
into
N

/~ = arg min ~ .

--

,- ,= ,B~t~' il i=1

I1 ,-

-- p

<~>

2.4.3 W e i g h t e d M u l t i c h a n n e l M e d i a n
Filtering S t r u c t u r e s
The multivariate filtering structure is derived from the
maximum likelihood estimation of location, this time in
a multivariate signal space. Consider a set of independent
but not identically distributed vector valued samples
obeying a joint Gaussian distribution with identical location
parameter/z,

f(x--i)

1
=

M

1

T

-1

1 e -~--i-lz) Ci ~ ' - ~ )

(35)

(2zOTICi]~

where x i and/z are all M-variate column vectors ( M = 3 for
a RGB color image), and Ci is the M x M cross-channel
correlation matrix of the sample x i. In most multichannel
applications, the signals from sub-channels are often correlated. Further, the correlation structure between sub-channels
may often be stationary or at least quasi-stationary for a
period of time. In these cases, the assumption that the
correlation matrices Ci differ only by a scale factor is valid,
that is C ? 1 - qi C-1. The corresponding MLE is then zyxwvutsrqponmlk

(i l i l) l(i l i lxi)

Several optimization algorithms for the design of the
(36)
weights in (32) have been developed. One such method,
proposed by Shen and Barner (2004) [30] can be summarized zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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typically considered a transformed or corrupted version of
D__(n). The filter input vector at time n is X ( n ) - [xl(n)x__2(n) ... XN(n)] T.
Assume that the time/spatial dependent weight vector
(37) is V - [ V 1 V 2 ... VN(n)] T, and the cross-channel weight
matrix is
x) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 11 . . . W TM

where (EN=I qiC-1) -1 is a constant matrix and EN=I qiC-1xi
provides the filtering structure. Removing the constant, the
filtering structure can be formulated as

N

g

-- E

giWTx---i

i=1
W 11
-- ~

V~

i=1

"

W

TM

...

W M1
"

"

W MM

xMili

,

(38)

where Vi is the (time/spatial) weight applied to the i-th vector
sample in the observation window and Wij is the cross-channel
weight exploiting the correlation between the i-th and j-th
components of a sample.
Even though it is mathematically intractable to derive a
similar result as in (38) from a multivariate Laplacian
distribution, it is still possible to define a nonlinear multivariate filter by direct analogy by replacing the summations
in (38) with median operators. This filter is referred to as
the Weighted Multichannel Median (WMM) and is defined
as follows (Li et al. (2004) [32]).
Y

-

MEDIAN(I Vii ~sgn(Vi)Q i

W-

i

'.

"

W M1

...

W MM

•

Denote QI--MED(IWJll~sgn(WJl)xJil~=l) for l--1 ..... M,
then the output of the marginal WMM can be defined as
__I)--[/~1/~2 ... /~]T, where /~l__ MED([Vi[ O sgn(Vi)QllNj=l)
for l--1 . . . . ,M. Under the least mean absolute error (LMA)
criterion, the cost function to minimize is

jl(V, W ) - E { [[D._D- I)[[1}

(42)

Using the instantaneous estimate for the gradient, we obtain
the adaptive algorithm for the time dependent weight vector
V as follows,

(39)

_

Vi(n + 1) - Vi(n) + P.vsgn(Vi(n))e_r(n)G___Di(n)
where

--[G~I...

where G~
G~)M]r and Gff -- sgn(sgn(Vi)Ql-[) l) for
l - 1..... M, and _e(n) - D__(n)- D__(n).The adaptive algorithm
for the cross-channel weight matrix W is:

-MEDIAN(IWJll ~ sgn(WJl)~ ]M1)
MEDIAN([ WJ2[~ sgn(W/2)~ [M1)

Qi-

(43)

(40)

wSt(n + 1) -- WSt(n) + p.wsgn(W~t(n))et(n)(Vr(n)A_f(n)),
MEDIAN(I wJM I ~ sgn(WJM)~

(44)

[M1)_

is an M-variate vector. As it was stated before, there is no
unique way of defining even the simplest median over vectors,
in consequence, the outer median in (39) can have several
different implementations. Due to its simplicity and ease of
mathematic analysis, a sub-optimal implementation, where the
outer median in (39) is replaced by a vector of marginal
medians, can be used. Thus, the marginal weighted multichannel median (marginal WMM) is defined as in Li et al.
(2004) [32].

where A s - [A~IA~2...A~N]T, and A~ - ~(sgn(Vi)Q I -/)/)sgn
(sgn(WSt)~ - Q~) for i - 1..... N where ~(x) - 1 for x - 0 and
~ ( x ) - 0 otherwise, s, t - l , 2 ..... M and et(n) is the t-th
component of e(n).

3 Image

Noise

Cleaning

Median smoothers are widely used in image processing to
clean images corrupted by noise. Median filters are particularly
effective at removing outliers. Often referred to as "salt
MED(I Vii ~ sgn(Vi)Q 217--1)
and
pepper"
noise, outliers are often present due to bit errors
(41) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Y__in transmission, or introduced during the signal acquisition
stage. Impulsive noise in images can also occur as a result
MED([ Vii ~ sgn(Vi)Q~/IN=l)
to damage to analog film. Although a weighted median
where QI - MED([WJll ~ sgn(WJl)~[ /=1)
M for l - 1..... M.
smoother can be designed to "best" remove the noise, CWM
smoothers often provide similar results at a much lower
Filter Optimization. Assume that the observed process complexity [12]. By simply tunning the center weight, a user
x(n)-[xl(n)x2(n) ... xM(n)]r is statistically related to a can obtain the desired level of smoothing. Of course, as the
desired process D ( n ) - [Dl(n)D2(n) ... DM(n)] T of interest, center weight is decreased to attain the desired level of impulse
MED([ Vii ~ sgn(Vi)Q] IN=l)
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suppresion, the output image will suffer increased distortion
particularly around the image's fine details. Nonetheless,
CWM smoothers can be highly effective in removing "salt and
pepper" noise while preserving the fine image details.
Figures 7(a) and (b) depict a noise free gray-scale image
and the corresponding image with "salt and pepper" noise.
Each pixel in the image has a 10% probability of being
contaminated with an impulse. The impulses occur randomly
and were generated by MATLAB'Simnoise funtion. Figures 7 (c)
and (d) depict the noisy image processed with a 5 x 5 window
CWM smoother with center weights 15 and 5, respectively.
The impulse-rejection and detail-preservation tradeoff in
CWM smoothing is clearly illustrated in Figs. 7(c) and (d).
A color version of the "portrait" image was also corrupted by
"salt and pepper" noise and filtered using CWM. Marginal
CWM smoothing was performed in Fig. 8. The differences
between marginal and vector WM processing will be
illustrated shortly.
At the extreme, for Wc-1, the CWM smoother reduces
to the median smoother which is effective at removing
impulsive noise. It is, however, unable to preserve the image's
fine details [33]. Figure 9 shows enlarged sections of the noisefree image (left), and of the noisy image after the median
smoother has been applied (center). Severe blurring is
introduced by the median smoother and it is readily apparent
in Fig. 9. As a reference, the output of a running mean of
the same size is also shown in Fig. 9 (right). The image is
severly degraded as each impulse is smeared to neighboring
pixels by the averaging operation.
Figures 7 and 8 show that CWM smoothers can be effective
at removing impulsive noise. If increased detail-preservation
is sought and the center weight is increased, CWM smoothers
begin to breakdown and impulses appear on the output.
One simple way to ameliorate this limitation is to employ a
recursive mode of operation. In essence, past inputs are
replaced by previous outputs as described in (12) with
the only difference that only the center sample is weighted.
All the other samples in the window are weighted by one.
Figure 10 shows enlarged sections of the non-recursive
CWM filter (left) and of the corresponding recursive CWM
smoother, both with the same center weight (We = 15). This
figure illustrates the increased noise attenuation provided by
recursion without the loss of image resolution.
Both, recursive and non-recursive CWM smoothers, can
produce outputs with disturbing artifacts particularly when
the center weights are increased in order to improve the detailpreservation characteristics of the smoothers. The artifacts are
most apparent around the image's edges and details. Edges
at the output appear jagged and impulsive noise can break
through next to the image detail features. The distinct
response of CWM smoother in different regions of the
image is due to the fact that images are non-stationary in
nature. Abrupt changes in the image's local mean and texture
carry most of the visual information content. CWM
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smoothers process the entire image with fixed weights and
are inherently limited in this sense by their static nature.
Although some improvement is attained by introducing
recursion or by using more weights in a properly design
WM smoother structure, these approaches are also static
and do not properly address the non-stationarity nature of
images.
Significant improvement in noise attenuation and detail
preservation can be attained if permutation WM filter
structures are used. Figure (10)(right) shows the output of
the permutation CWM filter in (15) when the "salt and
pepper" degraded "portrait" image is inputted. The parameters were given the values TL = 6 and Tu=20. The
improvement achieved by switching Wc between just two
different values is significant. The impulses are deleted without
exception, the details are preserved, and the jagged artifacts
typical of CWM smoothers are not present in the output.
Figures 8-10 depict the results of marginal component
filtering. Figure 11 illustrates the differences between marginal
and vector processing. Figure 11(a) shows the original image,
1l(b) shows the filtered image using marginal filtering, 11(c)
shows the filtered image using weighted vector median
filtering, and 11(d) the filtered image using marginal multivariate weighted median filtering. As Fig. 11 shows the
marginal processing of color images removes more noise than
in the vector approach, however, it can introduce new color
artifacts to the image while the multivariate median removes
most of the noise without introducing many artifacts.
To further illustrate the differences between the optimal
weighted median filtering schemes for color images we
proceed as follows. A RGB color image contaminated with
10% correlated salt and pepper noise is processed by the
WVM filter, and the marginal WMM filter separately. The
observation window is set to 3 x 3 and 5 x 5. The optimal
weights for the filters are obtained first by running optimization algorithms over a small part of the corrupted image.
The resulting weights are then passed to the corresponding
filters to denoise the whole image. The filter outputs are
depicted in Figs. 12 and 13.
As a measure of the effectiveness of the filters, the mean
absolute error of the outputs was calculated for each filter,
the results are summarized in Table 1. Peak signal-to-noise
ratio (PSNR) was also used to evaluate the fidelity of the
filtered images. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLK

TABLE 1

Average MAE and PSNR of the output images
MAE

Filter

3x 3

Noisy signal
WVM
Marginal WMM

0.0705
0.0242

PSNR (dB)
5x 5

3x 3

0.0561
0.0347

23.38
32.74

0.1480

5x 5
14.12
24.72
30.67
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FIGURE 7 Impulse noise cleaning with a 5 x 5 CWM smoother: (a) original gray-scale "portrait" image, (b) image
with "salt and pepper" noise, (c) CWM smoother with We= 15, (d) CWM smoother with We= 5.
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FIGURE 8 Impulse noise cleaning with a 5 x 5 CWM smoother: (a) original "portrait" image, (b) image with "salt
and pepper" noise, (c) CWM smoother with We= 16, (d) CWM smoother with We= 5. (See color insert.)
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FIGURE 9 (Enlarged) Noise-free image (left), 5 x 5 median smoother output (center), and 5 x 5 mean smoother
(right). (See color insert.)

The statistics in Table 1 show that the marginal WMM filter inserted into the image in order to expand the size of the
outperforms the WVM filter in this color image denoising image, and the major task is the interpolation of the new pixels
simulation. Moreover, the output of the marginal WMM filter from the surrounding original pixels. Weighted medians
is almost salt and pepper noise free. As a comparison, the have been applied to similar problems requiring interpolation,
output of the WVM filter is visually less pleasant with many such as interlace to progressive video conversion for television
unfiltered outliers. Notice that the output of the marginal systems [13]. The advantage of using the weighted median
WMM filter with the 3 x 3 observation window preserves in interpolation over traditional linear methods is better
more image details than that of the 5 x 5 realization, and has edge-preservation and less of a "blocky" look to edges.
a better PSNR. Figure 14 shows the optimum weights obtained
To introduce the idea of interpolation, suppose that a small
for all the filters used in this example.
matrix must be zoomed by a factor of 2, and the median of
The noise generated for this example was cross-channel the closest two (or four) original pixels is used to interpolate
correlated. As a result, Figs. 14 (c) and (f), show that the each new pixel:
optimum cross-channel weights for the 3 x 3 and 5 × 5
window are very similar, since they are based on the same
7 0 8
0 5 0
statistics. Figures 14 (b) and (e) show that, spatially, the
Zero
marginal WMM filter tries to emphasize the center sample of
0 0 0
0 0 0
7
8
51
Interlace
the window. This is an expected result since the noise samples
___.>
are spatially independent. Finally, Figs. 14 (a) and (d) show a
6 10 9
6 0 10 0 9 0
distribution of the spatial weights that is not as smooth as
the one shown in Figs. 14 (b) and (e), this shows the negative
0 0 0
0 0 0
effects that the cross channel correlation of the noise generates
in the WVM filter. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA 7
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4 Image Zooming
Zooming an image is an important task used in many
applications, including the World Wide Web, digital video,
DVDs, and scientific imaging. When zooming, pixels are
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FIGURE 10 (Enlarged) CWM smoother output (left), recursive CWM smoother output (center), and permutation
CWM smoother output (right). Window size is 5 x 5. (See color insert.)

FIGURE 11 (a) Original image, (b) filtered image using marginal WM filter, (c) filtered image using vector WM filter,
(d) filtered image using the marginal WMM filter. (See color insert.)
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FIGURE 12 Multivariate medians for color images in "salt and pepper" noise. From topleft clockwise: noiseless
image, contaminated image, WVM with 3 x 3 window, marginal WMM with 3 x 3 window. (See color insert.)

Zooming commonly requires a change in the image
dimensions by a non-integer factor, such as a 50% zoom
where the dimensions must be 1.5 times the original. Also, a
change in the length-to-width ratio might be needed if the
horizontal and vertical zoom factors are different. The
simplest way to accomplish zooming of arbitrary scale is to
double the size of the original as many times as needed to
obtain an image larger than the target size in all dimensions,
interpolating new pixels on each expansion. Then the desired
image can be attained by subsampling the larger image, or
taking pixels at regular intervals from the larger image in
order to obtain an image with the correct length and width.
The subsampling of images and the possible filtering

needed are topics well known in traditional image processing,
thus, we will focus on the problem of doubling the size of
an image.
A digital image is represented by an array of values, each
value defining the color of a pixel of the image. Whether the
color is constrained to be a shade of gray, in which case only
one value is needed to define the brightness of each pixel, or
whether three values are needed to define the red, green, and
blue components of each pixel does not affect the definition of
the technique of weighted median interpolation. The only
difference between gray scale and color images is that an
ordinary weighted median is used in gray scale images while
color requires a vector weighted median.
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FIGURE 13 Multivariate medians for color images in salt and pepper noise (continued). WVM with 5 x 5 window
(left), and marginal WMM with 5 x 5 window (right). (See color insert.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE
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FIGURE 14 Optimum weights for the multivariate medians for color images in "salt and pepper" noise, (a) 5 x 5
WVM, (b) V_ in 5 x 5 marginal WMM I, (c) W in 5 x 5 marginal WMM I, (d) 3 x 3 WVM, (e) V in 3 x 3 marginal
WMM I, (f) W in 3 x 3 marginal WMM I.

To double the size of an image, first an empty array is
constructed with twice the n u m b e r of rows and columns as
the original (Fig. 15(a)), and the original pixels are placed into
alternating rows and columns (the "00" pixels in Fig. 15(a)).
To interpolate the remaining pixels, the m e t h o d known as

polyphase interpolation is used. In the method, each new pixel
with four original pixels at its four corners (the "11" pixels
in Fig. 15(b)) is interpolated first by using the weighted
median of the four nearest original pixels as the value for that
pixel. Since all original pixels are equally trustworthy and the
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The pixels are interpolated as follows:
xiO,~ - - ai, j
xil,} -

MEDIAN[ai,

j, ai+l,j, ai, j+l, ai+l,j+l]

T h e steps o f p o l y p h a s e i n t e r p o l a t i o n .

xi°,} -- MEDIAN[ai, j,
same distance from the pixel being interpolated, a weight of
1 is used for the four nearest original pixels. The resulting
array is shown in Fig. 15(c). The remaining pixels are
determined by taking a weighted median of the four closest
pixels. Thus each of the "01" pixels in Fig. 15(c) is
interpolated using two original pixels to the left and right
and two previously interpolated pixels above and below.
Similarly, the "10" pixels are interpolated with original pixels
above and below and interpolated pixels ("11" pixels) to
the right and left.
Since the "11" pixels were interpolated, they are less reliable
than the original pixels and should be given lower weights
in determining the "01" and "10" pixels. Therefore the "11"
pixels are given weights of 0.5 in the median to determine
the "01" and "10" pixels, while the "00" original pixels
have weights of 1 associated with them. The weight of 0.5
is used because it implies that when both "11" pixels have
values that are not between the two "00" pixel values then one
of the "00" pixels or their average will be used. Thus "11"
pixels differing from the "00" pixels do not greatly affect the
result of the weighted median. Only when the "11" pixels lie
between the two "00" pixels will they have a direct effect on
the interpolation. The choice of 0.5 for the weight is arbitrary, since any weight greater than 0 and less than 1 will
produce the same result. When implementing the polyphase
method, the "01" and "10" pixels must be treated differently due to the fact that the orientation of the two closest
original pixels is different for the two types of pixels.
Figure 15(d) shows the final result of doubling the size of
the original array.
To illustrate the process, consider an expansion of the
grayscale image represented by an array of pixels, the pixel
in the ith row and jth column having brightness aid. The array
aid will be interpolated into the array ~ , with p and q taking

Xi, jlO __

MEDIAN[ai, j,

11

11

11

11

ai, j+x, 0 . 5 ~ Xi_l, j, 0 . 5 ~ Xi+l,j]
ai+l,j, 0 . 5 ~ xi, j_ 1, 0 . 5 ~ xi, j+l].

An example of median interpolation compared with bilinear
interpolation is given in Fig. 16. Bilinear interpolation uses
the average of the nearest two original pixels to interpolate the
"01" and "10" pixels in Fig. 15(b) and the average of the
nearest four original pixels for the "11" pixels. The edgepreserving advantage of the weighted median interpolation is
readily seen in the figure.

5 Image Sharpening
Human perception is highly sensitive to edges and fine
details of an image and since they are composed primarily by
high-frequency components, the visual quality of an image can
be enormously degraded if the high frequencies are attenuated
or completely removed. On the other hand, enhancing the
high-frequency components of an image leads to an improvement in the visual quality. Image sharpening refers to any
enhancement technique that highlights edges and fine details in
an image. Image sharpening is widely used in printing
and photographic industries for increasing the local contrast
and sharpening the images. In principle, image sharpening
consists in adding to the original image a signal that is
proportional to a high-pass filtered version of the original
image. Figure 17 illustrates this procedure often referred to
as unsharp masking [34, 35] on a 1 Dimensional signal. As
shown in Fig. 17, the original image is first filtered by a highpass filter which extracts the high frequency components, and
then a scaled version of the high-pass filter output is added
to the original image producing thus a sharpened image of
the original. Note that the homogeneous regions of the
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FIGURE 16 Example of zooming. Original is at the top with the area of interest outlined in white. On the lower left is
the bilinear interpolation of the area, and on the lower right the weighted median interpolation.

signal, i.e., where the signal is constant, remain unchanged.
The sharpening operation can be represented by
(45)

5i, j -- Xi, j + i~, * ,f'(Xi, j)

L.................................................................E

High-pass
Filter

T

Original
signal

T

)

Sharpened
signal
FIGURE 17 Image sharpening by high frequency emphasis.

where xi,j is the original pixel value at the coordinate (i, j), ~-(.)
is the high-pass filter, X is a tuning parameter greater than or
equal to zero, and si,j is the sharpened pixel at the coordinate
(i, j). The value taken by X depends on the grade of sharpness
desired. Increasing X yields a more sharpened image.
If color images are used xi,j, si,j, and X are three-component
vectors, whereas if gray-scale images are used xi,j, si,j, and X are
single-component vectors. Thus the process described here
can be applied to either gray-scale or color images with the
only difference that vector filters have to be used in sharpening
color images whereas single-component filters are used with
gray-scale images.
The key point in the effective sharpening process lies in
the choice of the high-pass filtering operation. Traditionally,
linear filters have been used to implement the high-pass filter,
however, linear techniques can lead to unacceptable results
if the original image is corrupted with noise. A trade-off
between noise attenuation and edge highlighting can be
obtained if a weighted median filter with appropriated
weights is used. To illustrate this, consider a WM filter
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applied to a gray-scale image where the following filter mask is
used

1

-1

-1

-1

8

-1

-1

-1

-1

+

,[ High-pass
WM filter

- 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(46)

Due to the weight coefficients in (46), for each position of
the moving window, the output is proportional to the
difference between the center pixel and the smallest pixel
around the center pixel. Thus, the filter output takes relatively
large values for prominent edges in an image, and small
values in regions that are fairly smooth, being zero only in
regions that have constant gray level.
Although this filter can effectively extract the edges
contained in a image, the effect that this filtering operation
has over negative-slope edges is different from that obtained
for positive-slope edges. 1 Since the filter output is proportional to the difference between the center pixel and the
smallest pixel around the center, for negative-slope edges, the
center pixel takes small values producing small values at
the filter output. Moreover, the filter output is zero if the
smallest pixel around the center pixel and the center pixel have
the same values. This implies that negative-slope edges are not
extracted in the same way as positive-slope edges. To
overcome this limitation the basic image sharpening structure
shown in Fig. 17, must be modified such that positive-slope
edges as well as negative-slope edges are highlighted in
the same proportion. A simple way to accomplish that is: (a)
extract the positive-slope edges by filtering the original
image with the filter mask described above; (b) extract the
negative-slope edges by first pre-processing the original image
such that the negative-slope edges become positive-slope
edges, and then filter the pre-processed image with the filter
described above; (c) combine appropriately the original image,
the filtered version of the original image and the filtered
version of the pre-processed image to form the sharpened
image.
Thus both positive-slope edges and negative-slope edges
are equally highlighted. This procedure is illustrated in
Fig. 18, where the top branch extracts the positive-slope
edges and the middle branch extracts the negative-slope
edges. In order to understand the effects of edge sharpening,
a row of a test image is plotted in Fig. 19 together with a row
of the sharpened image when only the positive-slope edges are
highlighted Fig. 19(a), only the negative-slope edges are
highlighted Fig. 19(b), and both positive-slope and negativeslope edges are jointly highlighted Fig. 19(c).
1Achange from a graylevel to a lower gray level is referred to as a negativeslope edge, whereas a change from a gray level to a higher graylevel is referred
to as a positive-slopeedge.

~'2

[ .[ High-pass
-~ Pre-filtering ] -[ WM flter
,+

,4
FIGURE 18 Image sharpening based on the weighted median filter.

In Fig. 18, X1 and •2 are tuning parameters that control
the amount of sharpness desired in the positive-slope
direction and in the negative-slope direction respectively.
The values of X1 and X2 are generally selected to be equal.
The output of the pre-filtering operation is defined as zyxwvutsrqponmlkj
X;,j - - M

(47)

- - Xi, j

with M equal to the maximum pixel value of the original
image. This pre-filtering operation can be thought of as a
flipping and a shifting operation of the values of the original
image such that the negative-slope edges are converted in
positive-slope edges. Since the original image and the prefiltered image are filtered by the same WM filter, the positiveslope edges and negative-slopes edges are sharpened in the
same way.
In Fig. 20, the performance of the WM filter image sharpening is compared with that of traditional image sharpening

i
i

i

_ V
(a)

V
(b)

(c)

FIGURE 19 Original row of a test image (solid line) and row sharpened
(dotted line) with (a) only positive-slopeedges, (b) only negative-slopeedges,
and (c) both positive-slopeand negative-slopeedges.
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(a)

(b)

(c)

(d)

(e)

(f)

FIGURE 20 (a) Original image sharpened with (b) the FIR-sharpener, and (c) with the WM-sharpener. (d) Image
with added Gaussian noise sharpened with (e) the FIR sharpener, and (f) the WM sharpener. (See color insert.)
based on linear FIR filters. For the linear sharpener, the Fig. 21. A high-pass filter is applied to the image to obtain the
scheme shows in Fig. 17 was used. The parameter X was amount of change present in the image at every pixel. The
set to 1 for the clean image and to 0.75 for the noise image. output of the filter is thresholded to determine those pixels
For the WM sharpener, the scheme of Fig. 18 was used with which have a high enough rate of change to be considered
~"1 -- ~'2 -- 2 for the clean image, and L~ = X2 = 1.5 for the noise lying on an edge, i.e., all pixels with filter output greater
image. The filter mask given by (46) was used in both linear than some value T are taken as edge pixels. The value of T is a
and median image sharpening. As before each component of tunable parameter which can be adjusted to give the best
visual results. High thresholds lose some of the real edges,
the color image was processed separately. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
while low values result in many false edges, thus a tradeoff
needs to be made to get the best results. Other techniques
such as edge thinning can be applied to further pinpoint the
6 Edge Detection
location of the edges in an image.
Edge detection is an important tool in image analysis, and is
necessary for applications of computer vision in which objects
need to be recognized by their outlines. An edge detection
Edge
Edge
T applied
High-pass
Original
Map
Thinning
algorithm should show the locations of major edges in
as threshold
> Filter
Image
the image while ignoring false edges caused by noise. The most
FIGURE 21 The process of edge detection.
common approach used for edge detection is illustrated in
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The most common linear filter used for the initial highpass filtering is the Sobel operator, which uses the following
3 x 3 masks (Sobel masks):
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0

0

1

2

-1

EiV,j "- m i n

MEDIAN

- 1 ~Xi_l,j_l,

1
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1
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Xi+ 1 , j + 1
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0

1

0

--2

0

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 1 ~X~_I,j_I, 1 ~XI_I,j+I,

1

--1

0

1

MEDIAN --2~X~,j-1,

These two masks are convolved with the image separately
to measure the strength of horizontal edges and vertical edges,
respectively, present at each pixel. Thus if the amount to which
a horizontal edge is present at the pixel in the i-th row and j-th
column is represented as Ehi,j, and if the vertical edge indicator
is E~,j, then the values are:
E i,j
h -- --Xi-l,j-1 -- 2Xi-l,j -- Xi-l,j+l -~- Xi+l,j-1

+ 2Xi+l,j -Jr-Xi+l,j+l
EiV,j -- --Xi-l,j-1 -- 2Xi, j-1 -- Xi+l,j-1 + Xi-l,j+l
-Jr-2Xi, j+l + Xi+l,j+l

to which any edge exists at the pixel: E~°t.'a= . / E h . 2 + U. 2
,1
V
,1
~,s "
This value is then compared to the threshold T to determine
the existence of an edge.
In place of using linear high-pass filters, weighted
median filters can be used. To apply weighted medians to
the high-pass filtering, the weights from the Sobel masks
can be used. The Sobel linear high-pass filters take a weighted
difference between the pixels on either side of xi,j. On the
other hand, if the same weights are used in a weighted
median filter, the value returned is the difference between the
lowest-valued pixels on either side of xi,j. If the pixel values
are then flipped about some middle value, the difference
between the highest pixels on either side can also be obtained.
The flipping can be achieved by finding some maximum
pixel value M and using x~,j - M - xi,j as the "flipped" value
of xi,j, thus causing the highest values to become the lowest.
The lower of the two differences across the pixel can then
be used as the indicator of the presence of an edge. If there
is a true edge present, then both differences should be
high in magnitude, while if noise causes one of the differences to be too high, the other difference is not necessarily affected. Thus the horizontal and vertical edge
indicators are:

(
[--l~Xi-l,j-1,
E.t,h.y = min MEDIAN
1 ~Xi+l,j-l,

--2~Xi-l,j,

2 <)X~,j+I,

--I ~x~+I,j_ 1, I ~X~+I,j+ 1

and the strength of horizontal and vertical edges E (i,j)
h'v is
E
h, v
determined in the same way as the linear case: (i,j)V/ Ei,hj 2 + EV2
i,j"
Another addition to the weighted median method is
necessary in order to detect diagonal edges. Horizontal and
vertical indicators are not sufficient to register diagonal edges,
so the following two masks must also be used:
-2
-1

The two strengths are combined to find the total amount

0
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0

0

0

1

-1

1

2

-2
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!
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t
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!
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!
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--2 ~ xi+l,j_ 1,

,
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1 ~ Xi-l,j,

1 ~ Xi_l,j,

1 ~Xi+l,j+l
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2 0 < + 1j,

2

1 ~ Xi+l,j,

--2 ~ Xi+l,j-1,

--l~Xi-l,j+l,]

MEDIAN
10Xi+l,j_
1,
'

1

These masks can be applied to the image just as the
Sobel masks above. Thus the strengths of the two types of
diagonal edges are Eid,} for diagonal edges going from the
bottom left of the image to the top right (using the mask on
the left above) and Eid,~ for diagonal edges from top left
to bottom right (the mask on the right), and the values are
given by:

!

2
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1 ~ Xi,j+l,

,

-- 1 ~ Xi+l,j
2 ~ X~_I,j+I,
f

1 ~ xi, j+ 1,
f

-- 1 ~ xi+l, j

.
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FIGURE 22 (a) Original image, (b) edge detector using linear method, and (c) median method.
A diagonal edge strength is determined in the same way as
d l ' d z-the horizontal and vertical edge strength above: E i,j
~//Edli,j.2 +.Ei,d2j."2 The indicator of all edges in any direction is

the maximum of the two strengths Eh'vi,
j and Ei,jdl'd2". Ei,jtotal__

dl,d2). As in the linear case, this value is compared

maxk(Eh.,.v,
,,j El, j

to the threshold T to determine whether a pixel lies on an
edge. Figure 22 shows the results of calculating Eit,~tal for an
image. The results of the median edge detection are similar to
the results of using the Sobel linear operator. Other
approaches for edge detector based on median filter can be
found in [36-39].

7 Conclusion
The principles behind WM smoothers and WM filters
have been presented in this article, as well as some of the
applications of these nonlinear signal processing structures in
image enhancement. It should be apparent to the reader that
many similarities exist between linear and median filters.
As illustrated in this article, there are several applications in
image enhancement were WM filters provide significant
advantages over traditional image enhancement methods
using linear filters. The methods presented here, and other
image enhancement methods that can be easily developed
using WM filters, are computationally simple and provide
significant advantages, and consequently can be used in
emerging consumer electronic products, PC and internet
imaging tools, medical and biomedical imaging systems, and
of course in military applications.
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mainstream of image/signal processing and related to other by the set X and its background by the set complement X~.
nonlinear filtering approaches [10, 11]. Finally, in the late The Boolean OR transformation of X by a (window) set B is
1980s and 1990s it was generalized to arbitrary lattices [6, 25]. equivalent to the Minkowski set addition @, also called
The above evolution of ideas has formed what we call dilation, of X by B:
image processing, which
nowadays the field of morphologic zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is a broad and coherent collection of theoretical concepts,
X~B zyxwvutsrqponmlkjihgfedcbaZYXWVUT
a_ {z.(BS)+z N X ~=0} -- U x+y.
(2)
nonlinear filters, design methodologies, and applications
yEB
systems. Its rich theoretical framework, algorithmic efficiency,
easy implementability on special hardware, and suitability
a {x + y • x e X} is the translation of X along the
where X+r =
for many shape-oriented problems have propelled its widevector y, and B s a_ { x ' - x ~ B} is the symmetric of B with
spread usage and further advancement by many academic
respect to the origin. Likewise, the Boolean AND transformaand industry groups working on various problems in image
tion of X by B s is equivalent to the Minkowski set subtraction
processing, computer vision, and pattern recognition.
G, also called erosion, of X by B:
This chapter provides a brief introduction to the application
of morphologic image processing to image enhancement and
X 0 B & {z" B+z C X} = N X _ r .
(3)
feature detection. Thus, it discusses four important general
yeB
problems of low-level (early) vision, progressing from the
easiest (or more easily defined) to the more difficult (or harder
to define): (i) cleaning the image from noise or improving
Cascading erosion and dilation creates two other operaits contrast; (ii) detecting in the image the presence of tions, the Minkowski opening X o B & (X G B) ~ B and the
known templates; (iii) detecting the existence and location dosing X • B & (X ~ B) O B of X by B. In applications, B is
of geometric features such as edges and peaks whose types are usually called a structuring element and has a simple
known but not their exact form; (iv) designing optimal geometrical shape and a size smaller than the image X. If B
has a regular shape, e.g., a small disk, then both opening and
morphologic filters.
closing act as nonlinear filters that smooth the contours of
the input image. Namely, if X is viewed as a flat island, the
2 Morphologic Image Operators
opening suppresses the sharp capes and cuts the narrow
isthmuses of X, whereas the closing fills in the thin gulfs and
2.1 Morphologic Filters for Binary Images
small holes.
There is a duality between dilation and erosion since
Given a sampled I binary image signal f[x] with values 1 for
the image object and 0 for the background, typical image X @ B - (Xc @ BS)C; i.e., dilation of an image object by B is
transformations
involving
a moving window
set equivalent to eroding its background by Bs and complementing the result. A similar duality exists between closing and
W{ Y l , ) ' 2 , - . . , Yn} of n sample indexes would be
opening.
Oh(f )[X] -- b(f[x - Yl] . . . . . f[x - Yn])
(1)
where b(Vl. . . . . vn) is a Boolean function of n variables.
The mapping f i---~~Pb(f) is called a Boolean filter. By varying
the Boolean function b, a large variety of Boolean filters can be
obtained. For example, choosing a Boolean AND for b would
shrink the input image object, whereas a Boolean OR would
expand it. Numerous other Boolean filters are possible, since
there are 22" possible Boolean functions of n variables. The
main applications of such Boolean image operations have been
in biomedical image processing, character recognition, object
detection, and general 2D shape analysis [18, 19].
Among the important concepts offered by mathematic
morphology was to use sets to represent binary images and set
operations to represent binary image transformations. Specifically, given a binary image, let the object be represented
'Signals of a continuous variable x e ~m are usually denoted by f(x),
whereas for signals with discrete variable x e Z m we write f i x ] . [~ and 7/
denote, respectively, the set of reals and integers.

2.2 Morphologic Filters for
Images

Gray-Level

Extending morphologic operators from binary to gray-level
images can be done by using set representations of signals
and transforming these input sets via morphologic set
operations. Thus, consider an image signal f(x) defined on
the continuous or discrete plane I F - ~2 o r 7~2 and assuming
values in [~ - [~ U {-oo, oo}. Thresholding f at all amplitude
levels v produces an ensemble of binary images represented
by the upper level sets (also called threshold sets)
Xv(f) ~- {x E [E'f(x) >_ v},

- o 0 < v < + cx:~.

(4)

The image can be exactly reconstructed from all its level sets
since
f(x)-

sup{v e g~" x ~ X v ( f )}

(5)
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where "sup" denotes supremum 2. Transforming each level set
of the input signal f by a set operator • and viewing the
transformed sets as level sets of a new image creates [24, 10]
a flat image operator ~p whose output signal is

,(f)(x)-

sup{v E N ' x e *[Xv(f)]}.

(6)

For example, if • is the set dilation and erosion by B, the
above procedure creates the two most elementary morphologic image operators: the dilation and erosion of f(x) by
a set B:

(f ~ B)(x) A_ V f (x - y)

(7)

yeB

( f 0 B)(x) ~ A fix + y)

(8)

yeB

(9)

ye~_

(f 0 g)(x) ~ A f(x + y) - g(y).

~(X)--

U

XOA.

(11)

AeBas(~)

where V denotes supremum (or maximum for finite B) and
A denotes infimum (or minimum for finite B). Flat erosion
(dilation) of a function f by a small convex set B reduces
(increases) the peaks (valleys) and enlarges the minima
(maxima)
of
the
function.
The
flat
opening
foB = ( f e B)~B of f by B smooths the graph of f from
below by cutting down its peaks, whereas the closing
f • B = ( f ~ B) O B smooths it from above by filling up its
valleys.
The most general translation-invariant morphologic dilation and erosion of a gray level image signal f(x) by another
signal g are:

(f~g)(x) ~ V f (x - y) + g(y)

Here we summarize the main results of this theory restricting
our discussion only to discrete 2D image signals.
Any translation-invariant set operator • is uniquely
characterized by its kernel Ker(~) a {X e 7/2"0 e • (X)}. If
~P is also increasing [i.e., X c__Y----~(X) G ~(Y)], then it can
be represented as a union of erosions by all its kernel sets [13].
However, this kernel representation requires an infinite
number of erosions. A more efficient (requiring less erosions)
representation uses only a substructure of the kernel, its zyxwvutsrqponm
basis
Bas (~), defined as the collection of kernel elements that are
minimal with respect to the partial ordering c . If • is also
upper semicontinuous [i.e., ~(~nXn) -- ~ n ~(Xn) for any
decreasing set sequence (X~)], then • has a nonempty basis
and can be represented exactly as a union of erosions by
its basis sets:

(10)

yeE

Note that signal dilation is a nonlinear convolution where the
sum-of-products in the standard linear convolution is
replaced by a max-of-sums.

2.3 Universality of Morphologic Operators 3
Dilations or erosions can be combined in many ways to create
more complex morphologic operators that can solve a broad
variety of problems in image analysis and nonlinear filtering.
Their versatility is further strengthened by a theory outlined in
[10, 11] that represents a broad class of nonlinear and linear
operators as a minimal combination of erosions or dilations.
2Given a set X of real numbers, the supremum of X is its lowest upper
bound. If X is finite (or infinite but closed from above), its supremum
coincides with its maximum.
3This is a section for mathematically-inclined readers and can be skipped
without significant loss of continuity.

The morphologic basis representation has also been
extended to gray level signal operators. As a special case, if 4~
is a flat signal operator as in (6) that is translation-invariant
and commutes with thresholding, then 4~can be represented as
a supremum of erosions by the basis sets of its corresponding
set operator @:
4~(f) -

V

fOA"

(12)

AeBas(~)

By duality, there is also an alternative representation
where a set operator • satisfying the above three assumptions
can be realized exactly as the intersection of dilations by the
reflected basis sets of its dual operator ~ d ( X ) ~ [~(XC)]c.
There is also a similar dual representation of signal operators
as an infimum of dilations.
Given the wide applicability of erosions/dilations, their
parallellism, and their simple implementations, the morphologic representation theory supports a general purpose image
processing (software or hardware) module that can perform
erosions/dilations, based on which numerous other complex
image operations can be build.

2.4 Median, Rank, and Stack Filters
Flat erosion and dilation of a discrete image signal fix] by
a finite window W = { Y l . . . . . Yn} G 772 is a moving local
minimum or maximum. Replacing min/max with a more
general rank leads to rank filters. At each location x e 7/2,
sorting the signal values within the reflected and shifted
n-point window (WS)+x in decreasing order and picking the
p-th largest value, p = 1, 2 . . . . . n, yields the output signal
from the p-th rank filter:

(fDpW)[x] A=p-th rank of (f[x - yl] . . . . . f[x - Yn]). (13)
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For odd n and p - (n + 1)/2 we obtain the median filter. analyzed or designed not only in terms of their statistical
Rank filters and especially medians have been applied mainly properties for image denoising but also in terms of their
to suppress impulse noise or noise whose probability density geometric and logic properties for preserving selected image
has heavier tails than the Gaussian for enhancement of image structures. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE
and other signals, since they can remove this type of
noise without blurring edges, as would be the case for linear 2.5 Morphologic Operators and
filtering.
Lattice Theory
If the input image is binary, the rank filter output is also
binary since sorting preserves a signal's range. Rank filtering of A more general formalization [6, 25] of morphologic
binary images involves only counting of points and no sorting. operators views them as operators on complete lattices.
Namely, if the set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S c_ 7/2 represents an input binary image, the A complete lattice is a set 12 equipped with a partial ordering
< such that (12, <) has the algebraic structure of a partially
output set produced by the p-th rank set filter is
ordered set where the supremum and infimum of any of its
(14) subsets exist in 12. For any subset/C c__12, its supremum V 1C
SpW a= {x " card(WS)+x N S > p}
and infimum A 1c are defined as the lowest (with respect to <)
upper bound and greatest lower bound of/C, respectively. The
where card (X) denotes the cardinality (i.e., number of points)
two main examples of complete lattices used in morphologic
of a set X.
image processing are: (i) the space of all binary images
All rank operators commute with thresholding; i.e.,
represented by subsets of the plane n: where the V / A lattice
operations are the set union/intersection, and (ii) the space of
(15)
Xv[fWlpW] = [X~(f )lVqpW, Vv, Vp
all gray level image signals f " [E ~ ~ where the V / A lattice
operations are the supremum/infimum of sets of real
where Xv(f) is the level set (binary image) resulting from numbers. An operator ap on £ is called increasing if it
thresholding f at level v. This property is also shared by all preserves the partial ordering, i.e., f < g implies @(f) < @(g).
morphologic operators that are finite compositions or Increasing operators are of great importance, and among them
maxima/minima of flat dilations and erosions by finite four fundamental examples are:
structuring elements. All such signal operators ~ that have a
corresponding set operator • and commute with thresholding
is dilation ~ 8(V j~) - V t;~)
(17)
can be alternatively implemented via threshold superposition as
ieI
ieI
in (6). Further, since the binary version of all the above
discrete translation-invariant finite-window operators can be
e is erosion ~ e(A)~) -- A e~)
(18)
described by their generating Boolean function as in (1), all
i~I
i~I
that is needed in synthesizing their corresponding gray level
is o p e n i n g ,-t---5,c~ is increasing, idempotent,
image filters is knowledge of this Boolean function. Specifically, let flxl be the binary images represented by the threshold
and anti-extensive
(19)
sets Xv(f) of an input gray level image f[x]. Transforming
all f~ with an increasing (i.e., containing no complemented
fl is closing ~
fl is increasing, idempotent,
variables) Boolean function b(Ul,..., Un) in place of the set
and extensive
(20)
operator • in (6) creates a class of nonlinear signal operators
via threshold superposition, called stack filters [2, 10]
Cb(/)[X] __a sup{v ~ ~ " b(fv[X

-

Yl] . . . . .

fv[x -- Yn]) -- 1}.
(16)

The use of Boolean functions facilitates the design of such
discrete flat operators with determinable structural properties.
Since each increasing Boolean function can be uniquely
represented by an irreducible sum (product) of product (sum)
terms, and each product (sum) term corresponds to an
erosion (dilation), each stack filter can be represented as a
finite maximum (minimum) of flat erosions (dilations) [10].
Because of their representation via erosions/dilations (which
have a geometric interpretation) and Boolean functions
(which are related to mathematic logic), stack filters can be

where I is an arbitrary index set, idempotence of an operator ap
means that ~ ( ~ ( f ) ) = ~ ( f ) , and anti-extensivity and extensivity of operators a and fl means that a(f)<_ f <_fl(f)
for all f.
The above definitions allow broad classes of signal operators
to be grouped as lattice dilations, or erosions, or openings,
or closings and their common properties to be studied under
the unifying lattice framework. Thus, the translation-invariant
Minkowski dilations @, erosions @, openings o, and closings
• are simple special cases of their lattice counterparts.
In lattice-theoretic morphology, the term morphologic
filter means any increasing and idempotent operator on a
lattice of images. However, in this chapter we shall use the
term "morphologic operator", which broadly means a
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morphologic signal transformation, interchangeably with the convex set B of diameter about half the diameter of the
term "morphologic filter", in analogy to the terminology median window [10]. The open-closing has the advantages
over the median that it requires less computation and
"rank or linear filter". zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
decomposes the noise suppression task into two independent
steps, i.e., suppressing positive spikes via the opening and
3 Morphologic Filters for Image
negative spikes via the closing.

Enhancement
The popularity and efficiency of the simple morphologic
Enhancement may be accomplished in various ways including openings and closings to suppress impulse noise is supported
(i) noise suppression, (ii) simplification by retaining only by the following theoretical development [27]. Assume a class
those image components that satisfy certain size or contrast of sufficiently smooth random input images which is the
criteria, (iii) contrast sharpening. The first two cases may also collection of all subsets of a finite mask W that are open (or
closed) with respect to a set B and assign a uniform probability
be viewed as examples of "image smoothing".
The simplest morphologic image smoother is a Minkowski distribution on this collection. Then, a discrete binary input
opening by a disk B. This smooths and simplifies a (binary image X is a random realization from this collection; i.e., use
image) set X by retaining only those parts inside which a ideas from random sets [13, 24] to model X. Further, X is
corrupted by a union (or intersection) noise N which is a 2D
translate of B can fit. Namely, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
sequence of i.i.d, binary Bernoulli random variables with
X oB - 0
B+z.
(21) probability p ~ (0, 1) of occurrence at each pixel. The observed
image is the noisy version Y = X U N (or Y = X N N). Then,
B+z C_ X
the maximum-a-posteriori estimate [27] of the original X
In case of gray level image f, its opening by B performs the given the noisy image Y is the opening (or closing) of the
above smoothing at all level sets simultaneously. However, this observed Y by B.
horizontal geometric local and isotropic smoothing performed
by the Minkowski disk opening may not be sufficient for
several other smoothing tasks that may need directional
smoothing, or may need contour preservation based on size or
contrast criteria. To deal with these issues, we discuss below
several types of morphologic filters that are generalized
operators in the lattice-theoretic sense and have proven to
be very useful for image enhancement.

3.1.2 Alternating Sequential Filters
Another useful generalization of openings and closings
involves cascading open-closings fltat at multiple scales
t = 1. . . . . r, where a t ( f ) = f o t B and f i t ( f ) = f . t B . This
generates a class of efficient nonlinear smoothing filters
~ [ t a s f ( f ) - - [3rOlr. . " fl2Ot2fllOtl(f)

3.1 Noise Suppression and Image Smoothing
3.1.1 Median versus Opening-Closing
In their behavior as nonlinear smoothers, as shown in Fig. 1,
the medians act similarly to an open-closing (foB). B by a

. . . . . . . . . . . .

.

.

,

(a)

called alternating sequential filters (ASF), which smooth
progressively from the smallest scale possible up to a
maximum scale r and have a broad range of applications
[25]. Their optimal design is addressed in [23]. Further, the
Minkowski open-closings in an ASF can be replaced by other

.

(b)

(22)

(c)

FIGURE 1 (a) Noisy image obtained by corrupting an original with two-level "salt-and-pepper" noise occuring with
probability 0.1 (PSNR=18.9 dB). (b) Open-closing of noisy image by a 2 x 2-pel square (PSNR=25.4 dB). (c) Median of
noisy image by a 3 x 3-pel square (PSNR=25.4 dB).
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types of lattice open-closings. A simple such generalization is Specifically, if D is a partition of the image domain, let 79(x)
the radial open-closing, discussed next. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
denote the (partition member) region that contains the pixel
x. Now, given two partitions 791,792, we say that 791 is "finer"
than 792 if 791(x)__c_792(x) for all x. An operator 7t is called
3.1.3 Radial Openings
Consider a 2D image f that contains 1D objects, e.g., lines; connected if the flat zone partition of its input f is finer than
then the simple Minkowski opening or closing o f f by a disk B the flat zone partition of its output ~ ( f ) . Next we discuss
will eliminate these 1D objects. Another problem arises when f two types of connected operators, the area filters and the
reconstruction filters.
contains large-scale objects with sharp corners that need to be
preserved; in such cases opening or closing f by a disk B will
round these corners. These two problems could be avoided in 3.2.1 Area Openings
some cases if we replace the conventional opening with a
There are numerous image enhancement problems where
radial opening zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
what is needed is suppression of arbitrarily-shaped connected
components in the input image whose areas (number of
or(f) -- V f o Lo
(23) pixels) are smaller than a certain threshold n. This can be
o
accomplished by the area opening an of size n which, for
binary images, keeps only the connected components whose
where the sets Lo are rotated versions of a line segment L at area is > n and eliminates the rest. Consider an input set
various angles 0 ~ [0, 270. This has the effect of preserving an X - L.Jixi as a union of disjoint connected components Xi.
object in f if this object is left unchanged after the opening by Then the output from the area opening is
Lo in at least one of the possible orientations 0. See Fig. 2 for
an example. Dually, in case of dark 1D objects, we can use a
Xj,
(24)
radial closing fl(f ) = A o f * Lo.

en(X)-- U

Area(Xj)>_n

3.2 Connected Filters for Smoothing and
Simplification

x--Ux/
i

where I [ denotes disjoint union. The area opening can be
extended to gray level images f by applying the same binary
area opening to all level sets o f f and constructing the filtered
gray level image via threshold superposition:

The flat zones of an image signal f • ~: ~ ~ are defined as the
connected components of the image domain on which f
assumes a constant value. A useful class of morphologic
filters was introduced in [22, 26] which operate by merging
fiat zones and hence exactly preserving the contours of the
image parts remaining in the filter's output. These are called
connected operators. They cannot create new image structures or new boundaries if they did not exist in the input.

Otn(f)(x) -- sup{v " x e Oen[Xv(f)]}.

(25)

Figure 3 shows examples of binary and gray area openings. If
we apply the above operations to the complements of the level
sets of an image, we obtain an area closing.

Original Image = F

Radial Opening (F)

Reconstr. Opening (rad.openlF)

(a)

(b)

(c)

FIGURE 2 (a) Original image f o f an eye angiogram with microaneurisms. (b) Radial opening a ( f ) o f f as max of four
openings by lines oriented at 0°, 45°, 90°, 135° of size 20 pixels each. (c) Reconstruction opening p-(ot(f)lf) of fusing
the radial opening as marker.
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Original Image

Component Area > 50

Component Area > 500

(a)

(b)

(c)
2

,

12

/

~..

(d)

(e)

(f)

FIGURE 3 Top row: (a) Original binary image (192 x 228 pixels). (b) Area opening by keeping connected
components with area >_ 50. (c) Area opening by keeping components with area >_ 500. Bottom row: (d) Gray original
image (420 x 300 pixels). (e) Gray area opening by keeping bright components with area _> 500. (f) Gray area closing
by keeping dark components with area >_ 500. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.2.2 R e c o n s t r u c t i o n Filters and L e v e l i n g s
Consider a reference (image) set X - U i X i as a union of
I disjoint connected components Xi, i ~ I, and let M c_ Xj be
a marker in some component(s) Xj, indexed by j ~ J ___I; i.e.,
M could consist of a single point or some feature sets in X that
lie only in the component(s) Xj. Let us define the
reconstruction opening as the operator
p-(M]X) & connected components of X intersecting M.

(26)
Its output contains exactly the input component(s) Xj that
intersect the marker. It can extract large-scale components of
the image from knowledge only of a smaller marker inside
them. Note that the reconstruction opening has two
inputs. If the marker M is fixed, then the mapping
X I--+p-(M[X) is a lattice opening since it is increasing,
anti-extensive and idempotent. Its output is called the
morphologic reconstruction of (the component(s) of) X from
the marker M. However, if the reference X is fixed, then the
mapping M v---~,o-(M]X) is an idempotent lattice dilation; in
this case, the output is called the reconstruction of M under X.

An algorithm to implement the discrete reconstruction
opening is based on the conditional dilation of M by B
within X:
3B(MIX) & (MGB) A X

(27)

where B is the unit-radius discrete disk associated with
the selected connectivity of the rectangular grid; i.e., a 5-pixel
rhombus or a 9-pixel square depending on whether we have
4- or 8-neighbor connectivity, respectively. By iterating
this conditional dilation we can obtain in the limit the
whole marked component(s) Xj, i.e., the conditional reconstruction opening

(28)
PB(MIX) -- lim zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJ
Yk,
Yk -- 6B(Yk-~IX), YO - - M .
k-----~ o<)

An example is shown in Fig. 4.
Replacing the binary with gray level images, the set dilation
with function dilation, and A with /x yields the gray level
reconstruction opening of a gray level image f from a marker
image m:
p-~(rn]f) -- lim gk,

gk -- 3B(gk-1) /X f ,

go -- m < f . (29)
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Image & Marker

10 iters

40 iters

(a)

(b)

(c)

Reconstruction Opening zyxwvutsrqponmlkjih

(d)

FIGURE 4 (a) Original binary image (192 x 228 pixels) and a square marker within the largest component. The next
three images show iterations of the conditional dilation of the marker with a 3 x 3-pixel square structuring element. (b)
10 iterations. (c) 40 iterations. (d) Reconstruction opening, reached after 128 iterations.

This reconstructs the bright components of the reference
image f that contain the marker m. For example, as shown in
Fig. 2, the results of any prior image smoothing, like the radial
opening of Fig. 2(b), can be treated as a marker which is
subsequently reconstructed under the original image as
reference to recover exactly those bright image components
whose parts have remained after the first operation.
There is a large variety of reconstruction openings
depending on the choice of the marker. Two useful cases are
(i) size-based markers chosen as the Minkowski erosion
m - f @ rB of the reference image f by a disk of radius r, and
(ii) contrast-based markers chosen as the difference
re(x) = f ( x ) - h of a constant h> 0 from the image. In the
first case the reconstruction opening retains only objects
whose horizontal size (i.e., diameter of inscribable disk) is not
smaller than r. In the second case only objects whose contrast
(i.e., height difference from neighbors) exceeds h will leave a
remnant after the reconstruction. In both cases, the marker is
a function of the reference signal.
Reconstruction of the dark image components hit by some
marker is accomplished by the dual filter, the reconstruction
closing
p+(mlf ) = lim gk,
k---~ oo

gk

"-- 8 B ( g k - 1 )

v f,

go = m >_f . (30)

Examples of gray level reconstruction filters are shown in
Fig. 5.
Despite their many applications, reconstruction openings
and closings ~ have as disadvantage the property that they are
not self-dual operators; hence, they treat the image and its
background asymmetrically. A newer operator type that
unifies both of them and possesses self-duality is the leveling
[15]. Levelings are nonlinear object-oriented filters that
simplify a reference image f through a simultaneous use of
locally expanding and shrinking an initial seed image, called
the marker m, and globally constraining of the marker
evolution by the reference image. Specifically, iterations of

the image operator X(mlf) = (3B(m) A f ) V eB(m), where 3B(')
(resp. eB(')) is a dilation (resp. erosion) by the unit-radius
discrete disk B of the grid, yield in the limit the leveling of f
w.r.t, m:
As(mlf)-

lim gk,

k---> oo

gk -- (~B(gk-1) A f ) k/ E B ( g k _ l ) , go - - m .
(31)

In contrast to the reconstruction opening (closing) where the
marker m is smaller (greater) than f, the marker for a general
leveling may have an arbitrary ordering w.r.t, the reference
signal. See Fig. 5(c) for an example. The leveling reduces to
being a reconstruction opening (closing) over regions where
the marker is smaller (greater) than the reference image.
If the marker is self-dual, then the leveling is a self-dual
filter and hence treats symmetrically the bright and dark
objects in the image. Thus, the leveling may be called a selfdual reconstruction filter. It simplifies both the original image
and its background by completely eliminating smaller objects
inside which the marker cannot fit. The reference image plays
the role of a global constraint.
In general, levelings have many interesting multiscale
properties [15]. For example, they preserve the coupling and
sense of variation in neighbor image values and do not create
any new regional maxima or minima. Also, they are increasing
and idempotent filters. They have proven to be very useful for
image simplification toward segmentation because they can
suppress small-scale noise or small features and keep only
large-scale objects with exact preservation of their boundaries.

3.3 C o n t r a s t E n h a n c e m e n t
Imagine a gray-level image f that has resulted from blurring an
original image g by linearly convolving it with a Gaussian
function of variance 2t. This Gaussian blurring can be
modeled by running the classic heat diffusion differential
equation for the time interval [0, t] starting from the initial
condition g at t = 0 . If we can reverse in time this diffusion
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FIGURE 5 Reconstruction filters for 1D images. Each figure shows reference signalsf(dash), markers (thin solid), and
reconstructions (thick solid). (a) Reconstruction opening from marker=(f O B ) - const. (b) Reconstruction closing
from marker=(f~B) + const. (c) Leveling (self-dual reconstruction) from an arbitrary marker.

process, then we can deblur and sharpen the blurred image. By
approximating the spatio-temporal derivatives of the heat
equation with differences, we can derive a linear discrete filter
that can enhance the contrast of the blurred image f by
subtracting from f a discretized version of its Laplacian
V2f = ozf/ox2+ ozf/oy 2. This is a simple linear deblurring
scheme, called unsharp constrast enhancement. A conceptually
similar procedure is the following nonlinear filtering scheme.
Consider a gray level image f[x] and a small-size symmetric
disk-like structuring element B containing the origin. The
following discrete nonlinear filter [7] can enhance the local
contrast of f by sharpening its edges:

~(f

)[x] -- [ ( f • B)[x]

if f[x] > ((f G B)[x] + (f 0 B)[x])/2

[ ( f @ B)[x]

if f[x] < ((f • B)[x] -t- (f 0 B)[x])/2
(32)

At each pixel x, the output value of this filter toggles between
the value of the dilation offby B (i.e., the maximum off inside
the moving window B centered) at x and the value of its
erosion by B (i.e., the minimum offwithin the same window)
according to which is closer to the input value fix]. The toggle
filter is usually applied not only once but is iterated. The more
iterations, the more contrast enhancement. Further, the
iterations converge to a limit (fixed point) [7] reached after a
finite number of iterations. Examples are shown in Figs. 6
and 7.

4 Morphologic Operators for Template
Matching
4.1 Morphologic Correlation
Consider two real-valued discrete image signals f[x] and g[x].
Assume that g is a signal pattern to be found in f. To find
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(b)

FIGURE 6 (a) Original signal (dashed line) f[x] = sign(cos(4zrx)), x 6 [0, 1], and its blurring (solid line) via
convolution with a truncated sampled Gaussian function of cr = 40. (b) Filtered versions (dashed lines) of the blurred
signal in (a) produced by iterating the 1D toggle filter (with B = {-1, 0, 1}) until convergence to the limit signal (thick
solid line) reached at 66 iterations; the displayed filtered signals correspond to iteration indexes that are multiples of 20.
which shifted version of g 'best' matches f a standard approach
has been to search for the shift lag y that minimizes the mean
squared error E 2 D ' ] - Y ~ x e w ( f [ x + y ] - g [ x ] ) 2 over some
subset W of Z 2. Under certain assumptions, this matching
criterion is equivalent to maximizing the linear cross-correlation Lfg[y] ~= Y~x~Wfix + y]g[x] between f and g. A discussion
of linear template matching can be found in Chapter 3.1.
Although less mathematic tractable than the mean squared
error criterion, a statistically more robust criterion is to
minimize the mean absolute error

certain assumptions (e.g., if the error n o r m and the
correlation is normalized by dividing it with the average
area under the signals f and g), minimizing El[y] is equivalent
to maximizing the morphologic cross-correlation

Mfg[y] __a Z

m i n ( f [ x + y], g[x]).

(33)

xEW

It can be shown experimentally and theoretically that the
detection of g in f is indicated by a sharper matching peak in
Mfg[y]
than in Lfg[y]. In addition, the morphologic (sum
y] -- Z If[x + y] -- g[x]l.
E1[zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of
minima)
correlation is faster than the linear (sum of
xEW
products) correlation. These two advantages of the morphologic correlation coupled with the relative robustness of the
This mean absolute error criterion corresponds to a nonlinear
signal correlation used for signal matching; see [11] for a mean absolute error criterion make it promising for general
signal matching.
review. Specifically, since ]a - bl - a + b - 2 min(a, b), under

(a)

(b)

(c)

(d)

FIGURE 7 (a) Original imagef. (b) Blurred imageg obtained by an out-of-focus camera digitizingf. (c) Output ofthe
2D toggle filter acting on g (B was a small symmetric disk-like set). (d) Limit of iterations of the toggle filter on g
(reached at 150 iterations).
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4.2 Binary Object Detection and
Rank Filtering
Let us approach the problem of binary image object detection
in the presence of noise from the viewpoint of statistical
hypothesis testing and rank filtering. Assume that the
observed discrete binary image fix] within a mask W has
been generated under one of the following two probabilistic
hypotheses:

Ho :f [x] - e[x],

x E W.

H1 :f [x] -- [g[x - y] - e[x]l,

x E W.

Hypothesis H1 (H0) stands for "object present" ("object not
present") at pixel location y. The object g[x] is a deterministic
binary template. The noise e[x] is a stationary binary random
field which is a 2D sequence of independent identically
distributed (i.i.d.) random variables taking value 1 with
probability p and 0 with probability 1 - p, where 0 < p < 0.5.
The mask W - G+y is a finite set of pixels equal to the region
G of support of g shifted to location y at which the decision is
taken. (For notational simplicity, G is assumed to be
symmetric, i.e., G - G~.) The absolute-difference superposition between g and e under H1 forces f to always have values 0
or 1. Intuitively, such a signal/noise superposition means that
the noise e toggles the value of g from 1 to 0 and from 0 to 1
with probability p at each pixel. This noise model can be
viewed either as the common binary symmetric channel noise
in signal transmission or as a binary version of the "salt-andpepper" noise. To decide whether the object g occurs at y we
use a Bayes decision rule that minimizes the total probability
of error and hence leads to the likelihood ratio test

Pr(f /H1)
Pr(d/Ho)

H1
> Pr(Ho)
< Pr(H1)
Ho

(34)

where Pr(f/Hi) are the likelihoods of Hi with respect to
the observed image f, and Pr(Hi) are the a priori probabilities.
This is equivalent to

H1
Mfg[y] - E
x~W

min(f[x], g[x - y])
<

No
l (log[Pr(Ho)/Pr(H1)]
)
l-~g[(i - - p - ~
+ card(G) .

0 -- ~ k

and compare it to a threshold for deciding whether the object
is present.
Thus, optimum detection in a binary image f of the
presence of a binary object g requires comparing the
binary correlation between f and g to a threshold 0. This is
equivalent 4 to performing a r-th rank filtering on f b y a set G
equal to the support of g, where 1 _< r _< card(G) and r is
related to 0. Thus, the rank r reflects the area portion of (or a
probabilistic confidence score for) the shifted template
existing around pixel y. For example, if P r ( H o ) - Pr(H1),
then r - 0 - card(G)/2 and hence the binary median filter by
G becomes the optimum detector.

(35)

Thus, the selected statistical criterion and noise model lead to
compute the morphologic (or equivalently linear) binary
correlation between a noisy image and a known image object

4.3 Hit-Miss Filter
The set erosion (3) can also be viewed as Boolean template
matching since it gives the center points at which the shifted
structuring element fits inside the image object. If we now
consider a set A probing the image object X and another set B
probing the background X ~, the set of points at which the
shifted pair (A, B) fits inside the image X is the hit-miss

transformation of X by (A, B):
X®(A, B) ~- {x" A+x C
- X, B+x C
- XC}.

(36)

In the discrete case, this can be represented by a Boolean
product function whose uncomplemented (complemented)
variables correspond to points of A (B). It has been used
extensively for binary feature detection [24]. It can actually
model all binary template matching schemes in binary pattern
recognition that use a pair of a positive and a negative
template [ 19].
In the presence of noise, the hit-miss filter can be made
more robust by replacing the erosions in its definitions with
rank filters that do not require an exact fitting of the whole
template pair (A, B) inside the image but only a part of it.

5 Morphologic Operators for Feature
Detection
5.1 Edge Detection
By image edges we define abrupt intensity changes of an image.
Intensity changes usually correspond to physical changes
in some property of the imaged 3D objects' surfaces (e.g.,
changes in reflectance, texture, depth or orientation discontinuities, object boundaries) or changes in their illumination. Thus, edge detection is very important for subsequent

4An alternative implementation and view of binary rank filtering is via
thresholded convolutions, where a binary image is linearly convolved with the
indicator function of a set G with n=card(G) pixels and then the result
is thresholded at an integer level r between 1 and n; this yields the output of
the r-th rank filter by G acting on the input image.
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higher-level vision tasks and can lead to some inference about
physical properties of the 3D world. Edge types may be
classified into three types by approximating their shape with
three idealized patterns: lines, steps, and roofs, which
correspond, respectively, to the existence of a Dirac impulse
in the derivative of order 0, 1, and 2. Next we focus mainly on
step edges. The problem of edge detection can be separated
into three main subproblems:

1. Smoothing: image intensities are smoothed via filtering
or approximated by smooth analytic functions. The
main motivations are to suppress noise and decompose
edges at multiple scales.
2. Differentiation, which amplifies the edges and creates
more easily detectable simple geometric patterns.
3. Decision: edges are detected as peaks in the magnitude of
the first-order derivatives or zero-crossings in the
second-order derivatives, both compared with some
threshold.
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Zero-crossings of Laplacian-of-Gaussian Convolution:
Marr and Hildreth [12] developed a theory of edge
detection based on evidences from biologic vision
systems and ideas from signal theory. For image
smoothing they chose linear convolutions with isotropic
Gaussian functions Go(x, y) = exp[--(x 2 + y2)/2ry2]/
(2yra2) to optimally localize edges both in space and
frequency domains. For differentiation they chose the
Laplacian operator V2, since it is the only isotropic linear
second-order differential operator. The combination of
Gaussian smoothing and Laplacian can be done using a
single convolution with a Laplacian-of-Gaussian (LOG)
kernel, which is an approximate bandpass filter that
isolates from the original image a scale band on which
edges are detected. The scale is determined by a. Thus,
the image edges are defined as the zero-crossings of the
image convolution with a LoG kernel. In practice, one
does not accept all zero crossings in the LoG output as
edge points but tests whether the slope of the LoG output
exceeds a certain threshold.

Smoothing can be either linear or nonlinear. Similarly for
Zero-crossings of Directional Derivatives of Smoothed
the differentiation. Further the differentiation can be either
Image: For detecting edges in 1D signals corrupted by
directional or isotropic. Next, after a brief synopsis of the
main linear approaches for edge detection, we describe
noise, Canny [3] developed an optimal approach where
edges were detected as maxima in the output of a linear
some fully nonlinear ones using morphologic gradient-type
convolution of the signal with a finite-extent impulse
residuals. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
response h. By maximizing the following figures of merit,
(i) good detection in terms of robustness to noise, (ii)
good edge localization, and (iii) uniqueness of the result
5.1.1 Linear Edge Operators
in the vicinity of the edge, he found an optimum filter
In linear edge detection, both smoothing and differentiation
with
an impulse response h(x) which can be closely
are done via linear convolutions. These two stages of
approximated
by the derivative of a Gaussian. For 2D
smoothing and differentiation can be done in a single stage
images,
the
Canny
edge detector consists of three steps:
of convolution with the derivative of the smoothing kernel.
(1)
Smooth
the
image
fix, y) with an isotropic 2D
Three well-known approaches for edge detection using linear
Gaussian
Go.
(2)
Find
the
zero-crossings of the secondoperators in the main stages are the following:
order directional derivative 32f/Ori 2 of the image in the
Convolution with Edge Templates: Historically, the first
direction of the gradient ~ - Vf/llVfl[. (3) Keep only
approach for edge detection, which lasted for about three
those zero-crossings and declare them as edge pixels if
decades (1950s-1970s), was to use discrete approximathey belong to connected arcs whose points possess edge
tions to the image linear partial derivatives fx = 3f/3x
strengths that pass a double-threshold hysteresis criterand fy = 8f/Oy by convolving the digital image f with
ion. Closely related to Canny's edge detector was
very small edge-enhancing kernels. Examples include the
Haralick's previous work (reviewed in [5]) to regularize
Prewitt, Sobel and Kirsch edge convolution masks
the 2D discrete image function by fitting to it bicubic
reviewed in [5, 19]. Then these approximations to fx, fy
interpolating polynomials, compute the image derivawere combined nonlinearly to give a gradient magnitude
tives from the interpolating polynomial, and find the
IIVfll using the £1, £2 or goo norm. Finally, peaks in this
edges as the zero-crossings of the second directional
edge gradient magnitude were detected, via thresholding,
derivative in the gradient direction. The Haralick-Canny
for a binary edge decision. Alternatively, edges were
edge detector yields different and usually better edges
identified as zero-crossings in second-order derivatives
than the Marr-Hildreth detector.
which were approximated by small convolution masks
acting as digital Laplacians. All these above approaches
do not perform well because the resulting convolution 5.1.2 Morphologic Edge Detection
masks act as poor digital highpass filters that amplify The boundary of a set X _ R m, m - 1, 2 ..... is given by
high-frequency noise and do not provide a scale
ox a ~ \ ~ - ~ n (x) ~
(37)
localization/selection.
o
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where X~ and )~ denote the closure and interior of X. Now, if
[Ixl[ is the Euclidean norm of x ~ ~m, B is the unit ball, and
r B - {x ~ ~m" [IxII 5_r} is the ball of radius r, then it can be
shown that

Similar ideas apply to gray level images. Both the dilation

residual and the erosion residual
edge s ( f ) ~ ( f @ B) - f,

edge e ( f ) _a f _ (f (D B)

(42)

3 X - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N ( X if3 rB)
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
\ (X (9 rB).
(38)
enhance the edges of a gray level image f. Adding these two
operators yields the discrete morphologic gradient

r>0

Hence, the set difference between erosion and dilation can
provide the "edge", i.e., the boundary of a set X.
These ideas can also be extended to signals. Specifically, let
us define morphologic sup-derivative J~/l(f) of a function
f : R m ~ [~ at a point x as

.A/l(f)(x) a__ lim (f @ rB)(x) - f(x)
riO

r

(39)

= lim

V IIyII_<rf(x -+-y) - f(x)

rl0

By applying A/[ to
dilation and erosion,
Suppose now that f is
let its gradient be V f shown that

- f and using the duality between
we obtain the inf-derivative of f.
differentiable at x - (Xl . . . . . Xm) and
(Of~Oil . . . . . Of/OXm). Then, it can be

A//(f)(x) - IIVf(x)l I.

edge(f ) _a ( f if3 B) - ( f (3 B) -- edge e ( f ) + e d g e e ( f )

(43)

that treats more symmetrically the image and its background;
see Fig. 8 for examples.
Threshold analysis can be used to understand the action of
the above edge operators. Let the non-negative discrete-valued
image signal f(x) have L + 1 possible integer intensity values:
i = 0, 1. . . . . L. By thresholding f at all levels we obtain the
threshold binary images fi from which we can resynthesize
f using threshold-sum signal superposition:
L

f(x)- Efi(x),
i=1

/1,
)~(x)- /
0,

if

f(x)>i

if

f (x) < i

-

.

(44)

(40)

Next, if we take the difference between sup-derivative and
inf-derivative when the scale goes to zero, we arrive at an
isotropic second-order morphologic derivative:

.M2(f)(x) __a lim
rl0

[(f if3 rB)(x) - f(x)] - If(x) - (f (9 rB)(x)]
r2

(41)
The peak in the first-order morphologic derivative or
the zero-crossing in the second-order morphologic derivative
can detect the location of an edge, in a similar way as the
traditional linear derivatives can detect an edge.
By approximating the morphologic derivatives with differences, various simple and effective schemes can be developed
for extracting edges in digital images. For example, for a binary
discrete image represented as a set X in 7/2, the set difference
(X ~ B) \ (X (9 B) gives the boundary of X. Here B equals the
5-pixel rhombus or 9-pixel square depending on whether we
desire 8- or 4-connected image boundaries. An asymmetric
treatment between the image foreground and background
results if the dilation difference (X • B ) \ X or the erosion
difference X \ (X Q B) is applied, because they yield a
boundary belonging only to X c or to X, respectively.

(a)

(b)

(c)

(d)

FIGURE 8 (a) Original image f with range in [0,255]. (b) f@B-f~gB,
where B is a 3 x 3-pixelsquare. (c) Levelset X = Xi(f) offat level i= 100. (d)
X @B \ X (9 B. (In (c)-(d) black areas represent the sets, whilewhite areas are
the complements.)
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Since the flat dilation and erosion by a finite B commute with
thresholding and f is nonnegative, they obey threshold-sum
superposition. Therefore, the dilation-erosion difference
operator also obeys threshold-sum superposition:

noisy images. See Fig. 9 foran experimental comparison of the
LoG and the morphologic second derivative in detecting
edges. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

5.2 Peak/Valley Blob Detection
Z

m

Residuals between openings or closings and the original image
offer an intuitively simple and mathematically formal way
for peak or valley detection. The general principle for peak
This implies that the output of the edge operator acting detection is to subtract from a signal an opening of it. If
on the gray level image f is equal to the sum of the the latter is a standard Minkowski opening by a flat compact
binary signals that are the boundaries of the binary images f. convex set B, then this yields the peaks of the signal whose base
See Fig. 8. At each pixel x, the larger the gradient of f, the cannot contain B. The morphologic peak/valley detectors are
larger the number of threshold levels i such that simple, efficient, and have some advantages over curvatureedge(~)(x) = 1, and hence the larger the value of the gray based approaches. Their applicability in situations where the
level signal edge(f )(x). Finally, a binarized edge image can be peaks or valleys are not clearly separated from their
surroundings is further strengthened by generalizing them in
obtained by thresholding edge(f) or detecting its peaks.
the
following way. The conventional Minkowski opening in
The morphologic digital edge operators have been extenpeak
detection is replaced by a general lattice opening, usually
sively applied to image processing by many researchers. By
of
the
reconstruction type. This generalization allows a more
combining the erosion and dilation differences, various other
effective
estimation of the image background surroundings
effective edge operators have also been developed. Examples
around
the
peak and hence a better detection of the peak. Next
asymmetric morphologic edge-strength operators
include 1) the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
we discuss peak detectors based on both the standard
by Lee et al. [8]
Minkowski openings as well as on generalized lattice openings
like
contrast-based reconstructions which can control the
min[edge e ( f ) , edge s (f)], max[edge e ( f ), edge s (f)]
peak height.
(46)
edge(f) - ~

i=1

edge(~) - E f t q~B -j~ @ B.

(45)

i=1

and 2) the edge operator e d g e ~ ( f ) - e d g e e ( f ) by
Vliet et al. [29], which behaves as a discrete "nonlinear
Laplacian"

N L ( f ) = ( f ~ B) + ( f @ B) - 2f

(47)

and its zero-crossings can yield edge locations. Actually, for
a 1D twice differentiable function f(x) it can be shown that,
if df (x)/dx :/: O, then .M2(f )(x) = d2f (x)/dx 2.
For robustness in the presence of noise these morphologic edge operators should be applied after the input
image has been smoothed first either via linear or nonlinear
filtering. For example, in [8] a small local averaging is
used on f before applying the morphologic edge-strength
operator, resulting in the so-called min-blur edge detection
operator
min[fav -fav @ B, f,~,, @ B - fa~]

(48)

with fav being the local average offi whereas in [4] an opening
and closing is used instead of linear pre-averaging:
min[f o B - f @ B, f ~ B - f .B].

(49)

Combinations of such smoothings and morphologic first or
second derivatives have performed better in detecting edges of

5.2.1 Top-Hat Transformation
Subtracting from a signal f its Minkowski opening by a
compact convex set B yields an output consisting of the
signal peaks whose supports cannot contain B. This is Meyer's
top-hat transformation [14], implemented by the opening
residual
peak(f) __af _ (f o B)

(50)

and henceforth called the peak operator. The output peak(f)
is always a nonnegative signal, which guarantees that it
contains only peaks. Obviously the set B is a very important
parameter of the peak operator, because the shape and size of
the peak's support obtained by (50) are controlled by the
shape and size of B. Similarly, to extract the valleys of a signal f
we can apply the closing residual
valley(f) _a (f. B) - f

(51)

henceforth called the valley operator.
If f is an intensity image, then the opening (or closing)
residual is a very useful operator for detecting blobs,
defined as a regions with significantly brighter (or darker)
intensities relative to the surroundings. Examples are shown in
Fig. 10.
If the signal fix) assumes only the values 0, 1. . . . . L and
we consider its threshold binary signals )~(x) defined in (44),
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FIGURE 9 Top row: Test image and two noisy versions with additive Gaussian noise at SNR 20 dB and 6 dB.
Middle row: Ideal edges, and edges from zero-crossings of Laplacian-of-Gaussianof the two noisy images. Bottom row:
Ideal edges, and edges from zero-crossings of 2D morphologic second derivative (nonlinear Laplacian) of the two noisy
images after some Gaussianpresmoothing. In both methods, the edge pixelswere the subset of the zero-crossingswhere
the edge strength exceeded some threshold. By using as figure-of-merit the average of the probability of detecting an
edge given that it is true and the probability of a true edge given than it is detected, the morphologic method scored
better by yielding detection probabilities of 0.84 and 0.63 at the noise levels of 20 and 6 dB, respectively,whereas the
corresponding probabilities of the LoG method where 0.81 and 0.52.

then since the opening by foB obeys the threshold-sum
superposition,
L

peak(f) - ~

peak(fi).

A differential-geometry interpretation of the morphologic
feature detectors was given by Noble [16], who also developed
and analyzed simple operators based on residuals from
openings and closings to detect corners and junctions.

(52)

i=1

Thus the peak operator obeys threshold-sum superposition.
Hence, its output when operating on a gray level signal f i s the
sum of its binary outputs when it operates on all the thershold
binary versions of f. Note that, for each binary signal ~, the
binary output peak(j~ ) contains only those non-zero parts of
j~ inside which no translation of B fits.
The morphologic peak and valley operators, in addition to
their being simple and efficient, avoid several shortcomings
of the curvature-based approaches to peak/valley extraction that can be found in earlier computer vision literature.

5.2.2 D o m e / B a s i n Extraction w i t h
Reconstruction Opening
Extracting the peaks of a signal via the simple top-hat operator
(50) does not constrain the height of the resulting peaks.
Specifically, from the threshold-sum superposition of the
opening difference in (52) implies that the peak height at each
point is the sum of all binary peak signals at this point. In
several applications, however, it is desirable to extract from a
signal f peaks that have a maximum height h > 0. Such peaks
are called domes and are defined as follows. Subtracting a
contrast height constant h from f(x) yields the smaller signal
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(b)
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(c)

(d)

FIGURE 10 Facial image feature extraction. (a) Original image f. (b) Morphologic gradient f @B - f (9 B. (c) Peaks:
f - (fo3B). (d) Valleys: (f,3B)-f. (B is 21-pixel octagon.)

g(x) = f (x) - h < f (x). Enlarging the maximum peak value of
The following example, adapted from [28], illustrates that
g below a peak of f by locally dilating g with a symmetric domes perform better than the classic top-hat in extracting
compact and convex set of an ever-increasing diameter and small isolated peaks that indicate pathology points in
always restricting these dilations to never produce a signal biomedical images, e.g., detect micro-aneurisms in eye
larger than f under this specific peak produces in the limit a angiograms without confusing them with the large vessels in
signal which consists of valleys interleaved with fiat plateaus. the eye image. See Fig. 11.
This signal is the reconstruction opening of g under fi denoted
as P-(glf); namely, fis the reference signal and g is the marker.
Subtracting the reconstruction opening from f yields the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 Optimal Design of Morphologic Filters
domes off, defined in [28] as the generalized top-hat

for Enhancement
dome(f) a f _

p - ( f _ hi f).

(53)

For discrete-domain signals f the above reconstruction
opening can be implemented by iterating the conditional
dilation as in (29). This is a simple but computationally
expensive algorithm. More efficient algorithms can be found
in [21, 28]. The dome operator extracts peaks whose height
cannot exceed h but their supports can be arbitrarily wide.
In contrast the peak operator (using the opening residual)
extracts peaks whose supports cannot exceed a set B but their
heights are unconstrained.
Similarly, an operator can be defined that extracts signal
valleys whose depth cannot exceed a desired maximum h.
Such valleys are called basins and are defined as the domes of
the negated signal: By using the duality between morphologic
operations it can be shown that basins of height h can be
extracted by subtracting the original image f(x) from its
reconstruction closing obtained using as marker the signal
f (x) + h:
basin(f) a dome(-f) = p+(f + hi f ) - f .

(54)

Domes and basins have found numerous applications as
region-based image features and as markers in image
segmentation tasks. Several successful paradigms are discussed
in [1, 21, 28].

6.1 Brief Survey of Existing
Design Approaches
Morphologic and rank/stack filters are useful for image
enhancement and are closely related since they can all be
represented as maxima of morphologic erosions [10]. Despite
the wide application of these nonlinear filters, very few ideas
exist for their optimal design. The current four main
approaches are: (a) designing morphologic filters as a finite
union of erosions [9] based on the morphologic basis
representation theory (outlined in Section 2.3); (b) designing
stack filters via threshold decomposition and linear programming [2]; (c) designing morphologic networks using either
voting logic and rank tracing learning or simulated annealing
[30]; (d) designing morphologic/rank filters via a gradientbased adaptive optimization [20]. Approach (a) is limited to
binary increasing filters. Approach (b) is limited to increasing
filters processing nonnegative quantized signals. Approach (c)
needs a long time to train and convergence is complex.
In contrast, approach (d) is more general since it applies to
both increasing and non-increasing filters and to both binary
and real-valued signals. The major difficulty involved is that
rank functions are not differentiable, which imposes a
deadlock on how to adapt the coefficients of morphologic/
rank filters using a gradient-based algorithm. The methodology described in this section is an extension and improvement
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FIGURE 11 Top row: Original image F of eye angiogram with micro-aneurisms, its top hat F - F o B where B is a disk
of radius 5, and level set of top hat at height h / 2 . Middle row: Reconstruction opening p - ( F - h l F ) ,
domes
F- p-(Fh]F), level set of domes at height h ! 2. Bottom row: New reconstruction opening of F using the radial
opening of Fig. 2(b) as marker, new domes and level set detecting micro-aneurisms.

to the design m e t h o d o l o g y (d), leading to a new approach that
is simpler, m o r e intuitive and numerically m o r e robust.
For various signal processing applications it is sometimes
useful to mix in the same system both nonlinear and linear
filtering strategies. Thus, hybrid systems, c o m p o s e d by linear
and nonlinear (rank-type) sub-systems, have frequently been
p r o p o s e d in the research literature. A typical example is the
class of L-filters that are linear combinations of rank filters.
Several adaptive algorithms have also been developed for their
design, which illustrated the potential of adaptive hybrid filters
for image processing applications, especially in the presence of
non-Gaussian noise.
Given the applicability of hybrid systems and the relatively
few existing ideas to design their nonlinear part, in this section
we present a general class of nonlinear systems, called

m o r p h o l o g i c / r a n k / l i n e a r (MRL) filters [17], that contains
as special cases morphologic, rank, and linear filters, and
we develop an efficient m e t h o d for their adaptive optimal
design. MRL filters consist of a linear c o m b i n a t i o n between
a m o r p h o l o g i c / r a n k filter and a linear FIR filter. Their
nonlinear c o m p o n e n t is based on a rank function, from
which the basic m o r p h o l o g i c operators of erosion and
dilation can be obtained as special cases. The material in
this section is a brief presentation of the work of Pessoa and
Maragos [17].

6.2 MRL Filters
We shall use a vector notation to represent the values of the
1D or 2D sampled signal (after some e n u m e r a t i o n of the
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signal samples) inside an n-point moving window. Let
x - (Xl, x2, . . . , Xn) in R n represent the input signal segment
and y be the output value from the filter. The MR[, filter is
defined as the shift-invariant system whose local signal
transformation rule x I---~y is given by

Handbook of Image and Video Processing

where 1 - (1, 1, . . . , 1). Thus, the rank indicator vector marks
the locations in t where the z value occurs. It has many
interesting properties [17], which include the following. It has
unit area:

c.lT--1.
m

y a Xot -+- (1 - X)fl,
Ot - - 7"~.r(X nt- a ) - - T~r(xl -~- a l , x2 + a2, . . . ,

fl -- X" b T -- Xlbl -Jr"x2b2 + " "

Xn if" an),

(55)

c. t T -- 7~r(t).

-ff xnbn

where ~ ~ l~, a , b ~ ~n, and ,,(.)T,, denotes transposition.
Rr(t_) is the r-th rank function of _t ~ ~". It is evaluated by
sorting the components of _ t - (tl, t2,..-, tn) in decreasing
order, t(1) > t(2) _>... > t(n), and picking the r-th element of
the sorted list; i.e., 7"4r(_t) a t(r) , r - 1, 2 , . . . , n. The vector
b( b l , b2, " ' - , bn) corresponds to the coefficients of the
linear FIR filter, and the vector a - (al, a2, . . . , an) represents
the coefficients of the morphologic/rank filter. We call a the
"structuring element" because for r - 1 and r - n the rank
filter becomes the morphologic dilation and erosion by a
structuring function equal to + a within its support. For
1 < r < n, we use a to generalize the standard unweighted rank
operations to filters with weights. The median is obtained
when r - L n / 2 + l J. Besides these two sets of weights, the
rank r and the mixing parameter ~ will also be included in the
training process for the filter design. If )~ ~ [0, 1], the MRLfilter becomes a convex combination of its components, so
that when we increase the contribution of one component, the
other one decreases. From (55) it follows that, computing each
output sample requires 2n + 1 additions, n + 2 multiplications and an n-point sorting operation.
Due to the use of a gradient-based adaptive algorithm,
derivatives of rank functions will be needed. Since these
functions are not differentiable in the common sense, we will
propose a simple design alternative using "rank indicator
vectors" and "smoothed impulses". We define the unit sample
function q(v), v ~ i~, as

q(v) a_ I I'

/

O,

It yields an inner-product representation of the rank function:

Further, for r fixed, if c is constant in a neighborhood of
some t 0, then the r-th rank function 7~r(t) is differentiable
at t o and

07¢r(_t)
/gt
D

- _c(_t0, r).

At points in whose neighborhood c is not constant, the
rank function is not differentiable.
At points where the function z - ~r(t) is not differentiable,
a possible design choice is to assign the vector c as a one-sided
value of the discontinuous Oz/Ot. Further, since the rank
indicator vector will be used to estimate derivatives and it is
based on the discontinuous unit sample function, a simple
approach to avoid abrupt changes and achieve numeric
robustness is to replace the unit sample function by a
smoothed impulse qo(v) that depends on a scale parameter
a > 0 and has at least the following required properties:

qo(v) -- q,~(-v)

(symmetry)

qo(v) -* q(v) Yv

as a --~ 0,

q~(v) --~ 1 Yv

as a --~ o0.

Q(_v) __a (q(vl), q(v2),'' ", q(Vn)).
Given a vector t _ - ( t l , t 2 , " ' , t n )
in [~n, and a rank
r ~ {1, 2 , . . . , n}, the r-th rank indicator vector c of t is
defined by

r--a

n - l + e x pn(-_1p )

+0"5 J , p ~ N

t_)

Q ( z l - _t). 1 TM

z - - T~r(t)

(57)

(60)

where [. + 0.5J denotes the usual rounding operation and n is
the dimension of the input signal vector x inside the moving
window. Thus, the weight vector to be used in the filter design
task is defined by
__w~ (_a, p, _b, ~.),

Q(zl-

(59)

Functions like
or s e c h 2 ( v / a ) a r e natural
choices for q,~(v).
From the filter definition (55), we see that our design goal is
to specify a set of parameters _a, _b, r and )~ in such a way that
some design requirement is met. However, instead of using the
i f v - - O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
integer rank parameter r directly in the training equations, we
(56)
work with a real variable p implicitly defined via the following
otherwise
rescaling

Applying q to all components of a vector v ~ [~", yields
a vector unit sample function

_c(_t, r) __a

(58)

t=t_0

(61)

but any of its components may be fixed during the process.
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6.3 L M S A p p r o a c h to D e s i g n i n g
MRL Filters

According to (58) and our design choice, we set

Optimal

Our framework for adaptive design is related to adaptive
filtering, where the design is viewed as a learning process and
the filter parameters are iteratively adapted until convergence
is achieved. The usual approach to adaptively adjust the vector
w, and therefore design the filter, is to define a cost function
](w), estimate its gradient VJ(w), and update w by the iterative
(recursive) formula
(62)

__w(i-+- 1) -- __w(i)- ~ o W ( W _ ) [ w = w ( i ) ,

so that the value of the cost function tends to decrease at each
step. The positive constant/~0 is usually called the step size
and regulates the tradeoff between stability and speed of
convergence of the iterative procedure. The iteration (62)
starts with an initial guess w(0) and is terminated when some
desired condition is reached. This approach is commonly
known as the method of steepest descent.
As cost function J, for the i-th update w(i) of the weight
vector, we use
1

i

](w(i)) -- -~

e2(k)

Z

(63)

k=i-M+ l

where M - 1 , 2 , . . .
instantaneous error

is a memory parameter,

and the

e(k) - d(k) - y(k)

(64)

is the difference between the desired output signal d(k) and
the actual filter output y(k) for the training sample k. The
memory parameter M controls the smoothness of the
updating process. If we are processing noiseless signals, it is
sometimes better to simply set M - - 1 (minimum computational complexity). On the other hand, if we are processing
noisy signals, we should use M > 1 and sufficiently large to
reduce the noise influence during the training process.
Further, it is possible to make a training process convergent
by using a larger value of M.
Hence, the resulting adaptation algorithm, called the
averaged least mean square (LMS) algorithm, is
w(i+l)-_w(i)+~

lz

i

Oy(k)
e(k) Ow

Z
k--i-M+l

i-0,

--

w =

w(i)

(65)

]

op'

-

-

Q(od- x Q(al-x-

xTp

(1 - X)x_, o t -

fl[.
(66)

_a)
a).lT'

O/ -- ~2~.r(X--[--a)

(67)

The final unknown is s - Oot/O,o, which will be one more
design choice. Notice from (60) and (55) that s >_0. If all the
elements of t - x + _a are identical, then the rank r does n o t
play any role, so that s - 0 whenever this happens. On the
other hand, if only one element of t is equal to a, then
variations in the rank r can drastically modify the output a; in
this case s should assume a maximum value. Thus, a possible
simple choice for s is
0or

Op

zx

-- s =

i

I --- Q(od-

n

x__-

a). _Ir,

o~ - ~r(__. + _a)

(68)

where n is the dimension of x.
Finally, to improve the numeric robustness of the
training algorithm, we will frequently replace the unit
sample function by smoothed impulses (obeying (59)), in
which case an appropriate smoothing parameter a should be
selected. A natural choice of a smoothed impulse is
qo(v) -- exp[-~1 (V/O')2], cr > 0. The choice of this nonlinearity
will affect only the gradient estimation step in the design
procedure (65). We should use small values of a such that
q~(v) is close enough to q(v). A possible systematic way to
select the smoothing parameter a could be to set [qo(v)[ _<
for [v[ >_ 3, so that, for some desired e and 3, a - ~/v/ln(1/e2).
Theoretical conditions for convergence of the training
process (65) can be derived under the following considerations. The goal is to find upper bounds/~w to the step size Fz,
such that (65) can converge if 0</z </Zw. We assume the
framework of system identification with noiseless signals, and
consider the training process of only one element of w at a
time, while the others are optimally fixed. This means that
given the original and transformed signals, and three
parameters (sets) of the original w* --(_a*, p*, b*, X*) used
to transform the input signal, we will use (65) to track only the
fourth unknown parameter (set) of __w* in a noiseless
environment. If the training process (65) is convergent,
then limi__.~ [[w(i) - w* [1 - 0, where [[-[] is some error norm.
By analyzing the behavior of [[w(i)- w*[[, under the above
assumptions, conditions for convergence have been found
in [17].

6.4 A p p l i c a t i o n
Enhancement

1,2,...,

where lz = 2#0. From (61) and (55)

Ow_-

0c~
3_a

- - -- C=

of O p t i m a l

MRL

F i l t e r s to

The proper operation of the training process (65) has been
verified in [17] through experiments confirming that, if the
conditions for convergence are met, our design algorithm
converges fast to the real parameters of the MRL-filter within
small error distances.
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ORIGINAL

TEST (19.3dB)

(a)

(b)

MEDIAN FILTER (25.7dB)

MRL-FILTER (28.5dB)

(c)

(d)

SPATIAL ERROR / MEDIAN

SPATIAL ERROR / MRL-FILTER

(e)

(f)

FIGURE 12 (a) Original clean texture image (240 x 250). (b) Noisy image: Image (a) corrupted by a hybrid 47 dB
additive Gaussian white noise and 10% multi-valued impulse noise (PSNR = 19.3 dB). (c) Noisy image restored by a
flat 3 x 3 median filter (PSNR = 25.7 dB). (d) Noisy image restored by the designed 3 x 3 MRL-filter (PSNR = 28.5dB).
(e) Spatial error map of the flat median filter; lighter areas indicate higher errors. (f) Spatial error map of the
MRL-filter.

155
3.3 Morphological Filtering for Image Enhancement and Feature Detection zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCB
We illustrate its applicability to image enhancement via an
experiment, s The goal here it to restore an image corrupted by
non-Gaussian noise. Hence, the input signal is a noisy image,
and the desired signal is the original (noiseless) image. The
noisy image for training the filter was generated by first
corrupting the original image with a 47 dB additive Gaussian
white noise, and then with a 10% multi-valued impulse noise.
After the MRL-filter is designed, another noisy image (with
similar type of perturbation) is used for testing. The optimal
filter parameters were estimated after scanning the image twice
during the training process. We used the training algorithm
(65) with M = 1 and # = 0.1, and started the process with
an unbiased combination between a flat median and the
identity, i.e.,

a0 -

[ooo] [ooo]
0
0

0
0

0
0

, b0 -

0
0

1
0

0
0

, p0-0,

X0-0.5.

validate this point, we repeated the above experiment using
100 x 100 sub-images of the training image (only 17% of the
pixels), and the resulting MRL-filter still outperformed the
median filter by about 2.3 dB. There are situations, however,
where we can use only the noisy image together with some
filter constraints and design the filter that is closest to the
identity [20]. But this approach is only appropriate for certain
types of impulse noise.
An exhaustive comparison of different filter structures for
noise cancellation is beyond the scope of this chapter.
Nevertheless, this experiment was extended with the adaptive
design of a 3 x 3 L-filter under the same conditions. Starting
the L-filter with a flat median, even after scanning the image
four times during the training process, the resulting L-filter
was just 0.2 dB better than the (flat) median filter. zyxwvutsrqponmlkjih

7 Conclusions

In this chapter we have briefly presented the application of
both the standard and some advanced morphologic filters to
several problems of image enhancement of feature detection.
0.75
0.00
0.05
0.01 0.19 -0.01
There are several motivations for using morphologic filters for
such problems. First, it is of paramount importance to
__a-- --0.46 --0.01
0.71 , b 0.13 0.86
0.07 ,
preserve, uncover, or detect the geometric structure of image
objects. Thus, morphologic filters which are more suitable
-0.09 -0.02 -0.51
0.00 0.13 -0.02
than linear filters for shape analysis, play a major role for
geometry-based enhancement and detection. Further, they
r-5,
X--0.98,
offer efficient solutions to other nonlinear tasks such as nonGaussian
noise suppression. Finally, the elementary morphowhich represents a biased combination between a non-flat
logic
operators
are the building blocks for large classes of
median filter and a linear FIR filter, where some elements of
nonlinear
image
processing systems, which include rank and
a and b present more influence in the filtering process.
stack
filters.
Figure 12 shows the results of using the designed MRL-filter
Two important broad research directions in morphologic
with a test image, and its comparison with a flat median filter
filtering
are (1) their optimal design and (2) their scale-space
of the same window size. The noisy image used for training
formulation
and implementation using geometric partial
is not included there because the (noisy) images used for
differential
equations
(PDEs). In this chapter we have
training and testing are simply different realizations of the
presented
some
first
steps
toward (1) from the work in [17].
same perturbation process. Observe that the MRL-filter
In
Chapter
4.16
of
this
Handbook we also present their
outperformed the median filter by about 3 dB. Spatial error
PDE-based
formulation
and
application to multiscale tasks
plots are also included which show that, the optimal
of
image
analysis
and
computer
vision.
MRL-filter preserves better the image structure since its
corresponding spatial error is more uncorrelated than the
error of the median filter.
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5Implementation details: The images are scanned twice during the training
process, followinga zig-zag path from top to bottom, and then from bottom
to top. The local input vector x_ is obtained at each pixel via column-bycolumn indexing of the image values inside a n-point square window centered
around the pixel. The vectors _a and _bare indexed the same way. The unit
sample funtion q(v) is approximated by q,~(v)=exp[-l/2(v/a)2], with
a=0.001. The image values are normalized to be in the range [0,1].
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1 Introduction
Image processing is a science that uncovers information about
images. Enhancement of an image is necessary to improve
appearance or to highlight some aspect of the information
contained in the image. Whenever an image is converted from
one form to another, e.g., acquired, copied, scanned, digitized,
transmitted, displayed, printed, or compressed, many types of
noise or noise-like degradations can be present in the image.
For instance, when an analog image is digitized, the resulting
digital image contains quantization noise; when an image is
halftoned for printing, the resulting binary image contains
halftoning noise; when an image is transmitted through
a communication channel, the received image contains channel noise; when an image is compressed, the decompressed
image contains compression errors. Hence, an important
subject is the development of image enhancement algorithms
that remove (smooth) noise artifacts while retaining image
structure.
Digital images can be conveniently represented and
manipulated as matrices containing the light intensity or
color information at each spatially sampled points. The term
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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monochrome digital image or simply digital image, refers to a
two-dimensional light intensity function f(nl, n2), where nl
and n2 denote spatial coordinates, the value of f(nl, n2) is
proportional to the brightness (or gray level) of the image at
that point, and nl, n2, and f(nl, n2) are integers.
The problem of image denoising is to recover an image
f(nl, n2) from the observation g(nl, n2), which is distorted by
noise (or noise-like degradation) q(nl, n2); i.e.,
g(nl, n2) = f(nl, n2) + q(nl, n2).

(1)

Chapter 3.1 considers methods for linear image restoration.
The classical image denoising techniques are based on filtering,
which can be classified into two categories: linear filtering
and nonlinear filtering. Linear filtering-based denoising is
based on lowpass filtering to suppress high-frequency noise.
The simplest lowpass filter is spatial averaging. Linear filtering can be implemented in either the spatial domain or the
frequency domain (usually via fast Fourier transforms).
Nonlinear filters used in denoising include order statistic
filters and morphologic filters. The most popular nonlinear
filter is the median filter, which is a special type of order

zyxwvutsr
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statistic filter. For detailed discussions of these nonlinear and ]~l(n) are lowpass and highpass synthesis filters, respecfilters, see Chapters 3.2 (median filters), 3.3 (morphologic tively, and the block 1'2 represents the upsampling operator by
filters), and 4.4 (order statistic filters).
a factor two. The four subband signals c3(n), d3(n), d2(n), and
The basic difficulty with these filtering-based denoising dx(n) are recursively combined to reconstruct the output
techniques is that, if applied indiscriminately, they tend to signal x(n). The four finite impulse response filters satisfy
blur the image, which is usually objectionable. In particular,
one usually wants to avoid blurring sharp edges or lines that
hi(n) = (-1)nho(n)
(2)
occur in the image.
Recently, wavelet-based denoising techniques have been
/~0(n) -- h0(1 - n)
(3)
recognized as powerful tools for denoising. Different from
those filtering-based classical methods, wavelet-based methods
]~l(n) -- (-1)nh0(1 -- n)
(4)
can be viewed as transform-domain point processing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 Wavelet Shrinkage Denoising
2.1 The Discrete Wavelet Transform
Before introducing wavelet-based denoising techniques, we
first briefly review relevant basics of the discrete wavelet
transform (See Chapter 4.1 for a fuller introduction to
wavelets).
The discrete wavelet transform (DWT) is a multiresolution
(or multiscale) representation. The DWT is implemented via
multirate filterbanks.
Figure 1 shows an implementation of a three-level forward
DWT based on a two-channel recursive filterbank, where
ho(n) and hi(n) are lowpass and highpass analysis filters,
respectively, and the block $2 represents the downsampling
operator by a factor two. The input signal x(n) is recursively
decomposed into a total of four subband signals: a coarse
signal c3(n) and three detail signals dl(n), d2(n), and d3(n) of
three resolutions.
Figure 2 plots an implementation of a three-level inverse
DWT based on a two-channel recursive filterbank, where ho(n)

so that the output of the inverse DWT is identical to the
input of the forward DWT and the resulting DWT is an
orthonormal transform.
For a signal of length N, the computational complexity of
its DWT is O(N), provided that the length of the filter ho(n)
is negligible compared to N.
The two-dimensional (2D) DWT of a 2D signal can be
implemented by using the one-dimensional (1D) DWT in
a separable fashion. At each level of decomposition (or
reconstruction), the 1D forward DWT (or inverse DWT) is
first applied to every row of the signal and then applied to
every column of the resulting data. For an image of size
N x M, the computational complexity of its 2D DWT is
O(NM), provided that the length of the filter ho(n) is
negligible compared to both N and M.

2.2 The Donoho-Johnstone Method
The method of wavelet shrinkage denoising was developed
principally by Donoho and Johnestone [1-3]. Suppose we
want to recover a one-dimensional signal f from a noisy
observation g; i.e.,

g(n) = f (n) + q(n)
ho(n) ~

~3(n)

ho(n)
ho(n)
z(~)

d3(n)

hi (n)

hi (n) ~-q $2 J

--

dl(n)

FIGURE 1 A three-level forward DWT via a two-channel iterative filterbank.

dl(n)

[ ~

for n = 0, 1. . . . . N - 1, where q is additive noise. The method
attempts to reject noise by damping or thresholding in the
wavelet domain. The estimate of the signal f is given by

. d2(n)

hl(n)~

d2(n)

(5)

hi(n)
~

~

x(n)

hi(n) I--

FIGURE 2 A three-level inverse DWT via a two-channel iterative filterbank.

f"__ "~]-1 '/'X Wg

(6)

where the operators W and W -1 stand for the forward and
inverse discrete wavelet transforms, respectively, and Tz is
a wavelet-domain point-wise thresholding operator with a
threshold X.
The key idea of wavelet shrinkage is that the wavelet
representation can separate the signal and the noise. The DWT
compacts the energy of the signal into a small number of
DWT coefficients having large amplitudes and spreads the
energy of the noise over a large number of DWT coefficients
having small amplitudes. Hence, a thresholding operation

159
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attenuates noise energy by removing those small coefficients
while maintaining signal energy by keeping these large
coefficients unchanged.
There are two types of basic thresholding rules. For a given
function p(y), the hard thresholding operator is defined as

(Tzp)(y) - { P(Y)'
O,
and the

if Ip(r)l >
otherwise

ho(n) l F~ odd ~-~c~°(n)
even ~

c~e(n)

--~ odd

h~(n) ~ - ~

odd ~--~d~°(n)
even ~--~d~e(n)

(7)

----~ho(n)~ho(n)j [- ~ odd ~c~°(n)

soft thresholding operator is defined as

even ~-~ c~e(n)
----~even

p ( y ) - )~, if p(y) > X

(~p)(r) -

p(r) + z,
O,

if p(y) < -X

hi (n),~--~ odd ~

d~°(n)

(8)

even ~ d~e(n)
x(n) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
otherwise. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Since both hard thresholding and soft thresholding are
nonlinear operators, wavelet shrinkage is a type of nonlinear
processing. Since Tz is a point processing operator, its
computational complexity is O(1). Hence, the complexity of
the DWT-based wavelet shrinkage is O(N) for a length-N
signal.
If the parameter ,k is too large, then the thresholding
operation will remove a significant amount of signal energy,
i.e., it causes over-smoothing. If ~ is too small, then a
significant amount of noise will not be suppressed. Several
approaches have been proposed for selecting the threshold X.
The simplest are VisuShrink [ 1] and SureShrink, which is based
on Stein's Unbiased Risk Estimate (SURE).
Both soft thresholding and hard thresholding cause that the
energy of the reconstructed signal f is lower than the energy
of the noisy observation g. If an appropriate threshold is
chosen, then the energy suppressed in wavelet shrinkage is
mostly corresponding to the noise q. Therefore, the true signal
f is not weakened after denoising.

2.3 Shift-Invariant Wavelet Shrinkage
One disadvantage of the DWT is that it is not a shift 1invariant transform. For instance, the DWT of x ( n - 1) is not
a shifted version of the DWT of x(n). Such a shift variance is
caused by the down-sampling and upsampling operations.
It has been argued [4] that DWT-based wavelet shrinkage
sometimes produces visual artifacts such as the "pseudo-Gibbs
phenomena" in the neighborhood of discontinuities in the
signal due to the lack of shift invariance of the DWT. In order
to avoid the problem caused by the DWT, Coifman and
Donoho and Lang et al. independently proposed to use the
undecimated DWT (UDWT) in wavelet shrinkage to achieve
shift invariance [4, 5].
1Since we deal with signals of finite support, by
circular shift.

shift we really mean

--~ odd t

, d~(n)

---q even I

. d~(n)

FIGURE3 A two-levelforwardUDWTvia a two-channeliterativefilterbank.
(The "odd" and "even" blocks stand for the downsamplersthat sample oddindexed and even-indexedoutputs from the preceding filter, respectively.)

Figure 3 illustrates an implementation of a two-level
forward UDWT based on a two-channel recursive filterbank.
At each level of decomposition, both odd-indexed and
even-indexed samples at the outputs of the filters ho(n) and
hi(n) are maintained without decimation. Since there is
no downsampler in the forward UDWT, the transform is a
shift-invariant representation.
Since the number of UDWT coefficients is larger than the
signal length, the inverse UDWT is not unique. In Fig. 3,
if the filterbank satisfies (2), (3), and (4), then the signal x(n)
can be exactly reconstructed from each of the four sets
of UDWT coefficients: {c~°(n), d~°(n), d~(n)}, {c~e(n),d~e(n),
d~(n)}, {c~°(n),d~°(n),d~(n)}, and {c~e(n),d~e(n),del(n)}. For
denoising applications, it is appropriate to reconstruct x(n)
by averaging all possible reconstructions.
It has been demonstrated in [4] and [5] that the UDWTbased denoising achieves considerably better performance
than the DWT-based denoising. The cost of such an improvement in performance is the increase in computational
complexity. For a length-N signal, if the length of the filter
ho(n) is negligible compared to N, then the computational
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complexity of the UDWT is O(N log2N), which is higher than into 8 x 8 non-overlapping blocks of pixels. Then, an 8 x 8
that of the DWT. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
DCT is performed on each block and the resulting transform
coefficients are quantized and entropy coded. This independent processing of blocks does not take into account
3 Image Enhancement via Wavelet
the between-block pixel correlations. Therefore, at low bit
rates, such an encoding scheme typically leads to blocking
artifacts, which manifest themselves as artificial discontinuities
3.1 Suppression of Additive Noise
between adjacent blocks. In general, blocking artifacts are
Although wavelet shrinkage was originally proposed for the most perceptually annoying distortion in images and
removing noise in 1D signals, it can be straightforwardly video compressed by the various standards. The suppression
extended to images and other 2D signals. Replacing the 1D of blocking artifacts has been studied as an image enhanceDWT by the 2D DWT, we can apply directly the thresholding ment problem and as an image restoration problem. An
operation on the 2D DWT coefficients. Hence, the computa- overview of various approaches can be found in [14].
Though wavelet shrinkage techniques were originally
tional complexity of the 2D DWT-based wavelet shrinkage is
proposed
for the attenuation of signal-independent Gaussian
O(NM) for an image of size N x M.
noise,
they
work as well for the suppression of other types of
The 2D version of the Donoho-Johnstone method has been
distortion.
In
particular, wavelet shrinkage has been successful
extended to more sophisticated variations. Xu et al. proposed
in
removing
coding
artifacts in compressed images. Gopinath
a wavelet-domain adaptive thresholding scheme to better
et
al.
first
applied
the
Donoho-Johnstone method to attenuate
preserve significant image features, which were identified via
blocking
artifacts
and
obtained considerable improvement in
the spatial correlation of the wavelet coefficients at different
scales [6]. Thresholding was performed only on the wavelet terms of both the objective and subjective image quality [15].
coefficients that do not correspond to any image features. The success of wavelet shrinkage in the enhancement of
A similar method was proposed by Hilton and Ogden in [7], compressed images is a result of the compression property of
where the significant wavelet coefficients were determined via wavelet bases [16]. In a compressed image, the remaining
recursive hypothesis tests. Malfait and Roose combined the important features (e.g., edges) after compression are typically
wavelet representation and a Markov random field image dominant and global, and the coding artifacts are submodel to incorporate a Bayesian statistical description for dominant and local (e.g., the blocking artifacts in block DCTmanipulating the wavelet coefficients of the noisy image [8]. coded images). The wavelet transform compacts the energy of
Weyrich and Warhola applied the method of generalized cross those features into a small number of wavelet coefficients
validation to determine shrinkage parameters [9]. In [10], having large magnitude, and spreads the energy of the coding
Chambolle et al. provided sharp estimates of the best wavelet error into a large number of wavelet coefficients having small
shrinkage parameter in removing Gaussian noise from images. magnitude; i.e., the image features and the coding artifacts are
Successful applications of denoising via wavelet shrinkage well-separated in the wavelet domain. Therefore, among the
include the reduction of speckles in radar images [11] and the wavelet coefficients of a compressed image, those large
removal of noise in magnetic resonance imaging (MRI) data coefficients very likely correspond to the original image, and
those small ones very likely correspond to the coding artifacts.
[6, 12, 13].
Naturally, keeping large coefficients and eliminating small
ones (i.e., setting them to zero), or thresholding, will reduce
3.2 Removal of Blocking Artifacts in
the energy of the coding error.
DCT-Coded Images
Better enhancement performance can be achieved by
Lossy image coding is essential in many visual communica- using the UDWT-based shrinkage [17, 18] at the expense of
tions applications because limited transmission bandwidth or increasing the post-processing complexity from O(NM) to
storage space often does not permit lossless image coding, O(NMlog2(NM)) for an N x M image. For image coding
where compression ratios are typically low. However, the applications where fast decoding is desired, it is appropriate to
quality of lossy-coded images can be severely degraded and use low-complexity post-processing methods. In [19], the
unacceptable, especially at low bit rates. The distortion caused optimal shift-invariant wavelet packet basis is searched at
by compression usually manifests itself as various perceptually the encoder and the basis is used at the decoder to attenuate
annoying artifacts. This problem calls for post-processing or the coding artifacts. Such a scheme achieves comparable
enhancement performance with the UDWT-based method
enhancement of compressed images [ 14].
Most current image and video compression standards, such and possesses a low post-processing complexity O(NM). The
as JPEG (Chapter 5.5), H.261 (Chapter 6.1), MPEG-1, and expenses are two-fold: increase of encoding complexity, which
MPEG-2 (Chapter 6.4), adopt the block discrete cosine is tolerable in many applications, and overhead bits required
transform (DCT). At the encoder, an image, a video frame, to code the optimal basis, which have a negligible effect on
or a motion-compensated residual image, is first partitioned compression ratio.

Shrinkage
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We choose Daubechies' 8-tap orthonormal wavelet filterzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
bank for both the DWT and the UDWT [20]. We perform
5-level wavelet decomposition and reconstruction. We apply
In our simulations, we choose 512 x 512 8-bit gray-scale test
soft thresholding and hard thresholding for the DWT-based
images. We apply two wavelet shrinkage methods based on the
shrinkage and the UDWT-based shrinkage, respectively.
DWT and the UDWT, respectively, to the distorted images
and compare their enhancement performance in terms of both
4.1 Gaussian Noise
objective and subjective quality.
We use peak signal-to-noise ratio (PSNR) as the metric for Figure 4 illustrates an example of removing additive white
objective image quality. The PSNR is defined as
Gaussian noise via wavelet shrinkage. Figure 4(a) and Fig. 4(b)
display the original "Barbara" image and a noisy version, respectively. The PSNR of the noisy image is 24.6 dB. Figure 4(c)
and Fig. 4(d) show the enhanced images via wavelet shrin2552
____
(9) kage based on the DWT and the UDWT, respectively. The
PSNR -- 10 lOglo
N
M
PSNRs of the two enhanced images are 28.3 dB and 30.1 dB,
~m ~ ~ [f(nl, Hi)
2
nl:l n2:l
respectively. Comparing the four images, we conclude that the
perceptual quality of the enhanced images are significantly
where f(nx, n2) and f(nl, n2), 1 _<nl < N, 1 _<n2 < M, are the better than the noisy image: noise is greatly removed while
original image and the noisy image (or the enhanced image) sharp image features are well preserved without noticeable
blurring. While both methods improve the objective and
with size N × M, respectively.

4 Examples

--/(/ll,/12)]

......

(a)

(b)

(c)

(d)

FIGURE 4 Enhancementof a noisy "Barbara" image: (a) the original "Barbara" image; (b) image corrupted by
Gaussian noise; (c) enhanced image via the DWT-basedmethod; (d) enhanced image via the UDWT-basedmethod.
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subjective quality of the distorted image, the UDWT-based a better tradeoff between the suppression of coding artifacts
method achieves better performance, i.e., higher PSNR and and the preservation of image features.
better subjective quality, than the DWT-based method. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.2 Blocking Artifacts

5 Image Denoising Using Natural Scene
Statistics

Figure 5 illustrates an example of suppressing blocking
artifacts in JPEG-compressed images. Figure 5(a) is a part of
the original "Lena" image. Figure 5(b) is the same part of a Owing to their simple, yet elegant approach to the problem of
JPEG-compressed version at 0.25 bit per pixel (bpp), where denoising, wavelet-based shrinkage schemes still remain as one
blocking artifacts are clearly visible. The PSNR of the of the most popular choices for denoising images. Advances in
compressed image is 30.4 dB. Figure 5(c) and Fig. 5(d) are this area have led to the design of both global and spatiallythe corresponding parts in the enhanced images via the adaptive local thresholds based on various optimality criteria
DWT-based shrinkage and the UDWT-based shrinkage, of the denoised image. Unlike the shrinkage schemes that use
respectively. The PSNRs of the two enhanced images are a global threshold, spatially-adaptive local threshold methods
31.1 dB and 31.4 dB, respectively; i.e., the UDWT-based vary the threshold (and hence the degree of noise suppression)
shrinkage achieves better objective quality. Although both of based on local image structure. In general, the threshold is set
them have better visual quality than the JPEG-compressed to lower values around visually important image features such
one, the artifacts are more completely removed in Fig. 5(d) as edges (hence preventing any loss of image structure via
thresholding), and to higher values in smoother image regions
than in Fig. 5(c); i.e., the UDWT-based method achieves zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)

(b)

(c)

(d)

FIGURE 5 Enhancementof a JPEG-compressed"Lena" image: (a) a region of the original "Lena" image; (b) JPEGcompressed image; (c) post-processed image via the DWT-based method; (d) post-processed image via the UDWTbased method.
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(thus achieving higher noise suppression) where the human domain. Early stochastic models for wavelet coefficients were
visual system is sensitive to the presence of noise.
driven by empirical modeling of the marginal distributions
Despite their superior denoising performance, the shrinkage of wavelet coefficients (except for the low-pass residual) as a
approaches presented above suffer from some drawbacks. subband-dependent mixture of independent, parameterized
The first being that wavelet coefficients that fall below the generalized Gaussian distributions of the form p r ( y ) =
threshold are simply set to zero, irrespective of whether the Ke-(]r]/'~)~, where fl and ct are the shape and variance
coefficient was the contribution of signal or noise. Many parameters respectively of the probability distribution funcrecent approaches, instead consider image denoising simply as tion py(y), and K is a scaling factor [25]. Other stochastic
a flavor of signal estimation, where the goal is to estimate the models represent these marginal distributions as conditionally
"true" wavelet coefficient from noisy observations, based on independent zero-mean Gaussian random variables given their
some optimality criterion. Secondly, the shrinkage schemes are variances [26]. This empirical model is motivated by the
generally indifferent to the statistics of the images that are observation that when the leptokurtotic marginal distributions
being denoised. While this generic nature of the algorithm is of wavelet coefficients of natural images in a subband are
powerful, there is much to be gained by tuning the algorithms normalized by their local standard deviations, the normalized
to the statistics of the images that are being denoised. histogram is well approximated by a zero-mean, unit-variance
Advances in image denoising can, therefore, greatly benefit Gaussian probability density function.
by advances in source (in this case image statistics) modeling
Let us assume that an image is corrupted by additive white
and is the topic of this section. In particular all the methods Gaussian noise and that we use an orthonormal wavelet
discussed in this section utilize a priori stochastic models to family for analysis. Given a noisy observation of a wavelet
capture statistical regularities of wavelet coefficients for denois- coefficient Y(k)--X(k) + n(k), the goal of image denoising in
ing natural images that have been corrupted by additive white the wavelet domain is to estimate X(k), where n is the white
Gaussian noise.
2 and X(k) is a
Gaussian noise with a known variance a n,
Modeling statistical regularities in natural images has been wavelet coefficient in the uncorrupted image. The conditional
an active area of research in neuroscience for many years, Gaussian assumption of the marginal distribution of the
where scientists have used inferences from natural scene wavelet coefficients described earlier lends this estimation to
statistics (NSS) to indirectly investigate and model different elegant mathematic formulation [26]. If the variance a2(k) of
aspects of the human visual system (HVS). Since the HVS X(k) is known, the wavelet coefficients X(k) are independent
evolved in a natural environment, and natural images occupy Gaussian random variables and the minimum mean square
a relatively small subspace of all possible images, it is theorized estimate (MMSE))~(k) of X(k) can be shown to be simply
that the neural circuitry in the HVS exploits these statistical the local Wlener-hke estimate X(k) = ~2(-~o2 Y(k).
redundancies to represent its input efficiently [21, 22]. Based
However, in order to use this approach for"image denoising,
on this assumption of efficient representation, researchers the hidden variance parameter a2(k) must be computed
analyzed patches of natural images using transforms such as before X(k) can be estimated. The general approach for deterprincipal component analysis and the more recent indepen- mining this hidden variance field is to build an estimate
dent component analysis, and discovered that the result- for it by an observation of the noisy wavelet coefficients in
ing image basis functions indeed resemble certain cortical a neighborhood surrounding Y(k). In one approach [26],
receptive fields [23, 24]. The reader is directed to [22] for an using the maximum likelihood (ML) framework, the authors
overview of recent advances of NSS and its relationships to estimated the hidden variance of each co-efficient by aZ(k) =
neural representations. Also, Chapter 4.7 in this Handbook
1Zj~N(k ) (YZ(j)-a2), where N(k) is a neighborhood (of
provides an overview of different models for NSS. Since the size M) of wavelet coefficients surrounding Y(k). As an
end-receiver of most images is the human eye, these powerful extension, based on empirical observations, the authors
discoveries seem to indicate that there is much to be gained assumed exponential prior distributions of the hidden
by incorporating NSS in the design of image processing variance field for each subband, and derived the maximum
algorithms. As we will see shortly, stochastic models of wavelet a posteriori (MAP) estimate for the variance field. Using
coefficients, though empirical, have great potential in image these methods to denoise images in the wavelet domain,
processing applications such as denoising. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the authors report a gain of 2 dB to 4 dB in PSNR over the
hard-thresholding method and about 2 dB to 3 dB gain over
the spatially optimal, minimum-mean-square-error (MMSE),
5.1 Denoising Using Models for Marginal
local Wiener filtering.
Distributions of Wavelet Coefficients
These models for the marginals of wavelet coefficients of
While there are many models that capture statistical natural scenes have also been used in the design of spatially
redundancies in natural scenes (see Chapter 4.7 in this adaptive thresholds for denoising in the wavelet domain. Note
Handbook), we will present a model of NSS that is directly that in the previous approach, a2(k) was evaluated from just
relevant to the problem of image denosing in the wavelet a local neighborhood, and can therefore result in noisy
•

.

.

^

a2(k)
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estimates. To alleviate this effect, Chang et al. [27] developed a coefficients from other subbands). The reader is directed to
spatially adaptive thresholding scheme where the threshold Chapter 4.7 for a more detailed description of this model.
This GSM model of wavelet coefficients in a local
was selected to be inversely proportional to the hidden
variance parameter. Such a threshold selection is shown to be neighborhood has proved to be very effective in denoising
close to the optimal threshold which minimizes the mean images corrupted by AWGN. Following an estimation of the
square error of the soft-thresholding estimator. Instead of signal covariance matrix Cu from a local neighborhood of
estimating a2(k) using only a small neighborhood around the wavelet coefficients, authors have derived both ML [30] and
wavelet coefficient, the method of context-modeling was used MAP (assuming a log-normal prior on z) [31] estimates of
to characterize the context or activity of a particular wavelet the hidden variance field. The denoised wavelet coefficient is
coefficient based on a weighted average of the absolute value then estimated using a local Wiener-like estimator as before.
of its neighbors. To estimate a2(k) for a wavelet coefficient, all Recently, a one-step, optimal local Bayesian least squares
coefficients with a context variable similar to the coefficient (BLS) solution was proposed for denoising natural images
under consideration were grouped together and the variance corrupted by AWGN [32]. This technique obviates the need
parameter estimated from this cluster using maximum like- to first estimate the hidden variance field from local observalihood estimation. Note that this variance estimate is not a tions and then perform the Wiener estimation. The BLS-GSM
function of simply the neighbors in a local neighborhood, but model is shown to outperform other state-of-the-art image
can contain coefficients from anywhere in the subband, as denoising schemes. An example of the BLS-GSM denoising
long as they have the same context. Using this scheme in an scheme is shown in Chapter 4.7 in this Handbook.
In conclusion, incorporating models of natural scene
over-complete wavelet representation, the authors demonstrated an improvement of around I dB PSNR gain over the statistics does provide significant PSNR gains over traditional
wavelet-based shrinkage algorithms. Although this section
previous method. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
focused strictly on the statistics of natural scenes, the framework
easily extends to other synthetic or non-natural images
5.2 Denoising Using the Gaussian Scale
such as x-rays, fMRI, and synthetic aperture radar images,
Mixture Model for Wavelet Coefficients
provided their statistics can be captured effectively.
The model for NSS used above is somewhat limited since it
attempts to capture only the marginal distributions of wavelet 6 Summary
coefficients in a particular subband. Even though the wavelet
coefficients are decorrelated, they are not statistically inde- We have presented an overview of image enhancement via
pendentmthere clearly exist many strong statistical relation- wavelet denoising. Compared to many classical filtering-based
ships between the magnitude of the wavelet coefficients, methods, wavelet-based methods can achieve a better tradeoff
both within and across subbands. For example, coefficients of between noise reduction and feature preservation. Another
large magnitudes tend to cluster together in the same subband advantage of wavelet denoising is its low computational
and at similar spatial locations at other scales. In fact, zerotree- complexity. Wavelet denoising is a powerful tool for image
based image coders exploit this redundancy in space and enhancement. The success of wavelet image denoising derives
scale to achieve higher compression. As another example of from the same property as does the success of wavelet image
these robust statistical regularities, it has been found that the compression algorithms (Chapter 5.4): the compact image
variance of a child wavelet coefficient in natural images is representation provided by the discrete wavelet transform.
proportional to the magnitude of its parent [28]. The reader is
directed to Chapter 4.7 in this Handbook for a more detailed
References
description and examples that illustrate these dependencies
[1] D. L. Donoho and I. M. Johnstone. Ideal spatial adaptation via
of wavelet coefficients.
wavelet shrinkage. Biometrika, 81:425-455, 1994.
To account for these joint relationships, Wainwright et al.
[29] proposed the Gaussian scale mixture (GSM) model to [2] D. L. Donoho. De-noising by soft-thresholding. IEEE Trans.
Inform. Theory, 41(3):613-627, May 1995.
capture both the marginal and the joint distributions of the
[3]
D. L. Donoho and I. M. Johnstone. Adaptation to unknown
wavelet coefficients across subbands. Briefly, a random vector,
smoothness via wavelet shrinkage. ]. Amer. Star. Assoc.,
X, is a GSM if and only if it can be decomposed into a product
90:1200-1224, 1995.
of two random variables, i.e., X = ~/zU, where U is a zero- [4] R. R. Coifman and D. L. Donoho. Translation-invariant
mean, Gaussian random vector with covariance matrix Cu,
de-noising. In A. Antoniadis and G. Oppenheim, editors,
and z is an independent positive scalar random variable. Note
Wavelets and Statistics, 125-150. Springer, Berlin, Germany, 1995.
that if z is known, the distribution of X is Gaussian, and hence [5] M. Lang, H. Guo, J. E. Odegard, C. S. Burrus, and R. O. Wells
the marginal distributions are captured. The covariance matrix
Jr. Noise reduction using an undecimated discrete wavelet
transform. IEEE Signal Processing Letters, 3(1):10-12, January
Cu used in the model accounts for the joint distributions
1996.
of coefficients in a local neighborhood (which can include

3.4 Wavelet Denoising for Image Enchancement zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[6] Y. Xu, J. B. Weaver, D. M. Healy, Jr., and J. Lu. Wavelet
transform domain filters: A spatially selective noise filtration technique. IEEE Trans. Image Processing, 3(6):747-758,
November 1994.
[7] M. L. Hilton and R. T. Ogden. Data analytic wavelet threshold
selection in 2D signal denoising. IEEE Trans. Signal Processing,
45(2):496-500, February 1997.
[8] M. Malfait and D. Roose. Wavelet-based image denoising using
a markov random field a priori model. IEEE Trans. Image
Processing, 6(4):549-565, April 1997.
[9] N. Weyrich and G. T. Warhola. Wavelet shrinkage and
generalized validation for image denoising. IEEE Trans. Image
Processing, 7(1):82-90, January 1998.
[10] A. Chambolle, R. A. DeVore, N. Lee, and B. J. Lucier. Nonlinear
wavelet image processing: Variational problems, compression,
and noise removal through wavelet shrinkage. IEEE Trans.
Image Processing, 7(3):319-335, March 1998.
[11] P. Moulin. A wavelet regularization method for diffuse radartarget imaging and speckle-noise reduction. J. Math. Imaging
Vision, 3(1):123-134, January 1993.
[12] J. B. Weaver, Y. Xu, D. M. Healy, Jr., and L. D. Cromwell.
Filtering noise from images with wavelet transforms. Magn.
Resort. Med., 21(2):288-295, 1991.
[13] M. L. Hilton, T. Ogden, D. Hattery, G. Eden, and B. Jawerth.
Wavelet denoising of functional MRI data. In A. Aldroubi
and M. Unser, editors, Wavelets in Medicine and Biology,
93-114. CRC Press, Boca Raton, FL, 1996.
[14] M.-Y. Shen and C.-C. J. Kuo. Review of postprocessing
techniques for compression artifact removal. J. Visual
Commun. Image Represen., 9(4):2-14, March 1998. Special
Issue on High-Fidelity Media Processing.
[15] R. A. Gopinath, M. Lang, H. Guo, and J. E. Odegard. Waveletbased post-processing of low bit rate transform coded images.
In Proc. IEEE Int. Conf. Image Processing, volume II, 913-917,
Austin, TX, November 1994.
[16] D. L. Donoho. Unconditional bases are optimal bases for data
compression and for statistical estimation. Appl. Comput.
Harmon. Anal., 1(1):100-115, December 1993.
[17] D. Wei and C. S. Burrus. Optimal wavelet thresholding for
various coding schemes. In Proc. IEEE Int. Conf. Image
Processing, volume I, 610-613, Washington, DC, October
1995.
[18] Z. Xiong, M. T. Orchard, and Y.-Q. Zhang. A deblocking
algorithm for JPEG compressed images using overcomplete
wavelet representations. IEEE Trans. Circuits Syst. Video Tech.,
7(2):433-437, April 1997.

165

[19] D. Wei and A. C. Bovik. Enhancement of compressed images by
optimal shift-invariant wavelet packet basis. I. Visual Commun.
Image Represen., 9(4):15-24, March 1998. Special Issue on
High-Fidelity Media Processing.
[20] I. Daubechies. Ten Lectures on Wavelets. Soc. Indus. Appl.
Math., Philadelphia, PA, 1992.
[21] H. B. Barlow. Possible principles underlying the transformation
of sensory messages. Cambridge MA: M.I.T. Press, 217-234,
1961.
[22] E. P. Simoncelli, and B. A. Olshausen. Natural image statistics
and neural representation Annual Review of Neuroscience,
24:1193-1216, May 2001
[23] P. J. B. Hancock, R. J. Baddeley, and L. S. Smith. The principal
components of natural images Network, vol. 3, 61-70, 1992.
[24] J. H. van Hateren and A. van der Schaaf. Independent
component filters of natural images compared with simple
cells in primary visual cortex. Proc. R. Soc. Lond. vol. B 265,
359-366, 1998
[25] Mallat, S. G. A theory for multiresolution signal decomposition:
the wavelet representation. IEEE Tran. on Pattern Analysis and
Machine Intelligence, 11 (7):674--693, July 1989.
[26] M. K. Mihcak, I. Kozintsev, K. Ramchandran, and P. Moulin,
Low-complexity image denoising based on statistical modeling
of wavelet coefficients. IEEE Signal Processing Letters, 6(12):
300-303, Dec. 1999.
[27] S. G. Chang, Bin Yu, and M. Vetterli Spatially adaptive wavelet
thresholding with context modeling for image denoising. IEEE
Trans. Image Processing, 9(9):1522-1531, Sept. 2000.
[28] E. P. Simoncelli. Statistical models for images: Compression,
restoration and synthesis. Proc. of 31st Asilomar Conference on
Signals, Systems and Computers, Pacific Grove, CA. November
2-5, 1997.
[29] M. J. Wainwright, and E. P. Simoncelli. Scale mixtures of
Gaussians and the statistics of natural images. Adv. Neural
Information Processing Systems (NIPS* 1999), v12, May 2000.
[30] V. Strela, J. Portilla, and E. P. Simoncelli. Image denoising using
a local Gaussian scale mixture model in the wavelet domain.
Proc. SHE 45th Annual Meeting, San Diego, CA, July 2000.
[31] J. Portilla, V. Strela, M. Wainwright, and E. P. Simoncelli.
Adaptive Wiener denoising using a Gaussian scale mixture
model in the wavelet domain. Proc. 8th IEEE Int'l Conf. on Image
Processing, Thessaloniki, Greece, Oct 2001.
[32] J. Portilla, V. Strela, M. J. Wainwright, and E. P. Simoncelli.
Image Denoising using Scale Mixtures of Gaussians in the
Wavelet Domain. IEEE Trans. Image Processing, 12(11):
1338-1351, Nov 2003.

This Page Intentionally Left Blank

Basic Methods for Image
Restoration and Identification
Reginald L. Lagendijk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 Introduction ..................................................................................................................

167

and Jan Biemond zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 Blur Models ..................................................................................................................

169

Delft University
of Technology,
The Netherlands

3

4

2.1 No Blur • 2.2 Linear Motion Blur • 2.3 Uniform Out-of-Focus Blur • 2.4 Atmospheric
Turbulence Blur
Image Restoration Algorithms .................................................................................... 171
3.1 Inverse Filter. 3.2 Least-Squares Filters. 3.3 Iterative Filters. 3.4 Boundary
Value Problem
Blur Identification Algorithms .................................................................................... 178
4.1 Spectral Blur Estimation • 4.2 Maximum Likelihood Blur Estimation
References ...................................................................................................................... 181

1 Introduction
Images are produced to record or display useful information.
Due to imperfections in the imaging and capturing process,
however, the recorded image invariably represents a degraded
version of the original scene. The undoing of these imperfections is crucial to many of the subsequent image processing
tasks. There exists a wide range of different degradations
that need to be taken into account, covering for instance noise,
geometrical degradations (pin cushion distortion), illumination and color imperfections (under/over-exposure, saturation), and blur. This chapter concentrates on basic methods
for removing blur from recorded sampled (spatially discrete)
images. There are many excellent overview articles, journal
papers, and textbooks on the subject of image restoration
and identification. Readers interested in more details than
given in this chapter are referred to [2, 3, 9, 11, 14].
Blurring is a form of bandwidth reduction of an ideal image
owing to the imperfect image formation process. It can be
caused by relative motion between the camera and the original
scene, or by an optical system that is out of focus. When aerial
photographs are produced for remote sensing purposes, blurs
are introduced by atmospheric turbulence, aberrations in the
optical system, and relative motion between the camera and
the ground. Such blurring is not confined to optical images,
for example electron micrographs are corrupted by spherical
aberrations of the electron lenses, and CT scans suffer from
x-ray scatter.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

In addition to these blurring effects, noise always corrupts
any recorded image. Noise may be introduced by the medium
through which the image is created (random absorption or
scatter effects), by the recording medium (sensor noise), by
measurement errors due to the limited accuracy of the
recording system, and by quantization of the data for digital
storage.
The field of image restoration (sometimes referred to as
image deblurring or image deconvolution) is concerned with
the reconstruction or estimation of the uncorrupted image
from a blurred and noisy one. Essentially, it tries to perform
an operation on the image that is the inverse of the imperfections in the image formation system. In the use of image
restoration methods, the characteristics of the degrading
system and the noise are assumed to be known a priori.
In practical situations, however, one may not be able to obtain
this information directly from the image formation process.
The goal of blur identification is to estimate the attributes of
the imperfect imaging system from the observed degraded
image itself prior to the restoration process. The combination
of image restoration and blur identification is often referred to
as blind image &convolution [11].
Image restoration algorithms distinguish themselves from
image enhancement methods in that they are based on models
for the degrading process and for the ideal image. For those
cases where a fairly accurate blur model is available, powerful
restoration algorithms can be arrived at. Unfortunately, in
numerous practical cases of interest the modeling of the blur
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is unfeasible, rendering restoration impossible. The limited
validity of blur models is often a factor of disappointment, but
one should realize that if none of the blur models described
in this chapter are applicable, the corrupted image may well be
beyond restoration. Therefore, no matter how powerful blur
identification and restoration algorithms are, the objective
when capturing an image undeniably is to avoid the need for
restoring the image.
The image restoration methods that are described in this
chapter fall under the class of linear spatially invariant
restoration filters. We assume that the blurring function acts
as a convolution kernel or point-spread function d(nl, n2) that
does not vary spatially. It is also assumed that the statistical
properties (mean and correlation function) of the image
and noise do not change spatially. Under these conditions
the restoration process can be carried out by means of a
linear filter of which the point-spread function is spatially
invariant, i.e., is constant throughout the image. These
modeling assumptions can be mathematically formulated
as follows. If we denote by f(nl, n2) the desired ideal spatially
discrete image that does not contain any blur or noise,
then the recorded image g(nl, n2) is modeled as (see also
Fig. l(a)) [1]:

An alternative way of describing (1) is through its spectral
equivalence. By applying discrete Fourier transforms to (1), we
obtain the following representation (see also Fig. 1(b))"

G(u, v) - D(u, v)F(u, v) + W(u, v)

E[W(nl, n2)] ~ ~

1E

~

kl=Ok2=0

W(kl,k2) - O

(3a)

Rw(kl, k2) = E[W(nl, n2) w(nl -- kl, n2 -- k2)] zyxwvutsrqponmlkjihgfed

1 N-I~

Z d(kl, k2)f(nl -- kl, n2 -- k2) -+- W(nl, n2).

w(nl, n2)w(nl -- kl, n2 -- k2)

Z
r/1 ~ 0 H2 ~ 0

_ {0 .2

N-1M-1
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where (u, v) are the spatial frequency coordinates, and capitals represent Fourier transforms. Either (1) or (2) can be used
for developing restoration algorithms. In practice the spectral
representation is more often used since it leads to efficient
implementations of restoration filters in the (discrete) Fourier
domain.
In (1) and (2), the noise w(nl, n2) is modeled as an additive
term. Typically the noise is considered to have a zero mean
and to be white, i.e., spatially uncorrelated. In statistical terms
this can be expressed as follows [15]:

NM

g(nl, n2) -- d(nl, n2) * f(nl, n2) --k w(nl, n2)
-- Z
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0

(3b)

ifkl-k2-0
otherwise

kl --0 k2--O

(1)
Here a 2 is the variance or power of the noise and E[] refers
to the expected value operator. The approximate equality
Here w(nl, n2) is the noise that corrupts the blurred image.
indicates that on the average equation (3) should hold, but
Clearly^ the objective of image restoration is to make an estithat for a given image (3) holds only approximately as a result
mate f(nl, n2) of the ideal image f(nl, n2), given only the of replacing the expectation by a pixel-wise summation over
degraded image g(nl, n2), the blurring function d(nl, n2) and
the image. Sometimes the noise is assumed to have a Gaussian
some information about the statistical properties of the ideal
probability density function, but for none of the restoration
image and the noise.
algorithms described in this chapter is this a necessary
condition.
In general the noise w(nx, n2) may not be independent of
g(n l, n2)
(a) f(nl, n2) ~[ convolve with
the ideal image f(nl, n2). This may happen for instance if the
image formation process contains non-linear components, or
"1 f(n 1, n2)
if the noise is multiplicative instead of additive. Unfortunately,
this dependency is often difficult to model or to estimate.
w(n l, n2)
Therefore, noise and ideal image are usually assumed to
be orthogonal, which is m in this case m equivalent to being
uncorrelated because the noise has zero-mean. In statistical
F(u, v)
multiply with
G(u, v)
(b)
terms expressed, the following condition holds:
D(u, v)
~ ~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Rfw(kl, k2) - E[f (nl, n2)w(nl - kl, n2 - k2)]
I

W(u, v)
FIGURE 1

(a) Image formation model in the spatial domain. (b) Image

formation model in the Fourier domain.
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The above models (1)-(4) form the foundations for the class the blur models in their continuous forms, followed by their
of linear spatially invariant image restoration and accompany- discrete (sampled) counterparts. We assume that the sampling
ing blur identification algorithms. In particular these models rate of the images has been chosen high enough to minimize
apply to monochromatic images. For color images, two the (aliasing) errors involved in going from the continuous to
approaches can be taken. In the first place one can extend discrete models.
equations (1)-(4) to incorporate multiple color components.
The spatially continuous PSF d(x,y) of any blur satisfies
In many practical cases of interest this is indeed the proper three constraints, namely:
way of modeling the problem of color image restoration since
• d(x,y) takes on non-negative values only, because of the
the degradations of the different color components (such as
physics of the underlying image formation process,
the tri-stimulus signals red-green-blue, luminance-hue-satura• when dealing with real-valued images the point-spread
tion, or luminance-chrominance) are not independent. This
function d(x,y) is real-valued too,
leads to a class of algorithms known as "multi-frame filters"
• the imperfections in the image formation process are
[5, 9]. A second, more pragmatic, way of dealing with color
modeled as passive operations on the data, i.e., no
images is to assume that the noises and blurs in each of the
"energy" is absorbed or generated. Consequently, for
color components are independent. The restoration of the
spatially continuous blurs the PSF is constrained to
color components can then be carried out independently as
satisfy
well, meaning that each color component is simply regarded
as a monochromatic image by itself, forgetting about the
f~~ d(x,y)dxdy- 1,
(5a)
other color components. Though obviously this model might
be in error, acceptable results have been achieved in this way.
The outline of this chapter is as follows. In Section 2, we and for spatially discrete blurs:
first describe several important models for linear blurs, namely
motion blur, out-of-focus blur, and blur due to atmospheric
N-1 M-1
turbulence. In the Section 3, three classes of restoration
(5b)
Z
Zd(nl,n2)-1.
n 1=0/'/2 --0
algorithms are introduced and described in detail, namely the
inverse filter, the Wiener and constrained least-squares filter,
and the iterative restoration filters. In Section 4, two basic In the following we will present four common point-spread
approaches to blur identification will be described. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
functions, which are encountered regularly in practical
situations of interest.

f ?

2 Blur Models
The blurring of images is modeled in (1) as the convolution
of an ideal image with a 2D point-spread function (PSF)
d(nl, n2). The interpretation of (1) is that if the ideal image
f(nl,n2) would consist of a single intensity point or point
source, this point would be recorded as a spread-out intensity
pattern I d(na, n2), hence the name point-spread function.
It is worth noticing that point-spread functions in this
chapter are not a function of the spatial location under consideration, i.e., they are spatially invariant. Essentially this
means that the image is blurred in exactly the same way at
every spatial location. Point-spread functions that do not
follow this assumption are, for instance, due to rotational
blurs (turning wheels) or local blurs (a person out of focus
while the background is in focus). The modeling, restoration
and identification of images degraded by spatially varying
blurs is outside the scope of this chapter, and is actually still
a largely unsolved problem.
In most cases the blurring of images is a spatially continuous process. Since identification and restoration algorithms
are always based on spatially discrete images, we present
1Ignoring the noise for a moment.

2.1 No Blur
In case the recorded image is imaged perfectly, no blur will
be apparent in the discrete image. The spatially continuous
PSF can then be modeled as a Dirac delta function:

d(x, y) = a(x, y)

(6a)

and the spatially discrete PSF as a unit pulse:

d(nl, n2) -- a(nl, n2) --

1
0

if

n l = n2 - - 0

elsewhere

•

(6b)

Theoretically (6a) can never be satisfied. However, as long
as the amount of "spreading" in the continuous image is
smaller than the sampling grid applied to obtain the discrete
image, equation (6b) will be arrived at.

2.2 Linear Motion Blur
Many types of motion blur can be distinguished all of which
are due to relative motion between the recording device and
the scene. This can be in the form of a translation, a rotation,
a sudden change of scale, or some combinations of these.
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Here only the important case of a global translation will be point source is a small disk, known as the circle of confusion
considered.
(COC). The degree of defocus (diameter of the COC) depends
When the scene to be recorded translates relative to the on the focal length and the aperture number of the lens, and the
camera at a constant velocity Vrelative under an angle of 4) distance between camera and object. An accurate model not
radians with the horizontal axis during the exposure interval only describes the diameter of the COC, but also the intensity
[O, texposure], the distortion is one-dimensional. Defining distribution within the COC. However, if the degree of
the "length of motion" by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L--Vrelativetexposure , the PSF is
defocusing is large relative to the wavelengths considered,
given by:
a geometrical approach can be followed resulting in a
uniform intensity distribution within the COC. The spatially
1
L
x
continuous PSF of this uniform out-of-focus blur with radius
if v/X2 + y2 < _ and - - - tan ~bzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
~
-2
y
d(x, Y; L, ¢) . (7a) R is given by:
0

elsewhere

d(x,y;R)The discrete version of (7a) is not easily captured in a closed
form expression in general. For the special case that q~=O,
an appropriate approximation is:

d(nl, n2; L)
E

~

1

ifv/x2+y2_<

0

R2

.

(8a)

elsewhere

Also for this PSF the discrete version d(nl, n2) is not easily
arrived at. A coarse approximation is the following spatially
discrete PSF:

if nl --0, In2l <
(L - 1) - 2
0

ljj
2

1

d(nl, n2; R) --

if nl = O, In21 --

0

ifv/n 2 + n22 < R 2

(8b)

elsewhere

elsewhere
(7b)

Figure 2(a) shows the modulus of the Fourier transform of
the PSF of motion blur with L = 7.5 and qS= 0. This figure
illustrates that the blur is effectively a horizontal low-pass
filtering operation and that the blur has spectral zeros along
characteristic lines. The interline spacing of these characteristic
zero pattern is (for the case that N - - M ) approximately equal
to N/L. Figure 2(b) shows the modulus of the Fourier transform for the case of L = 7.5 and q5= zr/4.

where C is a constant that must be chosen so that (5b) is
satisfied. The approximation (8b) is incorrect for the fringe
elements of the point-spread function. A more accurate
model for the fringe elements would involve the integration
of the area covered by the spatially continuous PSF, as
illustrated in Fig. 3. Figure 3(a) shows the fringe elements that
need to be calculated by integration. Figure 3(b) shows the
modulus of the Fourier transform of the PSF for R = 2.5.
Again a low pass behavior can be observed (in this case both
horizontally and vertically), as well as a characteristic pattern
of spectral zeros.

2.3 Uniform Out-of-Focus Blur
When a camera images a 3D scene onto a 2D imaging plane,
some parts of the scene are in focus while other parts are
not. If the aperture of the camera is circular, the image of any

ID(u,v)l

2.4 Atmospheric

Turbulence

Blur

Atmospheric turbulence is a severe limitation in remote
sensing. Although the blur introduced by atmospheric

ID(u, v)l

ID(u,v)l
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FIGURE 2 PSF of motion blur in the Fourier domain, showing ID(u,v)[, for
(a) L=7.5 and ~=0; (b) L--7.5 and q~=zr/4.

(b)

FIGURE 3 (a) Fringe elements of discrete out-of-focus blur that are
calculated by integration; (b) PSF in the Fourier domain, showing [D(u,v)[,
for R = 2.5.
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restoration filter, denoted by h(nl, n2), has been designed, the
restored image is given by

f(nl, n2) -- h(nl, n2) * g(nl, n2)
(10a)

N-1M-1

-- E

E

h(kl, k2)g(nl -- kl, n2 -- k2)

kl --0 k2---O

hi2

~

n,

or in the spectral domain by

.~(u, v) -- H(u, v)G(u, v).

FIGURE 4 Gaussian PSF in the Fourier domain (aa= 1.2).

turbulence depends on a variety of factors (such as
temperature, wind speed, exposure time), for long-term
exposures the point-spread function can be described reasonably well by a Gaussian function:
X2 if. y2~

d(x, y; ac) = C exp -

-2afG ].

(lOb)

The objective of this section is to design appropriate restoration filters h(nl,n2) or H(u,v) for use in (10).
In image restoration the improvement in quality of the
restored image over the recorded blurred one is measured by
the signal-to-noise ratio improvement. The signal-to-noise
ratio of the recorded (blurred and noisy) image is defined as
follows in decibels:

(9a)
SNRg

Here aa determines the amount of spread of the blur, and
the constant C is to be chosen so that (5a) is satisfied. Since
(ga) constitutes a PSF that is separable in a horizontal and
a vertical component, the discrete version of (9a) is usually
obtained by first computing a 1D discrete Gaussian PSF d(n).
This 1D PSF is found by a numeric discretization of the
continuous PSF. For each PSF element d(n) the 1D continuous
PSF is integrated over the area covered by the 1D sampling
grid, namely [n - 1, n + 1]:
In+

X2

d(n; aa) - C an_l exp(--2-~c)dx.

(9b)

variance of the ideal imagef(nl, n2)
)
= 10l°gl° ~,varianceo-f~ cl]-ffer--en~e~ma-~g-~l, n2-)-f(nl,n2). (dB).
(lla)

The signal-to-noise ratio of the restored image is similarly
defined as:

SNRi
(
varianceof the ideal imagef(nl, n2)
-- 10log10\variance of th-~differe--ncei-mag---ef(nl----~,n2; --?(nl, n2)] (dB).
(lib)

Since the spatially continuous PSF does not have a finite
support, it has to be truncated properly. The spatially discrete
approximation of (9a) is then given by:

d(nl, n2; O'G) -- d(nl; aG)d(n2; aG).

(9c)

Then, the improvement in signal-to-noise ratio is given by
A S N R - S N R f - SNRg
~

10

lOgl0

//varianc-------~eof the difference image g(n___21,
- n2__))-f(nl,. n2)~
(dB).
\variance of the difference image f(nl,/12)-f(Y/1,/'/2)/

Figure 4 shows this PSF in the spectral domain (aG=
(llc)
1.2). Observe that Gaussian blurs do not have exact spectral
zeros. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The improvement in SNR is basically a measure that expresses
the reduction of disagreement with the ideal image when
comparing the distorted and restored image. Note that all
3 Image Restoration Algorithms
of the above signal-to-noise measures can only be computed
in case the ideal image f(nl, n2) is available, i.e., in an experiIn this section we will assume that the PSF of the blur is mental setup or in a design phase of the restoration algorithm.
satisfactorily known. A number of methods will be introduced When applying restoration filters to real images of which the
for removing the blur from the recorded image g(nl, n2) using ideal image is not available, often only the visual judgment
a linear filter. Once the point-spread function of the linear of the restored image can be relied upon. For this reason it
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is desirable for a restoration filter to be somewhat "tunable" to
the liking of the user. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.

3.1 Inverse Filter

~ ......

.

.

ii~i~'

An inverse filter is a linear filter whose point-spread function
hinv(nl, n2) is the inverse of the blurring function d(nl, n2), in
the sense that:

N-1M-1
hinv(,1,'2)

*

n2) -

h nv(ki, k i ) d ( , x

- kl,,2

- k2)

kl=0 k2=O

-- ~(nl, n2).

(12)

(a)

(b)

When formulated as in (12), inverse filters seem difficult to
design. However, the spectral counterpart of (12) immediately
shows the solution to this design problem [1]"
Hinv(R,

v)D(u, v) -- 1 =~ Hinv(U, v)

--

D(u, v) "

(13)

The advantage of the inverse filter is that it requires only the
blur PSF as a priori knowledge, and that it allows for perfect
restoration in the case that noise is absent, as can easily be seen
by substituting (13) into ( 10b):

(c)

(d)

FIGURE 5 (a) Image out-of-focus with SNRg= 10.3 dB (noise variance=
0.35); (b) inverse filtered image; (c) magnitude of the Fourier transform of
the restored image. The DC component lies in the center of the image. The
D(u, v)
oriented white lines are spectral components of the image with large energy;
W(u,O
(14)
(d) magnitude of the Fourier transform of the inverse filter response.
= F(u, v) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

/~inv(U, V) -- Hinv(U, v)G(u, v)

--

(D(u,

v)F(u, v) + W(u, v))

D(u, v)

If the noise is absent, the second term in (14) disappears so
that the restored image is identical to the ideal image.
Unfortunately, several problems exist with (14). In the first
place the inverse filter may not exist because D(u, v) is zero at
selected frequencies (u, v). This happens for both the linear
motion blur and the out-of-focus blur described in the
previous section. Secondly, even if the blurring function's
spectral representation D(u, v) does not actually go to zero but
becomes small, the second term in (14) - - known as the
inverse filtered noise - - will become very large. Inverse filtered
images are therefore often dominated by excessively amplified
noise. 2
Figure 5(a) shows an image degraded by out-of-focus blur
(R=2.5) and noise. The inverse filtered version is shown
in Fig. 5(b), clearly illustrating its uselessness. The Fourier
transforms of the restored image and of Hinv(U, v) are shown
in Figs. 5(c) and (d), respectively, demonstrating that indeed
the spectral zeros of the PSF cause problems.

3.2 Least-Squares Filters
To overcome the noise sensitivity of the inverse filter, a
number of restoration filters have been developed that are
collectively called least-squares filters. We describe the two most
commonly used filters from this collection, namely the Wiener
filter and the constrained least-squares filter.
The Wiener filter is a linear spatially invariant filter of
the form (10a), in which the point-spread function h(nl, n:) is
chosen such that it minimizes the mean-squared error (MSE)
between the ideal and the restored image. This criterion
attempts to make the difference between the ideal image and
the restored o n e - i.e., the remaining restoration e r r o r - as
small as possible on the average:

MSE-

n [ ( f ( n l , H 2 ) - f(•l, n2))21

(15)

N-1 M-1
2In literature, this effect is commonly referred to as the ill-conditionedness
or ill-posedness of the restoration problem.

N1M Z

Z

nl--O n2--O

(f ( n l , n 2 ) - f ( n l ' n 2 )

)
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where f(nl, n2) is given by (10a). The solution of this minimization problem is known as the Wiener filter, and is easiest
defined in the spectral domain:

several shortcomings. More elaborate estimators for the
power spectrum exist, but these require much more a priori
knowledge.
A second approach is to estimate the power spectrum
Sf(u, v) from a set of representative images. These represenD*(u,v)
-v) "
(16) tative images are to be taken from a collection of images
Hwiener(U, v)
D*(u, v)D(u, v) + Sw(u,
Sf(u, v)
that have a content "similar" to the image that needs to be
restored. Of course, one still needs an appropriate estimator to
obtain
the power spectrum from the set of representative
Here D*(u, v) is the complex conjugate of D(u, v), and Sf(u, v)
images.
and Sw(u, v) are the power spectrum of the ideal image and
The third and final approach is to use a statistical model
the noise, respectively. The power spectrum is a measure for
the average signal power per spatial frequency (u, v) carried for the ideal image. Often these models incorporate paraby the image. In the noiseless case we have Sw(u, v ) = 0, so meters that can be tuned to the actual image being used.
A widely used image m o d e l - not only popular in image
that the Wiener filter approximates the inverse filter: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
restoration but also in image c o m p r e s s i o n - is the following
2D causal auto-regressive model [8]:
1

Hwiener(U, V)lsw(u , v)-->o =

D(u, v)

for D(u, v) # 0

0

for D(u, v) -- 0

(17)

f(nl,n2) = ao, lf(nl,n2 -- 1) -+- al, lf(nl -- 1, n2 -- 1)
(20a)

For the more typical situation where the recorded image
is noisy, the Wiener filter trades-off the restoration by inverse
filtering and suppression of noise for those frequencies
where D ( u , v ) ~ O. The important factors in this trade-off
are the power spectra of the ideal image and the noise. For
spatial frequencies where Sw(u, v) << Sf(u, v), the Wiener filter
approaches the inverse filter, while for spatial frequencies
where Sw(u, v) >> Sf(u, v) the Wiener filter acts as a frequency
rejection filter, i.e., Hwiener(U, v) ~ 0.
If we assume that the noise is uncorrelated (white
noise), its power spectrum is determined by the noise variance
only:

Sw(u, v) = a2w

for all (u, v).

1
0

-

NM

G*(u, v)G(u, v) - a 2.

In this model the intensities at the spatial location (hi, n2)
are described as the sum of weighted intensities at neighboring spatial locations and a small unpredictable component
v(nl,n2). The unpredictable component is often modeled
as white noise with variance a 2. Table 1 gives numeric
examples for mean-square error estimates of the prediction
coefficients ai, j for some images. For the mean-square error
estimation of these parameters first the 2D autocorrelation
function has been estimated, which is then used in the YuleWalker equations [8]. Once the model parameters for (20a)
have been chosen, the power spectrum can be calculated to be
equal to

(18)

Thus, it is sufficient to estimate the noise variance from the
recorded image to get an estimate of Sw(u, v). The estimation
of the noise variance can also be left to the user of the Wiener
filter as if it were a tunable parameter. Small values of a 2 will
yield a result close to the inverse filter, while large values
will over-smooth the restored image.
The estimation of Sf(u, v) is somewhat more problematic
since the ideal image is obviously not available. There are three
possible approaches to take. In the first place, one can replace
Sf(u, v) by an estimate of the power spectrum of the blurred
image and compensate for the variance of the noise a2:

Ss(u,

-q- al,0f(nl -- 1, n2) q- v(nl, n2).

Sf(u, v) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a2
(20b)
-

[1 -

-

a l , o e - j v [ 2"

The trade-off between noise smoothing and deblurring that
is made by the Wiener filter is illustrated in Fig. 6. Going
from 6(a) to 6(c) the variance of the noise in the degraded
image, i.e., a 2, has been estimated too large, optimally, and

TABLE 1 Prediction coefficients and variance of v(nl, n2) for four
images, computed in the mean-square error optimal sense by the
Yule-Walker equations.

(19)

The above used estimator for the power spectrum Sg(u, v)
of g(nl, n2) is known as the periodogram. This estimator
requires little a priori knowledge, but it is known to have

ao, l e - J u - a l , l e - J u - j v

Cameraman
Lena
Trevor White
White noise
,

,,

ao,1

al,1

al,o

ryv2

0.709
0.511
0.759
-0.008

-0.467
-0.343
-0.525
-0.003

0.739
0.812
0.764
-0.002

231.8
132.7
33.0
5470.1
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(a)

(b)

: ~ ~~i~i!~iii~!i¸ii(

(c)

(d)

FIGURE 6 (a) Wiener restoration of image in Fig. 5(a) with assumed noise variance
equal to 35.0 (ASNR = 3.7 dB); (b) restoration using the correct noise variance of
0.35 (ASNR=8.8 dB); (c) restoration assuming the noise variance is 0.0035
(ASNR = 1.1 dB); (d) magnitude of the Fourier transform of the restored image in
Fig. 6b.

too small, respectively. The visual differences, as well as the
differences in improvement in SNR (ASNR) are substantial.
The power spectrum of the original image has been calculated from the model (20a). From the results it is clear that
the excessive noise amplification of the earlier example is
no longer present because of the masking of the spectral
zeros (see Fig. 6(d)). Typical artifacts of the Wiener restorationand actually of most restoration f i l t e r s - are the
residual blur in the image and the "ringing" or "halo" artifacts
present near edges in the restored image.
The constrained least-squaresfilter [7] is another approach
for overcoming some of the difficulties of the inverse filter
(excessive noise amplification) and of the Wiener filter (estimation of the power spectrum of the ideal image), while still
retaining the simplicity of a spatially invariant linear filter.
If the restoration is a good one, the blurred version of the
restored image should be approximately equal to the recorded
distorted image. That is:
d ( n l , n2) *

f(n,,

n2) ~ g ( n l , n2).

(21)

With the inverse filter the approximation is made exact, which
leads to problems because a match is made to noisy data.

A more reasonable expectation for the restored image is that it
satisfies:

n2) -- d(nl, n2) *f (nl, n2) II2
IIg(nl,
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 N-1M-1

(22)

2

--NMk~l=Ok~2=o(g(kl'k2)-d(kl'k2)*/(kl'k2)) ~'°2"
There are potentially many solutions that satisfy the above
relation. A second criterion must be used to choose among
them. A common criterion, acknowledging the fact that the
inverse filter tends to amplify the noise w(nl, n2), is to select
the solution that is as "smooth" as possible. If we let c(nl, n2)
represent the point-spread function of a 2D high-pass filter,
then among the solutions satisfying (22) the solution is chosen
that minimizes

~(/(nl, n2)) --I]c(nl, n2), f(nl, n2)ll2
(23)
__

1

~_~

NM kl=0 k2=O

C(kl, k2) * f¢kl) k2)

.
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constrained least-squares filter (24) are quite similar. Indeed
these filters perform equally well, and they behave similarly in
the case that the variance of the noise, a2w, approaches zero.
-1
Figure 8 shows restoration results obtained by the constrained
4 -1
-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
least-squares filter using three different values of or. A final
-1
remark about f2(f(nl, n2)) is that the inclusion of this criterion
is strongly related to using an image model. A vast amount of
literature exists on the usage of more complicated image
hi2 v
models, especially the ones inspired by 2D auto-regressive
processes [17] and the Markov random field theory [6]. zyxwvutsrqpon
FIGURE 7 Two-dimensional discrete approximation of the second derivative operation. (a) PSF c(nl, n2); (b) spectral representation.

The interpretation of fl(f(nl, n2)) is that it gives a measure for
the high frequency content of the restored image. Minimizing this measure subject to the constraint (22) will give a
solution that is both within the collection of potential
solutions of (22) and has as little high-frequency content as
possible at the same time. A typical choice for c(nl, n2) is the
discrete approximation of the second derivative shown in
Fig. 7, also known as the 2D Laplacian operator. For more
details on the subject of discrete derivative operators, refer to
Chapter 4.10 of this Handbook.
The solution to the above minimization problem is the
constrained least-squares filter Hds(U, v) that is easiest formulated in the discrete Fourier domain:

Hels(U, v) --

D*(u, v)
.
D*(u, v)D(u, v) + otC*(u, v)C(u, v)

3.3 Iterative Filters
The filters formulated in the previous two sections are usually
implemented in the Fourier domain using Eq. (10b).
Compared to the spatial domain implementation in Eq.
(10a), the direct convolution with the 2D point-spread
function h(nl,n2) can be avoided. This is a great advantage
because h(nl,n2) has a very large support, and typically
contains NM non-zero filter coefficients even if the PSF of the
blur has a small support that contains only a few non-zero
coefficients. There are, however, two situations in which
spatial domain convolutions are preferred over the Fourier
domain implementation, namely:
• in situations where the dimensions of the image to be
restored are very large,
• in cases where additional knowledge is available about
the restored image, especially if this knowledge cannot be
cast in the form of Eq. (23). An example is the a priori
knowledge that image intensities are always positive.
Both in the Wiener and the constrained least-squares
filter the restored image may come out with negative
intensities, simply because negative restored signal values
are not explicitly prohibited in the design of the
restoration filter.

(24)

Here ot is a tuning or regularization parameter that should be
chosen such that (22) is satisfied. Though analytical approaches
exist to estimate ot [9], the regularization parameter is usually
considered user tunable.
It should be noted that although their motivations are quite
different, the formulation of the Wiener filter (16) and

(a)

(b)

(c)

FIGURE 8 (a) Constrained least-squares restoration of image in Fig. 5(a) with c~=2 x 10-2 (ASNR= 1.7 dB);
(b) a = 2 x 10-4 (ASNR=6.9 dB); (c) c~=2 x 10-6 (ASNR=0.8 dB).
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Iterative restoration filters provide a means to handle the
above situations elegantly [3, 10, 14]. The basic form of
iterative restoration filters is the one that iteratively approaches the solution of the inverse filter, and is given by the
following spatial domain iteration:

)~+l(nl, n2)- )~(nl, n2)+ fl(g(nl, n2)- d(nl, n2),J~(nl, n2)).
(25)

user to trade-off the degree of restoration against the noise
amplification, and to stop the iteration when an acceptable
partially deblurred result has been achieved.
The fourth advantage is that the basic form (25) can be
extended to include all types of a priori knowledge. First all
knowledge is formulated in the form of projective operations
on the image [4]. After applying a projective operation the
(restored) image satisfies the a priori knowledge reflected by
that operator. For instance, the fact that image intensities are
always positive can be formulated as the following projective
operation P:

Here )~(nl,n2) is the restoration result after i iterations.
Usually in the first iteration )~(nx, n2) is chosen to be identical
g(nl,n2). The iteration (25) has been
to zero or identical to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
independently discovered many times, and is referred to as
P[f(nl, n2)]- {f(nl0 n2) if f(nl, n2) > 0
(28)
the van Cittert, Bially, or Landweber iteration. As can be
if f(nl, n2) < 0"
seen from (25), during the iterations the blurred version of
the current restoration result )~(nx, n2) is compared to the
recorded image g(nl, n2). The difference between the two is By including this projection P in the iteration, the final image
scaled and added to the current restoration result to give the after convergence of the iteration and all of the intermediate
images will not contain negative intensities. The resulting
next restoration result.
With iterative algorithms, there are two important con- iterative restoration algorithm now becomes
cerns m does it converge and, if so, to what limiting solution?
Analyzing (25) shows that convergence occurs if the con)~+1(nl, n2)- P[fi(nl,n2)+ fl (g(nl, n 2 ) - d(nl,n2).)~(nl, n2))].
vergence parameter fl satisfies:
(29)
(26a)
[1 - flD(u, v)[ < 1 for all (u, v).
Using the fact that

[D(u, v)[ _< 1, this condition simplifies to:

O<fl<2

and

D(u,v)>O.

(26b)

If the number of iterations becomes very large, then j~(nl, n2)
approaches the solution of the inverse filter:
lim )~(nl, n2) =
i----~
oo

hinv(nl, n2) * g(nl,

n2).

(27)

Figure 9 shows four restored images obtained by the iteration
(25). Clearly as the iteration progresses, the restored image
is dominated more and more by inverse filtered noise.
The iterative scheme (25) has several advantages and disadvantages that we will discuss next. The first advantage is
that (25) does not require the convolution of images with 2D
PSFs containing many coefficients. The only convolution is
that of the restored image with the PSF of the blur, which has
relatively few coefficients.
The second advantage is that no Fourier transforms are
required, making (25) applicable to images of arbitrary size.
The third advantage is that although the iteration produces the
inverse filtered image as a result if the iteration is continued
indefinitely, the iteration can be terminated whenever an
acceptable restoration result has been achieved. Starting off
with a blurred image, the iteration progressively deblurs the
image. At the same time the noise will be amplified more and
more as the iteration continues. It is now usually left to the

The requirements on fl for convergence as well as the
properties of the final image after convergence are difficult
to analyze and fall outside the scope of this chapter. Practical
values for/3 are typically around 1. Further, not all projections
P can be used in the iteration (29), but only convex
projections. A loose definition of a convex projection is the
following. If two images f(1)(nl, n2) and f(2)(nl, n2) both
satisfy the a priori information described by the projection P,
then also the combined image

f(C)(nl, n2)

=

ef(1)(nl, n2) +

(1

- e)f(2)(nl, n2)

(30)

must satisfy this a priori information for all values of e
between 0 and 1.
A final advantage of iterative schemes is that they are easily
extended for spatially variant restoration, i.e., restoration
where either the PSF of the blur or the model of the ideal
image (for instance the prediction coefficients in Eq. (20))
vary locally [9, 14].
On the negative side, the iterative scheme (25) has two
disadvantages. In the first place the second requirement in Eq.
(26b), namely that D(u, v) > 0, is not satisfied by many blurs,
like motion blur and out-of-focus blur. This causes (25) to
diverge for these types of blur. In the second place - - unlike
the Wiener and constrained least-squares f i l t e r - the basic
scheme does not include any knowledge about the spectral
behavior of the noise and the ideal image. Both disadvantages
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(a)

(b)

(c)

(d)

FIGURE 9 (a) Iterative restoration ([3= 1.9) of the image in Fig. 5(a) after 10 iterations
(ASNR = 1.6 dB), (b) after 100 iterations (ASNR = 5.0 dB), (c) after 500 iterations (ASNR =6.6
dB), (d) after 5,000 iterations (ASNR =-2.6 dB).

can be corrected by modifying the basic iterative scheme as
follows:

revealing that many of those convolutions can be carried out
once and off-line, and that only one convolution is needed
per iteration:

)~q-1(nl, n2) = (~(nl, n2) -- o~c(--nl, -- n2) * c(nl, n2)) *~(nl, ?'/2)
)~+1 (nl, n2) -- gd(nl, n2) q- k(nl, n2) *)~(nl, n2)
+ ~d(-nl,-

(32a)

n2), (g(nl, ?/2)- d(nl, n2)~J~(nl, n2)) •

(3~)
Here ot and c(nl, n2) have the same meaning as in the constrained least-squares filter. Though the convergence requirements are more difficult to analyze, it is no longer necessary
for D(u, v) to be positive for all spatial frequencies. If the
iteration is continued indefinitely, Eq. (31) will produce the
constrained least-squares filtered image as result. In practice the iteration is terminated long before convergence.
The precise termination point of the iterative scheme gives
the user an additional degree of freedom over the direct
implementation of the constrained least-squares filter. It is
noteworthy that although (31) seems to involve many more
convolutions than (25), a reorganization of terms is possible

where the image gd(nl, n2) and the fixed convolution kernel
k(nl, n2) are given by

gd(nl, n2) = f l d ( - n l ,

- n2) * g(nl, n2)

(32b)
k(nl, n2) = ~(nl, n2) - otflc(-nl, - n2) * c(nl, n2) zyxwvutsrqponmlkjihg
-- fld(-nl,

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
?'/2) * d ( n l , n2).

A second m and very significant - - disadvantage of the iterations (25), (29)-(32) is the slow convergence. Per iteration
the restored image )~(nl, n2) changes only a little.
Many iteration steps are therefore required before
an acceptable point for termination of the iteration is
reached. The reason is that the above iteration is essentially
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a steepest descent optimization algorithms, which are known with respect to the image border. For instance, image data
to be slow in convergence. It is possible to reformulate missing on the left-hand side of the image could be estimated
the iterations in the form of for instance a conjugate gradi- as follows:
ent algorithm, which exhibits a much higher convergence
rate [ 14]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
g(nl, n2 - k) -- g(nl, n2 + k) for k -- 1, 2, 3,...
(33)

3.4 Boundary Value Problem
Images are always recorded by sensors of finite spatial
extent. Since the convolution of the ideal image with the
PSF of the blur extends beyond the borders of the observed
degraded image, part of the information that is necessary to
restore the border pixels is not available to the restoration
process. This problem is known as the boundary value problem,
and poses a severe problem to restoration filters. Although
at first glance the boundary value problem seems to have a
negligible effect because it affects only border pixels, this is
not true at all. The point-spread function of the restoration
filter has a very large support, typically as large as the image
itself. Consequently, the effect of missing information at
the borders of the image propagates throughout the image,
in this way deteriorating the entire image. Figure 10(a) shows
an example of a case where the missing information
immediately outside the borders of the image is assumed to
be equal to the mean value of the image, yielding dominant
horizontal oscillation patterns due to the restoration of the
horizontal motion blur.
Two solutions to the boundary value problem are used
in practice. The choice depends on whether a spatial domain
or a Fourier domain restoration filter is used. In a spatial
domain filter missing image information outside the observed
image can be estimated by extrapolating the available image
data. In the extrapolation, a model for the observed image
can be used, such as the one in equation (20), or more simple
procedures can be used such as mirroring the image data

In case Fourier domain restoration filters are used, such as the
ones in (16) or (24), one should realize that discrete Fourier
transforms assume periodicity of the data to be transformed.
Effectively in 2D Fourier transforms this means that the left
and right-hand sides of the image are implicitly assumed to be
connected, as well as the top and bottom part of the image.
A consequence of this p r o p e r t y - implicit to discrete Fourier
transforms m is that missing image information at the lefthand side of the image will be taken from the right-hand
side, and vice versa. Clearly in practice this image data may
not correspond to the actual (but missing data) at all.
A common way to fix this problem is to interpolate the image
data at the borders such that the intensities at the left and
right-hand side as well as the top and bottom of the image
transit smoothly. Figure 10(b) shows what the restored image
looks like if a border of five columns or rows is used for
linearly interpolating between the image boundaries. Other
forms of interpolation could be used, but in practice linear
interpolation suffices. All restored images shown in this
chapter have been preprocessed in this way to solve the boundary value problem.

4 Blur Identification Algorithms
In the previous section it was assumed that the point-spread
function d(nl, n2) of the blur was known. In many practical
cases the actual restoration process has to be preceded by

. .i~¸:i::~¸i

~ji¸i:;~

~~
,}!!i;!

L
(a)

(b)

FIGURE 10 (a) Restored image illustrating the effect of the boundary value problem. The image
was blurred by the motion blur shown in Fig. 2(a), and restored using the constrained least-squares
filter; (b) preprocessed blurred image at its borders such that the boundary value problem is solved.

3.5 Basic Methods for Image Restoration and Identification zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

179

the identification of this point-spread function. If the camera location of the zero-patterns can be estimated. In case the
misadjustment, object distances, object motion, and camera pattern contains dominant parallel lines of zeros, an estimate
motion are known, we could - - in t h e o r y - determine the of the length and angle of motion can be made. In case
PSF analytically. Such situations are, however, rare. A more dominant circular patterns occur, out-of-focus blur can be
common situation is that the blur is estimated from the inferred and the degree of out-of-focus (the parameter R in
equation (8)) can be estimated.
observed image itself.
An alternative to the above method for identifying motion
The blur identification procedure starts out by choosing a
parametric model for the point-spread function. One category blur involves the computation of the 2D cepstrum of g(nl, n2).
of parametric blur models has been given in Section II. The cepstrum is the inverse Fourier transform of the
As an example, if the blur were known to be due to motion, logarithm of [G(u, v) I. Thus:
the blur identification procedure would estimate the length
and direction of the motion.
(34)
g(nl, n2) -- - F -1 {log [G(u, v)J}
A second category of parametric blur models is the one
that describes the point-spread function d(nl, n2) as a (small)
set of coefficients within a given finite support. Within this
where F -1 is the inverse Fourier transform operator. If the
support the value of the PSF coefficients needs to be estimated.
noise can be neglected, g(nl, n2) has a large spike at a distance
For instance, if an initial analysis shows that the blur in
L from the origin. Its position indicates the direction and
the image resembles out-of-focus blur which, however,
extent of the motion blur. Figure 12 illustrates this effect for
cannot be described parametrically by equation (8b), the
an image with the motion blur from Fig. 2(b).
blur PSF can be modeled as a square matrix of, say, size 3 x 3,
or 5 x 5. The blur identification then requires the estimation of
9 or 25 PSF coefficients, respectively. This section describes the 4.2 Maximum Likelihood Blur Estimation
basics of the above two categories of blur estimation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In case the point-spread function does not have characteristic
spectral zeros or in case a parametric blur model such as
4.1 Spectral Blur Estimation
motion or out-of-focus blur cannot be assumed, the indiIn Figs. 2 and 3 we have seen that two important classes vidual coefficients of the point-spread function have to be
of blurs, namely motion and out-of-focus blur, have spectral estimated. To this end maximum likelihood estimation procezeros. The structure of the zero-patterns characterizes the type dures for the unknown coefficients have been developed [9, 12,
and degree of blur within these two classes. Since the degraded 13, 18]. Maximum likelihood estimation is a well-known
image is described by (2), the spectral zeros of the PSF should technique for parameter estimation in situations where no
also be visible in the Fourier transform G(u, v), albeit that the stochastic knowledge is available about the parameters to be
zero-pattern might be slightly masked by the presence of the estimated [ 15].
noise.
Most maximum likelihood identification techniques
Figure 11 shows the modulus of the Fourier transform begin by assuming that the ideal image can described with
of two images, one subjected to motion blur and one to the 2D auto-regressive model (20a). The parameters of this
out-of-focus blur. From these images, the structure and image m o d e l - that is, the prediction coefficients ai,j and the

(a)

(b)
FIGURE 11

]G(u,v)] of two blurred images.
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g(n l , n,

n2
nl
(a)

(b)

FIGURE12 Cepstrumfor motion blur from Fig.2(c). (a) Cepstrumis shownas a 2D image.The spikes
appear as bright spots around the center of the image; (b) cepstrum shown as a surface plot.

variance av2 of the white noise v(nl, n 2 ) - are not necessarily
assumed to be known.
If we can assume that both the observation noise w(nl, n2)
and the image model noise v(nl, n2) are Gaussian distributed,
the log-likelihood function of the observed image, given the
image model and blur parameters, can be formulated.
Although the log-likelihood function can be formulated in
the spatial domain, its spectral version is slightly easier to
compute [ 13]:

in order to obtain a unique estimate for the point-spread
function. Typical constraints are:
• the energy conservation principle, as described by
equation (5b),
• symmetry of the point-spread function of the blur, i.e.,
d(-nl, - n2) = d(nl, n2).

Secondly, the log-likelihood function (35) is highly nonlinear and has many local maxima. This makes the optimization of (35) difficult, no matter what optimization procedure
is used. In general, maximum likelihood blur identifica(35a)
L(O) - ~u ~ (logP(u, v) + ~[G(U,p(u,l,')]2,)l,,)
tion procedures require good initializations of the parameters
to be estimated in order to ensure converge to the global
optimum. Alternatively, multi-scale techniques could be used,
but
no "ready-to-go" or "best" approach has been agreed
i.e.,
where 0 symbolizes the set of parameters to be estimated, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
upon
so far.
0 - [ai,j, a2v,d(nl, n2),a2w], and P(u,v) is defined as
Given reasonable initial estimates for 0, various approaches
exist for the optimization of L(O). They share the property of
[D(u, v)[ 2
2
being
iterative. Besides standard gradient-based searches, an
(35b)
P(u, v) -- 0.2 [1 - A(u, v)[ 2 q- 0.~"
attractive alternative exists in the form of the expectationminimization (EM) algorithm. The EM-algorithm is a general
procedure
for finding maximum likelihood parameter estiHere A(u, v) is the discrete 2-D Fourier transform of ai,j.
mates.
When
applied to the blur identification procedure, an
The objective of maximum likelihood blur estimation is
iterative
scheme
results that consists of two steps [12, 18]
now to find those values for the parameters ai,j, 0"2, d(nl, n2)
(see
Fig.
13):
and 0.2 that maximize the log-likelihood function L(O). From
the perspective of parameter estimation, the optimal parameter values best explain the observed degraded image. Expectation step:
A careful analysis of (35) shows that the maximum likelihood
Given an estimate of the parameters 0, a restored image
blur estimation problem is closely related to the identificaj~(nl, n2) is computed by the Wiener restoration filter (16).
tion of 2D auto-regressive moving-average (ARMA) stochastic
The power spectrum is computed by (20b) using the given
processes [ 16, 13].
image model parameter ai,j and a 2.
The maximum likelihood estimation approach has several
problems that require non-trivial solutions. Actually the differentiation between state-of-the-art blur identification Maximization step:
procedures is mostly in the way they handle these problems Given the image restored during the expectation step, a new
[11]. In the first place, some constraints must be enforced estimate of 0 can be computed. First, from the restored image
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image model and
PSF of blur
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d(n l, n2)
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Identification of
- image model
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n2)
,,.- PSF of blur

Wiener Restoration
-.~
Filter

A

f(nl, n2)
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FIGURE 12} Maximumlikelihood blur estimation by the EM-procedure.
j~(nl, n2) the image model parameters ai,j, a 2 can be estimated
directly. Secondly, from the approximate relation
g(nl, n2) ~,~ d(nl, n2) ,j~(nl, n2)

(36)

and the constraints imposed on d(nl, n2), the coefficients of
the point-spread function can be estimated by standard system
identification procedures [ 14].
By alternating the E-step and the M-step, convergence to a
(local) optimum of the log-likelihood function is achieved. A
particular attractive property of this iteration is that although
the overall optimization is non-linear in the parameters 0,
the individual steps in the EM-algorithm are entirely linear.
Furthermore, as the iteration progresses, intermediate restoration results are obtained that allow for monitoring of the
identification process.
In conclusion we observe that the field of blur identification
has significantly less thoroughly been studied and developed
than the classical problem of image restoration. Research
in image restoration continues with a focus on blur identification using for instance cumulants and generalized crossvalidation [ 11 ].
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Introduction

This chapter focuses on the need for and use of regularization
methods in the solution of image restoration and reconstruction problems. The methods discussed here are applicable to
a variety of such problems. These applications to specific
problems, including implementation specifics, are discussed
in greater detail in the other chapters of the handbook. Our
aim here is to provide a unifying view of the difficulties that
arise, and the tools that are used, in the analysis and solution
of these problems. In the remainder of this section a general
model for common image restoration and reconstruction
problems is presented together with the standard least-squares
approach taken for solving these problems. A discussion of
the issues leading to the need for regularization is provided.
In Section 2 so-called direct regularization methods are
treated while in Section 3 iterative methods of regularization
are discussed. In Section 4 an overview is given of the important problem of parameter choice in regularization. Section 5
concludes the chapter.
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1.1 Image Restoration and Reconstruction
Problems
Image restoration and reconstruction problems have as their
goal the recovery of a desired, unknown, image of interest
f(x, y) based on observation of a related set of distorted data
g(x, y). These problems are generally distinguished from image
enhancement problems by their assumed knowledge and use of
a distortion model relating the unknown fix, y) to the observed
g(x,y). In particular, we focus here on distortion models
captured by a linear integral equation of the following form:

g(x, y) -

FF
oo

h(x, y; x', y')f (x', y') ,ix' dr'

(1)

oo

where h(x, y;x', y') is the kernel or response function of the
distorting system, often termed the point spread function
(PSF). Such a relationship is called a Fredholm integral
equation of the first kind [1] and captures most situations
of engineering interest. Note that equation (1), while linear,
allows for the possibility of shift-variant system functions.
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Examples of image restoration problems that can be captured by the distortion model (1) are discussed in Chapter 3.5
and include compensation for incorrect camera focus,
removal of uniform motion blur, and correction of blur due
to atmospheric turbulence. All these examples involve a
spatially invariant PSF (that is, h(x, y; x', y') is only a function
of x - x' and y - y'). One of the most famous examples of
image restoration involving a spatially varying point spread
function is provided by the Hubble Space Telescope, where
a flaw in the main mirror resulted in a spatially varying
distortion of the acquired images,
Examples of image reconstruction problems fitting into
the framework of (1) include those involving reconstruction
based on projection data. Many physical problems can be cast
into this or a very similar tomographic-type framework,
including: medical computer aided tomography, single photon
emission tomography, atmospheric tomography, geophysical
tomography, radio astronomy, and synthetic aperture radar
imaging. The simplest model for these types of problems
relates the observed projection g(t, O) at angle 0 and offset t
to the underlying field fix, y) through a spatially-varying
PSF given by [2]:

h(t, O; x', y') -- a(t - x' cos(O)- y' sin(O)).

(2)
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to an array of square pixels, though other bases (e.g. wavelets,
see Chapter 4.2) have also found favor. Given the expansion in
(4), the image is then represented by the collection of Nf
coefficients )~. For example, if a square N x M pixel array is
used, then N f - - N M and the j~ simply become the values
of the pixels themselves.
Substituting (4) into (3) and simplifying yields the following completely discrete relationship between the set of
observations gi and the collection of unknown image coefficients )~:

1 < _ i < Ng zyxwvutsrqponmlkjihgfedcb
(5)

j=l

where Hij is given by:
n 0 -

ff
O0

r')

l <i<Ng,

r') dx' dr',
(6)

O0

l <j<Nf

and represents the inner product of the i-th observation kernel
hi(x, y) with the j-th basis function q~j(x,y). Collecting all the
observations gi and image unknowns j~ into a single matrix
equation yields a matrix equation capturing the observation
process:

The set of projected data g(t, O) is often called a sinogram.
See Chapter 10.2 for more detail.
Even when the unknown field is modeled as continuous,
the data, of necessity, are often discrete due to the nature
g - Hf
(7)
of the sensor. Assuming there are Ng observations, (1) can be
written as: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where the length Ng vector g, the length Nf vector f and
the Ng x Nf matrix H follow naturally from (4), (5), and (6).
When
a rectangular pixel basis is used for ~j(x, y) and the
gi - g(xi, yi) hi(x', y') fix', y') dx' dy' l < _ i < N g
system is shift-invariant, so that h(x, y; x', y') -- h(x - x',
(50
O0
(3) y - y'), the resulting matrix H will exhibit a banded blockToeplitz structure with Toeplitz blocks - that is, the structure
where hi(x',y')= h(xi, Yi;x',y') denotes the kernel corre- of H is of the form
sponding to the i-th observation. In (3) the discrete data has
-Uo
H1
H2
"'"
HM
been described as simple samples of the continuous observations. This can always be done, since any averaging induced
H-1
Uo
H1
"'"
HM-1
by the response function of the instrument can be included
•
°
in the specification of hi(x', y').
(8)
H
H-2 H-1 Ho
".
•
Finally, the unknown image f(x, y) itself is commonly described in terms of a discrete and finite set of parameters.
•
".
".
".
H1
In particular, assume that the image can be adequately
_H-N "'"
H-2 H - I Ho
represented by a weighted sum of Nf basis functions ~j(x, y),
j = 1. . . . . Nf as follows:
where the blocks Hi themselves internally exhibit the same
banded Toeplitz structure. This structure is just a reflection
Ni
(4) of the linear convolution operation underlying the problem.
f(x, y) = ~-~j~ dpi(x,y).
Such linear convolutional problems can be represented by
j=l
equivalent circular convolutional problems through approFor example, the basis functions cki(x,y) are commonly priate zero padding. When this circulant embedding is done,
chosen to be the set of unit height boxes corresponding the corresponding matrix H will then possess a block-circulant
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185
3.6 Regularization in Image Restoration and Reconstruction zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)

(b)

FIGURE 1 (a) Cameraman image (256 × 256). (b) Cameraman image distorted by 7-pixel horizontal motion
blur and 30 dB SNR additive noise.

structure with circulant blocks [3]. In this case the structure of
the associated H will be of the form:
-Ho
HM
H

m

HM-1
.

.

H1

H2

"'"

HM

Ho

H1

""

HM-1

No

".

HM
.
•

.

_H1

.

(9)

.
.
.

"'"

.

.

HM-2

HM-1

H1

Ho

where the block rows are simple circular shifts of each
other and each block element itself possesses this structure.
The significance of the block-circulant form is that there
exist efficient computational approaches for problems with
such structure in H, corresponding to the application of
Fourier-based, frequency domain techniques.
In practice, our measured data is corrupted by inevitable perturbations or noise, so that our unknown image f is
actually related to our data through:
g -- H f + q

(10)

where q is a vector of perturbation or noise samples. See
Chapter 4.5 for models of image noise, including non-additive
models. In what follows, the focus will be on the discrete
or sampled data case as represented by (7) or (10).
For purposes of illustration throughout the coming discussion, two example problems will be considered. The first
example is an image restoration problem involving restoration
of an image distorted by spatially invariant horizontal motion
1SNR(dB)-lOloglo[Var(Hf)/Var(q)], where Var(z) denotes the variance of z.

blur. The original 256 x 256 image is shown in Fig. l(a).
The distorted data, corresponding to application of a length
7-pixel horizontal motion blur followed by the addition
of white Gaussian noise for an SNR 1 of 30 dB, is shown in
Fig. l(b).
The second example problem is a image reconstruction
problem, involving reconstruction of an image from noisy
tomographic data. The original 50 x 50 phantom image is
shown in Fig. 2(a). The noisy projection data is shown
in Fig. 2(b) with the horizontal axis corresponding to angle
0 and the vertical axis corresponding to projection offset t.
This data corresponds to application of (2) with 20 angles
evenly spaced between 0 = 0 degrees and 0 = 180 degrees
and 125 samples in t per angle followed by addition of
white Gaussian noise for an SNR of 30 dB. This example
represents a challenging inversion problem that might arise
in non-destructive testing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

1.2 Least-Squares and Generalized Solutions
The image restoration or reconstruction problem can be
seen to be equivalent to one of solving for the unknown vector
f given knowledge of the data vector g and the distorting
system matrix H. At first sight, a simple matrix inverse would
seem to provide the solution, but this approach does not
lead to usable solutions. There are four basic issues that must
be dealt with in inverting the effects of H to find an estimate
f off. First, there is the problem of solution existence. Given
an observation g in (7) there may not exist any fwhich solves
this equation with equality, due to the presence of noise.
Second, there is the problem of solution uniqueness. If the
null-space of H is nonempty, then there are objects or images
that are "unobservable" in the data. The null-space of H is
the collection of all input images that produce zero output.
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(b)

FIGURE 2 (a) Original tomographic phantom image (50 × 50). (b) Projection data with 20 angles and
125 samples per angle corrupted by additive noise, 30 dB SNR.

An example would be the set of DC or constant images
when H is a high-pass filter. Such components may exist in
the true scene, but do not appear in the observations. In these
cases, there will be many choices of f that produce the
same set of observations and it must be decided which is
the "right one." Such a situation arises, for example, when H
represents a filter whose magnitude goes to zero for some
range of frequencies, in which case images differing in these
bands will produce identical observations. Third, there is the
problem of solution stability. It is desired that the estimate of
f remain relatively the same in the face of perturbations to
the observations (either due to noise, uncertainty, or numeric
roundoff). These first three elements are the basis of the
classic Hadamard definition of an ill-posed problem [4, 5]. In
addition to these problems, a final issue exists. Equation (7)
only represents the observations, and says nothing about
any prior knowledge about the solution. In general, more
information will be available and a way to include it in the
solution is needed. Regularization will prove to be the means
to deal with all these problems.
The standard approach taken to inverting (7) will now
be examined and its weaknesses explained in the context of
the above discussion. The typical (and reasonable) solution to
the first problem of solution existence is to seek a least-squares
solution to the set of inconsistent equations represented by (7).
That is, the estimate is defined as the least-squares fit to the
observed data:
A

jis - arg n~in IIg-

2

nfll2

(11)

where Ilzll2 - E , z 2 denotes the £2-norm and arg denotes
the argument producing the minimum (as opposed to the
value of the minimum itself). A weighted error norm is
also sometimes used in the specification of (11) to give

certain observations increased importance in the solution:
IIg - Hfll2w -- ~ w~[g - Hf]~. If H has full column rank, the
null-space of H is empty, and the estimate is unique and is
obtained as the solution to the following set of normal
equations [4]:
(HTH)j~s -- Hrg.

(12)

When the null-space of H is not empty, the second inversion
difficulty of non-uniqueness, caused by the presence of unobservable images, must also be dealt with. What is typically
done in these situations is to seek the unique solution of
minimum energy or norm among the collection of least
squares solutions. This generalized solution is usually denoted
by f+ and defined as:
f+ - argn~n Ilfl12 subject to

min IIg - Hfll2.

(13)

The generalized solution is often expressed as f + = H+g,
where H + is called the generalized inverse of H (note that
H + is defined implicitly through (13)). Thus generalized solutions are least-square solutions of minimum size or energy.
Since components of the solution f that are unobservable
do not improve the fit to the data, but only serve to increase
the solution energy, the generalized solution corresponds
to the least squares solution with no unobservable components, i.e., with no component in the null-space of H.
Note that when the null-space of H is empty (for example,
when we have at least as many independent observations gi
as unknowns j~), the generalized and least-squares solutions
are the same.
To understand how the generalized solution functions,
consider a simple filtering situation where the underlying PSF
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is shift-invariant (such as our deblurring problem) and the
corresponding H is a circulant matrix. In this shift-invariant,
filtering context the generalized solution method is sometimes
referred to as "inverse filtering" (see Chapter 3.5). In this case,
H can be diagonalized by the matrix F which performs the 2D
discrete Fourier transform (DFT) on an image (represented as
a vector) [3]. In particular, letting tildes denote transform
quantities:

called the right singular vectors, the o'i are called the singular
values, and the set of triples {ai, ui, vi}, 1 < i < p is called
the singular system of H. Further, if r is the rank of H, then
the ai satisfy:

where f+ is a vector of the 2D DFT coefficients of the generalized solution, and ~ is a vector of the 2D DFT coefficients
of the data. This set of equations is diagonal, so each component of the solution may be solved for separately:

f+ £ uTg

O"1 ~

.'.

> O"r ~> O'r+ 1 . . . .

--O'p --0.

(18)

The calculation of the entire SVD is too computationally
expensive for general problems larger than modest size,
H - - F-1HF, H T -- F-1H*F
(14) though the insight it provides makes it a useful conceptual
tool nonetheless. It is possible, however, to efficiently calwhere H is a diagonal matrix and H* denotes.~ the complex culate the SVD for certain structured problems (such as for
conjugate of H. The diagonal elements of H are just the 2D problems with a separable PSF [3]) or to calculate only parts
DFT coefficients hi of the PSF of this circulant problem of the SVD for general problems. Such calculations of the SVD
(diag[H] - h - Fh, where h is given by, for example, the first can be done in a numerically robust fashion and many
column of H). Applying these relationships to (12), the fol- software tools exist for this purpose.
lowing frequency domain characterization of the generalized
The SVD allows the development of an analysis similar
solution is obtained: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
to (16) for general problems. In particular, the generalized
solution can be expressed in terms of the elements of the SVD
as
follows:
/~*/~f+ --/~*~
(15)

(16)
0,

otherwise

Thus, the generalized solution performs simple inverse filtering where the frequency response magnitude is non-zero, and
sets the solution to zero otherwise.
For general, non-convolutional problems (for example, for
tomographic problems) the 2D DFT matrix F does not
provide a diagonalizing decomposition of H as in (14). There
is, however, a generalization of this idea to arbitrary, shiftvarying PSF system matrices called the singular value
decomposition (SVD) [6]. The SVD is an important tool for
understanding and analyzing inverse problems. The SVD of an
Ng x Nf matrix H is a decomposition of the matrix H of the
following form:

--

Vi.

i=1

(19)

°'i

This expression, valid for any H, whether convolutional or
not, may be interpreted as follows. The observed data g is
decomposed with respect to the set of basis images {ui}
(yielding the coefficients ufg). The coefficients of this representation are scaled b y 1/a i and then used as the weights
of an expansion of f+ with respect to the new set of basis
images {vi}. Note, in particular, that the sum only runs up to
r. The components vi of the reconstruction for i > r correspond to a i - - 0 and are omitted from the solution. These
components correspond precisely to images that will be
unobserved in the data. For example, if H were a low-pass
filter, DC image components would be omitted from the
solution. Note that for a linear shift-invariant problem, where
frequency domain techniques are applicable, the solution (19)
is equivalent to inverting the system frequency response
at those frequencies where it is non-zero, and setting the
solution to zero at those frequencies where it is zero, as
previously discussed.

1.3 The Need for Regularization
P

H-

USV r -

Z

akUkVkT

(17)

k=l

where U is an Ng x Ng matrix, V is an Nf x Nf matrix, and S
is an Ng x Nf diagonal matrix with the values al, a2 . . . . . ap
arranged on its main diagonal and zeros elsewhere, where
p -- min(Ng, Nf). The orthonormal columns ui of U are called
the left singular vectors, the orthonormal columns vi of V are

A number of observations about the drawbacks of the generalized solution (13) or (19) may be made. First, the generalized
solution makes no attempt to reconstruct components of
the image that are unobservable in the data (i.e., in the null
space of H). For example, if a given pixel is obscured from
view, the generalized solution will set its value to zero despite
the fact that all values near it might be visible (and hence,
despite the fact that a good estimate as to its value may be
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The above insight provides not only a way of understanding why it is likely that the generalized inverse solution will have difficulties, but also a way of analyzing specific
problems. In particular, since the generalized solution fails
due to the explosion of the coefficients uTg/ai in the sum
(19), potential inversion difficulties can be seen by plotting
the quantities lu~gl, ai and the ratio lu~gl/ai versus i [7].
Demonstrations of such plots for the two example problems
are shown in Fig. 4. In both cases, for large values of the
index i the coefficients lu~gl level off due to noise while the
associated ai continue to decrease and thus the corresponding
reconstruction coefficients in this range become very large.
It is for these reasons that the generalized solution is an
+ - -u~q
.
--_
(20) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
unsatisfactory
approach to the problems of image restoration
(9"i
O"i
and reconstruction in all but the lowest noise situations.
There are two terms on the right hand side of (20): the first These difficulties are generally a reflection of the ill-posed
term is due to the true image and the second term is due to nature of the underlying continuous problem, as reflected in
the noise. For large values of the index i, these terms are like ill-conditioning of the system PSF matrix/-/. The answer to
high frequency Fourier coefficients of the respective elements these difficulties is found through what is known as regular(since ui and vi are typically high frequency for large values ization. The purpose of regularization is to allow the incluof their index i). The high frequency contribution from the sion of prior knowledge to stabilize the solution in the face of
true image v~f will generally be much smaller than that due to noise and allow the identification of physically meaningful and
the noise u~q, since images tend to be lower frequency than reasonable estimates. The basic idea is to constrain the solunoise. Further, the contribution from the noise is then tion in some way so as to avoid the oscillatory nature of the
amplified by the large factor 1/cri. Overall then, the solution noise dominated solution observed in Fig. 3 [4].
A regularization method is often formally defined as an
will be dominated by very large, oscillatory terms that are due
to the noise. Another way of understanding this undesirable inversion method depending on a single real parameter c~>_0
behavior follows from the generalized solution's insistence which yields a family of approximate solutions f(ot) with the
on reducing the data fit error above all else. If the data has following two pro^perties: first, for large enough ot the regunoise, the solution f+ will be distorted in an attempt to larized solution f(ot) is stable in the face of perturbations
fit to the noise components. Figure 3 shows the generalized or noise in the data (unlike the generalized solution) and,
solutions corresponding to the motion-blur restoration second, as ot goes to zero the unregularized generalized solu) f+ as ~ ) 0. The parameter ~ is
example of Fig. 1 and the tomographic reconstruction exam- tion is recovered: f(~)
ple of Fig. 2. The solutions have been truncated to the original called the "regularization parameter" and controls the tradeoff
range of the images in each case (either [0, 255] for the motion- between solution stability (i.e., noise propagation) and nearblur example or [0, 1] for the tomographic example. Clearly ness of the regularized solution f(a) to the unregularized
solution f+ (i.e., approximation error in the absence of noise).
these solutions are unacceptable.

made). Second, and perhaps more seriously, the generalized
solution is "unstable" in the face of perturbations to the d a t a - that is, small changes in the data lead to large changes to
the solution. To understand why this is so, note that most
physical PSF system matrices H have the property that their
singular values cri tend gradually to zero as i increases and,
further, the singular image vectors ui and vi corresponding to
these small ~ri are high-frequency in nature. The consequences
of this behavior are substantial. In particular, the impact of
the data on the i-th coefficient of the generalized solution (19)
can be expressed as:

FIGURE 3 Generalizedsolutionsf~ correspondingto data in Figs. l(b) (left) and 2(b) (right).
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FIGURE 4 Plots of the components comprising the generalized solution for the problems in Figs. 1 (left) and 2 (right).
(See color insert.)

Since the generalized solution represents the highest possible
fidelity to the data, another way of viewing the role of ot is
in controlling the tradeoff between the impact of data and
the impact of prior knowledge on the solution. There are
a wide array of regularization methods, and an exhaustive
treatment is beyond the scope of this chapter. The aim of
this chapter is to provide a summary of the main approaches
and ideas.

2

Direct Regularization Methods

In this section what are known as "direct" regularization
methods are examined. These methods are conceptually
defined by a direct computation, though they may utilize, for
example, iterative methods in the computation of a practical
solution. The iterative nature of any numeric solution is
not intended to provide any additional regularizing effect,
in this case. In Section 3 the use of iterative methods as a
regularization approach in their own right is discussed.

2.1 Truncated SVD Regularization
From the discussion in Section 1.3, it can be seen that the
stability problems of the generalized solution are associated
with the large gain given the noise due to the smallest singular
values ai. A logical remedy is to simply truncate small singular values to zero and thus remove the corresponding terms
from the solution. This approach to regularization is called
truncated SVD (TSVD) or numeric filtering [4, 7]. Indeed,
such truncation is almost always done to some extent in the
definition of the numeric rank of a problem, so TSVD simply
does this to a greater extent. In fact, one interpretation of
TSVD is as defining the rank of H relative to the noise in
the problem. The TSVD regularized solution can be usefully

defined based on (19) in the following way:

uTg 1/i

J~svd(O¢) - - ~
Wi, oe
i= 1
O'i

(21)

where wi, a is a set of weights or filter factors given by:

Wi, ot

_ [ 1

i _< k(a)

Io

i > k(oO

(22)

with the positive integer k ( c 0 - Lo/-1J, where LxJ denotes x
rounded to the next smaller integer. Defined in this way,
TSVD has the properties of a formal regularization method.
TSVD simply throws the offending components of the solution out, but does not introduce any new components. As
a result, TSVD solutions, while stabilized against noise, make
no attempt to include image components that are unobservable in the data (like the original generalized solution).
Another way of understanding the TSVD solution is as
follows. If Hk denotes the closest rank-k approximation to
/4, then, by analogy to (13), the TSVD solution fsvd(C0 in
(19) is also given by:
j~svd(O~) -- arg min Ilfll2 subject to

min [[g- Hkfl[2,

(23)

which shows that the TSVD method can be thought of as
directly approximating the original problem H by a nearby
Hk which is better conditioned and less sensitive. In terms of
its impact on reconstruction coefficients, the TSVD method
corresponds to the choice of an ideal step weighting function
wi,,~ applied to the coefficients of the generalized solution.
Certainly other weighting functions could and have been
applied [4]. Indeed, some regularization methods are precisely
interpretable in this way, as will be discussed.
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FIGURE 5 Truncated SVD solutions corresponding to data in Figs. l(b) (left) and 2(b) (right).

Figure 5 shows truncated SVD solutions correspond- A solution to (25) exists and will be unique if the null spaces
ing to the motion-blur restoration example of Fig. 1 and of H and L are distinct. There are a number of different
the tomographic reconstruction problem of Fig. 2. For the numeric ways to obtain the Tikhonov solution from (25),
motion-blur restoration problem the solution used only including matrix inversion, iterative methods, and the use of
approximately 40,000 of the over 65,000 singular values of factorizations like the SVD (or its generalizations) to diagonthe complete generalized reconstruction while for the tomo- alize the system of equations.
graphic reconstruction problem the solution used only
To gain a deeper appreciation of the functioning of
about 800 of the full 2,500 singular values. As can be seen, Tikhonov regularization, first consider the case when L = I,
the noise amplification of the generalized reconstruction a diagonal matrix of ones. The corresponding side constraint
has indeed been controlled in both cases. In the motion term in (24) then simply measures the "size" or energy of
blur example some vertical ringing due to edge effects exists f and thus, by inclusion in the overall cost function, directly
(see Chapter 3.5). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
prevents the pixel values of f from becoming too large
(as happened in the unregularized generalized solution). The
2.2 Tikhonov Regularization
effect of 0/in this case is to trade off the fidelity to the data
with the energy in the solution. Using the definition of the
Perhaps the most widely referenced regularization method
SVD combined with (25), the Tikhonov solution when L - - I
is the Tikhonov method. The key idea behind the Tikhonov
can be expressed as:
method is to directly incorporate prior information about
the image f through the inclusion of an additional term
£ ( 0"2 )uTg
to the original least-squares cost function. In particular, the
(26)
j~ik(0/) -0"2 "F- 0/2
0"i vi.
Tikhonov regularized estimate is defined as the solution to
i=1
the following minimization problem:
Comparing this expression to (19), an associated set of weight
"
2
012 [[Lfl[22"
f t i k ( 0 / ) - - arg rnin [[g- Hfll2 +
(24) or filter factors wi, 0/can be defined for Tikhonov regulariza!
tion with L -- ! as follows:
The first term in (24) is the same £2 residual norm appearing in the least-squares approach and ensures fidelity to data.
The second term in (24) is called the "regularizer" or "side
constraint" and captures prior knowledge about the expected
behavior of f through an additional £2 penalty term involving just the image. The regularization parameter 0/ controls
the tradeoff between the two terms. The minimizer of (24) is
the solution to the following set of normal equations:

(HTH +

0/2LTL)~ik(0/) --

Hrg.

(25)

This set of linear equations can be compared to the equivalent
set (12) obtained for the unregularized least-squares solution.

0-2

(27)

Wi, ot - - 0"2 + 0 / 2 .

In contrast to the ideal step behavior of the TSVD weights
in (21), the Tikhonov weights decay like a "double-pole" low
pass filter, where the "pole" occurs at 0-i -- 0/. Thus, Tikhonov
regularization with L = I can be seen to function similarly
to TSVD, in that the impact of the higher index singular
values on the solution is attenuated. Another consequence
of this similarity is that when L = I, the Tikhonov solution
again makes no attempt to reconstruct image components
that are unobservable in the data.
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The case when L ¢ I is more interesting.
Common choices for L include discrete approximations to
the 2D gradient or Laplacian operators, resulting in measures
of image slope and curvature, respectively. Such operators
are discussed in Chapter 4.14. With these choices for L,
[[Lf[[ is a measure of the "edginess" or roughness of the estimate. Inclusion of such terms in (24) forces solutions with
limited high-frequency energy and thus captures a prior belief
that solution images should be smooth. An expression for
the Tikhonov solution when L ~: I that is similar in spirit to
(26) can be derived in terms of the generalized SVD of the
pair (H,L) [6, 7], but is beyond the scope of this chapter.
Interestingly, it can be shown that the Tikhonov solution
when L :fi I does contain image components that are unobservable in the data, and thus allows for extrapolation from the
data. Note, it is also possible to consider the addition of
multiple terms of the form [[Lif[[2, to create weighted derivative penalties of multiple orders, such as arise in Sobolev
norms [4].
Figure 6 shows Tikhonov regularized solutions for both
the motion-blur restoration example of Fig. 1 and the tomographic reconstruction example of Fig. 2 when L = D is chosen
as a discrete approximation of the gradient operator, so that
the elements of Df are just the brightness changes in the image.
The additional smoothing introduced through the use of a
gradient-based L in the Tikhonov solutions can be seen in the
reduced oscillation or variability of the reconstructed images.
Before leaving Tikhonov regularization it is worth noting
that the following two inequality constrained least-squares
problems are essentially the same as the Tikhonov method:
f-

arg n~in I l g - Hfl[2 subject to [[Zfll2 < 1/XI

(28)

f-

arg n~in IlZfll2 subject to [Ig - Hfll2 < ~2.

(29)

The nonnegative scalars /~.1 and ~,2 play the roles of regularization parameters. The solution to each of these problems

191

is the same as that obtained from (24) for a suitably chosen
value of ot that depends in a non-linear way o n ~1 o r ~.2. The
latter approach is also related to a method for choosing the
regularization parameter called the "discrepancy principle,"
which we discuss in Section 4.
While (26) (and its generalization when L ~ I) gives an
explicit expression for the Tikhonov solution in terms of the
SVD, for large problems computation of the SVD may not
be practical and other means must be sought to solve (25).
When H and L have circulant structure (corresponding to
a shift-invariant filter), these equations are diagonalized by
the DFT matrix and the problem can be easily solved in the
frequency domain. Often, even when this is not the case, the
set of equations (25) possess a sparse and banded structure
and may be efficiently solved using iterative schemes, such as
preconditioned conjugate gradient. zyxwvutsrqponmlkjihgfedcbaZYXW

2.3 Non-Quadratic Regularization
The basic Tikhonov method is based on the addition of a
quadratic penalty [IZfl]2 to the standard least-squares (and
hence quadratic) data fidelity criterion, as shown in (24). The
motivation for this addition was the stabilization of the
generalized solution through the inclusion of prior knowledge
in the form of a side constraint. The use of such quadratic,
g2-based criteria for the data and regularizer leads to the linear
problem (25) for the Tikhonov solution, and thus results in
an inverse filter which is a linear function of the data. While
such linear processing is desirable, since it leads to straightforward and reasonably efficient computation methods, it is
also limiting, in that far more powerful results are possible
if non-linear methods are allowed. In particular, when used
for suppressing the effect of high-frequency noise, such linear
filters, by their nature, also reduce high frequency energy in
the true image and hence blur detail in the reconstruction.
For this reason, the generalization of the Tikhonov approach
through the inclusion of certain non-quadratic criteria is now

FIGURE 6 Tikhonov regularized solutions when L is a gradient operator corresponding to the data in
Figs. l(b) (left) and 2(b) (right).

192 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

FIGURE 7 Maximum entropy solutions corresponding to the data in Figs. l(b) (left) and 2(b) (right).

There are a number of variants on this idea involving related definitions of entropy, cross-entropy, and divergence [5].
Experience has shown that this method provides image recons(30) tructions with greater energy concentration (i.e., most coeffif ( a ) -- arg n}in J l ( f , g) + ot2h(f)
cients are small and a few are very large) relative to quadratic
Tikhonov approaches. For example, when the j~ represent
where Jl(f,, g) represents a general distance measure between pixel values, the approach has resulted in sharper reconstructhe data and its prediction based on the estimated f and tions of point objects, such as star fields in astronomical
J2(f) is a general regularizing penalty. Both costs may be a images. The difficulty with the formulation (32) is that it leads
non-quadratic function of the elements off. Next, a number to a nonlinear optimization problem for the solution, which
of popular and interesting choices for J l ( f , g ) and J2(f) must be solved iteratively.
are examined. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 7 shows maximum entropy solutions corresponding
to both the motion-blur restoration example of Fig. 1 and the
tomographic reconstruction example of Fig. 2. Note that these
Maximum Entropy Regularization
two examples are not particularly well matched to the maxiPerhaps the most widely used non-quadratic regularization mum entropy approach, since in both cases the true image
approach is the maximum entropy method. The entropy of a is not composed of point-like objects. Still, the maximum
positive valued image in the discrete case may be defined as: entropy side constraint has again succeeded in controlling the
noise amplification observed in the generalized reconstruction. For the tomography example, note that small variations
(31)
-12(f) - - ~ f i log(f)
in the large background region have been supressed and the
i=1
energy in the reconstruction has been concentrated within the
reconstructed object. In the motion blur example, the central
and can be taken as a measure of the uncertainty in the image.
portion of the reconstruction is sharp, but the edges again
This interpretation follows from information theoretic considshow some vertical ringing due to boundary effects.
erations when the image is normalized so that EiN=fl f - 1,
and may thus be interpreted as a probability density function
[5]. In this case, it can be argued that the maximum entropy Total Variation Regularization
solution is the most noncommittal with respect to missing Another non-quadratic side constraint that has achieved
information. A simpler motivation for the use of the entropy popularity in recent years is the total variation measure:
criterion is that it assures positive solutions. Combining
the entropy cost (31) with a standard quadratic data fidelity
(33)
term for J1(f, g) yields the maximum entropy estimate as the
J 2 ( f ) - [[Dfi[1i=1
solution off

considered. To this end, consider estimates obtained as the
solution of the following generalized formulation:

IE<,I

fme(O0 -- arg nfin [[g- Hf[[ 2 + ot2 E l i
i--1

log~).

(32)

where [[z[[1 denotes the £1-norm (i.e., the sum of the absolute
values of the elements), D is a discrete approximation to
the gradient operator described in Chapter 4.11, so that the
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elements of Df are just the brightness changes in the image.
The total variation of a signal is thus just the total amount
of change the signal goes through and can be thought of as
a measure of signal variability. Thus, it is well suited to use
as a side constraint.
The corresponding total variation estimate is obtained by
combining (33) with the standard quadratic data fidelity term
for ]l(f, g) to yield:
ftv(OO- arg n~m ]]g- Hfl]~ + ot2

El[Df]il.
i=1

(34)

The formulation seems similar to standard Tikhonov regularization with a derivative constraint. But, unlike standard
quadratic Tikhonov solutions, total variation regularized
answers can contain localized steep gradients, since the resularizer penalizes only the total amount of gradient in the
image and not its distribution. As a result, edges are preserved
in the reconstructions. For these reasons, total variation has
been suggested as the "right" regularizer for image reconstruction problems [8].
The difficulty with the formulation (34) is that it again
leads to a challenging non-linear optimization problem due
to the non-differentiability of the total variation cost. One
approach to overcoming this challenge leads to an interesting
formulation of the total variation problem. It has been shown
that the total variation estimate is the solution of the following set of equations in the limit as/3 > 0:

where the diagonal weight matrix W~(f) depends on f and
fl and is given by:
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with fl > 0 a constant. Equation (35) is obtained by smoothly
approximating the ~1 norm of the derivative: [[Df[[1

Ein=l v/[[Dfli[ 2 + ft.
The formulation (36) is interesting in that it gives insight
into the difference between total variation regularization and
standard quadratic Tikhonov regularization with L = D. Note
that the latter case would result in a set of equations similar
to (35) but with W = I. Thus, the effect of the change to a
total variation cost is the incorporation of a spatially varying
weighting of each derivative penalty term by 1/V/[[Df]i[ 2 + ft.
When the local derivative [[Df]i[ 2 is small, the weight goes
to a large value, imposing greater smoothness to the solution
in these regions. When the local derivative [[Of]i]2 is large, the
weight goes to a small value, allowing large gradients in the
solution coefficients at these points.
Computationally, the equation (35) is still non-linear,
since the weight matrix depends on f. However, it suggests a
simple fixed point iteration for f, only requiring the solution
of a standard linear problem at each step:

(HTH + a2DTw~(f(k))D)f (k+O -- Hrg

(37)

where fl is typically set to a small value.
Using the iterative approach of (37), total variation solutions to the motion-blur restoration example of Fig. 1 and
the tomographic reconstruction example of Fig. 2 were
generated. Figure 8 shows these total variation solutions. In
addition to suppressing excessive noise growth, total variation
achieves excellent edge preservation and structure recovery
in both cases. These results are typical of total variation
reconstructions, and has lead to the great popularity of this
and similar methods in recent years. zyxwvutsrqponmlkjihgfedcbaZYXW

Other Non-Quadratic Regularization

1 i; 1 1

W~(f) - ~diag

12 --~ fl

][Df] i

(36)

More generally, a variety of non-quadratic choices for ]1 (f, g)
and ]2(f) have been considered. In general, these measures
have the characteristic that they do not penalize large values

FIGURE8 Totalvariation solutionscorrespondingto the data in Figs. l(b) (left) and 2(b) (right).

194

Handbook of Image and Video Processing zyxwvutsrq

of their argument as much as the standard quadratic £2 2.4 Statistical Methods
penalty does. Indeed, maximum entropy and total variation
can both be viewed in this context, in that both are simple We now discuss a statistical view of regularization. If the noise
changes of the side constraint to a size or energy measure that q and the unknown image f are viewed as random fields, then
is less drastic than squared energy. It has also been shown that we may seek the maximum a posteriori (MAP) estimate o f f
the effect of these regularizers is that they lead to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
sparsity (also as that value which maximizes the posterior density p ( f l g ) .
termed "near-blackness") of their argument [9]. For example, Using Bayes rule and the monotonicity properties of the
if applied as ](Lf), the reconstruction will exhibit a sparse logarithm we obtain:
structure in Lf. That is, Lf will tend to have few large
components and many near-zero elements. The choice of L fMAP -- arg mfaxp(f [ g) -- arg mfax lnp(g [ f) + lnp(f). (42)
determines the specific effect. If L = I then the reconstruction
will exhibit point-like structure. If L = D then the reconstructed image will have sparse edges and sizable uniform Notice that this cost function has two terms: a data depen(i.e., Df ~ 0) regions. We discuss some penalties with these dent term ln p(g [ f) called the log-likelihood function and a
term ln p(f) dependent only on f termed the prior model.
properties next.
These
two terms are similar to the two terms in the Tikhonov
A regularizer choice with these properties is the general
functional
(24). The likelihood function captures the depenfamily of £p-norms:
dence of the data on the field, and enforces fidelity to data in
(42). The prior model term captures our a priori knowledge
about
f in the absence of data, and allows incorporation of
l(z)- Ilzllpp - ~ [zi[p
(38)
this
information
into the estimate.
i=1
To be concrete, consider the widely used case of Gaussian
with 1 < p < 2. With p chosen in this range these norms are statistics:
less severe in penalizing large values than the £2 norm, yet
are still convex functions of the argument (and so still result
in straight-forward algorithms). Note that Total Variation
regularization is just the use of an £1 norm applied to the
quantity Dr.
Measures with even more drastic penalty "attenuation,"
based on non-convex functions, have been considered. One
example is the so called "weak-membrane" cost:

l(z) - min([[z[[~, a).

(39)

(40)

f ~ N(0, Af)

log(1 + z2).

(43)
(44)

where f ,~ N(m, A) denotes that fis a Gaussian random vector
with mean m and covariance matrix A, as described in
Chapter 4.3. Under these assumptions lnp(g I f) oc - ~1 Ilg2 1 and upon substitution into
Hfll~-i and l n p ( f ) o c - i 1 IlfllA?
(42) fie obtain:
(45)

The corresponding set of normal equations defining the MAP
estimate are given by:

(HTAqlH --[-A ? I ) f M A P

Nz

](z) -- ~

q ~ N(O, Aq)

fMAP -- arg nfin Ilg -- H f 11~x~l + Ill 1[~71

Other examples, discussed in [ 10], include:
N~ Z2
](z)-- i ~ 1 l + z 2

g -- H f + q,

--

nTAqlg

(46)

(41)

i=1

When used in the data fidelity term Jl(f, g) these non-convex
measures are related to notions of robust estimation [11] and
provide robustness to outliers in the data and also to model
uncertainty. When used in a side constraint J2(f) on the
gradient of the image Df, these measures preserve edges in
regularized reconstructions and produce results similar in
quality to the total variation solution discussed previously.
The difficulty with the use of such non-convex costs is computational, though the search for efficient approaches to such
problems has been the subject of active study [12].

The solution of (46) is also the linear minimum mean-square
error (MMSE) estimate in the general (i.e.,^non-Gaussian)
case. The MMSE estimate minimizes E [ l l f - fll2], where E[z]
denotes the expected value of z.
A particularly interesting prior model for f corresponds to:

Df -- r,

r ~ N(0, )~r/)

(47)

where D is a discrete approximation of the gradient operator described in Chapter 4.14. Equation (47) implies a
Gaussian prior model for f with covariance Af -- ~,r(DTD) -1
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(assuming, for convenience, that D is invertible). The prior
model (47) essentially says that the increments of f are
uncorrelated with variance '~.r ~ that is, that f itself corresponds to a Brownian motion-type model. Clearly, real images
are not Brownian motions, yet the continuity of Brownian
motion models suggest this model may be reasonable for
image restoration.
To demonstrate this insight, the Brownian motion prior
image model of (47) is combined with an uncorrelated observation noise model Aq = )~qI in (43) to obtain a MAP estimate
for both the motion-blur restoration example of Fig. 1 and the
tomographic reconstruction example of Fig. 2. In each case,
the variance Xr is set to the variance of the derivative image
Df and the variance Xq is set to the additive noise variance.
In Fig. 9 the resulting MAP-based solutions for the two
examples are shown.
In addition to an estimate, the statistical framework also
provides an expression for an associated measure of estimate
uncertainty through the error covariance matrix Ae - - E[eer],
where e = f - f .
For the MAP estimate in (45), the error
covariance is given by:

Ae - (HTAqlH Jr- Af-1) -1.

(48)

The diagonal entries of Ae are the variances of the individual
estimation errors, and have a natural use for estimate evaluation and data fusion. Note also that the trace of Ae is the
mean square error of the estimate. In practice, Ae is usually
a large, full matrix, and the calculation of all its elements
is impractical. There are methods, however, to estimate its
diagonal elements [ 13].
In the stationary case, the matrices in (46) possess a block
circulant structure and the entire set of equations can
be solved on an element-by-element basis in the discrete fiequency domain, as was done c.f. (16). The MAP estimator
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then reduces to the Wiener filter:

h*S~

...

(49)

where • denotes complex conjugate, z~ denotes the i-th
coefficient of the 2D DFT of the corresponding image z, and
Sz, denotes the i-th element of the power spectral density of
the random image z. The power spectral density is the 2-D
DFT of the corresponding covariance matrix. The Wiener
filter is discussed in Chapter 3.5.
Before proceeding, it is useful to consider the relationship
between Bayesian MAP estimates and Tikhonov regularization. From (45) and (46) we can see that in the Gaussian
case (or linear MMSE case) the MAP estimate is essentially the
same as a general Tikhonov estimate for a particular choice
of weighting matrices. For example, suppose that both the
noise model and the prior model correspond to uncorrelated
random variables so that Aq - - XqI and _Af - - XfI. Then (45) is
equivalent to:
~.q
fMAP -- arg n~n ]]g -- Hfl]~ + ~ [[fl[~

(50)

which is precisely the Tikhonov estimate when L - - I and the
regularization parameter 0/2= ~.q/~.f. This association provides a natural interpretation to the regularization parameter
as a measure of the relative uncertainty between the data and
the prior. As another example, note that the MAP estimate
corresponding to the prior model (47) coupled with the
observation model (44) with Aq = XqI will be the same as a
standard Tikhonov estimate with L = D and 0/2 = ~'q/~'r.
While so far the MAP estimate has been interpreted in
the Tikhonov context, it is also possible to interpret particular
cost choices in the Tikhonov formulation as statistical models
for the underlying field and noise. For example, consider

FIGURE 9 Brownianmotion prior-based MAP solutions corresponding to the data in Figs. 1(b) (left)
and 2(b) (right).
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Perhaps the simplest change in parameterization is a change
in basis. An obvious example is provided by the SVD. By
parameterizing the solution in terms of a reduced number
of singular vectors we saw that regularization of the resulting
Ns
solution could be obtained (for example, through TSVD).
lnp(f) (x -c~ 2
(51)
In p(g I f) (x -IIg - n f I1~,
The SVD is based completely on the distorting operator H,
i=1
and hence contains no information about the underlying
image f or the observed data g. By using parameterizations
which is consistent with the following statistical observation
better matched to these other pieces of the problem it is
and prior models for the situation:
reasonable to expect better results. This insight has resulted in
the use of other decompositions and expansions [14] in the
g = Hf + q, q ~" N(O,I)
(52)
solution of image restoration and reconstruction problems,
ni zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
including the wavelet representations discussed in Chapter 4.2.
p(f) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
~ H e- :lM'l"
(53) These methods share the aim of using bases with parsimoi=1
nious representations of the unknown f, which thus serve
to focus the information in the data into a few, robustly estiThe statistical prior model for f has increments [Df] i that
mated coefficients.
are independent identically distributed (liD) according to
Generalizing such changes of basis, prior information
a Laplacian density. In contrast, standard Tikhonov regularcan be used to construct a representation directly capturing
ization with L - - D corresponds to the Brownian motionknowledge of the structure or geometry of the objects in the
type prior model (47), with increments that are also IID but
underlying image f. For example, the scene might be represenGaussian distributed.
ted as being composed of a number of simple geometric
Finally, while we have emphasized the similarity of the
shapes, with the parameters of these shapes taken as the
MAP estimate to Tikhonov methods, there are, of course,
unknowns. For example, such approaches have been taken
situations particularly well matched to a statistical perspective.
in connection with problems of tomographic reconstruction
A very important example arises in applications such as in
[15]. The advantage of such representations is that the numlow light level imaging on CCD arrays, compensating for film
ber of unknowns can be dramatically reduced to, say, tens or
grain noise, and certain types of tomographic imaging (e.g.,
hundreds rather than hundreds of thousands, thus offering
PET and SPECT). In these applications, the discrete, counting
the possibility of better estimation of these fewer unknowns.
nature of the imaging device is important and the likelihood
The disadvantage is that the resulting optimization probterm P ( g l f ) is well modeled by a Poisson density function,
lems are generally nonlinear, can be expensive, and require
leading to a signal dependent noise model (see Chapter 4.5). good initializations to avoid converging to local minima of
The estimate resulting from use of such a model will be
the cost.
different from a standard Tikhonov solution, and in some
Finally, one class of approaches captures a scene through
instances can be significantly better. More generally, if a a series of closed curves, which represent the boundaries of
statistical description of the observation process and prior objects in the scene. A cost or energy similar to (30) is formed
knowledge is available through physical modeling or first which depends explicitly on these curves. An estimate is
principle arguments, then the MAP formulation provides a generated by minimizing this cost over the set of possible
rational way to combine this information together with mea- boundary locations and parameters of the intensities in
sures of uncertainty to generate an estimate.
the corresponding enclosed regions. This minimization is
accomplished by evolving the curves so as to reduce the cost.
2.5 Parametric Methods
Such "curve evolution" approaches have been applied, for
Another direct method for focusing the information in data example, to tomography [16]. More discussion of curve
and turning an ill-conditioned or poorly posed problem into a evolution methods can be found in Chapter 4.18.
well-conditioned one is based on changing the parameterization or representation of the problem. The most common
representational choice for the unknown image, as mentioned
previously, is to parameterize the problem in terms of the 3 Iterative Regularization Methods
values of a regular grid of rectangular pixels. The difficulty
with such a parameterization is that there are usually a large One reason for an interest in iterative methods in association
number of pixel values which must then be estimated from with regularization is purely computational. These methods
the available data. For example, an image represented on a provide efficient solutions of the Tikhonov or MAP normal
512 x 512 square pixel array has over 250,000 unknowns to equations (25) or (46). Their attractions in this regard are
several. First, reasonable approximate solutions can often be
estimate!

the total variation formulation in (34). Comparing this cost
function to (42), it is reasonable to make the following probabilistic associations:

EI[ 1,1
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obtained with few iterations, and thus with far less computation than required for exact solution of these equations.
Second, iterative approaches avoid the memory intensive
factorizations or explicit inverses required for exact calculation of a solution, which is critical for very large problems.
Finally, many iterative schemes are naturally parallelizable,
and thus can be easily implemented on parallel hardware for
additional speed.
Interestingly, however, when applied to the unregularized
problem (12) and terminated long before convergence, iterative
methods provide a smoothing effect to the corresponding
solution. As a result, they can be viewed as a regularization
method in their own right [17]. Such use is examined in
this section. More detail on various iterative algorithms for
restoration can be found in Chapter 3.9. The reason the
regularization behavior of iterative algorithms occurs is that
the low-frequency (i.e., smooth) components of the solution
tend to converge faster than the high-frequency (i.e., rough)
components. Hence, for such iterative schemes, the number
of iterations plays the role of the inverse of the regularization parameter ~, so fewer iterations corresponds to greater
regularization (and larger or).
To gain insight into the regularizing behavior of iterative
methods, consider a simple Landweber fixed-point iteration for the solution of (12). This basic iterative scheme
appears under a variety of names in different disciplines
(e.g., the Van Cittert iteration in image reconstruction or the

Gerchberg-Papoulis algorithm for bandwidth extrapolation).
The iteration is given by:
(k+ 1)
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This function is plotted in Fig. 10 for y - 1 for a variety
of values of iteration count k. As can be seen, it has a step-like
behavior as a function of the size of cri, where the location

I

0.5

(55)

°'i

where {O'i, Ui, Vi} is the singular system of H. Comparing
this expression with (19) or (26), the effect of the iterative
scheme is again to weight or filter the coefficients of the
unregularized generalized solution (19), where the weight or
filter function is now given by:

i
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where F is a real-valued relaxation parameter satisfying 0 <
2
y < 2/Crma
x and O'max is the maximum singular value of H.
If the iteration is started with glw
~(0)_ 0, then the estimate
after k steps is given by [5, 17]"
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FIGURE 10 Plots of the Landweber weight function wi, k of (56) versus singular value cri for various
numbers of iterations k.

Handbook of Image and Video Processing

198 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)

(b)

(c)

(d)

FIGURE 11 Iterative Landweber solution of the unregularized normal equations for the example of
Fig. 1. (a) 5 iterations, (b) 50 iterations, (c) 500 iterations, (d) 5,000 iterations.

of the transition depends on the number of iterations [7],
so the iteration count of the iterative method does indeed
play the role of the (inverse of the) regularization parameter.
An implication of this behavior is that, to obtain reasonable estimates from such an iterative method applied to the
unregularized normal equations, a stopping rule is needed,
or the generalized inverse will ultimately be obtained. This
phenomenon is known as "semi-convergence" [5]. Figure 11
shows Landweber iterative solutions corresponding to the
motion-blur restoration example of Fig. 1 after various
numbers of iterations and Fig. 12 shows the corresponding solutions for the tomographic reconstruction problem
of Fig. 2. In both examples, when too few iterations are
performed the resulting solution is over-regularized, blurred,
and missing significant image structure. Conversely, when too
many iterations are performed, the corresponding solutions
are under-regularized and begin to display the excessive noise
amplification characteristic of the generalized solution.
While the Landweber iteration (54) is simple to understand
and analyze, its convergence rate is slow, which motivates

the use of other iterative methods in many problems. One
example is the conjugate gradient (CG) method, which is one
of the most powerful and widely used methods for the solution of symmetric, sparse linear systems of equations [18]. It
has been shown that when CG is applied to the unregularized
normal equations (12), the corresponding estimate jcg
~(k) after k
iterations is given by the solution to the following problem:
(k)
g _ argmin Ilg -- Hfi[2

subject to f ~ ~k(HTH, HTg)

(57)
span{HTg, (HTH)HTg . . . . . (HTH) k-1
HTg} is called the Krylov subspace associated to the normal
w h e r e ~k(HTH, HTg) --

equations. Thus, k iterations of CG again regularizes the
problem, this time through the use of a Krylov subspace constraint on the solution (instead of a quadratic side constraint
as in (28)). The regularizing effect arises from the property
that the Krylov subspace ~k(HTH, HTg) approximates the
subspace span{v1, .... Vk} spanned by the first k right singular
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(a)

(b)

(c)

(d)

FIGURE 12 Iterative Landweber solution of the unregularized normal equations for the example of Fig. 2.
(a) 5 iterations, (b) 50 iterations, (c) 500 iterations, (d) 50,000 iterations.

vectors. While the situation is more complicated than in part of the solution of any problem is finding a reasonable
the Landweber iteration case, weight or filter factors wi, k value for or.
which depend on k can also be defined for the CG method.
In this section, five methods for choosing the regularization
These weight factors are observed to have similar attenuating parameter will be discussed: choice based on visual criterion;
behavior for the small singular values as for the Landweber the discrepancy principle, based on some knowledge of the
case, with a roll-off that is also dependent on the number noise; the L-curve criterion based on a plot of the residual
of iterations. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
norm versus the side constraint norm; generalized cross-

4

Regularization Parameter Choice

Regularization, by stabilizing the estimate in the face of noise
amplification, inherently involves a tradeoff between fidelity
to the data and fidelity to some set of prior information. These
two components are generally measured through the residual norm [[g (or more generally J1 (f, fl)) and the side
constraint norm [[Lf[[ (or more generally J2(f)). The regularization parameter c~ controls this tradeoff, and an important

Hf[I

validation, based on minimizing prediction errors; and statistical parameter choice, based on modeling the underlying
processes.

4.1 Visual Inspection
Often the main tradeoff dealt with in regularization is between
the excessive noise amplification that occurs in the absence
of regularization and over smoothing of the solution if too
much regularization is used. Further, there may be considerable prior knowledge on the part of the viewer about the
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characteristics of the underlying s c e n e - as arises in the resto- perturbation may be smaller than the given bound. Converration of images of natural scenes. In such cases, it may be sely, specification of a bound in (58) that is too small can
entirely reasonable to choose the regularization parameter lead to undesirable noise growth in the solution.
through simple visual inspection of regularized images as
Use of the discrepancy principle requires knowledge of
the regularization parameter is varied. This approach is well the perturbation bound ~q or noise variance Xq. Sometimes
suited, for example, to iterative methods, where the number this quantity may be obtained from physical consideraof iterations effectively sets the regularization parameter. Since tions, prior knowledge, or direct estimation from the data.
iterative methods are terminated long before convergence is When this is not the case, parameter choice methods are
achieved when they are used as a form of regularization, the required which avoid the need for such knowledge. Two such
intermediate estimates are simply monitored as the iteration approaches are examined next.
proceeds and the iteration is stopped when noise distortions are observed to be entering the solution. This process
can be seen in the examples of Figs. 11 and 12, when few 4.3 The L-Curve
iterations have been performed the solution appears over- Since all regularization methods involve a tradeoff between
regularized. As more iterations are done the detail in the fidelity to the data, as measured by the residual norm, and the
solution is recovered. Finally, as too many iterations are fidelity to some prior information, as measured by the side
performed the solution becomes corrupted by noise effects. constraint norm, it would seem natural to choose a regularThis visual approach to choosing ot is clearly problematic ization parameter based on the behavior of these two terms
in cases where the viewer has little prior understanding of as ot is varied. Indeed, a graphical plot of [[Lf(et)[12 versus
the structure of the scene being imaged or in cases where the IIg- Hf(a)ll2 on a log-log scale as ot is varied is called the
reconstructed field itself is very smooth, making it difficult L-curve and has been proposed as a means to choose the reguto visually evaluate over- from under-regularized solutions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
larization parameter [7]. Note, especially, that a is a parameter along this curve. The L-curve, shown schematically in
Fig. 13 (c.f. [7]) has a characteristic "L" shape (hence its
4.2 T h e D i s c r e p a n c y Principle
name), which consists of a vertical part and a horizontal part.
If there is knowledge about the perturbation or noise q in
The vertical part corresponds to under-regularized estimates,
(10), then it makes sense to use it in choosing a. When viewed
where the solution is dominated by the amplified noise.
deterministically, this information is often in the form of In this region, small changes to ot have a large effect on the
knowledge about the size or energy of the perturbation:
size or energy of f, but a relatively small impact on the data
fit. The horizontal part of the L-curve corresponds to overIlqll2 ~ ~q
(58) smoothed estimates, where the solution is dominated by
residual fit errors. In this region changes to c~ affect the size
This knowledge provides a bound on the residual norm of f weakly, but produce a large change in the fit error.
The idea behind the L-curve approach for choosing the
IIg- nfll2 _< ~q. In a stochastic setting, such information can
regularization
parameter is that the corner between the horitake the form of knowledge of the noise variance )~q.
zontal
and
vertical
portions of the curve defines the transition
Since the price for over-fitting the solution to the data
between
overand
under-regularization, and thus represents
(i.e., for under-regularizing) is excessive noise amplification
a
balance
between
these two extremes and the best choice
(as seen in the generalized solution), it makes sense to choose
of
or.
The
point
on
the curve corresponding to this ot is
the regularization parameter large enough that the data
fit error achieves this bound, but no larger (to avoid overregularizing). This idea is behind the discrepancy principal
too small
approach to choosing the regularization parameter. Formally,
the regularization parameter c~ is chosen as that value for
which the residual norm achieves the equality:

lie - nf(~)ll 2 _~q2

(59)

ogll f< >ll=
a ~

a too large
or, in the stochastic setting, where the residual norm equals
Xq. There also exist generalized versions of the discrepancy
principle which incorporate knowledge of perturbations to
the model H as well. Finally, note that in the deterministic
case the value of ot provided by the discrepancy principle
FIGURE 13 Structure of the L-curve.
generally leads to some over-regularization, since the actual zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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shown as 01" in Fig. 13. While the notion of choosing 01 to
correspond to the corner of the L-curve is natural and
intuitive, there exists the issue of defining exactly what is
meant by the "corner" of this curve. A number of definitions
have been proposed, including the point of maximum curvature, the point closest to a reference location, and the point
of tangency with a line of slope -1. The last definition is
especially interesting, since it can be shown that the optimal
01 for this criterion must satisfy:

4.5 Statistical Approaches

Our last method of parameter choice is not really a parameter
choice technique per say, but rather an estimation approach.
As discussed in Section 2.4, given a statistical model of the
observation process through p(g l f) and of the prior information about f through p(f), the MAP estimate is obtained by
solving the optimization problem (42). Note that there are
no undetermined parameters to set in this formulation.
In the statistical view, the problem of regularization parameter determination is exchanged for a problem of statistical
2
modeling through the specification of p(g[f) and p(f). The
Ol2 _ . ]]g - - Hi(01)1[2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
•
(60)
2
tradeoff between data and prior inherent in the choice of the
IILf(01)112
regularization parameter 01 is captured in the modeling of
the relative uncertainties in the processes g and f. Sometimes
The right hand side of (60) can be loosely interpreted as the the densities p(g [f) and p(f) follow from physical consideraratio of an estimated noise variance to an estimated signal tions or direct experimental investigation. Such is the case
variance for zero-mean images with L = / , and thus appears in the Poisson observation model for p ( g l f ) often used in
similar in spirit to (50).
tomographic and film-based imaging problems [2, 3]. In such
cases, the Bayesian point of view provides a natural and
rational way of balancing data and prior.
4.4 Generalized Cross-Validation
For many problems, however, the specification of the
densities p(g If) and p(f), may appear to be a daunting task.
Another popular method for choosing the regularization
For example, what is the "right" prior density p(f) for the
parameter that does not require knowledge of the noise
pixels in an image of a natural scene? Identifying such a denproperties, is generalized cross-validation (GCV). The basic
sity at first seems a much more difficult undertaking than
idea behind cross-validation is to minimize the set of predicfinding a good value of the single scalar parameter 01 (see
tion e r r o r s - that is, to choose 01 so that the regularized
Chapter 4.7 for a discussion of image densities). Fortunately
solution obtained with a data point removed predicts this
from an engineering standpoint, the goal is usually not to
missing point well when averaged over all ways of removing
most accurately model the field f or observation g, but rather
a point. This viewpoint leads to minimization with respect
to find a reasonable statistical model that leads to tractable
to 01 of the following GCV function:
computation of a good estimate. In this regard, relatively
simple statistical models may suffice for the purposes of
image restoration and reconstruction. Further, the statistical
V(01) -- ]]g -- Hf(o1)]]2
(61)
nature of these models may suggest rational choices of their
[trace(I- HH#)] 2
parameters not obvious from the Tikhonov point of view. For
example, as discussed c.f. (50), under a white Gaussian
where H # denotes the linear operator which generates the assumption for both the observation noise and the prior, the
regularized solution when applied to data, so that f(01) = H#g. regularization parameter 012 c a n be identified with the variThe value of 01 which minimizes the cost V(01) in (61) is also ance ratio Xq/Xf, where Xf corresponds to the variance of the
an estimate of the value of 01 which minimizes the mean underlying image and Xq is the variance of the noise. Another
example is provided by the Brownian motion image model
square error E[I[Hf- Hf(~)ll 2] [19].
Note that only the data is used in the calculation of V(01) and of (47). This case corresponded to Tikhonov regularization
no prior knowledge of, e.g. the noise amplitude, is required. with L = D and 0l 2 = )~q/~.r, where n o w / ~ . r is the variance of
However, there are also a number of difficulties related to the the derivative image.
computation of the GCV cost in (61). First, the operator
HH # must be found. While specifying this quantity is straight- 5 Summary
forward for e.g. Tikhonov regularization (where it may be
written completely in terms of the filter weights wi,,~ of (27)),
In this chapter we have discussed the need for regularization
it may prove inconvenient for other regularization methods in problems of image restoration and reconstruction. We
(e.g., for iterative methods; though see [7], Sec. 7.4). Finally, have given an overview of the issues that arise in these
in some cases the GCV cost curve is quite flat, leading to problems and the means to deal with them. The two driving
numerical problems in finding the minimum of V(01), which forces in the need for regularization are noise amplification
can result in overly small values of 01.
and lack of data. The primary idea behind regularization is
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the inclusion of prior knowledge to counteract these effects.
Though there are a large variety of ways to view both these
problems and their solution, there is also a great amount
of commonality in their essence. In applying such methods
to image processing problems (as opposed to 1D signals),
all these approaches lead to optimization problems requiring
considerable computation. Fortunately, powerful computational resources are becoming available on the desktop of
nearly all engineers and there is a wealth of complementary
software tools to aid in their application, e.g., [20]. The goal
of this chapter has been to provide a unifying view of this area.
Throughout the chapter, we have assumed that the distortion model, as captured by H, is perfectly known and the
only uncertainty is due to noise q in the observations g. Often,
however, the knowledge of H is not perfect, and in such
cases the uncertainty in this model must be dealt with as well.
Sometimes it is sufficient to simply treat such model uncertainty as a larger effective observation noise. Alternatively,
the uncertainty in H may be explicitly included in the formulation of the inversion problem. Such an approach leads
naturally to a method known as total least squares (TLS) [6],
which is simply the extension of the least squares idea to
include minimization of the square error in both the model
and data. Regularized versions of TLS also exist [21], and have
shown improved results over the basic least squares methods.

5.1 Further Reading
Chapter 3.5 discusses the basics of image restoration.
Chapter 3.7 presents problems arising in multichannel image
restoration. Chapter 3.8 treats multi-frame image restoration while Chapter 3.11 is focused on video restoration. In
Chapter 3.9 there is a more in depth discussion of iterative methods of image restoration. Chapter 10.2 examines
image reconstruction from projections and its application.
There are also a number of accessible, yet more extensive,
treatments of this material in the general literature. A readable
engineering treatment of discrete inverse problems is given
in [7] and an associated package of numeric tools is presented
in [20]. A deeper theoretical treatment of the topic of data
inversion can be found in [4, 5]. The iterative approach
to image restoration is studied in [17]. Iterative solution
methods in general are discussed in depth in [18].
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1 Introduction
Color images, video images, medical images obtained by
multiple scanners, and multispectral satellite images consist
of multiple image frames or channels (Fig. 1). These image
channels depict the same scene or object observed either by
different sensors or at different times, and thus have
substantial commonality among them. We use the term
multichannel image to refer to any collection of image channels
which are not identical, but exhibit strong between-channel
correlations.
In this chapter we focus on the problem of image
recovery as it applies specifically to multichannel images.
Image recovery refers to the computation of an image from
observed data that alone do not uniquely define the desired
image. Important examples are image denoising, image
deblurring, decoding of compressed images, and medical
image reconstruction.
In image recovery, ambiguities in inferring the desired
image from the observations usually arise from uncertainty
produced by noise. These ambiguities can only be reduced if,
in addition to information provided by the observed data, one
also has prior knowledge about the desired image. In many
applications the most powerful piece of prior information
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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is that the desired image is smooth (spatially correlated),
whereas the noise is not. Multichannel images offer the
possibility of exploiting correlations between the channels in
addition to those within each channel. By utilizing this extra
information, multichannel image recovery can yield tremendous benefits over separate recovery of the component
channels.
In a broad category of image recovery techniques, the
image is computed by optimizing an objective function that
quantifies correspondence of the image to the observed data as
well as prior knowledge about the true image. Two frameworks have been developed to describe the use of prior
information as an aid in image recovery: the deterministic
formulation with regularization [8] and the statistical
formulation [4]. Conceptually, these frameworks are quite
different, but in many applications they lead to identical
algorithms.
In the deterministic formulation, the problem is posed in
terms of inversion of the observation model, with regularization used to improve the stability of the solution (for more
details see Chapter 3.11). In the statistical formulation, the
statistics of the noise and the desired image are incorporated
explicitly, and are used to describe the desired characteristics
of the image. In principle, these formulations apply equally
203
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The rest of this chapter is organized as follows. In Section 2
we present the multichannel observation model and basic
image recovery approaches are reviewed in Section 3. In
Section 4 we describe the explicit approach and illustrate it
using the example of restoration of video image sequences.
In Section 5, we explain the implicit approach and illustrate it
using the example of recontruction of time-varying medical
images. We conclude with a summary in Section 6. zyxwvutsrqponmlkj

2 Imaging Model
Throughout this chapter we use symbols in boldface type to
denote multichannel quantities. We assume the following
discrete model for multichannel imaging:
g = Hf + n,

FIGURE 1 Example of a multichannel image. A color image consists of three
color components (channels) which are highly correlated with one another.
Similarly, a video image sequence consists of a collection of closely related
images.

(1)

where g, f and n are vectors representing the observed
(degraded) multichannel data, the true multichannel image,
and random noise, respectively, and matrix H denotes the
linear multichannel degradation operator. Lexicographic
ordering is used to represent the images as vectors by stacking
all their rows or columns in one long vector. Then, each
multichannel image is a concatenation of its K component
channels, i.e.,

well to multichannel images and single-channel images but in
practice two significant problems must be addressed.
First, an appropriate model must be developed to express
the relationships among the image channels. Regularization
gl
fl
nl
and statistical methods reflecting within-channel relationships
g2
f2
n2
are much better developed than those describing betweeng-. ,
f,
n.
,
(2)
channel relationships, and are often easier to work with. For
example, while the power spectrum (the Fourier transform of
gK
fK
nK
the autocorrelation) is a useful statistical descriptor for one
channel, the cross power spectrum (the Fourier transform of
the cross-correlation) describing multiple channels is less where gk, fk, and nk denote individual channels of the
observations, the true image, and noise, respectively. In its
tractable because it is complex. Second, a multichannel image
most general form, the linear multichannel degradation
has many more pixels than each of its channels, so approaches
operator can be written as
that minimize the computations are typically sought. Several
such approaches are described in the following sections.
Hll
H12
"'"
H1K
The goal of this chapter is to provide a concise summary
H21
H22
"
'
"
H2K
of the theory of multichannel image recovery. We classify
(3)
H-multichannel recovery methods into two broad approaches,
HKI HN2 "'" HKK
each of which is illustrated through a practical application.
In the first, which we term the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
explicit approach, all the
channels of the multichannel image are processed collectively, where the diagonal blocks represent within-channel degraand regularization operators or prior distributions are dations, and the off-diagonal blocks represent betweenused to express the between- and within-channel relation- channel degradations. We will assume that each source
channel j~ has N × M pixels and that each channel of the
ships. In the second, which we term the implicit approach,
the same effect is obtained indirectly by: 1) applying a observations gi has L × P pixels. Therefore, j~ is a M N × 1
Karhunen-Lobve (KL) transform that decorrelates the vector and gi is a LP × 1 vector; consequently, Hij is a
channels, 2) recovering the channels separately in a single- LP × M N matrix and H is a KLP × KMN matrix. If the
channel fashion, and 3) inverting the KL transform. This degradation is shift-invariant the product Hijfj should in
approach has a substantial computational advantage over the principle represent an ordinary linear convolution operation.
explicit approach, as we explain later, but it can only be However, we would like to use the discrete Fourier transform
(DFT) to compute the convolutions rapidly, and this can be
applied in certain situations.
m
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done only for circular convolutions. Fortunately, circular where Cij E{fjfiT}.
convolution and linear convolution produce the same result
Using the matrix inversion lemma [14] it is easy to show
if we first embed each image in a larger array of zeros (see
that
[10], p. 145). A matrix Hij that, when multiplied by an image
j~, produces the effect of circular convolution has what is
CfHT(HCfH + C~) -1 -- (HTCnlH + C f - 1 ) - I H T C n 1
(7)
known as a block-circulant structure. Block circulant matrices
are diagonalized by the DFT [10], thus leading to simplified
calculations.
Thus, we can also write
For purposes of notational simplicity, we assume throughout that the multichannel source image f and noise n have
fLMMSE -- ( H T C n l H + Cf-1)-lHTCnlg.
(8)
zero mean. The source image usually does not obey this
assumption in reality, but the equations can easily be
modified to accommodate a non-zero mean by introducing
appropriate corrections. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.2 Regularized Weighted Least-Squares
-

-

(RWLS) Estimation
3 Multichannel Image Estimation
Approaches

The weighted least-squares (WLS) estimate of f is
fWLS -- arg mfin{(Hf - g)rCnl(Hf - g)},

Image recovery is most often achieved by constructing an
objective function to quantify the quality of an image
estimate, then optimizing that function to obtain the desired
result. Some important objective functions and solutions from
estimation theory are reviewed in this section.

3.1 Linear Minimum Mean Square Error
(LMMSE) Estimation
The mean square error (MSE), defined as
MSE(f) -- E { l l f - fll2},

(4)

is a measure of the quality of the image estimate f. Here, E{.}
denotes the expectation operator. Among the images that are a
linear function of the data (i.e., f = Ag where A a matrix), the
image that minimizes the MSE is known as the linear
minimum mean square error (LMMSE) estimate fLMMSE.
Assuming f and n are uncorrelated [4], the LMMSE solution
is found by finding the matrix A that minimizes the MSE.
The resulting LMMSE solution is
fLMMSE --- C f H T ( H C f H T +

C~)-lg,

(5)

where Cn is the covariance matrix of the multichannel noise
vector n, and Gf is the KNM x KNM covariance matrix of
the multichannel image vector f, defined as

Cf - E{f fr} _

Cll

C12

...

C1K

C21

C22

...

C2K

CK1

CK2

...

CKK

where arg turin {/(f)} denotes the vector f that minimizes/(f).
Here, Cn is the covariance matrix of the noise, which in this
context is assumed to be diagonal. In the presence of noise,
the WLS solution will usually be very noisy. This occurs
because the matrix H is often ill-conditioned or singular,
therefore some of its singular values are close to or equal to
zero. In this case, the solution is unstable and highly sensitive
to noise. Regularization is a well-known solution to this
instability, in which the ill-posed problem is replaced by a
well-posed problem for which the solution is an acceptable
approximation (see [4] and Chapter 3.11).
In the WLS formulation, regularization can be achieved
by adding to the WLS functional a term that takes on
large values if the image is noisy. A term that achieves this is
IlQfll z, where Q is a high-pass filter operator. Incorporating
this term, the regularized WLS (RWLS) estimate is obtained
as follows:
fRWLS -- arg rnfin{(Hf - g)VC~-l(Hf - g) + XllQfll2},

(6)

(10)

in which 2, known as the regularization parameter, controls
the trade-off between fidelity to the data (reflected by the
first term of the objective function) and smoothness of
the estimate (reflected by the second term) [8]. Solving for
fRWLS we obtain
fRWLS -- (HTCnlH + XQTQ)-IHTCnlg.

,

(9)

(11)

Note that the RWLS and the LMMSE estimates are equivalent
when C~-1 - XQTQ.
A special case of RWLS estimation occurs if the noise is
white, i.e., if Cn = ry2I. In this case the RWLS functional
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that now depends on the multichannel image f and the
line process l,

reduces to the regularized least-squares (RLS) functional:
fRLS -- arg mfin{l(f)}
= arg mfin{(Hf -- g)T(Hf -- g) + )~llQfl[2}.

(12) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Q(f , /) -- ~ ~ [ ( ~ ( i + 1,j) -fc(i,j))2(1 -lc[(i,j), (i 4- 1,j)])
c

i,j

+ (fc(i,j + 1) -fc(i,j))2(1 - lc[(i,j), (i,j + 1)])

3.3 Multichannel Regularization

+ rlc[(i,j), (i + 1,j)] + rlc[(i,j), (i,j + 1)]].

In multichannel image recovery, the operator Q enforces
smoothness not only within each image channel, but also
between the channels, thus achieving an additional measure
of noise suppression, and often producing dramatically
better images. In ordinary single-channel recovery of twodimensional (2D) images, one can define Q as a discrete
two-dimensional Laplacian operator, which represents 2D
convolution with the following mask

l

0 1
1 -4

01
1 .

0

0

1

(13)

For multichannel recovery, one can use the three-dimensional
(3D) Laplacian Q, which implies correlations between
channels. The 3D Laplacian [6] can be performed as a 3D
convolution which can be written in equation form for the
lth channel as:

The introduction of an active line element in the position
[(i,j), (u, v)] with (u, v) ~ Af (i, j) is penalized by the term
rlc[(i,j), (u, v)] since otherwise the above equation would
obtain its minimum value by setting all line elements
equal to one. The intuitive interpretation of this line
process is simple; it acts as an activator or inhibitor of the
relation between two neighbor pixels depending on whether
or not the pixels are separated by an edge, see [9] and [11]
for details.
We want now, see [16] for details, to increase the
probability of a new active line element in the position
[(i,j), (u, v)] in a given channel if the other channels have a
line in the same position. To do so we include in the
regularization term Ecc'lc[(i,j), (i + 1,j)]le[(i,j), (i + 1,j)] and
also ecc'lc[(i,j), (i,j + 1)]lc,[(i,j), (i,j + 1)] with c, c' = 1. . . . . L,
c --/: c' and e cc' > 0 and finally write
Q(f'/) - ~

E
C

((f~(i + 1,j) - f~(i,j))2(1 -lc[(i,j), (i + 1,j)])

l,J

[Qf]l(i,j) - -63~(i,j) + fi(i- 1,j) + j~(i + 1,j) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ft(i,j- 1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ (fc(i,j + 1) -fc(i,j))2(1 - lc[(i,j), (i,j + 1)1)
(14)
+fl(i,j + 1) + j -~-j~-i +fi-l(i,j) +fl+l(i,j)
For the multichannel problem we could also use the 2D
mask in Eq. (13) or the first derivative mask which would
produce

+ rlc[(i,j), (i + 1,j)] + rlc[(i,j), (i,j + 1)])
L

- E ed Z lc[(i,j), (i + 1,j)]le[(i,j), (i + 1,j)]
c'=l

i,j

C/pC

~ ((f~(i + 1,j) --fc(i,j)) 2 -+-(f~(i,j + 1) -fc(i,j))2),

I[Qf[I2 = ~
c

i,j

(15)

L

_ ~ ec~' ~
d=l

Ct~C

however, this regularization, as well as the one defined
by Eq. (13), does not take into account the correlations
between channels and corresponds to an independent channel
reconstruction.
In order to relate channels, not by grey levels but by the
presence of similar regions in all channels, we first modify
Eq. (15) by smoothing each channel only within homogeneous
regions. This selective smoothing is carried out by the
introduction of a line process lc[(i,j), (u, v)], where (u,v)
A/'(i,j), A/'(i,j)= { ( i - 1,j), (i + 1,j), ( i , j - 1), (i,j + 1)},
which takes the value zero if pixels (i,j) and (u, v) in channel c
are not separated by an active line and one otherwise. Then,
we replace [[Qf[[2 in Eq. (15) by a penalty function, Q(f,/),

lc[(i,j), (i,j + 1)]le[(i,j), (i,j + 1)1

(16)

i,j

The introduction of these cross terms will help to recognize
the same objects in all the channels even if they do not
have similar intensities. Note that if ece= 0, ¥c, c' no edge
information will be passed between channels. Furthermore, if
ece is very large the restoration will tend to have the same edge
map in all channels.
Though they would yield excellent results, the closed-form
solutions given in the previous section usually cannot be
computed directly because of the large number of dimensions
of multichannel images. For example, to restore a threechannel color image having 512 x 512 pixels per channel,
direct computation of fLMMSE using Eq. (5) would require
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the inversion of matrices of dimension 786,432 x 786,432• where
To sidestep this dimensionality problem, computationally
A -- D H D c f ( D H ) h + D G
(20)
efficient algorithms must be designed. Next, we present
two such approaches that lead to practical multichannel image
and h denotes the Hermitian of a matrix. The K M 2 x 1 vectors
recovery techniques. Unfortunately, the use of the regularizaFLMMSE and G are the DFTs of the multichannel vectors
tion term in Eq. (16) prevents us from using computationally
fLMMSE and g, respectively. The matrices Dc i, D G and DH are
efficient algorithms and other alternative algorithms have to
obtained by using W to transform Cf, Cn and H, repectively
be used, see [16] for details. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(e.g., Dci - w h c f w ) .
The matrix A has a special form
which allows the inversion to be readily performed, thus the
difficulty of computing fLMMSE has been eliminated.
4 Explicit Multichannel Recovery
Any matrix C having block-circulant blocks Cij can be
Approaches
transformed using the multichannel DFT into a matrix D
having diagonal blocks as follows:

4.1 Space-Invariant Multichannel Recovery
The difficulty of directly implementing the solutions reviewed
in the previous section lies in the complexity of inverting
large matrices. In this section we show that, if the multichannel imaging system is space-invariant and the noise and
signal are stationary, then the required inversion is easily
performed by using the fact that block-circulant matrices are
diagonalized by the discrete Fourier transform (DFT) [10].
To simplify our discussion of space-invariant multichannel
imaging we assume in this section that the observed and true
image channels are square and have the same number of
pixels, i.e., M = N = L = P.
Let us assume that the imaging system is space-invariant
and that the channels of the source image f are jointly
stationary, i.e.,
E{fi(x, y)fj(x', y')} - [Cf]ij(x - x', y - y'),

(17)

where j](x, y) denotes pixel (x, y) of image channel J~, and [Cf]ij
is the covariance matrix of ~ and ~. Let us make the same
assumption about the noise channels ni. In this case the
covariance matrices [Cr]..
Jr] and [Cn]i"
j can be approximated by
M 2 x M 2 block-circulant matrices. The matrices H, Cf, and C,
are composed of M 2 × M 2 block-circulant blocks, but they are
not themselves block-circulant.
Now let us define the multichannel DFT as W =
diag{W, W . . . . . W}, where W is a M 2 x M 2 matrix representing the two-dimensional DFT, and W has K blocks. Using
W to transform the LMMSE solution in Eq. (5) we obtain
WfLMMSE -- W C f W - l ~ r n T w

-1

( W H W - 1 W C f W - 1 W H W -1 -~- W C n W - 1 ) - l w g

(18)
or, equivalently,
FLMMSE -- Dcy(DH) h A - 1 G

(19)

WCll W -1
D=WCW

-1 =

WC12W -1 ...

WC1KW -1

WC21 W - 1 WC22 W - 1

WC2K W - 1

W C K 1 W -1

WCKK W - 1

WCK 2 W -1

(21)
Although the blocks of D are diagonal, D is not itself diagonal.
Any matrix having this property is termed a non-diagonal
block-diagonal (NDBD) matrix. Matrices Dcs, Dc,, and DH
are also NDBD [5-7].
NDBD matrices have two useful properties that lead to a
tractable method for inverting A and thus obtaining the
LMMSE solution in Eq. (19). First, the set of NDBD matrices
is closed under addition, multiplication, and inversion [5, 6].
Therefore, because DH and D G are NDBD matrices, so is A.
Second, a K M x K M
NDBD matrix such as A can be
rearranged into a matrix having M nonzero K x K blocks
along its diagonal by applying a row operation transformation
T [6, 13] to obtain TATT=diag{R1,R2 . . . . . RM}, where
each Rj is a general K x K matrix.
Once transformed, the originally intractable problem of
inverting the K M x K M matrix (HCfH r + Cn) in Eq. (5) is
reduced to one of separately inverting the K x K blocks Rj,
j = 1. . . . . M, of TAT T. Because the number of channels K
is usually much smaller than the number pixels M in each
channel, the inversion problem is greatly simplified.

4.2 Numeric Experiment
A numeric experiment with color images is shown to
demonstrate the improvement which results from the
application of multichannel as compared to single-channel
LMMSE restoration. For this experiment different distortions
were applied to each of the red (R), green (G), and blue (B)
channels of the original image and is shown at the upper-left
of Fig. 2. The red channel was blurred by vertical motion
blur over 7 pixels, the green channel by horizontal blur over
9 pixels, and the blue channel by a 7 x 7 pill-box blur. In all
cases the blurs were symmetric around the origin.
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The variance of the noise added to the blurred data is
defined using the blurred signal-to-noise ratio (BSNR) metric.
These metrics are given per channel i
BSNR -- 10 lOglo ~[[Hifl[2
d B
M0. 2

(22)

where M the total number of pixel in j~ and 0 .2 is the variance
of the additive noise.
Noise was added to all three channels with corresponding
BSNRs of 20 dB, 30 dB, and 40 dB. The degraded image is
shown in the upper-right of Fig. 2. The degraded image was
restored using a single-channel LMMSE filter to restore
each channel independently, and the multichannel LMMSE
filter. In both cases the required power spectra and crosspower spectra were evaluated using the original image, to
establish the upper bound of perfomance, as well as, the
avaible noisy-blurred image, as a more realistic scenario.
They were computed in all cases using Daniell's Periodogram
(the regular periodogram was spatially averaged using a
5 x 5 window).
The results of the single-channel LMMSE restoration are
shown in the middle of Fig. 2 left (use of original image for
power spectra estimation) and right (use of degraded image
for power spectra estimation).
The results of the multichannel LMMSE restoration are
shown in Fig. 2 bottom, left (use of original image for crosspower spectra estimation) and left (use of degraded image for
cross-power spectra estimation). From these experiments it
is clear that multichannel restoration produces visually more
pleasing results than single-channel restoration.
FIGURE 2 Exampleof a multichannel LMMSErestoration, original (upper
The regularization term in Eq. (16) was used to restore a
left), degraded (upper right), restored single-channel power-spectrum from
multichannel
astronomical image. Although the original
original (middle left), restored single-channel power-spectrum from degraded
image
size
is
512x512
pixels, only a small 192x 192 region
original (middle right), restored multichannel power-spectrum from original
of
interest
is
presented
in
Fig. 3. The observed image, depicted
(lower left), restored multichannel power-spectrum from degraded (lower
right). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in Fig. 3a, corresponds to three different images of the same

(a)

(b)

FIGURE 3 (a) Observed astronomical multichannel image. (b) Restoration using the regularization in Eq. (16).
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The correlation structure in an image sequence is often
much more complicated than in a still color image because
there is motion between frames. The displacement vector (DV)
represents the motion of an image patch from one flame to
the next, and the displacement vector field (DVF), which
describes the motion of various pixels, is indispensable for
describing the between-frame correlations, for details on DVF
estimation
see. For example, if the image patch occupying
hcc(i,j) oc (1 3-[i2 3- jZ]/r2)-a ' c E {R, G,B}.
pixel (i, j) in frame l has displacement vector (re, n), it
appears in pixel (i + m,j 4- n) in flame l + 1. Thus, there will
We found 8 ~ 3 and r--, 3.4 pixels in all the channels.
be strong between-frame correlation between fl(i,j) and
Figure 3b shows the reconstruction using the regularization
)~+1(i 3- m,j + n). The correlation structure described by the
term in Eq. (16). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
DVF is not space-invariant in most situations; therefore, in
these cases, the frequency-domain approach described
4.3 Space-Variant Multichannel
previously cannot be applied.
To accommodate motion in the RLS formulation, the
Recovery Approaches
regularization operator must be modified to reflect the fact
In many cases the degradation and/or the regularization/
that a pixel in frame l is not necessarily correlated with the
covariance matrix may not be space-invariant. In such cases
same pixel in frames 13- 1 and l - 1 , but rather with pixels
the frequency-domain approach described in the previous
that are offset by the corresponding displacement vectors. To
section cannot be applied because the matrices involved are
express this, we modify the 3D Laplacian operator Q defined
not NDBD and thus direction inversion of A in Eq. (19) is not
in Eq. (14) to obtain the 3D motion compensated Laplacian
possible. Instead, the RLS solution f that minimizes Eq. (12)
(3DMCL) defined by:
must be computed iteratively. Taking the gradient of/(f) in
Eq. (12) yields:
[Q3DMcLf ll(i,j) --" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 6 f l ( i , j ) ( i , j ) + fl(i - 1,j)
(HTH + XQrQ)t" = HTg.
(23)
+ )~(i + 1,j) + fl(i,j - 1)

object taken at different wavelength. The image was scaled to
the range [0,255] for printing since the range of the original
bands was extremely low.
Since the images were taken at different times no crosschannel blurring is present. The blurring functions Hcc
correspond to the mask defined by

This equation can be solved using the method of successive
approximations [18] which yields the following iteration:

+ fl(i,j + 1))~_1(i + mli'S~,l),j +

_(i,j)
(i,j)
+.~+1 (i + m(l+l,l),j +n(l+l,l))
_

(0) = 0
~ (k+l) __ ~:(k) 3- ot[HTg _ (HTH 3- LQTQ)~: (k)],

(24)

where f k is the image estimate at iteration k, and ct, known
as the relaxation parameter, is a scalar that controls the
convergence properties of the iteration. It is easy to verify that
a stationary point of this iteration satisfies Eq. (23).

4.4 Application to Restoration of
Moving Image Sequences
With the recent explosion of multimedia applications, the
restoration of image sequences is becoming an increasingly
important problem. The purpose of image-sequence restoration is to recover information lost during image sensing,
recording, transmission and storage. Usually, image sequences
consist of image frames of the same object or scene taken at
closely spaced time intervals; therefore, they often exhibit a
high degree of between-frame correlation. In the context of
multichannel image recovery, we refer to the image flames as

channels.

nli'_J)l,l))
(25)

where (m(t+k,l),
, (i,j) n(l+k,t
.(i,j) )), k -- -1, 1, represents the DV
between frames l and (l + k) for pixel (i, j). It is easy to
generalize this operator to capture the temporal correlation
between more than three channels.
The iterative algorithm in Eq. (24) is easily implemented
using the regularization operator Q3DMCL because it is
assumed symmetric, i.e., Q3DMCL= Q r 3DMCL"Therefore, in
Eq. (24) Q3DMcLQ3DMCL
T
f is computed by applying Q3DMCL
twice (for more details see [1]). Integer DVs are used in the
example shown in this section. The generalization of this
approach to non-integer DVs for recovery of compressed
video is presented in [ 19].
The application of multichannel image restoration to
image sequences with motion is demonstrated by the
following experimental example. Ten frames (each of size
256 x256) from the "Trevor White" sequence were used as
test images. The results obtained by multichannel restoration
are compared with the results obtained by restoring each
flame separately (henceforth referred to as Model 0) using
an independent-channel version of Eq. (24) in which the
regularization operator is Q--diag{Q,Q . . . . Q}, where Q
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represents the convolution with the 2D Laplacian kernel Cases (i) and (ii) corresponding, respectively, to 10 and 30 dB
defined in Eq. (13).
BSNR of additive white Gaussian noise were examined. Plots
To apply the iteration in Eq. (24) the DVF must first be of the ISNR are shown in Figs. 4 and 5. In Figs. 6, 7, and 8 the
estimated. Four approaches were used for this task. We refer 8th frame of this experiment is shown for cases (i) and (i/).
to these approaches, combined with the iteration in Eq. (24),
The original and the degraded images are shown in Fig. 6.
as Models 1-4, which are defined as follows. In Model 1
the DVF is estimated directly from the degraded images.
13- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED
In Model 2 the DVF is estimated from the images restored
Model4
by Model 0. In Model 3 the DVF is estimated from the
12images restored by Model 2. In Model 4 the original image
11sequence is used to obtain the DVFs. Model 4 is used to test
the upper bound of performance of the proposed multilOchannel restoration algorithm.
9In Models 1-4 the DVF is computed from either the
8degraded, the restored, or the source image. A block search
ISNR
algorithm (BSA) was used to estimate the between channel
7(de)
DVFs. The motion vector at pixel zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(i, j) between frames l and
6k, was found by matching a 5 x 5 window centered at pixel
Model3
5(i, j) of frame l to a 5 x 5 window in frame k. An exhaustive
search over a 31 x 31 area centered at pixel (i,j) of frame k was
Modell zyxwvutsrqponmlkjihgfedcbaZYXWV
4used and the matching metric was the sum of the squared
3errors.
-'-----~-- ~ o d ~ l O
Two experiments are summarized here (more are
2described in [1]), in which all five models were tested and
1compared. The variance of the noise added to the blurred data
0
I
I
I
I
I
I
I
I
is defined using the blurred BSNR metric which was defined
1
2
3
4
5
6
7
8
9
10
in Eq. (22). As an objective measure of performance of
Frame Number
the restoration algorithms the improvement signal-to-noise
F I G U R E 4 I S N R plots for E x p e r i m e n t I, case (i)" B S N R = 10 dB, 11 x 11 blur,
ratio (ISNR) metric was used. This metric is given by
t ~ = 0 . 1 a n d 2 = 0.1.

I S N R - 10 log10

I1.~ - g i l l

2

- ~ dB,

(26)

I~ -fll

13-

where the vectors fi, gi and j~ are the ith channel of the
original image, the degraded image and the restored image,
respectively.
In both experiments the relaxation parameter ct was
obtained numerically using a method, based on the Rayleigh
quotient, described in [1]. The value of the regularization
parameter 2 was chosen to be equal to (10~-0R) -1 [6]. To restore
all ten frames of the image sequence, six five-channel multichannel filters were used in which a five-channel multichannel
regularization operator similar to the one in Eq. (25) was used.
Except for the first two and last two frames of the sequence a
five-channel non-causal filter was used to restore each frame.
This filter used both the two previous and the two following
frames of the frame being restored.
Ten frames (frames 41-50) of the Trevor White sequence
were blurred by an 11 x 11 uniform blur. The point spread
function of this blur is given by

Model4

121110-

9-8-

ISNR
(da)

76-

ModeB
~ / -

5-

Modell
43-

Model0

2-

10

h(i,j) -

1

121
0

if-5<i,j<5

otherwise.

1

(27)

Model2

I

I

I

2

3

4

I

I

[

l

I

5

6

7

8

9

Frame Number

FIGURE 5

I S N R plots for E x p e r i m e n t I, case (ii): B S N R = 30 dB, 11 x 11

blur, t~ = 2.0 a n d 2 = 0.001.
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FIGURE 6 Original Image twy048 (top). Experiment I case (i) (bottom left): Degraded image, with 11 x 11 blur and 10 dB of BSNR additive noise.
Experiment I case (ii): Degraded image, with 11 x 11 blur and 30 dB of BSNR additive noise (bottom right).

In Figs. 7 and 8 the restored images from this experiment channels, it eliminates the need for cross-channel smoothing.
are shown.
In addition, because the KL transform compresses the
Both the visual and the PSNR results of this experiment significant signal information, it effectively reduces the
demonstrate that: 1) the multichannel regularization greatly number of channels that must be processed. For example, a
improves the restored images, and 2) the accuracy of the 50-channel source image with highly correlated channels
between-channel knowledge that is incorporated is crucial might be described almost perfectly by only five KL channels,
to the quality of the results. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
with the remaining 45 channels dominated by noise. In such
an example, only five channels of data would need to be
processed instead of the original 50.
5 Implicit Approach to Multichannel
The basic steps of the implicit approach to multichannel
Image Recovery
image recovery are as follows: 1) apply a KL transformation to
the data; 2) discard the channels of the KL-transformed data
The purpose of multichannel image recovery is to make use that are dominated by noise; 3) recover an image channel
of the correlations between channels of the source image for from each of the remaining KL-domain data channels separapurposes of noise suppression. Unfortunately, the between- tely; and 4) apply an inverse KL transform to the recovered
channel smoothing required to exploit this information can channels to convert them back to the original domain.
greatly increase the computational cost. In the implicit
Having outlined the steps of the basic algorithm, let us
approach, the computational burden is dramatically reduced now explain and justify it. The implicit approach is based on
by applying a Karhunen-Lo6ve (KL) transformation to the the assumption that the multichannel covariance matrix Cf in
observed data prior to processing. For a review of the KL Eq. (6) is separable into a spatial part C~~) of dimension K x K
transform see [10], p. 163.
and a temporal part C (t) of dimension N x N as follows:
Y
The computational savings result from two important
functions of the KL transform: decorrelation and compresCf - C~t) ® C~s)
(28)
sion. Because the KL transform decorrelates the source
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FIGURE 7 Experiment I case (i) restored images using Model 0 (upper left), Model 1 (upper right), Model 3 (lower left), and Model 4 (lower right).

where ® denotes the Kronecker product. In the recovery algorithm this calls for separate temporal and spatial regularization operations. This separability assumption is best suited
for imaging of motion-free objects or scenes; however, it has
been shown in [17] to work extremely well in reconstructing
image sequences of the beating heart as we will show later.
Decorrelation of the channels of the source image is
achieved by application of a KL transformation ~, which is
the transpose of the eigenvector matrix of C~t), i.e.,
C~t) C~t = ~ t D

describing the degradation of one image channel.
This form for H represents the situation in which
every image channel is degraded in the same way,
and the channels are degraded independently of one
another.
2) The multichannel noise covariance must be of the form
C~ = diag{C~, C~. . . . , C~} = I ® Cn. This means that
every channel of the multichannel observations must
be the same noise covariance matrix and that the noise
channels must be uncorrelated. zyxwvutsrqponmlkjihgfedcbaZYX

(29)

where D = diag{dl,
, dK} and dl is the lth eigenvalue of C~t).
The limitation of the implicit approach is that it
involves, in addition to the separability condition in Eq.
(28), the following assumptions which may not hold in some
applications.
1) The system matrix must be of the form H = diag
{H,H, ... ,H} = I ® H. Each block H in the multichannel system matrix H denotes the system matrix

5.1 KL Transformation of the
Multichannel Imaging Model
The values of pixel i in the multichannel image and pixel m in
the multichannel observations form, respectively, the K x 1
vectors
f(j) -- [fl(i),f2(i),... ,fK(i)] r
and g ( i ) = [gl(m), g2(m) . . . . , gK(m)] r.

(30)
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FIGURE 8

Experiment I case

(ii) restored

images using Model 0 (upper left), Model 1 (upper right), Model 3 (lower left), and Model 4 (lower right).

In terms of these vectors, the form of Cf in Eq. (28) can be
written as:

E { f ( i ) f T ( j ) } - [c;S)]ij Cf(t)
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for

i,j-

1. . . . . N.

(31)

where IM denotes the M x M identity matrix. Applying AM to
both sides of the multichannel imaging model in Eq. (1),
we obtain:
AME{g} -- AMHf,

(34)

where E{.} denotes expectation with respect to the noise n.
If we define the KL-domain quantity f(i) -- Of(i), then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Using properties of the Kronecker product, we rewrite AMH
as follows:
E{f.(i)f.T(j)} - - [C;S)]ij D .
(32)
AMH -- (O ® IM)(IK @ H) -- (OIK) @ (IMH)
Equation (32) indicates that the transformed vector t:(i)
does not exhibit any between-channel correlations. Thus, if
recovery is performed in the KL domain, the need for
between-channel smoothing is eliminated. As applied to the
multichannel vector f, the KL transform is represented by a
multichannel transformation matrix AM defined as

AM -- @ ® IM,

(33)

= (IKO) ® (HIN) -- (IK ® H)(O ® IN) -- HAN.

(35)

Interchanging the transformation matrix and the expectation
operator in Eq. (34), using the result in Eq. (3_5), and
defining the transformed quantities ~ = AMg and f = ANf,
yields the following transformed imaging model:
E{~}- Ht:.

(36)
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Note that Eq. (36) has precisely the same form as the original where D is the eigenvalue matrix defined in Eq. (29). It is easy
linear imaging model, thus solution in the KL domain can be to show that
accomplished by existing recovery approaches. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-1 T

AuG n AM = Ch-1

5.2 KL Transformation of the RWLS
Cost Functional

where C~ is the covariance matrix of the observations in the
KL domain. Using Eqs. (42) and (43), Eq. (41) becomes

We define a more general version of the multichannel RWLS
functional introduced in Eq. (12) as follows:
/(f) -- (g -- Hf)rCnl(g _ Hf) + ~.frc~-lf,

(43)

]([:)- (g-- n~r)Tcfi 1(g-- Hit) --~-~~:T{D-l®

[C~S)]-I} it.
(44)

(37)

Using the assumption C~-1 - I ® C(')-1, since H and C~ 1 are
In this section we show that this RWLS functional is simplified block diagonal, and D and I are diagonal, Eq. (44) reduces to
greatly by the KL transformation under the conditions
described previously. In a statistical interpretation of this
]([:) -- Z h ( J ~ ) ,
(45)
functional, Cf should be chosen to be the covariance matrix
/=1
of the multichannel image f; therefore, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C}t) and C}s) should
be chosen to be the covariance matrices expressing the in which
between-channel and within-channel covariances, respectively. As described earlier, we choose C~s) _(kQTQ)-I,
Jl(fll)- (ill -- Hfl) c~l(gl -- Hfl) +
flT[C}s)] ft. (46)
where Q is a matrix representing a discrete approximation of
the two-dimensional (2D) Laplacian operator.
where j~ and gt are the lth KL components of f and g,
To transform the multichannel RWLS cost functional, we respectively and dl is the eigenvalue associated with the kh
begin by writing the quantities of interest in terms of their KL basis vector.
KL-domain counterparts (identified with a tilde) as follows:

K

g--AT~

and

f--AT[: .

(38)

Note that AN and AM are orthogonal matrices, so AT -- AN1
and Ar = AM1. Substituting for these quantities in Eq. (37),
we obtain

j(f')- (ATg -- HATtr)Tc21 (ATg -- HATi)

-JI-~,ATfT[c~t) ® c~S)]-IATf.

(39)

In a manner similar to that used to derive Eq. (35), it can be
shown that
HATi - ATHi.

(40)

Using Eq. (40), distributing the transpose operations, and
factoring out the transformation matrices, we obtain

+xfT{AN[C~O®@s)]-IATlf.

(41)

Using Eq. (33), we rewrite the term in curly braces as follows:

AN[C~t)® C(s)]-IA T --D-l® [C~S)]-1,

(42)

5.3 Space-Invariant Image Restoration by
the Implicit Approach
Image restoration (deblurring) problems can be solved
especially easily when the degradation operator H and the
covariance matrices C~') and C,~ are circulant. As in the
general case, application of the implicit approach begins with
computation of the covariance matrix C~t) and its eigenvectors
in ~, which are used to transform the observed multichannel
image to the KL domain. Then the conventional Wiener filter
[10] can be implemented in the DFT domain in closed form,
and applied one-by-one to the significant KL-domain
channels to restore them. Finally, the multichannel image is
obtained by inverting the KL transform.
J

5.4 Space-Variant Image Recovery by
the Implicit Approach
When the degradation is not shift-invariant and/or the
statistics are not stationary, the recovered KL-domain
channels must be computed iteratively. The RWLS functional
/(f) can be minimized by minimizing //(j~)separately in
Eq. (46). Since ]l(f) is quadratic with respect to ~ a number of
iterative minimization methods, including_ the conjugate
gradient algorithm [3], can be used to find f. Theoretically,
the conjugate gradient method is guaranteed to converge in
N steps (the dimension of each image channel), but a much
smaller number of iterations is sufficient for good results in
practice.
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FIGURE 9 Example frames (numbers 1, 2, 3, 10, 20, 40) from a sequence of 44 frames of dynamic positron emission tomography (PET) data. In dynamic PET
the object typically is stationary, but is changing in time. Data courtesy of Jogeshwar Mukherjee.

FIGURE 10 First six Karhunen-Lobve components of the dynamic PET data in Fig. 9. The remaining 38 components look similar to the sixth and are
dominated by noise. Only the first three contain significant signal information. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5.5 Multichannel Reconstruction of
Medical Image Sequences

100

In this section we describe an application of the implicit
multichannel recovery approach to an important problem in
medical imaging, namely the reconstruction of time-sequences
of images. We focus specifically on two emission tomography
methods: positron emission tomography (PET) and singlephoton emission computed tomography (SPECT) [2].
For purposes of computation, the imaging model for PET
and SPECT sequences can be approximated by the set of
matrix equations

10.~
~

1-

0.1
0.01
1

E{gk} = Hfk,

k = 1,2 . . . . . K.

(47)

This corresponds exactly to the previously discussed multichannel linear imaging model for the special case in which
H = diag{H,H, ...,H}. In this application, H represents a
tomographic projection operator which is not shift-invariant.
In an idealized model, the projection operator is the discrete
Radon transform, but more-realistic models include blur
caused by various physical factors in the imaging process.
In dynamic PET, one obtains a time sequence of data gk,
k = 1. . . . . K, from which an image sequence fk, k = 1. . . . . K,
is to be reconstructed. Usually the reconstruction is performed
image by image, but recent research [20, 21, 17, 15, 12] has
shown that it is preferable to reconstruct all of the images
collectively as a multichannel image f from all of the data in
the multichannel observation vector g. The following example
from PET brain imaging illustrates this principle. The images
shown depict slices of the brain of a monkey; the bright areas
indicate tissues rich in dopamine receptors, the part of the
brain's chemical communication system.

11

21

31

41

Index I
FIGURE 11 Spectrum of eigenvalues showing the dominance of the first two
KL components. Usually the next component contains significant signal
content as well.

In the implicit approach, one begins by applying a KL
transformation along the time axis of the data (across the
channels of g). Figure 9 shows example frames from a time
sequence of 44 frames of tomographic projection data; Fig. 10
shows the first six frames following the KL transformation.
The KL transform eliminates redundancy in the observations
and compresses the useful information into the first three
frames. The remaining frames, which all look similar, are
dominated by noise and can be discarded. The importance of
the first three frames is depicted quantitatively by the
eigenvalue spectrum shown in Fig. 11. Figure 12 shows the
result of reconstructing images from the first three KL-domain
observations. The inverse KL transform is applied to these
three KL-domain images to obtain a sequence of images.
Examples of these results are shown in Fig. 13 where they are

FIGURE 12 Images reconstructed from the first six KL components of the data (see Fig. 10). All but the first three are dominated by noise and can be omitted
from the computations.
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FIGURE 14 Exampleframes from a sequence of gated SPECTimagesof the
heart. Images reconstructed by the implicit multichannel approach (left
column) are less noisy than those obtained by single-channel reconstruction
(right column). These images were obtained without accounting for blur in
the systemmatrix H so no deblurring effect is apparent. Imageresults courtesy
of V. Manoj Naryanan and Michael A. King.

are normally obscured by noise are clearly visible when
reconstructed by the implicit approach. Because of the
separability assumption in Eq. (28) one might expect the
implicit approach to perform poorly when there is
motion; however, these images of the beating heart show
that the KL decomposition can capture motion information
in some cases.

Acknowledgments
N.P. Galatsanos wishes to acknowledge the financial support
of the National Science Foundation under grant MIP-9309910
FIGURE 13 Example frames from the sequence of dynamic PET images for work on the explicit multichannel approach described in
reconstructed by the implicit approach (left column), by separate single- this chapter. He also wishes to recognize Roland Chin his
channel reconstruction by PWLS(center column) and filtered backprojection Ph.D. thesis adviser for introducing him to the multichannel
(FBP,right column). Becauseof the high noise level,single-channelPWLSfails
to produce significantlybetter results than FBP,but multichannel regulariza- problem, and Mun Gi Choi, and Yongyi Yang for their
significant contributions to this research.
tion, provided by the implicit approach yields more-accurate images.
M.N. Wernick is grateful to the National Institutes of
Health for supporting his research on reconstruction of
dynamic nuclear medicine images under grant R29 NS35273
compared with the results obtained by more-conventional and the Whitaker Foundation for their support of his
approaches, Note that, not only are the images obtained initial work in this area. He also wishes to recognize the
research efforts of his former students Chien-Min Kao, E.
by the implicit multichannel approach superior to the others,
but they were obtained in less time because only three KL James Infusino, and Milo] Milo]evi4 who made substantial
flames required reconstruction instead of 44 time-domain contributions to the work. He also thanks his collaborators
image flames. Quantitative performance evaluations of the V. Manoj Narayanan and Michael A. King for contributing
implicit approach for image reconstruction can be found the research results shown in Fig. 14, and Jogeshwar
Mukherjee for providing the PET data shown in Fig. 9 and
in [12, 21].
Figure 14 shows another application of the implicit for helpful discussions about neuroreceptor imaging.
The work of R. Molina has been supported by the
approach to cardiac SPECT imaging. Two example frames
are shown, each reconstructed by both a single-channel Comisin Nacional de Ciencia y Tecnologa under contract
TIC2003-00880.
approach and by the implicit approach. Image features that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.7 Multichannel Image Recovery zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

References
[1] Mun Gi Choi, N. P. Galatsanos and A. K. Katsaggelos,
"Multichannel regularized iterative restoration of motion compensated image sequences," Journal of Visual Communication
and Image Representation, 7, 3, 244-258, Sept. 1996.
[2] Z. H. Cho, J. P. Jones, and M. Singh, Foundations of Medical
Imaging. New York: Wiley, 1993.
[3] E. Z. P. Chong and S. H. Zak, An Introduction to Optimization.
New York: Wiley, 1996.
[4] G. Demoment, "Image reconstruction and restoration: Overview of common estimation structures and problems," IEEE
Trans. Acoustics, Speech and Signal Processing, 37, 12,
2024-2036, March 1989.
[5] N. P. Galatsanos and R. T. Chin, "Digital restoration of multichannel images," IEEE Trans. Acoustics, Speech and Signal
Processing, 37, 3, 415-421, March 1989.
[6] N. P. Galatsanos, A. K. Katsaggelos, R. T. Chin, and A.D.
Hillery, "Least squares restoration of multichannel images,"
IEEE Trans. Signal Processing, 39, 10, 2222-2236, Oct. 1991.
[7] N. P. Galatsanos, and R. T. Chin, "Multi-channel Restoration of
Color Images by Kalmau Filtering", IEEE Trans. Signal
Processing, 39, 10, 2237-2252, October 1991.
[8] N. P. Galatsanos and A. K. Katsaggelos, "Methods for
choosing the regularization parameter and estimating
the noise bariance in image restoration and their
relation," IEEE Trans. on Image Processing, 1, no. 3, 322-336,
July 1992.
[9] S. Geman and D. Geman, "Stochastic relaxation, Gibbs
distributions, and the Bayesian restoration of images," IEEE

Transactions on Pattern Analysis and Machine Intelligence,
Vol. 9, 6, 721-742, 1984.
[10] A. K. Jain, Fundamentals of Digital Image Processing. New York:
Prentice Hall, 1989.
[111 F. C. Jeng and J. W. Woods, "Simulated annealing in compound Gaussian random fields," IEEE Transactions on Information Theory, 36, 1, 94-107, 1990.

217 zyxwvutsr

[121 C.-M. Kao, J. T. Yap, J. Mukherjee, and M. N. Wernick,

"Image reconstruction for dynamic PET based on low-order
approximation and restoration of the sinogram," IEEE Trans.
Med. Imaging, 16, 738-749, 1997.
[13] A. K. Katsaggelos, K. T. Lay, and N. P. Galatsanos, "A general
framework for frequency domain multichannel signal processing," IEEE Trans. Image Proc., 2, 3, 417-420, July 1993.
[14] S. M. Kay, Fundamentals of Statistical Signal Processing.
New York: Prentice Hall, 1993.
[ 15] D. S. Lalush and B. M. W. Tsui, "A priori motion models for
four-dimensional reconstruction in gated cardiac SPECT,"

1996 Conf. Record of the Nucl. Sci. Symp. Med. Imag. Conf.,
1996.
[16] R. Molina, J. Mateos, A. K. Katsaggelos and M. Vega,
"Bayesian multichannel image restoration using compound
Gauss-Markov random fields," IEEE Trans. Image Proc., 12,
No. 12, 1642-1654, 2003.
[17] V. M. Narayanan, M. A. King, E. Soares, C. Byrne, H.
Pretorius, and M. N. Wernick, "Application of the KarhunenLo6ve transform to 4D reconstruction of gated cardiac SPECT
images," 1997 Conf. Record of the Nucl. Sci. Syrup. Med. Imag.
Conf., 1997.
[18] R. W. Schafer, R. M. Mersereau, and M. A. Richards,
"Constrained iterative restoration algorithm," Proc. of IEEE,
69, 432-450, April 1981.
[19] Y. Yang, M. C. Choi, and N. P. Galatsanos, "Image recovery
from compressed video using multichannel regularization,"
in Signal Recovery Techniques for Image and Video Compression
and Transmission, A. K. Katsaggelos and N. P. Galatsanos, eds.,
69-98, Dordredit: Kluwer, 1998.
[20] M. N. Wernick, G. Wang, C.-M. Kao, J. T. Yap, J. Mukherjee,
M. Cooper, and C.-T. Chen, "An image reconstruction method
for dynamic PET," 1995 Conf. Record of the Nucl. Sci. Symp.

Med. Imag. Conf., 1995.
[21] M. N. Wernick, E. J. Infusino, M. Milogsevid, "Fast spatiotemporal image reconstruction for dynamic PET," IEEE Trans.
Med. Imaging, 18, 185-195, March 1999.

This Page Intentionally Left Blank

Multi -Frame Image Restoration
1 Introduction .................................................................................................................. 219
Timothy J. Schulz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Michigan Technological
2 Mathematic Models ..................................................................................................... 221
University zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3

4
5

2.1 Image Blur and Sampling, 2.2 Noise Models
The Multi-Frame Restoration Problem .....................................................................
3.1 Restoration as an Optimization Problem • 3.2 Linear Methods, 3.3 Nonlinear
(Iterative) Methods
Nuisance Parameters and Blind Restoration .............................................................
Applications ..................................................................................................................
5.1 Fine-Resolution Imaging from Undersampled Image Sequences • 5.2 Ground-based
Imaging through Atmospheric Turbulence • 5.3 Ground-based Solar Imaging with Phase
Diversity
Acknowledgments ........................................................................................................
References .....................................................................................................................

224

228
229

233
233

1 Introduction

the following examples illustrate applications for which multiframe restoration is utilized.

Multi-frame image restoration is concerned with the improvement of imagery acquired in the presence of varying
degradations. The degradations can arise from a variety of
factors m common examples include undersampling of the
image data, uncontrolled platform or scene motion, system
aberrations and instabilities, and wave propagation through
atmospheric turbulence. In a typical application, a sequence of
images (frames) is recorded about a static object or scene, and
a single restored image is extracted through analog or digital
signal processing. This is different from video processing as
addressed in Chapters 3.9 and 3.10, which often deals with the
restoration of a time-varying object or scene; and different
from multichannel processing as addressed in Chapter 3.6,
which often deals with the restoration of an object or scene
that is viewed in fundamentally different ways, such as
multiple view angles, wavelengths, polarizations, or resolutions. Simply stated, the goal of multi-frame image restoration
is to process a sequence of blurred imagery of a static object
or scene with the purpose of recovering a single deblurred
image.
In most situations digital data are acquired, and the restoration processing is carried out by a general- or special-purpose
digital computer. The general idea is depicted in Fig. 1, and

Example 1.1 (Resolution Improvement in Undersampled
Systems) A critical factor in the design of visible and

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

infrared imaging systems is often the trade-off between
field-of-view and pixel size. The pixel size for a fixed
detector array becomes larger as the field-of-view is increased,
and the need for a large field-of-view can result in undersampled imagery. This phenomena is illustrated in Fig. 2.
One way to overcome the effects of larger pixels while
preserving field of view is to utilize controlled or uncontrolled
pointing jitter. In the presence of sub-pixel translations, a
sequence of image frames can be processed to estimate
the image values on a grid much smaller than the physical
size of the detector pixels. Uncontrolled motion, however,
presents the additional challenge of motion identification
or the determination of optical flow. Often referred to as
microscanning, the idea of processing a sequence of undersampled image frames to restore resolution has received
attention in a variety of applications [1, 2].

Example 1.2 (Imaging Through Turbulence) Spatial and
temporal variations in the temperature of Earth's atmosphere
cause the refractive index at optical wavelengths to vary in a
random and unpredictable manner. Because of this, imagery
219
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acquired with ground-based telescopes can exhibit severe,
time-varying distortions. A sequence of short exposure image
frames will exhibit blurs such as those shown in Fig. 3, and the
.....a
goal of a multi-frame image restoration procedure is to form a
data acquisition
fine-resolution estimate of the object's reflectance from the
system
noisy, blurred frames. Because the point-spread functions are
not easily measured or predicted, this problem is often
restored image
referred to as one of multi-frame blind deconvolution [3].
Many methods have been proposed and studied for solving
multi-frame restoration p r o b l e m s see, for example,
references [4, 5] and those cited within. Well established
digital
restoration methods exist for situations in which all sources of
processing
blur and degradation are known or easily predicted. Some of
the more popular techniques include regularized least squares
and Wiener methods [4], and multi-frame extensions of the
iterative Richardson-Lucy method [6]. When some of the
system parameters are unknown, however, the problem
becomes much more difficult. In this situation, the recovery
multi-frame image data
of the object intensity can be called a multi-frame blind
FIGURE 1 A general scenario in which multi-frame data are recorded and a
restoration problem because, in addition to the object
restored image is produced through digital image processing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

~

original scene

large field-of-view - coarse pixels

small field-of-view - finer pixels

FIGURE 2 An illustration of the trade-offbetween field-of-viewand pixel size. For a fixed number of pixels, the larger
field-of-view results in coarse sampling- finer sampling leads to a smaller field-of-view.
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FIGURE 3 Imagery of the Hubble Space Telescope as acquired by a 1.6 m telescope at the Air Force Maui Optical Station.

intensity, the unknown system parameters must also be blur; and ii) detector sampling. In the absence of noise, these
estimated [1-3, 7].
two stages of image formation are described as follows.
In the remainder of this chapter, we will develop
• System and Environmental Blur:
mathematic models for the multi-frame imaging process,
In all imaging applications, the signal available for
pose the multi-frame restoration problem as one of numeric
detection is not the image intensityf Instead, fis blurred
optimization, provide an overview of restoration methods
by the imaging system, and the observable signal is:
for non-blind and blind situations, and illustrate the methods
with some current examples of multi-frame blind restoration. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(1)
g~(r; o~) - f h(r, x; O,)f(x)dx,

2 Mathematic Models
The imaging problems discussed in this chapter all involve
the detection and processing of electromagnetic fields after
reflection or emission from a remote object or scene.
Furthermore, the applications considered here are all examples
of planar incoherent imaging, wherein the object or scene is
characterized by its incoherent reflectance or emission
function fix), x 6 7~2. Throughout this chapter we will refer
to f as the image intensity w a nonnegative function
that represents an object's ability to reflect or emit light (or
other electromagnetic radiation). The central task of a multiframe image restoration problem, then, is the estimation of
this intensity function from a sequence of noisy, blurred
images.

2.1 Image Blur and Sampling
As illustrated in Fig. 4, the need for image restoration is, in
general, motivated by two factors: i) system and environmental

where h(y,x; Or) denotes the (generally time-varying)
system and environmental point-spread function,
go(y; Or) denotes the (generally time-varying)
continuous-domain intensity that results due to the
blur, x and y are continuous-domain spatial coordinates, and Ot denotes a set of time-varying parameters
that determine the form of the point-spread function.
The role of these parameters is discussed in more detail
later in this chapter. Many applications involve spaceinvariant blurs for which the point-spread function
depends only on the spatial difference y - x, and not on
the absolute positions y and x. When this occurs
the point-spread is written as a function of only one
spatial variable, and the continuous-domain intensity
is formed through a convolution relationship with the
image intensity:

gc(r; o~) - f h ( r - x; OOf(x)dx.

[ sampling~

[,, ....blur,

i!!i

...... ii?i~

w(n~v)

h(y,x; 0t)

L

f(x)

gc (Y; 0t)

gd (n;

Ot)

FIGURE 4 Pictorialrepresentation of the image degradations due to system/environmentalblur and detector sampling.

(2)
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Diffraction is the most common form of image blur and its
effects are present in every application involving remotely
sensed image data. For narrowband, incoherent imagingsystems such as telescopes, microscopes, and infrared or
visible cameras, the point-spread function for diffraction is
modeled by the space-invariant function:

Imaging systems often suffer from various types of optical
aberrations m imperfections in the figure of the system's
focusing element (usually a mirror or lens). When this
happens, the point spread function takes the form:
2

h(¥; O) -- f A(u)d°(")e-~U'rdu ,

(5)

:2ZrU.
Ydu [2,zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(3) where O(u) is the aberration function, often measured in units
h(y) -- f A(u)e-~
of waves. 1 Here, the notation h(y; O) explicitly shows the
dependence of the aberrated point-spread function on the
where A(u) is the system's aperture function, u is a two- aberration function 0. An out-of-focus blur induces a
dimensional spatial variable in the aperture plane, )v is the quadratic aberration function:
nominal wavelength of the detected radiation, and f is the
system focal length. The notation u .), denotes the inner
zr(~ + ~1- f ) zyxwvutsrqponmlkjihgfedcbaZYXW
lul2,
(6)
product operation, and is defined for two-dimensional spatial
variables as:

O(u)-~

u.y-

Ulyl + u2y2.

(4)

The use of this model for diffraction implicitly requires that
the image intensity be spatially magnified by the factor - f / r ,
where r is the distance from the object or scene to the sensor.
For a circular aperture of diameter D, the diffraction-limited
point-spread function is the isotropic Airy pattern whose onedimensional cross section is shown in Fig. 5. Due to the
location of the first zero relative to the central peak, the
resolution of a diffraction-limited system with a circular
aperture is often cited as 1.22rX/D. This definition of
resolution is, however, very arbitrary. Nevertheless, decreasing
the wavelength, increasing the aperture diameter, or decreasing the distance to the scene will result in a narrowing of
the point-spread function and an improvement in imaging
resolution.

where r is the distance to the scene, d is the focal setting,
and f is the focal length. This blur is reduced to diffraction
when the "imaging equation" is satisfied and the system is in
focus: r1 + -d- ~. Spherical aberration, such as that present
in the Hubble Space Telescope's infamous primary mirror,
induces a fourth-order aberration function:

O(u) --

Blul 4,

(7)

where the constant B determines the strength of the
aberration. By setting the aberration to
o(,,)

-

27r
~ . ,,,
z.f

=

(8)

this model can also be used to represent a tilt or pointing
error A, so that
(9)

h(y; O) = h ( y - A).

Wave propagation through an inhomogeneous medium
such as Earth's atmosphere can induce additional distortions.
These distortions are due to temperature-induced variations
in the atmosphere's refractive index, and are frequently
modeled in a manner similar to that used for system
aberrations:

O
O
N
°,..~
O

z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA h(r; 0~) =

FIGURE 5

aperture.

-1.22 r L/D
0
1.22 r L/D
Spatial Position
Cross section of the Airy diffraction pattern for a circular

¢ y du
f A(u)e jOt(u)
• e- ~u
"2rr

2
,

(10)

where the aberration function Or(u) can now vary with time.
A typical diffraction-limited point-spread function along
with a sequence of turbulence degraded point-spread
functions are shown in Fig. 6.
1One wave

of aberration corresponds to O(u)= 2zr.
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turbulence-induced point-spreads

FIGURE 6 Diffraction-limitedpoint-spread function and a typical sequence of turbulence-induced point-spread functions.
Another interesting perturbation to the diffraction-limited
point-spread function can arise because of time-varying
translations and rotations between the sensor and scene. In
this case, the continuous-domain intensity is modeled as

g~(r; o~) - f h ( y - x)f[A(4~Ox - 6,]&,

(11)

where At represents a two-dimensional, time-varying translation, and

A(~t)-

[cos(~bt) - sin(~bt)]
ksin(~bt) cos(~bt)J'

(13)

so that the shift variant point-spread function can be
written as

h(y,x; Or) = h [ y - A-l(ot)(x + At)],

ga(n; o~) - f w(n,r)gc(r; 0,)dr,

(15)

where w(n,y) is the response function for the nth pixel
in the image detector array, n is a discrete-domain
spatial coordinate, and ga(n;Ot) is the discretedomain intensity that results due to sampling of the
continuous-domain, blurred intensity. The response
function for an incoherent detector element is often of
the form:

(12)

is a time-varying rotation matrix (at angle 4h). A simple
change of variables leads to

eel; ot) - f htr-A-l(qbt)(x + At)]f(x)dx,

sampled intensity: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON

w(n, y) --

1 YeY.

0 yCy.'

(16)

where Yn denotes the spatial region of integration for
the nth detector element. The regions of integration
for most detectors are typically square or rectangular
regions centered about the detector locations {y.}.
The combined effects of blur and sampling are modeled as:

(14)

and the parameters characterizing the point-spread function
are then Ot = (At,4~t).
Without loss of generality, we will model the system and
environmental point-spread function as the (possibly) space(17)
-- f hca(n, x; Ot)f (x)dx,
variant function h(y,x; Or), and note that this model captures
diffraction, system aberrations, time-varying translations and
rotations, and environmental distortions such as atmo- where
spheric turbulence. The parameter Ot may be a simple vector
parameter, or a more complicated parameterization of a two(18)
hca(n, x; Ot) w(n, y)h(y, x; Ot)dy,
dimensional function. Many times Ot will not be well known
or predicted, and the identification of this parameter can be
one of the most challenging aspects of a multi-frame image denotes the mixed-domain (continuous/discrete) pointrestoration problem. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
spread function. These equations establish the linear relationship between the unknown intensity function f and the
• Sampling:
multi-frame, sampled image intensities ga(n; Or).
The detection of imagery with discrete detector
Throughout this chapter we will focus on applications
arrays results in the measurement of the (time-varying) for which the data collection interval for each frame is short

- f [f w(,,,r)h(r,x; O)dr]f(x)a,,

f
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compared with the fluctuation time for the parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ot, other forms of noise m a detailed description of image noise
models is provided in Chapter 4.4. The most common for
so that a sequence of image frames: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CCD cameras m read-out noise m is induced by the
electronics used for the data acquisition. This noise is often
{ga(n; k) = ga(n; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
G),
k = 1,2, . . . ,K}
(19)
modeled by additive, zero-mean Gaussian random variables
is available for detection. Each frame is recorded at the time so that the recorded data are modeled as:

t = tk, and the blur parameter takes the value Ok = Otk during
the frame so that we write
h(y,x; k)

=

h(y,x; Otk),

(20)

and

hca(n, x; k) = h~a(n, x; Ot~).

d(n; k) = Na(n; k) + v(n; k),

(23)

where v(n; k) represents the read-out noise at the nth detector
for the kth frame. The read-out noise is usually statistically
independent across detectors and flames, but the variance may
be different for each detector element.

(21)

3 The Multi-Frame Restoration Problem
2.2 Noise Models
Electromagnetic waves such as light interact with matter in a
fundamentally random way, and quantum electrodynamics
(QED) is the most sophisticated theory available for describing the detection of electromagnetic radiation. In most
imaging applications, however, the semi-classical theory for
the detection of radiation is sufficient for the development of
practical and useful models. In accordance with this theory,
electromagnetic energy is transported according to the
classical theory of wave propagation, and the field energy is
quantized only during the detection process [8].
When an optical field interacts with a photo-detector, a
quantum of energy is absorbed in the form of a photon and
the absorption of this photon gives rise to the release of an
excited electron. This interaction is referred to as a photoevent, and the number of photo-events occurring within a
photo-detector element during a collection interval is referred
to as a photo-count. Most detectors of light record these
photo-counts, and the number of photo-counts recorded
during an exposure interval is a fundamentally random
quantity. The utilization of this theory leads to a statistical
model for image detection in which the photo-counts for each
recorded frame are modeled as independent Poisson random
variables, each with a conditional mean that is proportional to
the sampled image intensity gd(n; k) for the frame. Specifically, the expected photo-count for the nth detector during
the kth frame is:

Stated simply, the restoration problem is one of estimating
the image intensity f from the blurred multi-frame data
{d(n; k), k - 1,2 . . . . . K}. The image intensity f is defined as
a function of a continous-domain variable, and is usually
only restricted to have finite energy: f[f(x)12dx < cx~.
Representation of this signal cannot, in general, be accomplished through the specification of a finite set of values, and
we say that f is an infinite-dimensional parameter. Estimation
of f from finite data, then, is a terribly ill-conditioned problem in that there are infinitely more values to be estimated
than there are data. In other words, we have a finite number
of equations, but an infinite number of unknowns.
To overcome this problem, it is common to approximate the intensity function in terms of a finite-dimensional
basis set:

f(x) '~ Efd(m)~m(X),

where the basis functions {lp,n(X)} are selected in a manner
that is appropriate for the application. Expression of the object
function on a predetermined grid of pixels, for example, might
require ~m(X) to be an indicator function that denotes the
location and spatial support of the ruth pixel:
1 x is in the spatial support of the ruth
detector element
l~m (X) - -

E[Nd(n; k)lgd(n; k)] - akgd(n; k),

(22)

where the scale factor Otk is proportional to the frame exposure
time. Because the variance of a Poisson variable is equal to its
mean, the image contrast (mean-squared to variance ratio) for
photon noise increases linearly with the exposure time.
The data recorded by charge coupled devices (CCD) and
other detectors of optical radiation are usually subject to

(24)

In

0

x is not in the spatial support of the ruth
detector element
(25)

Alternatively, the basis functions might be selected as twodimensional impulses co-located with the center of each pixel.
Other basis sets are possible, and a clever choice here can have
a great effect on estimator performance.
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Using a basis as described in (24) results in the following
approximation to the imaging equation:

ga(n; k) = f hca(n, x; k)f (x)dx
"" f hca(n,x; k) Efa(m)aPm(x)dx
m

m

-

~

ha(n, m; k)fa(m),

k - 1, 2, .... K,

(26)

m

where

hd(n, m; k) - f hca(n,x; k)~m(x)dx

(27)

is the discrete-domain impulse response for the kth flame.
This impulse response (or point-spread function) defines a
linear relationship between the discrete-domain images
{ga(n;k)} and the discrete-domain intensity fa(m). For
shiff-invariant applications, ha is a function of only the
difference n - m. With a little thought on notation, the
discrete-domain imaging equations can be written in matrixvector form as

gd(k) = Hd(k)f a,

k = 1, 2 . . . . . K,

(28)
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image-restoration problem is ill posed if it is not well posed,
and a problem is well posed in the classical sense of Hadamard
if it has a unique solution and the solution varies continuously
with the data. Multi-frame image restoration problems that
are formulated on infinite-dimensional parameter spaces are
almost always ill posed, and their ill-posed nature is usually
due to the discontinuity of the solution. That is, very small
changes in the data (measurement noise) lead to very large
changes in the solution. Problems that are formulated on
finite-dimensional spaces (as ours is here) are frequently wellposed in the classical sense m they have a unique solution
and the solution is continuous in the data. However, these
problems are usually ill conditioned or badly behaved and are
frequently classified as ill posed even though they are
technically well posed.
For problems that are ill posed or practically ill posed,
the original problem's solution is often replaced by the
solution to a well-posed (or well-behaved) problem. This
process is referred to as regularization, and the basic idea is
to change the problem in a manner such that the solution is
still meaningful but no longer badly behaved [9]. The
consequence for multi-flame restoration problems is that we
do not seek to match the measured data perfectly. Instead, we
settle for a more stable m but inherently b i a s e d - image
estimate.
Most approaches to regularized image-restoration are
induced through attempts to solve an optimization problem
of the following form:

and when the point-spread functions are shift-invariant, the
fad -- arg min {D(ga, d) + },!/r(fa) },
(29)
measurement matrices {Ha(k), k --- 1, 2 . . . . . K] have equal
f~ef
elements along their diagonals and are said to have Toeplitz
structure. This structure can greatly simplify restoration
where D(ga, d) is a discrepancy measure between the estimated
problems because efficient methods exist for the solution of
image intensities {gd(n; k), k - - 1,2 . . . . . K} and the measured
linear equations with Toeplitz structure. One potential advandata {d(n; k), k = 1, 2 . . . . . K}, ~(fa) is a penalty (or prior)
tage of multi-frame restoration methods arises when the
function that penalizes undesirable attributes of the object
eigensystems for the measurement matrices are sufficiently
estimate fd(m) (or rewards desirable ones), ?' is a scale factor
different. In this situation, each image frame records different
that determines the degree to which the penalty influences the
information about the object, and the system of multi-frame
estimate, and .T" is a constraint set of allowable object
measurements can be used to estimate more detail about the
estimates. In (29), arg rain is a notation that tells us to
object than can a single image frame. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
return the value of fa within the constraint set .T" that
minimizes the quantity within the braces. This should not be
3.1 Restoration as an Optimization Problem
confused with the actual minimum that the quantity attains.
In this section we focus on restoration problems for which For instance, the minimum of ( x - 3) 2 over all real numbers
the point-spread parameters {Ok] are well-known or easily x is 0, but the value of x at which this minimum is attained
determined. In the following section we will address the is 3. Therefore, 3 is the arg min of ( x - 3) 2. Methods that
challenges that are presented when these parameters must be are covered by this general framework include:
identified from the measured data.
Statistical inference problems such as those encountered
• Maximum-Likelihood
Estimation: For maximumin multi-frame image restoration are frequently classified as
likelihood estimation the penalty is not used (y = 0),
ill-posed problems [9], and, because of this, regularization
the constraint set is typically the set of nonnegative
methods play an important role in the estimation process.
functions ~ = {fd : fd >_ 0}, and the discrepancy measure
(See Chapter 3.11 for an excellent overview of the signifiis induced by the statistical model that is used for the
cance of regularization methods for image recovery.) An
data collection process. Discrepancy measures that result
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from various noise models are illustrated in the following
The discrepancy measure is then
examples. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

D(ga, d) - E E { °tkga(n; k) + 0-2}
Example 3.1 (Maximum-Likelihood for Gaussian
Noise) When the measured data are corrupted only
by additive, independent Gaussian noise of variance 0-2,
the data are modeled as

d(n; k) - ga(n; k) + v(n; k),

(30)

and the log-likelihood function is of the form
1
20-2E

L(d; gd) =

E [ d(n;

k

k ) - ga(n; k)] 2.

(31)

n

The discrepancy measure can then be selected as

D(ga, d ) - E E [ d(n; k ) - ga(n; k)]2,
k

k

n

- E E d(n;
k

k)ln{akg~(n; k) + 0"2}. (37)

n

• Sieve-Constrained Maximum-Likelihood Estimation:
For sieve-constrained maximum-likelihood estimation
[11], the discrepancy measure is again induced by the
statistical model that is used for the data collection
process and the penalty is not used (F = 0). However,
the constraint set is selected to be a "smooth" subset of
nonnegative functions. A Gaussian kernel sieve [11],
for example, is defined as:

(32)
f =

n

fe " Mm)

-

2° ,

>-- o

,

P

where the scale factor 1//20-2 is omitted without affecting
the optimization.

(38)

Example 3.2 (Maximum-Likelihood for Poisson
Noise) When the measured data are corrupted only
by Poisson (photon) noise, the log-likelihood function is
of the form

where the parameter a determines the width of the
Gaussian kernel and the "smoothness" of the sieve.
Whereas some theory is available to guide the selection
of a, for most applications the selection of this parameter is part of the art of performing sieve-constrained
estimation.

L(d; ga) = - E E akgu(n; k)+ E E d(n; k)lnakgu(n; k),
k

n

k

n

(33)
and the discrepancy measure is selected as

D(ga, d) -- E E otkga(n;k) - E E d(n; k)In otkga(n;k).
k

n

k

n

(34)
Example 3.3 (Maximum-Likelihood for Poisson
and Gaussian Noise) When the measured data are
corrupted by both Poisson (photon) noise and additive
Gaussian (read-out) noise as in (23), then the likelihood has a complicated form involving an infinite
summation [10]. When the variance for the Gaussian
noise is the same for all detector elements and sufficiently large (greater than 50 or so), however, the
modified data:

• Penalized Maximum-Likelihood Estimation: For
penalized maximum-likelihood estimation, the discrepancy measure is induced by the statistical model that is
used for the data collection, and the constraint set
is typically the set of nonnegative functions. However,
the function ap is chosen to penalize undesirable
properties of the object estimate. Commonly used
penalties include:
The Weighted Quadratic Roughness Penalty:.

aP(fa)= E
m

E

w(m, m')Ira(m) -

m

L(d; ga) - - E E {otkga(n;k)+ 0-2}
k

n

+ E E d(n;
k

n

k)ln{akga(n; k)+ 0-2}.

(36)

(39)

where N'm denotes a neighborhood about the mth pixel and
w(m, m') is a nonnegative weighting function.
The Divergence Penalty:.

~(fa)- Efa(m)lnfa(m)d(n; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k) - d(n; k) + 0-2,
(35)
have an approximate log-likelihood of the form [10]-

fa(m')[ 2,

m t E.]kl'm

Efa(m) E
m

lnfa(m'),

(40)

m t E.N'm

where N'm is again a neighborhood about the mth pixel.
Many other roughness penalties are possible [12], and the
proper choice can depend largely on the application. As with
the selection of the sieve parameter for sieve-constrained
estimation, selection of the parameter y for a particular
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application is part of the art of using penalized maximumlikelihood methods. When ~, is selected to be too small, the
estimates usually have fine resolution but exhibit too much
roughness; when F is selected to be too large, the estimates
usually exhibit little roughness, but at the expense of
resolution. Asymptotic theories are available to guide the
selection of F, but in most cases experience is used to select
its value so that the trade-off between smoothness and resolution is best managed.
• Maximum a Posteriori Estimation: For maximum
a posteriori (MAP) estimation, the discrepancy measure
is induced by the statistical model for the data collection,
and the constraint set is typically the set of nonnegative
functions. However, the penalty term ~(fa) and scale
factor ?' are induced by a prior statistical model for the
unknown object intensity. MAP methods are mathematically, but not always philosophically, equivalent to
penalty methods. Markov random fields (MRF) are
commonly used for image priors, and, within this
framework, Bouman and Sauer [13] have proposed and
investigated the use of a generalized Gauss-Markov
random field (GGMRF) model for images:

~/(fa) = ~ a(m)lfd(m)lP+ Z
m

m

Z

b(m, m')[fa(m)-fa(m')f,

m'E./~'m

(41)

{ ~n [d(n; k ) -

~d -- argmin ~
fa
k

I-Divergence has also received attention as a discrepancy
measure:
D(g~, d ) = ~

- ~ y~ d(n; k)Inga(n; k_______~)
k

3.2 Linear Methods
Linear methods for solving multi-frame restoration problems
are usually derived as solutions to the regularized least-squares
problem:

s~[m~

C(s,m)fd(m)

k n

1

• Minimum

involving

For problems
measurements, the

I-Divergence

Estimation:

nonnegative

image

(44)

smm

-1/4

(42)

the constraint set is typically the set of nonnegative
functions, and the penalty is selected and used as
discussed for penalized maximum-likelihood estimation.
For additive, white Gaussian noise, the regularized least
squares and penalized maximum-likelihood methods are
mathematically equivalent.

12},

where C is called the regularizing operator. A common choice
for this operator is the two-dimensional Laplacian:

C(s, m) =
~ [ g d ( n ; k ) - d(n; k)] 2,

(43)

d(n; k) "

n

For problems in which the noise is Poisson, the minimum
I-divergence and maximum-likelihood methods are mathematically equivalent.
After selecting an appropriate estimation methodology,
multi-frame image r e s t o r a t i o n - as we have posed the
problem h e r e - is a problem of constrained optimization.
For most situations this optimization must be performed
numerically, but in some cases a direct-form linear solution
can be obtained. In these situations, however, the physical
constraint that the intensity function f must be nonnegative
is usually ignored. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM

• Regularized Least Squares Estimation: For regularized
least squares estimation, the discrepancy measure is
selected as:
D(ga, d) - ~

~ [ g ~ ( n ; k ) - d(n; k)]

k n

gd(n; k)]2+g

where p ~ [1, 2], and a(m) and b(m, m') are nonnegative
parameters. A detailed discussion of the effect of p, a, and
b on estimator performance is provided in ref. [13].

227

s-- m + ( 0 , 1 )

1/4 s - m + (O, - 1 )
1/4

s-- m + ( 1 , 0 )

1/4

s-- m + (-1,0)

0

(45)

otherwise

but other operators can be used. In matrix-vector notation,
the regularized least-squares optimization problem can be
reposed as:

f~"~- argmin{
Z u d ( k )kf d

- H(k)f al[2+F[[Cfa[[2} '

(46)

z
zyxwvutsrqpon

"uo,9oas
~U,iMOIIOJ aql u.l pale:Usnli,l s,l smalqoad flu,l~em,l pI:~OM-IeOZ
aOJ padoIaAa p spoqlam maj e jo uo,lleo,iidde injssa~ons aqz
"[81 'L I ] suo,lleO,lldde
[euo,lsuom,lp-auo aoj podoloAa p spoqlom moaj papualxa aq ue~
spoqlam y~exa, .~o ,loajaad, qo,lqM :tOJ 'S:~Oltg (~tla) asuodsa:~
asIndm,l ol!u!j IeUO,lSUOm,lp-oml se palapom a.~e speaads
-lu,lod u,lemop-alo:t~s,l p aql qo,lqM :toj SmOlqoad possa:tppe
seq suognlos jo ssep :~aqlouv "[~;] a:ml:~ode s,mols_,(s aql
ssoaoe pomq,l:tls,lp suo,lle:uaqe oseqd ql.t~ '(0I) u,l se Aiiensn a:te
slapom :mlq oql 'sloo!qo aoeds pue ieg,lmouoalse jo flu,l~em,l
poseq-puno:t~ :to8 "[I ] peaads-mt.od pal.lm!i-uo!l~e:tj_j,ip
aql jo suo,llelo.I pue suo,llelSUe.ll ame:tj-ol-ameaj ql.t~ (lzI)
u,l se uol_jo aae sIapom aniq aql 'saol~alap paidmes:~opun
ql.tm suogeo,lldde ~u,luueoso:to.tm .~o~ "siapom :miq :~.ij,pods
aoj pa:toi,lel uooq seq qoea pue 'Smalqoad uo,lleaolsa:t pu,llq
omeaJ-,Fqnm ~u,lalOS :ioj pasodoad uaoq aAeq spoqlam AUelAI
•uo,lloas sno,iAaad aql u,l passngs,l p
leql ol :tel,lm,ls aauuem e u,l paqoeo:tdde aq ue~ SleUO,ll~un.J
Aaleuad pue aanseam Aoueda:~s!p aql jo uo.ueu,lm:tala o "0L
&leuad :~alameaed e pue ¢ _,(lieuad Xl,lsualu,l ue '(/ aanseam
Aouedaaos,lp e ~u,lu,leluo~ ieuo,llounj lsoo e ~u,lz,lm,lu,lm
Xq palem,llsa XllU,lO( aae PS ~,isualu,l pue 0 s:~alame:ted
ttmou'4un aql '(I~) qoeoadde puooas aql :tad "pau,lm:tala p
s,l Pf :~oj aolem,llsa ue pue '(/ aanseam Aouedaaos,lp ieu!~,l:to
aql u! pasn uaql s,l 'el &,isualu,l umotr,4un aql jo uo,llounj
e aq Xem q~,lqm '0 aoj alem,llsa ~u,lllnsa.~ aqz "sluamn~ae
~,lls,lanaq q~noaql paleMlom aq Kern 1,i :to 'sald,l~u,lad 3,11a:toaql
-uo,llem,llsa _,{q pa3npu,l aq _,{era [euo,ll:mnJ lso:) aq~L "(9
los lu,le.~lsuo3 aql 2aao ~/ieuo,ll3un_J lso3 amos ~u,lz.ltm.tu,lm Aq
0 alem,llsa pue PjA4,1suam.l tt~otr'4un aql xa3 aM '(0~;) q~eoadde
1sag aql aod "{'tO} -- 0 s:tmame:ted uMom~un oql uo a~uopuadap
1,1~,iidxo ue sMoqs Mou (/ aanseam Aouedaa~s,lp aql oaaqM

~gPS

'{(o),xm' + (pD x

+

(o :p'r

a}o

0
.I0

090

'(0 '.p '5Oar urm ~ e - (50o

az,l:tol~e:teq~ leql {30} saalame:ted aql q~,lqm u,l suo,llenl,ls :toj
malqoad uo,lle:mlsa:t aql passaappe am 'uo,ll~as sno,laaad oq:l u I

uop, e~olsoH

pu!l[[ pue s o ome ed aaues!nN 17

•saanpa~oad uo,llezlm,lldo lUap.ijja
Xlq~,lq ol pea I spoqlam qloq pue '[9I] uo,llez,lm,lldo luaosap
aleu,lpaoo~ o:~ m:toj u! aei,im,ls a.~e leql spoqlam ol spea I
a:mpaoo.~d ~/DVS aql ' [ ~ ] Xqde:t~omm ie~,gs!:~els pue ~u,l~em,l
maaaqovu,l u,l smalqoad :~od "[~,I] aanpaoo.M (~[DVS) IAI~/
paz,lleaaua~ ~u,lleuaalI e aoeds aql ao 'a:mpa~oad ~/paz,iieaaua~
aql 'aanpo3oad (IAI~t) uo,llez,lm.rxem-uo.lleloadxa aql e.tA
paa,l.~ap aae asaq,L "pa!idde aq OSle ueo spoqlam uo,llez,lm,lldo
jo ssep aoqloue 'uo,llem,llsa alVIN ao pooq,iia~i,ii-mnm,lxem se
qons a:mpa3oad ie~,lls,llms e Aq paonpu,l s,l (P'Pg)(I aanseam
Aoueda:~s!p aql qg.tq~ u,l SmalqoM aod "uo,lle~,lldde aql
uo puadop 'ie:taua~ u,l 'iI,im poqlam ale,lado:tdde lsom oql pue
~PS

(610

'{(PJ)4 / + (P <PS)(/}u,lm~.te = PS

:malqoad
uo!lez!mudo Ie:taua~ aql aAIOS ol po!idde aq IIe ueo spoqlam
uol~oN-!senb pue 'spoqlam uog~oa!p ale~n!uo~ 'spoqlam
maosap oleu!paoo~ 'spoqlam luoosop o!sefl "papoou a:te
spoqlam aA.lle:tal! 'pealsu I "maIqoad uo,geaolsaa ame.tj-,Fqnm
aql ol uognIos aeou,lI 'm:toj-posop e jo uo,lleA,laap oql 1,1q,lqoad
'Ieaaua~ u,l 'II,l~ sa,llleuad pue saanseam X~ueda:t~s,lp ~,ge:tpenb
-uou jo asn aql :to lu,le:usuov/O,IA,Ile~aUUOU 13J o a9uasa:~d aq£

spoq~aff

{aAp,131alI) ll~aU.tlUO_NI

E'E

"maIqoad
pau!ealsuo:mn aql OA[OS O1 Sup, dmalle UaqM UaAO paa!nba:i
aq ue3 spoqlam aA!le:~al! 'oA!l!q!qoad oq ue3 (81z) pue (LIz)
aaIOS ol po:t!nbo:t Su!ssa3oad aql asne3oq 'a:tomaaql:md "$u.ls
-sa~ozd aeau!luou 'aa.tleaal! aa!nba:t AIieaaua~ pa!jsges aq lsnm
lu!e:tlsuo3 Al.iA!leSauuou aql q3!q~ u! smaiqoad :~oj suognIo S
•Ieaouo$ u! ls.txa lou II.tm uo!mIOS zeou.lI e uaql 'OA.qeSauuou
aq ol pou!e:Usuo3 s.~ uognios oql JI "lu!e.tlSUO:) A4.tA!leSauuou
e jo a3uasqe aql s! (91z) ol uo.tmIOS aeau.lI e jo uogeA.uo p aql
ol Ao,I V "(D~DA + (~)H(~)d.t ~ ) ~o; sls~o ~sao~,ur ° m uoq~

.¢~PS
v

I-

:smalqoad uogez!mgdo ~u.~oIio J aql
jo auo ol spea I uo~.jo saalameaed osaq~ jo uop, emgs~/"palem.tlsa
:to paleu!m.ila aq lsnm s:talameaed u~otr,4un aql suogem!s
asaql u! pue 'a~ualnq:tm q~no:tql ~u.l~em! pue ~u!uue~so:t~.im
POIIO:UUO3Un se q3ns suoge3!idde :toj ose3 oql lou s! s!qj.
•pal~!paad Al!sea .io tI~otr,4-iia~ aze suog~un_J pea:tds-lu!od aql

.10

(

z

:~u.tAjsges es uo.lmios m:tou-mnm!u.lm aql ql.iM

8u.ls;3OO~d o3pl.A puv ~ m u I So ~looqpuvH

8"(.'(,

3.8 Multi-Frame Image Restoration zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
continuous-domain imaging equation according to

5 Applications
We conclude this chapter by presenting an overview of four
applications of multi-frame blind restoration.

5.1 Fine-Resolution Imaging from
Undersampled Image Sequences
For problems in which an image is undersampled by the
system's detector array, multi-frame restoration methods can
be used to obtain a fine-resolution object estimate provided
that a sequence of translated (or microscanned) images is
obtained. An example considered by Hardie et al. [1] concerns
image formation with a forward-looking infrared (FLIR)
imaging system. This system's continuous-domain pointspread function due to diffraction is modeled as:

h(r)
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-

f A(u)e -iv"2yru
rdu j2)

(52)

where A(u) denotes the system's pupil function as determined
by the physical dimensions of the camera's lens, X is the
operational wavelength, and f is the system focal length.
Accordingly, the continuous-domain intensity due only to
diffraction is modeled as

gc(Y) -- f hO' - x)f(x)dx.

(53)

- f

-/
-j

h O, - x)f[A(~k)X -- Ak]dx
her' - A - 1 (q~k)(X -k- Ak)] f ( x ) d x
(55)

h(y, x; Ok)f (x)dx

where Ak denotes the two-dimensional translation, and

[

COS(q~k) -- sin(~bk)]

A(C~k) --

sin(q~k)

,

(56)

cos(~bk)

is the rotation matrix (at angle q~k) associated with the kth
frame. These parameters, {Ok = (Ak, ~bk)}, are often unknown
at the time of data collection, and the accurate estimation of
their values is essential for fine-resolution enhancement of
multi-frame FLIR imagery.
Hardie et al. [1] have addressed this problem for an
application using a FLIR camera with an Amber AE-4
infrared focal plane array (FPA). The nominal wavelength
for this system is X = 4gm, and the aperture diameter is
D = 100 mm. With a focal length of 300 mm, the required
sample spacing for critical sampling is X f / ( 2 D ) = 6gm;
however, the detector spacing for the Amber FPA is 50 gm
with integration neighborhoods that are 40 gm square. This
results in undersampling by a factor of 8.33.
Using an object expansion of the form:

For a circular lens of diameter D, the highest spacial frequency
f(x)- Zfd(m)~m(X),
(57)
present in the continous-domain image is D/(Xf), so that
m
critical sampling of the image is obtained on a grid whose
spacing is Xf/(2D).
where the basis functions {~Pm(X)} represent two-dimensional
The sampling operator for FLIR cameras is typically of square functions with spatial support that is 5 times smaller
the form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
than the detector elements (10gm x 10gm), Hardie et al.
used a preprocessing registration method to estimate the
frame-to-frame rotations and shifts {Ok = (A(4~k), Ak)}
w(n,y)-- ! 1 Y ~ Yn
(54) followed by a regularized least-squares method to restore a
fine-resolution scene estimate from a multi-frame sequence of
I 0 otherwise
noisy microscanned images. This is the two-step procedure as
where Yn is a rectangular neighborhood around the center of described by (50). The regularization operator was the
the nth detector element Yn" For a circular aperture of radius discretized Laplacian from (45), and the smoothing parameter
D, if the spacing between detector elements is greater than y was tuned in a heuristic manner. A conjugate-gradient
Xf/(2D), as is often the case for current FLIR systems, then the approach, based on the Fletcher-Reeves method, was used to
image data will be undersampled and the full resolving power solve the multi-frame optimization problem. A typical image
of the system will not be utilized. Frame-to-flame motion or frame is displayed in Fig. 7-(a), showing a FLIR image of
camera jitter in conjunction with multi-frame image restora- buildings and roads in the Dayton, Ohio area. 2 A multi-frame
tion methods can, however, be used to restore resolution to an image restoration obtained from 20 such frames, each with
undersampled system.
Frame-to-flame motion or camera jitter, in the form of
translations and rotations, can be modeled by modifying the

2These data were collected courtesy of the Infrared Threat Warning
Laboratory, Threat Detection Branch at Wright Laboratory(WL/AAJP).
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(a)

(b)

FIGURE 7 Demonstrationof multi-frame image restoration for undersampled FLIR images: (a) an undersampled
image frame from the FLIRimagery; (b) the restored image by processing 20 similar undersampled frames.
unknown translations and rotations, is shown in Fig. 7(b). where Au is the pupil-plane discretization grid spacing. If the
aperture and image planes are discretized on a grid of size
Clearly, resolution has been improved in the imagery. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N x N (a square grid with N = M) and if AuAx/(Xf) = 1/N,
then the discrete-domain point spread can be approximated
5.2 Ground-based Imaging through
by the space-invariant function:

Atmospheric Turbulence

The distorting effects of atmospheric turbulence give rise to
continuous-domain point-spread functions of the form:

ha(m; k)

E A(l)dOk(l)e-J~i'm

(62)

1

2

h(y; k) -

f

(58)

.2zru rdy ,
A(u)d .°k(u)e-jv

where Ok represents the turbulence-induced aberrations for the
kth frame. The discrete-domain point-spread function is then
of the form

where A(I) = A(Aul) and Ok(l) = Ok(Aul). Using these approximations, the discrete-domain point spread can be easily
and efficiently computed via the fast Fourier transform (FFT)
algorithm. The discrete-domain imaging equations are then:

gd(n; k) -- E ha(n - m; k)fd(m),

ff

w(n, y)h O,

-

x; k)~m(x)dydx,

(59)

and, if the spatial support for the detector elements
w(n,y) and basis functions G,,(x) are sufficiently small, then
the discrete-domain point spread can be reasonable approximated as:

ha(n, m; k) ~_ h(y n -

Xm;

k),

(60)

where Yn is the spatial location of the nth detector element and
Xm is the spatial location of the mth object pixel. If the
detector elements and object pixels are furthermore on the
same grid (A~ = At) , then the discrete-domain point spread
can be further approximated as:
2

ha(n, m; k) "-" ZA(Aul)ea
l

•Ok(Aul)

.2reA u

e- ' ~f

(63)

m

ha(n, m; k) - _f hca(n,x; k)qbm(x)dx

Axl.(n-m)

,

and the joint estimation of the unknown object and the
turbulence parameters in the presence of Poisson (photon)
noise can be accomplished by solving the following maximum-likelihood problem:
A

A

if,i, O) -- arg min
x{EFgd(n;k)-EEd(n;k)nlga(n;k)}k'

k

n
(64)

Numeric methods that include extensions to problems
involving Gaussian (read-out) noise and nonuniform detector
gain and bias are presented in refs. [3, 19, 20].
The use of this method on telescope data is illustrated in
(61) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig. 8. As illustrated in the figure, several frames of the rear
portion of the Space Shuttle Discovery were acquired in 1998
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time

Multi-frame Image Reconstruction

FIGURE 8 Multi-frame imagery and restored image estimates of the Space Shuttle Discovery as acquired by a 1.6 m
telescope at the Air Force Maui Space Surveillance Site.

by using a 1.6 m telescope at the Air Force Maui Space and ha(m; LOaf) is the out-of-focus point-spread function
Surveillance Site. The flight crew for this particular shuttle for the same frame. The additional aberration due to the
flight included the national hero John Glenn, and, shortly after known defocus error Odf is usually well modeled as a quadratic
launch, video showed that the compartment cover for the drag function
chute had fallen off the shuttle. Because no spacewalk activities
Odf(l)- al[ll[2,
(67)
were planned, visual inspection was possible only by using
ground-based telescopes. Data were subsequently acquired
using an Air Force telescope at a nominal wavelength of 880 so that:
nm with a field-of-view for each exposure equal to 6 seconds
of arc. The image data were partitioned into segments of
A ( l)ed[°k(l)+alllll2]e-J~l'm
between 10 and 25 frames, and maximum-likelihood image
(68)
hd(m; k, Oaf) -estimates were obtained. Whereas the 1.6 m telescope did not
allow for resolution sufficient to fully assess potential damage,
diffraction-limited images were obtained through turbulence For Poisson (photon) noise, the maximum-likelihood estimation of the object and aberrations is accomplished by solving
with a ground-based telescope. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the following optimization problem:

1

5.3 Ground-based Solar Imaging with Phase
Diversity
Phase-diverse speckle (PDS) is a measurement and processing
method for the simultaneous estimation of an object and the
atmospheric phase aberrations from multi-frame imagery
acquired in the presence of turbulence-induced aberrations.
By modifying a telescope to simultaneously record both an
in-focus and out-of-focus image for each exposure frame, the
phase-diverse speckle method records a sequence of discretedomain images that are formed according to:

A

A

(fd, 0) -- arg min

fd~,O~®
X I~~~gdi(i=1
n;k)k n
-~£Zd(n;k'i)lngdi(n;k)]
' i=1 kn

(69)

where d(n; k, 1) and d(n; k, 2) are the the in-focus and out-offocus images for the kth frame, respectively. Although the
(n; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k) -- ~ hd(n - m; k)fd(m)
(65) formation of two images for each frame generally leads to
less light and an increased noise level in each recorded image,
m
the addition of the defocused diversity channel can result in
significant improvements in the ability to restore fineand
resolution imagery from turbulence degraded imagery.
Paxman, Seldin, et al. [21] have applied this method with
gc2(n; k) -- ~ hd(n- m; k, Odf)fd(m),
(66)
great success to a problem in solar imaging by using a quasim
Newton method for the optimization of (69). Within their
where hal(m; k) is the point-spread function for turbulence estimation procedure, they have modified the measurement
and diffraction (parameterized by the turbulence-induced model to account for nonuniform detector gain and bias,
aberration parameters Ok for the kth frame as defined in (62), included a Gaussian-kernel sieve constraint for the object, as

gcl
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(J)
FIGURE 9 Phasediverse speckle: (a)-(d) in-focus image frames; (e)-(h) de-focus image frames; (i) restoration from
10 in-focus and de-focus image frames; (j) large field-of-viewobtained from 35 small field-of-viewrestorations on a
5 x 7 grid.
in (38), and incorporated a polynomial expansion for the
phase aberrations:

0--{ Ok(l)-Eakizi(l/R)'i

k - 1 , 2 . . . . . K},

(70)

where R is the radius of the telescope's aperture, and the
polynomical functions {zi(/)} are the circle polynomials of
Zernike, which are orthonormal over the interior of a
unit circle. These polynomials have found widespread use
in optics because they represent common aberration modes
such as defocus, coma, and spherical aberration, and because
they form a good approximation to the Karhunen-Loeve

expansion for atmospheric aberrations that obey Kolmogorov
statistics [8].
The top row of Fig. 9 shows four in-focus image frames
that were acquired by Dr. Christoph Keller using a 76 cm
vacuum tower telescope at the National Solar Observatory on
Sacramento Peak, NM. Many processes in the solar atmosphere have typical spatial scales that are much smaller than
the resolution of these blurred images, and because of this
important solar features cannot be observed without some
form of image restoration. The second row of Fig. 9 shows
the corresponding out-of-focus image frames that were
acquired for use with the phase diverse speckle method.
Using in-focus and de-focused image pairs from 10 frames,
Paxman and Seldin obtained the restored image shown in
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Fig. 9(i). The restored image for this field-of-view was blended
[8] J. W. Goodman. Statistical Optics. John Wiley & Sons,
New York, 1985.
with 34 others on a 5 x 7 grid across the solar surface to create
the large field-of-view restoration shown in Fig. 9(j). By using
[9] W. L. Root. "Ill-posedness and precision in objectfield reconstruction problems." ]. Opt. Soc. Am. A,
the phase diversity method, the resolution of the large field-of4(1):171-179, 1987.
view restoration is now sufficient to perform meaningful
[10]
D. L. Snyder, C. W. Helstrom, A. D. Lanterman, M. Faisal, and
inferences about solar processes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Data acquisition for the Space Shuttle Discovery example in
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Section 5.2 was coordinated by Dave Tyler (then with the
Trans. Image Processing, 4(9):1258-1268, September 1995.
Albuquerque High Performance Computing Center) and the
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processing was implemented by John Seldin (then with
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1 Introduction
In this chapter we consider a class of iterative image restoration algorithms. Let g be the observed noisy and blurred
image, D the operator describing the degradation system, f the
input to the system, and v the noise added to the output
image. The input-output relation of the degradation system is
then described by [2]
g = D f + v.

(1)

The image restoration problem therefore to be solved is
the inverse problem of recovering f from knowledge of g, D
and v.
There are numerous imaging applications which are
described by (1) [2, 3, 7, 17]. D, for example, might represent
a model of the turbulent atmosphere in astronomical observations with ground-based telescopes, or a model of the
degradation introduced by an out-of-focus imaging device.
D might also represent the quantization performed on a signal
or a transformation of it, for reducing the number of bits
required to represent the signal.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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The success in solving any recovery problem depends on
the amount of the available prior information. This information refers to properties of the original image, the degradation
system (which is in general only partially known), and the
noise process. Such prior information can, for example, be
represented by the fact that the original image is a sample of
a stochastic field, or that the image is "smooth," or that it
takes only non-negative values. Besides defining the amount of
prior information, equally critical is the ease of incorporating
it into the recovery algorithm.
After the degradation model is established, the next step
is the formulation of a solution approach. This might involve
the stochastic modeling of the input image (and the
noise), the determination of the model parameters, and the
formulation of a criterion to be optimized. Alternatively it
might involve the formulation of a functional to be optimized
subject to constraints imposed by the prior information. In the
simplest possible case, the degradation equation defines
directly the solution approach. For example, if D is a square
invertible matrix, and the noise is ignored in (1), f = D - l g ,
is the desired unique solution. In most cases, however,
the solution of (1) represents an ill-posed problem [25].
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Application of regularization theory transforms it to a well- matrix-vector and scalar representation of the degradation
posed problem which provides meaningful solutions to the equation and the iterative solution is also presented. Experimental results demonstrate the capabilities of the algorithms.
original problem.
There are a large number of approaches providing solutions
to the image restoration problem. For recent reviews of such
3 Spatially Invariant Degradation
approaches refer, for example, to [3, 17]. This chapter concentrates on a specific type of iterative algorithms, the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
successive
approximations algorithm, and its application to the image 3.1 Degradation Model
restoration problem. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Let us consider the following degradation model

2 Iterative Recovery Algorithms
Iterative algorithms form an important part of optimization
theory and numeric analysis. They date back to the Gauss's
time, but they also represent a topic of active research. A large
part of any textbook on optimization theory or numeric
analysis deals with iterative optimization techniques or
algorithms [22].
Out of all possible iterative recovery algorithms we
concentrate on the successive approximations algorithms,
which have been successfully applied to the solution of
a number of inverse problems ([23] represents a very comprehensive paper on the topic). The basic idea behind such an
algorithm is that the solution to the problem of recovering
a signal which satisfies certain constraints from its degraded
observation, can be found by the alternate implementation
of the degradation and the constraint operator. Problems
reported in [23] which can be solved with such an iterative
algorithm are the phase-only recovery problem, the magnitude
only recovery problem, the bandlimited extrapolation
problem, the image restoration problem, and the filter design
problem [8]. Reviews of iterative restoration algorithms are
also presented in [4, 14]. There are a number of advantages
associated with iterative restoration algorithms, among which
[14, 23]: (i) there is no need to determine or implement the
inverse of an operator; (ii) knowledge about the solution can
be incorporated into the restoration process in a relatively
straightforward manner; (iii) the solution process can
be monitored as it progresses; and (iv) the partially restored
signal can be utilized in determining unknown parameters
pertaining to the solution.
In the following we first present the development and
analysis of two simple iterative restoration algorithms. Such
algorithms are based on a linear and spatially invariant
degradation, when the noise is ignored. Their description is
intended to provide a good understanding of the various
issues involved in dealing with iterative algorithms. We adopt
a "how-to" approach; it is expected that no difficulties will be
encountered by anybody wishing to implement the algorithms. We then proceed with the matrix-vector representation
of the degradation model and the iterative algorithms. The
degradation systems described now are linear but not
necessarily spatially invariant. The relation between the

g(nl, n2) = d(nl, n2) * f(nl, n2),

(2)

where g(nl, n2) and f(nl, n2) represent, respectively, the
observed degraded and original image, d(nl, n2) the impulse
response of the degradation system, and • denotes twodimensional (2D) convolution. It is mentioned here that the
arrays d(nl, n2) and f(nx, n2) are appropriately padded with
zeros, so that the result of 2D circular convolution equals
the result of 2D linear convolution in (2) (see Chapter 2.3).
Henceforth, in the following all the convolutions involved are
circular convolutions and all the shifts are circular shifts.
We rewrite (2) as follows
O(f(nl, n2)) -- g(nl, n2) -- d(nl, n2) • f(nl, n2) -- 0.

(3)

The restoration problem therefore, of finding an estimate of
f(nl, n2) given g(nx, n2) and d(nl, n2), becomes the problem of
finding a root of (I)(f(nx, n2))=0.

3.2 Basic Iterative Restoration Algorithm
The following identity holds for any value of the parameter fl

f(nl, n2) -- f(nl, n2) + fl~(f(nl, n2)).

(4)

Equation (4) forms the basis of the successive approximations
iteration, by interpreting f (nl, n2) on the left-hand side as the
solution at the current iteration step, and f (nx ,n2) on the
right-hand side as the solution at the previous iteration step.
That is, with fo(nl, n2)=0

fk+l (nl, n2) -- fk(nl, n2) + 3~(fk(nl, n2))
= fig(n1, n2) + (3(nl, n2)

(5)

--/~d(nl, n2)) * fk(nl, n2),
where fk(nl, n2) denotes the restored image at the k-th
iteration step, 8 (nl, n2) the discrete delta function and fl the
relaxation parameter which controls the convergence, as well
as, the rate of convergence of the iteration. Iteration (5) is
the basis of a large number of iterative recovery algorithms,
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and is therefore analyzed in detail. Perhaps the earliest Notice that (9) is not satisfied at the frequencies for which
reference to iteration (5) w i t h / 3 - 1 was by Van Cittert [26] D(u, v) -- 0. At these frequencies
in the 1930s. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Hk(u, v) -- k. r,
(11)

3.3 Convergence
Clearly if a root of • (f(nl, n2)) exists, this root is a fixed
point of iteration (5), that is, a point for which fk+ 1(nl, n 2 ) - fk(nl, n2). It is not guaranteed however that iteration (5) will
converge, even if (3) has one or more solutions. Let us,
therefore, examine under what condition (sufficient condition) iteration (5) converges. Let us first rewrite it in the
discrete frequency domain, by taking the 2D discrete Fourier
transform (DFT) of both sides. It then becomes

and therefore, in the limit Hk(u, v) is not defined. However,
since the number of iterations run is always finite, Hk(U, v) is
a large but finite number.
Having a closer look at the sufficient condition for convergence, we see that (9) can be rewritten as
l1 - flRe{D(u, v)} - fllm{D(u, v)}l 2 < 1
=:, (1 - flRe{D(u, v)}) 2 + (fllm{D(u, v)}) 2 < 1.

(12)

Inequality (12) defines the region inside a circle of radius l/fl
centered at c=(l/fl, 0) in the (Re{D(u, v)}, Im{D(u, v)})
domain, as shown in Fig. 1. From this figure it is clear that the
where G(u, v), G(u, v), and D(u, v) represent respectively left half-plane is not included in the region of convergence.
the 2D DFT of fk(nl, n2), g(nl, n2) and d(nl, n2). We express That is, even though by decreasing [3 the size of the region of
next Fk(U, v) in terms of Fo(u, v). Clearly
convergence increases, if the real part of D(u, v) is negative,
the sufficient condition for convergence cannot be satisfied.
F1 (u, v) -- fiG(u, v)
Therefore, for the class of degradations that this is the case,
such as the degradation due to motion, iteration (5) is not
F2(u, v) -- fiG(u, v) + (1 - riD(u, v))flG(u, v) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
guaranteed to converge.
The following form of (12) results when Im{D(u, v)}--0,
1
which
means that d(nl, n2) is symmetric
= Z (1 - riD(u, v)) efiG(u, v)

Fk+l(U , y) -- fiG(u, y) -~- (1 - flD(u, v))Fk(u, v),

(6)

~=0

2
0 < fl < Dmax(U, v")

(7)
k-1
Fk(u, v) = Z (1 -- riD(u, v)) efiG(u, v)

where Dmax(U, v) denotes the maximum value of D(u, v)
over all frequencies (u, v). If we now also take into account
that d(nl, n2) is typically normalized, i.e., ~-~n,,n2 d(nl, n2) = 1,
and represents a low pass degradation, then D(0, 0 ) =
Dmax(U, v ) = 1. In this case (13) becomes

e=0

= Hk(u, v)G(u, v)
We therefore see that the restoration filter at the k-th iteration
step is given by

0 < fl < 2.

(14)

Im{D(u,v)}

k-1

Hk(u, v) -- fl Z

(13)

(1 - riD(u, v)) e .

(8)

g--O

The obvious next question is under what conditions the series
in (8) converges and what is this convergence filter equal to.
Clearly if

l
Re {D(u,v)}

I 1 - flD(u, v)l < 1,

(9)

then

lim Hk(u, v) -

k~c~

lim fl

k~

1 - (1 - riD(u, v)) k

1 - (1 - riD(u, v))

1
D(u, v)"

= ~

(10)

FIGURE 1 Geometric interpretation of the sufficient condition for
convergence of the basic iteration, where c--(1/fl, 0).
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From the above analysis, when the sufficient condition for
convergence is satisfied, the iteration converges to the original
signal. This is also the inverse solution obtained directly from
the degradation equation. That is, by rewriting (2) in the
discrete frequency domain

If we follow the same steps as in the previous section
substituting g(nx, n2) by g(nl, n2) and d(nl, n2) by tt(nl,n2)
the iteration providing a solution to (17) becomes
j~+l(nl, n2) -- , 3 d * ( - n l , - n2) • g(nl, n2) + (a(nl, n2)
(18)

G(u, v) -- D(u, v). F(u, v),

(15)

-- ~t~(nl, n2)) * f k ( n l , n2),

with fo(nl, n 2 ) - 0 . Following similar steps to the ones shown
we obtain, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the previous section we find that the restoration filter at
the k-th iteration step is now given by
G(u,v) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F(u, v) -- D(u,v)' for D(u, v) ~ O
(16)
k-1
0,
otherwise,
Hk(u, v) -- ,3 ~ (1 -- fl[D(u, v)[2)eD*(u, v)
g.=O
which represents the pseudo-inverse or generalized inverse
(19)
solution.
1 - (1 - fl[D(u, v)12)kD,(u '
v).
An important point to be made here is that, unlike the
=3 1 - ( 1 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM
fl[D(u, V)[ 2)
iterative solution, the inverse solution (16) can be obtained
without imposing any requirements on D(u, v). That is, even
Therefore, the sufficient condition for convergence, corresif (2) or (15) has a unique solution, that is, D(u, v) ~ 0 for all
ponding to condition (9), becomes
(u, v), iteration (5) may not converge, if the sufficient
condition for convergence is not satisfied. It is therefore not
2
[ 1 - ,8[D(u,v)[2[ < 1, or 0 < fl < maxu,~ ID(u,v"2")l (20)
the appropriate iteration to solve the problem. Actually
iteration (5) may not offer any advantages over the direct
implementation of the inverse filter of (16), if no other
features of the iterative algorithms are used, as will be In this case
explained later. One possible advantage of (5) over (16) is that
1
D(u,v) # 0
the noise amplification in the restored image can be controlled
lim Hk(u, v)
D(u,v)'
(21)
by terminating the iteration before convergence, which
k-->oo
0,
otherwise.
represents another form of regularization, as will also be
demonstrated experimentally. An iteration which will
converge to the inverse solution of (2) for any d(ni, n2) is
3.5 Experimental Results
described in the next section.
In this section the performance of the iterative image
restoration algorithms presented so far is demonstrated
3.4 Reblurring
experimentally. We use a relatively simple degradation
The degradation equation (2) can be modified so that the model in order to clearly analyze the behavior of the
successive approximations iteration converges for a larger restoration filters. The degradation is due to one-dimensional
class of degradations. That is, the observed data g(nl, n2) (1D) horizontal motion between the camera and the scene,
are first filtered (reblurred) by a system with impulse response due, for example, to camera panning or fast object motion.
d*(-nl, -n2), where * denotes complex conjugation. Since The impulse response of the degradation system is given by
circular convolutions have been adopted, the impulse response
of the degradation system is equal to d*((Nl-nx)w,,
L-1 < nl < ~
Lodd, n2 - - 0
2 --'
(N2--n2)N~), where (')N,, denotes modulo N1 operation,
1 , _L + 1 < nl < ~, L even, n2 = 0 (22)
d(nl, n2) -- -£
assuming the images are of size N1 x N2 pixels. The
2
---

degradation equation (2) therefore becomes

O,

g(nl, n2) -- g(nl, n2) * d * ( - n l , - n2)
= d*(-nl,-

n2) * d ( n l , n2) *

= d(nl, n2) * f ( n l , n2).

f ( n l , n2)

(17)

-

otherwise.

The blurred signal-to-noise ratio (BSNR) is typically used in
the restoration community to measure the degree of the
degradation (blur plus additive noise). This figure is given by

B S N R - 101Oglo°~f
cr~ '

(23)
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where O'~3f and a 2 are respectively the variance of the blurred

image and the additive noise.
For the purpose of objectively testing the performance of
image restoration algorithms, the improvement SNR (ISNR) is
often used. This metric using the restored image at the k-th
iteration step is given by
lIf - g] [2

ISNR -- 10 lOglo IIf - fkll 2"

(24)

Obviously, this metric can only be used for simulation cases
when the original image is available. While mean squared
error (MSE) metrics such as ISNR do not always reflect the
visual quality of the restored image, they serve to provide an
objective standard by which to compare different techniques. However, in all cases presented here, it is important to
consider the behavior of the various algorithms from the
viewpoint of ringing and noise amplification, which can be
a key indicator of improvement in quality for subjective
comparisons of restoration algorithms.
In Fig. 2a the image blurred by the 1D motion blur of extent
8 pixels ( L = 8 in Eq. (22)) is shown, along with ]D(u, 0)[,
a slice of the magnitude of the 256 x 256-point DFT of
d(nl, n2) (notice that all slices of the DFT are the same,
independently of the value of v). No noise has been added.
The extent of the blur and the size of the DFT were chosen
in such a way that exact zeros exist in D(u, v). The next three
images represent the restored images using (18) with fl = 1.0,
along with [Hk(u, 0)[ in (19), after 20, 50, and 465 iterations
(at convergence). The criterion

Znl,n2 (fk+l(n,, n2) -- fk(rll, n2)) 2
< 10-8
Znl,n2 (fk(nl, n2)) 2

(25)

is used for terminating the iteration. Notice that (5) is
not guaranteed to converge for this particular degradation
since D(u, v) takes negative values. The restored image of
Fig. 2e is the result of the direct implementation of the
pseudo-inverse filter, which can be thought of as the result of
the iterative restoration algorithm after infinitely many
iterations assuming infinite precision arithmetic. The corresponding ISNRs are: 4.03 dB (Fig. 2b), 6.22 dB (Fig. 2c), 11.58
dB (Fig. 2d), and 15.50 dB (2e). Finally, the normalized
residual error shown in (25), versus the number of iterations is shown in Fig. 3. The iteration steps at which the
restored images are shown in the previous figure are indicated
by circles.
We repeat the same experiment when noise is added to the
blurred image, resulting in a BSNR of 20 dB, as shown in
Fig. 4a. The restored images after 20 iterations (ISNR -- 1.83 dB),
50 iterations ( I S N R - - 0 . 4 0 dB), and at convergence
after 1376 iterations ( I S N R = - 9 . 0 6 dB) are shown respectively in Figs. 4 b, c, and d. Finally, the restoration based on
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the direct implementation of the pseudo-inverse filter is
shown in Fig. 4e. The iterative algorithm converges slower in
this case.
What becomes evident from these experiments is that:

• As expected, for the noise-free case the visual quality, as
well as, the objective quality in terms of ISNR, of the
restored images increase as the number of iterations
increases.
• For the noise-free case the inverse filter outperforms
the iterative restoration filter. Based on this experiment
there is no reason to implement this particular filter
iteratively, except possibly for computational reasons.
• For the noisy-blurred image the noise is amplified and
the ISNR decreases as the number of iterations increases.
Noise completely dominates the image restored by the
pseudo-inverse filter. In this case, the iterative implementation of the restoration filter offers the advantage
that the number of iterations can be used to control
the amplification of the noise, which represents a form
of regularization. The restored image, for example,
after 50 iterations (Fig. 4c) represents a reasonable
restoration.
• The iteratively restored image exhibits noticeable ringing
artifacts, which will be further analyzed below. Such
artifacts can be masked by noise, as demonstrated, for
example, with the image in Fig. 4d. zyxwvutsrqponmlkjihgfedcbaZ

3.5.1 Ringing Artifacts
Let us compare the magnitudes of the frequency response
of the restoration filter after 465 iterations (Fig. 2d) and the
inverse filter (Fig. 2e). First of all, it is clear that the existence
of spectral zeros in D(u, v) does not cause any difficulty in
the determination of the restoration filter in both cases, since
the restoration filter is also zero at these frequencies. The main
difference is that the values of [H(u,v)[, the magnitude of
the frequency response of the inverse filter, at frequencies
close to the zeroes of D(u, v) are considerably larger than the
corresponding values of [Hk(u, v)[. This is because the values
of Hk(U, v) are approximated by a series according to (19).
The important term in this series is ( 1 - fl[D(u,v)[2), since
it determines whether the iteration converges or not (sufficient
condition). Clearly, this term for values of D(u, v) close to
zero is close to one, and therefore, it approaches zero much
slower when raised to the power of k, the number of iterations,
than the terms for which D(u, v) assumes larger values and
therefore the term ( 1 - fl[D(u,v)[ 2) is close to zero. This
means that each frequency component is restored independently and with different convergence rates. Clearly the larger
the values of fl the faster the convergence.
Let us denote by h(nx, n2) the impulse response of the
restoration filter and define

hall(nl, n2) -- d(nl, n2) • h(nl, n2).

(26)
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FIGURE 2 (a) Blurred image by an 1D motion blur over 8 pixels and the corresponding magnitude of the frequency
response of the degradation system; (b)-(d): images restored by iteration (18), after 20 iterations (ISNR = 4.03dB), 50
iterations (ISNR--6.22dB) and at convergence after 465 iterations (ISNR=ll.58dB), and the corresponding
magnitude of Hk(U, O) in (19); (e) image restored by the direct implementation of the generalized inverse filter in (16)
( I S N R - 15.50dB), and the corresponding magnitude of the frequency response of the restoration filter.

Ideally, h,,ll(nx, n2) should be equal to an impulse, or its
DFT Hall(u, v) should be a constant, that is, the restoration
filter is precisely undoing what the degradation system did.
Due to the spectral zeros, however, in D(u, v), Hall (u, v)
deviates from a constant. For the particular example under
consideration IH,al(U,O)l is shown in Figs. 5a and 5c, for
the inverse filter and the iteratively implemented inverse filter
by (18), respectively. In Figs. 5b and 5d the corresponding
impulse responses are shown. Due to the periodic zeros of
D(u, v) is this particular case, hall(n1, n2) consists of the sum of

an impulse and an impulse train (of period 8 samples). The
deviation from a constant or an impulse is greater with the
iterative restoration filter than with the direct inverse filter.
Now, in the absense of noise the restored image f(nx, n2) is
given by
^

f(nl, n2) -- hall(nl, n2) • f(nl, n2).

(27)

Clearly, due to the shape of hall(n1, n2) shown in Figs. 5b and
5d (only h,al(nl, O) is shown, since it is zero for the rest of
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4 Matrix-Vector Formulation

100

10-4

0

Normalized residual error as a function of the number of

the values of n2), the existence of the periodic train of impulses
gives rise to ringing. In the case of the inverse filter (Fig. 5b)
the impulses of the train are small in magnitude and therefore ringing is not visible. In the case of the iterative filter,
however, the few impulses close to zero have larger amplitude
and therefore ringing is noticeable in this case.

The presentation so far has followed a rather simple and
intuitive path. It hopefully demonstrated some of the issues
involved in developing and implementing an iterative
algorithm. In this section we present the matrix-vector formulation of the degradation process and the restoration iteration.
More general results are therefore obtained, since now the
degradation can be spatially varying, while the restoration
filter may be spatially varying as well, but even nonlinear. The
degradation actually can be nonlinear as well (of course it is
not represented by a matrix in this case), but we do not
focus on this case, although most of the iterative algorithms
discussed below would be applicable.
What became clear from the previous sections is that
in applying the successive approximations iteration, the
restoration problem to be solved is brought first into the
form of finding the root of a function [see (3)]. In other
words, a solution to the restoration problem is sought which
satisfies
• (f) - O,

(28)

where f e 7"¢.N is the vector representation of the signal
resulting from the stacking or ordering of the original signal,
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(a)

(b)

(d)

(c)

(e)

FIGURE 4 (a) Noisy-blurred image; 1D motion blur over 8 pixels, BSNR=20dB; (b)-(d): images restored by
iteration (18), after 20 iterations (ISNR= 1.83 dB), 50 iterations (ISNR---0.30 dB), and at convergence after 1376
iterations (ISNR=-9.06 dB); (e) image restored by the direct implementation of the generalized inverse filter in (16)
(ISNR = -12.09 dB).
and ~ ( f ) represents a nonlinear in general function. The rowby-row from left-to-right stacking of an image, is typically
referred to as lexicographic ordering. For a 256 x 256 image,
for example, vector f is of dimension 64K x 1.
Then the successive approximations iteration which might
provide us with a solution to (28) is given by
fk+l -- fk -+- fl~(fk) = ~(fk),

(29)

Then (29) becomes
fk+l = fig + (I -- flD)fk = fig + Glfk,

(31)

where I is the identity operator.

4.2 Least-Squares Iteration
According to the least-squares approach, a solution to (1) is
sought by minimizing

with f 0 = 0 . Clearly if f* is a solution to ~ ( f ) = 0 , i.e.,
• (f*) = 0, then f* is also a fixed point of the above iteration,
M(x) = Jig - Df[ [2.
(32)
that is, fk+l = f k = f * . However, as was discussed in the
previous section, even if f* is the unique solution to (28), this
does not imply that iteration (29) will converge. This again A necessary condition for M(f) to have a m i n i m u m is that its
underlines the importance of convergence when dealing gradient with respect to f is equal to zero. That is, in this case
with iterative algorithms. The form iteration (29) takes for
~ ( f ) -- VfM(f) -- D T ( g - D f ) = 0,
(33)
various forms of the function ~ ( f ) is examined next. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.1 Basic Iteration
From (1) when the noise is ignored, the simplest possible
form • (f) can take is,
~(f) = g-

Df

(30)

where T denotes the transpose of a matrix or vector. Application of iteration (29) then results in
fk+l = flDTg + (I -- flDTD)fk = flDTg 4- G2fk = T2fk.
(34)
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F I G U R E 5 (a) IHau(u, 0)1 for direct i m p l e m e n t a t i o n o f the inverse filter; (c) [Hall(U,O)I for the iterative
i m p l e m e n t a t i o n o f the inverse filter; (b), (d)" halt(n, 0) c o r r e s p o n d i n g to Figs. 5a a n d 5c.

It is mentioned here that the matrix-vector representation
of an iteration does not necessarily determine the way the
iteration is implemented. In other words, the pointwise
version of the iteration may be more efficient from the
implementation point of view, than the matrix-vector form of
the iteration. Now when (2) is used to form the matrix-vector
equation g = Df, matrix D is a block-circulant matrix [2].
A square matrix is circulant when a circular shift of one
row produces the next row, and the circular shift of the
last row produces the first row. A square matrix is blockcirculant when it consists of circular submatrices, which
when circularly shifted produce the next row of circulant
matrices. This implies that the singular values of D are the
DFT values of d(nl, n2), and the eigenvectors are the complex
exponential basis functions of the DFT. Iterations (31) and
(34) can therefore be written in the discrete frequency domain,
and they become identical to iterations (6) and the frequency
domain version of iteration (18), respectively [14].

4.3 Constrained Least-Squares Iteration
The image restoration problem is an ill-posed problem, which
means that matrix D is ill-conditioned. A regularization
method replaces an ill-posed problem by a well-posed
problem, whose solution is an acceptable approximation to
the solution of the ill-posed problem [25]. Most regularization
approaches transform the original inverse problem into

a constrained optimization problem. That is, a functional
needs to be optimized with respect to the original image, and
possibly other parameters. By using the necessary condition
for optimality, the gradient of the functional with respect to
the original image is set equal to zero, therefore determining
the mathematic form of (I)(f). The successive approximations
iteration becomes in this case a gradient method with a fixed
step (determined by fl).
As an example, a restored image is sought as the result of
the minimization of [ 10]
IlCfll 2

(35)

subject to the constraint that
IIg - Dfl 12 ~ 2 .

(36)

Operator C is a high-pass operator. The meaning then of
the minimization of IICfll 2 is to constrain the high frequency
energy of the restored image, therefore requiring that the
restored image is smooth. On the other hand, by enforcing
inequality (36) the fidelity to the data is preserved.
Following the Lagrangian approach which transforms
the constrained optimization problem into an unconstrained
one, the following functional is minimized
M(cr, f ) = [ [ D f - gl]2 + o~l[Cf[12.

(37)
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The necessary condition for a minimum is that the gradient
of M(ot, f) is equal to zero. That is, in this case
¢(f) = VfM(a, f) = (DTD + a C r C ) f -

DTg,

(38)

at these frequencies. This demonstrates the purpose of
regularization, which is to remove the zeros of D(u, v) without
altering the rest of its values, or in general to make the matrix
DTD + c t c r c better conditioned than the matrix DTD.
For the frequencies at which Hd(U, v)= 0

is used in iteration (29). The determination of the value of
(43)
lim Hk(u, v) = lim k . ft. D*(u, v) = O,
the regularization parameter ct is a critical issue in regulark~oe
k~oo
ized restoration, since it controls the trade-off between
fidelity to the data and smoothness of the solution, and since D* ( u, v) = O. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH
therefore the quality of the restored image. A number of
approaches for determining its value are presented and
4.3.1 Experimental Results
compared in [9].
Since the restoration filter resulting from (38) is widely The noisy and blurred image of Fig. 4a (1D motion blur over
used it is worth looking further into its properties. When 8 pixels, BSNR = 20dB) is now restored using iteration (39),
the degradation matrices D and C are block-circulant (38) with a = 0.01, fl = 1.0, and C the 2D Laplacian operator. It is
that the regularization parameter is chosen to
the resulting successive approximations iteration can be mentioned here
O-2
be
equal
to
2-~-,
as determined by a set theoretic restoration
written in the discrete frequency domain. The iteration takes
O'~f
approach
presented
in [16]. The restored images after 20 iterathe form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
tions (ISNR = 2.12 dB), 50 iterations (ISNR =0.98 dB) and at
convergence after 330 iterations ( I S N R = - I . 0 1 dB) with the
Fk+l(U, 1,') ---/~D*(u, v)G(u, v) + (1 - fl(lD(u, V)[ 2
(39) corresponding IHk(u,v)l in (40), are shown respectively in
Figs. 6 a,b,c. In Fig. 6d the restored image (ISNR = - 1 . 6 4 dB)
+ al C(u, v)12))Fk(u, v),
by the direct implementation of the constrained least-squares
filter in (42) is shown, along with the magnitude of the
where C(u, v) represents the 2D DFT of the impulse response
frequency response of the restoration filter. It is clear now by
of a high-pass filter, such as the 2D Laplacian. Following
comparing the restoration filters of Figs. 2d and 6c and 2e and
steps similar to the ones presented in Section 3.3, it is
6d, that the high frequencies have been suppressed, due to
straightforward to verify that in this case the restoration filter
regularization, that is the addition in the denominator of the
at the k-th iteration step is given by
filter of the term a[C(u, v)l 2. Due to the iterative approximation of the constrained least-squares filter, however, the two
k-1
filters shown in Figs. 6c and 6d differ primarily in the vicinity
Hk(u, v) = fl Z (1 - fl(lD(u, v)[ 2 + ctlC(u, v)12))eD*(u, v).
of the low frequency zeros of D(u, v). Ringing is still present,
£=0
(40) as it can be primarily seen in Figs. 6a and 6b, although is not as
visible in Figs. 6c and 6d. Due to regularization the results in
Figs. 6c and 6d are preferred over the corresponding results
Clearly if
with no regularization (a = 0.0), shown in Figs. 4d and 4e.
The value of the regularization parameter is very critical
(41)
11 - fl(lD(u, v)[ 2 + oelC(u, v)12)[ < 1
for the quality of the restored image. The restored images
with three different values of the regularization parameter are
then
shown in Figs. 7 a-c, corresponding to a = 1.0 (ISNR = 2.4 dB),
o~=0.1 (ISNR=2.96dB), and c~=0.01 ( I S N R = - I . 8 0 d B ) .
,. ,~l-(1-fl(lD(u,v)[ 2+ctlC(u,V)12))k,_,,,,
lim Hk(u, v)= nm p . . . . . . . . . . . . . . . . .
~ J_) (u, v) The corresponding magnitudes of the error images, i.e.,
k--,~
k--,~ 1 --(1 --fl(lD(u, v)[ 2-t-otlC(u, v)l ))
[original-restored I, scaled linearly to the 32-255 range are
shown in Figs. 7 d-f. What is observed is that for large values
D*(u,v)
of ct the restored image is "smooth" while the error image
-ID(u,v)l 2+alC(u,v)l 2"
contains the high frequency information of the original image
(42) (large bias of the estimate), while as c~ decreases the restored
image becomes more noisy and the error image takes the
Notice that condition (41) is not satisfied at the frequencies appearance of noise (large variance of the estimate). It has
for which Ha(u, v) = [D(u, v)[ + otlC(u, v)[ 2 = 0. It is therefore been shown in [9] that the bias of the constrained leastnow not the zeros of the degradation matrix which need to be squares estimate is a monotonically increasing function of the
considered, but the zeros of the regularized matrix, with regularization parameter, while the variance of the estimate
DFT values Ha(u, v). Clearly if Ha(u, v) is zero at certain is a monotonically decreasing function of the estimate. This
frequencies, this means that both D(u, v) and C(u, v) are zero implies that the mean-squared error (MSE) of the estimate,
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FIGURE 6 Restoration of the noisy-blurred image in Fig. 5a (motion over 8 pixels, BSNR = 20dB); (a)-(c): images
restored by iteration (39), after 20 iterations (ISNR = 2.12dB), 50 iterations (ISNR = 0.98dB) and at convergence after
330 iterations ( I S N R = - I . 0 1 d B ) , and the corresponding ]Hk(U, 0)[ in (40); (d): images restored by the direct
implementation of the constrained least-squares filter (ISNR = - l . 6 4 d B ) , and the corresponding magnitude of the
frequency response of the restoration filter (Eq. (42)).
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the sum of the bias and the variance, has a unique minimum
determined by the diagonal noise visibility matrix V [1].
That is, Wl = v T v and W2 = I - vTv. The entries of V take
for a specific value of or. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
values between 0 and 1. They are equal to 0 at the edges (noise
is not visible), equal to 1 at the fiat regions (noise is visible)
4.4 Spatially Adaptive Iteration
and take values in between at the regions with moderate
Spatially adaptive image restoration is the next natural step spatial activity.
in improving the quality of the restored images. There are
various ways to argue the introduction of spatial adaptivity,
4.4.1 Experimental Results
the most commonly used ones being the nonhomogeneity
or nonstationarity of the image field and the properties of The resulting successive approximations iteration from the use
the human visual system. In either case, the functional to be of ~ ( f ) in (45) has been tested with the noisy and blurred
image we have been using so far in our experiments, which
minimized takes the form [4, 14]
is shown in Fig. 4a. It should be emphasized here that
although matrices D and C are block circulant, the iteration
(44)
M(c~, f) -- IlDf - gll 2w~+ ~llCfll2~,
cannot be implemented in the discrete frequency domain,
since the weight matrices W1 and W2, are diagonal, but not
in which case
circulant. Therefore, the iterative algorithm is implemented
exclusively in the spatial domain, or by switching between
¢P(f) = VfM(o~, f)
the frequency domain (where the convolutions are implemented) and the spatial domain (where the weighting takes
-- (DTW1TW1D + o ~ c T w 2 T w 2 c ) f - D T W l g .
place). Clearly, from an implementation point of view the use
(45) of iterative algorithms offers a distinct advantage in this
particular case.
The iteratively restored image with W1 = 1 - W2, ot = 0.01
The choice of the diagonal weighting matrices W 1 and W2 can
be justified in various ways. In [14] both matrices are and fl=0.1 is shown in Fig. 8a, at convergence after 381

(a)

(b)

(c)

(d)

(e)

(f)

FIGURE 7 Direct constrained least-squares restorations of the noisy-blurred image in Fig. 5a (motion over 8 pixels,
BSNR= 20dB) with ot equal to: (a) 1, (b) 0.1, (c) 0.01; (d)-(f): corresponding ]original-restored] linearlymapped to the
range [32, 255].
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(a)

(b)

(c)

(d)
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FIGURE 8 Restoration of the noisy-blurred image in Fig. 5a (motion over 8 pixels, BSNR = 20dB), using (a) the
adaptive algorithm of (45); (b) the nonadaptive algorithm of iteration (39)" (c) values of the weight matrix in Eq. (46)"
(d) amplitude of the difference between Figs. (a) and (b) linearly mapped to the range [32, 255].

iterations and ISNR--0.61 dB. The entries of the diagonal
5 U s e of C o n s t r a i n t s
matrix W2, denoted by w2(i) are computed according to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1

W2 (i) -

00 -2(i) + 1'

(46)

where 0-2(i) is the local variance at the ordered i-th pixel
location, and 0 a tuning parameter. The resulting values of
w2(i ) are linearly mapped into the [0,1] range. These weights
computed from the degraded image are shown in Fig. 8c,
linearly mapped to the [32, 255] range, using a 3 x 3 window
to find the local variance and 0 =0.001. The image restored
by the non-adaptive algorithm, that is, W1 = W2--I and the
rest of the parameters the same, is shown in Fig. 8b (ISNR--0.20 dB). The absolute value of the difference between the
images in Figs. 8a and 8b, linearly mapped in the [32, 255]
range is shown in Fig. 8d. It is clear that the two algorithms
differ primarily at the vicinity of edges, where the smoothing
is downweighted or disabled with the adaptive algorithm.
Spatially adaptive algorithms in general can greatly improve
the restoration results, since they can adopt to the local
characteristics of each image.

Iterative signal restoration algorithms regained popularity in
the 1970s due to the realization that improved solutions can
be obtained by incorporating prior knowledge about the
solution into the restoration process. For example, we may
know in advance that f is bandlimited or space-limited, or we
may know on physical grounds that f can only have
nonnegative values. A convenient way of expressing such
prior knowledge is to define a constraint operator C, such that
f -- Cf,

(47)

if and only if f satisfies the constraint. In general, C represents
the concatenation of constraint operators. With the use of
constraints, iteration (29) becomes [23]
fo - O,
f k -- C f k,

rk+l - ,I,(fk).

(48)
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As already mentioned, a number of recovery problems, such ISNR = 11.05). The application of the positivity constraint,
as the bandlimited extrapolation problem, and the reconstruc- which represents a non-expansive mapping, simply sets to
tion from phase or magnitude problem, can be solved with zero all negative values of the signal. Clearly a considerably
the use of algorithms of the form (48), by appropriately better restoration is represented by Fig. 9c.
describing the distortion and constraint operators [23].
The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
contraction mapping theorem [22] usually serves as
a basis for establishing convergence of iterative algorithms. 6 Additional Considerations
Sufficient conditions for the convergence of the algorithms
presented in Section 4 are presented in [14]. Such conditions In the previous sections we dealt exclusively with the
become identical to the ones derived in Section 3, when all image restoration problem, as described by Eq. (1). As was
matrices involved are block-circulant. When constraints are mentioned in the introduction there is a plethora of inverse
used, the sufficient condition for convergence of the iteration problems, i.e., problems described by Eq. (1), for which the
is that at least one of the operators C and q~ is contractive iterative algorithms presented so far can be applied. Inverse
while the other is nonexpansive. Usually, it is harder to problems are representative examples of more general
prove convergence and determine the convergence rate of the recovery problems, i.e., problems for which information
constrained iterative algorithm, taking also into account that which is lost (due, for example, to the imperfections of the
some of the constraint operators are nonlinear, such as, the imaging system or the transmission medium, or the specific
processing the signal is undergoing, such as compression), is
positivity constraint operator. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
attempted to be recovered. A critical step in solving any
such problem is the modeling of the signals and systems
5.1 Experimental Results
involved, or in other words, the derivation of the degradation
We demonstrate the effectiveness of the positivity constraint model. After this is accomplished the solution approach needs
with the use of a simple example. An 1D impulsive signal is to be decided (of course these two steps do not need to be
shown in Fig. 9a. Its degraded version by a motion blur over independent). In this chapter we dealt primarily with the
8 samples is shown in Fig. 9b. The blurred signal is restored image restoration problem under a deterministic formulaby iteration (18) (fl= 1.0) with the use of the positivity tion and a successive approximations based iterative
constraint (Fig. 9c, 370 iterations, ISNR = 41.35), and without solution approach. In the following three subsections we
the use of the positivity constraint (Fig. 9d, 543 iterations, describe respectively some additional forms the successive

3
2.5

3
................. .................. ii"........

........~" ....................i~".................i~...................iI......

2

2 ......................................................................................................

1.5

0

.................i ...............

1 ................................. i ..................................... ~................. { ................... i .......

....... ............

..................T..................i ................................ii.....................i .............".......i.......

........i /
-

;

!....................i ..................i ................i ..................!......

i
20

i
40

i
60

~
80

i
100

....................a ........... ...................i......
i

-1

i
120

0

20

40

3

x

!

,

~ ................

.: . . . . . . . + , , ...... ?. . . . . . . . . . . . . . . . . .

, .................

? .................

! ......

":

i

"

•

i

i

:

i

'

!

!

i

~

i

i

i

2.5 ................, ....................; .......~...ai ............... i................~................. i........
.................

1.5

i

i

.............. i

-10

!

i

20

40

i

i

80

100

~

i

9

(a) original

(c) w i t h p o s i t i v i t y

signal; (b) blurred

constraint;

(d) without

!

it. . . ~. . . .ilti.

i

............. ...... ...... .............................}...................!......

0

~

~

3.5 ............. ~............... i.............. ~.............. i............... :...................~......

120

_,i ......................
i ......................
i....................
!......................
i.......................
i ......................
i....
0

20

40

(c)
FIGURE

!

l

120

1.5

!

.................................................................

60

100

2 ....................; ..................-i................i .................}................ ~..................i......

0.5

-0.5

80

2.5 ............... i, ............... i................. i.................... ! ................. 4 ................ ii.......

1

0

i

60
(b)

3
:

....i "

_o., ............................................................................
!.................................i.....

(a)

2

I ....

1.5 ................................. ,!.............................. i ................ T................ !.....

1

0.5

. . . . . . . . . . . . .

2.5 ..............................................................................................................................

60

80

100

120

(d)
signal by motion
positivity

constraint.

blur over 8 samples;

signals restored

by iteration

(18);

3.9 Iterative Image Restoration zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

249

approximations iteration can take, a stochastic modeling of various forms of the functional aft) and various initial
the restoration problem which results in successive approx- conditions.
imations type of iterations, and finally additional recent image
This framework of extracting information required by
recovery applications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the restoration process at each iteration step from the
partially restored image, has also been applied to the evaluation of the weights W1 and W2 in iteration (45) and in deriv6.1 Other Forms of the Iterative Algorithm
ing algorithms which use a different iteration-dependent
The basic iteration presented in the previous sections can be regularization parameter for each discrete frequency
extended in a number of ways. One such way is to utilize the component [ 11 ].
partially restored image at each iteration step in evaluating
Additional extentions of the basic form of the successive
unknown problem parameters or refining our prior knowl- approximations algorithm are represented by algorithms
edge about the original image. A critical such parameter which with higher rates of convergence [15, 21], algorithms with
directly controls the quality of the restoration results, as was a relaxation parameter fl which depends on the iteration step
also experimentally demonstrated in Fig. 7, is the regulariza- (steepest descent and conjugate gradient algorithms are
tion parameter ot in Eq. (37). As was already mentioned in examples of this), algorithm which depend on more than
Section 4.3, a number of approaches have appeared in the one previous restoration steps (multi-step algorithms), and
literature for the evaluation of a [9]. It depends on the value algorithms which utilize the number of iterations as a means
of [ [ g - Df][ 2 or its upper bound 6 in Eq. (36), but also on of regularizing the solution.
the value of []Cf[ [2 or an upper bound of it, or in other words
on the value of f. This dependency of ot on the unknown 6.2 Hierarchical Bayesian Image Restoration
original image f is expressed explicilty in [12], by rewriting
In the presentation so far we have assumed that the
the functional to be minimized in Eq. (37) as
degradation and the images in Eq. (1) are deterministic and
the noise only represents a stochastic signal. A different
(49)
M(cfff), f ) = ] l g - Dfll 2 + cfff)llCfll 2.
approach towards the derivation of the degradation model
and a restoration solution is represented by the Bayesian
The desirable properties of c~(f) and various functional paradigm. According to it, knowledge about the structural
forms it can take are investigated in detail in [12]. One such form of the noise and the structural behavior of the
choice is given by
reconstructed image is used in forming respectively p(g[f, r)
and P(f[O, where p(.[.) denotes a conditional probability
density function (pdf). For example, the following
IIg - Dfl [2
or(f) -- (l/y) - I l C f l l 2'
(50) conditional pdf is typically used to describe the structural
form of the noise
with F constrained so that the denominator in Eq. (50)
is positive. The successive approximations iteration in this
case then becomes
fk+l = fk + fl[DTg -- (D TD + ot(fk)CTC)fk].

(51)

Sufficient conditions for the convergence of iteration (51) are
derived in [12] in terms of the parameter V, and also
conditions which guarantee M(ot(f), f) to be convex (the
relaxation parameter fl can be set equal to one since it can be
combined with the parameter ?'). Iteration (51) represents
a major improvement towards the solution of the restoration
problem because (i) no prior knowledge, such as knowledge
of the noise variance, is required for the determination
of the regularization parameter, but instead such information
is extracted from the partially restored image; and (ii) the
determination of the regularization parameter does not constitute a separate, typically iterative step, but it is performed
simultaneously with the restoration of the image. The performance of iteration (51) is studied in detail in [12] for

1
1
p(glf, r) -- .IZ'n~,'-'oise/'g-"
~ exp[- z; r[ Ig - Df112]},

(52)

where Znoise(-C)--(2yr/'c) N/2, with N, as mentioned earlier, the
dimension of the vectors f and g. Smoothness constraints on
the original image can be incorporated under the form of
p(flS)

cx

a q/2

1
exp{-- ~3S(f)},

(53)

where S(f) is a non negative quadratic form which usually
corresponds to a conditional or simultaneous autoregressive
model in the statistical community or to placing constraints
on the first or second differences in the engineering
community and q is the number of positive eigenvalues of
S [19]. A form of S(f) widely in the engineering community
and also in this chapter is
S(f) = IlOfll 2,
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with C the Laplacian operator.
The parameters 8 and r are typically referred to as
hyperparameters. If they are known, according to the Bayesian
paradigm, the image f(~,~) is selected as the restored image,
defined by
f(8, 0 - arg{mfaxp(flS)p(glf, r)}
= arg{m~n[c~S(f) + rl Ig - Df112]}.

(54)

If the hyperparameters are not known then they can be
treated as random variables and the hierachical Bayesian
approach can be followed. It consists of two stages. In the first
stage the conditional probabilities shown in Eqs. (52) and (53)
are formed. In the second stage the hyperprior p(8, r) is
also formulated, resulting in the distribution p(8, r, f, g). With
the so-called evidence analysis, p(8, r, f, g) is integrated over
f to give the likelihood p(8, r[g), which is then maximized over
the hyperparameters. Alternatively, with the maximum
a posteriori (MAP) analysis, p(8, r, f, g) is integrated over 8
and r to obtain the true likelihood, which is then maximized
over f to obtain the restored image.
Although in some cases it would be possible to establish
relationships between the hyperpriors, the following model
of the global probability is typically used
p(8, r, f, g) = p(8)p(r)p(flS)p(glf, r).

(55)

Flat or non-informative hyperpriors are used for p(8) and

p(r) if no prior knowledge about the hyperpriors exists.
If such knowledge exists, as an example, a gamma distribution
can be used [19]. As expected, the form of these probability
density functions impacts the subsequent calculations.
Clearly the hierarchical Bayesian analysis offers a methodical procedure to evaluate unknown parameters in the context
of solving a recovery problem. A critical step in its application is the determination of p(8) and p(r) and the above
mentioned integration of p(8, r, f, g) either over f, or 8 and r.
Both flat and gamma hyperpriors p(8) and p(r) have been
considered in [19], utilizing both the evidence and MAP
analyses. They resulted in iterative algorithms for the evaluation of 8, r, and f. The important connection between the
hierarchical Bayesian approach and the iterative approach
presented in Sec. 6.1 is that iteration (51) with or(f) given
by Eq. (50) or any of the forms proposed in [11, 12] can
now be derived by the hierarchical Bayesian analysis with
the appropriate choice of the required hyperpriors and the
integration method. It should be made clear that the
regularization parameter ~ is equal to the ratio (r/8).
A related result has been obtained in [5] by deriving through
a Bayesian analysis the same expressions for the iterative
evaluation of the weight matrices Wl and W2 as in iteration
(45) and Eq. (46). It is therefore significant that there is
a precise interpretation of the framework briefly described in
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the previous section, based on the stochastic modeling of the
signals and the unknown parameters. zyxwvutsrqponmlkjihgfedcbaZYXW

6.3 Additional Applications
In this chapter we have concentrated on the application of
the successive approximations iteration to the image restoration problem. However, as already mentioned multiple times
already a number of recovery problems can find solutions with
the use of a successive approximations iteration. Two recovery
problems which have been actively pursued in the last 10-15
years due to their theoretical challenge but also their commercial significance, are the removal of compression artifacts
and resolution enhancement.
The problem of removing compression artifacts addresses
the recovery of information lost due to the quantization of
parameters during compression. More specifically, in the
majority of existing image and video compression algorithms
the image (or frame in an image sequence) is divided into
square blocks which are processed independently from
each other. The discrete cosine transform (DCT) of such
blocks (representing either the image intensity when dealing
with still images or intra-coding of video blocks or frames, or
the displaced frame difference when dealing with inter-coding
of video blocks or frames) is taken and the resulting DCT
coefficients are quantized. As a result of this processing
annoying blocking artifacts result, primarily at high compression ratios. A number of techniques have been developed
for removing such blocking artifacts for both still images and
video. For example, in [18, 27] the problem of removing the
blocking artifacts is formulated as a recovery problem,
according to which an estimate of the blocking artifact-free
original image is estimated by utilizing the available quantized
data, knowledge about the quantizer step size, and prior
knowledge about the smoothness of the original image.
A deterministic formulation of the problem is followed
in [27]. Two solutions are developed for the removal of
blocking artifacts in still images. The first one is based on the
CLS formulation and a successive approximations iteration
is utilized for obtaining the solution. The second approach
is based on the theory of projections onto convex sets (POCS),
which has found applications in a number of recovery
problems. The evidence analysis within the hierarchical
Bayesian paradigm, mentioned above, is applied to the same
problem in [18]. Expressions for the iterative evaluation of
the unknown parameters and the reconstructed image are
derived. The relationship between the CLS-iteration adaptive
successive approximations solution and the hierarchical
Bayesian solution discussed in the previous section is also
applicable here.
Resolution enhancement (also referred to as superresolution) is a problem which has also seen considerable
activity recently (for a recent review see [6, 13] and references
therein). It addresses the problem of increasing the resolution
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of a single image utilizing multiple aliased low-resolution
images of the same scene with sub-pixel shifts among them.
It also addresses the problem of increasing the resolution of
a video frame (and consequently the whole sequence) of a
dynamic video sequence by utilizing a number of neighboring
frames. In this case the shifts between any two frames are
expressed by the motion field. The low resolution images
and frames can be noisy and blurred (due to the image
acquisition system), or compressed, which further complicates
the problem. There are a number of potential applications of
this technology. It can be utilized to increase the resolution of
any instrument by creating a number of images of the
same scene, but also to replace an expensive high resolution
instrument by one or more low resolution ones, or it can
serve as a compression mechanism. Some of the techniques
developed in the literature address, in addition to the resolution enhancement problem, the simultaneous removal of blurring and compression artifacts, i.e., they combine the objectives
of multiple application mentioned in this chapter. For illustration purposes consider the example shown in Fig. 10 [20].
In Fig. 10a the original high resolution image is shown. This
image is blurred with a 4 x 4 non-causal uniform blur
function and downsampled by a factor of 4 in each direction
to generate 64 low resolution images with global sub-pixel
shifts which are integer multiples of 1/4 in each direction.
Noise of the same variance was added to all low resolution
images (resulting in SNR of 30 dB for this example). One of

(a)

(a)
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(b)

FIGURE 11 Resolution enhancement example: (a) best bilineraly interpolated low resolution image (the SNR for the low resolution images is at
random either 10 dB or 20 dB or 30 dB); (b) estimated high resolution image
by the hierarchical Bayesian approach (sixteen noise parameters) [20].

the low resolution images (the one with zero shifts in
each direction) is shown in Fig. 10b. The best bilinearly
interpolated image is shown in Fig. 10c. A hierarchical
Bayesian approach is utilized in [20] in deriving iterative
algorithms for estimating the unknown parameters (image
model parameter similar to ~ in Eq. (53) and the additive
noise variance) and the high resolution image by utilizing
the 16 low resolution images, assuming that the shifts and the
blur are known. The resulting high resolution image is shown
in Fig. 10d. The same experiment was performed but with
a different amount of noise added to each low resolution
image from a set of 10 dB, 20 dB, or 30 dB SNR. The best
bilinearly interpolated image is shown in this case in Fig. 1 l a
while the one resulting from the hierarchical Bayesian
approach in Fig. 1 lb. Finally, the same last experiment was
repeated with the resolution chart image. One of the 16 low
resolution images is shown in Fig. 12a, while the one generated
by the hierarchical Bayesian approach is shown in Fig. 12b.
The hierachical Bayesian approach was also used for the
recovery of a high resolution sequence from low resolution
and compressed observations [24].

(b)

~ii~~;~;~II~GI:~

(c)

(d)

FIGURE 10 Resolution enhancement example: (a) original image; (b) one of
the 16 low resolution images with SNR = 30 dB (all 16 images have the same
SNR); (c) best bilinearly interpolated image; (d) estimated high resolution
image by the hierarchical Bayesian approach [20].

(a)

(b)

FIGURE 12
Resolution enhancement example: (a) one of the 16 low
resolution images (the SNR for the low resolution images is at random either
10 dB or 20 dB or 30 dB); (b) estimated high resolution image by the
hierarchical Bayesian approach [20].
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7 Discussion
In this chapter we briefly described the application of
the successive approximations-based class of iterative algorithms to the problem of restoring a noisy and blurred
image. We presented and analyzed in some detail the simpler
forms of the algorithm, and briefly described an iterationadaptive form of the algorithm following a deterministic
approach but also a hierarchical Bayesian approach. In
addition we briefly described two other inverse problems,
the removal of blocking artifacts and the enhancement of
resolution, which have been solved using the techniques
described in this chapter. With this presentation we have
simply touched the "tip of the iceberg." We only covered
a small amount of the material on the topic. More
sophisticated forms of iterative image restoration algorithms were left out, since they were deemed to be beyond
the scope and the level of this chapter.
It is the hope and the expectation of the authors that
the presented material will form a good introduction to the
topic for the engineer or the student who would like to work
in this area.
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1 Introduction
Video sequence is a much richer source of visual information than still image. This is primarily due to the capture of
motion; while a single image provides snapshot of a scene,
a sequence of images registers the dynamics in it. The registered motion is a very strong cue for human vision; we can
easily recognize objects as soon as they move even if they
are inconspicuous when still. Motion is equally important
for video processing and compression for two reasons. First,
motion carries a lot of information about spatio-temporal
relationships between image objects. This information can be
used in such applications as traffic monitoring or security
surveillance, for example to identify objects entering/leaving
the scene or objects that just moved. Secondly, image properties, such as intensity or color, have a very high correlation in the direction of motion, i.e., they do not change
significantly when tracked in the image (the color of a car does
not change as the car moves across the image). This can be
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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used for the removal of temporal video redundancy; in an
ideal situation only the first image and the subsequent motion
need to be transmitted. This motion can be also used for
general temporal filtering of video. In this case, onedimensional temporal filtering along a motion trajectory,
e.g., for noise reduction or temporal interpolation, does not
affect spatial detail in the image.
The above applications require that image points be
identified as moving or stationary (surveillance), or that it
be measured how they move (compression, filtering). The first
task is often referred to as motion detection while the latter
as motion estimation. The goal of this chapter is to present
today's most promising approaches to solving both. Note, that
only two-dimensional (2D) motion of intensity patterns
in the image plane, often referred to as apparent motion,
will be considered. 3D motion of objects will not be
treated here. Motion segmentation, i.e., the identification
of groups of image points moving similarly, is treated in
Chapter 4.11.
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The discussion of motion in this chapter will be carried 2.1 Hypothesis Testing
out from the point of view of video processing and compression. Necessarily, the scope of methods reported will not be Let y be an observation and let Y be the associated random
complete. To present the methods in a consistent fashion, a variable. Suppose that there are two hypotheses H0 and
classification will be made based on models, estimation criteria H1 with corresponding probability densities pg(ylHo) and
and search strategies used. This classification will be introduced PYO'IH1), respectively. The goal is to decide from which of
for two reasons. First, it is essential for the understanding the two densities a given y is more likely to have been drawn.
of methods described here and elsewhere in the literature. Clearly, four possibilities exist (true hypothesis/decision): Ho/
Secondly, it should help the reader in the development of Ho, Ho/H1, H1/Ho, H1/H1. Whereas Ho/Ho and H1/H1 correspond to correct choices, Ho/H1 and H1/Ho are erroneous.
his/her own motion detection or estimation methods.
In the next section, the notation is established, followed In order to make a decision, a decision criterion is needed
by a brief review of some tools needed. Then, in that attaches some relative importance to the four possible
Section 3, motion detection is formulated as hypothesis scenarios.
Under the Bayes criterion, two a priori probabilities P0
testing, MAP estimation and variational problem. In
and
P1 - 1 - P0 are assigned to the two hypotheses H0 and
Section 4, motion estimation is described in two parts. First,
H1,
respectively,
and a cost is assigned to each of the four
models, estimation criteria and search strategies are discussed.
scenarios
listed
above.
Naturally, one would like to design
Then, five motion estimation algorithms are described
a
decision
rule
so
that
on average the cost associated with
in more detail, of which three are based on models supported
making
a
decision
based
on y is minimal. By computing an
by the current video compression standards. Both motion
average
risk
and
by
assuming
that costs associated with
detection and estimation are illustrated by experimental
erroneous
decisions
are
higher
than
those associated with the
results. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
corresponding correct decisions, it can be shown that an
optimal decision can be made according to the following rule
[31, Chapter 2]:

2 Notation and Preliminaries
Let I : f2 x T ~ R + be the intensity of image sequence
defined over spatial domain f2 and temporal domain T. Let
x=(Xx,x2)T~ f2 and t ~ T denote spatial and temporal
positions of a point in this sequence, respectively. In this
chapter, both continuous and discrete representations
of motion and images will be used. Let I(x, t), and I t complete image at time t. In the process of sampling, spatial
pixel position x is approximated by n = (nl, n2) T,
while temporal position t - by k (or tk). With this notation,
I[n, k] denotes a discrete-coordinate representation of I(x, t).
The triplet (nl, n2, k) T belongs to a 3D sampling grid,
for example a 3D lattice (Chapter 7.2). It is assumed here
that images are either continuous or discrete simultaneously
in position and in amplitude. Consequently, the same symbol
I will be used for continuous and quantized intensities;
the nature of ! can be inferred from its argument (continuousvalued for x and quantized for n).
Motion in continuous images can be described by velocity
vector v = (u1, 1)2)T. While v(x) is a velocity at spatial position x, vt will denote a velocity field or motion field, i.e., the
set of all velocity vectors within the image, at time t. Often,
the computation of this dense representation is replaced by
the computation of a small number of motion parameters
bt with the benefit of reduced computational complexity.
Then, vt is approximated by bt via a known transformation.
For discrete images, the notion of velocity is replaced by

displacement d.

py(yIH1)

H,

Po

pg(ylH0) Ho
<> 0 -P1
-.

(1)

The quantity on the left is called the likelihood ratio and 0 is
a constant dependent on the costs of the 4 scenarios. Since
these costs are determined in advance, t~ is a fixed threshold.
If P0 and P1 are pre-determined as well, the above hypothesis
test compares the likelihood ratio with a given threshold.
Alternatively, the prior probabilities can be made variable;
variable-threshold hypothesis testing results.

2.2 Markov Random Fields
A Markov random field (MRF) is a multidimensional random
process which generalizes the notion of a 1D Markov process.
Below, some essential properties of MRFs are described;
for more details the reader is referred to Chapter 4.3 and to
the literature (e.g., [12] and references therein).
Let A be a sampling grid in RN and let ~(n) be a
neighborhood of n ~ A, i.e., a set of such n's that n ¢~ ~(n) and
n ~ r/(/) ~ I e r/(n). The first-order neighborhood consists of
immediate top, bottom, left and right neighbors of n. Let A/"
be a neighborhood system, i.e., a collection of neighborhoods of
all n ~ A.
A random field T over A is a multidimensional random
process where each site n e A is assigned a random variable. A
random field T with the following properties:
1. P ( T = v ) > 0 ,

Vv~F,

and
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2. P(Tn - vn[Tt - vt, V l ¢ n ) - - P ( T n -- vn[Tt - vl, V l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the argument of this maximum, i.e., such ~ that P(T = v~y) >
o(n)), Vn ~ A, Vv ~ r
P(T = vIy) for any v. Above, the Bayes rule was used
and P(Y = y) was omitted since it does not depend on v.
where P is a probability measure, is called a Markov random
If P(T = v) is the same for all realizations v, then only the
field with state space F.
likelihood P(Y = yIv) is maximized, resulting in the maximum
In order to define the Gibbs distribution, the concepts of
likelihood (ML) estimation.
clique and potential function are needed. A clique c defined
over A with respect to .N" is a subset of A such that either c
consists of a single site or every pair of sites in c are neighbors, 2.4 Variational Formulations
i.e., belong to )7. The set of all cliques is denoted by C. In hypothesis testing and MRF models, moving regions to
Examples of a two-element spatial clique {n,l} are two be estimated are defined explicitly in discrete state space
immediate horizontal, vertical or diagonal neighbors. Gibbs (pixel labels), while region boundaries are implicit (label
distribution with respect to A and iV" is a probability measure differences). Alternatively, these boundaries can be considered
Jr on F such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
continuous. Then, the formulation leads to minimization of
1

re(v) -- ~ e -u(v)/T

where the constants Z and T are called the partition function
and temperature, respectively, and the energy function U is of
the form

u(v) - ~ v(v, c).

minf f f (8I(x))dx+ Xf ds

cEC

V(v, c) is called a potential function, and depends only on the
value of v at sites that belong to the clique c.
The equivalence between Markov random fields and Gibbs
distributions is provided through the important I-tammersleyClifford theorem which states that T is a MRF on A with
respect to N" if and only if its probability distribution is a
Gibbs distribution with respect to A and N'. The equivalence
between MRFs and Gibbs distributions results in a straightforward relationship between qualitative properties of a MRF
and its parameters via the potential functions V. Extension of
the Hammersley-Clifford theorem to vector MRFs is straightforward (new definition of a state is needed).

Or

Let Y be a random field of observations and let T be a random
field that we want to estimate based on Y. Let y, v be their
respective realizations. For example, y could be a difference
between two images while v could be a field of motion
detection labels. In order to compute v based on y, a powerful
tool is the maximum a posteriori probability (MAP) estimation, expressed as follows:
b ' - - arg m a x P ( T - vly) -- a r g m a x P ( Y -- ylv)" P ( T -- v)
u

(2)
where maxv, P ( T - vly) denotes the maximum of the posterior probability P ( T - v[y) with respect to v and arg denotes

(3)

where f(.) is a strictly decreasing function, 61 is observation
derived from the data, for example image gradient, and ds
is the Euclidean length element. While the first term is related
to intensity variation within 7~, the second term is proportional to the boundary length of 74. Clearly, this formulation
seeks a minimal-length boundary estimate that surrounds
large intensity gradients.
A solution to (3) can be found by computing and solving
Euler-Lagrange equations [32]. At any x, this results in the
following evolution equation [7, 8]:

3~ = F~ -- [ f ( M ) + Xtc]~

2.3 M A P Estimation

u

a functional instead of an ensemble of variables.
Let the sought boundary be modeled by a closed parameterized planar curve fi, oriented counterclockwise. If ~ is a
region enclosed by fi and s is a variable moving along fi, then
a simple formulation that seeks partitioning of the image
domain ~2 into 7-4 and its complement 7 ~ c - ~2\7~ can be
written as follows:

(4)

where r is the evolution time (unlike the true time t which
is the third coordinate in the image sequence definition),
F denotes the contour evolution force, x is the Euclidean
curvature and ~ is the inward unit normal to ~. The term Xtc~
smoothes out the contour be reducing curvature, while the
term f(6I)~ is a constant "balloon" force that pushes the
contour towards large-gradient image areas. The evolution
force vanishes for M --~ cx~ ( f ( M ) ~ 0) and K --+ 0, i.e., ideal
straight edge. In practice, the evolution equation is stopped
if the curve fails to evolve significantly between two iterations.
The active-contour evolution equation (4) suffers from
topology invariance (contours cannot be added/removed),
as well as potential convergence problems (as the contour
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evolves, sampling density along the contour changes and the pixels at tk_ 1 and tk, while in moving areas this difference
contour needs to be re-sampled). Both issues can be avoided is attributed to motion and therefore unpredictable. Let
by embedding the active contour fi into a surface u which
leads to the following level-set evolution equation [23]" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
,ok[n] - Ik[n]- Ik-l[n]
Ou

-- = FllVuli -

0r

Again

tc is

the

i f ( M ) + XK]llVuli.

curvature

computed

from

(5)

u

(to =

div(Vu/lVu[)). This equation can be implemented iteratively

be an observation (1) upon which we intend to select one of
the two hypotheses. With the above assumptions and after
taking the natural logarithm of both sides of (1) the hypothesis
test can be written as follows:

using standard discretization [23]. In each iteration, the force
M
F is calculated at zero level-set points (x such that u(x)=0),
p~[n] ~ 0
(6)
and then extended to other positions x using, for example, the
8
fast marching algorithm by solving Vu. VF = 0 for F. Then,
the surface u is updated according to (5), and periodically rewhere the threshold 0 equals 20 -2 ln(O. 2 L . P s / ( ~ , / 2 y r 0 - 2 • PM).
initialized using the fast marching algorithm by solving zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A similar test can be derived for a Laplacian-distributed noise
IlVull- 1 (signed distance).
term q; in (6) p~[n] is replaced by [pk[n][ and 0 is computed
accordingly. Such a test was used in the early motion detection
algorithms. Note that both the Laplacian and Gaussian
3 Motion Detection
models are equivalent under appropriate selection of 0.
Motion detection is, arguably, the simplest of the three Although 0 includes the prior probabilities, they are usually
motion-related tasks, i.e., detection, estimation and segmenta- fixed in advance as is the noise variance, and thus the obsertion. Its goal is to identify which image points, or, more vation Pk is compared to a constant.
The above pixel-based hypothesis test is not robust to noise
generally, which regions of the image, have moved between
in
the image; for small O's "noisy" detection masks result
two time instants. As such, motion detection applies only to
(many
isolated small regions or even pixels) while for large
images acquired with a static camera. However, if camera
O's
only
object boundaries and its most textured parts are
motion can be counteracted, e.g., by global motion estimadetected.
To attenuate the impact of noise, the method can
tion and compensation, then the method equally applies to
be
extended
by averaging the temporal differences over an
images acquired with a moving camera [19, Chapter 8].
N-point
spatial
window W , centered at n :
It is essential to realize that motion of image points is
not perceived directly but rather through intensity changes.
However, such intensity changes over time may be also
induced by camera noise or illumination changes. Moreover,
object motion itself may induce small intensity variations
or even none at all. The latter will happen in the rare case
of exactly constant luminance and color within the object.
Clearly, motion detection based on time-varying images is
not as easy as may seem initially.

3.1 Hypothesis Testing with Fixed Threshold
Fixed-threshold hypothesis testing belongs to the simplest
motion detection algorithms as it requires very few arithmetic
operations. Several early motion detection methods belong
to this class, although originally they were not developed
as such.
Let HM and Hs be two hypotheses declaring an image
point at n as moving (A4) and stationary (8), respectively.
Let's assume that Ik[n]--!k-x[n]-Jr-q and that q is a noise
term (Chapter 4.5), zero-mean Gaussian with variance 0-2
in stationary areas and zero-mean uniformly distributed in
[-L,L] in moving areas. The motivation is that in stationary areas only camera noise will distinguish same-position

1

M
meW.

S

This approach exploits the fact that typical variations of
camera characteristics, such as camera noise, can be closely
approximated by an additive white noise model; by averaging
over W , the noise impact can be significantly reduced. Still,
the method is not very robust and therefore is usually followed
by some post-processing (such as median filtering, suppression of small regions, etc.). Moreover, since the classification at position n is done based on all pixels within W,, the
resolution of the method is reduced; a moving image point
affects the decision of many of its neighbors. This method
can be further improved by modeling the intensities Ik-1
and Ik within W, by a polynomial function, e.g., linear or
quadratic [ 14].
The methods discussed thus far cannot deal with illumination changes between tk-1 and tk, any intensity change caused
by illumination variation is interpreted as motion. One
possible approach to handling illumination change is to
compare intensity gradients rather than intensities themselves,
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i.e., to construct the following test: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
left-hand side of equation (7), except at n, cancel out since
ke~ and eks differ only at n. Although the conditional
1
34
independence assumption is reasonable in stationary areas
E 11VIk[m]- V I k _ 1[m] II ~ 0
(temporal differences are mostly due to camera noise), it is
m~Wn
8
less so in the moving areas. However, a convincing argument
based on experimental results can be made in favor of such
where V = (31Ox, OlOy) T is the spatial gradient and I1" II is a independence [ 1].
suitable norm, e.g., Euclidean or city-block distance. This
To increase the detection robustness to noise, the temporal
approach, applied to the polynomial-based intensity model differences should be pooled together, for example within a
[14], has been shown to increase robustness in the presence of
spatial window l/Vn centered at n. This leads to the evaluation
illumination changes [25]. However, the method can handle
of the likelihood for all Pk within Wn given the hypothesis HM
the multiplicative nature of illumination only approximately
or 1-18 at n. Under the assumption of zero-mean Gaussian
(intensity gradient is not invariant under intensity scaling).
density p with variances a ~ and a~ for HM and Hs, respecTo address this issue in more generality, shading models
tively, and assuming that a ~ >> a~, the final hypothesis
extensively used in computer graphics must be employed [25]. becomes:

3.2 Hypothesis Testing with Adaptive
Threshold
The motion detection methods presented thus far were based
solely on image intensities and made no a priori assumptions
about the nature of moving areas. However, moving 3D
objects usually create compact, closed boundaries in the
image plane, i.e., if an image point is declared moving, it is
likely that its neighbor is moving as well (unless the point is
on a boundary) and the boundary is smooth rather than
rough. To take advantage of this a priori information, hypothesis testing can be combined with Markov random field
models.
Let Ek be a MRF of all labels assigned at time tk, and let ek
be its realization. Let's assume for the time being that ek[ 1]
is known for all 1 except n. Since the estimation process is
iterative, this assumption is not unreasonable; previous estimates are known at 1 :/: n. Thus, the estimation process is
reduced to deciding between ek[n] = M and ek[n] = 8. Let
the label field resulting from e k [ n ] - AA be denoted by ekM,
and let that produced by ek[n] -- 8 be e8k . Then, based on (1),
the decision rule for ek[n] can be written as follows:
p(PklekM) M
P(Ek -- ilk)
p(PkleSk ) ~8 0 P ( E k - - ~ k )

(7)

where P is a probability distribution governing the MRF Ek.
By making the simplifying assumption that the temporal
differences Pk[l] are conditionally independent given ek,
i.e., p(Pk]ek) = l-IlP(Pk[ l]]ek[/]), equation (7) can be further
re-written:
p(pk[n]IHM) M P(Ek -- eSk)
p(pk[n]lHs) ~8 0 P ( E k - - ~ k ) .

(8)

The hypothesis HM means that ek[n] = M , and H s m means
that ek[n] = S. All constituent probability densities from the

m~Wn

p~[m] X 2a~ - I n 0 + N In
+ In
3
(73
g(Ek - ~k )]

(9)
where N is the number of pixels in l/Vn. In case the a priori
probabilities are identical or fixed (independent of the
realization ek), the overall threshold depends only on model
variances. Then, for an increasing a~, the overall threshold
rises as well thus discouraging ./M labels (as camera noise
increases only large temporal differences should induce
moving labels). Conversely, for decreasing variance a~, the
threshold falls, thus biasing the decision towards moving
labels. In the limit, as a~ --~ 0, the threshold becomes 0; for a
noiseless camera even a slightest temporal difference will
induce moving label.
By suitably defining the a priori probabilities one can adapt
the threshold in response to the properties of ek. Since the
required properties are object compactness and smoothness of
its boundaries, a simple MRF model supported on a firstorder neighborhood [12] with two-element cliques c = {n,l}
and the following potential function

Vnt --

0

if ek[n] - ek[l ],

fl

ifek[n]#ek[l],

(10)

is appropriate. Whenever a neighbor of n has a different label
than ek[n], a penalty fl > 0 is incurred; summed over the
whole field it is proportional to the length of the moving mask
boundary. Thus, the resulting prior (Gibbs) probability

1(1)

P(Ek -- ek) -- -~ exp ---~ Z Vnl
{n,l}

will increase for configurations with smooth boundaries and
will decrease for those with rough boundaries. More advanced
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models, for example based on second-order neighborhood The above cost function can be optimized using various
systems with diagonal cliques, can be used similarly [1].
approaches, such as those discussed in Section 4.3, namely
Note that the MRF model facilitates the use of adaptive simulated annealing, iterated conditional modes or highest
thresholds: if zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P(Ek- e~)> P(Ek- ~ ) , the fixed part of the confidence first. The latter method, based on an adaptive
threshold in (9), i.e., the first two terms, will be augmented by selection of visited labels according to their impact on the
a positive number thus biasing the decision towards a static energy U (most influential visited first), gives the best
label. Conversely, for P(Ek--e~)<P(Ek = ke~)the bias is in compromise between performance (final energy value) and
favor of a moving label. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
computing time.

3.3 MAP MRF Formulation

3.4 MAP Variational Formulation

The MRF label model introduced in the previous section can
be combined with another Bayesian criterion, namely the
MAP criterion (Section 2.3). To find a MAP estimate of the
label field Ek, the posterior probability P(Ek = eklPk), or its
Bayes equivalent p(Pklek)" P(Ek = ek), needs to be maximized.
Let's consider the likelihood p(Pklek). One of the questionable assumptions made in the previous section was the conditional independence of the Pk given ek (8). To alleviate this
problem, let [Ik[n]- Ik-l[n][ be an observation modeled as
pk[n] -- ~(ek[n]) q- q[n] where q is zero-mean uncorrelated
Gaussian noise with variance a 2 and

So far the motion detection problem has been formulated in
discrete domain; pixels were explicitly labeled as moving or
stationary. Alternatively, as mentioned before, moving areas
can be defined implicitly by closed contours; the problem can
be formulated and solved in continuous domain, and the final
s o l u t i o n - discretized. One possible approach is through
variational formulation (Section 2.4).
In order to formulate the problem in this fashion, a model
for boundaries of moving areas is needed. One popular class of
such models have been active contours. Let, again, ~ be a
closed parameterized planar curve, oriented counterclockwise,
- - region enclosed by ~, and 74c=f2\7-4- its complement.
The problem of detecting moving areas between images It-at
and It can be formulated as follows [15]:

~(ek[n]) --

0

if ek[n]--,S,

ot if ek[n]- .M.

Above, ot is considered to be an average of the observations in
moving areas. For example, ot could be computed as an
average temporal difference for previous-iteration moving
labels ek or previous-time moving labels ek-1. Clearly,
attempts to closely model the observations since for a static
image point it is zero, while for a moving point it tracks
average temporal intensity mismatch; the uncorrelated q
should be a better approximation here than in the previous
section.
Under the uncorrelated Gaussian assumption for the
likelihood p(Pklek) and a Gibbs distribution for the a priori
probability P(Ek--ek), the overall energy function can be
written as follows:

1 Z ( p k [ n ] _ ~(ek[n]))2
U(pk, ek-l, ek) ---~2
n

Vt(ek-l[nl, ek[n]).

+ ~ Vs(ek[nl, ek[/]) +
{n,I}

{tk-l,tk}

The first term measures how well each label at n explains the
observation pk[n]. The other terms measure how contiguous
the labels are in the image plane (V,) and in time (V t). Both V,
and Vt can be specified similarly to (10) thus favoring spatial
and temporal similarity of the labels [6]. This basic model can
be enhanced by selecting a more versatile model for ~ [6] or a
more complete prior model including spatio-temporal,
as opposed to purely spatial and temporal, cliques [20].

min g a d x
T¢

+ g l I ( x , t) - I(x, t - At)ldx + X f
Tec
f~

(11)

The first term assigns cost to the moving regions that is
proportional to the area of 7~. The second term also assigns
cost to the stationary regions but the cost at each pixel is
proportional to the temporal intensity change. Finally, the
third term measures length of the boundary of 7~, and can be
considered prior information. Clearly, a minimum will be
achieved if the boundary is smooth and all large temporal
intensity differences (moving areas) are included in 7~, while
small differences (stationary areas) are in 7~. This simple
formulation can be viewed as an example of MAP estimation;
the first two terms relate the unknown contour ~ to the data
{It-At, It}, while the last term measures the length of movingarea boundary. Details of a MAP derivation in this context can
be found in [21 ], where also more advanced data terms based
on motion compensation have been proposed. Note that
minimization (11) can be also viewed as region competition
[33] since regions 7"4 and 7~c both compete for the membership of pixel at x (is it less expensive to assign at x the cost a or
II(x, t) - I(x, t - At)[ ?).
The contour evolution for (11) obtained by solving
Euler-Lagrange equations is:

Of, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCB
_ [~ _ I I ( x , t) - I ( x , t At)l + ktc]~.
(12)
Or
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Ignoring the curvature, c~> [I(x, t) - I(x, t - At)] will result
in the contour shrinking and thus relinquishing the point
~(x), while ot < [I(x, t) - I(x, t - At)[ will cause the contour
to expand thus englobing this point. Clearly, there will be a
competition between two forces, one related to 7"4 and the
other related to 74c, that will claim or relinquish image points
on and around the curve ~. The curvature tc plays the role of a
smoothing filter with respect to curve-point coordinates. For
sufficiently large ~, the curvature term will assure smooth
boundaries of the detected moving areas. The corresponding
level-set evolution equation:
OU

Or

- F I I V u l l - [cz - [ I ( x , t) - I(x, t -
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hypothesis test (Fig. l(e)), MAP motion detection (Fig. l(b)
and (g)), and variational formulation (Fig. l(c), (d), (h)).
Note the compactness of the detection mask and the smoother
boundary in case of the MAP and active-surface estimates as
opposed to the noisy detection result obtained by thresholding. The improvements are due primarily to the a priori
knowledge incorporated into both algorithms (boundary
smoothness). Mso, note the consistent evolution of detection
mask over time as demonstrated through the object tunnel
(Fig. l d); this consistency is facilitated by joint processing of
multiple frames at a time and the embedded curvature
minimization of the tunnel surface.

At)[ + XK]IIX7ull
(13)

4 Motion Estimation

As mentioned in the introduction, knowledge of motion
is essential for both the compression and processing of image
sequences. Mthough compression is often considered to be
encompassed by processing, a clear distinction between these
two terms will be made here. Methods explicitly reducing
the number of bits needed to represent a video sequence will
be classified as video compression techniques. For example,
motion-compensated hybrid (predictive/DCT) coding is
exploited today in all video compression standards, i.e.,
H.261, H.263, H.264, MPEG-1, MPEG-2, MPEG-4 (Chapters
6.1, 6.4, and 6.5). On the other hand, methods that do not
attempt such a reduction but transform the video sequence,
e.g., to improve quality, will be considered to belong to
min fff~dxdt+
ffflI(x,t)-I(x,t-At)ldxdt+)~ffd~.
video processing methods. Examples of video processing are
v
vc
motion-compensated noise reduction (Chapter 3.11), motion(14) compensated interpolation (Chapter 3.11), motion-based
video segmentation (Chapter 4.11).
The above classification is important from the point of
The first two terms have similar meaning as in (11) except that
both are evaluated over 3D volumes rather than 2D regions. view of the goals of motion estimation that, in turn, influence
The third term measures the surface area of the volume 12 (d~' the choice of models and estimation criteria. In the case of
is the Euclidean area element). Solving for ~, leads to the video compression, the estimated motion parameters should
lead to the highest compression ratio possible (for a given
following surface evolution equation:
video quality). Therefore, the computed motion need not
resemble the true motion of image points as long as some
O--r= [oe - I I ( x , t) - I(x, t - At)l + )~Km]~t.
(15) minimum bit rate is achieved. In video processing, however,
it is the true motion of image points that is sought. For
example,
in motion-compensated temporal interpolation
This equation is very similar to the contour evolution
(Fig.
2)
the
task is to compute new images located between
equation (12) except for dimensionality of the normal vector
the
existing
images of a video sequence (e.g., video frame
and the nature of the curvature (mean curvature Km is used
rate
conversion
between NTSC and PAL scanning standards).
here). The level-set evolution equation for 4D surface u is
In
order
that
the
new images be consistent with the existing
identical to (13), again except for the curvature, and can be
ones,
image
points
must be displaced according to their true
solved through similar discretization. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
motion as otherwise "jerky" motion of objects would result.
This is a very important difference that influences the design
3.5 Experimental Comparison of Motion
of motion estimation algorithms and, most importantly,
Detection Methods
that usually precludes a good performance of a compressionFigure 1 shows two frames from a 256 x 256-pixel video optimized motion estimation algorithm in video processing
sequence along with detection results for the fixed-threshold and vice versa.
can be implemented iteratively using standard discretization [23].
In the formulation above, motion detection performed on
one image pair is independent of a detection performed on a
neighboring image pair. An interesting, alternative approach is
the joint motion detection (or segmentation) over multiple
images [11, 18], leading to the concept of object tunnel. The
object boundary model across time becomes now a 3D
parameterized surface ft. If V is a volume enclosed by if, and
~c=(~2 × T ) \ V is its complement, the problem of joint
multi-image motion detection can be formulated as follows:
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FIGURE 1 Motion detection results for two frames of a road traffic sequence of images: (a) frame #137; (b) MAP
detection result for frame #137; (c) active-surface detection result for frame #137; (d) object tunnels computed for the
whole 30-frame sequence; (e) detection result for frame #137 by fixed-threshold hypothesis test; (f) flame #143;
(g) MAP detection result for frame #143; (h) active-surface detection result for frame #143. (MAP and fixed-threshold
detection results from Bouthemy and Lalande [6] Reproduced with permission of the International Society for Optical
Engineering [SPIE])

In order to develop a motion estimation algorithm, three
important elements need to be considered: models, estimation criteria and search strategies They will be discussed next,
but no attempt will be made to include an exhaustive list
pertaining to each of them Clearly, this cannot be considered

a universal classification scheme of motion estimation
algorithms, but it is very useful in understanding the
properties and merits of various approaches. Then, five
practical motion estimation algorithms will be discussed in
more detail.
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m

where parameters b = ( b l , b2) T
(1)1' 1)2)T depend on camera
geometry and 3D translation parameters. This 2D translational
model has proved very powerful in practice, especially in video
compression, since locally it provides a close approximation
for most natural images.
The second powerful, yet simple, parametric model is that
of orthographic projection combined with 3D affine motion
of a planar surface. It leads to the following 6-parameter affine
model [29, Chapter 6]:

x3

v(x) -- ( bl

b3

b4

b2)-+-(b5 b6)X

tk_ 1 = t k - A t

(17)

FIGURE 2
Motion-compensated interpolation between images at time
t k - A t and tk. Motion compensation is essential for smooth rendition of
where, again, b = (bl, ...,b6) T is a vector of parameters
moving objects. Shown are three motion vectors that map the corresponding
related to the camera as well as 3D surface and motion
image points at time tk -- A t and tk onto image at time r. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.1 Motion Models
There are two essential models in motion estimation: a motion
model, i.e., how to represent motion in an image sequence,
and a model relating motion parameters to image intensities,
called an observation model. The latter model is needed since, as
was mentioned before, computation of motion is carried out
indirectly by examining intensity changes.

Spatial Motion Models
The goal is to estimate the motion of image points, i.e., the 2D
motion or apparent motion. Such motion is a combination of
projections of the motion of objects in a 3D scene and of 3D
camera motion. Whereas camera motion affects the movements of all or almost all image points, the motion of 3D
objects only affects a subset of image points corresponding
to objects' projections. Since, in principle, the camera-induced
motion can be compensated for by either estimating it
(Section 5.1) or by physically measuring it at the camera,
we need to model the object-induced motion only. Such a
motion depends on:
1. image formation model, e.g., perspective, orthographic
projection [30],
2. motion model of 3D object, e.g., rigid-body with 3D
translation and rotation, 3D affine motion,
3. surface model of 3D object, e.g., planar, parabolic.
In general, these relationships are fairly complex but two cases
are relatively simple and have been used extensively in practice. For an orthographic projection and arbitrary 3D surface
undergoing 3D translation, the resulting 2D instantaneous
velocity at position x in the image plane is described by a
2D vector:

bl

(b2)

parameters. Clearly, the translational model above is a special
case of the affine model. More complex models have been
proposed as well but, depending on application, they do not
always improve the precision of estimated motion fields.
In general, the higher the number of motion parameters,
the more precise the description of motion. However, an
excessive number of parameters may be detrimental to the
performance. This depends on the number of degrees of
freedom, i.e., model complexity (dimensionality of b and
the functional dependence of v on x,y) versus the size of
the region of support (see below). A complex model applied
to a small region of support may lead to an actual increase
in the estimation error compared to a simpler model such as
in (17).

Temporal Motion Models
The trajectories of individual image points drawn in the
(x,y, t) space of an image sequence can be fairly arbitrary
since they depend on object motion. In the simplest case,
trajectories are linear, such as the ones shown in Fig. 2.
Assuming that the velocity vt(x) is constant between t = tk-1
and r (r > t), a linear trajectory can be expressed as follows

x(r) = x(t) + vt(x) " (r - t) = x(t) + dr, ~(x),

(18)

where dt, ~(x) = vt(x). (r - t) is a displacement vector I measured in the positive direction of time, i.e., from t to r.
Consequently, for linear motion the task is to find the two
components of the velocity v or displacement d for each x.
This simple motion model embedding the two-parameter
spatial model (16) has proved to be a powerful motion estimation tool in practice.
A natural extension of the linear model is a quadratic
trajectory model, accounting for acceleration of image points,
1In the sequel, the dependence of d on t and r willbe dropped wheneverit is
clear between what time instants d applies.
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FIGURE 3 Schematic representation of motion for the four regions of support 7"4: (a) whole image, (b) pixel,
(c) block, and (d) arbitrarily-shaped region. The implicit underlying scene is "head-and-shoulders" as captured by the
region-based model in (d).

one of the four types listed below. Figure 3 shows
which can be described by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
schematically each type of region.
1

X(75) -- x ( t ) + Vt(X) " (r -- t) + - £ " a t ( x ) "
z

( z -- 0 2.

(19)

The model is based on two velocity (linear) variables and two
acceleration (quadratic) variables a - (ax, at) T thus accounting for second-order effects. This relatively new model has
recently been demonstrated to greatly benefit such motioncritical tasks as frame rate conversion [9] due to its improved
handling of variable-speed motion present in typical videoconferencing images (e.g., hand gestures, facial expressions).
The models above require two (18) or four (19) parameters
at each position x. To reduce the computational burden,
parametric (spatial) motion models can be combined with
the temporal models above. For example, the affine model (17)
can be used to replace vt (18) and then applied over a suitable
region of support. This approach has been successfully used in
various region-based motion estimation algorithms. A similar
parametric extension of the quadratic trajectory model (vt and
at replaced by affine expressions) has been proposed
[19, Chapter 4] but its practical importance remains to be
verified.

Region of Support
The set of points x to which a spatial and temporal motion
model applies is called region of support, denoted 7~. The
selection of a motion model and region of support is one of
the major factors determining the precision of the resulting motion estimates. Usually, for a given motion model, the
smaller the region of support 7"4, the better the approximation
of motion. This is due to the fact that over a larger area
motion may be more complicated and thus require a more
complex model. For example, the translational model (16) can
fairly well describe motion of one car in a highway scene while
this very model would be quite poor for the complete image.
Typically, the region of support for a motion model belongs to

1. 7-4 = the whole image
A single motion model applies to all image points. This
model is suitable for the estimation of camera-induced
motion (Section 5.1) as very few parameters describe
the motion of all image points. This is the most constrained model (relatively small number of motion fields
can be represented), but with the fewest parameters to
estimate.
2. ~ = one pixel
This model applies to a single image point (position x).
Typically, the translational spatial model (16) is used
jointly with the linear (18) or quadratic temporal model
(19). This pixel-based or dense motion representation
is the least constrained one since at least two parameters
describe the movement of each image point. Consequently, a very large number of motion fields can
be represented by all possible combinations of parameter values, but computational complexity is, in
general, high.
3. 7"4 = rectangular block of pixels
This motion model applies to a rectangular (or square)
block of image points. In the simplest case the blocks
are non-overlapping and their union covers the whole
image. A spatially-translational (16) and temporallylinear (18) motion of a rectangular block of pixels has
proved to be a very powerful model and is used today in
all digital video compression standards, i.e., H.261,
H.263, H.264, MPEG-1 and MPEG-2 (Chapters 6.1,
6.4, and 6.5). It can be also argued that a spatiallytranslational but temporally-quadratic (19) motion has
been implicitly exploited in the MPEG standards since
in the B flames two independent motion vectors are
used (two non-co]linear motion vectors starting at x
can describe both velocity and acceleration). Mthough
very successful in hardware implementations, clue to its
simplicity, the translational model lacks precision for
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images with rotation, zoom, deformation, and is often where V = (O/Ox, O/oy)T denotes the spatial gradient and
v=(Vl, V2)T is the velocity to be estimated. The above
replaced by the affine model (17).
constraint equation, whether in the above continuous form
7¢ = irregularly-shaped region
This model applies to all pixels in a region 7-4 of or as a discrete approximation, has served as the basis for
arbitrary shape. The reasoning is that for objects with many motion estimation algorithms. Note that, similarly to
sufficiently smooth 3D surface and 3D motion, the (20), equation (22) applied at single position (x,y) is
induced 2D motion can be closely approximated by underconstrained (one equation, two unknowns) and allows
the affine model (17) applied linearly over time (18) to determine the component of velocity v in the direction of
to the image area arising from object projection. Thus, the image gradient VI only [13]. Thus, additional constraints
regions ~ are expected to correspond to object projec- are needed in order to uniquely solve for v [ 13]. Also, equation
tions. This is the most advanced motion model that (22) does not hold exactly for real images and usually a
has found its way into standards; a square block divided minimization of a function of (vI)Tv if- 3I/3t is performed.
Since color is a very important attribute of images, a possiinto arbitrarily-shaped parts, each with independent
translational motion, is used in the MPEG-4 standard ble extension of the above models would be to include chromatic image components into the constraint equation. The
(Chapter 6.5). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
assumption is that in the areas of uniform intensity but substantial
color detail, the inclusion of a color-based constraint
Observation Models
could prove beneficial. In such a case, (21) and (22) would
Since motion is estimated (and observed by the human eye)
hold with a multicomponent (vector) function replacing L
based on the variations of intensity and/or color, the assumed
The assumption about intensity constancy is usually only
relationship between motion parameters and image intenapproximately satisfied, but it is particularly violated when
sity plays a very important role. The usual, and reasonable,
scene illumination changes. As an alternative, a constraint
assumption made is that image intensity remains constant
based on the spatial gradient's constancy in the direction of
along a motion trajectory, i.e., that objects do not change their
motion can be used [2]
brightness and color when they move. For temporally-sampled
images, this means that Itk(X(tk))=Itk_l (X(tk-1)). Using the reladVI
-~
= O.
(23)
tionship (18) with t = tk-1 and z = tk, and assuming spatial
ds
sampling of the images, this condition can be expressed as
follows zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This equation can be re-written as follows:
.

Ik[n]

- Ik-l[n

-

-

d].

(20)

The above equation, however, cannot be used directly to
solve for d since in practice it does not hold exactly due to
noise q, aliasing, etc., present in the images, i.e., Ik[n] = Ik-1
[ n - d] + q[n]. Therefore, d must be found by minimizing a
function of the error between Ik[n] and lk_l[n -- d]. Moreover,
equation (20) applied to a single image point n is insufficient since d contains at least two unknowns. Both issues will
be treated in depth in the next section.
Let's consider now the continuous case. Let s be a variable along a motion trajectory. Then, the constant-intensity
assumption translates into the following constraint equation
dl
----0,
ds

(21)

i.e., the directional derivative in the direction of motion is
zero. By applying the chain rule, the above equation can be
written as the well-known motion constraint equation [13]
OI

OI

Vx1)1 + 0)I71)2+

OI
~

--

OI
(VI) Tv + ~-~ -- 0

(22)

a2//ax
02i/3xOy

a21/oxoy ]
oq(VI) -,
321/3), 2 v + 3-----7--= O.

(24)

It relaxes the constant-intensity assumption but requires
that the amount of dilation or contraction, and rotation in the
image be negligible, 2 a limitation often satisfied in practice.
Although both (23) and (24) are linear vector equations in two
unknowns, in practice they do not lend themselves to the
direct computation of motion, but need to be further constrained by a motion model. The primary reason for this is
that equation (24) holds only approximately. Furthermore, it
is based on second-order image derivatives that are difficult to
compute reliably due to the high-pass nature of the operator;
usually image smoothing must be performed first.
The constraints discussed above find different applications
in practice. A discrete version of the constant-intensity constraint (22) is often applied in video compression since it
yields small motion-compensated prediction error. Although
motion can be computed also based on color using a vector
equivalent of equation (22), experience shows that the small
2Even when the constant-intensity assumption is valid, the intensity
gradient changes its amplitude under dilation or contraction and its direction
under rotation.
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gains achieved do not justify the substantial increase in recovered by a suitable interpolation. For estimation methods
complexity. However, motion estimation from color data is based on matching, C O interpolators that assure continuous
interpolated intensity (e.g., bilinear) are sufficient, while for
useful in video processing tasks (e.g., motion-compensated
filtering, re-sampling), where motion errors may result in methods based on gradient descent C 1 interpolators giving
visible distortions. Moreover, the multicomponent (color) both continuous intensity and its derivative are preferable
constraint is interesting for estimating motion from multiple for stability reasons.
Motion fields calculated solely by minimization of the predata sources (e.g., range/intensity data). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
diction error are sensitive to noise if the number of pixels in
7~ is not large compared to the number of motion param4.2 Estimation
Criteria
eters estimated or if the region is poorly textured. However,
The models discussed need to be incorporated into an estima- such a minimization may yield good estimates for parametric
tion criterion that will be subsequently optimized. There is motion models with few parameters and reasonable region
no unique criterion for motion estimation since its choice size.
A common choice for the estimation criterion is the foldepends on the task at hand. For example, in compression an
lowing
sum
average performance (prediction error) of a motion estimator
is important, whereas in motion-compensated interpolation
the worst case performance (maximum interpolation error)
g(d) - ~ *(Ik[n] -- ~k[n])
(26)
may be of concern. Moreover, the selection of a criterion may
n~7"~
be guided by the processor capabilities on which the motion
estimation will be implemented.
where • is a non-negative real-valued function. The oftenused quadratic function ~(e) = e 2 is not a good choice since
Pixel-Domain
Criteria
a single large error e (an outlier) overcontributes to g and
Most of the criteria arising from the constant-intensity biases the estimate of d. A more robust function is the absoassumption (20) aim at the minimization of a function (e.g., lute value ~(e) = c~lel since the cost grows linearly with error
absolute value) of the following error zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(Fig. 4a). Since it does not require multiplications, it is the
criterion of choice in practical video encoders today. An even
ek[n]- Ik[n]- Ik[n],
¥n S a
(25) more robust criterion is based on the Lorentzian function
• (e) = log(1 + 8 2 / 2 0 ) 2) that grows slower than Ixl for large
errors. The growth of the cost for increasing errors e is
where Ik[n]- Ik-l[n- d[n]] is called a motion-compensated
prediction of Ik[n]. Since, in general, d is real-valued, inten- adjusted by the parameter o9 (a Lorentzian function for two
sities at positions n - d outside of the sampling grid A must be different values of co is shown in Fig. 4a).
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and (b) truncated-quadratic functions.
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Since for matching algorithms the continuity of • is not
important (no gradient computations), non-continuous
functions based on the concept of the truncated quadratic:

• tq(e, o, fl) -

e

fi

lel < o,
otherwise,

(27)
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equations. In practice, this method will work only for single
objects moving across a uniform background. Moreover, the
positions of image points to which the estimated displacement
z applies are not known; this assignment must be performed
in some other way. Also, care must be taken of the nonuniqueness of the Fourier phase function which is periodic.
A Fourier-domain representation is particularly interesting
for the cross-correlation criterion (28). Based on the Fourier
transform properties (Chapter 2.3) and under the assumption
that the intensity function I is real-valued, it is easy to show
that:

are often used (Fig. 4b). If fl = 0 2, the usual truncated quadratic results, fixing the cost of outliers at 02. An alternative is
to set f l = 0 with the consequence that the outliers have
zero cost and do not contribute to the overall criterion £.
In other words, the criterion is defined only for non-outlier
pixels, and therefore the estimate of d will be computed solely
on the basis of reliable pixels.
--Tk(U)~*_l(U )
.T[C(d)]-'T'[ Z n
The similarity between Ik[n] and its prediction Ik[n] can be
also measured by cross-correlation function: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Ik[n]Ik-l[n--d]]

C(d) - E

(30)

whereA the transform is applied inspatial coordinates only
and I* is the complex conjugate of I. This equation expresses
spatial cross-correlation in the Fourier domain, where it can
be efficiently evaluated using the DFT.

Ik[n]Ik_l[n - d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[n]].
(28)

n

Although more complex computationally than the absolute
value criterion, due to the multiplications, this criterion is an
interesting and practical alternative to the prediction errorbased criteria (Section 5.3). Note that a cross-correlation
criterion requires maximization unlike the prediction-based
criteria.
For a detailed discussion of robust estimation criteria in
the context of motion estimation the reader is referred to the
literature (e.g., [5] and references therein).

Frequency-Domain Criteria
Although the frequency-domain criteria are less used in practice today than the space/time-domain methods, they form
an important alternative. Let Ik(u) = ~[Ik[n]] be a spatial (2D)
Fourier transform of the intensity signal Ik[n], where
u = (u,v) T is a 2D frequency (see Chapter 2.3). Suppose
that the image Ik-x has been uniformly shifted to create the
image Ik, i.e., that Ik[n] = I k - l [ n - Z]. This means that only
translational global motion exists in the image and all boundary effects are neglected. Then, by the shift property of
the Fourier transform
f'[Ik-l[n -- Z]] -- ~k-1(u)e -j2~urz

Regularization
The criteria described thus far deal with the underconstrained
nature of equation (22) by applying the motion measurement
to either a region, such as a block of pixels, or to the whole
image (frequency-domain criteria). In consequence, resolution of the computed motion may suffer.
To maintain motion resolution at the level of original
images, the pixel-wise motion constraint equation (22) can
be used but, to address its underconstrained nature, it needs
to be combined with another constraint. In typical real-world
images, moving objects are close to being rigid. Upon projection onto the image plane this induces very similar motion
of neighboring image points within the object's projection
area. In other words, the motion field is locally smooth.
Therefore, a motion field vt must be sought that satisfies the
motion constraint (22) as close as possible and simultaneously
is as smooth as possible. Since gradient is a good measure of
local smoothness, this may be achieved by minimizing the
following criterion [ 13]:

(29)

where UT denotes a transposed vector u. Since the amplitudes
of both Fourier transforms are independent of z while the
argument difference
arg{.T[Ik[n]]} - arg{.T[Ik_l[n]]} -- --2rruTz
depends linearly on z, the global motion can be recovered by
evaluating the phase difference over a number of frequencies
and solving the resulting over-constrained system of linear

+ ,~(llV(Vl(X))ll 2 +

IIV(v2(x))ll2)dx

(31)

where D is the domain of the image. This formulation is often
referred to as regularization [2] (see also the discussion
of regularized image recovery in Chapter 3.6). Note that the
smoothness constraint may be also viewed as an alternative
spatial motion model to those described in Section 4.1.
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Bayesian Criteria
Bayesian criteria form a very powerful probabilistic alternative to the deterministic criteria described thus far. If motion
field dk is a realization of a vector random field Dk with a
given a priori probability distribution, and image Ik is a
realization of a scalar random field Zk, then the MAP estimate
of dk (Section 2.3) can be computed as follows [16]:
A

dk -- arg rnaaxP(Dk -- dk [~k -- Ik; !k-1)
-- arg mdaxP(XTk -- Ik[Dk -- dk; Ik-1) " P(Dk -- dk; Ik-1). (32)
In this notation, the semicolon indicates that subsequent
variables are only deterministic parameters. The first (conditional) probability distribution denotes the likelihood of
image Ik given displacement field dk and the previous image
Ik-1, and therefore is closely related to the observation model.
In other words, this term quantifies how well a motion field
dk explains change between the two images. The second
probability P(Dk = dk; Ik-1) describes the prior knowledge
about the random field Dk, such as its spatial smoothness, and
therefore can be thought of as a motion model. It becomes
particularly interesting when Dk is a MRF. By maximizing
the product of the likelihood and the prior probabilities one
attempts to strike a balance between motion fields that give
a small prediction error and those that are smooth. It will
be shown in Section 5.5 that maximization (32) is equivalent
to an energy minimization.

4.3 Search Strategies
Once models have been identified and incorporated into an
estimation criterion, the last step is to develop an efficient
(complexity) and effective (solution quality) strategy for finding the estimates of motion parameters.
For a small number of motion parameters and a small
state space for each of them, the most common search strategy
when minimizing a prediction error, like (25), is matching.
In this approach, motion-compensated predictions Ik[n] =
I k - l [ n - d[n]] for various motion candidates d are compared
(matched) with the original images Ik[n] within the region of
support of the motion model (pixel, block, etc.). The candidate yielding the best match for a given criterion becomes
the optimal estimate. For small state spaces, as is the case in
block-constant motion models used in today's video coding
standards, the full state space of each motion vector can be
examined (exhaustive search) but partial search often gives
almost as good results (Section 5.2).
As opposed to matching, gradient-based techniques require
an estimation criterion g that is differentiable. Since this criterion depends on motion parameters via the image function,
as in I k - l [ n - d[n]], to avoid nonlinear optimization I is
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usually linearized using Taylor expansion with respect to d[n].
Due to the Taylor approximation, the model is applicable
only in a small vicinity of the initial d. Since initial motion
is usually assumed to be zero, it comes as no surprise that
gradient-based estimation yields accurate estimates only in
regions of small motion; the approach fails if motion is large.
This deficiency is usually compensated for by a hierarchical
or multiresolution implementation [24, Chapter 1], (Chapter
4.2). An example of hierarchical gradient-based method is
reported in Section 5.1.
For motion fields using a spatial non-causal model, such
as based on a MRF, simultaneous optimization of thousands
of parameters may be computationally prohibitive. 3 Therefore,
relaxation techniques are usually employed to construct a series
of estimates such that consecutive estimates differ in one
variable at most. In case of estimating motion field d, a
series of motion fields d (°), d (1), ... is constructed so that any
two consecutive estimates d (k-l), d (k) differ at most at a single
site n. At each step of the relaxation procedure the motion
vector at a single site is computed; vectors at other sites remain
unchanged. Repeating this process results in propagation of
motion properties, such as smoothness, that are embedded
in the estimation criterion. Relaxation techniques are most
often used in dense motion field estimation, but they equally
apply to block-based methods.
In deterministic relaxation, such as Jacobi or Gauss-Seidel,
each motion vector is computed with probability 1, i.e., there
is no uncertainty in the computation process. For example, a
new local estimate is computed by minimizing the given criterion; variables are updated one after another and the criterion
is monotonically improved step by step. Deterministic relaxation techniques are capable of correcting spurious motion
vectors in the initial state d (°) but they often get trapped in
a local optimum near d (°). Therefore, the availability of a good
initial state is crucial.
The highest confidence first (HCF) algorithm [10] is an interesting variant of deterministic relaxation that is insensitive
to the initial state. The distinguishing characteristic of the
method is its site visiting schedule that is not fixed but driven
by the input data. Without going into the details, the HCF
algorithm initially selects motion vectors that have the largest
potential for reducing the estimation criterion g. Usually,
these are vectors in highly-textured parts of an image. Later,
the algorithm includes more and more motion vectors from
low-texture areas, thus building on the neighborhood information of sites already estimated. By the algorithm's construction, the final estimate is independent of the initial state.
The HCF is capable of finding close to optimal MAP estimates

3There exist methods based on causal motion models that are computationally inexpensive,e.g.,pel-recursivemotion estimation, but their accuracy
is usuallylower than that of methods based on non-causal motion models.
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at a fraction of the computational cost of the globally-optimal (26) leads to the following minimization:
methods.
A deterministic algorithm specifically developed to deal with rn~n £(v),
E(v) - ~ 82[-],
MRF formulations is called iterated conditional modes (ICM)
tl
[3]. Although it does not maximize the a posteriori probability,
e[n] = Ik[n] -- Ik-l[n v(n) . (tk tk-1)] (33)
it finds reasonably close approximations. The method is based
on the division of sites of a random field into N sets such that
each random variable associated with a site is independent of where the dependence of v on b is implicit (17) and t k - tk-1
is usually assumed to equal 1. To perform the above minimiother random variables in the same set. The number of sets
zation, gradient descent can be used. However, since this
and their geometry depend on the selected cliques of the
method gets easily trapped in local minima, an initial search
MRF. For example, for the first-order neighborhood system
for approximate translation components bl and b2 (17), that
(Section 2.2), N = 2 and the two sets look like a chess board.
First, all the sites of one set are updated to find the optimal can be quite large, needs to be performed. This search can be
executed, for example, using the three-step block matching
solution. Then, the sites of the other set are examined with the
state of the first set already known. The procedure is repeated (Section 5.2).
Since the dependence of the cost function g on b is nonuntil a convergence criterion is met. The method converges
linear,
an iterative procedure is typically used:
quickly but does not lead to as good solutions as the HCF
approach.
b,+l
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO
b n + H-1C
The dependence on a good initial state is eliminated in
stochastic relaxation. In contrast to the deterministic relaxation, the motion vector v under consideration is selected
where b n is the parameter vector b at iteration n, H is a K x K
randomly (both its location x and parameters b) thus allowing
matrix equal to 1/2 of the Hessian matrix of g (i.e., matrix
(with a small probability) a momentary deterioration of the
with elements 32E/ ObkObl), c is a K-dimensional vector equal to
criterion [16]. In the context of minimization, such as in
- 1/2 of VE, and K is the number of parameters in the motion
simulated annealing[12], this allows the algorithm to "climb"
model (6 for affine). The above equation can be equivalently
out of local minima and eventually reach the global minimum. written as Y]I Hkl Abl -- Ck, where Ab - b n+l - b n and
Stochastic relaxation methods, although easy to implement
and capable of finding excellent solutions, are very slow in
convergence. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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5 Practical M o t i o n E s t i m a t i o n
Algorithms
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5.1 Global M o t i o n Estimation
As discussed in Section 4.1 camera motion induces motion
of all image points and therefore is often an obstacle to
solving various video processing problems. For example, to
detect motion in images obtained by a mobile camera, camera
motion must be compensated first [19, Chapter 8]. Global
motion compensation (GMC) plays also an important role
in video compression since only a few motion parameters
are sufficient to greatly reduce the prediction error when
images to be encoded are acquired, for example, by a panning
camera. GMC has been included in version 2 of the MPEG-4
video compression standard (Chapter 6.5).
Since camera motion is limited to translation and rotation,
and affects all image points, a spatially-parametric (e.g., affine
(17)) and temporally-linear (18) motion model supported on
the whole image is appropriate. Under the constant-intensity
observation model (20), the pixel-based quadratic criterion

tl

Obl]'

0e2[n]_
3bk

-~e[n]

Oe[n]
Ob--7

tl

The approximation above is due to dropping the second-order
derivatives (see [22, page 683] for justification).
In order to handle large velocities and to speed up computations, the method needs to be implemented hierarchically.
Thus, an image pyramid is built with spatial pre-filtering and
sub-sampling applied between each two levels. The computation starts at the top level of the pyramid (lowest resolution)
with bl and b2 estimated in the initial step and the other
parameters set to zero. Then, gradient descent is performed by
solving for Ab, e.g., using singular value decomposition,
and updating b n + l = bn+ Ab until a convergence criterion
is met. The resulting motion parameters are projected onto
a lower level of the pyramid 4 and the gradient descent
4The projection is performed by scaling the translation parameters bl and b2
by 2 and leaving the other 4 parameters unchanged.
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FIGURE 5
(a-b) Original images from CIF sequences "Foreman" and "Coastguard", and (c-d) pixels declared as
outliers (black) according to a global motion estimate.

is repeated. This cycle is repeated until the bottom of the
pyramid is reached.
Since the global motion model applies to all image points,
it cannot account for local motion. Thus, points moving
independently of the global motion may generate large errors
e[n] and thus bias an estimate of the global motion parameters. The corresponding pixels are called outliers and,
ideally, should be eliminated from the minimization (33).
This can be achieved by using a robust criterion (Fig. 4)
instead of the quadratic. For example, a Lorentzian function
or a truncated quadratic can be used, but both provide a
non-zero cost for outliers. This reduces the impact of outliers on the estimation but does not eliminate it completely.
To exclude the impact of outliers altogether, a modified
truncated quadratic should be used such as ~tq(e, 0, 0) defined
in (27). This criterion effectively limits the summation in (33)
to the non-outlier pixels and is used only in the gradient
descent part of the algorithm. The threshold 0 can be fixed
or it can be made adaptive, e.g., by limiting the false alarm
rate.

Figure 5 shows outlier pixels for two images "Foreman"
and "Coastguard" declared using the above method based
on the 8-parameter perspective motion model [29, Chapter 6].
Note the clear identification of outliers in the moving head,
on the boats and in the water. The outliers tend to appear
at intensity transitions since it is there that any inaccuracy in
global motion caused by a local (inconsistent) motion
will induce large error e; in uniform areas of local motion
the error e remains small. By excluding the outliers from
the estimation, the accuracy of computed motion parameters
is improved. Since the true camera motion is not known
for these two sequences, the improvement was measured in
the context of the GMC mode of MPEG-4 compression. 5

5MPEG-4 encoder (version 2) can send parameters of global motion for
each frame. Consequently, for each macroblock it can make a decision as to
whether to perform the temporal prediction based on the global motion
parameters or the local macroblock motion. The benefit of GMC is that only
few motion parameters (e.g., 8) are sent for the whole frame. The GMC mode
is beneficial for sequences with camera motion or zoom.
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FIGURE 6

(b)

(a) Block matching between block Bm at time tk (current image) and all possible blocks in the search area

P at time tk-1. (b) Three-step search method. Large circles denote level 1 (7~1),squares denote level 2 (7~2)and small
circles denote level 3 (7'3). The filled-in elements denote the best match found at each level. The final vector is (2, 5).
In comparison with non-robust global motion estimation
(~tq(e, oe,.)), the robust method presented resulted in bit
rate reduction of 8% and 15% for "Foreman" and "Coastguard", respectively [17].

5.2 Block Matching
Block matching is the simplest algorithm for the estimation of
local motion. It uses a spatially-constant (16) and temporallylinear (18) motion model over a rectangular region of support.
Although, as explained in Section 4.1, the translational 2D
motion is only valid for the orthographic projection and 3D
object translation, this model applied locally to a small block
of pixels can be quite accurate for a large variety of 3D
motions. It has proved accurate enough to serve as a basis
for most of the practical motion estimation algorithms used
today. Due to its simplicity and regularity (the same operations are performed for each block of the image), block
matching can be relatively easily implemented in VLSI. Today,
block matching is the only motion estimation algorithm
massively implemented in VLSI and used for encoding within
all video compression standards (see Chapters 6.4 and 6.5).
In video compression, motion vectors d are used to eliminate temporal video redundancy via motion-compensated
prediction (25). Hence, the goal is to achieve as low prediction
error ek[n] as possible, which is equivalent to the constantintensity observation model. By applying this model within
a pixel-based criterion, the method can be described by the
following minimization:
min g(am),
dmET~

g(am) -

~

nEBm

*(Ik[n]

-

Ik_l[n

-

dml) gm
(34)

where T' is the search area to which dm belongs, defined as
follows:
7) -- { n - (nl, n2) " - P _< nl _< P, - - P _< n2 _~ P},
and Bm is an M x N block of pixels with the top-left corner
coordinate at m = (ml, m2). The goal is to find the best, in
the sense of the criterion ~, displacement vector dm for each
block Bm. This is illustrated graphically in Fig. 6a; a block
is sought within image Ik-1 that best matches the current
block in Ik.

Estimation Criterion
Although an average error is used in (34), other measures
are possible, such as maximum error (min-max estimation).
To fully define the estimation criterion, the function
must be established. Originally, ~ ( x ) - - x 2 was often used in
block matching, but it was soon replaced by the absolute error
criterion ~(x) = Ix[ for its simplicity (no multiplications) and
robustness in the presence of outliers. Other improved criteria
have been proposed, such as based on median of squared
errors, however their computational complexity is significantly higher.
Also, simplified criteria have been proposed to speed up the
computations, for example, based on adaptive quantization to
2 bits or on pixel sub-sampling [4]. Usually, a simplification
of the original criterion ~ leads to suboptimal performance.
However, with an adaptive adjustment of the criterion's
parameters (e.g., quantization levels, decimation patterns) a
close-to-optimal performance can be achieved at significantly
reduced complexity.
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Search Methods
Exhaustive search for dm E 79 that gives the lowest error S
is computationally costly. An "intelligent" search, whereby
only the more likely candidates from 79 are evaluated, usually
results in substantial computational savings. One popular
technique for reducing the number of candidates is the
logarithmic search. Assuming that P = 2k - 1 and denoting
PI = (P + 1)/2/, where k and l are integers, the new reducedsize search area is established as follows:
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vertical searches using every 8th, 4th, 2nd and finally
every pixel (within the limits of 79) are performed.

A remark is in order at this point. All the fast search methods
are based on the assumption that the error g has a single
minimum for all dm ~ P, or in other words, that £ increases
monotonically when moving away from the best-match position. In practice this is rarely true since 8 depends on dm via
the intensity I, which can be pretty much arbitrary. Therefore,
multiple local minima often exist within P and a fast search
method can be easily trapped in any one of them whereas
an exhaustive search will always find the "deepest" minimum.
P l - - {n: n = (iPl, 4-Pl) o r n = -l-(Pl, O) o r
This is not a very serious problem in video coding since a
sub-optimal motion estimate translates into an increased
n - - (0, 4- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Pl) o r n ---- (0, 0 ) } ,
prediction error (25) that will be entropy coded and at
most will result in rate increase. It is a serious problem,
i.e., Pl is reduced to the vertices, midway points between ver- however, in video processing where true motion is sought and
tices and the central point of the half-sized original rectangle any motion errors may result in uncorrectable distortions.
P. For example, for P = 7 , 7'1 consists of the following A good review of block matching algorithms can be found
candidates: (-4, - 4), ( - 4 , 4), (4, - 4), (4, 4), ( - 4 , 0), in [4].
(4, 0), (0, - 4), (0, 4), (0, 0). The search starts with the
candidates from Pl. Once the best match is found, the new 5.3 Phase Correlation
search area P2 is centered around this match and the
As discussed above, block matching can precisely estimate
procedure is repeated for candidates from/:'2. Note that the
local displacement but must examine all possible candidates
error 8 does not have to be evaluated for the (0, 0) candidate
(exhaustive search). At the same time methods based on the
since it had been evaluated at the previous level. The
frequency-domain criteria (Section 4.2) are capable of identiprocedure is continued with subsequently reduced search
fying global motion but cannot localize it in the space/time
spaces. Since typically only 3 levels (l = 1, 2, 3) are used, such
domain. By combining the two approaches, the phase correa method is often referred to as the three-step search (Fig. 6b).
lation method [28] is able to exploit advantages of both. First,
In the logarithmic search above, at each step a 2D search
likely candidates are computed using a frequency-domain
is performed. An alternative approach is to perform 1D
approach and then they are assigned a spatial location by local
searches only, usually in orthogonal directions. Examples of
block matching.
block matching algorithms based on 1D search methods are:
Recall the cross-correlation criterion C(d) expressed in the
1. One-at-a-time search [26]: In this method, first a mini- Fourier domain (30). By normalizing ~'[C(d)] and taking the
mum of g is sought in one, for example horizontal, inverse transform one obtains:
direction. Then, given the horizontal estimate, vertical
search is performed. Subsequently, horizontal search
is performed given the previous vertical estimate, and so
*k-l,k(n) -- .f.-1 [-k(U)I~-l(U)
(35)
on. In the original proposal, 1D minima closest to the
[Zk(U)~_ 1 (U) [ "
origin were examined only, but later a 1D full-search
was used to avoid the problem of getting trapped close qJk-l,k(n) is a normalized correlation computed between two
to the origin. Note that the searches are not independent images Ik and Ik-1. In the special case of global translation
since each relies on the result of the previous one.
(Ik[n] = I k - l [ n - Z]), by using the transform (29) it can be
2. Parallel hierarchical 1-dimensional search [4]: This easily shown that the correlation surface becomes a Kronecker
method also performs 1D searches in orthogonal direc- delta function (8(x) equals 0 for x ~ 0 and 1 for x = 0):
tions (usually horizontal and vertical) but independently
of each other, i.e., the horizontal search is performed
~k_ l, k( n) [ik[n]=ik_,[n_z] = .T'{e -j2zru'z} -- 3( n - z).
simultaneously with the vertical search since it does

{AA }

not depend on the outcome of the latter. In addition,
the 1D search is implemented hierarchically. First, every
K-th location from T' is taken as a candidate for a 1D
search. Once the minima in both directions are
identified, new 1D searches begin with every K/2th
location from P, and so on. Typically, horizontal and

In practice, when neither the global translation nor intensity constancy hold, ~k-l,k is a surface with numerous peaks.
These peaks correspond to dominant displacements between
Ik-1 and Ik, and, if identified, are very good candidates
for fine-tuning by, for example, block matching. Note that
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no explicit motion model has been used thus far, while
the observation model, as usual, is that of constant intensity and the estimation criterion is the cross-correlation
function. In practice, the method can be implemented as
follows [28]:
1. Divide Ik_ 1 and lk into large blocks, e.g., 64 x 64
(motion range of-t-32 pixels), and take fast Fourier
transform (FFT) of each block,
2. Compute ~k-l,k using same-position blocks in Ik-1
and Ik,
3. Take inverse FFT of ~k-l,k and identify most dominant
peaks,
4. Use the coordinates of the peaks as the candidate vectors
for block matching of 16 x 16 blocks.
The phase correlation can also initialize pixel-based based estimation. Moreover, the correlation over a large area (64 x 64)
permits the recovery of sub-pixel displacements by interpolating the correlation surface. Note that since the discrete
Fourier transform (implemented via FFT) assumes signal
periodicity, intensity discontinuities between left and right,
and between top and bottom block boundaries may introduce
spurious peaks.
The phase correlation method is basically an efficient
maximization of a correlation-based error criterion. The shape
of the maxima of the correlation surface is weakly dependent
on the image content and the measurement of their locations
is relatively independent of illumination changes. This is due,
predominantly, to the normalization in (35). However, rotations and zooms cannot be easily handled since the peaks
in ~k-l,k are hard to distinguish due to non-constancy of the
corresponding motion fields.

5.4 Optical Flow via Regularization
Recall the regularized estimation criterion (31). It uses a
translational/linear motion model at each pixel under the
constant-intensity observation model and quadratic error
criterion.
To find the functions 1)1 and v2, implicitly dependent on
x, the functional needs to be minimized, which is a problem
in the calculus of variations. The Euler-Lagrange equations
yield [13]:

iteratively using finite-difference or finite-element discretization (see Chapter 3.6 for other examples of regularization).
An alternative is to formulate the problem directly in the
discrete domain. Then, the integral is replaced by a summation while the derivatives are replaced by finite differences.
In [13], for example, an average of first-order differences
computed over a 2 x 2 x 2 cube was used. By differentiating this discrete cost function, a system of equations can be
computed and subsequently solved by Jacobi or Gauss-Seidel
relaxation. This discrete approach to regularization is a special
case of the MAP estimation presented next. zyxwvutsrqponmlkjihgfedcb

5.5 MAP Estimation of Dense Motion
The MAP formulation (32) is very general and requires further
assumptions. The likelihood relates one image to another
via dk. Since Ik[n]=Ik_l[n -- d[n]] + ek[n], the characteristics of
this likelihood reside in ek. It is clear that for good displacement estimates ek should behave like a noise term. It can be
shown that the statistics of ek are reasonably close to those of a
zero-mean Gaussian distribution, although a generalized
Gaussian is a better fit [27]. Therefore, assuming no correlation among ek[n] for different n, P(Zk = IkJDk = dk; Ik-1) can
be fairly accurately modeled by a product of zero-mean
Gaussian distributions.
The prior probability is particularly flexible when Dk
is assumed to be a MRF. Then, P(Dk--dk; Ik-1) is a Gibbs
distribution (Section 2.2) uniquely specified by cliques and
a potential function. For example, for two-element cliques
{n, l} the smoothness of Dk can be expressed as follows:

V,(d[n], d[/])

=

lid[n] - d[l]ll 2,

~V21)l --

1)1 "~- - ~ 1)2 -~- -'~

81
~V21)2 --

81) 3I

0I

V{n, 1} e C.

Clearly, for similar d[n] and d[/] the potential V~ is small and
thus the prior probability is high, whereas for dissimilar vectors
this probability is small.
Since both likelihood and prior probability distributions
are exponential in this case, the MAP estimation (32) can be
re-written as energy minimization:

"ak -- arg mjn (~a2
, 1 ~(Ik[n] -- Ik-l[t~ -- d[@]]) 2
(36)
q- Z

3I

01
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lid[n]- all]I]2)"

l~rl(n)

OX '

81) 31

OXX

where V 2 = 02/0x 2 Jr- 0 2/0,V 2 is the Laplacian operator. This
pair of elliptic partial differential equations can be solved

The above energy can be minimized in various ways. To attain
the global minimum, simulated annealing (Section 4.3) should
be used. Given sufficiently many iterations the method is
theoretically capable of finding the global minimum, however at considerable computational cost. On the other hand
the method is easy to implement [16]. A faster alternative is
the deterministic ICM method that does not find a true MAP
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estimate, although usually finds a close enough solution in
The minimization (36) leads to smooth displacement
a fraction of time taken by simulated annealing. An even fields dk, also at object boundaries which is undesirable.
more effective method is the HCF method, although its To relax the smoothness constraint at object boundaries,
implementation is a little bit more complex.
explicit models of motion discontinuities (line field) [16] or of
It is worth noting that the formulation (36) comprises, as motion segmentation labels (segmentation field) [27] can be
a special case, the discrete formulation of the optical flow easily incorporated into the MRF formulation, although their
computation described in Section 5.4. Consider the constraint estimation is far from trivial. zyxwvutsrqponmlkjihgfedcbaZYXWVUTS
t k - tk-~ it becomes
(22). Multiplying both sides by At = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Udl + IYd2 + F A t - O, where I x I y, I t are discrete approximations to horizontal, vertical and temporal derivatives, 5.6 Experimental Comparison of Motion
respectively. This constraint is not satisfied exactly and as
Estimation Methods
it turns out IXdl + IYd2 q - F A t is a noise-like term with
characteristics similar to the prediction error ek. This is not To demonstrate the impact of various motion models, Fig. 7
surprising since both originate from the same constant- shows results for the QCIF sequence "Carphone". Both
intensity hypothesis. By replacing the prediction error in (36) the estimated displacements and the resulting motionwith this new term one obtains a cost function equivalent to compensated prediction errors are shown for pixel-based
the discrete formulation of the optical flow problem (dense), block-based and segmentation-based motion models.
(Section 5.4) [13].
The latter motion estimate was obtained by minimizing
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FIGURE 7 Original frames (a) #168 and (b) #171 from QCIF sequence "Carphone"; (c) motion-based segmentation
of flame #171; motion estimates (sub-sampled by 4) and the resulting motion-compensated prediction error (magnified
by 2) at flame #171 for: (d, g) dense-field MAP estimation; (e,h) 16x 16 block matching; (f, i) region-based estimation
for segments from (c). (From Konrad and Stiller [19, Chapter 4]. Reproduced with permission of Kluwer Academic
Publishers.)
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the mean squared error (~(e) = e 2 in (26)) within each region References
from Fig. 7c for the affine motion model (17).
Note the lack of detail due to the low resolution (16 x 16
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1 Introduction
Even with the advancing camera and digital recording
technology, there are many situations in which recorded
image sequences m or video for short m may suffer from
severe degradations. The poor quality of recorded image
sequences may be due to, for instance, the imperfect or
uncontrollable recording conditions such as one encounters
in astronomy, forensic sciences, and medical imaging. Video
enhancement and restoration has always been important in
these application areas not only to improve the visual quality,
but also to increase the performance of subsequent tasks such
as analysis and interpretation.
Another important application of video enhancement and
restoration is that of preserving motion pictures and video
tapes recorded over the last century. These unique records of
historic, artistic, and cultural developments are deteriorating
rapidly due to aging effects of the physical reels of film and
magnetic tapes that carry the information. The preservation of
these fragile archives is of interest not only to professional
archivists, but also to broadcasters as a cheap alternative to
fill the many television channels that have come available with
digital broadcasting. Re-using old film and video material is,
Copyright © 2005 by Elsevier Academic Press.
All fights of reproduction in any form reserved.
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however, only feasible if the visual quality meets the standards
of today. First, the archived film and video is transferred
from the original film reels or magnetic tape to digital media.
Then, all kinds of degradations are removed from the digitized
image sequences, in this way increasing the visual quality and
commercial value. Because the objective of restoration is to
remove irrelevant information such as noise and blotches, it
restores the original spatial and temporal correlation structure
of digital image sequences. Consequently, restoration may also
improve the efficiency of the subsequent MPEG compression
of image sequences.
An important difference between the enhancement and
restoration of 2D images and of video is the amount of data
to be processed. Whereas for the quality improvement of
important images elaborate processing is still feasible, this is
no longer true for the absolutely huge amounts of pictorial
information encountered in medical sequences and film/video
archives. Consequently, enhancement and restoration methods for image sequences should have a manageable complexity, and should be semi-automatic. The term semi-automatic
indicates that in the end professional operators control the
visual quality of the restored image sequences by selecting
values for some of the critical restoration parameters.
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FIGURE 1 Some processing steps in the removal of various video artifacts.

The most common artifact encountered in the abovementioned applications is noise. Over the last two decades an
enormous amount of research has focused on the problem of
enhancing and restoring 2D images. Clearly, the resulting
spatial methods are also applicable to image sequences, but
such an approach implicitly assumes that the individual
pictures of the image sequence, or frames, are temporally
independent. By ignoring the temporal correlation that exists,
suboptimal results may be obtained and the spatial intra-frame
filters tend to introduce temporal artifacts in the restored
image sequences. In this chapter we focus our attention
specifically on exploiting temporal dependencies, yielding
inter-frame methods. In this respect the material offered in
this chapter is complementary to that on image enhancement in the Chapters 3.1 to 3.4 of this Handbook. The resulting enhancement and restoration techniques operate in the
temporal dimension by definition, but often have a spatial
filtering component as well. For this reason, video enhancement and restoration techniques are sometimes referred to as
spatio-temporal filters or 3D filters. Section 2 of this chapter
presents three important classes of noise filters for video
frames, namely linear temporal filters, order-statistic filters, and

multi-resolution filters.
In forensic sciences and in film and video archives a
large variety of artifacts are encountered. Besides noise,
we discuss the removal of other important impairments
that rely on spatial or temporal processing algorithms,
namely blotches (Section 3), vinegar syndrome (Section 4),
intensity flicker (Section 5), and kinescope moir6 (Section 6).
Blotches are dark and bright spots that are often visible
in damaged film image sequences. The removal of blotches
is essentially a temporal detection and interpolation problem.
In certain circumstances, their removal needs to be done
by means of spatial algorithms, as will be shown later in
this chapter. Vinegar syndrome represents a special type
of impairment related to film and it may have various
appearances (e.g., partial loss of color, blur, etc.). In some
cases, blotch removal algorithms can be applied for its
removal. In general, however, the particular properties
of their appearance need to be taken into account. Intensity
flicker refers to variations in intensity in time, caused by
aging of film, by copying and format conversion (for instance
from film to video), and - - in case of earlier film m by
variations in shutter time. Whereas blotches are spatially

highly localized artifacts in video flames, intensity flicker is
usually a spatially global, but not stationary, artifact. The
kinescope moir6 phenomenon appears during film-to-video
transfer using Telecine devices. It is caused by the superposition of (semi-)periodical signals from the film contents
and the scan pattern used by the Telecine device. Because of its
(semi-)periodical nature, spectrum analysis is generally used
for its removal.
It becomes apparent that image sequences may be degraded
by multiple artifacts. For practical reasons, restoration systems
follow a sequential procedure, where artifacts are removed one
by one. As an example, Fig. 1 illustrates the order in which
the removal of flicker, moir6, noise, blotches, and vinegar
syndrome takes place. The reasons for this modular approach
are the necessity to judge the success of the individual steps
(for instance by an operator), and the algorithmic and
implementation complexity.
As already suggested in Fig. 1, most temporal filtering techniques require an estimate of the motion in the
image sequence. Motion estimation has been discussed in
detail in Chapters 3.7 and 6.1 of this Handbook. The
estimation of motion from degraded image sequences is,
however, problematic. We are faced with the problem that
the impairments of the video disturb the motion estimator,
but that at the same time correct motion estimates are
assumed in developing enhancement and restoration algorithms. In this chapter we will not discuss the design of new
motion estimators [24, 36, 40] that are robust to the various
artifacts, but we will assume that existing motion estimators
can be modified appropriately such that sufficiently correct
and smooth motion fields are obtained. The reason for this
approach is that even under ideal conditions motion estimates
are never perfect. Usually, incorrect or unreliable motion
vectors are dealt with in a few special ways. In the first
place, clearly incorrect or unreliable motion vectors can be
repaired. Secondly, the enhancement and restoration algorithms should be robust against a limited amount of incorrect
or unreliable motion vectors. Thirdly, areas with wrong
motion vectors which are impossible to repair can be protected against temporal restoration, in order to avoid an outcome
which is visually more objectionable than the input sequence
itself. In such a case, the unavailability of temporal information makes the spatial-only restoration more suitable than
the temporal one.
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yielding the well-known temporal Wiener filtering solution:

2 Spatio-Temporal Noise Filtering
Any recorded signal is affected by noise, no matter how precise
the recording equipment. The sources of noise that can
corrupt an image sequence are numerous (see Chapter 4.4 of
this Handbook). Examples of the more prevalent ones include
camera noise, shot noise originating in electronic hardware
and the storage on magnetic tape, thermal noise, and granular
noise on film. Most recorded and digitized image sequences
contain a mixture of noise contributions, and often the (combined) effects of the noise are non-linear of nature. In practice,
however, the aggregated effect of noise is modeled as an
additive white (sometimes Gaussian) process with zero mean
and variance a 2 that is independent from the ideal
uncorrupted image sequence f(n,k). The recorded image
sequence g(n, k) corrupted by noise w(n, k) is then given by

( h ( - K ) '~

h(0)
h(1)

\ h(K) ,)
(Rgg(O)

• ..

Rgg(-K)

......

agg(-2K)

o

Rgg(K)

Rgg(O)

•

g(n, k) -- f(n, k) + w(n, k)

(1)

.

•

Rgg(o)

•

where n = (nl, n2) refers to the spatial coordinates and k to the
frame number in the image sequence. More accurate models
are often much more complex but lead to little gain compared
to the added complexity.
The objective of noise reduction is to make an estimate
f(n, k) of the original image sequence given only the observed
noisy image sequence g(n,k). Many different approaches
toward noise reduction are known, including optimal
linear filtering, non-linear filtering, scale-space processing,
and Bayesian techniques. In this section we discuss successively the class of linear image sequence filters, order-statistic
filters, and multi-resolution filters. In all cases the emphasis is
on the temporal filtering aspects. More rigorous reviews of
noise filtering for image sequences are given in [9, 11, 41].

2.1 Linear Filters

Temporally Averaging Filters
The simplest temporal filter carries out a weighted averaging
of successive frames. That is, the restored image sequence is
obtained by [18, 24]K

f(n, k) -- ~

h(l)g(n, k - l)

(2)

I=-K

Here h(l ) are the temporal filter coefficients used to weight
2K+ 1 consecutive frames. In case the frames are considered
equally important we have h ( l ) = 1/(2K+ 1). Alternatively,
the filter coefficients can be optimized in a minimum meansquared error fashion

'~ - 1

zyxwvutsrqponmlkjih

.

o

~Rgg(2K)

.

Rgg(0) )

Rig(O)
Rfg(1)

(4)

where Rgg(m) is the temporal auto-correlation function
defined as R g g ( m ) - E [ g ( n , k ) g ( n , k - m ) ] , and Rfg(m) the
temporal cross-correlation function defined as Rfg(m)=
E [f(n, k)g(n, k - m)]. The temporal window length, i.e., the
parameter K, determines the maximum degree by which the
noise power can be reduced. The larger the window the greater
the reduction of the noise, at the same time, however, the
more visually noticeable the artifacts resulting from motion
between the video frames. A dominant artifact is blur of
moving objects due to the averaging of object and background
information.
The motion artifacts can greatly be reduced by operating the
filter (2) along the picture elements (pixels) that lie on the
same motion trajectory [ 14, 25]. Equation (2) then becomes
a motion-compensated temporal filter (see Fig. 2):
K

f(n, k) - y ~ h(l )g(n 1 - - dx(nl, n2; k, l), n2

h(l) ~-- min E[(f(n, k)h(1)

f(n, k))2]

(3)

l=-K

- dr(nl,n2; k, l ) , k - l)

(5)
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It is easy to see that the filter (2) can be extended with
a spatial filtering part. There exist many variations to this
concept, basically as many as there are spatial restoration
techniques for noise reduction. The most straightforward
extension of (2) is the following 3D weighted averaging
filter [41]: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
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f(n, k) =. ~

h ( m , l ) g ( n - m , k - l)

(7)

(m,l)eS
FIGURE 2 Noise filter operating along the motion trajectory of the picture
element (n, k).

Here d(n; k, l) = (dx(nl, n2; k, l), dy(nl, n2; k, l)) is the
motion vector for spatial coordinate (nl, n2) estimated
between the flames k and l. It is pointed out here that the
problems of noise reduction and motion estimation are
inversely related as far as the temporal window length K
is concerned. That is, as the length of the filter is increased
temporally, the noise reduction potential increases but so
are the artifacts due to incorrectly estimated motion between
flames that are temporally far apart.
In order to avoid the explicit estimation of motion, which
might be problematic at high noise levels, two alternatives are
available that turn (2) into a motion-adaptive filter. In the first
place, in areas where motion is detected (but not explicitly
estimated) the averaging of flames should be kept to a
minimum. Different ways exist to realize this. For instance,
the temporal filter (2) can locally be switched off entirely, or
can locally be limited to using only future or past frames,
depending on the temporal direction in which motion
was detected. Basically the filter coefficients h(1) are spatially
adapted as a function of detected motion between frames.
Secondly, the filter (2) can be operated along M a priori
selected motion directions at each spatial coordinate. The
finally estimated value f(n,k) is subsequently chosen from
the M partial results according to some selection criterion,
for instance as the median [18, 24]:

fi.j(n,k) - l(g(nl - i, n2 - j , k - 1) + g(nl, n2,k)
(6a)

+ g(nl + i, n2 +ilk + 1))

f(n, k) - median (f_l,-l(n, k),j~,--1(I1, k),/_l,

fl, l(n,k),fo, o(n,k),g(n,k))

1(n, k),
(6b)

Clearly cascading (6a) and (6b) turns the overall estimation
procedure into a non-linear one, but the partial estimation
results are still obtained by the linear filter operation (6a).

Here S is the spatio-temporal support or window of the 3D
filter (see Fig. 3). The filter coefficients h(m,l) can be chosen
to be all equal, but a performance improvement is obtained
if they are adapted to the image sequence being filtered, for
instance by optimizing them in the mean-squared error sense
(3). In the latter case (7) becomes the theoretically optimal
3D Wiener filter.
There are, however, two disadvantages with the 3D Wiener
filter. The first is the requirement that the 3D autocorrelation
function for the original image sequence is known a priori.
The second is the 3D wide-sense stationarity assumptions,
which are virtually never true because of moving objects and
scene changes. These requirements are detrimental to the
performance of the 3D Wiener filter in practical situations of
interest. For these reasons, simpler ways of choosing the 3D
filter coefficients are usually preferred, provided that they
allow for adapting the filter coefficients. One such choice for
adaptive filter coefficients is the following [29]:
h(m, l; n, k) -

c
1 + max(c~, (g(n, k ) - g ( n - m, k - / ) ) 2 )

(8)

Here h(m,l; n,k) weights the intensity at spatial location
n - m in frame k - l for the estimation of the intensity f(n, k).

The adaptive nature of the resulting filter can immediately be
seen from (8). If the difference between the pixel intensity
g(n,k) being filtered and the intensity g ( n - m , k - l )
for
which the filter coefficient is calculated, is less than ct, this
pixel is included in the filtering with weight c/(1 + c t),
otherwise it is weighted with a much smaller factor. In this
way, pixel intensities that seem to deviate too much from
g(n,k) - - for instance due to moving objects within the
spatio-temporal window S - are excluded from (7). As with
the temporal filter (2) the spatio-temporal filter (7) can be
carried out in a motion-compensated way by arranging the
window S along the estimated motion trajectory.
Temporally

Recursive

Filters

A disadvantage of the temporal filter (2) and spatio-temporal
filter (7) is that they need to buffer several frames of an image
sequence. Alternatively, a recursive filter structure can be used
that generally needs to buffer fewer (usually only one) frames.
Furthermore, these filters are easier to adapt since there are
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fewer parameters to control. The general form of a recursive
temporal filter is as follows:
f(n, k)--)~(n, k)+ot(n,k>[g(n,k)-)~(n, k>]

(9>

A finer adaptation is obtained if the prediction gain is
optimized to minimize the mean-squared restoration error
(3), yielding:

(2)

ot(n,k) - max 1
Here )~(n, k) is the prediction of the original k-th frame on
the basis of previously filtered frames, and c~(n, k) is the filter
gain for updating this prediction with the observed k-th frame.
Observe that for c~(n,k)= 1 the filter is switched off, i.e.,
f(n, k) - g(n, k). Clearly, a number of different algorithms can
be derived from (9) depending on the way the predicted frame
)~(n,k) is obtained and the gain ~(n,k) is computed. A
popular choice for the prediction fb(n,k) is the previously
restored frame, either in direct form
)~(n, k) - f(n, k - 1)

(10a)

or in motion-compensated form:
)~(n, k) -- f ( n - d(n; k, k - 1), k - 1)

(lOb)
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a~(an~,k),O

(12)

Here a~(n, k) is an estimate of the image sequence variance
in a local spatio-temporal neighborhood of (n,k). If this
variance is high, it indicates large motion or incorrectly
estimated motion, causing the noise filter to switch off,
i.e., or(n, k) = 1. If a~(n, k) is in the same order of magnitude as
the noise variance a 2, the observed noisy image sequence is
obviously very unreliable so that the predicted intensities are
used without updating it, i.e., a ( n , k ) = 0 . The resulting
estimator is known as the local linear minimum mean-squared
error (LLMMSE) estimator. A drawback of (12), as with any
noise filter that requires the calculation of a~(n,k), is that
outliers in the windows used to calculate this variance may
cause the filter to switch-off. Order-statistic filters are more
suitable for handling data in which outliers are likely to occur.

2.2 Order-Statistic Filters
More elaborate variations of (10) make use of a local estimate of the signal's mean within a spatio-temporal neighborhood. Furthermore, Equation (9) can also be cast into a
formal 3D motion-compensated Kalman estimator structure
[42, 20]. In this case the prediction j~(n,k) depends directly
on the dynamic spatio-temporal state-space equations used
for modeling the image sequence.
The simplest case for selecting c~(n, k) is by using a globally
fixed value. As with the filter structures (2) and (7) it is generally necessary to adapt or(n, k) to the presence or correctness
of the motion in order to avoid filtering artifacts. Typical
artifacts of recursive filters are "comet-tails" that moving
objects leave behind.
A switching filter is obtained if the gain takes on the values
ot and 1 depending on the difference between the prediction
)~(n, k) and the actually observed signal value g(n, k)"

Order-statistic (OS) filters are non-linear variants of weightedaveraging filters. The distinction is that in OS filters the
observed noisy data - - usually taken from a small spatiotemporal w i n d o w - are ordered before being used. Because of
the ordering operation, correlation information is ignored in
favor of magnitude information. Examples of simple OS filters
are the minimum operator, maximum operator, and median
operator. OS-filters are often applied in directional filtering.
In directional filtering different filter directions are considered
corresponding to different spatio-temporal edge orientations.
Effectively this means that the filtering operation takes place
along the spatio-temporal edges, avoiding the blurring of
moving objects. The directional filtering approach may be
superior to adaptive or switching filters since noise around
spatio-temporal edges can effectively be eliminated by filtering along those edges, as opposed to turning off the filter in
the vicinity of edges [41].
The general structure of an OS restoration filter is as
if]g(n, k>-)~(n, k>l > e
o t ( n , k ) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(11) follows:
Ct
if[g(n, k ) - ) ~ ( n , k)] _<e
Isl
f(n, k) - ~ h(r)(n, k)g(o(n, k)
(13)
For areas that have a lot of motion (if the prediction (10a) is
r=l
used) or for which the motion has been estimated incorrectly
(if the prediction (10b) is used), the difference between the
Here g(r)(n,k) are the ordered intensities, or ranks, of the
predicted intensity value and the noisy intensity value is large, corrupted image sequence, taken from a spatio-temporal
causing the filter to switch off. For areas that are stationary window S with finite extent centered around (n, k) (see Fig. 3).
or for which the motion has been estimated correctly, the The number of intensities in this window is denoted by ]S].
prediction differences are small yielding the value ot for the As with linear filters, the objective is to choose appropriate
filter coefficient.
filter coefficients h(r)(n, k) for the ranks.

/1
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The filter coefficients h(r)(n,k) in (13) can also be statistically designed, as described in Chapter 4.4 of this Handbook.
If the coefficients are optimized in the mean-squared error
sense, the following general solution for the restored image
sequence is obtained [21 ]:

J

g(1)(n, k) /
FIGURE 3 Examplesof spatio-temporalwindowsto collect data for noise
filtering of the picture element (n,k).

(f(n,k))_(h(1)(n,k)

h(2)(n,k)...h(isl)(n,k) )
\no)(n,k) n(z)(n,k) n(isl)(n,k)

~2w(n,k)]

.
kg(Isl)(n,k)]

g(1)(n, k) /

The most simple order-statistic filter is a straightforward
temporal median, for instance taken over three frames:

- (AtC(1)A)-aAtC( 1)

(14)
1),g(n,k),g(n,k + 1))
f(n, k ) - median(g(n, k - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Filters of this type are very suitable for removing shot noise.
In order to avoid artifacts at the edges of moving objects, Eq.
(14) is normally applied in a motion-compensated way.
A more elaborate OS-filter is the multi-stage median filter
(MMF) [3, 4]. In the MMF the outputs of basic median filters
with different spatio-temporal support are combined. An
example of the spatio-temporal supports is shown in Fig. 4.
The outputs of these intermediate median filter results are
then combined as follows:

(16a)

\g(Isl)(n,k)/

This expression formulates the optimal filter coefficients

h(r)(n,k) in terms of a matrix product involving the [S[ x [S[
auto-covariance matrix of the ranks of the noise, denoted by
C(w), and a matrix A defined as

1 E[w(1)(n,k)]
1 E[w(2)(n,k)]
A -

.

.

(16b)

1 E[w(isl)(n,k)]

f(n, k) - median (g(n, k), max(j~ (n, k), .... )~(n, k)),
(15)

min(j~(n, k),.-. ,)~(n, k)))

"

The advantage of this class of filters is that although it
does not incorporate motion estimation explicitly, artifacts
on edges of moving objects are significantly reduced. Nevertheless, the intermediate medians can also be computed in a
motion compensated way by positioning the spatio-temporal
windows in Fig. 4 along motion trajectories.

Here E[w(,.)(n,k)] denotes the expectation of the ranks of
the noise. The result in (16a) not only gives an estimate of the
filtered image sequence, but also for the local noise variance.
This quantity is of use by itself in various noise filters to
regulate the noise reduction strength. In order to calculate
E[w(r)(n,k)] and C(w) the probability density function of the
noise has to be assumed known. In case the noise w(n,k)
is uniformly distributed, (16a) becomes the average of the
minimum and maximum observed intensity. For Gaussian

(n,k)
A

f4(n,k) ~

fs(n,k)

A

----~ f2(n,k)

~~~----~?3(n,k)

~

~~~----~i6(n,

A

fs(n,k)

~

~

9 y S

k) ~ ~ ~ - - - - ~ ) ~ ( n , k )

FIGURE4 Spatio-temporalwindowsused in the multi-stagemedianfilter.

-----~i7(n,k) zyxwvutsrqponmlkjihgfed

A

---~ f8(n,k)
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1-(x(n,k) a(n,k)
g(n,k)
A

f(n,k) zyxwvutsrqponmlkjihgfedc
Outlier
removal

Estimation
using (16)

Memory
previous frame
Calculation of predicted frame
FIGURE 5

Overall filtering structure combining (9), (16), and an outlier removing rank order test.

distributed noise (16a) degenerates to (2) with equal weighting
coefficients.
An additional advantage of ordering the noisy observation
prior to filtering is that outliers can easily be detected. For
instance, with a statistical test ~ such as the rank order test
[21] ~ the observed noisy values within the spatio-temporal
window S that are significantly different from the intensity
g(n,k) can be detected. These significantly different values
originate usually from different objects in the image sequence,
for instance due to motion. By letting the statistical test reject
these values, the filters (13) and (16) use locally only data
from the observed noisy image sequence that is close ~ in
i n t e n s i t y - to g(n,k). This further reduces the sensitivity of
the noise filter (13) to outliers due to motion or incorrectly
compensated motion.
The estimator (16) can also be used in a recursive structure
such as the one in Equation (9). Essentially (16) is then
interpreted as an estimate for the local mean of the image
sequence, and the filtered value resulting from (16) is used
as the predicted value j~(n,k) in (9). Furthermore, instead of
using only noisy observations in the estimator, previously
f'fltered frames can be used by extending the spatio-temporal
window S over the current noisy frame g(n,k) and the
The overall filter
previously filtered frame
structure is shown in Fig. 5.

larger components relatively unaffected. Such an operation
on signals is also known as coring [13, 35]. Figure 6 shows
two coring functions, namely soft- and hard-thresholding.
Chapter 3.4 of this Handbook discusses 2D wavelet-based
thresholding methods for image enhancement.
The discrete wavelet transform has been widely used for
decomposing one- and multidimensional signals into bands.
A problem with this transform for image sequence restoration
is, however, that the decomposition is not shift-invariant.
Slightly shifting the input image sequence in spatial or temporal sense can cause significantly different decomposition
results. For this reason, in [38] a shift-invariant, but overcomplete, decomposition was proposed known as the
Simoncelli pyramid. Figure 7a shows the 2D Simoncelli
pyramid decomposition scheme. The filters Li(og) and Hi(w)
are linear phase low- and high-pass filters, respectively. The
filters Fi(og) are fan-filters that decompose the signal into four
directional bands. The resulting spectral decomposition is
shown in Fig. 7b. From this spectral tessellation, the different
resolutions and orientations of the spatial bands obtained by
Fig. 7a can be inferred. The radial bands have a bandwidth
of 1 octave.

f(n,k-1).

iI

A
X~

111

2.3 Multi-Resolution Filters

/
i
/ /

The multi-resolution representation of 2D images has become
quite popular for analysis and compression purposes [39].
This signal representation is also useful for image sequence
restoration. The fundamental idea is that if an appropriate
decomposition into bands of different spatial and temporal
resolutions and orientations is carried out, the energy of the
structured signal will locally be concentrated in selected bands
whereas the noise is spread out over all bands. The noise can
therefore effectively be removed by mapping all small (noise)
components in all bands to zero, while leaving the remaining

ii II

ii I

(a)

(b)

FIGURE 6 Coring functions: (a) Soft-thresholding; (b) hard-thresholding.
Here x is an signal amplitude taken from one of the spatio-temporal bands
(which carry different resolution and orientation information), and ~ is the
resulting signal amplitude after coring.
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and high-pass filters are operated along the motion trajectory
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in order to avoid blurring of moving objects. The resulting
motion-compensated spatio-temporal wavelet coefficients are
filtered by one of the coring functions, followed by the
reconstruction of the video frame by an inverse wavelet transformation and Simoncelli pyramid reconstruction.
Figure 8 shows the overall scheme.
Though multi-resolution approaches have been shown to
outperform the filtering techniques described in Section 2.1
and 2.2 for some types of noise, they generally require
much more processing power due to the spatial and temporal
decomposition, and ~ depending on the temporal wavelet
d e c o m p o s i t i o n - they require a significant number of frame
stores.

Q_

F,(¢o)

(a)

3 Blotch Detection and Removal

(,0 2

~_.co,

-___.~

Blotches are artifacts that are typically related to film. Dirt
particles covering film introduce bright or dark spots on the
frames, and the mishandling or aging of film causes loss
of gelatin covering the film. Figure 1 l a shows a film frame
containing dark and bright spots: the blotches. A model for
this artifact is the following [24, 33]:
g(n, k) - (1 - b(n, k))f(n, k) + b(n, k)c(n, k) + w(n, k) (17)

Here b(n, k) is a binary mask that indicates for each spatial
location in each frame whether or not it is part of a blotch.
FIGURE 7 (a) Simoncelli pyramid decomposition scheme; (b) resulting The (more or less constant) intensity values at the corrupted
spectral decomposition, illustrating the spectral contents carried by the spatial locations are given by c(n,k). Though noise is not
different resolution and directional bands.
considered to be the dominant degrading factor in the section,
it is still included in (17) as the term w(n, k). The removal of
The Simoncelli pyramid gives a spatial decomposition of blotches is a two-step procedure. In the first step, the blotches
each frame into bands of different resolution and orientation. need to be detected, i.e., an estimate for the mask b(n, k) is
The extension to temporal dimension is obtained by tem- made [22]. In the second step, the incorrect intensities c(n, k)
porally decomposing each of the spatial resolution and orien- at the corrupted locations are spatio-temporally interpolated
tation bands using a regular wavelet transform. The low-pass zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[23]. In case a motion-compensated interpolation is carried

(b)

g(n,k)

~[ Spatial decomposition
"[ using the Simoncelli
pyramid

I

Temporal wavelet
decomposition of
each of the spatial frequency
and oriented bands

Coefficient coring

A

f(n,k)

Spatial reconstruction
by inverting Simoncelli
pyramid

Temporal wavelet
reconstruction

]..,d

I"

FIGURE 8 Overallspatio-temporal multi-resolution filtering using coring.
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g(n,k)

I Blotch I
D, interpolationi
.I

I-~
I
._[
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B,otc.

detection

A

._
v fin,k)

intensity value: rl _< r2 ~ . . . _<rls I. It then finds the deviation
between the pixel intensity g(n,k) and the reference pixels
ranked by intensity value as follows:

b(n,k)

RODi(n, k) Motion
Motionvector
estimation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
repair

I ri - g(n, k)

/ g(n, k) - rlst_i

FIGURE9 Blotchdetection and removal system.
fori--l,2,...,
out, the second step also involves the local repair of motion
vectors estimated from the blotched frames. The overall
blotch detection and removal scheme is shown in Fig. 9.

3.1 Blotch Detection
Blotches have three characteristic properties that are exploited
by blotch detection algorithms. In the first place, blotches are
temporally independent and therefore hardly ever occur
at the same spatial location in successive frames. Secondly,
the intensity of a blotch is significantly different from its
neighboring uncorrupted intensities. Finally, blotches form
coherent regions in a frame, as opposed to, for instance,
spatio-temporal shot noise.
There are various blotch detectors that exploit these
characteristics. The first is a pixel-based blotch detector
known as the spike-detector index (SDI). This method detects
temporal discontinuities by comparing pixel intensities in the
current frame with motion-compensated reference intensities
in the previous and following frame:
SDI(n, k) -- min ((g(n, k) - g(n - d(n; k, k - 1), k - 1))2,
(g(n, k) - g(n - d(n; k, k + 1),k + 1)) 2)

(18)

Since blotch detectors are pixel-oriented, the motion field
d(n;k;l) should have a motion vector per pixel, i.e., the
motion field is dense. Observe that any motion-compensation
procedure must be robust against the presence of intensity
spikes: this will be discussed later in this Section. A blotch
pixel is detected if SDI(n, k) exceeds a threshold:
b(n,k)- l1

ifSDI(n,k)> T

! 0 otherwise

283

if g(n, k) < median(r)
if g(n, k) > median(r)

Isl
2

(20)

A blotch pixel is detected if any of the rank order differences
exceeds a specific threshold Ti:
if 3 i such that RODi(n, k) > Ti
b(n,k)- [ 1
[ 0 otherwise

(21)

More complicated blotch detectors explicitly incorporate
a model for the uncorrupted frames, such as a two- or
three-dimensional autoregressive model or a Markov Random
Field to develop the maximum a posteriori detector for the
blotch mask b(n,k). Figure l lb illustrates the detection
probability versus the false detection probability of three
different detectors on a sequence of which a representative
blotched flame is shown in Fig. 1l a. These results indicate that
for reasonable detection probabilities the false detection
probability is fairly high. False detections are detrimental to
the restoration process because the interpolation process itself
is fallible and may introduce disturbing artifacts that were not
present in the blotched image sequence.
The blotch detectors described so far are essentially
pixel-based detectors. They do not incorporate the spatial
coherency of the detected blotches. The effect is illustrated
by Fig. 1lc which shows the detected blotch mask b(n, k) using
a simplified version of the ROD detector (with Ti--+ oo,
i > 2). The simplified ROD (sROD) is given by the following

g(n-d(n;k,k(19)

Since blotch detectors are essentially searching for outliers,
order-statistic based detectors usually perform better. The
rank-order difference (ROD) detector is one such method.
It takes [S[ reference pixel intensities: r - { r i [ i - 1, 2, . . . . [S[}
from a motion-compensated spatio-temporal window S (see
for instance the greyed pixels in Fig. 10), and ranks them by

... motion :rajectory
~rqg(n-d(n;k, k'l 1),k+l)
g ( n , i )

FIGURE 10 Exampleof motion-compensatedspatio-temporal window for
obtaining reference intensities in the ROD detector.
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FIGURE 11 (a) Video frame with blotches; (b) correct detection versus false detection for three different blotch
detectors; (c) clotch detection mask using the sROD ( T = 0 ) .

and compares it with the pixel intensity under investigation.
A blotch pixel is detected if the intensity of the current pixel
g(n, k) lies far enough outside that range.
min(r) - g(n, k) if g(n, k) < min(r)
The performance of even this simple pixel-based blotch
sROD(n, k) g(n, k) - max(r) if g(n, k) > max(r)
detector can be improved significantly by exploiting the spatial
coherence of blotches. This is done by postprocessing the
elsewhere
0
blotch mask in Fig. l lc in two ways, namely by removing
(22a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
small blotches, and by completing partially detected blotches.
We first discuss the removal of small blotches. The detector
output (22a) is not only sensitive to intensity changes due to
[ 1 if sROD(n,k) > T
blotches
corrupting the image sequence, but also to noise. If
(22b)
b(n, k)
0 otherwise
the probability density function of the noise - - denoted by
fw(w) m is known, the probability of false detection for
The sROD basically looks at the range of the reference pixel a single pixel can be calculated. Namely, if the sROD uses IsI
intensities obtained from the motion-compensated window, reference intensities in evaluating (22a), the probability that

relations [33]"

_

/
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FIGURE 12 (a) Blotch detection mask after postprocessing; (b) correct detection versus false detections obtained for
sROD with postprocessing (top curve), compared to results from Fig. l lb.

sROD(n,k) for a single pixel is larger than T due to noise
only is [33]"

are removed as described above, yielding the mask b0(n,k).
Nevertheless, due to the low detection threshold this mask
still contains many false detections. Then a second detection
P(sROD(n, k) > T]no blotch)
mask bl(n,k) is obtained by using a much higher detection
threshold. This mask contains fewer detected blotches and
= P(g(n, k) - max(r) > Tlno bl.)
the false detection rate in this mask is small. The second
detection mask is now used to validate the detected blotches
4 - P ( m i n ( r ) - g(n, k) > TIno bl.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the first mask: only those spatially coherent blotches in
b0(n,k) that have a corresponding blotch in bl(n,k) are
preserved, all others are removed. The result of the above two
= 2
fw(w)d
fw(u)du
(23) postprocessing techniques on the frame shown in Fig. 1 l a is
--(X)
shown in Fig. 12a. In Fig. 12b the detection and false detection
probabilities are shown.
In the detection mask b(n, k) blotches may consist of single
pixels or of multiple connected pixels. A set of connected
pixels that are all detected as (being part of a) blotch, is called 3.2 Motion Vector Repair and Interpolating
a spatially coherent blotch. If a coherent blotch consists of Corrupted Intensities
N connected pixels, the probability that this blotch is due to Block-based motion estimators will generally find the correct
noise only is
motion vectors even in the presence of blotches, provided

f

Wl

P(sROD(n, k) > T for N connected pixels]no blotch)
= (P(sROD(n, k) > Tlno blotch)) N

(24)

By bounding this false detection probability to a certain
maximum, the minimum number of pixels identified by the
sROD detector as being part of a blotch can be computed.
Consequently, coherent blotches consisting of fewer pixels
than this minimum are removed from the blotch mask b(n, k).
A second postprocessing technique for improving the
detector performance is hysteresis thresholding. First a blotch
mask is computed using a very low detection threshold T,
for instance T = O. From the detection mask the small blotches

that the blotches are small enough. The disturbing effect
of blotches is usually confined to small areas of the frames.
Hierarchical motion estimators will experience little influence
of the blotches at the lower resolution levels. At higher
resolution levels blotches covering larger parts of (at those
levels) small blocks will significantly influence the motion
estimation result. If the blotch mask b(n,k) has been estimated, it is also known which estimated motion vectors are
unreliable.
There are two strategies in recovering motion vectors
that are known to be unreliable. The first approach is to
take an average of surrounding motion vectors. This process
known as motion vector interpolation or motion vector repair
m can be realized using, for instance, the median or average
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S1 k-1

S1 k

S1k+l

s2k-1

$2k

$2k+l

$3 k-1

$3 k

$3k÷l

sequence can be assumed, it is possible to find statistically
optimal values for the missing intensities. For the sake of
completeness we mention here that if one assumes the popular
Markov Random Field, the following complicated expression
needs to be optimized:

P(f(n,k)lf(n - d(n; k, k - 1),k - 1),f(n, k),
$4k-1

$4k

$4k+l

$5 k-1

$5 k

$5k+l

FIGURE 13 Five spatio-temporal windows used to compute the partial
results in Eq. (25).

f(n-d(n;k,k+l),k+l))cxexp(-

m:d(m,k)=lE

y(m)),

F(m)- E (f(m,k)-f(s,k)) 2
s~Sk

of the motion vectors of uncorrupted regions adjacent to
the corrupted blotch. Though simple, the disadvantages of
-~-~'(S~I
averaging are that motion vectors may be created that are not
present in the uncorrupted part of the image and that no
validation of the selected motion vector on the actual flame
+ E (f(m, k ) - f ( n - d(n; k,k+ l),k + 1)) 2)
intensities takes place.
sESk+1
The s e c o n d - more elaborate m approach circumvents this
(27)
disadvantage by validating the corrected motion vectors using
intensity information directly neighboring the blotched area.
The first term of F on the right hand side of (27) forces
As a validation criterion the motion-compensated mean
squared intensity difference can be used [11]. Candidates the interpolated intensities to be spatially smooth, while the
for the corrected motion vector can be obtained either from second and third term enforce temporal smoothness. The
sets Sk- 1, Sk and Sk+ l denote appropriately chosen spatial
motion vectors taken from adjacent regions or by motion
re-estimation using a spatial window containing only uncor- windows in the frames k - 1 , k and k + 1. The temporal
smoothness is calculated along the motion trajectory using
rupted data such as the pixels directly bordering the blotch.
the
repaired motion vectors. The optimization of (27) requires
The estimation of the flame intensities labeled by the mask
an
iterative
optimization technique. If a simpler 3D autoreas being part of a blotch can be done either by a spatial
gressive
model
for the image sequence is assumed, the
or temporal interpolation, or a combination of both. We
interpolated
values
can be calculated by solving a set of
concentrate on spatio-temporal interpolation. Once the
linear
equations.
motion vector for a blotched area has been repaired, the
Instead of interpolating the corrupted intensities, it is also
correct temporally neighboring intensities can be obtained.
possible
to directly copy and paste intensities from past or
In a multi-stage median interpolation filter, five interpolated
future
frames.
The simple copy-and-paste operation instead of
results are computed using the (motion-compensated) spatioa
full
spatio-temporal
data regeneration is motivated by the
temporal neighborhoods shown in Fig. 13. Each of the five
observation
that
~
at
least
on local and motion-compensated
interpolated results is computed as the median over the
basis ~ image sequences are heavily correlated. Furthermore,
corresponding neighborhood Si: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
straightforward interpolation is not desirable in situations
where part of the information in the past and future frames
)~(n, k)- median({f(n, k - 1)In ~ S~-1 } CJ {f(n, k)ln ~ S~}
itself is unreliable, for instance if it was part of a blotch itself
or if it is situated in an occluded area. The objective is now
U If(n, k + 1)In ~ S~+1 })
(25) to determine ~ for each pixel being part of a detected
blotch ~ if intensity information from the previous or next
The final result is computed as the median over the five frame should be used. This decision procedure can again be
cast into a statistical framework [27, 33]. As an illustration,
intermediate results:
Fig. 14 shows the interpolated result of the blotched frame
in Fig. lla.
f(n, k) - median(j] (n, k),)~(n, k),j~(n, k),)~(n, k),~(n, k))

(f(m, k)-f(n-d(n;k,k-1),k-1)) 2

(26)
The muki-stage median filter does not rely on any model
for the image sequence. Though simple, this is at the same time
a drawback of median filters. If a model for the original image

3.3 Restoration in Conditions of Difficult
Object Motion
Due to various types of complicated object movements [31],
wrong motion vectors are sometimes extracted from the
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FIGURE 14 Blotch-correctedframe resulting from Fig. 1la.

sequence. As a result, the spatio-temporal restoration process
that follows may introduce unnecessary errors that are visually
more disturbing than the blotches themselves. The extracted
temporal information becomes unreliable, and a source of
errors by itself. This triggered research on situations in which
the motion vectors cannot be used.
An initial solution to the problem was to detect areas
of "pathological" motion and protect them against any
restoration [31 ]. This solution, however, preserves the artifacts
which happen to lie in those areas. To restore these artifacts,
too, several solutions have been proposed which discard
the temporal information and use only spatial information
coming from the same flame. Spatial restoration is currently
the subject of intensive research [6, 8, 15, 19, 32] and has
proven to be a powerful alternative to temporal or spatiotemporal restoration.
Spatial restoration algorithms can be classified mainly in
two categories: smoothness-preserving ones, and texture
synthesis ones. The first category comprises various inpainting
approaches which usually propagate isophotes (i.e., level
lines), gradients or curvatures inside the artifact by means
of variational models [5, 6, 10, 28], or approaches which
reconstruct the explicit structure of objects based on edge
reconnection [32]. In the second category, parametric and
non-parametric approaches are employed for texture synthesis
based on Markov Random Fields [8, 12, 15], Bayesian autoregressive models [26], projection onto convex sets [17] and
other models [1].
As their naming suggests, texture synthesis methods do a
better reconstruction of the textural content. However, they
do not preserve object edges properly. This is done better
with smoothness-preserving methods, which, on their turn,
do not reproduce textural content. In order to combine the
advantages of both methods, a third category of algorithms
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has appeared comprising hybrid methods that combine
structure and texture reconstruction [7, 19, 30, 32].
Figure 15 presents an example of an artificially degraded
image which was restored by means of a hybrid method. The
restoration consisted of a texture synthesis constrained by
edge-based structure reconstruction [32]. The main steps are:
(1) edge detection and feature extraction; (2) image structure
reconstruction; and (3) texture synthesis. In the first step,
edges are detected around the artifact, based on the contours that result from a segmentation procedure. Features are
extracted for each edge, such as: histograms of the luminance
and gradient angles on both sides of the edge. In the second
step, the missing object edges within the artifact area are
recovered by pairing the edges extracted around the artifact.
The pairing procedure assesses the similarity of the paired
edges based on the features extracted in the previous step; on
an estimate of how well one edge continuous into another one
(assuming, for example, local circularity); and on the spatial
order of the edges with respect to each other. All these factors
contribute to a global consistency score of the resulting
structure, and the best scoring configuration is chosen to
represent the final image strucuture. The edges which do not
belong to any pair are considered to be T-junctions (coming
from edge occlusions). Finally, in the third step, the artifact is
restored by texture synthesis, confined by the structure
reconstructed in the previous step.
In image sequences, this restoration method can be
automatically switched on to repair single frames spatially
when the extracted temporal information is not reliable. This
is realized by means of a detector of complex events that
supervises the output of the motion estimator. The task of the
complex event detector is actually twofold: besides detecting
the frame areas where the motion estimator fails, it has to
discover artifacts which may lie in such areas. The latter task is
performed by means of spatial algorithms, since the common
artifact detectors would fail due to the unreliability of the
temporal information [31, 32]. zyxwvutsrqponmlkjihgfedcbaZYXWVUT

4 Vinegar Syndrome Removal
Content stored on acetate-based film rolls faces deterioration
at a progressive pace. These rolls can be affected by dozens of
types of film artifacts, each of them having its own properties
and showing up in particular circumstances. One of the
major problems of all film archives is the vinegar syndrome
[32]. This syndrome appears when, in the course of their
chemical breakdown, the acetate-based film bases start
to release acetic-acid, giving a characteristic vinegar smell.
It is an irreversible process, and from a certain moment on,
it becomes auto-catalytic, progressively fuelling itself in the
course of time.
The vinegar syndrome has various appearances. It may
show up as a partial loss of color, bright or dark tree-like
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(a)

(b)

(c)

(a)

FIGURE 15 Constrained texture synthesis. (a) Original image, with artificial artifact surrounded by a white box;
(b) structure; (c) original content of the artifact; (d) restoration result.

branches, non-uniformly blurred images, etc [32]. Here, we
only focus on one type of vinegar syndrome, namely the
partial loss of color. This manifests itself as a localized total
loss of information in some of the film dye layers (e.g., green
and blue). Thanks to the sandwiched structure of the film
(sketched in Fig. 16), the inner layer (red) is more protected
and still preserves some of the original information. This type
of vinegar syndrome may be accompanied by emulsion
melting (a dissolution of the dye layers). Figure 18a shows
an example of vinegar syndrome combined with emulsion
melting.
The detection and correction of this type of vinegar
syndrome can be performed with the normal spatiotemporal techniques, as long as it has a temporally impulsive
appearance, like normal blotches. However, there are cases
when the vinegar syndrome happens in areas of pathological
motion, or when it appears in the same place in consecutive
frames. In both cases, the information from the surrounding frames is of little use and one has to rely only on the

FIGURE 16 The layered structure of a film. (See color insert.)
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where d(p i, p J) is the physical distance between pixels pi and
p J, and is normalized to values in [0...1] in order to have the

Ga

same range as the color distance (all pixel values are in the
[0... 1] interval).
Figure 18 presents the recovery of portions of a film
sequence that were presumed to have been completely lost.
A value As ~ 4% of the overall greyvalue range was used for
the connected neighborhood calculation, and a standard
deviation a = 7 for the gaussian smoothing step. The result
largely reflects the image structure that has been recovered
in the smoothed red layer.

~?

~r
Gaussian smoothing
of the red layer

Partial color artefact
(PCA ) detection
PCA mask

ian-filtered
red layer (G)

~r

For each PCA pixel, find
closest undamaged
countergart in G
Correspondence
map ~g
PCA restoration

5 Intensity Flicker Correction

Restored PCA' s

Intensity flicker is defined as unnatural temporal fluctuations
of frame intensities that do not originate from the original
scene. Intensity flicker is a spatially localized effect that occurs
in regions of substantial size. Figure 19 shows three successive
frames from a sequence containing flicker. A model describing
the intensity flicker is the following

FIGURE 17 Restoration scheme for the vinegar syndrome.

information from the current frame which lies in and around
the artifact. Moreover, the blotch removal algorithms do not
exploit the information that remains inside the artifact, in the
red layer.
For the detection step, one may use the fact that the loss
of color makes the artifact look very bright mainly in the
green and blue layers [32]. In order to avoid the influence
of irregularities inside the artifact, a hysteresis thresholding is
performed as described in section 3.1 of this chapter, with
different thresholds for each color layer and in each of the
two thresholding phases. In the end, a conditional dilation
makes sure that the dark border surrounding the artifact is
also added to the artifact mask.
As opposed to conventional spatial restoration techniques,
in the restoration step under consideration one may use
the information that still exists inside the artifact in the
red layer [32]. This information may also be partially affected
by the artifact, so a gaussian smoothing is first performed
on the red layer. The isophotes that result from this smoothing
are presumed to follow the shapes of the the isophotes
from the original, undegraded image. These isophotes are
then used to "propagate" information inside the artifact
from its surrounding area. The general scheme is presented
in Fig. 17.
A n artifact pixel pi with smoothed red value r~ will be
overwritten with the non-smoothed RGB values of a pixel
pk= (rk, gk bk) lying in the neighborhood of the artifact and
representing the "closest" pixel to p', (in terms of physical
distance and color resemblance). Pixel pk is selected from a
set of pixels representing the connected neighborhood of pixel
pi and having values in [r~ - As... r~ + As]. pk is found using
Eq. (28):

k - a r g m i n~ ( r ~ j

-r~)

(

d(~o.i,/)_!)_

)2

+ ~,d(pi,pj)+ 1

(28)

g(n, k) - or(n, k)f(n, k) + fi(n, k) + w(n, k)

(29)

Here, a(n, k) and fl(n, k) are the multiplicative and additive

unknown flicker parameters, that locally scale the intensities of
the original frame. The model includes a noise term w(n,k)
that is assumed to be flicker-independent. In the absence of
flicker we have ~ ( n , k ) = 1 and fl(n,k)=0. The objective of
flicker correction is the estimation of the flicker parameters,
followed by the inversion of Equation (29). Since flicker
always affects fairly large areas of a frame in the same way,
the flicker parameters ot(n,k) and fl(n,k) are assumed to be
spatially smooth functions. Temporally the flicker parameters
in one frame may not be correlated at all with those in a
subsequent frame.
The earliest attempts to remove flicker from image
sequences applied intensity histogram equalization or meanequalization on frames. These methods do not form a general
solution to the problem of intensity flicker correction because
they ignore changes in scene contents, and do not appreciate
that intensity flicker is a localized effect. In Section 5.1 we show
how the flicker parameters can be estimated on stationary
image sequences. Section 5.2 addresses the more realistic
case of parameter estimation on image sequences with
motion [34].

5.1 Flicker Parameter Estimation
When removing intensity flicker from an image sequence,
we essentially make an estimate of the original intensities,
given the observed image sequence. Note that the undoing
of intensity flicker is only relevant for image sequences, since
flicker is a temporal effect by definition. From a single frame
intensity flicker cannot be observed nor be corrected.
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(a)

(b)

FIGURE 18 Restorationexample (sequence courtesy of RTP m RadiotelevisgoPortuguesa). (a) Original frame, with
artifact surrounded by a white box; (b) restored frame. (See color insert.)
If the flicker parameters were known, then one can form an
estimate of the original intensity from a corrupted intensity
using the following straightforward linear estimator:
f(n, k) = hi(n, k)g(n, k) + h0(n, k)

(30)

In order to obtain estimates for the coefficients hi(n, k), the
mean-squared error between fin, k) and f(n, k) is minimized,
yielding the following optimal solution:

of (30) and (31) shows that the estimated intensity is equal to
the expected value of the original intensities Elf(n, k)].
In practice, the true values for the intensity-flicker parameters oe(n,k) and fl(n,k) are unknown and need to be
estimated from the corrupted image sequence itself. Since the
flicker parameters are spatially smooth functions, we assume
that they are locally constant:
or(n, k) - am(k)

Yn ~ Sm

(33)

fl(n, k) - tim(k)
h°(n'k)-

a(n,k)

hi(n, k) =

fl(n,k) +

a~(n,k----~E[g(n,k)]

1 a~(n, k ) - a2(n, k)
oe(n, k)
a~(n, k)

(31a)

(31b)

If the observed image sequence does not contain any noise,
then (31) degenerates to the obvious solution
h0(n, k) -

fl(n, k)
oe(n, k)

1
hi (n, k) = ~
oe(n, k)

where Sm indicates a small flame region. This region can, in
principle, be arbitrarily shaped, but in practice rectangular
blocks are chosen. By computing the averages and variances
of both sides of Equation (29), the following analytical
expressions for the estimates of C~m(k) and tim(k) can be
obtained:
~m(k) = ? ~ ( n , a ~k()nk- ,) a2(n, k)
(34)

(32)

In the extreme situation that the variance of the corrupted
image sequence is equal to the noise variance, the combination

/~m(k) - E[g(n, k)] -

~m(k)E[f(n, k)]

To solve (34) in a practical situation, the mean and variance of g(n, k) are estimated within the region Sin. The only

FIGURE 19 Three successive frames that contain intensity flicker.
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quantities that remain to be estimated are the mean and If disagreeing temporal information has been used for
variance of the original image sequence fin, k). If we assume computing (35), we will locally find flicker parameters that
that the flicker correction is done frame-by-frame, we can do not correspond with its spatial neighbors or with the a
priori expectations of the range of the flicker parameters.
estimate these values from the previous corrected frame k - 1
An outlier detector can be used to localize these incorrectly
in the temporally corresponding frame region zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Sm:
estimated parameters.
For frame regions Sm where the flicker parameters could not
1
E [f(n, k)] [Sm[ ~ f ( m , k - 1)
be estimated reliably from the observed image sequence, the
mESm
parameters are estimated on the basis of the results in spatially
1
a}(n, k) ,~ ~
~ (f(m, k - 1 ) - E[f(n,k)]) 2
(35) neighboring regions. At the same time, for the regions in
which the flicker parameters could be estimated, a smoothing
ISml m~Sm
post-processing step needs to be applied to avoid sudden
parameter changes that lead to visible artifacts in the corrected
There are situations in which the above estimates are
image sequence. Such an interpolation and smoothing postunreliable. The first case is that of uniform intensity areas.
processing step may exploit the reliability of the estimated
For any original image intensity in a uniform region, there are
parameters, as for instance given by Equation (36). Furtheran infinite number of combinations of am(k) and tim(k) that
more, in those frame regions where insufficient information
lead to the observed intensity. The estimated flicker parawas available for reliably estimating the flicker parameters, the
meters are also potentially unreliable because of ignoring the
flicker correction should switch-off itself. Therefore, smoothed
noise w(n, k) in (34) and (35). The reliability of the estimated
and interpolated parameters are biased toward otto(k)= 1 and
flicker parameters can be assessed by the following measure:
/3m(k) --0.
In Figure 20, an example of smoothing and interpolating
if a~(m, k) < T
the estimated flicker parameter for C~m(k) is shown as a 2D
(36) matrix [34]. Each entry in this matrix corresponds to a
Wm(k) =
o-2(m, k) g
otherwise
30 x 30 pixels region ~'2m in the frame shown in Fig. 19.
T
The interpolation technique used is successive over-relaxation
The threshold T depends on the noise variance. Large values (SOR). Successive over-relaxation is a weU-known iterative
of Wm(k) indicate reliable estimates, while for the most interpolation technique based on repeated low-pass filtering. Starting off with an initial estimate ot°(k) found by
unreliable estimates Wm(k) = 0.
solving (34), at each iteration a new estimate is formed
as follows:

/J °

5.2 Estimation on Sequences with Motion

The results (34) and (35) assume that the image sequence
intensities do not change significantly over time. Clearly this is
an incorrect assumption if motion occurs. The estimation of
motion on image sequences that contain flicker is, however,
problematic because virtually all motion estimators are based
on the constant luminance constraint. Because of the intensity
flicker this assumption is violated heavily. The only motion
that can be estimated with sufficient reliability is global
motion such as camera panning or zooming. In the following
we assume that in the evaluation of (35) and (36) possible
global motion is compensated for. At that point we still need
to detect areas with any r e m a i n i n g - and uncompensated
motion, and areas that were previously occluded. For both
of these cases the approximation in (35) leads to incorrect
estimates, which in turn lead to visible artifacts in the
corrected frames.
There are various approaches for detecting local motion.
One possibility is the detection of large differences between
the current and previously (corrected) frame. If local
motion occurs the frame differences will be large. Another
possibility to detect local motion is to compare the
estimated intensity-flicker parameters to threshold values.

r/m+l(k) --Wm(k)(otim(k) -- ot° (k)) + ~.C(otim(k))
i+1
r m (k)
a/m+~(k) - a/m(k) + o)Wm(k ) -'1-)~

(37)

Here Wm(k)is the reliability measure, computed by (36),
and C(otm(k)) is a function that measures the spatial
smoothness of the solution Otm(k). The convergence of the
iteration (37) is determined by the parameter 09, while the
smoothness is determined by the parameter X. For those
estimates that have a high reliability, the initial estimates
ot°(k) are emphasized, while for the initial estimates that are
deemed less reliable, i.e., )~ >> Wre(k), emphasis is on achieving
a smooth solution. Other smoothing and interpolation
techniques include dilation and 2D polynomial interpolation.
The smoothing and interpolation needs to be applied not only
to multiplicative parameter Otm(k), but also to the additive
parameter tim(k).
As an example, Fig. 21 shows the mean and variance as a
function of the frame index k of the corrupted and corrected
image sequence "Tunnel". Clearly the temporal fluctuations of
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FIGURE 20 (a) Estimated intensity flicker parameter am(k) using (34) and local motion detection; (b) smoothed and
interpolated am(k) using SOR.
the mean and variance have been greatly reduced, indicating the suppression of flicker artifacts. An assessment of
the resulting visual quality, as with most results of video
processing algorithms, has been done by actually viewing the
corrected image sequences. Although the original sequence
cannot be recovered, the flicker-corrected sequences have a
much higher visual quality and they are virtually without any
remaining visible flicker.

were recorded directly from a TV monitor. The scan lines of
the monitor were thus recorded as well. The transfer from
film to magnetic tapes took place years later by means of a
Telecine device. This machine scans the film with a flying
spot that moves in horizontal lines. These scan lines and those
of the initial TV monitor do not always coincide, giving rise
to an aliasing phenomenon. The resulting moir6 shows up
as a beating pattern of horizontal lines (see Fig. 23a).
Because the initial TV monitors were not always flat, some
curvilinear distortion also takes place in the recorded signal,
which further complicates the modeling and removal of the
moir6.
Currently, the most successful approaches work in the
spectral domain. The algorithm presented in [37] replaces
peaks of vertical frequency from the Fourier domain with a
noise floor, as explained below. The algorithm steps are:

6 Kinescope Moir6 Removal
The moir6 phenomenon represents an interference of (semi-)
periodical structures which gives rise to patterns that did not
exist in the original signal. It appears in scanned or printed
images [2], in video sequences [16, 37] etc. Moir6 phenomena
are caused in general by the sampling process (due to the
aliasing phenomenon), or a superposition of structures.
Kinescope moir6 is caused by the process of transferring old
TV archives to magnetic tapes. In the early times of the
television, broadcasted programs were stored on films that

1600

80
78
Z

76 ii

74

1. After applying the 2D Fourier transform, a range
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FIGURE 21 (a) Mean of the corrupted and corrected image sequence; (b) variance of the corrupted and corrected
image sequence.
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4. The resulting magnitude is combined with the original
phase extracted in step 1, and the inverse 2D Fourier
transform is applied in order to obtain the restored
image.

t
(a)

(b)

FIGURE 22 An example of spectrum magnitude at zero horizontal
frequency. 1 (a) Degraded image; (b) restored image.

band from the spectrum will be protected against any
changes.
2. A binary mask B is created that will indicate which
frequencies will be changed:
B(wh, COv)- / 1 if ([F(coh, cOv)[ > eA) AND (1~o~1 > ~)

/0

Otherwise
(38)

where [F(~oh,coy)[ represents the spectrum magnitude at
frequency (COh,w~) and A - max[F(Wh, o3v)[--min[F(o~h, wv)[ ..[..
'

2

min IF(cob, coy)[.
3. The magnitudes of the spectral components selected
with mask B are replaced with a noise floor value,
as shown in Fig. 22. This value represents the median
magnitude of the frequencies lying outside the band
defined in step 1.

Figure 23 presents the results of the moir6 removal algorithm. The parameter values used in this case were: e = 0.1,
A = 94.4 and f2 = 25. The moir6 pattern was largely removed. Some ringing effect still persists due to the discontinuities
inserted in the Fourier domain by the magnitude replacement
operation shown in Fig. 22b.
The kinescope moir4 phenomenon remains an open
research track. The nonlinear distortions associated with it
(in particular, the curved geometry) are difficult to model.
Until now, the algorithms working in the frequency domain
were more successful than those working in the spatial
domain. More insight into moir6 phenomena is expected to be
gained from its temporal analysis.

7 Concluding Remarks
This chapter has described methods for enhancing and
restoring corrupted video and film sequences. The material
that was offered in this chapter, is complementary to the
spatial enhancement and restoration techniques described
in other chapters of the Handbook. For this reason the
algorithmic details concentrated mostly on the temporal
processing aspects of image sequences, or on solutions for
cases where the temporal information is not usable. Although
the focus has been on the detection and removal of a limited
number of impairments, namely noise, blotches, vinegar
syndrome, flicker and moirG the approaches and tools described in this chapter are of a more general nature and they

....

(a)
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(b)

FIGURE 23 (a) Image affected by moir62; (b) restored image.
1Images used with permission from the authors of [37].
2Images used with permission from the authors of [37]. Courtesy of INA (Institut de l'Audiovisuel) and BBC (British Broadcast Corporation).
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1 Introduction
Computational stereo vision is one of the core topics in image
analysis and computer vision. The purpose of every kind of
vision system is to understand the outside world through the
interpretation of the images formed, either in the eyes or in
cameras, by photons received from many directions. Humans
have two frontal-parallel eyes that see the world from two
slightly different positions. These views are combined to
recover the 3D information about the environment. It is
intriguing that evolution has created this particular structure
and the systems that support it. Can we do the same thing
with computers? In the past 30 years, a lot of effort has been
devoted to this area by various researchers, and it has become
one of the most fundamental and fruitful areas of computer
vision. Generally speaking, there are two directions of
exploration for stereo vision. The first is that of neurophysiologic approach, which concentrates on investigating
biologic vision systems by learning the functions of the
neural pathway and visual cortical cells. Since Hubel and
Wiesel's milestone paper on the receptive field of V1 cortical
cells [12], various kinds of models have been presented trying
to explain the function of stereoscopic vision. The other
direction is of computer science, which focusses the implementation of stereo vision using computer hardware and
software. Computer scientists aren't focussed on the biologic
feasibility of a model, as the capabilities of the human vision

Copyright © 2005 by Elsevier Academic Press.
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system are too general for today's limited computing power.
The problem is how to program a computer to estimate depth
from digitized images of the world. While the solution does
not have to be biologically motivated by the human vision
system, the purpose of computational stereo algorithms is to
infer depth from images taken from different known locations
and to use geometry to recover the three dimensional scene.
There is often overlap between these two directions of study.
Sometimes a breakthrough in one area significantly affects
research in the other area. For instance, Marr and Poggio
accelarated the study of computational stereo in [16], based
on physiologic studies of the human visual system. Also,
Ohzawa [ 19], DeAngelis [8], and Qian [21 ] proposed neurophysic models of cortical cells that can recover depth
from both random dot stereogram and photorealistic image
pairs.
Earlier, Barnard et al. [2] and Dhond et al. [9] presented
reviews covering major progresses from the mid 1970s to the
late 1980s. Szeliski et al. [25] quantitatively compared stereo
algorithms with different approaches. In [24], Scharstein and
Szeliski provided more detailed classification of different kinds
of stereo algorithms. The most recent review by Brown et al.
[6] gave a very broad summary of the many advances in
computational stereo algorithms in the last decade.
In this paper, we give a brief overview of the background
knowledge, then focus on recent advances in global methods:
dynamic programming and graph cuts.
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the optical centers 0 l and O r. The epipolar plane POlO r
intersects the two image p l a n e s / / a n d Ir at two lines called
epipolar lines. Since the two epipolar lines are intersected
by the same plane, they are also called conjugate epipolar
The basic purpose of computational stereo vision is to recover lines. In this conventional parallel-axis geometry, all epipolar
the depth of the scene from two or more images taken at lines are horizontally parallel to the x axis. The epipolar
known positions. In this section we will summarize the constraint is one of the most significant conditions in stereo
process and geometry of stereopsis, or stereoscopic vision.
vision.
The mathematic foundation of stereo vision is quite simple.
For example, in a standard stereo matching problem, given
That is, given the projection of a 3D physical point on the two Pl, we can draw a back projection line from O/through Pl to
image planes and all the parameters of the stereo imaging the world. It is obvious that the 3D scene point P(x, y, z) which
system, we can find the exact location of the 3D physical point caused Pl, must lie on this back projection line, but where
with some basic geometry skills.
on the line is it? This cannot be deduced from only one
The simplest geometry of a stereo imaging system is formed image. Any point on the line PlOl is a possible solution. One
by two parallel cameras with a horizontal displacement which projection point is not enough to accurately measure the
is called the stereo base line. The two cameras' optical axes are distance of the objects from the image plane. With second eye
perpendicular to the stereo baseline, and their image scanlines or camera, we can ensure that the P(x, y, z) is also projected on
are parallel to the baseline. Apart from their displacement,
the image plane Ir. If we can find the correct corresponding
both cameras should have identical parameters. Figure 1 point Pr in the right image Ir, we can pick the only correct
shows a simplified model of two parallel pin-hole cameras. P(x, y, z) from the infinite possible candidates on the line OlPl.
The optical centers are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ol and Or. The origin of the world We can then find the intersection line of the plane PzOlOr
coordinate system is the same as Or, and the world coordinate and the right image plane Ir. M1 candidates of the correct
axes Xw, Yw and Zw are coincident with the left camera's corresponding point Pr lie on this epipolar line. Thus the
coordinate axes Xl, YI and ZI. This overlap of coordinate stereo matching problem has been reduced from a 2D
systems is just for mathematic convenience. It and Ir problem to a 1D problem, which can save a lot of comrepresent the left and right image planes respectively. The putational effort. As Fig. 2 shows, if the stereo algorithm has
point P(x, y, z) is one point in the 3D scene that can be viewed found the correct match Pr, then we can determine the correct
by both cameras. The projections of P(x,y,z) on the two location of P(x, y,z,); however, if another point Ur has been
image planes are called Pt(Xl, Yl, Zl) and Pr(xr,Yr, Zr). In the incorrectly selected as the matching point, then we will choose
stereo matching problem, the key issue is to relate Pl(Xl, Yl, Zl) the wrong 3D scene point P'(x',y',z'). Thus, the accuracy
with Pr(xr, Yr, Zr) correctly and efficiently. As shown in Fig. 2, of the 1D point-matching algorithm is of essential importance
the epipolar plane is defined by the scene point P(x, y, z) and in stereo vision.

2 Background of Computational
Stereo Vision
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The epipolar lines of parallel stereo geometry.
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The conventional parallel stereo geometry provides a
disparity value d for each correctly matched pair Pl(xt, yt, Zl)
and Pr(xr, Yr, Zl), where d = x t - xr. Using the properties of
similar triangles, it is easy to infer the exact location of

P(x, y, z):

bxl

byl

x--z'Y--d-'z-

bf

(1)

,t

where b is the distance between the two optical centers
(baseline) and f is the focal length of the camera's lens.
However, the parallel stereo geometry is the simplest
geometry. Real situations can be much more complicated.
For example, in biologic vision systems, two eyes are rarely
looking in parallel directions. Most of the time when a subject
fixates on an object, both eyes have a convergent angle toward
the object. In such circumstances, the parallel stereo geometry
is an oversimplified model. One advantage of convergent eye
movements is that there is more overlap between the two
visual fields. Hence the disparities of the interesting points,
features, objects, and areas are smaller, which makes
matching easier for the brain or computer.
However, if the optical axis of any one of the cameras is not
parallel to the world z-direction, we lose the nice property of
horizontally parallel epipolar lines. Figure 3 shows a general
case of non-parallel stereo geometry. Once again we want to
know how to locate the correct P(x, y, z), given Ol, Or, Pl, and
the orientation of each of the two cameras or eyes.
Since we know the exact locations and orientations of the
cameras, we can get the epipolar plane POtO~ (which is the
same as PtOtOr). Hence, the corresponding epipolar line on
the right image plane Ir can be computed by solving the
intersection of PlOlOr and Ir. Suppose we can correctly figure
out which one is the correct matching Pr. Then by backprojecting a line from Or through Pr, we can find the
intersection point of OrPr and OIPI, which is P(x,y,z). In
non-parallel situations, Pr is not on a horizontal epipolar line.
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The search for the correct Pr is not limited to a horizontal
scanline on the right image, which introduces more
computational complexity.
Non-parallel epipolar geometry can be simplified to
parallel by stereo rectification. Given a pair of stereo images,
rectification determines a transformation of each image plane
such that pairs of conjugate epipolar lines become collinear
and parallel to one of the image axes. The rectified images can
be thought of as obtained by rotating the original cameras.
The most important advantage of rectification is that
computing stereo correspondences is reduced to a 1D search
problem along the horizontal raster lines of the rectified
images.
Correspondence, or matching is the key to stereo vision.
It is the process that determines the locations, in both images,
of the projections of the same physical point in space.
Unfortunately, the stereo correspondence problem has also
been a very difficult task since the beginning of stereo vision
research. One reason for this is that the complicated 3D
geometry can result in partial occlusion, where some areas in
one image may not be visible in the other image. Even without
occlusions, there are still many other problems posed by
homogeneous regions and textured regions. Homogeneous
regions are problematic because insufficient information is
available to establish unique correspondences. Especially when
dense pixel-by-pixel correspondence is needed, the matching
of each pixel is very uncertain. Textured regions cause similar
problems. In this case, there is an excess of available choices
making it impossible to distinguish between matches, since
multiple pixels or features have the same local characteristics.
A periodic surface textures will cause many matches with the
same confidence. As a result, unique correspondence is once
again evasive.
In order to formalize stereo correspondence as a computational task, Marr and Poggio [16] proposed two main
constraints to make it tractable:

1. Uniqueness: a pixel in one image can only be matched
to one pixel in the other image.
P(x, y, z) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2. Continuity: the world is composed by piecewise
continuous surfaces, so the disparity varies smoothly
almost everywhere.

h

In addition, there are some other constraints that can be
utilized, such as the ordering constraints and the epipolar
constraints.
In the following section, we will review some important
stereo algorithms and classify them into different categories.

/,

Ol

Or
Baseline b
FIGURE 3

Non-parallel stereo geometry.

3 A Taxonomy of Stereo Correspondence
Algorithms
To classify stereo correspondence algorithms is a formidable
task, Since the numerous techniques have been introduced
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over the course of more than 30 years. However, we can still With an intensity model and a disparity model, the variances
conveniently divide these algorithms into two groups: local of intensity and disparity can be computed between the same
methods and global methods. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
window applied to potential matches in both images. Kanade
et al. [14] named these variances uncertainties. At the same
3.1 Local Methods
time, the increment of disparity Ad at the window center
(0, 0) can also be derived from the models. To summarize:
In local methods, the correspondence of a pixel is decided by
for two images fa, f2, a local window W, and the current
the relationships between the pixels in its neighborhood
estimation of disparities di(~, rl) within W, a better estimate of
(usually defined as a rectangular window centered on the
disparity di+l(0, 0)-+-Ad may be available if a change in the
pixel) and those in the neighborhood of the corresponding
size of W can reduce the uncertainties. The point is to find
pixel in the other image. The matching criterion includes such
the disparity estimation and window size that can minimize
measures as normalized cross-correlation, sum of squared
the uncertainties.
difference (SSD), normalized SSD, or sum of absolute
An iterative algorithm such the following is performed:
differences (SAD). Local methods can be fast since the
disparity values are decided by a relatively small number of
1. Start with an initial disparity estimate do(x,y).
2. At each pixel (x,y), choose a window that provides the
computations in the local window. Their disadvantage is that
estimate of disparity with lowest uncertainty, and
they are easily affected by locally ambiguous regions, such
update the disparity by di+a(x, y) = di(x, y) + Ad(x, y).
as occlusions, textures, and homogeneous regions. In the
following paragraphs, we shall review some influential local
(a) Put a 3 x 3 window over the current pixel (x,y) and
methods proposed in the 1990s. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
compute the uncertainties.
(b) In turn, expand the window by one pixel in each
Kanade et aL, Adaptive Window. One critical problem
direction (Fig. 4), and compute the uncertainties
in window-based matching algorithms is the selection of the
for the expanded window. Prohibit any direction
window size. The dilemma is that while the window size
that increases the uncertainties.
should be large enough to include enough image details for a
(c) Compare the uncertainties for all the non-prohibreliable matching, it also should be small enough to avoid
ited directions and choose the direction with the
projective distortions. Most of the correlation-based or SSDminimum uncertainties.
based algorithms before [14] used a window with a fixed size
(d) Expand the window by one pixel in the chosen
chosen empirically for each application. Based on the fact that
direction.
the intensity and disparity variance of the local window affect
(e) Repeat (b) to (d) until all directions are prohibited.
the performance of a window-based algorithm, Kanade et al.
3. Iterate steps 1 and 2 until the disparity di+l(X,y)
proposed an adaptive scheme to vary the window size by
converges or a maximum (set) number of iterations
evaluating the local variations of the intensity and the
have been conducted.
disparity.
It is a chicken-and-egg problem, since it is necessary to
The experimental results showed the advantage of the
know the variations of disparities prior to computing the
adaptive window method over those algorithms with fixeddisparities. To solve this dilemma, a statistical model of the
size windows, on both synthetic and real images.
local disparity distribution was proposed. Let's assume the two
intensity images are fl(x,y) and fz(x,y), which have the
following relation:

fl (x, y) = f2 (x -+-dr(x, y), y) d- n(x, y)

where n(x, y) represents the Gaussian white noise, and dr(x,,1,')
is the disparity of the pixel at (x, y). Suppose the origin or
point of interest within a window is (0, 0), then the statistical
model for the disparity dr(~, rl) within the window is:

dr(~, 17)- dr(O, 0 ) ~ N(0, OtdX/~2 -+- r/2)

T

(2)

<

Local window

>

(3)

Here C~d is a constant that represents the amount of
variation of the disparity. The farther the pixel (~, 77) is from
the window origin (0, 0), the greater its disparity variation will
be. This is consistent with properties of the natural world.

FIGURE 4

The expansion of the local window.
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O k u t o m i et al., M u l t i p l e Baseline. For a given point
observed using a parallel geometry of stereo images, the longer
the baseline, the larger the disparity. Shorter baselines and
longer baselines each have their own advantages and
disadvantages. For example, it is easier to find a match
between images with shorter baselines, because the disparity
and intensity changes are smaller. Unfortunately, the errors in
estimated distances will be amplified because of the small
disparities (see Equation (1)), also the possible estimation
errors. With a long baseline, a larger disparity range must be
searched, introducing a higher probability of false matches. In
[20], Okutumi et al. presented a method that used multiple
stereo pairs with various baselines to obtain stereo correspondence.
SSD (sum of squared difference) is a widely used criterion
for finding correspondences. The idea of [20] is that global
mismatches can be reduced by adding the SSD values from
different baselined images. This SSSD (sum of SSD) exhibits a
unique and clear minimum at the correct matching
position. Suppose the baseline distances are B1,B2 . . . . Bn,
with B1 < B2< ... < Bn, and the candidate disparity with
baseline B, is d(,). The SSSD value at pixel x is:
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the result of a sequence of decisions [11 ]. Baker and Binford
[1] used the Viterbi algorithm, a dynamic programming
technique, to partition the stereo correspondence problem
recursively based on a left-to-right ordering of edges preserved
along a scanline in a stereo image pair. From the 1980s, Ohta
and Kanade [18], Belhumeur and Mumford [3], Cox et al.
[7], Birchfield and Tomasi [4], and Van Meerbergen et al.
[17] all applied dynamic programming techniques in the
stereo correspondence problem. In this section, we review
three important dynamic programming algorithms.

O h t a et al. [18]. As presented in [ 18], dynamic programming solves an N-stage decision process as N single-stage
processes. In order to apply dynamic programming, two
requirements must be met: (1) The decision stage must be
ordered, which means that all stages whose results are needed
at the current stage have been processed prior to the current
stage. (2) The decision process must be Markovian: at any
stage, the behavior of the process itself depends only on the
current state and not on the previous history. In [18], Ohta
and Kanade clarified that the problem of finding stereo
correspondence between connected edges in stereo images is a
combination of intra-scanline and inter-scanline matching.
With
the ordering constraint on the features at each scanline,
Bi
SSSD(x, d(n)) -- i= 1 jEZ(f°(Xw
+ j) - fi(x + -~n din) + j))2 (4) the stereo correspondence can be solved by dynamic
programming.
After the stereo pairs have been rectified, the epipolar lines
where )~(x) is the reference image, fi(x) is the correspondent are horizontal scanlines. First, an edge detector extracts all
image with baseline Bi, and W is the local window. The correct possible edges in the left and right scanlines, then left and
d(,) will minimize the SSSD value uniquely, and give a better right groups of edges are matched with each other. This is
estimation than the single baseline method. The success of this called intra-scanline matching. In Fig. 5, the horizontal and
method has been supported by theoretical analysis and the vertical axes are image intensities on the left and right
experimental results in [20]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
scanlines respectively. The edges in the left scanline are
indexed in left-to-right order as [0 : N], and the edges of the

3.2 Global Methods
Global methods are based on optimization. Most global
algorithms try to define a well-behaved energy function
associated with possible disparity maps. Then the correct
disparity map is selected by minimizing this energy function.
Since the energy function is defined on all the pixels of the
image, global methods are less sensitive to local ambiguities
(occlusions, textures, etc.) than are local methods. For the last
20 years, dynamic programming has been the technique used
most often. That is because the nature of stereo correspondence coincides with dynamic programming quite well.
Recently, a new technique called graph cut has produced
impressive results. We will review and compare several
influential dynamic programming algorithms and graph cut
algorithms below.

3.2.1 Global Methods: Dynamic Programming
Dynamic programming is an algorithm design method that
can be used when the solution to a problem can be viewed as
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right scanline are indexed as [0 : M]. Intra-scanline matching
is accomplished by finding the optimal legal path on this 2D
search plane. Here, a node (i, j) is a possible pair of matched
edges, where i, j are the edge indices of the left and right
scanline respectively. A primitive path is a partial path
between two nodes that contains no intervening nodes, and is
represented by a straight line segment as shown in Fig. 5. A
legal path is a sequence of connected primitive paths from
node (0, 0) at the upper-left corner to the node (N, M) on the
lower-right corner with the ordering constraint:

if (p, q) and (r,s) are two matched pairs, where p< r, then
q must be less than s.
Suppose a 1 . . . a k and bl ...bl are the intensity values

\

\

\

\

\

\
\\
\

\

FIGURE 6 Primitive paths for occlusion, the cost of the horizontal/vertical
path is defined based on the dotted paths, from [18]. (© 2004 IEEE.)

likely to be correct and the al2 + a22 tends to be larger. As this
value increases beyond the threshold, the cost of the occlusion
becomes a constant and is overtaken by the costs of the
individual paths. Hence when a correct occlusion is detected,
its cost is smaller. When there is no occlusion, one of the two
1(~~
l ~ b j ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
dotted path is likely to be correct, and the cost-of-occlusion
-- a i + -f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(5)
m 2
i=1
j=l
term Cocc will contain a smaller value of al2 + a 2, resulting in
a larger cost for the nonexistent occlusion.
°a_ 1
~(aim) 2 +~(bj - m ) 2 .
(6)
After assigning a cost to each possible primitive path, the
2
i=1
intra-scanline matching process is a typical dynamic programming problem of finding the optimal path with the smallest
The cost of the primitive path that matches the two edges is overall cost.
Since the neighboring scanlines are highly correlated, it is
defined as:
very likely that the edges run across the neighboring scanlines.
To utilize this correlation, an inter-scanline search is perCp - a 2 4 k 2 -+-l2.
(7)
formed after the intra-scanline search. The problem is posed as
that of finding the minimum-cost path between 3D nodes in a
If the pixels in the two intervals are correctly matched to stack of the neighboring 2D search planes. A 3D node is a
each other, then usually they are from the same homogeneous collection of 2D nodes that is on the same edge crossing the
surface in the scene and therefore have similar intensities. neighboring scanlines. This 3D optimal-path-finding method
In other words, their variances Cp should be small. The intra- is formalized to a dynamic programming problem in the same
scanline search tries to find the optimal division of each way as the intra-scanline search.
scanline into line segments, with an eye toward matching the
segments from one image to the other to minimize the cost
function Cp.
When there is occlusion, as in Fig. 5, a vertical or
f
horizontal primitive path appears. In the definition of (7),
2Th
occlusion has not been considered. Ohta and Kanade
suggested that a mismatch caused by an occlusion can be
treated as the consequence of avoiding two paths drawn with
dotted lines, as Fig. 6 shows.
The cost of an occlusion primitive path is defined as a
Th
function of the costs of those two imaginary dotted paths.

between two neighboring nodes (edges) on the left and right
scanlines respectively. Then the mean and variance of all pixels
in the two intervals are defined as:

The variances O"1 and a2 are computed the same way as (7).
The cost of an occlusion primitive path is defined as:
Cocc - k × f((o'~ + 0"2)/2;

Th)

(8)

where k is the length of the occlusion primitive path, Th is a
threshold, and fis a function that has the shape of Fig. 7. If the
occlusion occurs, then the two alternative dotted paths are not

rh

(~2 + ~2)/2

FIGURE 7 Mapping functions for the cost of a occlusion primitive path,
from [18]. (© 2004 IEEE.)
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C o x et aL [7]. In [18], the edges on a scanline are first
extracted as features for stereo matching. Cox et al. [7] argued
that a stereo matching based on features is not as reliable as
pixel-based matching for three reasons: (1) Feature extraction
is not 100% reliable. (2) Features in one image might be
occluded in the other image. (3) The similarity between two
features maybe perturbed by noise. They proposed a
maximum-likelihood, pixel-based stereo algorithm using
dynamic programming. They also pointed out that the cost
function used in Ohta and Kanade [18] (Equation 7) is based
on the image intensity variance of each primitive path, which
is not appropriate. One reason is that the textured regions
usually have a large variance, which generates a biased cost.
Let the two cameras be denoted as s = 1,2. Zs = { z i ~ , i s - O, 1 . . . m s } is the set of m measurements obtained from
camera s on a scanline, where ms is the number of measurements taken on one scanline. Each Zis is the value of either a
pixel's intensity or a higher level feature. It is assumed that zi,
has an additive white noise. Let X be a location in the 3D
space. Zi,,i2 represents the relationship that zi 1 and z/2 are
originated from the same 3D point X. The occlusion of zi, in
camera 2 is denoted as Zil,0. Then, Cox et al. [7] defined a
likelihood function for when zi 1 and zi 2 are correspondent:

A(Zi,,i21X)-(1;PD)

~il'i2[PDP(ZilIXk) x PDP(Zi2 IXk)] 1-&l''2.
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FIGURE 8 The matched sequence along a scanline, from [4]. (With kind
permission from Springer and Business Media.)

This maximization (minimization) can be solved by
dynamic programming. Cox et al. [7] used two constraints
here, the uniqueness constraint and ordering constraint,
omitting the smoothness constraint, which Ohta and
Kanade [18] implied when they used variance as the cost.
Also, for multiple global minima, the authors enforced 2D
cohesiveness constraints by minimizing the number of
horizontal and vertical discontinuities.
B i r c h f i e l d et al. [4]. Birchfield and Tomasi [4] posed the
stereo matching as a problem of corresponding pixels in the
left scanline to those in the right scanline, as in most of
previous algorithms.
Figure 8 shows an example of matching between two
scanlines. Suppose there are n pixels on each scanline. Among
the n pixels, there a r e N m matched pairs. {x],x2 . . . . . XNm},
{Y],)'2 . . . . . YNm} are the horizontal indices of the left and right
matched pixels respectively. Some important constraints are
imposed on the match sequence:

1. 0 <_ Xi--Yi <_ A. This means there is a maximum
disparity A, which limits the search region, and the
disparity is always non-negative because the images has
Here 8i,,i 2 is an indicator function that takes the value 1
been rectified.
when il and i2 are not correspondent, 0 otherwise, q5 is the
2. )'1 - 0 and XNm -- n -- 1. The matching is forced to start
field of view of the camera, p(zi, IX) is the likelihood function
from the first pixel of the right scanline, and to end at
of zi, from the 3D point X. PD is the probability of detecting a
the last pixel of the left scanline.
measurement from X at camera s. Hence, ( 1 - PD) is the
3. xi < xj and Yi < Yj, if 1 <_ i < j <_ Nm. These are the
probability of occlusion. Since the measurement is assumed to
ordering constraint and the unique constraint.
have additive white gaussian noise: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4. xi+l -- xi + 1, or Yi+l - - Yi -}- 1, i -- 1, 2 . . . . . Nm - 1,
which implies that the pixel is visible to either the left
camera or the right camera.
p(zi, lX) - ](2yr)dSsl-1/2exp - ~(zi, - z)' Ssl(Zis -- Z) . (10)
So, in Fig. 8, the match sequence is: M = {(1,0), (2, 1),
(6,2), (7,3), (8,4), (9,5), (10,6), (11,10)}, the disparity
Here z is the true value of the measurement, which is sequence here is {1, 1, 4, 4, 4, 4, 4, 1}. The unmatched pixels in
approximated by its maximum likelihood estimation in [7]. the left (right) image are occluded in the right(left) scanline.
Similarly, there is a cost function y(M) associated with each
After the likelihood of each pair zil and zi2 is defined, the
possible match sequence: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
overall likelihood along a scanline can be defined as:

(9)

(1

L(y) -

H A(Zi,, i2IX)
Zil, i2Ey

)

(11)

where Y is a feasible pairing of all measurements. Let F be
all possible pairings, then the stereo matching problem is
transformed to finding the pairing Y E F that maximizes the
likelihood L(y), or minimizes 1/L(y).

Nm
y ( M ) -- NoccKocc - NmKr q- E d(xi, yi)

(12)

i=1

Nocc and N m a r e the numbers of occlusions and matches.
In Fig. 8, Nocc = 7 and Nm = 8. a:r is the reward for correct
matches. Xocc is the penalty for each occlusion (the introduction of a:occ in the cost function implies the smoothness
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FIGURE 9

The horizontal streak along a scanline, from [4]. (With kind permission of Springer and Business Media.)

Let us review graph cuts. Define G = (V,E) to be a
constraint), d(xi,Yi) is the dissimilarity between two matched
pixels, which, for computational efficiency is usually the weighted graph with two distinguished vertices, called
terminals, where V is the set of vertices and E is the edge
absolute difference between the intensity values of two pixels. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
set. A cut C is a set of edges that separate the terminals in the
induced graph G(C)= ( V ,E - C). Also, no subset of C can
3.2.2 Global Methods: Graph Cuts
separate the terminals in G(C). The cost of a cut C is the sum
Because of the intrinsic properties of the pixels on the left of the edge weights in C, denoted by ICI.
For example, in Fig. 10, the two terminals are c~ and ft. The
and right scanline and the constraints given by researchers,
dynamic programming is quite successful in solving the edges connected to the two terminals are called t-links
correspondence along a scanline. However, there are some (terminal links), which are t~, tfl, tq and tg. The edges between
disadvantages of dynamic programming. First, because of two non-terminal nodes, %ql, are called n-links (neighbor
the sequential order of decision making, local errors can be links). There are four possible cuts: {t~,t~}, {t~p,t~}, {t~,t~,
propagated along a scanline, which typically results in a e[p,q]}, and {tq, t~p,e[p,q]}.For the purpose of illustration, Fig. 10
horizontal streak after the error pixel. Figure 9 shows one only displays three of them. Since the edges of the graph are
image and its depth map obtained from a dynamic program- weighted, there exists a cut with the minimum cost among all
ming algorithm. Heavy horizontal streaks are obvious to the possible cuts separating the two terminals. By carefully
right of the lamp. Another significant limitation of dynamic designing the graph, Boykov et al. [5] associated the stereo
programming is the difficulty to combine the horizontal matching problem with the minimum cut problem.
Stereo matching can be viewed as labelling every pixel with
and vertical continuity constraints of the real scene together.
Dynamic programming is basically a 1D optimization a disparity value. Suppose P is the set of all pixels and L is the
algorithm. It lacks the ability to exploit 2D coherence set of all possible disparity values. The goal of stereo matching
properties of the real scene. Roy et al. [22, 23] pointed out is to find a labelling f that assigns each pixel p 6 P with a label
that the solutions at consecutive epipolar lines can vary fp E L [5], where f should be as close as possible to the ground
significantly, causing serious artifacts across epipolar lines. truth disparities, if applicable. Most of the time, researchers
These artifacts usually need some postprocessing to be will assign some cost or energy functions to a labelling
removed. Instead, Roy et al. [23] formalized a multi-camera
stereo problem as a maximum-flow (minimum-cut) problem,
which does not rely on the epipolar geometry and the
a
a
a
traditional ordering constraint. Ishikawa and Geiger [13] also
/ 0 " \ \ t~
t~//
' \\ q
presented a similar method in [23]. Recently, Boykov et al.
,,tff///cut_. _\.\,~
a
x./ t a
proposed a 2D global algorithm, using graph cuts, which
i/~ " -- " ~
""
I'
\
exhibits excellent performance [25]. Generally, graph cuts
eIP'ql
~
eIp'ql
algorithms require more compuational time than dynamic
programming methods. The computational complexity of
x .--- cut
the worst case is o ( n l 5 d 1"5 log(nd)) for an image size of n
tfl~tg
/ \13"\
-- __/.~
" tg
pixels and disparity range d. In [23], the average running
time observed by Roy et al. was O ( n l 2 d l ' 3 ) . This is
already close to the typical dynamic programming complexity
O(nd) or O(n2).

/3
FIGURE lO

tj; "(3"
/3

/~

The cuts of a graph, from [5]. (© 2004 IEEE.)
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scheme, and attempt to find the particular labelling that
minimizes the energy. In [5], the total energy function is
defined as:
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proved by [15], Boykov et al. proposed the following two
algorithms, which find an approximate solution:

Swap Algorithm
E(f)

=

Esmooth(f) + Edata(f).

(13)

Esmooth represents the energy that f is not piecewise
smooth, and Edata measures the disagreement between f and
the observed data.
Esmooth(f)-- ~
Vp, q(fp,fq)
{p,q}EN

(14)

Edata(f) -- ~ D(Ip - Ip+fp).
p~P

(15)

1. Start with an arbitrary disparity labelling f
2. Set success := 0
3. For each pair of disparities {c~,fl} C L
(a) Find f - argmin(E(f' )) among f' within one a-fl
swap o f f
(b) If E ( f ) < E(f), set f "-- f and success " - 1
4. If success = 1 go to 2
5. Return f

Expansion Algorithm

1. Start with an arbitrary disparity labelling f
In (14), N is a neighborhood system of pixel p. The choice
2. Set success := 0
of Esmooth is a critical issue. Various functions have been
3. For each disparity ot E L
proposed. Some of them encourage smoothness everywhere,
which will smear the object boundaries. An ideal energy
(a) Find f - - a r g m i n ( E ( f ' ) ) among f' within one ot
function should encourage piecewise smoothness, but
expansion of f
preserve the correct disparity discontinuities at the object
(b) If E(f) < E(f), set f "--f and success'- 1
boundaries. Such functions are also called discontinuity
4. If success = 1 go to 2
preserving. Informally, a function V(x,y) is discontinuity
5. Return f
preserving if SUpx,y~R(V(x,y))< K for some constant K,
which means the maximum penalty for assigning different
Given a labelling f, it is very expensive to find the optimal
labels to neighboring pixels can be bounded. One example in ot-fl swap or ot expansion over all pairs of label {or,fl}. Instead
[5] is V(a, fl) = min(K, ( a - fl)2), where K is some constant. of a global optimization, step 3 of the Swap Algorithm
Here Ip is the intensity value of the pixel p in the left image,
performs a search on every pair of disparities to find the
and I~+~ is the intensity of the matching pixel in the right labelling that minimizes the energy within one swap (expanimage since fp is the disparity label of p. By assuming similar sion) move. Thus, the algorithm finds a sequence of local
intensities between two corresponding pixels, the function D minima until the minima cannot reduce anymore. It cannot
should behave proportional to the intensity differences. For guarantee that this sequence of local minima will finally
example, one possible form of D could be lip- I'p+fp1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
converge to the correct global minimum, but a careful proof
[5] shows that a local minimum, when an expansion move is
The Outline of the Algorithm. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A labelling fcan separate allowed, is within a known factor of the global minimum.
all the image pixels P into different partitions
In the algorithms, the key step is 3(a). That is how the
PI--{P E P[fp--l}. Pl is the set of pixels with the same graph cut is utilized here. By carefully designing the graph and
disparity label l. Thus, a labelling function f will uniquely assigning edge weights, step 3(a) is proved to be a minimum
define the partition of P.
cut problem.
Given two disparities ot and fl, a move from a partition
The structure of the graph is illustrated in Fig. 11. The two
P(f) to a new partition P'(f') is called a-beta swap if PI = PI terminal vertices represent a pair of labelling {c~,fl}. All other
for any label l ~ or, ft. An a-fl swap indicates that some pixels non-terminal vertices are the pixels p E P ~ (that is, the set of
with disparity c~ in fhave been labelled as fl in f', and some fl pixels whose disparities are either c~ or fl). Each pixel is
pixels have become ot pixels, while pixels labelled with other connected to the terminal ot and fl by the t-links ~ and tp~.
disparities have kept the same label as before.
Each pair of pixels p, q that belongs to the same neighborhood
The other move is called ot expansion. In this move, P~ C N is connected by the n-link e[p,q].
P" and PI C PI for l # or. This move means some pixels
For each edge, the weight is assigned as shown in Table 1.
labelled with other disparities have been labelled with
According to the property of the cut, any cut C will include
disparity a.
exactly one t-link for any pixel p c P~. The reason is that if
Defining these two moves are preparatory steps in the the cut severs none of the two t-links of the same pixel, there
simplification of the optimization of the energy function (13). would be a path between two terminals; if the cut severs
Because of the NP-completeness of the optimization task both tp and tp~, then both graphs ( V , E - C + t ~ ) and
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Kolmogorov et al. [15] further improved the graph cut
algorithm by introducing an occlusion term:

E ( f ) = Esmooth(f) + Eocc(f) + Edata(f)

(17)

where Eocc(f) represents the penalty associated with the
pixels that cannot be matched. The results are similar to
Boykov et al. [5].
¢
¢
Inspired by a color-segmentation-based stereo framework
[26] and [5], Hong et al. [10] used color segmentation to
reduce the size of the search space and also enforced disparity
smoothness in homogeneous color regions. The graph vertices
3
in [10] are segments instead of single pixels, but the swap and
FIGURE 11 An example of a graph G~ for a 1D image, from [5]. (© 2004 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
expansion algorithms are identical to [5].
IEEE.)
Szelizki et al. [25] compared several techniques using the
University of Tsukuba dataset. They defined the error to be + 1
( V , E - C + t~p) would be connected, which means there away from the ground truth. For local methods, they tested
exists a path ll:Ot +~ p ~ ... ~ fl in ( V , E - C + Up), and a several correlation-based methods using L1, L2 distance, etc.
path 12" fl ~ p ~ ... ~ ~ in ( V , E - C + t~p). If we call the They also plotted the total accuracy against the window radius.
path p ~ .-. ~ fl to be l'1, and the path p . + - . . +-~ c~ to be Interestingly, they found that window sizes do not play a
l~, then l'1 and l~ would form a new path l': ot +-~...+-~ p significant role in the total performance once the windows
~-+ .-. ~ fl such that l' ~ (G, E - C), and r still connects cr are sufficiently large. For global methods, the graph cuts
and fl, which contradicts the fact that C is a cut. As a result,
algorithm [5] and simulated annealing were tested. Another
C cannot sever ~ and tp~ simultaneously.
important non-energy--minimization global method was also
A cut C can induce a new labelling f c in the following way: compared. This algorithm was proposed by Zitnick et al. [27],
which improved the Marr-Poggio [16] cooperative method.
The experimental results suggested that the graph cuts
a, if ~ e C f o r p e P ~
algorithm has the most accurate performance, especially in
low
textured areas. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM
fpc=
fl, if tp~ 6 C f o r p 6 P ~
fp,

if

p6PandpCP~

4 Conclusion
Because of the way the graph is designed, f c is within one
ot-fl swap of the original labelling f. Boykov et al. [5] gave a
rigorous proof that (1) there is a one-to-one mapping between
a cut C and the induced labellingf c, and (2) the total cost of a
cut C on G~ equals the energy function E(f c) plus a constant.
Now it is apparent that the optimal c~-fl swap from f is f c
when C is the minimum cut on G,~. The energy minimization
process has now been transformed to minimum cut problem.

In this paper, we reviewed several important local and global
algorithms proposed in the last decade. Local methods are
faster, since the search space is relatively limited to a small
local area, but they are more sensitive to local ambiguities like
low or high texture regions and occlusions. Global algorithms
are primarily based on optimization, and make use of existing
optimization techniques such as dynamic programming and
graph cuts. By quantitative analysis [5] and [24], the global
methods have been shown to outperform the local ones in
accuracy.
TABLE 1 The weight assignment of the graph G,~
A great number of stereo algorithms, based on different
philosophies
and methodologies, have been proposed over the
Edge
Weight
For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
last 30 years. One major difficulty is trying to quantitatively
evaluate these algorithms. Scharstein et al. [24] tested several
p ~ Po¢
+
f.)
popular
algorithms on the same dataset (from Tsukuba and
q~Np,q~Po¢
Microsoft) with ground truth. Their method is a promising
p ~ P,~
step toward understanding the difference in the behaviors of
+
f.)
q~Np,q~:P,~fl
these different algorithms.
One major unsolved problem of stereo is the combination
p,q ~N,p,q ~P,~ of efficiency and accuracy. Mthough global algorithms have
e{p,q}
V(ot, fl)
impressive accuracy, they cannot run in real time. To build a

3.12 Local and Global Stereo Methods zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Left image

Ground truth

Graph Cuts: swap algorithm

Graph Cuts: expansion algorithm

Normalized Correlation

Simulated Annealing
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FIGURE 12 Experimentresults of three different techniques (Normalized Correlation, Simulated Annealing and
Graph Cuts), from [5]. (© 2004 IEEE.)
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1 Introduction
A sequence of temporal images gathered from a single sensor
adds a whole new dimension to two-dimensional (2D) image
data. Availability of an image sequence permits the measurement of quantities such as subpixel intensities, camera motion
and depth, and detection and tracking of moving objects. In
turn, the processing of image sequences necessitates the
development of sophisticated techniques to extract this
information. With the recent availability of powerful yet
inexpensive computers, data storage systems, and image
acquisition devices, image sequence analysis has transitioned
from an esoteric research domain to a practical area with
significant commercial interest.
Motion problems in which the scene motion largely
conforms to a smooth, low-order motion model are termed
global motion problems. Electronic stabilization of video,
creating mosaics from image sequences and performing
motion superresolution are examples of global motion
problems. Applications of these processes are often encountered in surveillance, navigation, tele-operation of vehicles,

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

automatic target recognition (ATR) and forensic science.
Reliable motion estimation is critical to these tasks, which is
particularly challenging when the sequences display random as
well as highly structured systematic errors. The former is
primarily a result of sensor noise, atmospheric turbulence and
lossy compression, while the latter is caused by occlusion,
shadows and independently moving foreground objects. The
goal in global motion problems is to maintain the integrity
of the solution in the presence of both types of errors.
Temporal variation in the image luminance field is caused
by several factors including camera motion, rigid object
motion, nonrigid deformation, illumination and reflectance
change, and sensor noise. In several situations, it can be
assumed that the imaged scene is rigid, and temporal variation
in the image sequence is only due to camera and object
motion. Classic motion estimation characterizes the local
shifts in the image luminance patterns. The global motion
that occurs across the entire image frame is typically a result
of camera motion and can often be described in terms of
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a low-order model whose parameters are the unknowns. their two eyes are also usually placed very close to each other.
Global motion analysis is the estimation of these model Because of these differences, insects have evolved to use very
parameters.
different strategies for a range of visual tasks. According to
The computation of global motion has seldom attained the Srinivasan [18], "Vision in insects is a very active process in
center stage of research due to the (often incorrect) which perception and action are tightly coupled." In this
assumption that it is a linear or otherwise well-conditioned section we will study this coupling.
problem. In practice, an image sequence displays phenomena
A study of how animal visual systems have evolved to
that voids the assumption of Gaussian noise in the motion perform tasks such as computing optical flow, stabilization,
field data. The presence of moving foreground objects or flight control, ego-motion estimation, and so forth, can serve
occlusion locally invalidates the global motion model, giving as a motivational tool indicating that such complex tasks
rise to outliers. Robustness to such outliers is required of can be performed in real-time, with the accuracy desired.
global motion estimators. Researchers [1-16] have formulated In fact, several researchers have used such biologically
solutions to global motion problems, usually with an inspired mechanisms for flight control and obstacle avoidance
application perspective. These can be broadly classified as [19,20].
feature-based [6-9], and flow-based [ 1-5] techniques. Featurebased methods extract and match discrete features between
2.1 Centering Behavior and
frames, and trajectories of these features are fit to a global
motion model. In flow-based algorithms, the optical flow of Collision Avoidance
the image sequence is an intermediate quantity that is used in Bees that fly through holes (like a window), tend to fly
determining the global motion.
through the center of these holes. Bees, like most other insects,
In recent years, research on flight navigation of insects, cannot measure distances from surfaces by using stereoscopic
especially bees and flies, has uncovered a number of different vision [17]. Therefore, it is surprising that they are still able to
optical cues that insects use for successful navigation and orient themselves at the center of openings. Recent experistabilization of their flight. In the next section, we will discuss ments have indicated that bees balance the image motion on
some of the vision based control mechanisms that these insects the lateral portion of the two eyes as they fly through an
use for navigational purposes. Section 3 describes the global opening [21 ]. When bees were trained to fly in narrow tunnels
motion model and its implications. One optical flow-based with certain patterns on the side walls of the tunnels, it was
algorithm is discussed in Section 4. The three primary appli- shown [21] that bees tended to fly at the center of this tunnel
cations of this procedure are 2D stabilization, mosaicking, when the patterns on the side walls were stationary. If one of
and motion superresolution. These are in turn described these patterned side walls was moved in the direction of the
in Sections 5, 6, and 7, respectively. A related but theore- bee's flight, thereby reducing the image motion experienced by
tically distinct problem, three-dimensioanl (3D) stabilization, the bee on that side, the bees moved closer to this side wall.
is briefly discussed in Section 8. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Similarly, when one of the patterned side walls was moved in
the direction opposite to the direction of the bee's flight, the
bee moved away from the moving wall. This indicates that
bees use image motion to indicate the distance from surfaces,
2 Biologic Motivation: Insect
lower image motion indicating farther away from the surface
Navigation
and vice versa.
Collision avoidance is another task that is visually driven in
Insects are able to fly and navigate in this complex visual most insects. When an insect approaches an obstacle its image
world. Despite their relatively small nervous system with very expands on it's eyes. Insects are sensitive to this image
few neurons when compared to the human brain, they are still expansion and turn away from the direction in which the
capable of complex tasks such as safe landing, obstacle image expansion occurs [18] thereby avoiding collision with
avoidance, and dead reckoning. Behavioral research with obstacles.
insects suggest that insects primarily use visual information:
specifically image motion induced due to ego motion for
2.2 Control of Flight Speed and Stabilization
tackling a number of these navigational tasks. The visual
systems of insects differ significantly from the visual system of If some insects are indeed capable of measuring image motion,
humans. These differences have profound consequences specifically the angular velocity of the image, then questions as
regarding the nature of visual tasks that insects are adept at. to whether they use this information to control other aspects
Insects have immobile eyes with fixed focal length. Moreover, of their flight arise. In fact experiments reported in [21] and
they do not possess stereoscopic vision [17]. Insect eyes [22] indicate that insects do use estimates of image motion to
possess inferior spatial acuity but their eyes sample the world alter and control their speed of flight. Srinivasan et al. [21]
at a significantly higher rate than human eyes do. Moreover indicate visual control of flight speed in bees is achieved by
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monitoring and regulating the apparent image motion, 3 Global Motion Models
specifically the angular velocity of the image. This modulation
of flight speed depending on the image motion has some Prior to examining solutions to the global motion problem, it
distinct advantages. This vision-based control of flight speed is worthwhile to verify whether the apparent motion on the
enables bees to slow down while encountering narrow image induced by the camera motion can indeed be
passages. Bees also owe their ability to flawlessly land on approximated by a global model. This study takes into
surfaces to this visual feedback-based control system. When a consideration the 3D structure of the scene being viewed and
bee is landing on a surface, the bee steadily reduces its forward its corresponding image. The moving camera has 6 df,
speed as it approaches the surface. Experiments [21] indicate determining its three translational and rotational velocities.
that forward speed is proportional to altitude, which ensures It remains to be seen whether the motion field generated by
that the angular velocity of the image of the surface is such a system can be parameterized in terms of a global model
maintained constant as the bee approaches the surface. This largely independent of the scene depth.
technique ensures that flight speed is close to zero at
The imaging geometry of a perspective camera is shown in
touchdown and helps in a bee's flawless landing.
Fig. 1. The origin of the 3D coordinate system (X, Y, Z) lies at
Insects also use the image motion to achieve stabilization of the optical center C of the camera. The retinal plane or image
their flight. If an insect moving straight is pushed left due to
plane is normal to the optical axis Z and is offset from C by the
the wind, elementary motion detectors [23] indicate that the
focal length f. Images of unoccluded 3D objects in front of
image on the front of the retina has moved to the right. The
the camera are formed on the image plane. The 2D image
insects generate a counteractive torque to bring them back on
plane coordinate system (x, y) is centered at the principal
course. Studies have indicated that insects use such visual cues
point, which is the intersection of the optical axis with the
in conjunction with other nonvisual sensors like halteres (that
image plane. The orientation of (x, y) is flipped with respect to
act as gyroscopes) in order to stabilize their flight. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(X, Y) in Fig. 1, due to inversion caused by simple transmissive optics. For this system, the image plane coordinate
2.3 Measuring Distance by Integrating
(xi, yi) of the image of the unoccluded 3D point (Xi, Yi, Zi) is
given by
Optical Flow
Some social insects like honeybees for example are able to use
visual cues to navigate accurately and repeatedly to food
sources that are far away. Moreover, during this flight they are
also able to infer the direction and the distance of their food
source and reliably communicate it to other bees in their hive.
Recent research has indicated that the odometer of the bees is
"visually driven" [18]. Experiments have indicated that bees
use the extent of image motion in their eyes as a measure of
the distance of their flight [21, 24]. This system that estimates
distance flown by integrating image motion seems relatively
robust to variations in the texture of the environment.
Furthermore, it has long been known [25] that honeybees use
celestial landmarks to determine the direction of their flight.
Interestingly, foraging honeybees are also able to accurately
communicate the distance and direction of food sources to
other "recruits" through a waggle dance [25].
Thus, insects in general, and honeybees in particular,
possess exceptional navigational abilities that are primarily
driven by visual feedback from the environment. Moreover
insects seem to prefer image motion-based computations to
feature based methods. This preference to image motionbased methods can be attributed to the fact that while their
eyes possess very little spatial acuity (to infer or extract
features), they sample the world at very high rates. Therefore,
they are able to estimate image motion and image velocity
better. In the succeeding sections we will review some optical
flow-based and some feature-based algorithms for stabilization, ego motion estimation, and motion superresolution.

fXi
Xi - -

Zi'

Yi
Yi - f zii"

(1)

The projective relation (1) assumes a rectilinear system, with
an isotropic optical element. In practice, the plane containing
the sensor elements may be misaligned from the image plane,
and the camera lens may suffer from optical distortions
including non-isotropy. However, these effects can be
compensated by calibrating the camera, and/or remapping
the image. In the remainder of this chapter, it is assumed that
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the linear dimensions are normalized with respect to the focal homography H = HIH2 maps points from one image plane to
length (i.e., f = 1). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the other. Such a homography exists, no matter what the
underlying motion between the two camera positions is. This
happens because the images formed by camera rotation (or in
the
case of planar scenes) do not depend on the scene
3.1 Feature-based Model
structure. On the other hand, when there are depth variations
This section presents some intuition behind the applicability in the scene, such a homography does not exist between
of feature-based methods to the problem of global motion images formed by camera translation.
estimation. Our basic goal here is to use features to find maps
that relate the images taken from different view points. These
maps can then probably be used to estimate the involved
3.2 Flow-based Model
motion and the model of the scene. Let us take the case of
pure rotation. Without loss of generality, the camera center is When a 3D scene is imaged by a moving camera, with
assumed to be fixed and the image plane is moved to another translation t = (tx, ty, tz) and rotation co = (cox,cot coz), the
position. The image of a point in real world is formed by the optical flow of the scene (Chapter 3.8) is given by
intersection of the ray joining the camera center to the point
with the image planes. Clearly, the images we get on these
u(x, y) -- ( - t x + Xtz)g(x, y) + xycox - (1 + x2)cor + Ycoz,
image planes are quite different but they are related in an
interesting way.
v(x,y) -- (-ty + ytz)g(x,y) + (1 + y2)cox - xycoy - Xcoz,
Though the lengths, ratios, angles are all different but the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(5)
cross-ratio remains the same [26]. Given four collinear points
A, B, C, and D on an image, the cross-ratio is AC_~+b__~ADand it
for small co. Here, g(x, y) = l/Z(x, y) is the inverse scene depth.
remains constant. In other words, ACCB" ADDs----A'C'c,B, " A'D'D,B,,where
Clearly, the optical flow field can be arbitrarily complex, and
A', B', C', and D' are the corresponding points in the second
does not necessarily obey a low-order global motion model.
image (formed after rotating the camera about its axis).
However, several approximations to (5) exist that reduce the
Looking carefully, we can see that this intuition leads to a
dimensionality of the flow field. One possible approximation
map relating the two images. Given four corresponding points
is to assume that translations are small compared with the
in general position in the two images, we can map any point
distance of the objects in the scene from the camera. In this
from one image to the other. Suppose we know that A maps to
situation, image motion is caused purely by camera rotation,
A', B to B', C to C', and D to D'. Then the point of intersection
and is given by
of AB and CD (say E) will map to the point of intersection of
A'B' and C'D' (say E'). Now any point F on ABE will map to
u ( x , y ) - xycox- (1 4-x2)cor 4-Ycoz,
point F' such that the cross-ratio AE_ff~_~_p_~AFis preserved. This
(6)
way one can map each point on one image to the other image.
v(x,y)
(1
+
y2)cox
xyco
r
Xcoz.
Such a map is called homography. As mentioned before, such a
map is defined by four corresponding points in general
position. If x maps to x' by homography H, x' = H x .
Equation (6) represents a true global motion model, with 3 df
Note that such a map exist only in case of pure rotation.
(cox, cot coz). When the field of view (FOV) of the camera is
However, for planar scenes, homography relating the two small (i.e., when ]x[, [Yl << 1) the second-order terms can be
views exist regardless of the motion involved. In the case neglected, giving a further simplified three parameter global
of planar scene, there exist a homography relating the first motion model zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
image to the real-world plane and another one mapping the
real-world plane to the second image plane, i.e.,
u(x, y) + yo) ,
(7)
X1 = H 1 x p

(2)

xp = H2x2

(3)

Xl -- H 1 H 2 x 2

(4)

--

Hx2

where H1 maps Xl, a point on first image plane to xp, the
corresponding point on the real plane while H2 maps xp to x2,
the corresponding point on the second image plane. Thus

-

-

Alternatively, the 3D world being imaged can be assumed
to be approximately planar. It can be shown that the inverse
scene depth for an arbitrarily oriented planar surface is a
planar function of the image coordinates (x, y)
g(x,r)

-

ax +

br + c

(8)
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Substituting (8) into (5) gives the eight parameter global
motion model

function of image coordinate, is given by zyxwvutsrqponmlkjihgfedcbaZY
u(x, r) -

- pzz X + p . r +
p=x + PzrY + Pzz zyxwvutsrqponmlkjihgfedcba
(13)
y) - ; xX + ( p . - p = ) y +

u(x,y) -- ao Jr- alx -+- a2y q-- a6X2 q-- a7xy,
(9)
v(x, y) -- a3 -k- a4x Jr- a5y -+- a6xy q- a7y 2,

pzxX + PzrY + Pzz

for appropriately computed {ai, i = 0 . . . 7}. Equation (9) is
called the pseudo-perspective model or transformation.
Equation (5) relating the optical flow with structure and
motion assumes that the interframe rotation is small. If this is
not the case, the effect of camera motion must be computed
using projective geometry [27, 28]. Assume that an arbitrary
point in the 3D scene lies at (X0, Y0, Z0) in the reference frame
of the first camera, and moves to (X1, Y1, Z1) in the second.
The effect of camera motion relates the two coordinate
systems according to
Xl
Y1

--

rxx

rxy

rxz

Xo

ryx

ryy

ryz

Yo

ty

cososino)(xo)(bo)+
sin 0
and

tx
-[-

which is also a perspective transformation, albeit with
different parameters, p = = 1, without loss of generality,
giving 8 df for the perspective model.
Other popular global deformations mapping the projection
of a point between two frames are the similarity and affine
transformations, which are given by

(10)

cos 0

bl

YO

(Xl) (ao ax)(Xo)(bo)
'Jr-

Zl

rzx

rzy

rzz

Zo

Yl

tz

where the rotation matrix [rO ] is a function of ~o. Combining
(1) and (10) permits the expression of the projection of the
point in the second image in terms of that in the first as

X1 - -

rx~xo + rxyYo + rxz + tx/Zo
rzxXo + rzryo + rzz + tz/Zo '

(11)
Yl-

rrxXo + rr#o + rrz + ty/Zo
r=xo + rzyyo + rzz + tz/Zo

Assuming either that (a) points are distant compared to the
interframe translation (i.e., neglecting the effect of translation)
or (b) a planar embedding of the real world (8), the perspective
transformation is obtained:

a2

a3

Y0

,

(14)

(15)

bl

respectively. Free parameters for the similarity model are the
scale factor s, image plane rotation 0, and translation (b0, bl).
Taking the difference between interframe coordinates of the
similarity transform gives the optical flow field model (7) with
one constraint on the free parameters. The affine transformation is a superset of the similarity operator, and incorporates
shear and skew as well. The optical flow field corresponding to
the coordinate affine transform (15) is also a 6-df affine
model. The perspective operator is a superset of the affine, as
can be readily verified by setting Pz, = Pzr = 0 in (12).
The similarity, affine, and perspective transformations are
group operators, which means that each family of transformations constitutes an equivalence class. The following four
properties define group operators:

(12)

1. Closure: If A , B ~ G where G is a group, then the
composition AB ~ ~.
2. Associativity: For all A, B, C, ~ G, (AB)C = A(BC).
3. Identity: 31 ~ ~ such that A I = IA = A.
4. Inverse: For each operator A ~ G, there exists an inverse
A- 1 E ~ such that AA- 1 = A- 1A = I.

The flow field (u, v) is the difference between image plane
coordinates ( x l - x0, Yl-Y0) across the entire image. When
the FOV is small, it can be assumed that ]p=x0],
[PzrYo] << IPzz[. Under this assumption, the flow field, as a

The utility of the closure property is that a sequence of images
can be rewarped to an arbitrarily chosen "origin" frame using
any single class of operators, and flows computed only
between adjacent frames. Since the inverse of each transformation exists, the origin need not necessarily be the first frame
of the sequence. Note that the pseudo-perspective transformation (9) is not a group operator. Therefore, to warp an image

X1 ~

p=xo + Pxryo + Pxz
p=xo + PzrYo + P=

yl-

prxxo + Pr#o + Pyz
p=xo + PzrYo + Pzz
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under a pseudo-perspective global deformation, it is necessary
All feature-based methods assume that there are features in
to register each new image directly to the origin. This can get the images that can reliably be extracted and matched across
tricky when the displacement between them is large, worse yet frames. There are cases when there are hardly any features like
when the overlap between them is small.
in aerial imagery. For such situations, flow-based methods are
In the process of global motion estimation, each data point more suitable.
is the optical flow at a specified pixel, described by the data
vector ( u , v , x , y ) . For the affine and pseudo-perspective
4.2 Flow Based
transformations, it is obvious that the unknowns form a set
of linear equations with coefficients that are functions of the The first step in most flow-based stabilization methods is
data vector components. The same is true for the perspective optical flow estimation. The computation of optical flow using
and similarity operators, although not obvious. For the image derivatives hinges on the preservation of the image
perspective transform, the denominators of (13) are multi- luminance pattern ~r(x, y, t) over time. This translates into the
gradient constraint equation (Chapter 3.8 and [33]),
plied out, while for the similarity transform, the substitutions
So = s cos0 and Sl = s sin0 give rise to linear equations. In
particular, the coefficients of the unknowns in the linear
a t + U-~x + v
-- 0 Yx, y, t,
(16)
equations for the similarity, affine and pseudo-perspective
models are functions of the coordinate (x, y) of the data point.
Assuming that errors in data are present only in u, v this
in the first-order approximation. The flow field (u, v) is a
implies that errors in the linear system for the similarity, affine
function of location (x,y). For smooth motion fields
and pseudo-perspective transforms are present only in the
encountered in typical global motion problems, it is mean"right-hand side." In contrast, errors exist in all terms for the
ingful to model (u, v) as a weighted sum of basis functions
perspective model. When errors in u, v are Gaussian, the least
squares (LS) solution of a system of equations of the form (9),
K-1
K-1
(14), or (15) yields the minimum-mean squared error
bl -- E blk(/)k' V -- E Vk~k.
(17)
estimate. For the perspective case, the presence of errors in
k=0
k=0
the "left-hand side" calls for a total least squares (TLS) [29]
approach. In practice, errors in (u, v) are seldom Gaussian,
The basis function ~k(x,y) is typically a locally supported
and simple linear techniques are not sufficient. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
interpolator generated by shifts of a prototype function C~o(X,y)
along a square grid of spacing w. An example of linear basis
function modeling in 1D is shown in Ex. 1. Additional require4 Algorithm
ments are imposed on q~o, to ensure computational ease and
an intuitive appeal for modeling a flow field. These are:

4.1 Feature Based
Section 3.1 uses homography to map one image to the other.
As mentioned there, if such a homography exists, four points
are sufficient to specify it precisely. The correspondence errors
can be handled by using more than four correspondences (if
available) in a RANSAC framework [30]. More often than not,
neither the scene being viewed is planar nor the motion a pure
rotation. In such cases, there is no linear map that relates one
image to the other unless one neglects the effect of translation
[similar to assumption made in (12)].
Usually, researchers either make assumptions on the basis of
domain knowledge or include additional constraints involving
more views to take care of the limitations of the geometric
approach. Morimoto et al. [31] demonstrate real-time image
stabilization that can handle large image displacements based
on a 2D multiresolution technique. Avidan and Shashua [32]
propose an operation called threading that connects two
consecutive fundamental matrices using the trifocal tensor
as the thread. This makes sure that consecutive camera matrices are consistent with the 3D scene without explicitly
recovering it.

1.
2.
3.
4.
5.

Separability: ~b0(x, y) - ~b0(x)~b0(y)
Differentiability: d~o(x)/dx exists Vx.
Symmetry about the origin: ~ 0 ( x ) = C~o(-X)
Peak at the origin: I~0(x)[ _< 4,0(0)- 1
Compact support: ~ 0 ( x ) = 0 Vlxl > w

The cosine window zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJ
1

7~x

~bo(X)-~[1 + c O S ( w ) ] ,

x e [-w,w],

(18)

EXAMPLE 1 A function (left) and its modeled version (right). The model used
here is the linear interpolator or trianglefunction. The contribution of each model
basis function is denoted by the dotted curves.
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is one such choice of basis that has been shown to accurately
model typical optical flow fields associated with global motion
problems. A useful range for w is between 8 and 32.
It can be shown that an unbiased estimate for the basis
function model parameters {Uk, Vk} is obtained by solving the
following 2K equations [16]
^

k

f

^

Ox

k

Oy

^

k

3t Ox '

f

3t 3)I'

^

Ox

¥/= 0,1...K-

f

k

f

Of

1.
(19)

Each pair of equations of the type (19) characterizes the
solution around the image area covered by the basis function
q~l. The dominant unknowns, which are the corresponding
model weights, are ul, vl. The finite support requirement on
basis function ~blensures that only the center weights ul, vl and
their immediate neighbors in the cardinal and diagonal
directions enter each equation. In practice, sampled differentiations and integrations are performed on the sequence.
Each equation pair is computed as follows:
1. First, the X, Y and temporal gradients are computed for
the observed frame of the sequence. Smoothing is
performed before gradient estimation, if the images are
dominated by sharp edges.
2. Three templates, each of size 2w x 2w, are formed. The
first template is the prototype function ~b0, with its
support coincident with the template. The other two are
its X and Y gradients. Knowledge of the analytical
expression for q~0 means that its gradients can be
determined with no error.
3. Next, a square tile of size 2w x 2w of the original and
spatiotemporal gradient images, coincident with the
support of ~bl is extracted.
4. The 18 left-hand-side terms of each equation and one
right-hand-side term are computed by overlaying the
templates as necessary and computing the sum of
products.
5. Steps 3 and 4 are repeated for all K basis functions.
6. Since the interactions are only between spatially adjacent
basis function weights, the resulting matrix is sparse,
block tridiagonal, with tridiagonal submatrices, each
entry of which is a 2 x 2 matrix. This permits
convenient storage of the left-hand-side matrix.
7. The resulting sparse system is solved rapidly using
the preconditioned biconjugate gradients algorithm
[34, 35].

The procedure described above produces a set of model
parameters {Uk, Vk} that largely conforms to the appropriate
global motion model, where one exists. In the second phase,
these parameters are simultaneously fit to the global motion
model while outliers are identified, using the iterated weighted
least squares technique outlined below:
1. Initialization:
(a) All flow field parameters whose support regions
show sufficiently large high-frequency energy
(quantified in terms of the determinant and
condition number of the covariance matrix of
the local spatial gradient) are flagged as valid data
points.
(b) A suitable global motion model is specified.
2. Model fitting:
(a) If there are an insufficient number of valid data
points, the algorithm signals an inability to compute
the global motion. In this event, a more restrictive
motion model must be specified.
(b) If there are sufficient data points, model parameters
are computed to be the LS solution of the linear
system relating observed model parameters with the
global motion model of choice.
(c) When a certain number of iterations of this step are
complete, the LS solution of valid data points is
output as the global motion model solution.
3. Model consistency check:
(a) The compliance of the global motion model to the
overlapped basis flow vectors is computed at all grid
points flagged as valid, using a suitable error metric.
(b) The mean error E is computed. For a suitable
multiplier f, all grid points with errors larger than
f ~ are declared invalid.
(c) Step 2 is repeated.
Typically, three to four iterations are sufficient. Since this
system is open-loop, small errors do tend to build up over
time. It is also conceivable to use a similar approach to refine
the global motion estimate by registering the current image
with a suitably transformed origin frame.
It is worthwhile to briefly discuss here a few recently
proposed, analytically appealing algorithms for the computation of optical flow. Liu et al. [36] propose a fast multiscale
algorithm for dense optical flow estimation. They integrate
hierarchic image representation by wavelet decompostion with
differential techniques in a novel coarse-and-fine manner.
This approach avoids the error propagation from the coarse
level that is inherently present in the traditional coarse-to-fine
approaches. They show that if a compactly supported wavelet
basis with one vanishing moment is carefully selected,
hierarchic image, first-order derivative, and corner representation can be obtained from the wavelet decomposation. This
way dense optical flow can be estimated using three of the four
components of the wavelet decomposition using only two
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frames. This automatically takes care of the "flattening-out"
problem in traditional pyramid methods, which produce
unaccaptable errors when low-texture regions become flat at
coarse levels due to blurring.
In another work Liu et al. [37] combine the 3D structure
tensor with a parametric optical flow model to transform
the optical flow estimation problem to a generalized eigenvalue problem. The confidence measure derived from the
generalized eigenvalues is used to dynamically adjust the
neighborhood to include a wider area of coherent motion.
This makes the flow estimation more accurate and robust to
aperture problem. An affine model is used as the parametric
model for 3D flow instead of the conventional constant flow
assumption within the neighborhood.
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(a)

(b) zyxwvutsrqponmlkjihgfed

(c)

(d)

5 Two-Dimensional Stabilization
Image stabilization is the process that compensates for the
unwanted motion in an image sequence. In typical situations,
the term "unwanted" refers to the motion in the sequence
resulting from the kinematic motion of the camera with
respect to an inertial frame of reference. For example, consider
high-magnification handheld binoculars. The jitter introduced
by an unsteady hand causes unwanted motion in the scene
being viewed. Although this jitter can be eliminated by
anchoring the binoculars on a tripod, this is not always
feasible. Gyroscopic stabilizers are used by professional
videographers, but their bulk and cost are a deterrent to
several users. Simpler inertial mechanisms are often found in
cheaper "image stabilizing" optical equipment. These work by
perturbing the optical path of the device to compensate for
unsteady motion. The same effect can be realized in electronic
imaging systems by rewarping the generated sequence in the
digital domain, with no need for expensive transducers or
moving parts.
The unwanted component of motion does not carry any
relevant information to the observer, and is often detrimental
to subsequent image understanding algorithms. For general
3D motion of a camera imaging a 3D scene, the translational
component of the velocity cannot be annulled because of
motion parallax. Compensating for 3D rotation of the camera
or components thereof is referred to as 3D stabilization, and is
discussed in Section 8. More commonly, the optical flow field
is assumed to obey a global model, and the rewarping process
using the computed global motion model parameters is
known as 2D stabilization. Under certain conditions, for
example when there is no camera translation, the 2D and 3D
stabilization algorithms produce identical results.
The similarity, affine, and perspective models are
commonly used in 2D stabilization. Algorithms, such as
the one described in Section 4 compute the model
unknowns. The interframe transformation parameters are

EXAMPLE 2 The first sequence was gathered by a Texas Instruments (TI)
infrared camera with a relatively narrow field of view. The scene being
imaged is a road segment with a car, a cyclist, two pedestrians, and foliage.
The car, cyclist, and pedestrians move across the scene, and the foliage ruffles
mildly. The camera is fixated on the cyclist, throwing the entire background
into motion. It is difficult for a human observer to locate the cyclist without
stabilizing for camera motion. The camera undergoes panning with no
rotation about the optical axis and no translation. The first and forty-second
frames are shown in (a) and (b). The difference between these frames with
no stabilization is shown in (c), with the zero difference offset to 50% gray
intensity. Large difference magnitudes can be seen for several foreground and
background objects in the scene. On the other hand, the cyclist disappears in
the difference image. The same difference, after stabilization, is shown in (d).
Background areas disappear almost entirely, and all moving foreground
objects including the cyclist appear in the stabilized difference. The position of
the cyclist in the first and forty-second frames is indicated by the white and
black arrows, respectively.

accumulated to estimate the warping with respect to the first
or arbitrarily chosen origin frame. Alternatively, the registration parameters of the current frame with respect to the
origin frame can be directly estimated. For smooth motion,
the former approach allows the use of gradient-based flow
techniques for motion computation. However, the latter
approach usually has better performance since errors in the
interframe transformation tend to accumulate in the former.
Two sequences, reflecting disparate operating conditions, are
presented here (Ex. 2 and 3) for demonstrating the effect of
2D stabilization. It must be borne in mind that the output of
a stabilizer is an image sequence whose full import cannot
be conveyed via still images.
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(b)
7.......

EXAMPLE 4
This shows a mosaic formed by feature-based method. First of all,
features are extracted in each frame followed by correspondence establishment.
This is a case of pure rotation. So homgraphy is computed and then all frames are
transformed to a common frame of reference.

(c)

(d)

EXAMPLE
3
The second image sequence, courtesy of Martin Marietta,
moving objects, or when there is camera translation. The static
portrays a navigation scenario where a forward-looking camera is mounted on
mosaic is generated by aligning successive images with respect
a vehicle. The platform translates largely along the optical axis of the camera,
to the first frame of a batch, and performing a temporal
and undergoes pitch, roll, and yaw. The camera has a wide field of view, and
filtering operation on the stack of aligned images. Typical
the scene shows significant depth variation. The lower portion of the image is
filters
are pixelwise mean or median over the batch of images,
the foreground, which diverges rapidly as the camera advances. The horizon
and distantly situated hills remain relatively static. The third and twentieth
which have the effect of blurring out moving foreground
frames of this sequence are shown in (a) and (b). Clearly, forward translation
objects. Alternatively the mosaic image can be populated with
of the camera is not insignificant and full stabilization is not possible.
the first available information in the batch.
However, the affine model performs a satisfactory job of stabilizing for pitch,
Unlike the static mosaic, the dynamic mosaic is not a batch
roll, and yaw. This is verified by looking at the unstabilized and stabilized
operation.
Successive images of a sequence are registered to
frame differences, shown in (c) and (d), respectively. In (d), the absolute
difference around the hill areas is visibly very small. The foreground does
either a fixed or a changing origin, referred to as the backwardshow change due to forward translation parallax that cannot be compensated
and forward-stabilized mosaics, respectively. At any time
for. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 Mosaicking
Mosaicking is the process of compositing or piecing together
successive frames of an image sequence so as to virtually
increase the FOV of the camera [38]. This process is
especially important for remote surveillance, teleoperation of
unmanned vehicles, rapid browsing in large digital libraries,
and video compression. Mosaics are commonly defined only
for scenes viewed by a pan/tilt camera. However, recent
studies look into qualitative representations, nonplanar
embeddings [39], and layered models [40]. The newer
techniques permit camera translation and gracefully handle
the associated parallax. Mosaics represent the real world in
2D, on a plane or other manifold like the surface of a sphere
or "pipe." Mosaics that are not true projections of the 3D
world, yet present extended information on a plane are
referred to as qualitative mosaics.
Several options are available while building a mosaic. A
simple mosaic is obtained by compositing several views of a
static 3D scene from the same view point and different view
angles. Two alternatives exist, when the imaged scene has

instant, the mosaic contains all the new information visible
in the most recent input frame. The fixed coordinate system
generated by a backward-stabilized dynamic mosaic literally
provides a snapshot into the transitive behavior of objects in
the scene. This finds use in representing video sequences using
still frames. The forward-stabilized dynamic mosaic evolves
over time, providing a view port with the latest past information supplementing the current image. This procedure is
useful for virtual FOV enlargement in the remote operation of
unmanned vehicles.
To generate a mosaic, the global motion of the scene is first
estimated. This information is then used to rewarp each
incoming image to a chosen frame of reference. Rewarped
frames are combined in a manner suitable to the end
application. The algorithm presented in Section 4 is an
efficient means of computing the global motion model
parameters. Results using this algorithm are presented in the
following examples. Examples 4 and 5 show the mosaics
obtained using the feature-based method. In the absence of
discernible features, correspondence establishment becomes
difficult. The mosaic shown in Ex. 5 contain artifacts due to
the errors in correspondence. Examples 6, 7, and 8 illustrate
the effectiveness of flow-based methods in such featureless
scenes.
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7 Motion Superresolution

zyxwvutsrqponmlkjihgfedcbaZYXW

Besides being used to eliminate foreground objects, data
redundancy in a video sequence can be exploited for
enhancing the resolution of an image mosaic, especially
when the overlap between the frames is significant. This
process is known as motion superresolution. Each frame
of the image sequence is assumed to represent a warped
subsampling of the underlying high resolution original. In
addition, blur and noise effects can be incorporated into
the image degradation model. Let @u represent the
underlying image, and K(xu, yu, x,y) be a multirate
kernel that incorporates the effect of global deformation,
subsampling, and blur. The observed low-resolution
image ~p is given by

u(Xu,yu)K(Xu,yu,X,y)+
Xu ~Yu

EXAMPLE 5 This is again a mosaic formed using a feature-based method.
In this sequence, there are hardly any features and the motion is arbitrary
(although the scene is more or less planar). Few artifacts can be seen along the left where r/is a noise process.
edge of the mosaic. This example shows that, as expected, optical flow-based
methods perform much better on these types of sequences. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)

(b)

(c)

Images (a) and (b) show the first and 180th frames of the Predator F sequence. The vehicle near
the center moves as the camera pans across the scene in the same general direction. Poor contrast is evident in
the top right of (a), and in most of (b). The use of basis functions for computing optical flow pools together
information across large areas of the sequence, thereby mitigating the effect of poor contrast. Likewise, the iterative
process of obtaining model parameters successfully eliminates outliers caused by the moving vehicle. The mosaic
constructed from this sequence is shown in (c).
EXAMPLE 6

(20)
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Example 9 To illustrate the operation of (20), consider a simple
example. Let the observed image be a 4:1 down-sampled
representation of the original, with a global translation of
(2-3) pixels and no noise. Also assume that the downsampling
kernel is a perfect antialiasing alter. The observed image formed
by this process is given by

lP4(Xu,Yu) --

l[ru(Xu,Yu):¢

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
K0(4x- 2, 4)' + 3)

{ 10 I'Oxl,
4otherwise
lo) l <

EXAMPLE 7 The TI car sequence is reintroduced here to demonstrate the
generation of static mosaics. After realignment with the first frame of the
sequence, a median filter is applied to the stack of stabilized images, generating
the static mosaic shown. Moving objects, viz. the car, cyclist, and pedestrians, are
virtually eliminated, giving a pure background image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(21)

r(X,y) "-- 4(4X,4y),

Ko being the antialiasing alter and f (Ko) its Fourier transform.
The process defined in (21) represents, in some ways, the worstcase scenario. For this case, it can be shown that the original
high-pass frequencies can never be estimated, since they are
perfectly filtered out in the image degradation process. Thus,
multiple high-resolution images produce the same low-resolution
images after (21). On the other hand, when the kernel K is a
finite support filter, the high-frequency information is attenuated
but not eliminated. In theory, it is now possible to restore the
original image content, at almost all frequencies, given sufficient
low-resolution frames.

This example demonstrates that mosaics can be used to
demonstrate dynamic information. This is a 2200-frame mosaic obtained from
the predator imagery. Red marks show the path of moving vehicles. The mosaic
was created using an iterative variant [41] of the described optical flow-based
algorithm. The paths were obtained by appyling Kanade-Lucas Tracker (KLT)
tracker [42] on the stabilized sequence (see color insert).

EXAMPLE 8

Motion superresolution algorithms usually comprise three
distinct stages of processing, viz. (i) registration, (ii) blur
estimation, and (iii) refinement. Registration is the process of
computing and compensating for image motion. More often
than not, the blur is assumed to be known, although in theory
the motion superresolution problem can be formulated to
perform blind deconvolution. The kernel K is specified given
the motion and blur. The process of reconstructing the
original image from this information and the image sequence
data is termed as refinement. Often, these stages are performed
iteratively and the high-resolution image estimate evolves
over time.
The global motion estimation algorithm outlined in
Section 4 can be used to perform rapid superresolution. It
can be shown that superresolution can be approximated by
first constructing an up-sampled static mosaic, followed by
some form of inverse filtering to compensate for blur. This,
approximation is valid when the filter K has a high attenuation
over its stopband, and thereby minimizes aliasing. Moreover,
such a procedure is highly efficient to implement and provides
reasonably detailed superresolved frames. Looking into the
techniques used in mosaicking, the median filter emerges as an
excellent procedure for robustly combining a sequence of
images prone to outliers. The superresolution process is
defined in terms of the following steps:
1. Compute the global motion for the image sequence.
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(a)

(d)

(b)

(e)

(c) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

(f)

EXAMPLE10 A demonstration of the ability of this relatively simple approach for performing motion superresolution are
presented here. The Predator B sequence data are gathered from an aerial platform (the predator unmanned air vehicle) and
compressed with loss. One frame of this sequence is shown in (a). Forty images of this sequence are coregistered using an
affine global motion model, up-sampled by a factor of 4, combined and sharpened to generate the superresolved image, b, zyxwvutsrqponmlkjihgfedcbaZY
d:
Car and truck present in the scene, at the original resolution, e: The truck image up-sampled by a factor of 4, using a bilinear
interpolator. The superresolved images of the car and truck are shown in (c) and (f), respectively. The significant
improvement in visual quality is evident. It must be mentioned here that for noisy input imagery, much of the data
redundancy is expended in combating compression noise. More dramatic results can be expected when noise-free input data
are available to the algorithm.

structure and motion given observations on the image plane.
Solutions to SFM are based on elimination of the depth field
by cross-multiplication [4, 27, 43-46], differentiation of flow
fields [47, 48], nonlinear optimization [1, 49], and other
approaches. For a comprehensive discussion of SFM algorithms, the reader is encouraged to refer to the literature
[16, 27, 28, 50]. Alternatively, camera rotation can be
measured using transducers.
Upon computing the three rotation angles, viz. the pitch,
Example 10 presents a demonstration of motion superroll, and yaw of the camera, the original sequence can be
resolution. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
rewarped to compensate for these effects. Alternatively, one
can perform selective stabilization [51], by compensating the
sequence for only one or two of these components. Extending
8 Three-Dimensional Stabilization
this concept, one can selectively stabilize for certain frequencies of motion so as to eliminate handheld jitter, while
Three-dimensional stabilization is the process of compensat- preserving deliberate camera pan.
ing an image sequence for the true 3D rotation of the camera.
Extracting the rotation parameters for the image sequence
9 Summary
under general conditions involves solving the structure f r o m
m o t i o n (SFM) problem, which is the simultaneous recovery of
full 3D camera motion and scene structure. Mathematic Image stabilization, mosaicking, and motion superresoluanalysis of SFM shows the nonlinear interdependence of tion are processes operating on a temporal sequence of
2. For an up-sampling factor M, scale up the relevant
global motion parameters.
3. Using a suitable interpolation kernel and scaled motion
parameters, generate a stabilized, up-sampled sequence.
4. Build a static mosaic using a robust temporal operator
like the median filter.
5. Apply a suitable sharpening operator to the static
mosaic.
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"The nature of things, hidden in darkness, is revealed
only by analogizing. This is achieved in such a way that
by means of simpler machines, more easily accessible to
the senses, we lay bare the more intricate."
Marcello
Malpighi, 1675

1 Introduction
1.1 Aim and Scope
The author of a short chapter on computational models of
human vision is faced with an embarras de richesse. One wishes
to make a choice between breadth and depth, but even this is
virtually impossible within a reasonable space constraint. It
is hoped that this chapter will serve as a brief overview for
engineers interested in processing done by the early levels of
the human visual system. We will focus on the representation
of luminance information at three stages, the optics and initial
sampling, the representation at the output of the eyeball
itself, and the representation at primary visual cortex. With
apologies, I have allowed us a very brief foray into the historical
roots of the quantitative analysis of vision, which I hope may
be of interest to some readers.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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1.2 A Brief History
The first known quantitative treatment of image formation
in the eyeball by Alhazan predated the Renaissance by four
centuries. In 1604, Kepler codified the fundamental laws of
physiologic optics including the then-controversial inverted
retinal image, which was then verified by direct observation of
the image in situ by Pater Scheiner in 1619 and later (and
more famously) by Rene Descartes. Over the next two
centuries there was little advancement in the study of vision
and visual perception per se with the exception of Newton's
formulation of laws of color mixture. However, Newton's
seemingly innocuous suggestion that "the Rays to speak
properly are not coloured" [1] anticipated the core feature of
modern quantitative models of visual perception: the computation of higher perceptual constructs (e.g., color) based on
the activity of peripheral receptors differentially sensitive to a
physical dimension (e.g., wavelength). 1
In 1801, Thomas Young proposed that the eye contained
but three classes of photoreceptor, each of which responded
with a sensitivity that varied over a broad spectral range [2].
1 Newton was pointing out that colors must arise in the brain, because
a given color can arise from many wavelength distributions, and some colors
can only arise from multiple wavelengths. The purples for example, and even
unique red (a red that observers judge as tinged with neither orange nor
violet), are colors that cannot be experienced by viewing a monochromatic
light.
325
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This theory, including its extensions by Helmholtz, was
arguably the first modern computational theory of visual
perception. The Young/Helmholtz theory explicitly proposed
that the properties of objects in the world are not sampled
directly, but that certain properties of light are encoded by
the nervous system, and that the resulting neural activity was
transformed and combined by the nervous system to result
in perception. Moreover, the neural activity was assumed
to be quantifiable in nature, and thus the output of the
visual system could be precisely predicted by a mathematic
model. In the case of color, it could be firmly stated that
sensation "may always be represented as simply a function
of three variables" [3]. While not a complete theory of color
perception, this has been borne out for a wide range of
experimental conditions.
Coincident with the migration of trichromatic theory
from England to Central Europe, some astronomical data
made the same journey, and this resulted in the first applied
model of visual processing. The data were observations of
stellar transit times from the Greenwich Observatory taken
in 1796. There was a half-second discrepancy between the
observations by Maskelyne (the director) and Kinnebrook
(his assistant), and for this Kinnebrook lost his job. The
observations caught the notice of Bessel in Prussia at a time
when the theory of variability was being given a great deal
of attention due to the work of Laplace, Gauss, and others.
Unable to believe that such a large, systematic error could be
due to sloppy astronomy, Bessel developed a linear model of
observers' reaction times to visual stimuli (i.e., stellar transits)
relative to one another. These models, which Bessel called
"personal equations" could then be used to correct the data
for the individual making the observations.
It was no accident that the 19th century saw the genesis of
models of visual behavior, for it was at that time that several
necessary factors came together. First, it was realized that an
understanding of the eyeball itself begged rather than yielded
an explanation of vision.
Second, the brain had be to viewed as explainable, that
is, viewed in a mechanistic fashion. While this was not
entirely new to the 19th century, the measurement of the
conduction velocity of a neural impulse by Helmholtz in 1850
probably did more than any other single experiment to
demonstrate that the senses did not give rise to immediate,
qualitative (and therefore incalculable) impressions, but rather
transformed and conveyed information by means that were
ultimately quantifiable.
Third, the stimulus had to be understood to some degree.
To make tangible progress in modelling the early levels of
the visual system it was necessary to think, not in terms of
objects and meaningful structures in the environment, but
of light, of wavelength, of intensity, and its spatial and
temporal derivatives. The enormous progress in optics in the
nineteenth century created a climate in which vision could be
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thought of quantitatively; light was not understood, but its
veils of magic were quickly falling away.
Finally, theories of vision would have to constrained and
testable in a quantitative manner. Experiments would have
to be done in which observers made well-defined responses to
well-controlled stimuli in order to establish quantitative inputoutput relationships for the visual system, which could then
in turn be modeled. This approach, called psychophysics,
was born with the publication of Elemente der Psychophysik
by Gustav Fechner in 1860.
With the historical backdrop painted, we can now proceed
to a selective survey of quantitative treatments of early human
visual processing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML

1.3 A Short Overview
Figure 1 shows a schematic overview of the major structures
of the early visual system and some of the functions they
perform. We start with the visual world, which varies with
space, time, and wavelength, and has an amplitude spectrum
roughly proportional to l/f, where f is the spatial frequency
of luminance variation. The first major operations by the
visual system are passive: lowpass filtering by the optics and
sampling by the receptor mosaic, and both of these operations
and the relationship between them vary with eccentricity.
The retina of the eyeball filters the image further. The
photoreceptors themselves filter along the dimensions of time
and wavelength, and both vary with receptor type. The output
ccells of the retina, the retinal ganglion cells, synapse onto
the lateral geniculate nucleus of the thalamus (known as the
LGN). We will consider the LGN primarily as a relay station
to cortex, and the properties of retinal ganglion cells and
LGN cells will be treated as largely interchangeable.
LGN cells come in two major types in primates,
Magnocellular ("M") and Parvocellular ("P"); the terminology was adopted for morphologic reasons, but important
functional properties distinguish the cell types. To grossly
simplify, M cells are tuned to low luminance spatial frequencies, high temporal frequencies, and are insensitive to variation in wavelength. In contrast, P cells are tuned to high
luminance spatial frequencies, low temporal frequencies, and
encode wavelength information. These two cell types work
independently and in parallel, emphasizing different aspects
of the same visual stimuli. In the 2D Fourier plane, both are
circularly symmetric bandpass filters.
In the primary visual cortex, several properties emerge.
Cells now encode three important stimulus properties that
involve displacement of stimulus energy across an extensive
dimension.
Cells become tuned to direction of motion (displacement
across time), binocular disparity (displacement across eyeballs) and orientation (displacement across space). Because of
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Structure

Operations

2D Fourier Plane

World

I(x,y,t,~,)

Optics

Low-pass spatial filtering

Photoreceptor
Array

Sampling, more low-pass
filtering, temporal low/bandpass
filtering, )~filtering, gain control,
response compression

LGN Cells

Spatio-temporal bandpass
filtering, ~, filtering, multiple
parallel representations

Primary Visual Cortical
Neurons:
Simple & Complex

327

Simple cells: orientation,
phase, motion, binocular
disparity & ~, filtering
Complex cells: no phase
filtering (contrast energy
detection)

FIGURE 1 Schematic overview of the processing done by the early visual system. On the left are some of the major
structures to be discussed. The middle column lists some of the major operations done at the associated structure. The
right-hand column shows the 2D Fourier representation of the world, the retinal image, and the sensitivities typical
of a ganglion and cortical cell.

the orientation tuning, they can be represented as Gaussian and thus take advantage of the natural division between
blobs on the spatial Fourier plane, as shown in Fig. 1.
optical and neural events.
A new dichotomy also emerges, that between so-called
"simple" and "complex" cells. Simple cells behave much as 2.1 Optics
wavelet-like linear filters, although they demonstrate some
response nonlinearities critical to their function. The complex The optics of the eyeball are characterized by its 2D spatial
cells are more difficult to model, as their sensitivity shows no impulse response function, the point-spread function [4]:
obvious spatial structure.
h(r) 0 . 9 5 2 e -2"591r1136 -nt- 0 . 0 4 8 e -2"431r1174
(1)
We will now explore the properties of each of these functional divisions, and their consequences, in turn. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in which r is the radial distance in minutes of arc from the
center of the image.
2 The Front End
This function, plotted in Fig. 2, (or its Fourier transform,
the modulation-transfer function), completely characterizes
A scientist in biologic vision is likely to refer to anything the optics of the eye within the central visual field (completely
between the front of the cornea and the area on which encompassing the foveola, the central region in which our vision
he or she is working as "the front end." Herein, we use the is most acute). The optics do deteriorate more substantially in
term to refer to the optics and sampling of the visual system the far periphery, so a spatially variant point-spread function
-

-
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FIGURE 2 The point spread function of the human eyeball.The x and y axes are in minutes of arc, and the z axis is
in arbitrary units. The spacing of the grid lines is equal to the spacing of the photoreceptors in the central visual field of
the human eyeball,which is approximately30 seconds of arc.

is actually required to fully characterize image formation in cone sampling grid one degree from the center of the fovea
the human eyeball. For most purposes, however, the point- taken in two living, human eyes using aberration-correcting
spread function may be simply convolved with an input adaptive optics (similar to those used for correcting
image, viz.: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
atmospheric distortions for terrestrial telescopes) [5]. The
short-, medium-, and long-wavelength sensitive cones have
(2) been colored blue, green, and red, respectively. At the central
i(x, r) - I(x, r) * h(x, r)
fovea, the average inter-receptor distance is about 2.5 gm,
which
is about 30 seconds of arc in the human eyeball. Locally,
to compute the central retinal image for an arbitrary stimulus,
the
lattice
is roughly hexagonal, but it is irregular over large
and thus derive the starting point of vision.
areas and seems to become less regular as eccentricity
increases. Theoretical performance has been compared in
2.2 Sampling
various visual tasks using both actual foveal receptor lattices
While sampling by the retina is a complex spatio-temporal taken from anatomic studies of the macaque 2 retina and
neural event, it is often useful to consider it to be a passive idealized hexagonal lattices of the same receptor diameter, and
event governed only by the geometry of the receptor grid little difference was found [6].
and the stationary probability of a single receptor absorbing
While the use of a regular hexagonal lattice is convenient
a photon. In the human retina, there are two parallel sampling for calculations in the space domain, it is often more efficient
grids to consider, one comprising the rod photoreceptors
and operating in dim light, and the other comprising the
2 The macaque is an old-world monkey, macacafascicularis, commonlyused
cone photoreceptors (on which we concentrate) and operating in vision research because of the great similarity between the macaque and
in moderate to bright light. Shown in Fig. 3 are images of the human visual systems.
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FIGURE 3 The upper panel shows the retinal sampling grid near the center of the visual field of two living human
eyeballs. The different cone types are color-coded (from Roorda and Williams, 1999, reprinted with permission). The
middle panel shows the density of various cell types in the human retina. The rods and cones are the photoreceptors
that do the actual sampling in dim and bright light, respectively. The ganglion cells pool the photoreceptor responses
and transmit information out of the eyeball (from Geisler and Banks, 1995). The lower panel shows the dendritic field
size (assumed to be roughly equal to the receptive field size) of the two main types of ganglion cell in the human retina
(redrawn from Dacy, 1993). The gray shaded region shows the parasol (or M) cells, and the green region shows the
midget (or P) cells. The two cell types seems to independently and completely tile the visual world. The functional
properties of the two cell types are summarized in Table 1 (see color insert).
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TABLE 1 A summary of some of the important properties of the two major cell types providing input to the visual cortex
Property

P cells

M cells

Comments

80
Relatively small, single cone center
in fovea, increases with eccentricity
(See Fig. 3)
Poor (factor of 8-10 lower than for
M cells), driven by high contrast
Low
Peak and high-frequency cutoff at
relatively high spatial frequency

10
Relatively large, about 3x larger than P cells
at any given eccentricity

The remainder project to subcortical streams
RF modelled well by a difference-of-Gaussians

-

Percent of cells
Receptive field size

Contrast sensitvity
Contrast gain
Spatial frequency response

Temporal frequency response
Spatial linearity

Lowpass, falloff at 20-30 Hz
Almost all have linear summation

Wavelength opponency
Conduction velocity

Yes
Slow (6 mlsec)

Good, saturation at high contrasts
High (about 6x higher)
Peak and high-frequency cutoff at relatively
low spatial frequency
Bandpass, peaking at or above 20 Hz
Most have linear summation, some show
marked non-linearities
No
Fast (15 mlsec)

Possible gain control in M cells
Unclear dichotomy: physiologic differences
tend to be less pronouced than predicted
by anatomy
Estimated proportion of nonlinear neurons
depends on how the distinction is made
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to work in the frequency domain. In the central retina, one
can take the effective sampling frequency to be v/3-/2 times the
average inter-receptor distance (due to the hexagonal lattice),
and then treat the system as sampling with an equivalent
2D comb (sampling) function. In the peripheral retina, where
the optics of the eye pass frequencies above the theoretical
sampling limits of the retina, it is possible that the irregular
nature of the array helps prevent some of the effects of
aliasing. However, visual discriminations in the periphery
can be made above the nyquist frequency via the detection of
aliasing [7], so a 2D comb function of appropriate sampling
density can probably suffice for representing the peripheral
retina under some conditions.
The photoreceptor density as a function of eccentricity
for the rod and cone receptor types in the human eye is shown
in Fig. 3b. The cone lattice is foveated, peaking in density at
a central location and dropping off rapidly away from this
point. Also shown is the variation in the density of retinal
ganglion cells that transmit the information out of the eyeball.
The ganglion cells effectively sample the photoreceptor array
in receptive fields, whose size also varies with eccentricity.
This variation for the two main types of ganglion cells (which
will be discussed below) is shown in Fig. 3. The ganglion
cell distribution is also foveated, and it falls off more rapidly than
cone density, indicating that ganglion cell receptive fields in
the periphery summate over a larger number of receptors, thus
sacrificing spatial resolution. This is reflected in measurements
of visual acuity as a function of eccentricity, which fall in
accord with the ganglion cell data [7].
The other main factor to consider is the probability of given
receptor absorbing a photon, which is governed by the area of
the effective aperture of the photoreceptor and the probability that a photon entering the aperture will be absorbed.
This latter probability is obtained from Beer's Law, which
gives the ratio of radiant flux reaching the back of the receptor
outer segment to that entering the front [9]:
v(X) = 10 -ice(x)

(3)

in which l is the length of the receptor outer segment, c is
the concentration of unbleached photopigment, and e(X) is
the absorption spectrum of the photopigment.
For many modelling tasks, it is most convenient to express
the stimulus in terms of n(~.), the number of quanta per
second as a function of wavelength. This is given by [10]:

L(X)
n(X) -- 2.24 x 103A V(X)t(X)X

(4)

in which A is area of the entrance pupil, L(X) is the spectral
luminance distribution of the stimulus, V(~.) is the standard
spectral sensitivity of human observers, and t(~.) is the
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transmittance of the ocular media. Values of these functions
are tabulated in [9].
Thus, for any receptor, the number of absorptions per
second, N, is given approximately by:

N-

f a(1 - v(X))n(X)dX

(5)

in which a is the receptor aperture.
These equations are of fundamental import because they
describe the data that the visual system collects about the
world. Any comprehensive model of the visual system must
ultimately use these data as input. In addition, since these
equations specify the information available to the visual system, they allow us to specify how well a particular visual task
could be done in principle. This specification is done using
a special type of model called an ideal observer. zyxwvutsrqponmlkjihgfed

2.3 The Ideal Observer
An ideal observer is a mathematic model that performs a given
task as well as possible given the information in the stimulus.
It is included in this section because it was traditionally used
to assess the visual system in terms of quantum efficiency, f,
which is the ratio of the number of quanta theoretically
required to do a task to the number actually required [e.g.,
11]. It is therefore more natural to introduce the topic in
terms of optics. However the ideal observer has been used to
assess the information loss at various neurophysiologic sites in
the visual system [6, 12], the only requirement being that the
information present at a given site can be quantitatively
expressed.
The ideal observer performs a given task optimally (in the
Bayesian sense), and it thus provides an absolute theoretical
limit on performance in any given task (it thus gives to
psychophysics and neuroscience what absolute zero gives to
thermodynamics: a fundamental baseline). For example, the
smallest offset between a pair of abutting lines (such as on
a vernier scale on a pair of calipers) that a human observer can
reliably discriminate (75% correct, say) from a stimulus with
no offset is very small i n d e e d - a few seconds of arc. Recalling from above that foveal cone diameters and receptor
spacing are on the order of a half a minute of arc, such
performance seems almost unbelievable. But why? With what
do we make a comparison? The ideal observer gives us the
answer by defining what the best possible performance is.
In our example, a human observer would be less than 1%
efficient as measured at the level of the photoreceptors,
meaning that the human observer would require on the order
of 103 more quanta to achieve the same level of discrimination
performance. In this light, human performance ceases to
appear quite so amazing, and attention can be directed towards
determining how and where the information loss is occurring.
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An ideal observer consists of two main parts, a model of literature, is that people have an affinity for dichotomies. This
the visual system and a Bayesian classifier. The latter is usually is especially evident from a survey of the work on retinoexpressed as a likelihood ratio: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
geniculate processing. Neurons have been dichotomized a
number of dimensions. In most studies, only one or perP(s l a)
l(s) = ~
(6) haps two of these dimensions are addressed, which leaves
P(s l b)
the relationships between the various dimensions somewhat
unclear.
in which the numerator and denominator are the condiWith that caveat in mind, the receptive field shown in Fig. 4
tional probabilities of making observations given that the is fairly typical of that encountered in retinal ganglion cells
stimulus was actually a or b, respectively. If the likelihood or cells of the lateral geniculate nucleus. The upper panel
ratio, or more commonly its logarithm, exceeds a certain shows the hypothetical cell's sensitivity as a function of spatial
amount, stimulus a is judged to have occurred. For a simple position. The receptive field profile shown is a difference-ofdiscrimination, s would be a vector containing observed gaussians, which agrees well with physiologic recordings of the
quantum catches in a set of photoreceptors, and the prob- majority of ganglion cell receptive field profiles [14, 15], and is
ability of this observation being made given hypotheses a and given by:
b would be calculated using the Poisson distribution of light
and the factors described above in Optics and Sampling.
The beauty of the ideal observer is that it can be used to
(7)
DOG(x, y) = ale\-~l ] - a2e\-~2 /
parse the visual system into layers, and examine the information
loss at each layer. Thus, it becomes a tool by which we can
learn which patterns of behavior result from the physics of the in which a 1 and a 2 normalize the areas, and $1 and $2 are space
stimulus and the structure of the early visual system, and constants in a ratio of about 1 : 1.6. Their exact values will vary
which patterns of behavior result from nonoptimal strategies as a function of eccentricity as per Fig. 3.
This representation is fairly typical of that seen in the early
or algorithms employed by the human visual system. For
work
on ganglion cells [e.g., 16], in which the peak response
example, there exists an asymmetry in visual search in which
of
a
neuron
to a small stimulus at a given location in the
a patch of low-frequency texture in a background of highreceptive
field
was recorded, but the location in time of this
frequency texture is much easier to find than when the figure
peak
response
was
somewhat indefinite. Thus, a receptive field
and ground are reversed. It is intuitive to think that if only
profile
as
shown
represents
a slice in time of the neuron's
low-level factors were limiting performance, detecting A on a
response
some
tens
of
milliseconds
after stimulation and,
background of B should be equivalent to detecting B on a
further,
the
slice
of
time
represented
in
one spatial location
background of A (by almost any measure, the contrast of A on
isn't
necessarily
the
same
as
that
represented
in another
B would equal that of B on A). However, an ideal-observer
(although
for
the
majority
of
ganglion
cells,
the
discrepancy
analysis proves this intuition false, and an ideal-observer based
model of visual search produces the aforementioned search would not be too large).
Since the receptive field is spatially symmetric, we can get
asymmetry [ 13]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a more complete picture by looking at a plot of one spatial
dimension against time. Such an x-t plot is shown in the lower
3 Early Filtering and Parallel Pathways
panel of Fig. 4, in which the x-dimension is in arcmin and the
t-dimension is in msec. The response is space-time separable;
In this section, we discuss the nature of the information
the value at any given point is simply the value of the spatial
that serves as the input to visual cortex. This information is
impulse response at that spatial location scaled by the value of
contained in the responses of the retinal ganglion cells (the
the temporal impulse response at that point in time. Thus, the
output of the eyeball) and the LGN. 3 Arguably, this is the last
response is given by
stage which can be comfortably modeled as a strictly datadriven system in which neural responses are independent of
(8)
r(x, t) = DOG(x). [h(t)]
activity from other cells in the same or subsequent layers.

3.1 Spatio-Temporal Filtering
One difficulty with modelling neural responses in the visual
system, particularly for someone new to reading the physiology
3 Thus we regrettably omit a discussion of the response properties of the
photoreceptors per se and of the circuitry of the retina. These are fascinating
topics m the retina is a marvelous computational structure m and interested
readers are referred to [44].

in which h(t) is a biphasic temporal impulse response function. This response function, h(t) was constructed by subtracting two cascaded lowpass filters of different order [cf. 17].
These low-pass filters are constructed by successive autocorrelation of an impulse response function of the form:

h(t) - H(t)e -t/r

(9)
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FIGURE 4 The upper panel shows receptive field profile of a retinal ganglion cell modeled as a difference-of-gaussians.
The x and y axes are in minutes of arc, so this cell would be typical of an M cell near the center of the retina, or a P cell at
an eccentricity of 10 to 15 degrees (see Fig. 2). The lower panel shows a space-time plot of the same receptive field,
illustrating its biphasic temporal impulse response. The x-axis is in minutes of arc, and the ),-axis is in milliseconds.

in which H(t) is the Heaviside unit step-

H(t)-- l l'
! 0,

t > O
t<0

(10)

A succession of n autocorrelations gives

hn(t) -

H(t)(t/r)ne -t/r
rn!

(11)

which is a monophasic (lowpass) filter of order n. A difference of two filters of different orders produces the biphasic
bandpass response function, and the characteristics of the
filter can be adjusted by using component filters of various
orders.

The most important implication of this receptive field
structure, obvious from the figure, is that the cell is bandpass
in both spatial and temporal frequency. As such, the cell
discards information about absolute luminance and emphasizes change across space (likely to denote the edge of an
object) or change across time (likely to denote the motion
of an object). Also obvious from the receptive field structure
is that the cell is not selective for orientation (the direction of
the spatial change) or the direction of motion.
The cell depicted in the figure is representative in terms of
its qualitative characteristics, but the projection from retina to
cortex comprises on the order of 10 6 such cells which vary
in their specific spatio-temporal tuning properties. Rather
than being continuously distributed, however, the cells seem
to form functional subgroups that operate on the input image
in parallel.
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3.2 Early Parallel Representations
The early visual system carries multiple representations of the
visual scene. The earliest example of this is at the level of the
photoreceptors, where the image can be sampled by rods,
cones, or both (at intermediate light levels). An odd aspect
of the rod pathway is that it ceases to exist as a separate entity
at the output of the retina; there is no such thing as a "rod
retinal ganglion cell." This is an interesting example of a need
for a separate sensor system for certain conditions combined
with a need for neural economy. The pattern analyzing
mechanisms in primary visual cortex and beyond are used for
both rod and cone signals with (apparently) no information
about which system is providing the input.
Physiologically, the most obvious example of separate,
parallel projections from the retina to the cortex is the presence of the so-called ON- and OFF-pathways. All photoreceptors have the same sign of response. In the central
primate retina, however, each photoreceptor makes direct
contact with at least two bipolar cells ~ cells intermediate
between the receptors and the ganglion c e l l s - one of which
preserves the sign of the photoreceptor response, and the
other of which inverts it. Each of these bipolar cells in turn
serves as the excitatory center of a ganglion cell receptive field,
thus forming two parallel pathways: an ON pathway which
responds to increases in light in the receptive field center, and
an OFF pathway which responds to decreases in light in the
receptive field center. Each system forms an independent tiling
of the retina, resulting in two complete, parallel neural images
being transmitted to the brain.
Another fundamental dichotomy is between midget (or "P"
for reasons to become clear in a moment) and parasol (or
"M") ganglion cells. Like the ON-OFF subsystems, the midget
and parasol ganglion receptive fields perform a separate and
parallel tiling of the retina. On average, the receptive fields
of parasol ganglion cells are about a factor of 3 larger than
those of midget ganglion cells at any given eccentricity (as
shown in Fig. 3), so the two systems can be thought of as
operating in parallel at different spatial scales. This separation
is strictly maintained in the projection to the LGN, which
is layered like a wedding cake. The midget cells project
exclusively to what are termed the parvocellular layers of
the LGN (the dorsal-most four layers), and the parasol cells
project exclusively to the magnocellular layers (the ventralmost two layers). Because of this separation and the important
physiologic distinctions that exist, visual scientist now
generally speak in terms of the Parvocellular (or "P") pathway,
and the magnocellular (or "M") pathway.
There is a reliable difference in the temporal frequency
response between the cells of the M and P pathways [18].
In general, the parvocellular cells peak at a lower temporal
frequency than parvocellular cells (<10 Hz vs. 10-20 Hz),
have a lower high-frequency cutoff (approx. 20 Hz vs. approx.
60 Hz), and shallower low-frequency rolloff (with many
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P cells showing a DC response). The temporal frequency
response envelopes of both cell types can be functionally
modelled as a difference of exponentials in the frequency
domain.
Another prevalent distinction is based upon linear vs.
nonlinear summation within a cell's receptive field. Two
major classes of retinal ganglion cell have been described in the
cat, termed X and Y cells, based on the presence or absence
of a null phase when stimulated with a sinusoidal grating
[16]. The response of a cell such as shown in Fig. 4 will
obviously depend strongly on the spatial phase of the
stimulus. For such a cell, a spatial phase of a grating can be
found such that the grating can be exchanged with a blank
field of equal mean luminance with no effect on the output of
the cell. These X cells compose the majority. For other cells,
termed Y cells, no such null-phase can be found indicating
that something other than linear summation across space
Occurs.

In the primate, nonlinear spatial summation is much
less prevalent at the level of the LGN (although nonlinear
cells do exist, and are more prevalent in M cells than in P
cells [18]). It may be that nonlinear processing, which is very
important, has largely shifted to the cortex in primates, just
as have other important functions such as motion processing,
which occurs much earlier in the visual systems of more
phylogenically challanged species.
At this point, there is a great body of evidence suggesting
that the M-P distinction is a fundamental one in primates, and
that most of the above dichotomies are either an epiphenomenon of it, or at least best understood in terms of it. Table 1
provides a fairly comprehensive albeit qualitative overview of
what we could term the Magnocellular and Parvocellular
"geniculate-transforms" that serve as the input to the cortex
[19]. If, in fact, work on the visual cortex continues to show
effects such as malleability of receptive fields, it may be that
developing models of geniculate function will actually increase
in importance, because it may be last stage at which we can
confidently rely on a relatively linear transform-type model.
Attempts in this direction have been made [20, 21] but most
modelling efforts seem to have been concentrated on either
cortical cells or psychophysical behavior (i.e., modelling
the output of the human as a whole, e.g., contrast threshold,
in response to some stimulus manipulation).

4 The Primary Visual Cortex
and Fundamental Properties
of Vision
4.1 Neurons of the Primary Visual Cortex
The most striking feature of neurons in the visual cortex is
the presence of several emergent properties. We begin to see,

4.1 Computational Models of Early Human Vision zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
for example, orientation tuning, binocularity, and selectivity
for the direction of motion. The distinction between the
magnocellular and parvocellular pathways remains m they
synapse at different input layers in the visual c o r t e x - but
interactions between them begin to occur.
Perhaps the most obvious and fundamental physiologic distinction in cortex is between so-called simple and
complex cells [22, 23]. This terminology was adopted - - prior
to wide application of linear systems analysis in vision
because in the case of the simple cells mapping the receptive
field was straightforward and, once the receptive field was
mapped, the response of the cell to a variety of patterns could
be intuitively predicted (just as with ganglion cells). Complex
cells, on the other hand, were more complex (see below).
The simple/complex distinction seems to have no obvious
relationship with the magnocellular/parvocellular distinction,
but seems to be a manifestation of a computational scheme
used within both processing streams.
The spatial receptive field of a generic simple cell is shown
in the upper panel of Fig. 5. The cell is modeled as a
Gabor function, in which sensitivity is given by:

The middle and lower rows show the normalized frequency
distributions of the parameters of the tuning functions for the
population of cells surveyed (n = 71).4
At this point, we can sketch a sort of standard model
of the spatial response properties of simple and complex
cortical cells [e.g., 28, 29]. The basic elements of such a model
are illustrated in Fig. 7 (upper panel). The model comprises
four basic components, the first of which is a contrast
gain control which causes a response saturation to occur
(see below). Typically, it takes the form of:
C t/

r(c) =

tl
cn -+-c50

(13)

in which c is the image contrast, C5o is the contrast at
which half the maximum response is obtained, and n is the
response exponent, which averages about 2.5 for macaque
cortical cells.
Next is the sampling of the image by a Gabor or gabor-like
receptive field, which is a linear spatial summation:

f (x, y) -- E c(x, y)h(x, y)

_ ( x 2~ -~- y2

s(x, y) -- a. e '~x~ 7~1. sin(2rrcox + ~b)
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(14)

(12)

As the axes are in arcmin, the cell is most sensitive to
horizontal Fourier energy at about 3 cyc/deg. In this case,
the cell is odd-symmetric. While it would be elegant if
cells always even or odd symmetric it seems that phase is
continuously represented in cortex [24, 25], although this
certainly does not preclude the use of pairs of cells in quadrature phase in subsequent processing.
As in Fig. 4, the lower panel shows the spatio-temporal
receptive field of the model cell: the cell's sensitivity at y = 0
plotted as a function of x and t. Notice that this model cell
is spatiotemporally inseparable; it effectively changes its spatial
phase over time. This makes it oriented in space-time and
thus directionally selective [26, 27]. In this case, the optimal
stimulus would be a 3 cyc/deg grating drifting at approximately 5 deg/sec. Many, but not all, cortical cells are directionally selective (see below).
Cells in the primary visual cortex can be thought of as
banks of spatiotemporal filters that tile the visual world on
several dimensions and, in so doing, determine the envelope
of information to which we have access. We can get a feel
for this envelope by looking the distribution of cell tuning
along various dimensions. This is done in Fig. 6 using data
from cells in macaque primary visual cortex reported in
Geisler and Albrecht [28]. In the upper row, the response
of an average cell is shown as a function of the spatial
frequency of a counterphasing grating (left column), the
temporal frequency of same stimulus at optimal spatial
frequency (middle column), or the orientation of a drifting
grating of optimal spatio-temporal frequency (right column).

in which h(x,y) is the spatial receptive field profile, and
c(x, y) is the effective contrast of the pixel at (x, y), i.e. the
departure of the pixel value from the average pixel value in
the image.
The third stage is a half-wave rectification (unlike ganglion
cells, cortical cells have a low maintained discharge and thus can
signal in only one direction) and an expansive non-linearity,
which serves to enhance the response disparity between optimal
and non-optimal stimuli. Finally, Poisson noise is incorporated, which provides a good empirical description of the
response variability of cortical cells. The variance of the
response of a cortical cell is proportional to the mean response
with an average constant of proportionality of about 1.7.
A model complex cell is adequately constructed by
summing (or averaging) the output of two quadrature
pairs of simple cells with opposite sign as shown in Fig. 7
(lower panel) [e.g., 29]. Whether complex cells are actually
constructed out of simple cells this way in primary visual
cortex is not known; they could be constructed directly
from LGN input. For modelling purposes, using simple cells
to construct them is simply convenient. The important
aspect is that their response is phase-independent, and they
thus behave as detectors of local contrast energy.
The contrast response of cortical cells deserves a little
additional discussion. At first glance, the saturating contrast
response function described above seems to be a rather
4 While these distributions are based on real data, they are schematized
using a gaussian assumption, which is not strictly valid. They do, however,
convey a reasonable portrayal of the variability of the various parameters.
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FIGURE 5 A receptive field profile of a cortical simple cell modeled as gabor function. The upper panel shows the
spatial receptive field profile with the x and y axes in minutes of arc, and the z axis in arbitrary units of sensitivity.
The lower panel shows a space-time plot of the same receptive field with the x axis in minutes of arc and the y axis in
msec. The receptive field is space-time inseparable and the cell would be sensitive to rightward motion.
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FIGURE 6 Leftcolumn: the upper panel shows a spatial frequency tuning profile typical of cell such as shown in Fig.
5. The middle and lower panels show distribution estimates of the two parameters of peak sensitivity (middle) and halfbandwidth in octaves (lower) for cells in macaque visual cortex. Middle column: same as the left column, but showing
the temporal frequency response. As the response is asymmetric in octave bandwidth, the lower figure shows separate
distributions for the upper and lower half-bandwidths (blue and green, respectively). Right column: the upper panel
shows the response of a typical cortical cell to the orientation of a drifting sinusoidal grating. The estimate of halfbandwidth for macaque cortical cells is shown in the middle panel. The ratio of responses between the optimal direction
and its reciprocal is taken as an index of directional selectivity; the estimated distribution of this ratio is plotted in
the lower panel (the index cannot exceed unity by definition) (see color insert).
m u n d a n e response limit, perhaps imposed by metabolic
constraints. However, a subtle but key feature is that the
response of a given cortical neuron saturates at the same
contrast, regardless of overall response level (as opposed to
saturating at some given response level as might be expected
given a metabolic limit). This is important because neurons
have a multidimensional sensitivity manifold but a unidimensional output. Thus, if the output of a neuron increases
from 10 to 20 spikes per second, say, then any n u m b e r of
things could have occurred to cause this. The contrast may
have increased, the spatial frequency may have shifted to a
more optimal one, etc., or any combination of such factors
may have occurred. There is no way to identify which may
have occurred from the output of the neuron.
But consider the effect of the contrast saturation on
the output of the neuron for both an optimal and a nonoptimal stimulus. Since the optimal stimulus is much more

effective at driving the neuron, the saturation will occur at
a higher response rate for the optimal stimulus. This partially
defeats the response ambiguity: because of the contrast
saturation, only an optimal stimulus is capable of driving
the neuron to its m a x i m u m output. Thus, if a neuron is firing
at or near its m a x i m u m output, the stimulus is specified
fairly precisely. Moreover, the expansive nonlinearity magnifies this by enhancing small differences in output. Thus,
95% confidence regions for cortical neurons on, for example,
the contrast/spatial frequency plane are much narrower than
the spatial frequency tuning curves themselves [30]. This
suggests that it is important to rethink the m a n n e r in which
subsequent levels of the visual system may use the information
conveyed by neurons in primary visual cortex. Over the
last two and half decades, linear system analysis has dominated
the thinking in vision science. It has been assumed that the
act of perception would involve a large-scale comparison of
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FIGURE 7 An overviewof a model neuron similarto that proposed by Heegerand colleagues(1991, 1996) and Geisler
and Albrecht (1997). An early contrast saturation precedes linear spatial summation across the gabor-like receptive
field; the contrast saturation insures that only optimal stimuli can maximallystimulate the cell (see text). An expansive
nonlinearity such as half-squaring enhances small differences in output. Multiplicativenoise is then added; the variance
of cortical cell output is proportional to the mean response (with the constant of proportionality about 1.7), so the
signal-to-noise ratio grows as the square root of output. The lower panel illustrates the construction of a phaseindependent (i.e., energy detecting) complex cell from simple cell outputs.

the outputs of many linear filters, outputs which would
individually be very ambiguous. While such across-filter
comparison is certainly necessary, it may be that the filters
of primary visual cortex behave much more like "feature
detectors" than we have been assuming. Moreover, it seems
likely that the features that are being encoded represent,
in some sense, an optimal set given the statistics of images
arising from the natural environment [30-32].
Receptive profiles in cortex (such as shown in Fig. 5)
probably bring to mind techniques such as the wavelet transform or Laplacian pyramid. Not surprisingly, then, most
models of the neural image in primary visual cortex share
the property of encoding the image in parallel at multiple
spatial scales, and several such models have been developed.
One model that is computationally very efficient and easy
to implement is the cortex transform [34]. The cortex model

is not, nor was it meant to be, a full model of the cortical
representation. For example, response nonlinearities, the
importance of which were discussed above, are omitted. It
does, however, produce a simulated neural image that shares
many of the properties of the simple cell representation in
primary visual cortex. Models such as this have enormous
value in that they give vision scientists a sort of testbed
that can be used to investigate other aspects of visual function,
e.g., possible interactions between the different frequency and
orientation bands, in subsequent visual processes such as the
computation of depth from stereopsis.

4.2 Motion and Cortical Cells
As mentioned previously, ganglion cell receptive fields are
space-time separable. The resulting symmetry around a
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FIGURE 8 Three x-y slices are shown of a spot moving from left to right, and directly below is the continuous x - t
representation: a diagonal bar. Below this are the space-time representations of a leftward and rightward moving bar,
the receptive field of a directionally selective cortical cell (shown enlarged for clarity), and the response of the cell to
the leftward and rightward stimuli.

constant-space axis (Fig. 4, lower panel) makes them incapable
of coding the direction of motion. Many cortical cells, on
the other hand, are directionally-selective.
In the analysis of motion, a representation in space-time
is often most convenient. Figure 8 (top) shows three frames
of a moving spot. The continuous space-time representation
is shown projected onto the x-t plane below, and is simply
an oriented bar in space-time. The next row of the figure
shows the space-time representation of both a rightward
and leftward moving bar. The third row of the figure shows
a space time receptive field of a typical cortical cell as was
also shown in Fig. 5 (for clarity, it is shown enlarged

relative to the stimulus). Such space-time inseparable receptive fields are easily constructed from ganglion cell inputs by
summing pairs of space-separable receptive fields (such as
those shown in Fig. 4) which are in quadrature in both the
space and time domains [26, 27]. The orientation of the
receptive field in space-time gives it a fairly well defined
velocity tuning.
The bottom row of the figure shows the response of
such cells to the stimuli shown in the second row obtained
by convolution. In these panels, each column represents the
output of a cell as a function of time (row), and each cell has
a receptive field centered at the spatial location represented
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by its column. Clearly, each cell produces vigorous output
modulation in response to motion in the preferred direction (with a relative time delay proportional to its spatial
position, obviously), and almost no output in response to
motion in the opposite direction.
For most purposes, it would be desirable to sense "motion
energy." That is, one desires units that would respond to
motion in one direction regardless of the sign of contrast or
the phase of the stimulus. Indeed, such motion energy units
may be thought of as the spatiotemporal equivalent of the
complex cells described above. Similar to the construction of
complex cells, such energy detectors are easily formed by,
for example, summing the squared output of quadrature pairs
of "simple" velocity sensitive units. Such a model captures
many of the basic attributes of human motion perception, as
well as some common motion illusions [26].
Motion sensing is vital. If nothing else, a primitive organism
asks its visual system to sense moving things, even if it is
only the change in a shadow which triggers a sea scallop to
close. It is perhaps not surprising, then, that there seems
to be a specialized cortical pathway, an extension of the
magnocellular pathway an earlier levels, for analyzing motion
in the visual field. A review of the physiology and anatomy of
this pathway is clearly beyond the scope of this chapter. One
aspect of the pathway worth mentioning here, however, is the
behavior of neurons in an area of cortex known as MT, which
receives input from primary visual cortex (it also receives
input from other areas, but for our purposes, we can consider
only its V1 inputs).
Consider a "plaid" stimulus, as illustrated in Fig. 9 (upper)
composed of two drifting gratings differing in orientation
by 90 degrees m one drifting up and to the right and the other
up and to the left. When viewing such a stimulus, a human
observer sees an array of alternating dark and light areas ~ the
intersections of the plaid m drifting upward. The response
of cells such as pictured in Fig. 5, however, would be quite
different. Such cells would respond in a straightforward
way according to the Fourier energy in the pattern, and would
thus signal a pair of motion vectors corresponding to the
individual grating components of the stimulus. Obviously,
then, the human visual system incorporates some mechanism that is capable of combining motion estimates from
filters such as the cells in primary visual cortex to yield
estimates of motion for more complex structures. These
mechanisms, corresponding to cells in area MT, can be
parsimoniously modeled by combining complex cell outputs
in manner similar to that by which complex cells can be
constructed from simple cell outputs [35, 36]. These cells
effectively perform a local sum over the set of cells tuned to
the appropriate orientation and spatio-temporal frequency
combinations consistent with a real object moving in a given
direction at a given rate. In effect, then, these cells are a neural
implementation of the intersection-of-constraints solution to
the aperture problem of edge (or grating) motion [37]. This
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problem is illustrated in Fig. 9 (middle and lower). In Fig. 9
(lower), an object is shown moving to the right with some
velocity. Various edges along the object will stimulate receptive fields with the appropriate orientation. Clearly, these
individual cells have no way of encoding the true motion of
the object. All they can sense is the motion of the edge, be it
almost orthogonal to the motion of the object at a relatively
low speed, or in the direction of the object at a relatively high
speed. The set of motion vectors generated by the edges,
however, must satisfy the intersection of motion constraint
as illustrated in Fig. 9 (lower). The endpoints of the motion
vectors generated by the moving edges lie on a pair of
lines which intersect at the true motion of the object. Thus,
a cell summing (or averaging) the outputs of receptive fields
of the appropriate orientation and spatiotemporal frequency
(i.e., speed) combinations will effectively be tuned to a particular velocity and largely independent of the structure
moving at that velocity. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

4.3 Stereopsis and Cortical Cells
Stereopsis refers to the computation of depth from the
image displacements which result from the horizontal
separation of the eyeballs. Computationally, stereopsis is
closely related to motion, the former involving displacements
across viewpoint rather than across time. For this reason,
the development of models in the two domains has much
in common. Early models tended to focus on local correlations between the images, and excitatory and/or inhibitory
interactions in order to filter our false matches (spurious
correlations).
As with motion, however, neurophysiologic and psychophysic findings [e.g., 38] have served to concentrate
efforts on models based on receptive field structures similar to
those found in Fig. 5. Of course, this is not incompatible with
disparity domain interactions, but ambiguity is more
commonly eliminated via interactions between spatial scales.
The primary visual cortex is the first place along the
visual system in which information from the two eyes converges on single cells; as such, it represents the beginning
of the binocular visual processing stream. Traditionally, it
has been assumed that in order to encode horizontal disparities these binocular cells received monocular inputs from
cells that had a different receptive field locations in the two
eyes, thus being maximally stimulated by an object off the
plane of fixation. It is now clear, however, that binocular
simple cells in the primary visual cortex often have receptive
fields like that shown in Fig. 5, but with different phases
between the two eyes [39]. s The relative phase relation
between the receptive fields in the two eyes is distributed
uniformly (not in quadrature pairs) for cells tuned to vertical
5 Many recent studies have not measured the absolute receptive position
in the two eyes, as it is very difficult to do. Thus, the notion that absolute
monocular receptivefield positionplaysa role in stereopsiscannot be rejected.
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FIGURE 9 Top: Two gratings drifting obliquely (dashed arrows) generate a percept of a plaid pattern moving upward
(solid arrow). Middle: an illustration of the aperture problem and the ambiguity of motion sensitive cells in primary
visual cortex. Each cell is unable to distinguish a contour moving rapidly to the right from a contour moving more
slowly perpendicular to its orientation. Lower: the intersection of constraints which allows cells that integrate over
units such as in the middle panel to resolve the motion ambiguity.

orientations while there is little phase difference for cells
tuned to horizontal orientations, indicating that these phase
differences are almost certainly involved in stereopsis. Just as
in motion, however, these simple cells have many undesirable
properties, such as phase sensitivity and phase ambiguity
a phase disparity kzr being indistinguishable from a phase
disparities of 2nkrr, n an integer.

To obviate the former difficulty, an obvious solution would
be to build a binocular version of the complex cell by
summing across simple cells with the same disparity tuning
but various monocular phase tunings [e.g., 40]. Such construction is analogous to the construction phase-independent,
motion-sensitive complex cells discussed earlier, except that
the displacement of interest is across eyeballs instead of time.
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This has been shown to occur in cortical cells and, in fact,
these cells show more precise disparity tuning than 2D
position tuning [41].
Yet, because these cells are tuned to a certain phase
disparity of a given spatial frequency, there remains an
ambiguity concerning the absolute disparity of a stimulus.
This can be seen in Fig. 10, which plots the output (as
brightness) of a hypothetical collection of cells tuned to
various values of phase disparity, orientation, and spatial
frequency. The tuning of the cell is given by its position in
the volume (in the upper panel orientation is ignored, and
only a single spatial frequency/disparity surface is shown).
In the upper panel, note that the output of cells tuned to
a single spatial frequency contains multiple peaks along
the dimension of disparity, indicating the phase ambiguity of
the output. It has been suggested that this ambiguity could
be resolved by units that sum the outputs of disparity units
across spatial frequency and orientation [e.g., 40]. Such units
would solve the phase ambiguity in a manner very analogous
to the intersection of constraints solution to motion ambiguity
described above. In the case of disparity, as a broadband
stimulus is shifted along the disparity axis, it yields a
sinusoidal variation in output at all spatial frequencies, but
the frequency of modulation is proportional to the spatial
frequency to which the cells are tuned. The resolution to
the ambiguity lies in the fact that there is only one disparity
at which peak output is obtained at all spatial frequencies,
and that is the true disparity of the stimulus. This is shown in
Fig. 10 by the white ridge running down the spatial frequency
m disparity plane in the upper panel.
The pattern of outputs of cells tuned to a single spatial
frequency but to a variety of orientations as a function
of disparity is shown on the floor of the lower panel of
Fig. 10. Summing across cells tuned to different orientations
will also disambiguate disparity information because a Fourier
component at an oblique orientation will behave as a vertical component with a horizontal frequency proportional
to the cosine of the angle of its orientation from the vertical.
The lower panel of Fig. 10 is best thought of as a
volume of cells whose sensitivity is given by their position in
the volume (for visualization convenience, the phase information is repeated for the higher spatial frequencies, so the
phase tuning is giving by the position on the disparity axis
modulo 2zr). The combined spatial frequency and disparity
information results in a surface of maximum activity at the
true disparity of a broadband stimulus, so a cell which sums
across surfaces in this space will encode for physical disparity
independent of spatial frequency and orientation.
Very recent work indicates that cells in MT might perform just such a task [42]. Recall from above that cells in MT
decouple velocity information from the spatial frequency and
orientation sensitivity of motion selective cells. DeAngelis
et al. [42] have discovered a patterned arrangment of disparity
sensitive cells in the same area, and have demonstrated
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their consequence in perceptual judgements. Given the conceptually identical nature of the ambiguities to be resolved the
domains of motion and disparity, it would seem likely
that the disparity-sensitive cells in MT perform role in
stereopsis analogous to that which the velocity-sensitive cells
play in motion perception. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

5 Concluding Remarks
Models are wonderful tools and have an indispensable role
in vision science. Neuroscientists must reverse-engineer the
brain, and for this the methods of engineering are required.
But the tools themselves can lead to biases (when all you
have is a hammer, everything looks like a nail). There is
always a danger of carrying too much theory, often implicitly,
into an analysis of the visual system. This is particularly
true in the case of modelling, because a model must have
a quantitative output and thus must be specified, whether
intentionally or not, at what Marr called the level of computational theory [13]. In short, a computational model, like any
theory, framework, or way of thinking, makes a good servant
but a bad master.
Yet without quantitative models, it would be very hard to
compare psychophysics (human behavior) and physiology in
deep or meaningful ways. This may seem like a strong
statement, but there are subtle flaws in simple comparisons
between the results of human experiments and single-cell
response profiles. Consider an example taken from [43]. The
experiment was designed to reveal the underlying mechanisms of disparity processing. A "mechanism" is assumed to
comprise a group of neurons with similar tuning properties
(peak location and bandwidth) on the dimension of interest
working in parallel to encode that dimension. The tuning of
the mechanism then reflects the tuning of the underlying
neurons. This experiment used the typical psychophysical
technique of adaptation. In this technique, one first measures
the sensitivity of human observers along a dimension; in this
case, we measured the sensitivity to the interocular correlation
of binocular white noise signals as a function of binocular
disparity. Following this, the subjects adapted to a signal at a
given disparity. This adaptation fatigues the neurons sensitive
to this disparity and therefore reduces the sensitivity of any
mechanism comprising these neurons. Re-testing sensitivity,
we found that it is systematically elevated in the region of
the adaptation, and a difference between the pre- and
post-adaptation sensitivity yields a "tuning profile" of the
adaptation, for which a peak location, bandwidth, etc. can
be defined.
But what is this tuning profile? In these types of
experiments, it is tempting to assume that it directly reflects
the sensitivity profile of an underlying mechanism, but
this would be a dangerous and generally wrong assumption.
The tuning profile actually reflects the combined outputs
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FIGURE 10 The upper panel shows the output of cortical cells on the spatial-frequency/disparity plane. The output of
any one cell uniquely specifies only a phase disparity, but summation across spatial frequencies at the appropriate
phase-disparities uniquely recovers absolute disparity. The lower panel adds orientation to this representation.
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[11] Barlow, H. B. (1962) Measurements of the quantum efficiency
of numerous mechanisms in response to the adaptation.
of discrimination in human scotopic vision. Journal of
The degree to which the tuning profile itself resembles any
Physiology, 150, 169-188.
one of the individual underlying mechanisms depends on
[12]
Pelli, D. G. (1990) The quantum efficiency of vision. In
a number of factors involving the nature of the mechanisms
C. Blakemore (Ed.), Vision: Coding and Efficiency. Cambridge
themselves, their interaction, and how they are combined at
University Press, Cambridge.
subsequent levels to determine overall sensitivity.
[13] Geisler, W. S. and Chou, K. (1995) Separation of low-level and
If one can't get a direct glimpse of the underlying mechahigh-level factors in complex tasks: visual search. Psychological
nisms using psychophysics, how does one reveal them?
Review, 102, 356-378.
This is where computational models assert their value. We
[14] Marr, D. (1982) Vision. Freeman and Co., New York.
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Physiology, 187, 517-522.
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[17] Watson, A. B. (1986) Temporal Sensitivity. In K. R. Boff,
theories of disparity processing) we were unable to simulate
L. Kauffman, and J. P. Thomas (Eds.), Handbook of Perception
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and Human Performance. Wiley and Sons, New York.
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[18] Derrington, A. M. and Lennie, P. (1984) Spatial and temporal
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the outputs of the mechanisms were combined.
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Cambridge.
[20] Troy, J. B. (1993) Modeling the receptive fields of mammalian
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physiologic data become available, more precise models of the
Contrast Sensitivity. The MIT Press, Cambridge.
neurons themselves can be constructed, and these can be used,
[21]
Donner,
K. and Hemila, S. (1996) Modelling the spatioin turn, within models of psychophysical behavior. It is thus
temporal modulation response of ganglion cells with differencethat models sew together psychophysics and physiology, and
of-Gaussians receptive fields: Relation to photoreceptor
I would argue that without them the link could never be but
response kinetics. Visual Neuroscience, 13, 173-186.
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1 Overview
The concept of scale, or resolution of an image, is very
intuitive. A person observing a scene perceives the objects in
that scene at a certain level of resolution that depends on
the distance to these objects. For instance, walking towards a
distant building, she would first perceive a rough outline of
the building. The main entrance becomes visible only in
relative proximity to the buiding. Finally, the door bell is
visible only in the entrance area. As this example illustrates,
the notions of resolution and scale loosely correspond to the
size of the details that can be perceived by the observer. It is
of course possible to formalize these intuitive concepts, and
indeed signal processing theory gives them a more precise
meaning.
These concepts are particularly useful in image and video
processing and in computer vision. A variety of digital image
processing algorithms decompose the image being analyzed
into several components, each of which captures information present at a given scale. While our main purpose is to
introduce the reader to the basic concepts of multiresolution
image decompositions and wavelets, applications will also be
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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briefly discussed throughout this chapter. The reader is
referred to other chapters of this book for more details.
Throughout, we assume that the images to be analyzed are
rectangular with N x M pixels. While there exists several types
of multiscale image decompositions, we consider three main
methods [ 1-6]:
In a Gaussian pyramid representation of an image
(Fig. la), the original image appears at the bottom of
a pyramidal stack of images. This image is then lowpass
filtered and subsampled by a factor of two in each
coordinate. The resulting N / 2 × M/2 image appears at
the second level of the pyramid. This procedure can be
iterated several times. Here resolution can be measured
by the size of the image at any given level of the
pyramid. The pyramid in Fig. l a has three resolution
levels, or scales. In the original application of this
method to computer vision, the lowpass filter used
was often a Gaussian filter, 1 hence the terminology
Gaussian pyramid. We shall use this terminology even
1This design was motivated by analogies to the human visual system; see
Section 3.6.
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(b) Laplacian pyramid

(a) Gaussian pyramid

(c)
FIGURE 1 Three multiscale image representations applied to Lena: (a) Gaussian pyramid; (b) Laplacian pyramid;
(c) wavelet representation.
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4.2 Multiscale Image Decompositions and Wavelets

when a lowpass filter is not a Gaussian filter. Another
possible terminology in that case is simply lowpass
pyramid. Note that the total number of pixels in a
pyramid representation is NM + NM/4 + NM/16 +
• . . , ~ 4NM. This is said to be an overcomplete
representation of the original image, due to the increase
in the number of pixels.
The Laplacian pyramid representation of the image
is closely related to the Gaussian pyramid, but here
the difference between approximations at two successive
scales is computed and displayed for different scales,
see Fig. lb. The precise meaning of the interpolate
operation in the figure will be given in Section 2.1. The
displayed images represent details of the image that are
significant at each scale. An equivalent way to obtain the
image at a given scale is to apply the difference between
two Gaussian filters to the original image. This is
analogous to filtering the image using a Laplacian filter,
a technique commonly employed for edge detection
(see Chapter 4.20). Laplacian filters are bandpass, hence
the name Laplacian pyramid, also termed bandpass
pyramid.
In a wavelet decomposition, the image is decomposed
into a set of subimages (or subbands) which also
represent details at different scales (Fig. l c). Unlike
pyramid representations, the subimages also represent
details with different spatial orientations (such as edges
with horizontal, vertical, and diagonal orientations).
The number of pixels in a wavelet decomposition is only
NM. As we shall soon see, the signal processing
operations involved here are more sophisticated than
those for pyramid image representations.
The pyramid and wavelet decompositions are presented
in more detail in Sections 2 and 3, respectively. The basic
concepts underlying these techniques are applicable to
other multiscale decomposition methods, some of which are
listed in Section 4.
Hierarchical image representations such as those in Fig. 1
are useful in many applications. In particular, they lend
themselves to effective designs of reduced-complexity algorithms for texture analysis and segmentation, edge detection,
image analysis, motion analysis, and image understanding in
computer vision. Moreover, the Laplacian pyramid and
wavelet image representations are sparse in the sense that
most detail images contain few significant pixels (little
significant detail). This sparsity property is very useful in
image compression, as bits are allocated only to the few
significant pixels; in image recognition, because the search for
significant image features is facilitated; and in the restoration
of images corrupted by noise, as images and noise possess
rather distinct properties in the wavelet domain. The recent
JPEG2000 international standard for image compression

is based on wavelets [7], unlike its predecessor ]PEG which
was based on the discrete cosine transform [8].

2 Pyramid Representations

In this section, we shall explain how the Gaussian and
Laplacian pyramid representations in Fig. 1 can be obtained
from a few basic signal processing operations. To this end, we
first describe these operations in Section 2.1 for the case of
one-dimensional (1D) signals. The extension to twodimensional (2D) signals is presented in Sections 2.2 and 2.3
for Gaussian and Laplacian pyramids, respectively.

2.1 Decimation and Interpolation
Consider the problem of decimating a 1D signal by a factor
of two, namely, reducing the sample rate by a factor of two.
This operation generally entails some loss of information, so it
is desired that the decimated signal retain as much fidelity as
possible to the original. The basic operations involved in
decimation are lowpass filtering (using a digital anti-aliasing
filter) and subsampling, as shown in Fig. 2. The impulse
response of the lowpass filter is denoted by h(n), and its
discrete-time fourier transform [9] by H(eJ°~). The relationship
between input x(n) and output y(n) of the filter
is the convolution equation

zyxw

y(n) = x(n) • h(n) -- ~

h(k)x(n - k).

k

The downsampler discards every other sample of its input
y(n). Its output is given by

z(n) = y(2n).
Combining these two operations, we obtain

z(n) -- ~

(1)

h(k)x(2n - k).
k

Downsampling usually implies a loss of information, as the
original signal x(n) cannot be exactly reconstructed from
its decimated version z(n). The traditional solution for
reducing this information loss consists in using an
"ideal" digital anti-aliasing filter h(n) with cutoff frequency
x(n)~]
I v h(n)
[

..

y(n)

]~

[

2 I

z(n)

FIGURE 2 Decimation of a signal by a factor of two, obtained by cascade of
a lowpass filter h(n) and a subsampler $ 2.
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x(n)

[ ~2

]

y(n)~[

h(n)[

z(n)
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be obtained by first processing columns and then rows.
Likewise, 2D interpolation is obtained by first applying Eq. 2
to each row of the image, and then again to each column of
FIGURE3 Interpolationof a signalby a factor of two, obtained by cascadeof
the resulting image, or vice-versa.
an upsampler 1"2 and a lowpass filter h(n).
This technique was used at each stage of the Gaussian
pyramid decomposition in Fig. l a. The lowpass filter used for
Wc = re/2 [9] 2. However such "ideal" filters have infinite both horizontal and vertical filtering was the 3-tap filter
1 1
length. In image processing, short finite impulse response h(n) - (1,2,-~)"
(FIR) filters are preferred for obvious computational reasons.
Gaussian pyramids have found applications to certain types
Furthermore, approximations to the "ideal" filters above of image storage problems. Suppose for instance that remote
have an oscillating impulse response, which unfortunately users access a common image database (say an Internet site)
results in visually annoying ringing artifacts in the vicinity of but have different requirements with respect to image
edges. The FIR filters typically used in image processing are resolution. The representation of image data in the form
symmetric, with length between three and twenty taps. of an image pyramid would allow each user to directly retrieve
Two common examples are the 3-tap FIR filter h(n)=
the image data at the desired resolution. While this storage
1
1
1
technique entails a certain amount of redundancy, the desired
(~' 2, ~)' and the length-(2L + 1) truncated Gaussian, h ( n ) Ce-nz/(za2), In[ ~ L, where C -- 1/~lnl<_ L e -nz/(za2). The coeffi- image data are available directly and are in a form that does
cients of both filters add up to one: }~,nh(n)= 1, which not require further processing. Another application of
Gaussian pyramids is in motion estimation for video [1, 2]:
implies that the DC response of these filters is unity.
in
a first step, coarse motion estimates are computed based
Another common image processing operation is interpolaon
low-resolution image data, and in subsequent steps, these
tion, which increases the sample rate of a signal. Signal
initial
estimates are refined based on higher-resolution image
processing theory tells us that interpolation may be performed
data.
The
advantages of this multiresolution, coarse-to-fine,
by cascading two basic signal processing operations: upsamapproach
to
motion estimation are a significant reduction
pling and lowpass filtering, see Fig. 3. The upsampler inserts
in
algorithmic
complexity (as the crucial steps are performed
a zero between every other sample of the signal x(n): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
on reduced-size images) and the generally good quality of
motion estimates, as the initial estimates are presumed to be
x(n/2)
" n even
relatively close to the ideal solution. Another closely related
y(n) = 0
"n odd
application that benefits from a multiscale approach is pattern
matching [ 1].
The upsampled signal is then filtered using a lowpass filter
h(n). The interpolated signal is given by z(n) = h(n) • y(n) or,
2.3 Laplacian Pyramid
in terms of the original signal x(n),
We define a detail image as the difference between an image
and its approximation at the next coarser scale. The Gaussian
k
pyramid generates images at multiple scales, but these images
have different sizes. In order to compute the difference
The so-called ideal interpolation filters have infinite length. between a N x M image and its approximation at resolution
Again, in practice, short FIR filters are used. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N/2 x M/2, one should interpolate the smaller image to the
N x M resolution level before performing the subtraction.
2.2 Gaussian Pyramid
This operation was used to generate the Laplacian pyramid in
The construction of a Gaussian pyramid involves 2D lowpass Fig. lb. The interpolation filter used was the 3-tap filter

z(n) - ~

h(k)x(n - 2k).

(2)

filtering and subsampling operations. The 2D filters used in
image processing practice are separable, which means that they
can be implemented as the cascade of 1D filters operating
along image rows and columns. This is a convenient choice in
many respects, and the 2D decimation scheme is then
separable as well. Specifically, 2D decimation is implemented
by applying 1D decimation to each row of the image (using
Eq. 1) followed by 1D decimation to each column of the
resulting image (using Eq. 1 again). The same result would
2The paper [10] derives the filter that actually minimizes this information
loss in the mean-square sense, under some assumptions on the input signal.

h(n) =

1,

½).

As illustrated in Fig. lb, the Laplacian representation is
sparse in the sense that most pixel values are zero or near zero.
The significant pixels in the detail images correspond to edges
and textured areas such as Lena's hair. Just like the Gaussian
pyramid representation, the Laplacian representation is also
overcomplete, as the number of pixels is greater (by a factor
33%) than in the original image representation.
Laplacian pyramid representations have found numerous
applications in image processing, and in particular in texture
analysis and segmentation [1 ]. Indeed, different textures often
present very different spectral characteristics which can be
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analyzed at appropriate levels of the Laplacian pyramid. For assuming that x(n) is a periodic signal. Under these
instance, a nearly uniform region such as the surface of a lake assumptions, the output of each path is periodic with period
contributes mostly to the coarse-level image, while a textured equal to N~ 2 samples. Hence the analysis filter bank can
region like grass often contributes significantly to other be thought of as a transform that maps the original set {x(n)}
resolution levels. Some of the earlier applications of Laplacian of N samples into a new set {x0(n), Xl(n)} of N samples.
Figure 4b shows a synthesis filter bank. Here there are two
representations include image compression [11, 12], but the
emergence of wavelet compression techniques has made this inputs yo(n) and Yl (t/), and one single output y(n). The input
approach somewhat less attractive. However, a Laplacian-type signal yo(n) (resp. yl(n)) is upsampled by a factor of two and
compression technique was adopted in the hierarchical mode filtered using a lowpass filter Go(eJ°~) (resp. highpass filter
of the lossy JPEG image compression standard [8], also see Gx(eJ~°).) The output y(n) is obtained by summing the two
filtered signals. We assume that the input signals yo(n) and
Chapter 5.5. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
yl(n) are periodic with period N/2. This implies that the
output y(n) is periodic with period equal to N. So the
3 Wavelet Representations
synthesis filter bank can also be thought of as a transform that
maps the original set of N samples {y0(n), Yl (n)} into a new set
While the sparsity of the Laplacian representation is useful in
of N samples {y(n)}.
many applications, overcompleteness is a serious disadvantage
What happens when the output x0(n), xl(n) of an analysis
in applications such as compression. The wavelet transform
filter bank is applied to the input of a synthesis filter bank?
offers both the advantages of a sparse image representation
As it turns out, under some specific conditions on the four
and a complete representation. The development of this
filters Ho(eJ°~),Hl(eJ~°), Go(ej~°) and Gl(eJ°~), the output y(n) of
transform and its theory has had a profound impact on a
the resulting analysis~synthesis system is identical (possibly up
variety of applications. In this section, we first describe the
to a constant delay) to its input x(n). This condition is known
basic tools needed to construct the wavelet representation of
as Perfect Reconstruction. It holds, for instance, for the
an image. We begin with filter banks, which are elementary
following trivial set of 1-tap filters: ho(n) and gl(n) are unit
building blocks in the construction of wavelets. We then show
impulses, and hi(n) and go(n) are unit delays. In this case, the
how filter banks can be cascaded to compute a wavelet
reader can verify that y(n) = x(n - 1). In this simple example,
decomposition. We then introduce wavelet bases, a concept
all four filters are allpass. It is however not obvious to design
that provides additional insight into the choice of filter banks.
more useful sets of FIR filters that also satisfy the perfect
We conclude with a discussion of the relation of wavelet
reconstruction condition. A general methodology for doing
representations to the human visual system, and a brief
so was discovered in the mid eighties. We refer the reader to
overview of some applications.
[4, 5] for more details.
Under some additional conditions on the filters, the trans3.1 Filter Banks
forms associated with both the analysis and the synthesis filter
Figure 4a depicts an analysis filter bank, with one input x(n) banks are orthonormal. Orthonormality implies that the
and two outputs xo(n) and xl(n). The input signal x(n) is energy of the samples is preserved under the transformation.
processed through two paths. In the upper path, x(n) is passed If these conditions are met, the filters possess the following
through a lowpass filter Ho(d °~) and decimated by a factor remarkable properties: the synthesis filters are a time-reversed
of 2. In the lower path, x(n) is passed through a highpass filter version of the analysis filters, and the highpass filters are
Hi(e/°~) and also decimated by a factor of 2. For convenience, modulated versions of the lowpass filters, namely, go(n)-we make the following assumptions. First, the number N of (-1)nhl(n), gx(n)--(-1)n+lho(n), and hi(n)-- (-1)-nh0 x
available samples of x(n) is even. Second, the filters perform a ( K - n), where K is an integer delay. Such filters are often
circular convolution (see Chapter 2.3), which is equivalent to known as quadrature mirror filters (QMF), or conjugate

x n:
x(n)

~
..~]Hl(eJ¢o)__~[
.--[

xl(n)

Yl(n) ~ ~ G l ( e J ~ )

(a)
FIGURE 4 (a) Analysis filter bank, with lowpass filter
with lowpass filter Go(eJo~)and highpass filter Gl(e/~).

y(n)

(b)

Ho(eJ~) and

highpass filter

Hx(eJ°~). (b)

Synthesis filter bank,
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decomposition on images by first applying 1D filtering along
{Ho(eJ°°)l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3o(0°°)1
rows of the image and then along columns, or vice-versa [13].
This operation is illustrated in Fig. 6a. The same filters Ho(eJo~)
and Hl(e j~°) are used for horizontal and vertical filtering. The
output of the analysis system is a set of four N/2 x M/2
subimages: the so-called LL (low low), LH (low high), HL
(high low) and HH (high high) subbands, which correspond to
{
different
spatial frequency bands in the image. The decom71;
0
rc f
0
position of Lena into four such subbands is shown in Fig. 6b.
31(ejc°)I
IHl(eJ°~)[
Observe that the LL subband is a coarse (low resolution)
version of the original image, and that the HL, LH and HH
subbands respectively contain details with vertical, horizontal
and diagonal orientations. The total number of pixels in the
four subbands is equal to the original number of pixels, NM.
In order to perform the wavelet decomposition of an image,
one
recursively applies the scheme of Fig. 6a to the LL
I.._
0
71:'"0
n f
subband. Each stage of this recursion produces a coarser
version of the image as well as three new detail images at that
FIGURE 5 Magnitude frequency response of the four subband filters for a
particular scale. Figure 6 shows the cascaded filter banks that
QMF filter bank generated from the prototype Daubechies' 4-tap lowpass
implement this wavelet decomposition, and Fig. lc shows a
filter.
3-stage wavelet decomposition of Lena. There are seven
quadrature filters (CQF), or power-complementary filters subbands, each corresponding to a different set of scales and
[5], because both lowpass (resp. highpass) filters have orientations (different spatial frequency bands).
Both the Laplacian decomposition in Fig. lb and the
the same frequency response, and the frequency responses
of the lowpass and highpass filters are related by the wavelet decomposition in Fig. lc provide a coarse version of
power-complementary property IHo(eJ°~)12+ ]Hl (eJ°~)12= 2, the image as well as details at different scales, but the wavelet
valid at all frequencies. The filter ho(n) is viewed as a prototype representation is complete and provides information about
filter, because it automatically determines the other three image components at different spatial orientations.
filters.
Finally, if the prototype lowpass filter Ho(eJO)) has a zero 3.3 Discrete Wavelet Bases
at frequency co = zr, the filters are said to be regular filters, or
wavelet filters. The meaning of this terminology will become So far we have described the mechanics of the wavelet
apparent in Section 3.4. Figure 5 shows the frequency decomposition in Fig. 7, but we are yet to explain what
responses of the four filters generated from a famous 4-tap wavelets are, and how they relate to the decomposition in
Fig. 7. In order to do so, we first introduce discrete wavelet
filter designed by Daubechies [4, p. 195]:
bases. Consider the following representation of a signal x(t)
defined over some (discrete or continuous) domain T:
1
3 - ~/3, 1 - ~/3).
ho(n) - ~ (1 +~f3, 3 + ~ ,
4~/2
x(t) = ~ akq)k(t), t e 7".
(3)
I

E

...._
v

r

,...-

This filter is the first member of a family of FIR wavelet filters
that have been constructed by Daubechies and possess nice
properties (such as shortest support size for a given number of
vanishing moments, see Section 3.4).
There also exist biorthogonal wavelet filters, a design that
sets aside degrees of freedom for choosing the synthesis
lowpass filter hi (n) given the analysis lowpass filter ho(n). Such
filters are subject to regularity conditions [4]. The transforms
are no longer orthonormal, but the filters can have linear
phase (unlike nontrivial QMF filters).

3.2 Wavelet Decomposition
An analysis filter bank decomposes 1D signals into lowpass
and highpass components. One can perform a similar

k

Here q)k(t) are termed basis functions, and ak are the
coefficients of the signal x(t) in the basis B = {q)k(t)}. A
familiar example of such signal representations is the Fourier
series expansion for periodic real-valued signals with period
T, in which case the domain T is the interval [0, T), ~Ok(t)
are sines and cosines, and k represents frequency. It is known
from Fourier series theory that a very broad class of signals
x(t) can be represented in this fashion.
For discrete N x M images, we let the variable t in (3) be
the pair of integers (nl, n2), and the domain of x be
T-{0,1,...,N-1}x{0,1
. . . . . M - l } . The basis /3 is
then said to be discrete. Note that the wavelet decomposition
of an image, as described in Section 3.2, can be viewed as a
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_1

horizontal
filtering

I

"--]n0(ejc°) ~

~2 I

--IHl(eJ C°) ~

~21

HE

HH

vertical
filtering
(a)

(b)
FIGURE 6 Decomposition of N x M image into four N/2 x M/2 subbands: (a) basic scheme, (b) application to
Lena, using Daubechies' 4-tap wavelet filters.
linear transformation of the original N M pixel values x(t) into
a set of N M wavelet coefficients ak. Likewise, the synthesis
of the image x(t) from its wavelet coefficients is also a linear
transformation, and hence x(t) is the sum of contributions of
individual coefficients. The contribution of a particular
coefficient ak is obtained by setting all inputs to the synthesis
filter bank to zero, except for one single sample with
amplitude ak, at a location determined by k. The output is
ak times the response of the synthesis filter bank to a unit

impulse at location k. We now see that the signal x(t) takes
the form (3), where ~Ok(t) are the spatial impulse responses
above.
The index k corresponds to a given location of the wavelet
coefficient within a given subband. The discrete basis
functions ~Ok(t) are translates of each other for all k within a
given subband. However, the shape of ~Ok(t) depends on
the scale and orientation of the subband. Figures 8a-d shows
discrete basis functions in the four coarsest subbands. The
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LH

(c)
FIGURE 7 Implementationof waveletimage decompositionusing cascaded filter banks: (a) waveletdecompositionof
input image x(nl, n2); (b) reconstruction of x(nx, n2) from its wavelet coefficients; (c) nomenclature of subbands for
a 3-level decomposition.

basis function in the LL subband (Fig. 8a) is characterized by a
strong central bump, while the basis functions in the other
three subbands (detail images) have zero mean. Notice that
the basis functions in the HL and LH subbands are related
through a simple 90-degree rotation. The orientation of these
basis functions make them suitable to represent patterns with
the same orientation. For reasons that will become apparent in
the next section, the basis functions in the low subband are
called discrete scaling functions, while those in the other
subbands are called discrete wavelets. The size of the support
set of the basis functions is determined by the length of the

wavelet filter, and essentially quadruples from one scale to
the next.

3.4 Continuous Wavelet Bases
Basis functions corresponding to different subbands with the

same orientation have a similar shape. This is illustrated in
Fig. 9 which shows basis functions corresponding to two
subbands with vertical orientation (Figs. 9a,b,c). The shape of
the basis functions converges to a limit (Fig. 9d) as the scale
becomes coarser. This phenomenon is due to the regularity
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....

FIGURE 8 Discrete basis functions for image representation: (a) discrete scaling function from LLLL subband;
(b)-(d) discrete wavelets from LHLL, LLLH, and LHLH subbands. These basis functions are generated from
Daubechies' 4-tap filter. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(a)

(b)

(c)

(d)

FIGURE 9 Discrete wavelets with vertical orientation at three consecutive scales: (a) in HL band; (b) in LHLL band;
(c) in LLHLLL band. (d) Continuous wavelet is obtained as a limit of (normalized) discrete wavelets as scale becomes
coarser.

of the wavelet filters used (Section 3.1). One of the remarkable
results of Daubechies' wavelet theory [4] is that under
regularity conditions, the shape of the impulse responses
corresponding to subbands with the same orientation does
converge to a limit shape at coarse scales. Essentially the
basis functions come in four shapes, which are displayed in
Figs. 10a-d. The limit shapes corresponding to the vertical,

horizontal and diagonal orientations are called wavelets. The
limit shape corresponding to the coarse scale is called scaling
function. The three wavelets and the scaling function depend
on the wavelet filter ho(n) used (in Fig. 10, Daubechies' 4-tap
filter). The four functions in Fig. 10a-d are separable and are
respectively of the form ck(x)dp(y), ck(x)~(y), ~(x)ck(y), and
~(x)~(y). Here (x, y) are horizontal and vertical coordinates,

356

Handbook of Image and Video Processing

......

....

(a)

(b)
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(c)

(d)

FIGURE 10 Basis functions for image representation: (a) scaling function; (b)-(d) wavelets with horizontal, vertical
and diagonal orientations. These four functions are tensor products of the 1D scaling function and wavelet in Fig. 11.
The horizontal wavelet has been rotated by 180 degrees so that its negative part is visible on the display.

v(x)
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x

(a)
FIGURE 11

-1.5

(b)

(a) 1D scaling function and (b) 1D wavelet generated from Daubechies' D4 filter.

and ~(x) and ~r(x) are, respectively, the 1D scaling function
and the 1D wavelet generated by the filter ho(n). These two
functions are shown in Fig. 11, respectively. While the aspect
of these functions is somewhat rough, Daubechies' theory
shows that the smoothness of the wavelet increases with the
number K of zeroes of Ho(eJo~)at co -- zr. In this case, the first
K moments of the wavelet ~r(x) are zero:

/ xk O(x)dx- O, 0 <__k < K.

combinations of elementary images (discrete wavelets and
scaling functions) and provides valuable insights for selecting
the wavelet filter. Some wavelets are better able to compactly
represent certain types of images than others. For instance,
images with sharp edges would benefit from the use of short
wavelet filters, due to the spatial localization of such edges.
Conversely, images with mostly smooth areas would benefit
from the use of longer wavelet filters with several vanishing
moments, as such filters generate smooth wavelets. See [14]
for a performance comparison of wavelet filters in image
compression.

The wavelet is then said to possess K vanishing moments.

3.6 Relation to Human Visual System
3.5 More on Wavelet Image Representations
The connection between wavelet decompositions and bases
for image representation shows that images are sparse linear

Experimental studies of the human visual system (HVS) have
shown that the eye's sensitivity to a visual stimulus strongly
depends upon the spatial frequency contents of this stimulus.
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Similar observations have been made about other mammals. 4.1 Undecimated Wavelet Transform
Simplified linear models have been developed in the
psychophysics community to explain these experimental The wavelet transform is not invariant to shifts of the input
findings. For instance, the modulation transfer function image, in the sense that an image and its translate will in
describes the sensitivity of the HVS to spatial frequency, general produce different wavelet coefficients. This is a
see Chapter 1.2. Additionally, several experimental studies disadvantage in applications such as edge detection, pattern
have shown that images sensed by the eye are decomposed matching, and image recognition in general. The lack of
into bandpass channels as they move towards and through the translation invariance can be avoided if the outputs of the
visual cortex of the brain [15]. The bandpass components filter banks are not decimated. The undecimated wavelet
correspond to different scales and spatial orientations. Figure 5 transform then produces a set of bandpass images which have
in [16] shows the spatial impulse response and spatial the same size as the original dataset (N x M).
frequency response corresponding to a channel at a particular
scale and orientation. While the Laplacian representation 4.2 Wavelet Packets
provides a decomposition based on scale (rather than
Although the wavelet transform often provides a sparse
orientation), the wavelet transform has a limited ability to
representation of images, the spatial frequency characteristics
distinguish between patterns at different orientations, as each
of some images may not be best suited for a wavelet
scale is comprised of three channels which are respectively
representation. Such is the case of fingerprint images, as
associated with the horizontal, vertical, and diagonal orientaridge patterns constitute relatively narrowband bandpass
tions. This may not be not sufficient to capture the complexity
components of the image. An even sparser representation of
of early stages of visual information processing, but the
such images can be obtained by recursively splitting the
approximation is useful. Note there exist linear multiscale
appropriate subbands (instead of systematically splitting
representations that more closely approximate the response of
the low-frequency band as in a wavelet decomposition).
the HVS. One of them is the Gabor transform, for which the
This scheme is simply termed subband decomposition. This
basis functions are Gaussian functions modulated by sine
approach was already developed in signal processing during
waves [17]. Another one is the cortical transform developed by
the 1970s [5]. In the early 1990s, Coifman and Wickerhauser
Watson [ 18]. However, as discussed by Mallat [ 19], the goal of
developed an ingenious algorithm for finding the subband
multiscale image processing and computer vision is not to
decomposition that gives the sparsest representation of the
design a transform that mimics the HVS. Rather, the analogy
input signal (or image) in a certain sense [26]. The idea has
to the HVS motivates the use of multiscale image decombeen extended to find the best subband decomposition for
positions as a front end to complex image processing
compression of a given image [27].
algorithms, as Nature already contains successful examples
of such a design. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.3 Geometric Wavelets

3.7 Applications
We have already mentioned several applications in which a
wavelet decomposition is useful. This is particularly true of
applications where the completeness of the wavelet representation is desirable. One such application is image and video
compression, see Chapters 5.4 and 6.2. Another one is image
denoising, as several powerful methods rely on the formulation of statistical models in an orthonormal transform
domain [20], also see Chapter 3.4. There exist other
applications in which wavelets present a plausible (but not
necessarily superior) alternative to other multiscale decomposition techniques. Examples include texture analysis and
segmentation [3, 21, 22] which is also discussed in Chapter
4.7, recognition of handwritten characters [23], inverse image
halftoning [24], and biomedical image reconstruction [25].

4 Other Multiscale Decompositions
For completeness, we also mention two useful extensions of
the methods covered in this chapter.

One of the main strengths of one-dimensional wavelets is
their ability to represent abrupt transitions in a signal. This
property does not extend straightforwardly to higher dimensions. In particular, the extension of wavelets to two
dimensions, using tensor-product constructions, has two
shortcomings: (1) limited ability to represent patterns at
arbitrary orientations, and (2) limited ability to represent
image edges. For instance, the tensor-product construction is
suitable for capturing the discontinuity across an edge, but is
ineffective for exploiting the smoothness along the edge
direction. To represent a simple, straight edge, one needs
many wavelets.
To remedy this problem, several researchers have recently
developed improved two-dimensional multiresolution representations. The idea was pioneered by Cand~s and Donoho
[28]. They introduced the ridgelet transform, which decomposes images as a superposition of ridgelets such as the one
shown in Fig. 12. A ridgelet is parameterized by three
parameters: resolution, angle, and location. Ridgelets are
also known as geometric wavelets, a growing family which
includes exotically named functions such as curvelets,
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FIGURE 12 Ridgelet.(Courtesyof M. Do.)
bandelets, and contourlets. Signal processing algorithms for work in applied mathematics (by Daubechies, Mallat, Meyer,
discrete images and applications to denoising and compres- and others) and in psychophysics, which provide a deeper
sion have been developed by Starck et al. [29], Do and Vetterli understanding of wavelet decompositions and their role
[30, 31], and Le Pennec and Mallat [32]. Remarkable results in vision. From a mathematic standpoint, wavelet decomhave been obtained by exploiting the sparse representation of positions are equivalent to signal expansions in a wavelet basis.
object contours offered by geometric wavelets. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The regularity and vanishing-moment properties of the
lowpass filter impact the shape of the basis functions and
hence their ability to efficiently represent typical images. From
5 Conclusion
a psychophysical perspective, early stages of human visual
information processing apparently involve a decomposition of
We have introduced basic concepts of multiscale image retinal images into a set of bandpass components corresponddecompositions and wavelets. We have focused on three ing to different scales and orientations. This suggests
main techniques: Gaussian pyramids, Laplacian pyramids, and that multiscale/multiorientation decompositions are indeed
wavelets. The Gaussian pyramid provides a representation of natural and efficient for visual information processing.
the same image at multiple scales, using simple lowpass
filtering and decimation techniques. The Laplacian pyramid
provides a coarse representation of the image as well as a set of Acknowledgment
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1 Introduction
Random fluctuations in intensity, color, texture, object
boundary or shape can be seen in most real-world images,
as illustrated in Fig. 1. The causes for these fluctuations are
diverse and complex, often due to factors such as non-uniform
lighting, random fluctuations in object surface orientation and
texture, complex scene geometry, and noise. 1 Consequently
the processing of such images becomes a problem of statistical
inference [1], which requires the definition of a statistical
model corresponding to the image pixels. 2
While simple image models can be obtained from statistics
such as the mean, variance, histogram, and correlation [2, 3], a
more general approach is to use random fields. Indeed, as a
two-dimensional extension of the one-dimensional random
process, a random field model provides a complete statistical
characterization for a given class of images, from which all
statistical properties of the images can, in principle, be
derived. Combined with frameworks for statistical inference,
such as maximum-likelihood (ML) and Bayesian estimation,
random field models have led to significant advances in many
statistical image processing applications, including image
restoration,
enhancement,
classification,
segmentation,
compression and synthesis.
Early studies of random fields can be traced to the 1970s,
with many of the early results summarized in [4]. Among
1Chapter 4.5 of this book is devoted to noise and noise models.
2Also see Chapter 4.7, which considers statistical models for photographic
images.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

the wide variety of proposed models, the most used is perhaps
the AR (autoregressive) model and its various extensions
(e.g., [3]). A landmark paper by Geman and Geman [5] in
1984 addressed Markov random field (MRF) models, attracted
great attention, and invigorated research in image modeling.
Indeed the MRF, coupled with the Bayesian framework, has
been the focus of many studies [6-8]. Section 2 will introduce
notation and provide an overview of random field models,
emphasizing the autoregressive and Markov fields.
With the advent of multiresolution processing techniques, 3
such as the pyramid [9] and wavelets [10], much of the
current research in random field models focuses on multiscale
models [11-25]. This interest has been motivated by the
significant advantages they may have in computational power
and representational power over the single-resolution/singlescale models. Specifically, multiresolution/multiscale processing can provide drastic computation reduction and represent
a highly complicated model by a set of simpler models.
Multiresolution/multiscale models that aim at computationreduction include various multiresolution/multiscale MRFs
[17-19] and multiscale tree models [12-16]. Through their
connection to multigrid methods [27], these models often can
improve convergence in iterative procedures. The multiscale
tree model is described in more detail in Section 3.
Multiresolution/multiscale models that aim at representing highly complicated random fields (e.g., those with
nonlinear and long range interactions) include various nonlinear hierarchical/multiresolution/multiscale texture models
3Also see Chapter 4.2 of this book.
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[21-26]. Section 4 describes such a model based on the faithful representations of the true statistics, while admitting
computationally efficient algorithms.
Gaussian mixture. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Broadly speaking there are four typical problems associated
with random fields:
2 Random Fields -- Overview
A random field x is a collection of random variables arranged
on a lattice L:
X-

{Xi, i ~ L}.

(1)

In principle the lattice can be any (possibly irregular)
collection of discrete points; however, it is most convenient
and intuitive to visualize the lattice as a rectangular, regular
array of sites:
L -- {(i, j)[1 ~ i < N , I < j ~ M }

(2)

in which case a random field is just a set of random pixels
X-

{Xi,j, (i, j) ~ L}.

(3)

As with random variables or random vectors, any random
field can, in principle, be completely characterized by its
associated probability measure p(x). The detailed form of p(.)
will depend on whether the elements Xi,j a r e discrete, in which
case p(x) denotes a probability distribution, or continuous, in
which case p(x) denotes a probability density function.
Suppose we take an image of modest size, say
N = M = 256; this implies that p(.) must explicitly characterize the joint statistics of 65536 elements. However, often p(.)
is a cumbersome and computationally inefficient means of
defining the statistics of the random field. Indeed, a great part
of the research into random fields involves the discovery or
definition of implicit statistical forms which lead to effective or

1. Representation: how is the random field represented and
parameterized? In general the probability distribution
p(.) is not computable for large fields, except in
pathological cases, for example, in which all of the
elements are independent: zyxwvutsrqponmlkjihgfedcbaZYXWVUTS

p(X)- H p(Xi,j).

(4)

(i,.j)~L

2. Parameter Estimation: given a parameterized statistical
model, for example in the form p(xlO), and a sample
image y, estimate the parameters 0. Typically we are
interested in the maximum likelihood (ML) estimates
0~ - arg rnoaX{p(ylO)}

(5)

Such an approach can be used to estimate any
parameters on which the field statistics depend, such
as correlation length, temperature, or ambient color.
3. Estimation: given a prior statistical model p(xlO), where
0 is known or has been estimated (above), and given
observations y, estimate the image x. From the
observation model p (yix, 0) we can infer the posterior
distribution p(xly, O), leading to the maximum a
posteriori (MAP) estimate
, ~ p -- arg mxaX{p(xly, 0)}.

(6)

4.3 Random Field Models zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 2 The Markov property: given a boundary, the two separated portions of the field are conditionally
independent.

In general the MAP estimate may be quite complicated.
In many imaging settings we prefer a simplified model,
y -f(x)

+ v

(7)

where f is linear and v is a noise signal with known
statistics, and choose to find the least-squares estimate

The decoupling extends perfectly into two dimensions,
except that the natural concepts of "past" and "future" are
lost, since there is no natural ordering of the elements in a
grid; instead, a random field x is Markov (Fig. 2) if the
knowledge of the process on a boundary set b decouples the
inside and outside of the set:

p(xilxb, Xo) -- p(xilXb),
p(xolXb, Xi) -- p(Xo[Xb).
(8)
~ - a r g m i n E [ l ( x - x x)12lY]" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Least-squares estimates are of interest in reconstruction
or inference problems; for example, denoising images
or interpolation.
Sampling: whereas MAP estimation produced the best
estimate x, maximizing some distribution over x, in
many contexts we are interested in the inherent
variability present in x.
Prior sampling involves generating random samples of x
from distribution p(x[O); whereas posterior sampling
involves finding random samples from the posterior
distribution p(x[y, 0), such that the random x are subject
to constraints imposed by the observations y. To
generate fields Xl,X2. . . . statistically sampled from
p ( x [ . . . ) implies that the probability of generating x is
P(x[ . . .).4
Such random field realizations are used in stochastic
image compression, random texture synthesis, latticephysics simulations.

2.1 Markov Random Fields
The fundamental notion associated with Markovianity is
one of conditional independence: a one-dimensional process
Xn is Markovian (Fig. 2) if the knowledge of the process at
some point xn decouples the "past" xp and the "future" xf:
p(xf lxn, xp) -- p(xf lxn),

p(xp[Xn, xf ) -- p(xp[Xn).

(9)

4Assuming that x is discrete. Sampling is straightforward for continuousstate x, however, notions of probability and sampling much be formulated
more carefully.

(10)

This boundary concept, although elegantly intuitive, is
lacking in details (e.g., how "thick" does the boundary need
to be?). It is often simpler, and more explicit, to talk about
separating a single element Xi, j f r o m the entire field x
conditioned on a local neighborhood .A/'i, j [5, 6]:

p(Xi,jl{Xk, l, (k, l) ~ L\(i,j)}) -- p(xi,jl{Xk, t, (k, I) ~ .A/'i,j}).

(11)

The shape and extent o f .A/'i,j is one aspect which
characterizes the nature of the random field:
• Causal/Noncausal: A neighborhood structure is causal
(Fig. 3) if all elements of the neighborhood live in one
half of the plane; e.g.,
(k,l) E A/'i,j---~ l < j , or l - j , k

< i.

(12)

That is, if the field can be reordered into a onedimensional random vector which is Markov, satisfying
(9). Otherwise, more typically, the neighborhood is
noncausal (Fig. 3).
• Order: The order of a neighborhood reflects its extent.
A first-order neighborhood is shown in Fig. 4, which
also illustrates the pattern followed by higher order
neighborhoods.
The above discussion is entirely formulated in terms of the
probability density p(x), which is often impractical for large
random fields; the following sections summarize the two,

364 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

FIGURE 3 Regions of support for causal (left) and noncausal (right)
neighborhoods of the shaded element.
broad alternatives which have been developed:
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FIGURE 5 A causal model produces a reasonable sample (left), but shows
obvious limitations when computing estimates (right) from sparse observations (circled).

1. Gauss-Markov Random Fields: x is Gaussian, in which
case the field can be characterized explicitly in terms of
where wi,j is the estimation error process. If the random field is
expectations rather than probability densities.
stationary then the coefficients simplify as
2. Gibbs Random Fields: an energy E(x) is associated with
each possible field x; a probability density is then
ai,j,k,l -- ai-k,j-l.
(16)
constructed implicitly from E(x) in such a way that p(x)
satisfies (10), ( 11 ). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2.2 Gauss-Markov Random Fields

2.2.1 Causal GMRFs

When the random field x is Gaussian [6], then conditional
independence is equivalent to conditional uncorrelatedness,
so instead of (11) we write

5ci,j = E[xi,jl{Xk, l, (k,/) ~ L\(i, j)}] = E[xi,j]{Xk, l, (k, l) ~ A/'i,j}]
(13)
where fci,j is the estimated value of xi,j. However if x is
Gaussian the expectation is known to be linear, so the right
side of (13) can be rewritten as

fCi,j --

Z

ai'j'k'lXk'l"

(14)

(k,l)GAf i,j

Alternatively, we can describe the field elements directly,
instead of their estimates:

If a random field x is causal, each neighborhood ./V'i,j must
limit its support to one half of the plane, as sketched in
Fig. 3. These are known as non-symmetric half-plane (NSHP)
models, and lead to very simple, O ( N M ) autoregressive
equations for sampling and estimation.
Specifically, there must exist an ordering of the field
elements into a vector ~ such that each element depends only
on the values of elements lying earlier in the ordering, in
which case (15) is the autoregressive equation to generate
prior samples and the Kalman filter can be used for
estimation.
These models have limited applicability, since most random
fields are not well represented causally. The limitations of the
causal model are most obvious when computing estimates
from sparse observations, as shown in Fig. 5, since the
arrangement of the estimates is obviously asymmetric with
respect to the observations.

Xi,j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-- ~¢i,j "-[-Wi,j -- ~
ai,j,k, lXk,l Jr- Wi,j
(15)
(k,l)GAfi,j

2.2.2 Toroidally Stationary GMRFs

211

nn

2

riNK!

A second special case is that of toroidally-stationary fields; that
is, rectangular fields in which the left and right edges are
considered adjacent, as are the top and bottom. 5 In other
words, the field is periodic. The correlation structure of a
toroidally-stationary N × M field therefore takes the form

21112

E[Xi,jXi+Ai,j+Aj] -- E[xo,oXAi m o d N, Aj m o d M].
FIGURE 4 Left: The region of support of a first-order neighborhood.
Right: Neighborhood size as a function of model order.

(17)

5 That is, topologically,the wrapping of a rectangular sheet onto a torus or
doughnut.
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The significance of any such stationarity is that the resulting
covariance matrix is diagonalized by the two-dimensional
FFT, leading to extremely fast algorithms. Specifically, let A be
the correlation structure of the field,

If the field is small (a few thousand elements) and G is
invertible we can, in principle, solve for the prior covariance
P of the entire field:
G~c- ~ v = ~ GPG T - cov(~) - W ~

A i , j - E[xo,oXi,j] 1 <_ i < N, 1 < j < M

(18)

then prior samples may be computed as
s -- ifft2 {sqrt(fft2(A)) • fft2(q )}

(19)

where sqrt() a n d . are element-by-element operations, and q
is an array of unit-variance, independent Gaussian samples.
Similarly, given a set of observations with Gaussian error,
y-

X q- V,

COV(V) -- O"21

(20)

the least-squares estimates may be computed as
0¢ -- ifft2 {fft2(A) • f f t 2 ( y ) / ( f f t 2 ( A ) q- 0"2) }

365

P-

G - I W G -T.

(23)
Prior samples can be computed using the Cholesky
decomposition 7 of P, least-squares estimates computed by
inverting P, and posterior samples from the Cholesky
decomposition of the estimation error covariance P, however
none of these operations are practical for large fields.
Instead, methods of domain decomposition (e.g., nesteddissection or Marching methods) [12, 27, 28, 29] are often
used. The goal is to somehow break a large field into smaller
pieces.
Suppose we have a first-order GMRF; although the
individual field elements cannot be ordered causally, if we
divide the field into columns
X -- [Xl X 2 . . . XN]

(21)

(24)

then the sequence of columns are a one-dimensional firstwhere again • and / are performed element-by-element.
order Markov process; that is,
In general the circumstances (17), (20) are restrictive: the
field must be toroidally-stationary, regularly sampled, and
(25)
E[;i+I ];1 . . . . . ;i] - E[;i+I I;i].
densely-measured with constant error variance; however the
FFT approach is fast, O ( N M l o g ( N M ) ) , when these circumSince the field is Gaussian, we can express £i via a linear
stances are satisfied (for example texture synthesis or image
denoising). The FFT was used to generate the "wood" texture model
of Fig. 6. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
:~i+1 -- Aixi '1- Biwi.
(26)

2.2.3 Noncausal GMRFs

^

In general, we can rewrite (15), stacking the random field into
a vector £ (by rows or by columns):
G; - ~v.

(22)

The estimates Ei still need to be computed acausally,
however this can be accomplished efficiently, O ( m i n ( N M ) 3)
using the RTS smoother [30]. A tremendous number of
variations exist: different decomposition schemes, approximate or partial matrix inversion, reduced update etc., of which
one multiscale approach is described in Section 3.

.009

.014 .006

2.3 Gibbs Random Fields

.116

.250 .141

FIGURE 6 A fourth-order stationary MRF, synthesized using the FFT
method, based on the coefficients 6 ai,j.

Gibbs random fields (GRFs) are random fields characterized
by neighboring-site interactions. These were originally used in
statistical physics [31, 32] to study the thermodynamic
properties of interacting particle systems, such as lattice
gases, and their use in image processing was popularized by
papers of Besag [33, 34] and Geman and Geman [5]. The
neighboring interactions in GRFs lead to effective and
intuitive image models - - for example, to assert the
piecewise-continuity of image intensity. Hence, the GRF is

6The coefficients in the figure are rounded; the exact values may be found
in [16].

7A common matrix operation, available in standard mathematics packages
such as MATLAB.
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often used as a prior model in a Bayesian formulation to
enforce image constraints.
Mathematically, a GRF x is described/defined by a Gibbs
distribution: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

p(x)

1 e_~E(X).

-

'i

(27) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Mthough it would appear that we are focusing once again
on probability densities, p(x) is, in fact, never evaluated. All
inferences of x will take place implicitly, strictly through
evaluations of the energy function E(x). The energy function is
normally written as a sum of local interaction terms, called

FIGURE 7 Typical samples of the Ising model (30). Left: b l
Right: b] = b2 - - 1 . 0 .

- - b2 =

-0.4.

clique potentials:

First, according to the Hammersley-Clifford theorem [33],
the GRF and MRF are equivalent. As a result, the Ising model
E(x) -- E Vc(x), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(28) described above is an MRF and the Gauss-Markov models
cEC
described in Section 2.2 have associated energy functions and
clique potentials. For example, the energy function for the a
where c is a clique, i.e., either a single site or a set of sites that first-order noncausal GMRF model is [35]
are all neighbors of each other; Vc(.) is the clique potential, a
function of the random variables associated with c; and C is the
set of all possible cliques. Finally, fl > 0 is a constant, also
E(x) -- -~
l(r2E[Xi'j
Z
ai-k'j-lXk'l]2
(32)
i,j
(k,l)E.N'i,j
known as the temperature parameter, and

Z -- E e-~E(X')

(29)

X'

is a normalization constant, known as the partition function.
The enormity of the sum prevents Z from being evaluated for
all but the tiniest problems.
The attractiveness of the GRF approach lies in allowing a
simple, intuitive energy function E to describe enormously
complicated probability functions p. For example an E(x),
involving only elements of x, such as in the standard binary
Ising model [31]

E(x) -- --[-blE Xi,jXi,j-1 Jr" b2 Z Xi'jXi-l'J
i,j
i,j

(30)

implicitly describes a prior model on x, whereas the
introduction of measurements or constraints
E(xly)-

a ~ Yi,jxi,j Jr" bl ~ Xi,jXi,j-1 + b2
""7"7-.

t,j

i,j

t,j

xi,jXi- l,j (31)

just as simply implicitly describes a posterior model. In both
examples, the cliques are either a single site {(i, j)}, or two
neighboring sites {(i, j), (i, j - 1)}, {(i, j), (i - 1, j)}. Typical
realizations of the prior model are shown in Fig. 7.
Given the above brief introduction to GRFs, it is natural to
ask how they relate to the MRFs and how to address the basic
random field problems (Section 2).

from which the clique potentials can be identified.
Second, in considering basic problems such as estimation
or parameter estimation, the typical ML or MAP approach
^

OML -- arg m0axp(xl 0),

&MAP - arg mxaXp(xlr),

is impractical for GRFs because actually evaluating p(x)
requires the calculation of Z in (29), which is impossible.
Instead, local approaches, based in evaluations of evergy, are
required.

Parameter Estimation
Besag proposed to maximize the

pseudo-likelihood [33]

q(xlO) - H p(xi,jl{Xk,l, (k, I) ~ ./~i,j}, 0),

(33)

i,j

which is made up by a set of conditional probabilities, with
respect to 0. These conditional probabilities, also called the
local characteristics, are easily calculated since the partition
function no longer appears and each term in (33) can be
evaluated locally:

e-~ Ecg(i,1)
p(Xi,jl{Xk,l, (k, l) ~

./~i,j}, O) =

Vc(X)

Y'~xioe-~ ~.c~(i,j~vxx)

(34)
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Sampling
We will see that finding the estimate ~ which maximizes the
posterior p(xly) is a special case of randomly sampling from
p(xly), thus sampling is the more fundamental problem,
discussed first.
A number of techniques have been developed for sampling,
such as the Metropolis algorithm [36] or the Gibbs sampler
[5]. The Gibbs sampler is applicable to both continuous-state
[35] and discrete-state problems, the discrete case as follows:
Step 0: Initialize with a sample from a i.i.d, random field.
Step 1: Scan the image from left to right, top to bottom.
At each site (i, j), sample Xi,j from the conditional
distribution p(Xi,jl{Xk, l, (k, l) E .A/'i,j}). Whereas the joint
distribution p(x) cannot be evaluated, the conditional is
straightforward, because the partition function (29) is a
simple sum over the possible discrete values of Xi,j.
Step 2: Repeat Step 1 many times; after many iterations x is
a statistical sample of the random field [5].

'i
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FIGURE 8 Segmentationby simulated annealing.

Estimation
If we consider a GRF (27), as we reduce the temperature
T = 1/fl random samples of p(x) become increasingly biased
towards likely x. In the limit as T ~ 0, random samples of
p(x) must approach the globally optimum sample, which is
the MAP estimate XMAP"
The difficulty, however, is that the Gibbs sampler would
never actually converge to this optimum if T = 0 is set;
instead, the optimum needs to be found through a gradual
annealing process, in which a temperature parameter is slowly
decreased:
Step 0: Start with an i.i.d, sample image and an initial
temperature T = To.
Step 1: Perform one iteration of the Gibbs sampler,
finding Xk.
Step 2: Select a lower temperature Tk+l and repeat Step 1 till
convergence.
Theoretically, this produces a global optimum when
k ~ c~ and T ~ 0 [5], where k is the number of iterations.
In practice, however, the temperature has to be lowered very
slowly, e.g., according to T ( k ) = C/log(1 + k), which is
computation-intensive. Hence suboptimal techniques are
often used, among them are Besag's iterative conditional
mode (ICM) [34] and the mean field theory [37, 38].
Finally, Fig. 8 provides an example on how the GRF can be
used in a Bayesian formulation. Specifically, consider the
problem of segmenting an image into two types of image
regions, labeled - 1 and 4-1. Suppose the true labels are
described by binary field x, and we are given corrupted
measurements r = mx 4- v, where v is an additive zero-mean
white Gaussian noise. The problem of segmentation, then, is
to label each pixel of r to either - 1 or 4-1; that is, we seek to

estimate x. In a Bayesian formulation, we find x as
- arg mxaxlogp(xlr ) cx arg mxax{logp(rlx ) + logp(x)}.
(35)
If an Ising model is adopted for p(x) to enforce the region
continuity constraint (i.e., neighboring pixels are likely to be
in the same region), it can be shown easily that p(x[r) is also an
Ising model (with an external field) and the segmentation can
be obtained by simulated annealing or ICM or the MFT. For
more details and more realistic examples, see [37].

3 Multiscale Random Fields
There are elegant, natural fits between Markov models and
hierarchical structures. Consider the generalization of the
boundary in Fig. 2 to the boundary Xb shown in Fig. 9. From
(10) we see that each of the quadrant fields xi satisfies

p(xilXb, Xj, j ¢ i) = p(xilxb).

(36)

That is, given some properly-chosen boundary state Xb, the
closed regions separated by the boundary become conditionally independent, and can therefore be processed separately.
Constructing further boundaries within each of these regions
allows the domain decomposition to continue recursively,
leading to a hierarchical structure.
Similarly, given a Gibbs distribution (27) and local energy
function (28), this fine-scale model implicitly defines the
energy function corresponding to coarse-scale regions, each
containing some number of fine-scale pixels. Constructing a

368 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 9 Hierarchicalmodelingofrandom fields on a quad-tree (left). Boundarymodels for MRFs:the state xbkept
at each node (middle) can be chosen to decorrelate the four quadrants represented by that node, allowing a
decomposition. Multiresolution models for GRFs: knowing the Gibbs model at some finest scale implicitly defines a
model for coarse-scale pixels (right) as the aggregation of constraints between the contained finest-scale pixels.

nested set of increasingly coarse regions once again leads to difficult to deduce from a local model, thus hierarchical
a hierarchy.
methods begin to outperform (Fig. 10). The hierarchical
The existence of a hierarchical structure does not alone samplers proceed from coarse to fine, in a single pass,
motivate its use. However, the sampling and estimation of sampling for some iterations at each scale.
large, multidimensional random fields is computationally very
The key challenge relates to the definition of coarse-scale
complex, and hierarchical structures have shown considerable models. The coarsification of (30) is not obvious [40], and is
promise in reducing this complexity. This section will discuss most often circumvented by defining coarse-scale models
two hierarchical approaches, first a brief discussion of the implicitly in terms of the finest-scale by projection [41]. In
discrete-state case, and secondly a more detailed look at the Ising model this implies the widely-used model fls = 2sfl
at s scales above the finest.
Gauss-Markov random fields on trees. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The problem is that this is wrong. Figure 10(a) makes it
clear that for small fl the coupling should decrease with scale.
3.1 Discrete-State Models
Using fls = 2~fl leads to stiff, large-scale structures sampled on
coarse scales which need to be undone at finer scales. If a
We seek hierarchical approaches to modeling and computation for two reasons: first, for those models which are properly-renormalized model is used with the correct value of
inherently multiscale (concrete, for example, contains cracks fl at each scale, then the sampler needs only to insert the
ranging in size from sub-micron to millimetre) and, secondly, details unresolvable at the coarser scale, a much easier task
to more effectively model those non-local relationships on the than undoing incorrect structure, and thus converging far
finest scale, but which become progressively more local (and faster, as seen in Fig. 10(b).
simple) on coarser levels.
A wide variety of hierarchical [39-42] and region-based 3.2 Continuous-State Models
[43] methods exist. The most common discrete-state problems
The multiscale statistical modeling of continuous random
in image processing relate to image classification and
fields based on a particular multiscale tree structure has been
segmentation s and are designed for estimation [39, 41, 42],
the focus of research for several years [11, 12, 15, 16]. The
thus guided and driven by measurements, as opposed to
motivations driving this research are broad, including
random sampling, which is purely model based. If the image
I/f-processes, stochastic realization theory, and a variety of
noise is modest, then in many cases the coarse scales serve
application areas (computer vision, synthetic aperture radar,
mostly as a weak regularizer for a densely-measured, wellgroundwater hydrology, ocean altimetry and hydrography).
conditioned fine-scale estimation problem. On the other hand,
Although the method is applicable more broadly, we will focus
problems involving sparse or no measurements, although
on the GMRF case.
less studied, possess a finest scale which is poorly conditioned,
A statistical characterization of a random field in multiscale
and where the coarse scales have a great deal to offer.
form (detailed below) possesses the following attributes:
Consider, for example, the Ising model of (30), where
• Efficient prior and posterior sampling
bl = b2 -- b.
• Efficient least-squares estimation [11, 15] (i.e., computFor small fl the sampled field is essentially random, thus all
ing ~ in (8))
samplers, whether flat or hierarchical, converge quickly.
• Efficient likelihood calculation [14] (i.e., computing
However, as fl increases the structures present in x grow
p(ylO) in (5))
larger, and the longer-range relationships become increasingly
• The ability to accommodate non-local or distributed
8See Chapters 4.9-4.13 of this book.
measurements

4.3 Random Field Models zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

369

1
o

0.9

4

0.8

o

0.7

0

10 3

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

102

0.6
0.5

.,..,

0.4
oE

0.3
~" 0.2

101

.,..,

0.1
0

100
0

0.2
0.4
0.6
2D Coupling Coefficient

0.8

(a)

0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2D Coupling Constant

1

(b)

FIGURE 10 Hierarchical sampling for the Ising model (30). (a) The correlation between adjacent pixels as a function
of the coupling/3 and scale. Coarser scales (steep) are progressively random or uniform, depending on the value of/3
relative to criticality (at/3 ~ 0.44). (b) The convergence of a flat (divergent), standard hierarchy (intermediate), and
renormalized hierarchical model (bottom) as a function of coupling, for three different scales. Around criticality, where
structures are most complex, the renormalized model converges more than 100 times faster.

• Computational complexity is unaffected by nonstationarities in the random field or in the measurements
(compare with the FFT, Section 2.2).
From (36), the Gaussianity of the field allows us to write

E[~cil~Cb, ~Cj,j ~ i] - E[~cil~Cb] -- Ai~Cb

(37)

in other words,

~Ci - Ai;b -t-~Oi

(38)

where (~i is uncorrelated with cSj for i ¢ j. There is, however,
no reason to content ourselves with limiting the decomposition of the field into four quadrants. We can proceed further,
creating a boundary Xb, within quadrant i; from (38) it follows
that we can write the boundary as

;bi --Ai;b

+ "ff"i.

where F is a white-noise process. Local point measurements
are normally associated with the individual pixels at the finest
level of the tree, however with the appropriate definition of £,,i
at coarser levels of the tree, non-local measurements can also
be accommodated.
It is (40), (41) which form the basis for the multiscale
environment; any random field (whether Markov or not)
which can be written in this form leads to efficient algorithms
for sample paths, estimation and likelihood calculation, as
mentioned earlier.
It should be noted that (40) is essentially a distributed
marching algorithm, here marching over boundaries on a tree
rather than across space (Section 2.2). Indeed, the marching
principle applies to determining As, i, Bs, i: if we write each
boundary as Fq,i - Ls, fC where ~ is the original random field
with covariance P, then

(39)

We can continue the successive subdivision of the field into
smaller pieces; Fig. 9 shows such a set of boundaries organized
onto a tree structure. Now every vector on our tree is a
boundary; that is, our random field is described in terms of a
set of hierarchical boundaries, terminating with an individual
pixel at each tree element at the finest level of the tree.
Let x~,i be the ith boundary at scale s on the tree; then

Xs, i -- As, iXs-l,p(i) + Bs, iWs, i

(41)

f/s,i -- Cs, ifcs, i -+- Ds, i~'s,i

(40)

where p(i) represents the "parent" of the ith boundary, and
is a white-noise process.
Having developed a multiscale model (40) for a random
field, we can also introduce measurements

As, i = { Ls, iPLs-1,p(i) } {Ls-1,p(i)PLs-1,p(i)

(42)

} -1

-1

T

Bs, i -- {Ls,iPLs, i} - As, i{Ls-i,p(i)PLs-i,p(i) } As, i.

(43)

With the determination of the parameters As, i, Bs, i, the
definition of the multiscale random field is complete. There
are four issues to address to put such a model into practice:
• How does the structure (40), (41) lead to an fast prior/
posterior sampler?
Prior sampling follows trivially from (40): the scale-toscale dynamics are simulated, with random white noise
synthesized for Ws,i.
Posterior sampling is possible because the multiscale
estimation errors also obey a multiscale model [13].
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3.3 Examples

FIGURE 11 Multiscaleestimation of random-field textures. Left: Reducedorder model with texture artifacts. Right: Overlapped multiscale model.

We will briefly survey three examples. Our first example
[12, 16] continues with the MRF texture of Fig. 6. Figure 11
shows two estimates of this texture based on noisy measurements: using a reduced-order multiscale model, which
illustrates the artifacts which may be present with poorlyapproximated models, and using an overlapped multiscale
model, having the same computational complexity, but free of
artifacts.
Figure 12 shows a related example, which illustrates the
ability to estimate posterior samples, given a sparse set of
measurements from a random field. The nonstationarity of the
measurement structure makes the FFT inapplicable, but poses
no problems for the multiscale approach.
Finally Fig. 13 highlights two random fields of significant interest in oceanography [15] and remote-sensing:
the estimation of ocean height (altimetry) and temperature (hydrography) fields from sparse, nonstationary, noisy
measurements.

Adding a sample from this error model to the estimates
yields a posterior sample.
• How does the structure (40), (41) lead to an efficient
estimator?
The Kalman filter and Rauch-Tung-Striebel smoother
[30] can be applied to (40) to compute estimates;
however since every state zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
xs, i is a b o u n d a r y - only a
small subset of the random f i e l d the matrices
operations at each tree node are modest. Algorithms
4 A Nonlinear/Non-Gaussian Model: the
have been published and are available on the Internet
Gaussian Mixture
[12, 15].
• How are the boundaries Ls, i determined?
For Gauss-Markov random fields ~, Section 2.2 discusses Many real-world images, especially those with texture, contain
the criteria for a boundary to conditionally decorrelate nonlinear and possibly long range spatial interactions that can
subsets of the field. For non-Markov fields the "optimal"
not be easily captured by linear (i.e., GMRF type) models.
choice of Ls, i is much more complicated; further For example, an image containing sharp gray level transitions
(e.g., a checkerboard) cannot be described by a stationary
discussion may be found in [16].
• Can further computational efficiency be gained via autoregressive model (a type of GMRF). In such cases,
nonlinear (i.e., non-Gaussian) and possibly high-order models
approximations?
For large random fields (10 6 pixels), an "exact" solution are what is needed [20].
The Gaussian mixture has attracted a lot of attention as a
may require orders of magnitude more memory and
computational effort than an approximate method versatile model for non-Gaussian random variables [44, 45].
yielding essentially the same estimates. This is typically Indeed, under relatively mild conditions, the probability
accomplished by selecting Ls, i t o very nearly, although density function (PDF) of a non-Gaussian random variable
not perfectly, decorrelate subsets of the field. Such can be approximated arbitrarily closely by a Gaussian mixture
approximations, and methods of dealing with possible [46]. In this section, we briefly describe a Gaussian mixture
based image model and illustrate its efficacy through
resulting artifacts, are discussed at length in [16].

z

zlm

zlm

zlm

FIGURE 12 The process of posterior sampling. The lefimost two panels show a sample from an anisotropic prior
model, and estimates based on the central measured columns. The third panel shows the sampled estimation error,
where a low-variance zero-mean band can be seen where the estimation uncertainties are small, around the
measurements. The final panel shows the sampled posterior, consistent with both the measurements and the prior
statistics.
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FIGURE 13

applications in anomaly detection and texture modelling.
More details of this model and related work can be found in
[25, 47] and the references therein.

where pk(UniUn-l, Un-2
t/l) are the conditional PDFs
obtained from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE
pk(U) and
. . . . .

f pk(U)dun
-- Yrk fp(u)dun

4.1 The Gaussian Mixture Model
We first review the concept of a multivariate Gaussian mixture

and then describe how it can be used to model images.
Suppose u - [Ul, u2 . . . . . Un]r is a column random vector
whose PDF has the following form:
K

p(u) -- Z IrkPk(U)

(44)

are functions of Un_l, Un_ 2 . . . . .

(47)

U 1.

Multivariate Gaussian mixtures have many applications in
statistics [44], especially in clustering [45], and in image
modeling. Specifically, suppose x = {xi,j} is an image with a
given neighborhood (Fig. 4). Suppose for each site (i, j) we
define a pixel block (Fig. 14)

k=l

where pk(')'s are multivariate Gaussians with mean mk and
covariance matrix Ck, and
K
Irk > 0 ,

for k -

1,2 . . . . . K, and

Irk-- 1. (45)
k=l

Then p(.) is called a multivariate Gaussian mixture. A related
result is the conditional PDF of a Gaussian mixture [47], [54]"
K

[ ( U n [ U n - 1 , Un--2 . . . . .

Ul) - - E 7~kPk(Un]Un-l'
k=l

Un-2 . . . . .

p ( x i , j ) -- p(Xi',j')

Image

for any i, j and i', j'.
Image

Xil,jl

Ni,j

/

I

_ ?i!,jl~

Xi2'j2-\
xi,j

"(i,j)
FIGURE 14

(48)

and organize it into a one-dimensional vector according to
raster ordering. Then, a simple multivariate Gaussian mixture
image model can be obtained by adopting a multivariate
Gaussian mixture for the vector xi,j [20]. Notice that in order
for such a model to be useful in practice, some stationarity
conditions are usually imposed. For example, it is commonly
assumed that the multivariate Gaussian mixture p(xi,j) is
invariant with respect to i, j, i.e.,

Ul)

(46)

14

Xi,j -- {Xi,j and Xk, l, (k,/) E ./kf i,j}

Illustration of a pixel block.

~- I Xi2,j2 I
[ xi,j ___J

Xi,j

(49)
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More elaborate stationary multivariate Gaussian mixture captured well by Gaussian models. In such cases, a linear
models have been considered for textures with more predictor based on a Gaussian model tends to generate large
complicated structures, for example, see the multiresolution prediction error magnitudes even when anomaly is not
model of [20] and the wavelet-based multiresolution model present, thereby rendering the prediction error technique
ineffective.
of [25] (also described briefly below).
Clearly one solution to this problem is to use a nonFinally, compared to the random field models described in
previous sections, these block based Gaussian mixture model Gaussian model, in which case the optimal predictor (52) is
may seem "incomplete" ~ providing only the marginal PDFs non-linear and, in general, its analytic expression is difficult,
but not the joint PDF of the entire field, p(x). This issue can be if not impossible, to obtain. Fortunately, because of (46) and
(47), the Gaussian mixture image model described in
resolved in two steps: first, we can find the conditional PDF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Section 4.1 is one of the few cases where an analytic expression
of the optimal nonlinear predictor can be found [47].
_
p(xi,j)
(50) Furthermore, because a non-Gaussian model can be well
p(xi,jlXk, t, (k, l) ~ .A/'i,j) fxi,jp(xiJ )dx'i'j
approximated by an appropriately chosen Gaussian mixture
model, a wide range of non-Gaussian image texture/clutter
which, under a somewhat larger neighborhood system, can be modeled by such mixtures.
induces an MRF and consequently a joint PDF p(x) (a Gibbs
Figure 15 illustrates one example of anomaly detection, in
distribution) for the entire random field [33]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
which the object (anomaly) of interest is a helicopter in the
middle of the image in the presence of background texture and
4.2 Some Applications
clutter. The detection results are presented as a prediction
error
image (anomaly) and a spatial average of the squared
Here, we briefly describe two applications of the block-based
prediction
error (smoothed anomaly). Bright spots in the
Gaussian mixture image model: anomaly detection and
latter
image
correspond to likely anomalies. For comparison
multiresolution texture modeling.
purposes detection results are shown for both Gaussian
A n o m a l y Detection. Many practical image processing mixture and Gauss-Markov models. The results illustrate the
applications amount to the detection of small objects efficacy of the Gaussian mixture model: it produces better
(anomalies) that are different from the dominating back- detection and fewer false alarms.
ground texture and clutter. For example, in aerial photo
interpretation, one may want to detect small man-made
objects from fields and vegetation. Similarly, in manufacturing
quality inspection, one may want to detect small defects in
fabric and paper.
An effective technique for anomaly detection is to compute
the image prediction error [48], [49], [50], by computing the
prediction ~¢i,j of each image pixel using its neighboring pixels:
(51)

ei,j - xi,j - ~ci,j.

If the magnitude of the prediction error is large, the
corresponding pixel is then considered different from its
surroundings and can be considered to be part of an anomaly.
The remaining question is how to compute the prediction ~ci,j.
Suppose we model the image by a random field with
neighborhood A/'i,j. Then, an optimal predictor in the
minimum mean square error sense is
Xi,j -- E[gi,jlXk, l,

(k,/)

E

J~/'i,j].

T e x t u r e Modeling. Many real world
textured images contain nonlinear and long range interactions. Gaussian mixtures are effective in capturing nonlinear
interactions, but only on a relatively short range, to avoid
excessive model complexity. To capture long range nonlinear
interactions, however, we can extend the Gaussian mixture
into a multiresolution approach, for example through the use
of wavelets [25], where the desired long range interactions
may be realized through short range interactions at a coarse

Multiresolution

Anomaly - Gaussian Mixture

Smoothed - Gaussian Mixture

Anomaly - Single Gaussian

Smoothed - Single Gaussian

?>: ...

(52)
"i :',I~i;ii~'£:,,.i)~
;~,~'I~C~" i ',~

When the image model is Gaussian (e.g., Gauss-Markov),
the optimal predictor is a linear combination of the
neighboring pixels and the prediction calculation is easy.
However, as mentioned previously, many real-world images
are dominated by non-linear interactions which cannot be

,;

F I G U R E 15

A n e x a m p l e o f a n o m a l y detection.
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Assumption 2 is stronger than Assumption 1 and seems to
work well for textures that are characterized by random
micro-structures. However, when the texture contains long
range correlation and large structural elements, the weaker
and more realistic Assumption 1 is needed [25].
Now, we can model the random field at each resolution by
using the block-based Gaussian mixture model as described in
Section 4.1. For example, x -M can be modeled through

xm

xm+

FIGURE 16 Waveletdecomposition.
K

p(x~ M, x~tM, (k, l) E .Afi,j) - Z

7rxPK(x~M' x ~ , (k, t) E ./~i,j)

resolution. In other words, a high-order fine resolution model
Ic=l
may be achieved through a set of low-order coarse resolution
(55)
models.
Let L be a square lattice and x = {xi,j, (i, j) E L} be a random
field used to model a class of images. Suppose L represents the w h e r e ./V'i,j is a causal or non-causal neighborhood and PK(')
finest resolution and denote x by x °. Suppose that for some are Gaussian density functions. Similar block Gaussian
mixture PDFs can also be defined for each wavelet subband
positive integer M, x ° has a wavelet expansion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
wnm (conditioned on xm), where m - - l , 2 , . . . , M
and
n = 1, 2, 3. More details can be found in [25].
X 0 ,~, {W - 1 , W - 2 . . . . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W-M,X -M}
(53)
The efficacy of the multiresolution Gaussian mixture model
can be illustrated through an example of texture synthesis.
where the w m, m = - 1 , - 2
. . . . . - M , are the wavelet Specifically, in Fig. 17 we have shown an original texture
coefficients at various levels, and where each w m contains image (from the Brodatz texture set [51]), synthesis from a
three subsets w~n, w~, w~' corresponding to the LH, HL, and multiresolution Gaussian model (i.e., multiresolution AR
HH orientations, as shown in Fig. 16. The sign --~ denotes model), and synthesis from multiresolution Gaussian mixture
equivalence in the sense that the wavelet coefficients can be models (one with a causal and one with a non-causal neighused to reconstruct x °.
borhood system). The multiresolution Gaussian mixture
Since x is completely determined from its wavelet models provide significantly better results than those from
coefficients, we can model x by modeling the wavelet the multiresolution Gaussian model. Furthermore, the noncoefficients. In other words, x can be modeled by specifying causal neighborhood system provides better results than those
the joint probability density:

p(x °) ,~ p(w -1 ' w -2 . . . . . W -M, X -M)
= p(w -11W - 2

W -M, X -M)

.....

x p ( w - 2 1 w - 3 , . . . , w -M, x - M ) . . , p(x TM)
= p(W -11x-1)p(w-2lx-2)... p(x -M)
where

we

have

used

the

fact

that

(54)

(Wm . . . . . W -M,

X -M) ,x~ x(m+ 1) for - M < m < - 1 . Now, the problem of
specifying p(x °) becomes that of specifying densities p(x -M)
and p(wmlxm), where the complexity (model-order) for these

Original Aluminum Texture
......

.............

,

............

~

Wavelet Gaussian

.....

latter models can be considerably lower than that for the fine
resolution model.
Since it is well known that the wavelet transform reduces
correlation within and between resolutions, two assumptions
can be made to simplify the modeling of p(wm]xm):

• Assumption 1 (Inter-band Conditional Independence):
w n , n -- 1, 2, 3 are independent given x m.
• Assumption 2 (Inter-band Independence): w nrn, n - 1, 2, 3
m

are independent of each other as well as independent
of x m.

Causal Wavelet Gaussian Mixture Non-Causal Wavelet Gaussian
FIGURE 17 Examplesof texture synthesis.
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1 Introduction
AM-FM models describe an image in terms of highly localized
two-dimensional (2D) frequency modulation (FM) and
amplitude modulation (AM). These models are remarkably
powerful for characterizing and processing textured images.
This is because of their inherent ability to quantify the most
important and basic elements of texture: The FM part of the
model comprises instantaneous frequency vectors that capture
the local texture orientation and granularity (i.e., the local
directionality and the local coarseness or pattern spacing),
whereas the AM part captures the local texture contrast (i.e.,
the disparity in intensity between the brightest and darkest
elements of the local texture pattern). We begin with some
illustrative examples which we discuss in relation to the
discrete Fourier transform (DFT) described in Chapter 2.3.
Consider first the discrete-time one-dimensional (1D) chirp
signal

f(k)-

cos( 0"4rr k2)
\512

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

(1)

defined for 0 < k < 512 and graphed in Fig. 1A. Intuitively,
this signal is a discrete sinusoid that oscillates faster and faster
as the time index k advances (it may be thought of as cos(o9k),
0.4. k). With the DFT, the signal can be represented
where o9 -- -~as a sum of 512 discrete-time complex sinusoidal Fourier
components. We refer to these components as stationary
because they each have an amplitude and a frequency that
are fixed for all k. However, the signal (1) is decidedly
nonstationary in the sense that the local rate of oscillation
(or instantaneous frequency) varies with k. In the DFT model
of the signal, this nonstationary structure is created by subtle
and sometimes complicated constructive and destructive
interference between the stationary Fourier components. The
DFT magnitude spectrum of the signal appears in Fig. lB.
Although an expert well-versed in chirp analysis can
immediately identify the characteristic spectrum shape in
Fig. 1B, we are going to argue in this chapter that the DFT is
not always the most natural way to interpret the spatial and
spectral structure of a nonstationary signal.
Suppose that we relax the constraints of the DFT model
and permit instead a representation in terms of quasisinusoidal components having amplitudes and frequencies that
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FIGURE

are allowed to vary arbitrarily but smoothly throughout
the domain. Components of this type are called AM-FM
components or AM-FM functions; they are like sinusoids
with "locally adjustable" amplitudes and frequencies. The
nonstationary amplitude envelope of such a component is
called the AM function, while the derivative of the instantaneous phase is called the FM function. 1 In fact, the signal (1)
may be precisely represented using only a single AM-FM
component. The AM and FM functions of this component,
which were computed using the demodulation algorithm
given in [1], are shown in Fig. 1C and 1D. They could
alternatively have been obtained using the discrete TeagerKaiser Energy Operator (TKEO) and energy separation
algorithm (ESA) described in [2]. The computed modulations
indicate that the signal is a single nonstationary sinusoid with
a constant amplitude and an instantaneous frequency that
increases linearly. This AM-FM model characterizes the signal
in a way that is at once both parsimonious and appealingly
consistent with our intuition about how our senses (hearing in
this case) would perceive the signal: When played through an
audio speaker, the sound of the signal has a constant volume
(AM) and a pitch that increases linearly with time (FM).
Moreover, the computed AM-FM model naturally facilitates
analysis and processing of the signal directly in terms of
the nonstationary modulated structure. We refer to this
as modulation domain signal processing. In 1D, AM-FM sigaFor a discrete signal, we consider that the (discrete) instantaneous phase
function contains samples of a corresponding continuous-domain phase
function that may be differentiated. The discrete FM function contains the
samples of this derivative.

nal models have been used successfully for time-frequency
analysis, speech analysis, and in the study of nonlinear air flow
during human phonation [2-9].
With the 2D DFT, an image is represented as a sum of
stationary sinusoidal Fourier components like the ones shown
in Fig. 1 of Chapter 2.3. Each of these discrete-space sinusoids
has an amplitude and a 2D frequency vector that are constant
throughout the entire image domain. As in the 1D case, the
2D Fourier representation can only create nonstationary
image structure through constructive and destructive interference between stationary Fourier components. The main
idea behind AM-FM image modeling is to relax the constraints of the DFT and formulate a representation that
captures the essential structure of an image using a relatively
small number of quasi-sinusoidal 2D AM-FM components.
These components are like discrete-space sinusoids with
amplitudes and frequency vectors that are permitted to vary
arbitrarily but smoothly throughout the image domain.
Compared to the pure sinusoids in Fig. 1 of Chapter 2.3,
the AM-FM components typically exhibit ridges and troughs
that bend in orientation, bifurcate, and may be bright in some
regions while dim in others.
Two basic examples are presented in Fig. 2. The wood grain
image of Fig. 2A would be interpreted as a single homogeneous texture in many applications. Using the techniques
described in Section 3, we computed a 43-component AM-FM
model for this image. Adding these 43 components together,
we obtained the approximate AM-FM image reconstruction
shown in Fig. 2B. Whereas the DFT represents this 256 x 256
image as a sum of 2562 sinusoidal Fourier components,
it is clear from the figure that the essential structure has
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FIGURE 2 Basic two-dimensional AM-FM [amplitude modulation (AM); frequency modulation (FM)] modeling examples. A: Woodgrain image. B:
Approximate reconstruction obtained by summing 43 computed AM-FM image components. C: Dominant AM function. D: Dominant FM function. E:
Reconstruction of the dominant AM-FM component from (C) and (D). F: Tiffany image. G: Dominant AM function. H: Dominant FM function.
I: Reconstruction of the dominant AM-FM component from (G) and (H).

been captured using only 43 AM-FM components. Next, we
selected at each pixel one of the 43 AM-FM components as
the dominant one (the algorithm for making this selection is
explained in Section 3.3). By extracting the value of the AM
function from the dominant component on a pixel-by-pixel
basis, we obtained the dominant AM image function given
in Fig. 2C. Generally, the dominant AM function is bright
where there is high contrast in the local texture pattern and
dim in regions where there is less contrast. 2
2There is a technical issue that deserves some clarification at this point. W e
have stated that the a m p l i t u d e s and frequencies of the A M - F M c o m p o n e n t s
should vary smoothly, yet the d o m i n a n t A M f u n c t i o n in Fig. 2C clearly is
not s m o o t h everywhere. This arises because, even t h o u g h the A M function
(and FM function) of each constituent A M - F M c o m p o n e n t m i g h t be
s m o o t h everywhere, the d o m i n a n t A M function (and FM function) m a y

still exhibit discontinuities along the boundaries between regions where
different components are dominant. Also, in practice the componentwise AM
and FM functions computed from a nontrivial image will generally exhibit
some discontinuities.

We also extracted the FM frequency vector from the
dominant component on a pixel-by-pixel basis to obtain the
dominant FM image function shown in Fig. 2D. We refer to
this figure as a needle diagram. Each directed needle in the
diagram originates from a pixel and has an arrowhead at
the terminating end to indicate the dominant texture
orientation at the pixel. For clarity, only one needle is plotted
for each block of 8 x 8 pixels. The needle lengths are inversely
proportional to the magnitude of the FM frequency vector, so
that short needles indicate high frequencies corresponding to
image structures of small spatial extent, whereas long needles
indicate low frequencies corresponding to larger structures.
By combining the dominant AM and FM functions, we
synthesized the dominant AM-FM image component. The
result, which is a single AM-FM function depicting the
dominant structure of the image, is shown in Fig. 2E. Notice
that the needles in Fig. 2D are orthogonal to the salient
ridges and troughs in Fig. 2A and Fig. 2E. With relation
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to the stationary sinusoids in Fig. 1 of Chapter 2.3, the ridges This is an ill-posed problem because, for any given f(x, y),
and troughs in Fig. 2A, B, and E may be interpreted as there exist infinitely many pairs of functions a(x, y), V~o(x,y)
nonstationary AM-FM wavefronts with directions of propaga- that give equality in (4). The question of how one should
tion given by the orientations of the needles in Fig. 2D.
select a particular pair of AM and FM functions to associate
A similar example is given in Fig. 2F-I. The reconstruction with the image f(x, y) has been vigorously debated for decades
in Fig. 2I represents the dominant structure of the image [27-32]. Here, we will consider two main types of approaches
using only a single AM-FM component. On local neighbor- to the problem.
hoods, this dominant component can be thought of as a
Methods of the first type operate directly on the image
"bendable" sinusoid with variable contrast. Note that the values f(x, y) to obtain solutions for a(x, y) and V~0(x,y) (or,
subject's hair in Fig. 2F exhibits structure on at least three equivalently, for a(x,y) and ~p(x,y)). The 2D TKEO
different spatial scales (or granularities). It is interesting to and its associated ESA [10], which are discussed in Section
observe the various regions in Fig. 2I where the AM-FM 2.1, are an example of a method of the first type. Methods
model interprets the fine-, medium-, or coarse-scale structure of the second type start by adding an imaginary part
as being dominant.
to the image to generate a complex-valued extension z(x, y)
While the AM-FM dominant component reconstructions in with Re[z(x, y)] = f(x, y). As we shall see, a unique pair of
Fig. 2E and Fig. 2I are interesting and informative for human AM and FM functions can then be computed from z(x, y).
consumption, the true power of the AM-FM approach for The analytic image approach discussed in Section 2.2 is
texture processing is manifest in the computed modulations one example of a method of the second type. It is important
of Fig. 2C, D, G, and H. Modulations of this type have been to realize that the two types of approaches are actually
used successfully for jointly localized analysis [10-13], texture equivalent. When a method of the first type computes a
segmentation and classification [14-18], edge detection and particular a(x,y) and V~p(x,y), it implicitly specifies a
image enhancement [19], estimating three-dimensional (3D) complex image z(x, y) = a(x, y)exp[j~o(x, y)]. Similarly, when
shape from texture [14, 20, 21], performing texture-based a method of the second type computes a complex image
computational stereopsis [22], fingerprint analysis and z(x,y), the complex image can always be written as
classification [23, 24], content-based image retrieval [25], z(x,y) = a(x, y)exp[j~o(x, y)]. This implicitly specifies a parand for regenerating occluded and damaged textures [26]. ticular AM function a(x,y) and FM function V~0(x,y) to
In Section 2 of this chapter we explain the fundamental be associated with the original real-valued image fix, y).
concepts of AM-FM image modeling. Practical techniques for Thus, we see that selecting a particular pair of modulating
computing AM-FM models like the ones shown in Fig. 2 functions is precisely equivalent to adding an imaginary part
are presented in Section 3. We summarize several important to f(x, y).
It may seem strange that we would want to consider two
recent developments and emerging trends in AM-FM image
modeling in Section 4. Finally, in Section 5 we conclude and different types of approaches that generally yield different
briefly examine the significance of emerging trends in AM-FM answers to the same problem. The explanation hinges on two
key points. First, the two different methods frequently yield
modeling in terms of future research directions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
solutions for the modulating functions that are quite similar.
Second, it must be kept in mind that associating amplitude
2 Fundamentals of AM-FM Image
and frequency modulating functions with a given f(x, y) is
a problem that does not admit a unique solution. While the
Modeling
solutions obtained from the two types of methods are genSuppose we are given a real-valued 2D continuous-domain erally different, it is often the case that both achieve our goals
image f(x, y). We assume that the mean has been subtracted of formulating a consistent model and of delivering AM
out, so that the average value of f(x, y) is zero. What we and FM functions that are useful for solving real-world
engineering problems.
want is to find a vector-valued FM function Vg(x,y)=

[U(x, y) V(x, y)]T, where
3

U(x, y) -- -~x~p(x,y),
0
V(x, r) - = ¢(x, r),
oy

(2)

(3)

and a positive semidefinite AM function a(x, y) so that

f (x, y) = a(x, y) cos[~0(x,y)].

(4)

2.1 Two-Dimensional Energy Separation
To understand the fundamentals of energy separation,
consider a 1D continuous-time signal fit) that we want to
model as f i t ) = a(t)cos[~o(t)]. The 1D continuous TKEO is
given by ~c[f(t)] = {f'(t)} 2 -f"(t)f(t) [2]. Iff(t) is reasonably locally narrowband, then, for a particular pair of
modulating functions a(t) and ~0'(t) that are generally
intuitively appealing and physically meaningful, we have that
~c[f(t)] ~ {a(t)~d(t)} 2. The quantity {a(t)~o'(t)}2 is known as
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the Teager energy of the signal. Moreover, applying the
TKEO to approximate the Teager energy of the derivative of
the signal yields ~c[f'(t)] ~ a2(t){~d(t)} 4. Thus, individual
solutions for the AM and FM functions off(t) can be approximated by applying the ESA [2]

a(t) ,~ ~c[f(t)] ,

(5)

v/qJc['(t)]
I~o'(t)[ ~ /~c[f'(t)]

V~c[f(t)]

(6)

Note that the ESA estimates the FM function from the Teager
energy, which involves the square of the instantaneous fiequency ~p'(t). As a result, the sign of cp'(t) is lost in (6). This
presents no real difficulty since, once the AM function a(t) has
been estimated using (5), the unwrapped phase can be tracked
according to ~p(t) = arccos[f(t)/a(t)]. The sign of ~p(t) should
be set positive where the unwrapped phase is locally increasing
and negative where the unwrapped phase is locally decreasing.
For a 1D discrete-time signal f(k), the 1D discrete TKEO is
given by [2]

*d[f(k)] = f2 (k) - f(k + 1)f(k - 1).

(7)

For a locally narrowband signal f(k), the discrete TKEO closely
approximates the discrete Teager energy {a(k)gd(k)} 2.
By applying (7) independently to the rows and columns of
a discrete 2D image f(nl,n2) and summing the results, one
obtains the discrete 2D TKEO [ 10]

~
a(nl,n2) ~

(I)d [f(nl, n2)]
sin2([U(n1;~22~ si~-[V(nl, n2)[)"

(11)

Equations (9)-(11) are straightforward to implement digitally,
either in software or in hardware. Furthermore, these operations are spatially localized, which makes them particularly
suitable for implementation in sections or on a parallel
computing engine. Note that Eqs. (9)-(11) all three involve
square roots that are subject to failure if the corresponding
TKEO outputs are negative at some pixels. Estimates of the
AM and FM functions at such points can be obtained by
simple spatial interpolation. Conditions for positivity of the
TKEO were studied in [33]. The main advantages to using the
TKEO and ESA described in this section are that they are
computationally efficient and that they estimate the AM
and FM functions from the values of the real image alone.
The main disadvantage is that an auxiliary algorithm must
be used to estimate the signs of the components of the FM
function.

2.2 Two-Dimensional Analytic Image
The analytic image is a multidimensional analogue of the 1D
analytic signal [29, 34-36]. For a real-valued 1D continuoustime signal fit), the analytic signal is given by z ( t ) fit) + jH[f (t)], where ~[f(t)] - f i t ) • -~1 is the 1D Hilbert
transform. The analytic signal has many important properties,
including the following:

1. It associates a unique pair of AM and FM functions
with f(t).
(Pd[f(nl, n2)] -- 2f2(nl, n 2 ) - - f(nl -]- 1, n2)f(n 1 - - 1, n 2 ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2. The Fourier spectrum off(t) is redundant in the sense
that it is conjugate symmetric (i.e., F(co) is completely
(8)
-- f ( n l , n2 + 1 ) f ( n l , n2 -- 1). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
determined by its values on either the positive halfline or the negative half-line). The analytic signal z(t)
The operator Oa implicitly selects a particular pair of
reduces this redundancy in a particularly elegant way:
modulating functions to associate with f(nl,n2). For this
Z(co) is equal to 2F(w) on the positive frequencies and
pair, it approximately tracks the 2D discrete Teager energy
it is identically zero on the negative frequencies.
Oa[f(nl,n2)] ~ aa(nl,n2)[V~O(nl, n2)[2. For images that are
3. If z(t) is written as a power series and the real variable
reasonably locally smooth, the modulating functions selected
t is replaced by a complex variable v, then the signal z(v)
by the 2D TKEO are generally consistent with intuitive
is a holomorphic or analytic function: In the upper half
expectations [10]. With the TKEO, the magnitudes of the
of the complex v-plane, it satisfies the Cauchy-Riemann
individual amplitude and frequency modulations can be
equations and it is differentiable to arbitrary order.
estimated using the 2D discrete ESA [10]
The Hilbert transform has been extended into multiple
dimensions in several different ways for various applications
1-[-1, n 2 ) - f ( n l 1, n2)]
[U(nl, n2)[ ~ arcsin ~/dpcl[f(n
(9) [37-41]. For AM-FM image modeling, what is needed is a
40d[f(nl, n2)]
multidimensional Hilbert transform that yields a complex
image capable of representing arbitrary orientations. In other
words, the arrows appearing in needle diagrams like the ones
of Fig. 2D and 2H must be able to assume orientations in two
, n2 -[- 1) - f(nl, n2 - 1)]
[V(nl, n2)[ ~ arcsin ~Od[f(nl
quadrants:
one where the signs of the components of the
4~Pd[f (nl, n2)]
frequency vector V~0(x,y) are the same and one where they
(10) are different. Accomplishing this requires that the Fourier
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transform of the complex image be identically zero over half
of the 2D frequency plane and generally nonzero over the
other half. For a real-valued image fix, y), this requirement
is satisfied by the analytic image
(12)

z(x, y) - f (x, y) + jT-12[f(x, y)],
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pointwise product of F(u, v) with 7-/2(u, v) as given in (15).
Third, the DFT of z(nl,n2) is computed according to
Z(u, v) - F(u, v) + jQ(u, v). Finally, z(nl, n2) is obtained by
taking the inverse DFT of Z(u, v). A more efficient algorithm
for calculating Z(u,v) may be derived by realizing that, for
each u and each~ v, Z(u, v)..assumes one of only three possible
values: zero, 2F(u, v), or F(u, v).
The demodulation algorithms (13) and (14) may be discretized by carefully applying the quasi-eigenfunction approximation (QEA) given in [13]. Once the analytic image z(nl, n2)
has been constructed, the AM function a(nl, n2) can be
obtained by [ 13]

where 7-/2[f(x, y)] is the 2D directional Hilbert transform given
in [42, 43]. Like the 1D analytic signal, the analytic image (12)
associates a unique pair of AM and FM functions with fix, y)
and elegantly reduces the spectral redundancy inherent in the
Fourier transform F(cox, o~y). However, unlike the 1D case, the
analytic image generally fails to satisfy the multidimensional
(16)
Cauchy-Riemann equations.
a(nl, n2) -- [z(nl, n2)[.
Once the analytic image z(x, y) has been constructed, the
AM and FM functions of f(x, y) may be obtained according The magnitudes and signs of the components of the FM
to [13] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
function Vcp(nl,n2) can then be approximated according
to [13]

[Vz(x,y)]

V~o(x,y) - ReLjz(x, y) ],

(13)

a(x, y) -- [z(x, y)[.

(14)

[U(nl, n2)[ ,~ arcc°s [ z(nl q- 1' 2-~n-li
n2)n2)+z(nl-l' n2)] ,

These algorithms are easy to verify by direct calculation if one
substitutes z(x, y) = a(x, y) exp[jqg(x, y)] into the right-hand
sides of (13) and (14). Intuitively, the FM algorithm (13)
works because the exponential is invariant under differentiation (i.e., ~ eu - eu-~). As an interesting aside, it should be
noted that the imaginary part of the quotient in (13) also gives
precisely the instantaneous bandwidth of z(x, y) [36].
For a discrete N x M real-valued image f(nx,n2), the
analytic image is given by z(nl, n2) -- f(nl, n2) + jq(nl, n2),
where q(nl, n2) is the discrete 2D directional Hilbert
transform of f(nl,n2). If F(u, v) is the.~DFT off(hi, n2), then
the DFT of q(nl, n2) is given by Q ( u , v ) - ~2(u,v)F(u,v),
where [42]

----j• u -- 1,2 . . . . . N 1,
j,

u--N+I,N+2

..... N--l,

-j,

u -- 0, v -- 1, 2,

"'''

M
2

1,

--j,

u _ N , V-- 1,2, ..., M
2

1

j,

u--0, v--

j,

u--

0,

otherwise.

N

~-/2(U, V) - -

+I,T +2'''''M-l'
, V - - Tu + I , M
7-+2,...,M-1,
(15)

Thus, z(nl, n2) may be computed by the following straightforward procedure. First,the DFT is used to obtain F(u, v)
from f(nl, n2). Second, Q(u, v) is computed by taking the

(17)

sgnU(nl, n2)[ ~ sgn arcsin [ z(nl q- l'2jz(nl,n2)n2)-z(nl-l'n2)], (18)

[V(nl' n2)l "~ arcc°s[ z(nl' n2 +2 ~l)i h- z(nl'
n2) n2 - 1 ) ] ,

(19)

sgnV(nl, n2)~ sgn arcsin[ z(nx' n2-1-l)-Z(nl,2jz(nl,n2)n2 - 1)] "(20)
Like the ESA of Section 2.1, the demodulation algorithms
(16)-(20) are easily implemented in hardware or software and
are well suited for implementation in sections or on a parallel
processor. Two comments are in order concerning the frequency algorithms (17)-(20). First, these algorithms cannot be
applied at pixels where z(nl, n2) -- 0. At such pixels, frequency
estimates may be obtained by interpolating the frequency
estimates from neighboring pixels. Second, the arguments of
the transcendentals in (17)-(20) are guaranteed to be real up
to approximation errors; any nonzero imaginary component
should be discarded prior to evaluating the arccos and arcsin
functions. The main advantages of using the analytic imagebased technique described in this section are that it is computationally efficient and that it estimates signed frequency.
The main disadvantage is that the complex analytic image
must be calculated explicitly.

3 Practical Techniques for AM-FM Image
Modeling
The fundamental AM-FM modeling techniques described in
Section 2 work well when applied to single-component images
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like those shown in Fig. 2E and 2I. Each local neighborhood components as indicated in (21) is not unique and is, in fact,
in a single-component image can be described by a single determined by the structure of the filterbank. The demodulanonstationary AM-FM component (i.e., a single "bendable" tion problem then becomes one of estimating the AM and FM
sinusoid). However, most images encountered in practical functions in (21) from the filterbank channel responses.
Assume first that the filters are real-valued and let gi(nx, n2)
applications are inherently multicomponent. The characteristics that distinguish a multicomponent signal or image are and Gi(U, V) be the impulse response and frequency response
described technically in [36, 44, 45]. The intuitive notion is of one of the filterbank channels. At a particular pixel, suppose
quite straightforward: multicomponent images are made up that the channel response yi(nl, n2) is dominated by the image
of local neighborhoods that are best characterized as sums component fk(nl, n2), so that, in a neighborhood about the
of multiple nonstationary sinusoidal components, each having pixel, yi(nl, n2) = f(nl, n2) * gi(nl, n2) ~ j~(nl, n2) * gi(nl, n2).
Then, under mild and realistic assumptions one may show
AM and FM functions that vary smoothly.
If applied directly to a multicomponent image, the discrete that, in the neighborhood,
demodulation algorithms (9)-(11) and (16)-(20) will generally suffer from large approximation errors and fail. The most (I)d [yi(nl, n2)] ~ a~(nl, n2)lV~ok(nl, n2)[ 2 Gi [V~Oq(nl, n2)1
obvious means of circumventing this problem is to apply
"~"*d[fk(nl, n2)]lGi[V~pk(nl, n2)]l 2.
(23)
multiband linear filtering to the image to isolate the multiple
AM-FM components from one another on a spatially local
basis. Since all of the demodulation algorithms described in Note that the energy operator appears in both the numeraSection 2 are small in spatial extent, the filters need not isolate tors and denominators of (9) and (10). If these frequency
components on a global scale. But they must be spatially demodulation algorithms are applied to yi(nx, n2), then the
localized to avoid averaging out fine-scale nonstationary scaling by [Gi[Vcpq(nl,n2)][2 indicated in (23) is approximately
structure and also spectrally localized to reject cross- canceled by division. Thus, (9) and (10) can be applied
component interference during demodulation. What is directly to a channel response to estimate the FM function of
required is that the response of each filter be dominated by the component that dominates that channel at any given pixel.
Moreover, multiband filtering provides a convenient means
at most one AM-FM image component at each pixel.
In Section 3.1, we explain how (9)-(11) and (16)-(20) may of approximating the relative signs of the frequency estimates
be modified so that they can be applied to each filter response (9) and (10). Let [Uk(nl,n2)[ and [Vk(nl, n2)[ be the magnitude
to estimate the AM and FM functions of the component that frequency estimates obtained by demodulating yi(nx, n2) at a
particular pixel. Since gi(nl, n2) is by assumption real-valued
dominates the filter on a pixel-by-pixel basis. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in this case, the frequency response Gi(U, V) will be conjugate
symmetric.
Hence, the bandpass characteristic [Gi(U, V)] will
3.1 Filtered Demodulation
have two mainlobes with center frequencies located either
Suppose that we are given a real-valued discrete image in quadrants one and three or in quadrants two and four of
f(nl, n2) and that the mean has been subtracted out so that the 2D frequency plane. If the signs of the horizontal and
the spatial average of the image is zero. Our goals are to vertical components of these center frequencies agree, we
model this image as a multicomponent AM-FM function take sgn Uk(nl, n2)--sgn Vk(nl, n 2 ) = +1. Otherwise, we set
according to
sgn Uk(nl, n2) = +1 and sgn Vk(nl, n2) -- -- 1.
K
Unlike the frequency algorithms just discussed, the
f(nx, n2) -- ~ ak(nl, n2) COS[~0k(nl, n2)]
(21) amplitude demodulation algorithm (11) requires explicit
k=l
modification before it can be applied directly to a filterbank
channel response. This is because the image components
and to compute estimates of the AM and FM functions for fk(nl,n2) in (21) are individually scaled as they pass through
each of the K image components
the filterbank. In particular, the amplitude estimates obtained
fk(nl, n2) = ak(nl, n2) COS[99k(nl, n2)].
(22) by applying (11) to yi(nl,n2) must be divided by [Gi[V~0k
(nl,n2)][. Thus, once g~0k(nl, n2) has been estimated by
To achieve this, we process the image with a bank of linear applying (9) and (10) to yi(nl,n2), the modified amplitude
translation invariant (LTI) bandpass filters. Design considera- estimation algorithm of the ESA is given by
tions for the filterbank are discussed in Section 3.2. Each
individual filter in the bank is referred to as a channel. Our
~/(~)d[Yi(nl, n2)]
assumptions are that the filters are of the bandpass LTI
ak(nl, n2) ~"
type and that, at each pixel, the response of each channel
[Gi[Uk(nl, n2), Vk(nl, n2)]l
is dominated by at most one AM-FM image component
x v/sin2([ Uk(nl, n2)[) + sin2([ Vk(nl, n2)l)
fk(nl,n2) in (21). This last assumption is satisfied automati(24)
cally in practice, since the decomposition of the image into

I

I2

°
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We next consider filtered versions of the demodulation
algorithms (16)-(20). As before, the real-valued discrete image
f(nl, n2) is modeled according to (21). Since the 2D directional Hilbert transform (15) is linear, it commutes with sums.
By applying the transform to both sides of (21) we obtain the
complex-valued multicomponent analytic image

z(nl, n2) = f(nl, n2) -+-j'}{.2[f(nl, n2)]
K

-- Z ak(nl, n2) exp[j~ok(nl, n2)].

(25)

k=l
When z(nl, n2) is input to the filterbank, the channel
responses are given by yi(nl, n2) = z(nl, n2) * gi(nl, n2)
zk(nl, n2)* gi(nl, n2), where filterbank channel i is dominated
by component zk(nl, n2) in a neighborhood about the pixel
(nl, n2).
Because the Hilbert transform is implemented using the
spectral multiplier 7-g2(u,v) given in (15) and since 2D multiband linear filtering is almost always implemented using
pointwise multiplication of DFTs, great computational savings
can be obtained by combining the linear ill,ring and analytic
image generation into a single operation. If Gi(u, v) is the DFT
of gi(nl, n2), then the channel response yi(nl, n2) can be
obtained by taking the inverse DFT of

Yi(u, v) -- G~(u,v)[1 + j~2(u, v)]'F(u, v).
N

(26)
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3.2 Filterbank D e s i g n C o n s i d e r a t i o n s
The following list summarizes the six main filterbank
design requirements that have been implied thus far in
Section 3:
1. The channel filters should be linear and translation
invariant (LTI).
2. Each filter should be spatially localized to avoid too
much smoothing, which could average out important
nonstationary structure in the image. In addition, filters
that are well localized spatially will tend to minimize
approximation errors in the filtered demodulation
algorithms [ 13, 14].
3. The filters should be spectrally localized to resolve input
components that are closely spaced in frequency and to
avoid cross-component interference.
4. The response of each filter should be dominated by at
most one AM-FM image component at each pixel.
5. The filterbank channels should sample the 2D frequency
plane densely so that all of the visually important
structure of the input image is manifest in the channel
responses.
6. The filterbank should yield a decomposition of the
image into a sum of nonstationary components having
smoothly varying modulations. This is critical for
obtaining a representation in terms of visually significant choices for the AM and FM functions, as well as
for minimizing approximation errors in the filtered
demodulation algorithms. What this implies is that
the channels must have frequency responses with
smooth transition bands and must be selective in
terms of both the magnitude and the orientation of
the 2D frequency vector.

Half of the frequency samples in Z(u, v) are identically zero,
so (26) actually saves half of the complex multiplies required
to implement the convolution performed by each filterbank
channel. It should be noted that the combined LTI operation
indicated in (26) implicitly involves channel filters having
Unfortunately, there are no known filters that satisfy all
complex-valued impulse responses.
six requirements. The second and third requirements are
Similar to the case of the filtered TKEO and ESA, careconflicting as a consequence of the reciprocal spreading
ful application of the quasi-eigenfunction approximation as
property of the Fourier transform: as one attempts to make
described in [13] verifies that the frequency demodulation
a filter more localized in one domain, it becomes less localized
algorithms (17)-(20) may be applied directly to the channel
in the other. This fact strongly suggests the use of 2D
response yi(nl, n2) to estimate the FM function of the comGabor filters as was argued in [13, 14]. The continuous-space
ponent that locally dominates the response on a pixel-by-pixel
Gabor functions uniquely realize the uncertainty principle
basis. Once this has been done, the amplitude demodulation
lower bound on joint spatiospectral localization [34, 36,
algorithm (16) must be explicitly modified to account for the
46-48] and discrete Gabor functions are approximately
scaling effects of the filter. The resulting filtered amplitude
optimal in this regard. Furthermore, requirements four and
algorithm is given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
six tend to be best satisfied by filters that have good
joint localization properties, again suggesting the use of
ak(nl, n2) ,~
[yi(nl, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n2)[
.
(27) Gabor filters. In fact, Gabor filters are suboptimal for AM]Gi[Uk(nl, n2), Vk(nl, n2)][
FM image modeling in only one respect: taken together,
requirements four through six imply that the filters should be
Thus, with an appropriate bank of LTI bandpass filters mutually orthogonal and, ideally, should constitute a perfect
gi(nl, n2), the AM and FM functions of all components in the reconstruction system. Since Gabor filters fail to admit finite
multicomponent image model (21) may be estimated using support in either domain, they can provide neither orthogonality nor perfect reconstruction. Nevertheless, as described in
(9), (10), and (24) or using (17)-(20) and (27).
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FIGURE 4

Chapter 4.9, Gabor filters are popular choices in a variety of
image processing and computer vision applications due
to their other good properties. Moreover, as described in
Chapter 4.1, Gabor filtering is a plausible explanation for
several of the processes known to occur in the early stages of
human vision.
For the remainder of Section 3, we assume the use of a
densely spaced bank of complex-valued Gabor filters like the
one described in [10, 13-15]. The frequency response of a
filterbank of this type is shown in Fig. 3, where two highfrequency filters have been added to cover the corners of the
right frequency half-plane. The design of this filterbank is
described in detail in [49]. Each filter in the regular polar
tessellation has a half-peak bandwidth of one octave, and any
four adjacent filters intersect at a single frequency where each
one is at half of its peak response. The baseband (DC) filter
in the center of the figure is also designed to intersect the
innermost ring of AC filters at half-peak.
3.3

Dominant

Component

Analysis

In this section we describe a multicomponent computational
technique called dominant component analysis, or DCA,
which at every pixel delivers estimated modulating functions
aD(t/1,r/2)
and V(jgD(t/1,/'/2) corresponding to the AM-FM
component that is locally dominant at that pixel [13, 15, 49].
The dominant frequency vectors Vq)D(nl, n2) are often referred
to as the emergent frequencies of the image [14]. Generally,
different components in the sums (21) and (25) are expected
to be dominant in different image regions. A block diagram of
DCA is shown in Fig. 4. The real image f(nl, n2) or the analytic
image z(nl, n2) is passed through a multiband linear filterbank
such as the one shown in Fig. 3. The demodulation algorithms
(9), (10), and (24) or (17)-(20) and (27) are then applied to
the response of every filterbank channel in the blocks labeled
DEMOD in Fig. 4.

Block d i a g r a m of d o m i n a n t c o m p o n e n t analysis ( D C A ) .

The dominant component at each pixel is defined as the one
that dominates the response of the channel that maximizes a
channel selection criterion F'i(nl, n2). For the ESA-based and
analytic image-based demodulation approaches, 1-'i(nl,/'/2) is
given respectively by

~d [yi(nl, n2)]
1-'i(nl, n2) -- ]V99k(nl' t/2)]2 maxu, v ]Gi(U, V)] 2'

(28)

and

1-'i(nl, n2)

]yi(nl,n2)]
maxu, v IGi(U, V)I'

(29)

where V99k(n1,n2) in (28) is the vector-valued frequency
estimate obtained by demodulating yi(nl, n2). As explained in
[13], these criteria tend to select the channel having its center
frequency closest to the instantaneous frequency vector of the
component with the largest amplitude. They also provide
superior rejection of "false" or bogus components arising
from cross-channel interference or random noise that lies
far outside the filter passband. Dominant modulations
aD(nl,n2) and V~0D(nl,n2) are extracted from the channel
that maximizes Fi(nl, n2) on a pointwise basis.
The dominant modulations provide a rich description of
the local texture structure of the image. As we pointed out in
Section 1, they have been used with great success in a number
of important image processing and computer vision applications. The dominant AM and FM functions shown in
Fig. 2C, D, G, and H were computed by DCA using the
filtered demodulation algorithms (17)-(20) and (27) with the
filterbank of Fig. 3. Since the Fourier spectra of most images
are dominated by extremely low frequency information
representing the mean pixel value and by large-scale shading
and contrast variations due to lighting conditions, the mean
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(a)

(c)

(e)

(b)

(d)

(f)

(g)
FIGURE 5 Dominant component analysis (DCA) segmentation examples. A: Four-texture image. B: DCA segmentation; each segment is shown with a distinct
gray tone. (From [52], with permission). C: Natural two-texture image. D: DCA segmentation; pixel values in the upper segment are divided by two. (From [52],
with permission). E: Natural two-texture image. F: DCA segmentation; pixel values in the right segment are divided by two. (From [18], with permission).
G: Two-texture image. H: DCA segmentation; each segment is shown with a distinct gray tone. (From [16], with permission). (© 2005 IEEE.)

value of the image was subtracted out prior to filtering and the
DC filter shown in Fig. 3 was removed for DCA. Postfiltering
was also applied as described in Section 3.6 and in Fig. 8.
To illustrate a DCA-based application, several texture
segmentation examples are shown in Fig. 5. In each case, the
dominant modulations aD(nx,n2) and VCPD(nl,n2) were used
to construct feature vectors for performing segmentation in the
modulation domain. The image in Fig. 5A is a juxtaposition of
four Brodatz textures [50], while Fig. 5C is a natural image
from the VisTex database [51]. These two examples are
partially supervised in the sense that the number of texture

s e g m e n t s - four in the case of Fig. 5A and two in the case of
Fig. 5 C was used as a priori information. However, no
information about the types of textures or their characteristics
was supplied to the algorithm. After subtracting out the mean
of each image, DCA was applied using the filterbank of Fig. 3
(with the DC channel removed) and using postfiltering as
described in Section 3.6. The segmentations shown in Fig. 5B
and 5D were computed by applying k-means clustering to the
modulation domain feature vectors as described in [52]. In the
result of Fig. 5B, 97.3% of the pixels are correctly classified.
While ground truth is not available for the image of Fig. 5C,
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the result in Fig. 5D is remarkably consistent with our the frequency tracks of the various components have been
intuition about where the boundary between the two regions investigated [5, 7, 53]. Here we consider a particularly simple
approach that often works well in practice: we consider that
should be located.
The image of Fig. 5E is also from the VisTex database. The the filterbank channels partition the image into components
segmentation in Fig. 5F was obtained by applying k-means on a spatially global basis. Each resulting AM-FM component
clustering with cross-validation to the dominant modulations is restricted to lie in a single channel over the entire image
computed by DCA. As described in [18], this example is domain. Therefore, we refer to this approach as channelized
fully unsupervised: absolutely no a priori information what- components analysis (CCA). With CCA, the number of
soever about the number of textures or their characteristics components in the computed image model is necessarily equal
was used. Likewise, the example of Fig. 5G and 5H is fully to the number of channels in the filterbank. As depicted in
unsupervised. In this case, the segmentation was computed Fig. 6A, estimates of the modulating functions of each
by applying the maximum likelihood approach described individual component are obtained by simply demodulating
in [18]. The percentage of pixels correctly classified in Fig. 5H the corresponding filter response on a global basis. The CCA
is 97.0%. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
representation provides a dense description characterizing not
only the dominant image structures, but subtle subemergent
texture features as well. It should be noted that exact
3.4 Channelized Components Analysis
reconstruction from the CCA model is possible in general
A general block diagram for performing image processing in only if the analysis and synthesis processes constitute a perfect
the modulation domain is shown in Fig. 6. On the left half, reconstruction system, which they usually do not. Some of
Fig. 6A shows the analysis portion, which involves using (9), the reasons for this were discussed in Section 3.2, and we will
(10), and (24) to compute a real-valued multicomponent look into the issue in more detail in Section 4.
AM-FM model according to (21) or using (17)-(20) and (27)
The multicomponent woodgrain image reconstruction
to compute a complex-valued model according to (25). On shown in Fig. 2B was computed using CCA with the
the right half, Fig. 6B shows the signal processing operation, reconstruction algorithm described in Section 3.5. The mean
the definition of which is currently an open research topic, of the image was subtracted out and the complex analytic
and the synthesis portion (reconstruction) as described in image was processed with the filterbank of Fig. 3. The channel
Section 3.5. In this section, we consider the simplest case responses were demodulated using (17)-(20) and (27).
wherein the signal processing block of Fig. 6B is the "null" or Postfiltering was applied as described in Section 3.6. While
"do nothing" operation. The block diagram then represents it is not a perfect reconstruction, Fig. 2B demonstrates that
an AM-FM transform.
virtually all of the visually important information in the image
The question of how best to decompose a complicated has been captured by the CCA multicomponent AM-FM
image into a sum of components for AM-FM modeling is model. Another example is given in Fig. 7. The DCA reconsa difficult one and sophisticated techniques for following truction of the dominant AM-FM component is shown in
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FIGURE 6 Modulation domain signal processing. A: Block diagram of channelized components analysis (CCA). B: Block diagram of signal processing and
reconstruction.
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(b)

(c)

(d)

(e)

FIGURE 7 Multicomponentexample. A: Original mandril image. B: Reconstruction of dominant component computed by dominant component analysis
(DCA). C: 43-component channelized components analysis (CCA) reconstruction. D, E: Two of the individualAM-FM [amplitudemodulation (AM); frequency
modulation (FM)] components from the CCA image reconstruction in (C).
Fig. 7B, while Fig. 7C gives the 43-component CCA recons- independent horizontal and vertical estimates of the phase
truction. Two of the individual channelized AM-FM image using a first-order Taylor series approximation for the
components are shown in Fig. 7D and 7E. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
derivative and truncating the higher order terms. Averaging
these two estimates, we have

3.5 Reconstruction
Reconstructing AM-FM image components from their
estimated amplitude and frequency modulations is an
important part of the overall modulation domain signal
processing paradigm shown in Fig. 6, The application of DCA
or CCA to an image involves estimating the AM and FM
functions of all image components at every pixel. Although it
is a straightforward matter to reconstruct any given component (22) in (21) once the AM function ak(nl, n2) and
instantaneous phase function ~ok(n~,n2) have been estimated,
reconstruction of the phase from the FM function V~Ok(nbn2)
is in general a difficult and ill-posed inverse problem. In this
section we present a simple algorithm for performing phase
reconstruction [53]. While it is certainly suboptimal, this
algorithm is often effective in practice, and it was used to
compute the AM-FM reconstructions shown in Fig. 2B, 2E,
and 21, as well as those shown in Figs. 7B-E.
Suppose that we want to reconstruct the component
fk(nl, n2) given modulating function estimates ak(nl, n2) and
V~Ok(nl,n2). For any pixel that does not lie in the uppermost
row or leftmost column of the image, we can easily obtain

1

q~k(nl, n2) -- ~ [¢Pk(nl -- 1, n2) q- Uk(nl -- 1, n2)
if-¢Pk(nl, n 2 - 1 ) + Vk(nl, n 2 - 1)],

(30)

where V~Pk(nl,n2) = [Uk(nb n2) Vk(nl, n2)] T as defined in (2)
and (3). Equation (30) can be used to reconstruct the phase on
the entire image domain, provided that we save phase samples
¢Pk(1,n2) and ~Pk(nl,1) as initial conditions during the DCA or
CCA analysis phase. There is no difficulty in doing this, since
Gabor filters have real-valued spectra. 3 Thus, for any given
channel, the QEA [13] implies that the instantaneous phase of
the channel response is approximately equal to that of the
input component that dominates the channel.

3Assumingthat the impulse response has not been spatiallyshifted (i.e., that
it is centered at the origin of the spatial coordinate system), any complexvalued Gabor filter has a frequency response that is a real-valued Gaussian.
Similarly, the frequency response of a real-valued, origin-centered Gabor
cosine filter is the sum of two real-valued Gaussians. In either of these cases,
the frequency response has a phase that is identicallyzero.
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The main problem with this approach is that the frequency discontinuities in their local surface patterns that may lead
estimates VCPk(nl,n2) generally contain approximation errors to Gabor filter responses that fail to be everywhere smooth.
that propagate cumulatively unless the phase reconstruction Such perturbations from the smooth, locally coherent image
process is periodically reset. Therefore, it is preferable to model considered in this chapter are most often manifest
partition the image into disjoint blocks and perform phase as nonsmooth variations or localized excursions in the
reconstruction independently on each block. A block size of amplitude envelopes and phases of the filter responses.
4 x 4 pixels was used for all of the examples in this chapter. Occlusions, shadows, specularities, and surface defects are
The value of the phase at the upper left corner of each block but a few among the many factors that can give rise to these
was saved as an initial condition during analysis. Phase perturbations, which are almost always problematic. For
reconstruction was then performed along the first row of the example, Gabor filter magnitude and phase responses were
block using the horizontal frequency estimates alone accord- used as features for segmenting textured images in [12] and
ing t o qgk(n1, n 2 ) - - ~k(nl - - 1, n 2 ) if- Uk(nl - - 1, n 2 ) . Similarly, [54], where it was observed that nonsmooth perturbations in
phase reconstruction was performed on the first column these features could result in the failure to obtain a consistent
segmentation. Low-pass postfilters were applied to the Gabor
of the block according to ~ok(nl,n2) = ~Pk(nl, n2 -- 1) +
V k ( n l , n 2 - 1). Equation (30) was then used to reconstruct filter responses prior segmentation to effectively compensate
the phase at all interior pixels of the block.
for this problem. Each postfilter was a Gaussian with a spatial
Once the phase reconstruction is completed on all blocks, standard deviation (or space constant) ~3 as large as that of the
the component fk(nl,n2) is reconstructed using (22), as corresponding Gabor channel filter. Thus, the postfilters had
illustrated in Fig. 7D and 7E. The CCA multicomponent envelopes of the same shape as the channel filters, but were
AM-FM image reconstructions in Fig. 2B and Fig. 7C were somewhat larger in spatial extent and correspondingly more
obtained by summing the individual reconstructed compo- narrowband.
nents according to (21). A slightly different approach was
When, as is the case with the DCA and CCA techniques
required for the DCA reconstructions shown in Fig. 2E, presented in Sections 3.3 and 3.4, the desired features are
2I, and Fig. 7B. All of the individual components )~(nl,n2) explicitly computed AM and FM functions as opposed to
were reconstructed exactly as described above. At each pixel, channel filter magnitude and phase responses, it is appropriate
the dominant components were then set equal to the value to apply postfiltering directly to the computed modulations.
of the reconstructed component that maximized the channel This approach was adopted in [2] where median filtering was
selection criterion (28) or (29) at the pixel. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
applied to the computed FM function and in [13, 55] where
Gaussian postfilters were used. The importance of postfiltering
cannot be overemphasized: In the vicinity of nonsmooth
3.6 Postfiltering and Postprocessing
amplitude and phase variations, the demodulation algorithms
The DCA and CCA techniques presented in Sections 3.3 and
(9)-(11) and (16)-(20) are subject to significant approxima3.4 generally yield high-quality AM-FM models for images
tion errors. The postfiltered channel model used for all
that are locally coherent in the sense of having smooth
of the examples in Fig. 2, Fig. 5, and Fig. 7 is shown in Fig. 8,
modulating functions. Synthetic images generated from
where the postfilters Pi are low-pass Gaussians with space
analytic equations are often of this type, as are some naturally
constants equal to those of the corresponding Gabor channel
occurring images. For many other images, however, additional
filters Gi. Frequency demodulation is applied to the channel
processing may be required to compensate for certain perresponse and the components of the obtained FM vectors
turbations that can occur in the Gabor filter channel responses
are independently smoothed by postfiltering. The smoothed
and in the computed AM and FM functions themselves. The
frequencies are used in the amplitude demodulation algopostfiltering operations described in Section 3.6.1 are useful
rithm, and the resulting AM function is then postfiltered.
for smoothing the computed modulations and were applied in
all of the examples shown in Fig. 2, Fig. 5, and Fig. 7. Less
frequently, the postprocessing described in Section 3.6.2 is 3.6.2 Postprocessing
needed to remove outliers and compress the dynamic range Further postprocessing in addition to the postfiltered channel
when displaying AM-FM image reconstructions or when model of Fig. 8 is sometimes required when the input image
displaying the computed modulating functions as images. This contains phase discontinuities. At the site of a phase
kind of post processing was used only for the AM image of
Fig. 2G, where a 3 x 3 median filter was applied to reduce the
dynamic range of the floating point data for 8-bit display.
'IAMPI
I :- a

3.6.1 Postfiltering
It is well known that the textures occurring in images
of general practical interest can contain shifts, breaks, or

Gi

I
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FIGURE 8
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Postfiltered c h a n n e l model.
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discontinuity, the FM function Vtp(nl, n2) can exhibit
all of the discrete filtered algorithms given in Section 3.1
essentially unbounded excursions that may remain large in
involve approximation errors that are often small but
magnitude even after postfiltering [55]. Since the magnitudes
nevertheless nontrivial in the context of Fig. 6 unless the
of the channel filter frequency responses necessarily fall
input is purely monochromatic.
Gabor filterbanks cannot provide perfect reconstrucoff rapidly outside the passband, the term [Gi[Uk (nl,n2),
tion, as was discussed in some detail in Section 3.2. 4
Vk(nl, n2)][ in the denominators of (24) and (27) may become
While the filtered demodulation algorithms given in
vanishingly small. As a result, these filtered amplitude algoSection 3.1 are essentially independent of the particurithms, which were designed under the assumption of locally
lar filterbank choice and many mutually orthogonal
smooth input modulations, may yield absurdly large amplifilterbanks are available, these generally involve channel
tude spikes in a small neighborhood about the phase
frequency responses with crisp edges that imply poor
discontinuity. When these spikes occur, they are sometimes
joint localization, whereas good joint localization is
sufficiently large so as to render it impossible to meaningfully
critical for minimizing approximation errors in the
display the estimated AM function and reconstructed image
demodulation algorithms. This problem is compounded
using 8-bit gray scales. This condition should be suspected any
by the fact that there is no straightforward way to extend
time the reconstructed image or computed AM function
the uncertainty principle, which quantifies joint localiexhibit values that are many times larger than the largest gray
zation, from the continuous to the discrete case.
scales occurring in the original image. Depending on the
The reconstruction algorithm given in Section 3.2 is
severity and spatial extent of the amplitude spikes, one or a
admittedly simplistic. The presence of frequency estimafew applications of a 3 x 3 median filter, as was used in
tion errors means that the computed phase gradient
Fig. 2G, often yields a satisfactory result. If the dynamic range
field is nonconservative and thus the phase reconstrucof the AM function is still too large after median filtering, then
tion problem is ill-posed. Even if the frequency estiadditional compression techniques should be considered.
mates were perfect, nonzero errors arise in (30) due
One approach that we have found useful is to empirically
to modeling the partials of the phase with first-order
determine a threshold and logarithmically compress all pixels
differences. It is unclear how any discrete algorithm
that exceed it in magnitude. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
can resolve this issue in a way that is completely free
of approximation errors. The block-based approach
described in Section 3.2 also tends to produce visible
4 Emerging Trends in AM-FM
blocking artifacts when the block size is large.

Image Modeling

The DCA and CCA techniques presented in Section 3 deliver
computed AM-FM models that are of sufficient quality to
be demonstrably useful and effective for solving a variety of
important image processing and computer vision analysis
problems; we enumerated several of these in the concluding paragraph of Section 1. However, these techniques fail
to provide perfect reconstruction within the framework of
Fig. 6, even when the signal processing block is set to the "do
nothing" operation. Thus, they do not provide an invertible
AM-FM transform and this fact has slowed the emergence of
important applications including AM-FM image coding and
the development of general theories for modulation domain
image processing. We have already mentioned the reasons
why CCA models as described in Section 3 cannot provide
perfect reconstruction and we reiterate these below with some
additional discussion:
1. The amplitude and frequency demodulation algorithms
contain inherent approximation errors. The unfiltered
algorithms (5) and (6) are exact when applied to a
real-valued monochromatic signal, while (13) and (14)
are exact when applied to a complex signal. However,
the discrete unfiltered versions (9)-(11) and (16)-(20)
involve approximations with nonzero errors. Moreover,

In this section we briefly sketch some exciting techniques
that have begun to emerge very recently and that seem to offer
solutions to all of these problems.

4.1 Perfect Reconstruction Filterbanks
The theory of 1D continuous-time orthogonal wavelet transforms has been recognized as an attractive framework for
developing discrete subband signal decompositions that
are capable of providing perfect reconstruction [56-58].
These are referred to as discrete wavelet transforms (DWTs).
As described in [59] and in Chapter 4.2, the application of
this theory for constructing separable 2D filterbanks is well
understood. So it is natural to ask why wavelets were not
selected for building the filterbank in Section 3.2.
One reason is that only Gabor filters can achieve the
uncertainty principle lower bound on joint localization in the
continuous case. With reference to Fig. 6A in Chapter 4.2,
another reason is that the computation of wavelet subbands
4It should be noted that perfect reconstruction can be achieved with the

Gabor transform. But that is a biorthogonal transform involving inner
products (or convolutions) between the input signal and a family of nonGabor auxiliaryfunctions as opposed to with the Gabor functions themselves.
The auxiliary functions are not smooth and do not possess optimal joint
localization [49].
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(a)

(b)

(c)

FIGURE 9 Decomposition of a non-orientation selective, separable parallel filterbank channel (A) into two channels that are orientation selective but
nonseparable (B, C). The log-magnitude spectra are shown. (From [60], with permission.) (© 2005 IEEE.)

involves downsampling between levels. The various subbands
in a multilevel DWT are of different sizes and this complicates interpretation of the results when these subbands are
demodulated. The cascaded structure shown in Fig. 7A and 7B
of Chapter 4.2 also involves iterated application of the analysis
and synthesis filters, which is inefficient from a computational
standpoint. More importantly, as is readily evident in Fig. 1C
and 6B of Chapter 4.2, the subbands in a separable DWT are
neither orientation selective nor smooth in general. Thus, one
can expect nontrivial approximation errors when applying the
discrete demodulation algorithms of Section 3.1 to these
subbands.
The key that has emerged for resolving these problems is to
implement the DWT in a tricky way as described in [60, 61 ].
First, the Noble identities are applied to transform the 1D
M-level DWT into an M + 1 channel parallel filterbank [62].
Each channel of this filterbank produces one of the 1D wavelet subbands in a single convolution operation followed
by appropriate decimation. For example, a four-level DWT
with low- and high-pass analysis filters fa[n] and ga[n] can be
implemented as a parallel filterbank with five channels having
transfer functions given by

Ho(z) -" Fa(z)Fa(z2)Fa(z4)Fa(z8),
H i ( z ) -- Fa(z)Fa(z2)Fa(z4)Ga(z8),
H2(z) = Fa(z)Fa(z2)Ga(z4),
H3(z) = Fa(z)Ga(z2),
H 4 ( z ) - - Ga(z).

(31)
(32)
(33)
(34)

(35)

These transfer functions are converted to DFTs by taking
equally spaced samples around the unit circle of the z-plane.
Taking all of the pairwise products Hi(u)Hk(v) between
(31)-(35) then yields a separable 2D DWT implemented as
a 25-channel parallel filterbank that is magnitude frequency
selective but not orientation selective. However, it is shown
in [61] that if the 1D analysis and synthesis filters satisfy
the requirements for a perfect reconstruction orthogonal or
biorthogonal DWT (see, e.g., [63]), then the DFT array

Hi(u)Hk(V) will admit zeros along the line u = 0 whenever Hi
is different from the low-pass filter (31) and along the line
v = 0 whenever Ilk is different from (31). These lines of zeros
lie between the mainlobes of the frequency response and
make it possible to decompose each nonorientation selective
channel into a pair of channels that are orientation selective.
An example based on the length-six orthogonal Daubechies
wavelet is shown in Fig. 9. The log-magnitude DFT spectrum
of the original 2D separable channel H3(u)H3(v) is shown in
Fig. 9A, while the decomposition into two orientation selective
channels is given by the log-magnitude spectra of Fig. 9B
and 9C. It should be noted that these orientation selective
channels are distinctly nonseparable and cannot be implemented through the usual iteration of 1D convolutions along
the rows and columns of the image.
For our example 25-channel separable DWT perfect
reconstruction parallel filterbank based on (31)-(35), this
procedure can be applied to each of the 16 channels
Hi(u)Hk(V) for i, j6[1, 4] to obtain 32 nonseparable orientation selective channels. While the procedure could also be
applied to the eight channels Ho(u)Hk(v) and Hk(u)Ho(v) for
k 6 [1, 4], it is unnecessary to do so because these channels
each have a pair of mainlobes aligned either along the u-axis
or along the v-axis and are hence already orientation selective.
Finally, there is the nondirectional low-pass channel
Ho(u)Ho(v) to which the procedure cannot be applied. This
results overall in a nonseparable orientation selective filterbank with 3 2 + 8 + 1 - - 4 1
channels. If the 41 wavelet
subbands produced by this analysis filterbank are input to
the corresponding synthesis filterbank, then the original image
is recovered. However, what is most important for our
purposes is the fact that the individual image components
corresponding to each subband can be reconstructed at full
resolution by submitting only that subband to the synthesis
filterbank with all other inputs set to zero. The individual
components obtained in this way can be summed to obtain
a perfect reconstruction of the original image. It is most
significant that this approach provides us with a means of
gaining direct access to the individual components fk(ni,n2)
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in (21) and (22), which can be demodulated using unfiltered or the analytic image-based techniques given in Section 2.2.
techniques.
However, when these techniques are applied, one finds that
What has been lost is the optimal joint localization pro- the approximation errors inherent in the demodulation
vided by the continuous Gabor filters. But that is not too algorithms themselves preclude the possibility of perfect
great a concern because the orientation selective parallel 2D reconstruction. This implies that more accurate demodulation
DWT filterbanks generated by several of the most popular algorithms are needed to realize the modulation domain signal
wavelets actually have quite good joint localization proper- processing paradigm depicted in Fig. 6.
ties. What is needed is a means of quantifying the joint
In view of the fact that the approximation errors in the
spatiospectral localization of a pair of discrete 2D analysis and ESA associated with the continuous-time TKEO are generally
synthesis perfect reconstruction parallel DWT filterbanks. This smaller than those of the discrete ESA, it was proposed in [64]
is provided by the novel discrete-discrete uncertainty measures to fit the discrete signal with the cubic splines described in
given in [48, 61]. Over a reasonably large class of well-known [65-67]. This provides a continuous-time piecewise polylength-six orthogonal and biorthogonal wavelets, these nomial interpolation of the signal that ensures continuous
measures are optimized by the Coiflet, use of which will be second-order derivatives. In [64], the continuous-time ESA
was then applied analytically to this interpolating function.
assumed in Section 4.2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The approximation errors in the demodulation algorithms
were appreciably reduced, but not eliminated, and the possi4.2 Perfect Reconstruction FM Algorithm
bility of perfect reconstruction from the computed modulaThe perfect reconstruction filterbank described in Section 4.1 tions was therefore still precluded.
Here, an advantage can be gained by using the analytic
provides us with direct access to the individual image
components fk(nl, n2) in (21), which can be demodulated image-based approach described in Section 2.2. For each of
using either the TKEO-based techniques given in Section 2.1 the individual image components delivered by the filterbank

(a)

(b)

(c)

(d)

FIGURE 10 Perfectreconstruction example using wavelet-based filterbank and spline-based demodulation. A: Original Lena image. B, C: Two of the
individual AM-FM, [amplitude modulation (AM) frequencymodulation (FM)] componentsmaking up the model. D: Reconstruction.
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of Section 4.1, the discrete 2D Hilbert transform (15) can be techniques for computing perfect reconstruction AM-FM
applied to generate a complex extension. For each component, image transforms that set the stage for the development of
(16) can then be applied to obtain error-free estimates of AM-FM image coding schemes and open the door to the
the AM function. For the component fk(nl, n2) with complex development of general theories of modulation domain image
extension zk(nl, n2), error-free samples of the phase are also processing.
available via ¢Pk(nl, n2) = arctan{Im[zk(nl, n2)]/Re[zk(nl, n2)]}.
The discrete phase can then be fit with third-order 2D tensor
product splines to yield a continuously differentiable poly- Acknowledgment
nomial interpolation [65-67]. The discrete FM function is
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sampling the continuous-space derivatives. This provides an Sivley of the University of Oklahoma, who designed and
error-free means of calculating the discrete FM function, from implemented the splines-based demodulation and reconstrucwhich the discrete phase can be perfectly reconstructed. This tion algorithms described in Section 4.2.
is true regardless of whether phase unwrapping is performed
prior to the spline fit. However, if phase unwrapping is not References
performed, then the computed FM function will contain
[1] A. C. Bovik, J. P. Havlicek, D. S. Harding, and M. D. Desai,
high frequencies that arise purely from the branch cuts in the
"Limits on discrete modulated signals," IEEE Trans. Signal
arctan function and have no visual significance whatsoever.
Process. 45, 867-879 (1997).
Therefore, phase unwrapping should always be performed
[2] P. Maragos, J. F. Kaiser, and T. F. Quatieri, "Energy separation
prior to fitting the tensor product splines.
in signal modulations with applications to speech analysis,"
The filterbank of Section 4.1 provides a decomposition of
IEEE Trans. Signal Process. 41, 3024-3051 (1993).
[3] P. Maragos, J. F. Kaiser, and T. F. Quatieri, "On amplitude and
the image into components with perfect reconstruction. Once
frequency demodulation using energy operators," IEEE Trans.
the Hilbert transform (15) is applied to generate complex
Signal Process. 41, 1532-1550 (1993).
extensions of these components, the algorithm (16) delivers
[4]
A.
C. Bovik, P. Maragos, and T. F. Quatieri, "AM-FM
error-free estimates of the AM functions. By applying cubic
energy
detection and separation in noise using multiband
tensor splines, we obtain error-free estimates of the FM
energy Operators," IEEE Trans. Signal Process. 41, 3245-3265
functions with perfect reconstruction. Together, these techni(1993).
ques constitute a perfect reconstruction AM-FM transform.
[5] S. Lu and P. C. Doerschuk, "Nonlinear modeling and processing
Figure 10A shows the original Lena image. A 41-component
of speech based on sums of AM-FM formant models," IEEE
AM-FM model was computed using the Coiflet-based
Trans. Signal Proc. 44, 773-782 (1996).
filterbank described in Section 4.1 and the spline-based
[6] J. Foote, D. Mashao, and H. Silverman, "Stop classification
demodulation algorithm described in this section. Two of
using DESA-1 high-resolution formant tracking," in Proc. IEEE
Intl. Conf. Acoust. Speech, Signal Proc. 720-723 (1993).
the individual AM-FM image components are shown in Fig.
[7] H. M. Hanson, P. Maragos, and A. Potamianos, "A system for
10B and 10C, where the orientation selectivity of the filterbank
finding speech formants and modulations via energy separacan clearly be seen. The reconstructed image, which is
tion," IEEE Trans. Speech Audio Process. 2, 436-443 (1994).
identical to the original, is given in Fig. 10D. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[8] D. A. Cairns and J. H. L. Hansen, "Nonlinear analysis and
classification of speech under stressed conditions," J. Acoust.
Soc. Amer. 96, 3392-3400 (1994).
5 Conclusion
[9] G. S. Ying, C. D. Mitchell, and L. H. Jamieson, "Endpoint
detection of isolated utterances based on a modified Teager
We reviewed the fundamentals of AM-FM image modeling
energy measurement," in Proc. IEEE Intl. Conf. Acoust. Speech,
and discussed practical demodulation algorithms. The DCA
Signal Proc. 732-735 (1993).
and CCA techniques discussed in Section 3 use jointly [10] P. Maragos and A. C. Bovik, "Image demodulation using
multidimensional energy separation," J. Opt. Soc. Amer. A 12,
localized Gabor filterbanks to deliver high-quality AM-FM
1867-1876 (1995).
models that have proven useful in a wide range of applications
[11] B. Friedlander and J. M. Francos, "An estimation algorithm
including texture segmentation and classification, edge detecfor 2-D polynomial phase signals," IEEE Trans. Image Process. 5,
tion and image enhancement, estimating 3D shape from
1084-1087 (1996).
texture, texture-based computational stereopsis, and content[12] A. C. Bovik, M. Clark, and W. S. Geisler, "Multichannel texture
based image retrieval. In applications where Gabor filter
analysis using localized spatial filters," IEEE. Trans. Pattern
magnitude responses or center frequencies have traditionally
Anal. Machine Intell. 12, 55-73 (1990).
been used as features, we have found that a significant
[13] J. P. Havlicek, D. S. Harding, and A. C. Bovik, "Multiperformance gain can generally be achieved by replacing
dimensional quasi-eigenfunction approximations and multithese features with explicitly computed amplitude and
component AM-FM models," IEEE Trans. Image Process. 9,
frequency modulations. We also introduced new and exciting
227-242 (2000).

394 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

[14] A. C. Bovik, N. Gopal, T. Emmoth, and A. Restrepo, "Localized [31] M. S. Gupta, "Definition of instantaneous frequency and
measurement of emergent image frequencies by Gabor
frequency measurability," Am. I. Phys. 43, 1087-1088 (1975).
wavelets," IEEE. Trans. Info. Theory 38, 691-712 (1992).
[32] A. Potamianos and P. Maragos, "A comparison of the energy
[15] J. P. Havlicek, "The evolution of modern texture processing,"
operator and the Hilbert transform approach to signal and
Elektrik, Turkish Journal of Electrical Engineering and Computer
speech demodulation," Signal Proc. 37, 95-120 (1994).
Sciences 5, 1-28 (1997).
[33] A. C. Bovik and P. Maragos, "Conditions for positivity of an
[16] T. B. Yap, J. Havlicek, and V. DeBrunner, "Bayesian segmenenergy operator," IEEE Trans. Signal Process. 42, 469-471
tation of AM-FM texture images," in Proc. 35th IEEE Asilomar
(1994).
Conf. Signals Syst. Cornput. (Pacific Grove, CA, Nov. 4-7, 2001), [34] J. Ville, "Th~orie et applications de la notation de signal
pp. 1156-1160.
Analytique," Cables et Transmission, vol. 2A, pp. 61-74 (1948),
[17] N. Zray, I. Havlicek, S. Acton, and M. Pattichis, "Active contour
translated from the French in I. Selin, "Theory and applications
of the notion of complex signal," Tech. Rept. T-92, The RAND
segmentation guided by AM-FM dominant component analysis," in Proc. IEEE Intl. Conf. Image Proc. (Thessaloniki, Greece,
Corporation, Santa Monica, CA, August 1958.
Oct. 7-10, 2001), pp. 78-81.
[35] A. Papoulis, Signal Analysis (McGraw-Hill, New York, 1977).
[18] T. B. Yap, T. Tangsukson, P. C. Tay, N. D. Mamuya, and [36] L. Cohen, Time-Frequency Analysis (Prentice Hall, Englewood
I. P. Havlicek, "Unsupervised texture segmentation using
Cliffs, NJ, 1995).
dominant image modulations," in Proc. 34th IEEE Asilomar [37] E. M. Stein, Singular Integrals and Differentiability
Properties of Functions (Princeton University Press, Princeton,
Conf. Signals, Syst., Cornput. (Pacific Grove, CA, Oct. 29-31,
NJ, 1970).
2000), pp. 911-915.
[38] R. R. Read and S. Treitel, "The stabilization of two-dimensional
[19] S. K. Mitra, S. Thurnhofer, M. Lightstone, and N. Strobel,
recursive filters via the discrete Hilbert transform," IEEE Trans.
"Two-dimensional Teager operators and their image processing
Geosci. Electron. 11, 153-160 (1973).
applications," in Proc. 1995 IEEE Workshop Nonlin. Signal and
Image Proc. (Neos Marmaras, Halkidiki, Greece, Jun. 20-22, [39] F. Peyrin, Y. M. Zhu, and R. Goutte, "Extension of the notion
of analytic signal for multidimensional signals. Application to
1995), pp. 959-962.
images," in Signal Processing III: Theories and Applications,
[20] B. J. Super and A. C. Bovik, "Shape from texture using local
I. T. Young et al., eds, (Elsevier Science Publishers, Amsterdam,
spectral moments," IEEE Trans. Pattern Anal. Machine Intell.
B. V. (North-Holland), 1986), pp. 677-680.
17, 333-343 (1995).
[21] B. J. Super and A. C. Bovik, "Planar surface orientation [40] Y. M. Zhu, F. Peyrin, and R. Goutte, "The use of a
two-dimensional Hilbert transform for Wigner analysis of
from texture spatial frequencies," Pattern Recog. 28, 728-743
2-dimensional real signals," Signal Process. 19, 205-220 (1990).
(1995).
[22] T. -Y. Chen, A. C. Bovik, and L. K. Cormack, "Stereoscopic [41] S. L. Hahn, "Multidimensional complex signals with singleorthant spectra," Proc. IEEE 80, 1287-1300 (1992).
ranging by matching image modulations," IEEE Trans. Image
Process. 8, 785-797 (1999).
[42] J. P. Havlicek, J. W. Havlicek, and A. C. Bovik, "The analytic
image," in Proc. IEEE Intl. Conf. Image Proc. (Santa Barbara, CA,
[23] M. S. Pattichis, G. Panayi, A. C. Bovik, and S. -P. Hsu,
October 26-29 1997), 446-449.
"Fingerprint classification using an AM-FM model," IEEE
[43 ] J. P. Havlicek, J. W. Havlicek, N. D. Mamuya, and A. C. Bovik,
Trans. Image Process. 10, 951-954 (2001).
"Skewed 2D Hilbert transforms and computed AM-FM
[24] N. Kitiyanan and J. P. Havlicek, "Modulation domain reference
models," in Proc. IEEE Intl. Conf. Image Proc. (Chicago, IL,
point detection for fingerprint recognition," in Proc. IEEE
Oct. 4-7, 1998), pp. 602-606.
Southwest Syrup. Image Anal., Interp. (Lake Tahoe, NV,
Mar. 28-30, 2004), pp. 147-151.
[44] D. Wei and A. C. Bovik, "On the instantaneous frequencies of
Multicomponent AM-FM Signals," IEEE Signal Proc. Let. 5,
[25] J. P. Havlicek, J. Tang, S. T. Acton, R. Antonucci, and
84-86 (1998).
F. N. Ouandji, "Modulation domain texture retrieval for
CBIR in digital libraries," in Proc. 35th IEEE Asilomar Conf. [45] J. P. Havlicek, D. S. Harding, and A. C. Bovik, "Multicomponent multidimensional signals," Multidimensional Syst.
Signals, Syst., Comput. (Pacific Grove, CA, Nov. 9-12, 2003),
Signal Proces. 9, 391-398 (1998).
pp. 1580-1584.
[26] S. T. Acton, D. P. Mukherjee, J. P. Havlicek, and A. C. Bovik, [46] D. Gabor, "Theory of communication," ]. Inst. Elect. Eng.
London 93, 429-457 (1946).
"Oriented texture completion by AM-FM reaction-diffusion,"
IEEE Trans. Image Process. 10, 885-896 (2001).
[47] J. G. Daugman, "Uncertainty relation for resolution in
space, spatial frequency, and orientation optimized by
I. Shekel, "Instantaneous' frequency," Proc. Inst. Radio
[27] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
two-dimensional visual cortical filters," ]. Opt. Soc. Am. A 2,
Eng. 41, 548 (1958).
1160-1169 (1985).
[28] D. E. Vakman, "Do we know what are the instantaneous
frequency and instantaneous amplitude of a signal?," Trans. [48] P. C. Tay, J. P. Havlicek, and V. DeBrunner, "A novel
translation and modulation invariant discrete-discrete uncerRadio Eng., Electron. Phy. 21, 95-100 (1976).
tainty measure," Proc. IEEE Intl. Conf. Acoust. Speech Signal
[29] D. Vakman, "On the analytic signal, the Teager-Kaiser energy
Proc. (Orlando, FL, May 13-17, 2002), pp. 1461-1464.
algorithm, and other methods for defining amplitude and
frequency," IEEE Trans. Signal Proc. 44, 791-797 (1996).
[49] J. P. Havlicek, A. C. Bovik, and D. Chen, "AM-FM
image modeling and Gabor analysis," in Visual Information
[30] L. Mandel, "Interpretation of instantaneous frequencies," Am. ].
Representation, Communication, and Image Processing, C. W.
Phys. 42, 840-846 (1974).

4.4 A M - F M Image Models: Fundamental Techniques and Emerging Trends zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
395

Chen and Y. Zhang, eds. (Marcel Dekker, New York, 1999), pp.
343-385.
[50] P. Brodatz, Textures: a Photographic Album for Artists and
Designers (Dover, New York, 1966).
[51 ] http://vismod.media.mit.edu/vismod/imagery/VisionTexture/
vistex.html, visited June, 2004.
[52] T. Tangsukson and ]. P. Havlicek, "AM-FM image segmentation," in Proc. IEEE Intl. Conf. Image Proc. (Vancouver, Canada,
September 10-13, 2000), 104-107.
[53] ]. P. Havlicek, D. S. Harding, and A. C. Bovik, "The multicomponent AM-FM image representation," IEEE Trans. Image
Proc. 5, 1094-1100 (1996).
[54] A. C. Bovik, "Analysis of multichannel narrow-band filters
for image texture segmentation," IEEE Trans. Signal Proc. 39,
2025-2043 ( 1991).
[55] J. P. Havlicek, D. S. Harding, and N. D. Mamuya and
A. C. Bovik, "Wideband frequency excursions in computed
AM-FM image models," in Proc. IEEE Southwest Syrup. Image
Anal. Interp. (Tucson, AZ, Apr. 5-7, 1998), pp. 211-216.
[56] I. Daubechies, "Orthonormal bases of compactly supported wavelets," Commun. Pure Appl. Math. 51, 909-996
(1988).
[57] G. Strang and T. Nguyen, Wavelets and Filter Banks (WellesleyCambridge Press, Wellesley, MA, 1996).
[58] M. Vetterli and ]. Kova~eviG Wavelets and Subband Coding
(Prentice Hall, Englewood Cliffs, N], 1995).

[59] S. G. Mallat, "Multifrequency channel decompositions of
images and wavelet models," IEEE Trans. Acoust. Speech
Signal Proc. 37, 2091-2110 (1989).
[60] P. C. Tay and ]. P. Havlicek, "Frequency implementation
of discrete wavelet transforms," in Proc. IEEE Southwest
Symp. Image Anal., Interp. (Lake Tahoe, NV, Mar. 28-30,
2004), pp. 167-171.
[61] P. C. Tay, An Optimally Well Localized Multi-Channel Parallel
Perfect Reconstruction Filter Bank, Ph.D. thesis, The University
of Oklahoma, Dec. 2003.
[62] P. P. Vaidyanathan, "Multirate digital filters, filter banks,
polyphase networks, and applications: A tutorial," Proc. IEEE
78, 56-93 (1990).
[63] M. Vetterli and C. Herley, "Wavelets and filter banks: theory and
design," IEEE Trans. Signal in Process. 40, 2207-2232 (1992).
[64] D. Dimitriadis, and P. Maragos, "An improved energy
demodulation algorithm using splines," in Proc. IEEE Intl.
Conf. Acoust. Speech Signal Proc. (Salt Lake City, UT, May 7-11,
2001), pp. 3481-3484.
[65] M. Unser, A. Aldroubi, and M. Eden, "B-spline signal processing:
Part I-theory," IEEE Trans. Signal Proc. 41, 821-833 (1993).
[66] M. Unser, A. Aldroubi, and M. Eden, "B-spline signal
processing: Part II-efficient design and applications," IEEE
Trans. Signal Process. 41,834-848 (1993).
[67] M. Unser, "Splines: A perfect fit for signal and image
processing," IEEE Signal Process. Mag. 16, 22-38 (1999).

This Page Intentionally Left Blank

Image Noise Models
1 Summary .......................................................................................................................
Charles Boncelet zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
University of Delaware

397

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 Preliminaries ................................................................................................................. 397
3
4

5
6
7

2.1 What is Noise? ° 2.2 Notions of Probability
Elements of Estimation Theory ..................................................................................
Types of Noise and Where They Might Occur ........................................................
4.1 Gaussian Noise. 4.2 Heavy Tailed Noises. 4.3 Salt and Pepper Noise.
4.4 Quantization and Uniform Noise ° 4.5 Photon Counting Noise • 4.6 Photographic
Grain Noise
CCD Imaging ................................................................................................................
Speckle ...........................................................................................................................
6.1 Speckle in Coherent Light Imaging • 6.2 Atmospheric Speckle
Conclusions ...................................................................................................................
References .....................................................................................................................

1 Summary
This chapter reviews some of the more commonly used i m a g e
noise models. Some of these are naturally occurring, e.g.,
Gaussian noise, some sensor induced, e.g., photon counting
noise and speckle, and some result from various processing,
e.g., quantization and transmission.
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Let f(.) denote an image. We will decompose the image into
a desired component, g(.), and a noise component, q(.). The
most common decomposition is additive:
f(.) -- g(.) + q(.)

(1)

For instance, Gaussian noise is usually considered to be an
additive component.
The second most common decomposition is multiplicative:

2 Preliminaries
f(.) = g(-)q(-)

(2)

2.1 What is Noise?
Just what is noise, anyway? Somewhat imprecisely we will
define noise as an unwanted component of the image. Noise
occurs in images for many reasons. Gaussian noise is a part
of almost any signal. For example, the familiar white noise
on a weak television station is well modeled as Gaussian.
Since image sensors must count photons - - especially in low
light s i t u a t i o n s - and the number of photons counted is a
random quantity, images often have photon counting noise.
The grain noise in photographic films is sometimes modeled
as Gaussian and sometimes as Poisson. Many images are corrupted by salt and pepper noise, as if someone had sprinkled black and white dots on the image. Other noises include
quantization noise and speckle in coherent light situations.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

An example of a noise often modeled as multiplicative is
speckle.
Note, the multiplicative model can be transformed into the
additive model by taking logarithms and the additive model
into the multiplicative one by exponentiation. For instance,
(1) becomes
e f = e g+q -- ege q

(3)

Similarly, (2) becomes
log f - log(gq) - log g + log q

(4)
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values are best described using probabilistic notions. In this
section, we will review some of the basic ideas of probability.
A fuller treatment can be found in many texts on probability
and randomness, including Feller [6], Billingsley [2], and
Woodroofe [ 17].
Let a e R n be a n-dimensional random vector and a e R"
be a point. Then the distribution function of a (also known
as the cumulative distribution function) will be denoted as
Pa(a) = Pr(a _< a) and the corresponding density function,
pa(a)--dVa(a)/da. Probabilities of events will be denoted
as Pr(A).
The expected value of a function, ~p(a) is

E~(a) --

F

~(a)pa(a)da

(5)

OO

FIGURE 1 Original picture of San Francisco skyline.

Note for discrete distributions the integral is replaced by the
corresponding sum:

If the two models can be transformed into one another,
E~(a) -- Z lP(ak) Pr(a -- ak)
(6)
what is the point? Why do we bother? The answer is that
k
we are looking for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
simple models that properly describe the
behavior of the system. The additive model, (1), is most The mean is / z a = E a (i.e., ~p(a)--a), the variance of a
appropriate when the noise in that model is independent
single random variable is a 2 - - E ( a - / Z a ) 2, and the covariof f. There are many applications of the additive model. ance matrix of a random vector ~ 2 a - - E ( a - # a ) ( a - / ~ a ) T .
Thermal noise, photographic noise, and quantization noise,
Related to the covariance matrix is the correlation matrix,
for instance, obey the additive model well.
The multiplicative model is most appropriate when the
Ra -- Eaa T
(7)
noise in that model is independent off. One common situation where the multiplicative model is used is for speckle in
The various moments are related by the well-known relation,
coherent imagery.
Finally, there important situations when neither the ~ = R - / M ~ T.
The characteristic function, ~ a ( U ) - E(exp(jua)), has two
additive nor the multiplicative model fits the noise well.
main
uses in analyzing probabilistic systems: calculating
Poisson counting noise and salt and pepper noise fit neither
moments
and calculating the properties of sums of indepenmodel well.
dent
random
variables. For calculating moments, consider
The questions about noise models one might ask include:
the
power
series
of exp(jua):
What are the properties of q(-)? Is q related to g or are they
independent? Can q(.) be eliminated or at least, mitigated?
(jua) 2 (jua) 3
As we will see in this chapter and in others, it is only
e jua - - 1 + j u a +
2! 4- 3! 4 - " "
(8)
occasionally true that q(.) will be independent of g(.),
Furthermore, it is usually impossible to remove all the effects
of the noise.
After taking expected values,
Figure 1 is a picture of the San Francisco skyline. It will be
used throughout this chapter to illustrate the effects of various
(ju)2Ea 2 (ju)3Ea 3
noises. The image is 432 x 512, 8 bits per pixel, grayscale. The
Ee jua - 1 + juEa +
2-----~+
3-----~+ " "
(9)
largest value (the whitest pixel) is 220 and the minimum value
is 32. This image is relatively noise free with sharp edges and
clear details. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
One can isolate the kth moment by taking k derivatives with
respect to u and then setting u - O:

2.2 Notions of Probability
The various noises considered in this chapter are random
in nature. Their exact values are random variables whose

Ea k = 1 d E d ua
jk du u=O

(10)
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(11)

The linear estimators form estimates by taking linear combinations of the sample values. For example, consider a small
region of an image modeled as a constant value plus additive
noise:

= Ee ju(a+b)

(12)

f ( x , y ) - # + q(x,y)

= Ee jua e jub

(13)

= Ee juaEe jub

(14)

---- (I)a(U) (I)b(U)

(15)

Consider two independent random variables, a and b, and
their sum c. Then,
(Pc(u) -- Ee )u(c)

(18)

A linear estimate of # is

/2 - Z cffx, y)f(x, y)

(19)

x, y

= # Z cr(x,y) + Z a(x, y)q(x, y)

(20)

where (14) used the independence of a and b. Since the
x, y
x, y
characteristic function is the (complex conjugate of the)
Fourier transform of the density, the density of c is easily
An estimator is called unbiased if E ( # - / 2 ) - 0 . In this case,
calculated by taking an inverse Fourier transform of (Pc(U). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
assuming Eq--0, unbiasedness requires Y~x,r or(x, y ) = 1. If the
q(x, y) are independent and identically distributed (i.i.d.),
meaning that the random variables are independent and each
3 Elements of Estimation Theory
has the same distribution function, then the MMSE for this
example is the sample mean:
As we said in the introduction, noise is generally an unwanted
component in an image. In this section, we review some of
1
the techniques to eliminate - - or at least minimize - - the
12 -- ~ Z f(x, y)
(21)
noise.
(x,y)
The basic estimation problem is to find a good estimate of
the noise free image, g, given the noisy image, f. Some
authors refer to this as an estimation problem, while others say where M is the number of samples averaged over.
Linear estimators in image filtering get more complicated
it is a filtering problem. Let the estimate be denoted ~ - ~(f).
primarily
for two reasons: Firstly, the noise may not be i.i.d.,
The most common performance criterion is the mean squared
and,
secondly
and more commonly, the noise-free image
error (MSE):
is not well modeled as a constant. If the noise-free image
is Gaussian and the noise is Gaussian, then the optimal
MSE( g, ~g) -- E(g - ~)2
(16)
estimator is the well-known Weiner filter [10].
In many image filtering applications, linear filters do not
The estimator that minimizes the MSE is called the miniperform well. Images are not well modeled as Gaussian, and
m u m mean squared error estimator (MMSE). Many authors
linear filters are not optimal. In particular, images have small
prefer to measure the performance in a positive way using details and sharp edges. These are blurred by linear filters. It
the peak signal to noise ratio (PSNR) measured in dB:
is often true that the filtered image is more objectionable than
the original. The blurriness is worse than the noise.
2"~
Largely because of the blurring problems of linear fil(17)
P S N R - 10 loglo \ MSE ]
ters, nonlinear filters have been widely studied in image filtering. While there are many classes of nonlinear filters, we will
where MAX is the maximum pixel value, e.g., 255 for 8 bit concentrate on the class based on order statistics. Many
images.
of these filters were invented to solve image processing
While the MSE is the most common error criterion, it is problems.
by no means the only one. Many researchers argue that MSE
Order statistics are the result of sorting the observations
results are not well correlated with the human visual system. from smallest to largest. Consider an image window (a small
For instance, the mean absolute error (MAE) is often used piece of an image) centered on the pixel to be estimated. Some
in motion compensation in video compression. Nevertheless,
windows are square, some are "x" shaped, some are "+"
MSE has the advantages of easy tractablility and intuitive shaped, and some more oddly shaped. The choice of a
appeal since MSE can be interpreted as "noise power".
window size and shape is usually up to the practitioner. Let
Estimators can be classified in many different ways. The the samples in the window be denoted simply as f/ for
primary division we will consider here is into linear versus i = 1. . . . . N. The order statistics are denoted f(i) for i =
nonlinear estimators.
1. . . . . N and obey the ordering f(1) _< f(2) _< "'" _< f(N)-
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The simplest order statistic based estimator is the sample
median, f((n+l)/2). For example, if N=9, the median is f(s).
The median has some interesting properties. Its value is one
of the samples. The median tends to blur images much less
than the mean. The median can pass an edge without any
blurring at all.
Some other order statistic estimators are the following:
Linear Combinations of Order Statistics / 2 - Z N = I otif(i).
The c~i determine the behavior of the filter. In some
cases, the coefficients can be determined optimally,
see Lloyd [ 14] and Bovik, Huang, and Munson [5].
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4 Types of Noise and Where They
Might Occur
In this section, we present some of the more common
image noise models and show sample images illustrating the
various degradations.

4.1 Gaussian Noise

Probably the most frequently occurring noise is additive
Gaussian noise. It is widely used to model thermal noise
and, under some often reasonable conditions, is the limiting
behavior of other noises, e.g., photon counting noise and
Medians and the LUM Filter Another way film grain noise. Gaussian noise is used in many places in
Weighted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
to weight the samples is to repeat certain samples this book.
more than once before the data is sorted. The most
The density function of univariate Gaussian noise, q, with
common situation is to repeat the center sample more mean # and variance 0 -2 is
than once. The center weighted median does "less
filtering" than the ordinary median and is suitable when
pq(x) -- (2Yr)-1/2e -(x-u):/20.2
(23)
the noise is not too severe. (See Salt and Pepper noise
below.)
for - o o < x < oo. Notice that the support, which is the
The LUM filter [9] is a rearrangement of the center range of values of x where the probability density is nonzero,
weighted median. It has the advantages of being easy is infinite in both the positive and negative directions. But,
to understand and extensible to image sharpening if we regard an image as an intensity map, then the values
applications.
must be non-negative. In other words, the noise cannot be
strictly Gaussian. If it were, there would be some non-zero
Iterated and Recursive Forms The various filtering operations probability of having negative values. In practice, however,
can be combined or iterated upon. One might first filter the range of values of the Gaussian noise is limited to about
horizontally, then vertically. One might compute the + 3 a and the Gaussian density is a useful and accurate model
outputs of three or more filters and then use "majority for many processes. If necessary, the noise values can be
rule" techniques to choose between them.
truncated to keep f > 0.
In situations where a is a random vector, the multivariate
To analyze or optimally design order statistics filters, we
Gaussian
density becomes
need descriptions of the probability distributions of the
order statistics. Initially, we will assume the fi are i.i.d. Then
the Pr(f(i) < x) equals the probability that at least i of the fi
are less than or equal to x. Thus,

Pr(f(i) < x ) - E

(Pf(x))k(1-

nf(x))N-k

(22)

k=i

We see immediately that the order statistic probabilities are
related to the binomial distribution.
Unfortunately (22) does not hold when the observations
are not i.i.d. In the special case when the observations are
independent (or Markov), but not identically distributed,
there are simple recursive formulas to calculate the probabilities [3, 4]. For example, even if the additive noise in (1) is
i.i.d, the image may not be constant throughout the window.
One may be interested in how much blurring of an edge is
done by a particular order statistics filter.

pa(a) - (2yr) -n/2e

-(a-#)Tz-'(a-tz)/2

(24)

where/z = Ea is the mean vector and E = E(a - IZ) (a - ~)T
is the covariance matrix. We will use the notation a ~ N
(/z, E) to denote that a is Gaussian (also known as Normal)
with mean/z and covariance E.
The Gaussian characteristic function is also Gaussian in
shape:
(I)a(U) --

eu~"-u~zu/2

(25)

The Gaussian distribution has many convenient mathematic
properties ~ and some not so convenient ones. Certainly the
least convenient property of the Gaussian distribution is that
the cumulative distribution function cannot be expressed
in closed form using elementary functions. However, it is
tabulated numerically. See almost any text on probability,
e.g., [16].

4.5 Image Noise Models zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

401

Linear operations on Gaussian random variables yield
Gaussian random variables. Let a be N(/z, ~2) and b = Ga +h.
Then a straightforward calculation of ~b(U) yields
(lOb(U)

--

eJuT(Glz+h)--uTG~2GTu/2

(26)

which is the characteristic function of a Gaussian random
variable with mean, G# + h, and covariance, G~G r.
Perhaps the most significant property of the Gaussian distribution is called the central limit theorem, which states that
the distribution of a sum of a large number of independent,
small random variables has a Gaussian distribution. Note the
individual random variables do not need to have a Gaussian
distribution themselves, nor do they even need to have the
same distribution. For a detailed development, see, e.g., Feller
[6] or Billingsley [2]. A few comments are in order:
• There must be a large number of random variables that
contribute to the sum. For instance, thermal noise is the
result of the thermal vibrations of an astronomically large
number of tiny electrons.
• The individual random variables in the sum must be
independent, or nearly so.
• Each term in the sum must be small, negligible
compared to the sum.
As one example, thermal noise results from the vibrations
of a very large number of electrons, the vibration of any
one electron is independent of that of another, and no one
electron contributes significantly more than the others.
Thus, all three conditions are satisfied and the noise is
well modeled as Gaussian. Similarly, binomial probabilities
approach the Gaussian. A binomial random variable is the
sum of N independent Bernoulli (0 or 1) random variables.
As N gets large, the distribution of the sum approaches
a Gaussian distribution.
In Fig. 2 we see the effect of a small amount of Gaussian
noise ( a = 1 0 ) . Notice the "fuzziness" overall. It is often
counterproductive to try to use signal processing techniques
to remove this level of noise B the filtered image is usually
visually less pleasing than the original noisy one (although
sometimes the image is filtered to reduce the noise, then
sharpened to eliminate the blurriness introduced by the noise
reducing filter).
In Fig. 3, the noise has been increased by a factor of
3 ( a = 3 0 ) . The degradation is much more objectionable.
Various filtering techniques can improve the quality, though
usually at the expense of some loss of sharpness.

FIGURE2 San Francisco corruptedby additive Gaussian noise with standard
deviation equal to 10.

the terms may contribute a disproportionate amount to the
sum. In these cases, the noise may only be approximately
Gaussian. One should be careful. Even when the center of the
density is approximately Gaussian, the tails may not be.
The tails of a distribution are the areas of the density
corresponding to large x, i.e., as Ix[ ~ oo. A particularly
interesting case is when the noise has heavy tails. "Heavy tails"
means that for large values of x, the density, pa(x), approaches
0 more slowly than the Gaussian. For example, for large
values of x, the Gaussian density goes to 0 as exp(-x2/2a2);
the double exponential density (described below) goes to 0 zyxwvutsr

4.2 Heavy Tailed Noises
In many situations, the conditions
theorem are almost, but not quite,
be a large enough number of terms in
may not be sufficiently independent,

of the central limit
true. There may not
the sum, or the terms
or a small number of

FIGURE 3 San Francisco corruptedby additive Gaussian noise with standard
deviation equal to 30.
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TABLE 1 Comparison of tail probabilities for the Gaussian
and double exponential distributions. Specifically, the values of
Pr([x[ > x0) are listed for both distributions
Xo

Gaussian

Double Exp.

1
2
3

0.32
0.046
0.0027

0.37
0.14
0.050
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variables have the same distribution as the individual
random variables. We have already seen that sums of
Gaussian random variables are Gaussian, so the Gaussian
is in the class of alpha-stable distributions. In general,
these distributions have characteristic functions that
look like exp(-lu[ °~) for 0 < ot _< 2. Unfortunately,
except for the Gaussian ( a - 2 )
and the Cauchy
(a - 1), it is not possible to write the density functions
of these distributions in closed form.
As ct --~ 0, these distributions have very heavy tails.

as exp(-lxl/a). The double exponential density is said to
have heavy tails.
Gaussian Mixture Models:
In Table 1, we present the tail probabilities, Pr([x[ > x0),
for the Gaussian and double exponential distributions (both
(29)
pa(x) -- (1 - a)po(x) + Olpl(X)
with mean 0 and variance 1). Note the probability of exceeding 1 is approximately the same for both distributions, while
where po(X) and pl(x) are Gaussian densities with
the probability of exceeding 3 is about 20 times greater for
differing means, /~o and/~1, or variances, a 2 and a 2.
the double exponential than for the Gaussian.
In modeling heavy tailed distributions, it is often true
An interesting example of heavy tailed noise that should
that ~ is small, say o t - 0.05, /Zo = 1Zl, and a 2 >> a 2.
be familiar is static on a weak, broadcast AM radio station
In the "static in the AM radio" example above, at any
during a lightning storm. Most of the time, the conditions
given time, ot would be the probability of a lightning
of the central limit theorem are well satisfied and the noise
strike, a~ the average variance of the thermal noise,
is Gaussian. Occasionally, however, there may be a lightning
and a 2 the variance of the lightning induced signal.
bolt. The lightning bolt overwhelms the tiny electrons and
dominates the sum. During the time period of the lightning
Sometimes this model is generalized further and pl(x)
bolt, the noise is non-Gaussian and has much heavier tails
is allowed to be non-Gaussian (and sometimes comthan the Gaussian.
pletely arbitrary). See Huber [ 11 ].
Some of the heavy tailed models that arise in image processing include the following: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Generalized Gaussian:

Double Exponential:

pa(x) -- Ae -~lx-ul"

pa(x)

1 e_Vr~lx_~l/cr
-

-

(27)

The mean is /z and the variance 0.2. The double
exponential is interesting in that the best estimate of
/z is the median, not the mean, of the observations.
Not truly "noise", the prediction error in many image
compression algorithms is modeled as double exponential. More simply, the difference between successive
pixels is modeled as double exponential.

(30)

where /z is the mean and A, fl, and a are constants.
determines the shape of the density: c~= 2 corresponds
to the Gaussian and c~= 1 to the double exponential.
Intermediate values of c~ correspond to densities
that have tails in between the Gaussian and double
exponential. Values of c~< 1 give even heavier tailed
distributions.
The constants, A and fl, can be related to ot and the
standard deviation, a, as follows:

Negative Exponential:
pa(x) -- 1 e_X/tt
/z

(28)

for x > 0 and E a - / ~ > 0 and variance, /~g2. The negative exponential is used to model speckle, for example,
in SAR systems (Chapter 10.1).
Alpha-Stable: In this class, appropriately normalized sums
of independent and identically distributed random

/~ = ~ \ r ' ( l / a ) }

(31t

A- ~
21'(1/o0

(32)

The generalized Gaussian has the advantage of being
able to fit a large variety of (symmetric) noises by
appropriate choice of the three parameters, /z, a, and
ct [15].
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One should be careful to use estimators that behave well
in heavy tailed noise. The sample mean, optimal for a constant signal in additive Gaussian noise, can perform quite
poorly in heavy-tailed noise. Better choices are those estimators designed to be robust against the occasional outlier
[11]. For instance, the median is only slightly worse than
the mean in Gaussian noise, but can be much better in
heavy-tailed noise. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.3 Salt and Pepper Noise
Salt and pepper noise refers to a wide variety of processes
that result in the same basic image degradation: only a few
pixels are noisy, but they are very noisy. The effect is similar to
sprinkling white and black dots
salt and pepper
on the
image.
One example where salt and pepper noise arises is in
transmitting images over noisy digital links. Let each pixel be
quantized to B bits in the usual fashion. The value of the
pixel can be written as X--y]~--o ~ bi 2i. Assume the channel
is a binary symmetric one with a crossover probability of ~.
Then each bit is flipped with probability ~. Call the received
value, Y. Then, assuming the bit flips are independent,
P r ( I X - YI = 2 i ) - e(1

--if)B-1

F I G U R E 4 San Francisco corrupted by salt and pepper noise with
probability of occurrence of 0.05.

a

with various order statistic filters, especially the center
weighted median and the LUM filter [1 ].
Salt and pepper noise appears in Chapter 3.2.

(33)

4.4 Quantization and Uniform Noise
for i = 0, 1. . . . . B - 1. The MSE due to the most significant
bit is ~4~-~ compared to ~(4~ - ~ - 1)/3 for all the other
bits combined. In other words, the contribution to the MSE
from the most significant bit is approximately 3 times that
of all the other bits. The pixels whose most significant bits
are changed will likely appear as black or white dots.
Salt and pepper noise is an example of (very) heavy-tailed
noise. A simple model is the following: Let fix, y) be the
original image and q (x, y) be the image after it has been
altered by salt and pepper noise.
Pr(q = f ) = 1 - o~

(34)

Pr(q = MAX) = oe/2

(35)

Pr(q = MIN) = o~/2

(36)

where MAX and MIN and the maximum and minimum
image values, respectively. For 8 bit images, MIN = 0 and
MAX = 255. The idea is that with probability 1 -o~ the pixels
are unaltered; with probability c~ the pixels are changed to
the largest or smallest values. The altered pixels look like
black and white dots sprinkled over the image.
Figure 4 shows the effect of salt and pepper noise.
Approximately 5% of the pixels have been set to black or
white (95% are unchanged). Notice the sprinkling of the
black and white dots. Salt and pepper noise is easily removed

Quantization noise results when a continuous random variable is converted to a discrete one or when a discrete random
variable is converted to one with fewer levels. In images,
quantization noise often occurs in the acquisition process.
The image may be continuous initially, but to be processed
it must be converted to a digital representation.
As we shall see, quantization noise is usually modeled as
uniform. Various researchers use uniform noise to model
other impairments, e.g., dither signals. Uniform noise is the
opposite of the heavy tailed noises discussed above. Its tails are
very light (zero!).
Let b = Q ( a ) = a + q
where - A / 2 < _ q < _ A / 2
is the
quantization noise and b is a discrete random variable usually
represented with fl bits. In the case where the number of
quantization levels is large (so A is small), q is usually
modeled as being uniform between --A/2 and A/2 and
independent of a. The mean and variance of q are

Eq

-- 1 f A / 2 sds - 0
-A ,!-6/2

(37)

and
1 fA/2
E(q -- Eq) 2 -- ~ a-A~2 s2ds-- A2/12

(38)
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than by the usual sum.
juk e - z

oo

*(u)=Ee

~.k

k!

(40)

k=O

(keJu)k

= e-X E

kl

(41)

k=0

-- e - z e Leiu

(42)

- - e ~'(eju-1)

(43)

While this characteristic function does not look simple, it
does yield the moments:

Ea--FIGURE 5

San Francisco quantized to 4 bits.

1 d

e

)~(eJU_l)

(44)
u--O

__ 1 L j e J u e Z ( e j , , _ l )
(45)
since A ~ 2 -~, a v2 ~ 22~, the signal to noise ratio increases
J
u--O
by 6 dB for each additional bit in the quantizer.
=)~
(46)
When the number of quantization levels is small, the
quantization noise becomes signal dependent. In an image of
the noise, signal features can be discerned. Also, the noise Similarly, Ea 2 -- X + ~2 and a 2 = (X + ~2) __ ~2 _. ~.. We see
is correlated on a pixel by pixel basis and not uniformly one of the most interesting properties of the Poisson
distribution, that the variance is equal to the expected value.
distributed.
The general appearance of an image with too few When g is large, the central limit theorem can be invoked
quantization levels may be described as "scalloped". Fine gra- and the Poisson distribution is well approximated by the
duations in intensities are lost. There are large areas of cons- Gaussian with mean and variance both equal to ~.
Consider two different regions of an image, one brighter
tant color separated by clear boundaries. The effect is similar
than the other. The brighter one has a higher g and therefore
to transforming a smooth ramp into a set of discrete steps.
In Fig. 5, the San Francisco image has been quantized a higher noise variance.
As another example of Poisson counting noise, consider the
to only 4 bits. Note the clear "stair-stepping" in the sky. The
previously smooth gradations have been replaced by large following:
constant regions separated by noticeable discontinuities. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Example: effect of shutter speed on image quality Consider
two pictures of the same scene, one taken with a shutter
4.5 Photon Counting Noise
speed of 1 unit time and the other with A > 1 units of time.
Fundamentally, most image acquisition devices are photon Assume that an area of an image emits photons at the rate
counters. Let a denote the number of photons counted at per unit time. The first camera measures a random number of
some location (a pixel) in an image. Then, the distribution photons, whose expected value is ~ and whose variance is also
of a is usually modeled as Poisson with parameter, X. This ~. The second, however, has an expected value and variance
noise is also called Poisson noise or Poisson counting noise. equal to ~.A. When time averaged (divided by A), the second
Poisson noise in the human visual system is discussed in now has an expected value of X and a variance of X/A < k.
Thus, we are led to the intuitive conclusion: all other things
Chapter 1.2.
being equal, slower shutter speeds yield better pictures.
For example, astro-photographers traditionally used long
e-;~xk
exposures
to average over a long enough time to get good
P(a-k)k!
(39)
photographs of faint celestial objects. Today's astronomers use
CCD arrays and average many short photographs, but the
principal is the same.
for k - 0, 1, 2 . . . .
Figure 6 shows the image with Poisson noise. It was
The Poisson distribution is one for which calculating
moments by using the characteristic function is much easier constructed by taking each pixel value in the original image
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Since L is large, when p small but X - N p EN moderate, this probability is well approximated by a Poisson
distribution

e-;~xk
Pr(N-

k)-

k!

(48)

and by a Gaussian when p is larger:
Pr(k < N < k + Ak)

k - Lp
N - Lp
k 4- Ak -- )
= Pr \ v / L d 1 ~ P) <_ v/Lp(X _ P) <_ v/Lp(1 _ _~)Lp
fl~[ k-Lp~2

e-V~~l

Ak

(49)

(50)

The probability interval on the right hand side of (49) is
exactly the same as that on the left except that it has been
normalized by subtracting the mean and dividing by the
standard deviation. Eq. (50) results from (49) by applying the
and generating a Poisson random variable with X equal to that central limit theorem. In other words, the distribution of
value. Careful examination reveals that the white areas are grains that change is approximately Gaussian with mean
noisier than the dark areas. Also, compare this image with Lp and variance Lp(1- p). This variance is maximized when
Fig. 2 which shows Gaussian noise of almost the same power. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p=0.5. Sometimes, however, it is sufficiently accurate to
ignore this variation and model grain noise as additive
4.6 Photographic Grain Noise
Gaussian with a constant noise power.
FIGURE 6 San Francisco corrupted by Poisson noise.

Photographic grain noise is a characteristic of photographic
films. It limits the effective magnification one can obtain from
a photograph. A simple model of the photography process is
as follows:
A photographic film is made up from millions of tiny
grains. When light strikes the film, some of the grains absorb
the photons and some do not. The ones that do change their
appearance by becoming metallic silver. In the developing
process, the unchanged grains are washed away.
We will make two simplifying assumptions: (1) the grains
are uniform in size and character and (2) the probability that
a grain changes is proportional to the number of photons
incident upon it. Both assumptions can be relaxed, but the
basic answer is the same. In addition, we will assume the
grains are independent of each other.
Slow film has a large number of small fine grains, while fast
film has a smaller number of larger grains. The small grains
give slow film a better, less grainy picture; the large grains in
fast film cause a grainier picture.
In a given area, A, assume there are L grains, with the
probability of each grain changing, p, proportionate to the
number of incident photons. Then the number of grains that
change, N, is binomial
P r ( N - k ) - (2)pk(1 _p)L-k

(47)

5 CCD Imaging
In the past 20 years or so, CCD (charge coupled devices)
imaging has replaced photographic film as the dominant
imaging form. First CCD devices appeared in scientific
applications, such as astronomical imaging and microscopy.
Recently, CCD digital cameras and videos have become widely
used consumer items. In this section, we analyze the various
noise sources affecting CCD imagery.
CCD arrays work on the photoelectric principle (first
discovered by Hertz and explained by Einstein, for which he
was awarded the Nobel prize). Incident photons are absorbed,
causing electrons to be elevated into a high energy state. These
electrons are captured in a well. After some time, the electrons
are counted by a "read out" device.
The number of electrons counted, N, can be written as:

N -- NI + Nth 4- Nro

(51)

where NI is the number of electrons due to the image, Nth
the number due to thermal noise, and Nro the number due
to read out effects.
NI is Poisson, with the expected value ENI = X proportional to the incident image intensity. The variance of NI is
also X, thus the standard deviation is ~/X. The signal to noise
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ratio (neglecting the other noises) is X/v/X = v/X. The only 6.1 Speckle in Coherent Light Imaging
way to increase the signal to noise ratio is to increase the
number of electrons recorded. Sometimes the image intensity Speckle is one of the more complex image noise models. It is
can be increased (e.g., a photographer's flash), the aperature signal dependent, non-Gaussian, and spatially dependent.
increased (e.g., a large telescope), or the exposure time Much of this discussion is taken from [8, 12]. We will first
increased. However, CCD arrays saturate: only a finite num- discuss the origins of speckle, then derive the first order denber of electrons can be captured. The effect of long exposures sity of speckle, and conclude this section with a discussion of
the second order properties of speckle.
is achieved by averaging many short exposure images.
In coherent light imaging, an object is illuminated by a
Even without incident photons, some electrons obtain
enough energy to get captured. This is due to thermal effects coherent source, usually a laser or a radar transmitter. For
and is called thermal noise or dark current. The amount of the remainder of this discussion, we will consider the illuthermal noise is proportional to the temperature, T, and the minant to be a light source, e.g., a laser, but the principles
apply to radar imaging as well.
exposure time. Nth is modeled as Gaussian.
When coherent light strikes a surface, it is reflected back.
The read out process introduces its own uncertainties and
can inject electrons into the count. Read out noise is a func- Due to the microscopic variations in the surface roughness
tion of the read out process and is independent of the image within one pixel, the received signal is subjected to random
and the exposure time. Like image noise, Nro is modeled as variations in phase and amplitude. Some of these variations
in phase add constructively, resulting in strong intensities,
Poisson noise.
and
others add deconstructively, resulting in low intensities.
There are two different regimes in which CCD imaging
This
variation is called speckle.
is used: low light and high light levels. In low light, the
Of
crucial importance in the understanding of speckle is
number of image electrons is small. In this regime, thermal
the
point
spread function of the optical system. There are
noise and read out noise are both significant and can
three
regimes:
dominate the process. For instance, much scientific and
astronomical imaging is in low light. Two important steps
• The point spread function is so narrow that the indiare taken to reduce the effects of thermal and read out noise.
vidual variations in surface roughness can be resolved.
The first is obvious: since thermal noise increases with
The reflections off the surface are random (if, indeed,
temperature, the CCD device is cooled as much as practicable.
we can model the surface roughness as random in
Often liquid nitrogen is used to lower the temperature.
this regime), but we cannot appeal to the central limit
The second is to estimate the means of the two noises
theorem to argue that the reflected signal amplitudes
and subtract them from measured image. Since the two
are Gaussian. Since this case is uncommon in most
noises arise from different effects, the means are measured
applications, we will ignore it further.
separately. The mean of the thermal noise is measured by
• The point spread function is broad compared to the
averaging several images taken with the shutter closed, but
feature size of the surface roughness, but small compared
with the same shutter speed and temperature. The mean of the
to the features of interest in the image. This is a common
read out noise is estimated by taking the median of several
case and leads to the conclusion, presented below, that
(e.g., 9) images taken with the shutter closed and a zero
the noise is exponentially distributed and uncorrelated
exposure time (so that any signal measured is due to read out
on the scale of the features in the image. Also, in this
effects).
situation, the noise is often modeled as multiplicative.
In high light levels, the image noise dominates and ther• The point spread function is broad compared to
mal and read out noises can be ignored. This is the regime
both the feature size of the object and the feature size
in which consumer imaging devices are normally used. For
of the surface roughness. Here, the speckle is correlated
large values of NI, the Poisson distribution is well-modeled
and its size distribution is interesting and is determined
as Gaussian. Thus the overall noise looks Gaussian, but the
by the point spread function.
signal to noise ratio is higher in bright regions than in dark
regions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The development will proceed in two parts. Firstly, we will
derive the first order probability density of speckle and,
secondly, we will discuss the correlation properties of speckle.
6 Speckle
In any given macroscopic area, there are many microscopic
variations in the surface roughness. Rather than trying to
In this section, we discuss two kinds of speckle, a curious characterize the surface, we will content ourselves with finding
distortion in images created by coherent light or by atmos- a statistical description of the speckle.
pheric effects. Technically, not noise in the same sense that the
We will make the (standard) assumptions that the surface
other noise sources considered so far are, speckle is noise-like is very rough on the scale of the optical wavelengths. This
in many of its characteristics.
roughness means that each microscopic reflector in the surface
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is at a random height (distance from the observer) and
a random orientation with respect to the incoming polarization field. These random reflectors introduce random changes
in the reflected signal's amplitude, phase, and polarization.
Further, we assume these variations at any given point are
independent from each other and independent from the
changes at any other point.
These assumptions amount to assuming that the system
cannot resolve the variations in roughness. This is generally
true in optical systems, but may not be so in some radar
applications.
The above assumptions on the physics of the situation
can be translated to statistical equivalents: the amplitude of
the reflected signal at any point, (x, y), is multiplied by a
random amplitude, denoted a(x,y), and the polarization,
~(x, y), is uniformly distributed between 0 and 2~r.
Let u(x, y) be the complex phasor of the incident wave
at a point (x, y), v(x, y) be the reflected signal, and w(x, y) be
the received phasor. From the above assumptions,
v(x, y) = u(x, y)a(x, y)e j4)(x,r)

(52)

and, letting h(., .) denote the two-dimensional point spread
function of the optical system,
w(x, y) = h(x, y) • v(x, y).

(53)

One can convert the phasors to rectangular coordinates:

V(X, y) -- VR(X, y) + jvI(X, y)

(54)

The measured intensity, F(x, y), is the squared magnitude
of the received phasors:
F(x, y) = WR(X, y)2 _]_ WI(X, y)2

(57)

The distribution of F can be found by integrating the joint
density of WR and wi over a circle of radius f0.5:

Pr(F(x, y) <

f)

-

f0 :rr f0f°'s 2Aro.2
1 e_p/2o.2,odpd~

= 1-

(58)
(59)

e -f/2a2

The corresponding density is pf(f):

1 e-f /g
~
f >_ 0
0
f<O

Pf(f)_

(60)

where we have taken the liberty to introduce the mean
intensity, g--g(x, y) = 2a2(x, y). A little rearrangement can put
this into a multiplicative noise model:
f(x, y) = g(x, y)q

(61)

where q has a exponential density zyxwvutsrqponmlkjihgfedcbaZYXWVUT
_

[ e -x

x >_ 0

pq(x) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO
(62)
0
x_<0

i

and

W(X, y) -- WR(X , y) "["jWI(X , y)

(55)

Since the change in polarization is uniform between 0 and 2Jr,
VR(X, y) and vi(x, y) are statistically independent. Similarly,
WR(X, y) and wi(x, y) are statistically independent. Thus,

WR(X, y) --

Ff
oo

h(oe, fl)VR(X -- 06 y -- fl)doedfl

(56)

oo

and similarly for wx(x, y).
The integral in (56) is basically a sum over many tiny
increments in x and y. By assumption, the increments are
independent of one another. Thus, we can appeal to the
central limit theorem and conclude that the distributions of
WR(X,y) and wi(x,y) are each Gaussian with mean 0 and
variance a 2. Note, this conclusion does not depend on the
details of the roughness, as long as the surface is rough on
the scale of the wavelength of the incident light and the
optical system cannot resolve the individual components of
the surface.

The mean of q is 0 and the variance is 1.
The exponential density is much heavier tailed than the
Gaussian density, meaning that much greater excursions from
the mean occur. In particular, the standard deviation of f
equals Ef, i.e., the typical deviation in the reflected intensity
is equal to the typical intensity. It is this large variation that
causes speckle to be so objectionable to human observers.
It is sometimes possible to obtain multiple images of
the same scene with independent realizations of the speckle
pattern, i.e., the speckle in any one image is independent of
the speckle in the others. For instance, there may be multiple lasers illuminating the same object from different angles
or with different optical frequencies. One means of speckle
reduction is to average these images:

1 M
F'(x, y) = NI E Fi(x, y)

(63)

t----1

5-,M qi(x,
Y)
-- g(x, y) ,._,=1
M

(64)
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FIGURE 7 San Francisco with uncorrelated speckle. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
FIGURE 8 San Francisco with correlated speckle.

Now, the average of the negative exponentials has mean 1
(the same as each individual negative exponential) and variance 1/M. Thus, the average of the speckle images has a mean
equal to g(x, y) and variance g2(x, y)/M.
Figure 7 shows an uncorrelated speckle image of San
Francisco. Notice how severely degraded this image is. Careful examination will show that the light areas are noisier than
the dark areas. This image was created by generating an
"image" of exponential variates and multiplying each by the
corresponding pixel value. Intensity values beyond 255 were
truncated to 255.
See also Fig. 4(b) of Chapter 1.1 for an example of a SAR
image with speckle.
The correlation structure of speckle is largely determined
by the width of the point spread function. As above the real
and imaginary components (or, equivalently, the X and Y
components) of the reflected wave are independent Gaussian.
These components (wit and wi above) are individually
filtered by the point spread function of the imaging system.
The intensity image is formed by taking the complex
magnitude of the resulting filtered components.
Figure 8 shows a correlated speckle image of San Francisco.
The image was created by filtering wR and wi with a 2-D
square filter of size 5 x 5. This size filter is too big for the fine
details in the original image, but is convenient to illustrate
the correlated speckle. As above, intensity values beyond 255
were truncated to 255. Notice the correlated structure to the
"speckles". The image has a pebbly appearance.
We will conclude this discussion with a quote from
Goodman [7]:
The general conclusions to be drawn from these arguments are that, in any speckle pattern, large-scale-size

fluctuations are the most populous, and no scale
sizes are present beyond a certain small-size cutoff.
The distribution of scale sizes in between these limits
depends on the autocorrelation function of the object
geometry, or on the autocorrelation function of the
pupil function of the imaging system in the imaging
geometry. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH

6.2 Atmospheric Speckle
The twinkling of stars is similar in cause to speckle in coherent light, but has important differences. Averaging multiple
frames of independent coherent imaging speckle results in
an image estimate whose mean equals the underlying image
and whose variance is reduced by the number of frames
averaged over. However, averaging multiple images of twinkling stars results in a blurry image of the star.
From the earth, stars (except the sun!) are point sources.
Their light is spatially coherent and planar when it reaches the
atmosphere. Due to thermal and other variations, the diffusive properties of the atmosphere changes in an irregular way.
This causes the index of refraction to change randomly. The
star appears to twinkle. If one averages multiple images of the
star, one obtains a blurry image.
Until recent years, the preferred way to eliminate atmospheric induced speckle (the "twinkling") was to move the
observer to a location outside the atmosphere, i.e., in space.
In recent years, new techniques to estimate and track the
fluctuations in atmospheric conditions have allowed astronomers to take excellent pictures from the earth. One class
is called "speckle interferometry" [13]. It uses multiple short
duration (typically less than 1 second each) images and a
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order statistics. IEEE Trans. on Acoust. Speech, Signal Proc.,
nearby star to estimate the random speckle pattern. Once
ASSP-31(6):1342-1350, December 1983.
estimated, the speckle pattern can be removed, leaving the
[6] W. Feller. An Introduction to Probability Theory and its
unblurred image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Applications. J. Wiley & Sons, 1968.
[7] J. Goodman. Some fundamental properties of speckle. 1. Opt.
Soc. America, pages 1145-1150, November 1976.
7 Conclusions
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In this chapter, we have tried to summarize the various image
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noise models and give some recommendations for minimizing
[10] C. Helstrom. Probability and Stochastic Processes for Engineers.
the noise effects. Any such summary is, by necessity, limited.
Macmillan, 1991.
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1 Introduction
One of the most fundamental aspects of image processing is
the representation of the image. The basic concept that a
digital image is a matrix of numbers is reinforced by virtually
all forms of image display. It is another matter to interpret
how that value is related to the physical scene or object that is
represented by the recorded image and how closely displayed
results represent the data obtained from digital processing. It
is these relationships to which this chapter is addressed.
Images are the result of a spatial distribution of radiant
energy. The most common images are two-dimensional color
images seen on television. Other everyday images include
photographs, magazine and newspaper pictures, computer
monitors and motion pictures. Most of these images represent
realistic or abstract versions of the real world. Medical and
satellite images form classes of images where there is no
equivalent scene in the physical world. Because of the limited

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

space in this chapter, we will concentrate on the pictorial
images.
The representation of an image goes beyond the mere
designation of independent and dependent variables. In that
limited case, an image is described by a function
f(x,y,k,t)

(1)

where x, y are spatial coordinates (angular coordinates can
also be used), k indicates the wavelength of the radiation
and t represents time. It is noted that images are inherently
two-dimension spatial distributions. Higher dimensional
functions can be represented by a straightforward extension.
Such applications include medical CT and MRI, as well as
seismic surveys. For this chapter, we will concentrate on the
spatial and wavelength variables associated with still images.
The temporal coordinate will be left for another chapter.
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In addition to the stored numeric values in a discrete only examine the numbers which label the axes to determine
coordinate system, the representation of multidimensional the scale of the graph and get a mental picture of the function.
information includes the relationship between the samples With two-dimensional scalar-valued functions the display
and the real world. This relationship is important in the becomes more complicated. The accurate display of vectordetermination of appropriate sampling and subsequent valued two-dimensional functions, e.g., color images, will be
display of the image.
discussed after covering the necessary material on sampling
Before presenting the fundamentals of image presentation, and colorimetery.
it is necessary to define our notation and to review the
Two-dimensional functions can be displayed in several
prerequisite knowledge that is required to understand the different ways. The most common are supported by MATLAB
following material. A review of rules for the display of images [1 ]. The three most common are the isometric plot, the gray
and functions is presented in Section 2, followed by a review scale plot and the contour plot. The user should choose the
of mathematic preliminaries in Section 3. Section 4 will right display for the information to be conveyed. Let us
cover the physical basis for multidimensional imaging. The consider each of the three display modalities. As simple
foundations of colorimetry are reviewed in Section 5. This example, consider the two-dimensional Gaussian functional
material is required to lay a foundation for a discussion form
of color sampling. Section 6 describes multidimensional
sampling with concentration on sampling color spectral
m
n21
f(m, n) - sinc --ff
+ -~
signals. We will discuss the fundamental differences between
sampling the wavelength and spatial dimensions of the
multidimensional signal. Finally, Section 7 contains a mathematic description of the display of multidimensional data. where, for the following plots, a = 1 and b = 2.
The isometric or surface plots give appearance of threeThis area is often neglected by many texts. The section will
emphasize the requirements for displaying data in a fashion dimensional drawing. The surface can be represented as a wire
that is both accurate and effective. The final Section briefly mesh or as a shaded solid, as in Fig. 1. In both cases, portions
of the function will be obscured by other portions, for
considers future needs in this basic area. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
example, one can't see through the main lobe. This
representation is reasonable for observing the behavior of
2 P r e l i m i n a r y N o t e s o n D i s p l a y of I m a g e s mathematic functions, such as, point spread functions, or
filters in the space or frequency domains. An advantage of the
One difference between 1D and 2D functions is the way they surface plot is that it gives a good indication of the values of
are displayed. One-dimensional functions are easily displayed the function since a scale is readily displayed on the axes. It is
rarely effective for the display of images.
in a graph where the scaling is obvious. The observer need zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
sinc function, shaded surface plot
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FIGURE 2 Contour plot.

Contour plots are analogous to the contour or topographic
maps used to describe geographical locations. The sinc
function is shown using this method in Fig. 2. All points
which have a specific value are connected to form a
continuous line. For a continuous function the lines must
form closed loops. This type of plot is useful in locating the
position of maxima or minima in images or two-dimensional
functions. It is used primarily in spectrum analysis and pattern
recognition applications. It is difficult to read values from
the contour plot and takes some effort to determine whether
the functional trend is up or down. The filled contour plot,
available in MATLAB, helps in this last task.
Most monochrome images are displayed using the gray
scale plot where the value of a pixel is represented by it relative
lightness. Since in most cases, high values are displayed as light
and low values are displayed as dark it is easy to determine
functional trends. It is almost impossible to determine exact
values. For images, which are nonnegative functions, the
display is natural; but for functions, which have negative
values, can be quite artificial.
In order to use this type of display with functions, the
representation must be scaled to fit in the range of
displayable gray levels. This is most often done using a
min/max scaling, where the function is linearly mapped
such that the minimum value appears as black and the
maximum value appears as white. This method was used
for the sinc function shown in Fig. 3. For the display of
functions, the min/max scaling can be effective to indicate
trends in the behavior. Scaling for images is another
matter.

Let us consider a monochrome image which has been
digitized by some device, e.g., a scanner or camera. Without
knowing the physical process of digitization, it is impossible to
determine the best way to display the image. The proper
display of images requires calibration of both the input and
output devices. For now, it is reasonable to give some general
rules about the display of monochrome images.
1. For the comparison of a sequences of images, it is
imperative that all images be displayed using the same

sinc function, gray scale plot
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scaling. It is hard to emphasize this rule sufficiently and
hard to count all the misleading results that have
occurred when it has been ignored. The most common
violation of this rule occurs when comparing an original
and processed image. The user scales both images
independently using min/max scaling. In many cases the
scaling can produce significant enhancement of low
contrast images that can be mistaken for improvements
produced by an algorithm under investigation. For
example, consider an algorithm designed to reduce
noise. The noisy image modelled by
g=f+n

Since the noise is both positive and negative, the noisy
image, g, has a larger range than the clean image, f.
Almost any noise reduction method will reduce the
range of the processed image, thus, the output image
undergoes additional contrast enhancement if min/max
scaling is used. The result is greater apparent dynamic
range and a better looking image.
There are several ways to implement this rule. The most
appropriate way will depend on the application. The
scaling may be done using the min/max of the collection
of all images to be compared. In some cases, it is
appropriate to truncate values at the limits of the display,
rather than force the entire range into the range of the
display. This is particularly true of images containing a
few outliers. It may be advantageous to reduce the region
of the image to a particular region of interest, which will
usually reduce the range to be reproduced.
2. Display a step-wedge, a strip of sequential gray levels
from minimum to maximum values, with the image
to show how the image gray levels are mapped to
brightness or density. This allows some idea of the
quantitative values associated with the pixels. This is
routinely done on images that are used for analysis, such
as the digital photographs from space probes.
3. Use a graytone mapping that allows a wide range of gray
levels to be visually distinguished. In software such as
MATLAB, the user can control the mapping between the
continuous values of the image and the values sent to the
display device. For example, consider the CRT monitor as
the output device. The visual tonal qualities of the output
depend on many factors including the brightness and
contrast setting of the monitor, the specific phosphors
used in the monitor, the linearity of the electron guns and
the ambient lighting. It is recommended that adjustments
be made so that a user is able to distinguish all levels of a
step-wedge of about 32 levels.

appropriate mapping from image values to display values. For
hardcopy devices, the medium should be taken into account.
For example, changes in paper type or manufacturer can result
in significant tonal variations. zyxwvutsrqponmlkjihgfedcbaZYXWVUTS

3 Notation and Prerequisite Knowledge
In most cases, the multidimensional process can be represented as a straightforward extension of one-dimensional
processes. Thus, it is reasonable to mention the onedimensional operations that are prerequisite to the chapter
and will form the basis of the multidimensional processes.

3.1 Practical Sampling
Mathematically, ideal sampling is usually represented with
the use of a generalized function, the Dirac delta function, 8(0
[2]. The entire sampled sequence can be represented using the
comb function

comb(t) -

c~
E 8 ( t - n)

(2)

n---mOO

where the sampling interval is unity. The sampled signal is
obtained by multiplication

c~
sa(t) - s(t)comb(t) - s(t) ~ 8 ( t - n) n'---OO

oo
Z s(t)8(t- n)
ll--mO0

(3)
It is common to use the notation of {s(n)} or s(n) to
represent the collection of samples in discrete space. The
arguments n and t will serve to distinguish the discrete or
continuous space.
Practical imaging devices, such as video cameras, CCD
arrays and scanners, must use a finite aperture for sampling.
The comb function cannot be realized by actual devices.
The finite aperture is required to obtain a finite amount of
energy from the scene. The engineering trade-off is that large
apertures receive more light and thus will have higher SNRs
than smaller apertures; while smaller apertures have higher
spatial resolution than larger ones. This is true for apertures
larger than the order of the wavelength of light. At that point
diffraction limits the resolution.
The aperture may cause the light intensity to vary over
the finite region of integration. For a single sample of a
one-dimensional signal at time, nT, the sample value can be
obtained by

Most displays have problems with gray levels at the ends of
(4)
s(n) -- ~(n~T s(t)a(nT - t)dt
the range being indistinguishable. This can be overcome by
-1)T
proper adjustment of the contrast and gain controls and an zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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where a(t) represents the impulse response (or light variation)
of the aperture. This is simple convolution. The sampling of
the signal can be represented by
s(n) = Is(t) • a ( t ) ] c o m b ( t / T )

(5)

where • represents convolution. This model is reasonably
accurate for spatial sampling of most cameras and scanning
systems.
The sampling model can be generalized to include the case
where each sample is obtained with a different aperture. For
this case, the samples, which need not be equally spaced, are
given by
s(n) --

s(t)an(t)dt

we represent the analog system by discrete approximation.
Using the definition of the signal as a vector, s -- [s(0), s(1) . . . .
s ( M - 1)], the summation of Eq. (8) can be written
g-

Hs

(9)

where the vectors s and g are of length M and N, respectively
and the N x M matrix H is defined by
h0
hi
h2

0
h0
hi

0
0
h0

...
...
...

0
0
0

0
0
0

0
0
0

hL-1

hL-2

hL-3

...

0

0

0

0

hL-1

hL-2

...

0

0

0

0
0

0
0

0
0

...
...

ho
hi

0
ho

(6)

where the limits of integration correspond to the region of
support for the aperture. While there may be cases where this
form is used in spatial sampling, its main use is in sampling
the wavelength dimension of the image signals. That topic will
be covered later. The generalized signal reconstruction
equation has the form

n

__

0

0

0

...

h2

hi

0

0

0

...

h3

h2

0
0
ho
hi

0
0

0
0

0
0

...
...

0
0

hL-1
0

hL-2
hL-1

OO

s(t)- y~ s(n)g.(t)

(7)

n ' - - - - C ~

where the collection of functions, {gn(t)}, provide the
It is often desirable to work with square matrices. In this
interpolation from discrete to continuous space. The exact
case, the input vector can be padded with zeros to the same
form of {gn(t)} depends on the form of {an(t)}. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
size as g and the matrix H modified to produce an N x N
Toeplitz
form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
3.2 One-Dimensional Discrete System

Representation

Ht

Linear operations on signals and images can be represented as
simple matrix multiplications. The internal form of the matrix
may be complicated, but the conceptual manipulation of
images is very easy. Let us consider the representation of a
one-dimensional convolution before going on to multidimensions. Consider the linear, time-invariant system
g(t) =

ho

0

0

...

hi

ho

0

...

h2

hi

ho

...

hL-1

hL-2

hL-3

...

0

hL-1

hL-2

...

h ( u ) s ( t - u)du

the discrete approximation to continuous convolution is
given by
L-1
g(n) - ~

h(k)s(n - k)

where the indices n and k represent sampling of the analog
signals, e.g., s(n) = s ( n A r). Since it is assumed that the signals
under investigation have finite support, the summation is
over a finite number of terms. If s(n) has M nonzero samples
and h(n) has L nonzero samples, then g(n) can have at most
N = M + L - 1 nonzero samples. It is assumed the reader is
familiar with what conditions are necessary so that can
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(8)

k=0

0
0
0

,

o

o

hL-i ... h2 hi ho

The output can now be written
g-

Htso

where So - [s(0), s(1) . . . . s ( M - 1), 0 . . . . 0] T.
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It is often useful, because of the efficiency of the FFT, to
approximate the Toeplitz form by a circulant form
ac

slightly different point spread function
represented by

0
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•

o

where the matrix H has a block form
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The approximation of a Toeplitz matrix by a circulant gets
better as the dimension of the matrix increases. Consider the
matrix norm

Ilall 2 -- 1 N N
k=l /=1

(10)

g(Qp2xl ) = H(Qp2xQp2)f(Qp2xl )

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ho

(PSF). This is

H

-

Hi,1

H1,2

...

H1,Q

H2,1

H2,2

...

H2,Q

.

.

•

o

HQ,1

HQ,2

.

...

.

(11)

HQ, Q

The submatrix Hi,j is of dimension p2 x p2 and represents
the contribution of the jth band of the input to the ith band of
the output. Since an optical system does not modify the
frequency of an optical signal, H will be block diagonal. There
are cases, e.g., imaging using color filter arrays, where the
diagonal assumption does not hold. In many cases, multidimensional processing is a straightforward extension of
one-dimensional processing. The use of matrix notation
permits the use of simple linear algebra to derive many results
that are valid in any dimension. Problems arise primarily
during the implementation of the algorithms when simplifying
assumptions are usually made. Some of the similarities and
differences of 1D and 2D system are listed below.
Similarities:
1.
2.
3.
4.
5.

Derivatives and Taylor expansions are extensions of 1D.
Fourier transforms are straightforward extension of 1D.
Linear systems theory is the same.
Sampling theory is straightforward extension of 1D.
Separable 2D signals are treated as 1D signals.

then llilt - H~II ~ 0 as N ~ c~. This approximation works
well with impulse responses of short duration and auto- Differences:
correlation matrices with small correlation distances. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1. Continuity and derivatives have directional definitions.
2. 2D signals are usually not causal; causality is not intuitive.
3.3 Multidimensional System
3. 2D polynomials cannot always be factored; this limits
use of rational polynomial models.
Representation
4. More variation in 2D sampling, hexagonal lattices are
The images of interest are described by two spatial coordinates
common in nature, random sampling makes interpolaand a wavelength coordinate, f ( x , y , ~ . ) . This continuous
tion much more difficult.
image will be sampled in each dimension. The result is a
5. Periodic functions may have a wide variety of 2D
function defined on a discrete coordinate system, f ( m , n, l).
periods.
This would usually require a three-dimensional matrix.
6. 2D Regions of support are more variable, the boundaries
However, to allow the use of standard matrix algebra, it is
of objects are often irregular instead of rectangular or
common to use stacked notation [9]. Each band, defined by
elliptical.
wavelength ~.t or simply l, of the image is a P x P image.
7. 2D systems can be mixed IIR and FIR, causal and
Without loss of generality, we will use assume a square image
noncausal.
for notational simplicity. This image can be represented as a
8 Algebraic representation using stacked notation for 2D
p2 × 1 vector. The Q bands of the image can be stacked in a
signals is more difficult to manipulate and understand.
like manner forming a Qp2 x 1 vector.
Algebraic representation using stacked notation for 2D
Optical blurring is modeled as convolution of the spatial
image. Each wavelength of the image may be blurred by a signals is more difficult to manipulate and understand than in
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1D. An example of this is illustrated by considering the
autocorrelation of multiband images which are used in
multispectral restoration methods. This is easily written in
terms of the matrix notation reviewed earlier:
Rjy - E { f f T}

TABLE 1 Qualitative description of luminance levels
Description

Lux (Cd/m 2 )

Footcandles

Moonless night
Full moon night
Restaurant
Office
Overcast day
Sunny day

"~10- 6
"~10-3
~ 100
~350
"-~5000
~200,000

" ~ 10-7
"~10- 4
~9
~33
~465
~ 18600

where f is a Qp2 x 1 vector. In order to compute estimates,
we must be able to manipulate this matrix. While the QPZx
Qp2 matrix is easily manipulated symbolically, direct computation with the matrix is not practical for realistic values of
P and Q, e.g., Q = 3, P = 256. For practical computation, is no reason to apply varying sample spacing over the spatial
the matrix form is simplified by using various assumptions, range of an image. In the cases of some very restricted
such as separability, circularity and independence of ensembles of images, variable spatial sampling has been used
bands. These assumptions result in block properties of the to advantage. Since these examples are quite rare, they will not
matrix that reduces the dimension of the computation. A be discussed here.
Spatial sampling is done using a regular grid. The grid is
good example is shown in the multidimensional restoration
most often rectilinear but hexagonal sampling has been
problem [33]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
thoroughly investigated [3]. Hexagonal sampling is used for
efficiency when the images have a natural circular region of
4 Analog Images as Physical Functions
support or circular symmetry. All the mathematic operations, such as Fourier transforms and convolutions, exist
The image which exists in the analog world is a spatio- for hexagonal grids. It is noted that the reasons for uniform
temporal distribution of radiant energy. As was mentioned sampling of the temporal dimension follow the same
earlier, this chapter will not discuss the temporal dimension arguments.
but concentrate on the spatial and wavelength aspects of the
The distribution of energy in the wavelength dimension is
image. The function is represented by f(x, y, i.). While it is not as straightforward to characterize. In addition, we are
often overlooked by students eager to process their first image, often not interested in reconstructing the radiant spectral
it is fundamental to define what the value of the function distribution as we are the spatial distribution. We are
represents. Since we are dealing with radiant energy, the value interested in constructing an image that appears to the
of the function represents energy flux, exactly like electro- human to be the same colors as the original image. In this
magnetic theory. The units will be energy per unit area (or sense, we are actually using color aliasing to our advantage.
angle) per unit time per unit wavelength. From the imaging Because of this aspect of color imaging, we need to
point of view, the function is described by the spatial energy characterize the color vision system of the eye in order to
distribution at the sensor. It does not matter whether the determine proper sampling of the wavelength dimension.
object in the image emits light or reflects light.
To obtain a sample of the analog image, we must integrate
over space, time and wavelength to obtain a finite amount of 5 Colorimetry
energy. Since we have eliminated time from the description,
we can have watts per unit area per unit wavelength. To obtain To understand the fundamental difference in the wavelengthoverall lightness, the wavelength dimension is integrated out domain, it is necessary to describe some of the fundamentals
using the luminous efficiency function discussed in the of color vision and color measurement. What is presented here
following section on colorimetry. The common units of light is only a brief description that will allow us to preceed with the
intensity are lux (lumens/m 2) or footcandles. See [17] for an description of the sampling and mathematic representation
exact definition of radiometric quantities. A table of typical of color images. A more complete description of the human
light levels is given in Table 1. The most common instrument color visual system can be found in [4, 5].
for measuring light intensity is the light meter used in
The retina contains two types of light sensors, rods, and
professional and amateur photography.
cones. The rods are used for monochrome vision at low light
In order to sample an image correctly, we must be able to levels; the cones are used for color vision at higher light levels.
characterize its energy distribution in each of the dimensions. There are three types of cones. Each type is maximally
There is little that can be said about the spatial distribution of sensitive to a different part of the spectrum. They are often
energy. From experience, we know that images vary greatly in referred to as long, medium and short wavelength regions. A
spatial content. Objects in an image usually may appear at any common description refers to them as red, green, and blue
spatial location and at any orientation. This implies that there cones, although their maximal sensitivity is in the yellow,
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of sensors are sufficiently different so as to define a threedimensional vector space.
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(12)

oo

where ra(~.) is the radiant distribution of light as a function of
wavelength and mk(~.) is the sensitivity of the kth color sensor.
The sensitivity functions of the eye were shown in Fig. 4.
Note that sampling of the radiant power signal associated
with a color image can be viewed in at least two ways. If the
goal of the sampling is to reproduce the spectral distribution,
then the same criteria for sampling the usual electronic signals
can be directly applied. However, the goal of color sampling is
not often to reproduce the spectral distribution but to allow
reproduction of the color sensation. This aspect of color
sampling will be discussed in detail below. To keep this
discussion as simple as possible, we will treat the color
sampling problem as a subsampling of a high resolution
discrete space, that is, the N samples are sufficient to
reconstruct the original spectrum using the uniform sampling
of Section 3.
It has been assumed in most research and standards work
that the visual frequency spectrum can be sampled finely
enough to allow the accurate use of numeric approximation
of integration. A common sample spacing is 10 nanometers
over the range 400-700nm, although ranges as wide as
360-780 nm have been used. This is used for many color tables
and lower priced instrumentation. Precision color instrumentation produces data at 2 nm intervals. Finer sampling is
required for some illuminants with line emitters. Reflective
surfaces are usually smoothly varying and can be accurately
sampled more coarsely. Sampling of color signals is discussed
in Section 6 and in detail in [10].
Proper sampling follows the same bandwidth restrictions
that govern all digital signal processing. Following the
assumption that the spectrum can be adequately sampled,
the space of all possible visible spectra lies in an Ndimensional vector space, where N--31 is the range if
4 0 0 - 7 0 0 n m is used. The spectral response of each of the
eye's sensors can be sampled as well, giving three linearly
independent N-vectors which define the visual subspace.
Under the assumption of proper sampling, the integral of
Eq. (12) can be well approximated by a summation

green, and blue regions of the spectrum. Recall that the visible
spectrum extends from about 400 nm (blue) to about 700 nm
(red). Cones sensitivities are related to the absorption
sensitivity of the pigments in the cones. The absorption
sensitivity of the different cones has been measured by several
workers. An example of the curves is shown in Fig. 4. Long
before the technology was available to measure the curves
directly, they were estimated from a clever color matching
experiment. A description of this experiment, which is still
used today can be found in [15, 17].
Grassmann formulated a set of laws for additive color
mixture in 1853 [6, 7, 17]. Additive in this sense refers to the
addition of two or more radiant sources of light. In addition,
Grassmann conjectured that any additive color mixture could
be matched by the proper amounts of three primary stimuli.
Considering what was known about the physiology of the eye
at that time, these laws represent considerable insight. It
should be noted that these "laws" are not physically exact but
represent a good approximation under a wide range of
visibility conditions. There is current research in the vision
and color science community on the refinements and
reformulations of the laws.
Grassmann's laws are essentially unchanged as printed in
recent texts on color science [17]. With our current understanding of the physiology of the eye and a basic background
in linear algebra, Grassmann's laws can be stated more
concisely. Furthermore, extensions of the laws and additional
properties are easily derived using the mathematics of matrix
theory. There have been several papers which have taken a
linear systems approach to describing color spaces as defined
by a standard human observer, [5, 8, 12, 14]. This section will
u
briefly summarize these results and relate them to simple
Vk -- ~_~ ra(nA~.)sk(nAZ)
(13)
signal processing concepts. For the purposes of this work, it is
n=L
sufficient to note that the spectral responses of the three types zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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CRT Monitor Phosphors
x 10-3
where AX represents the sampling interval and the summation
limits are determined by the region of support of the
sensitivity of the eye. The above equations can be generalized
3.5
to represent any color sensor by replacing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Sk(') with mk('). This
discrete form is easily represented in matrix/vector notation.
This will be done in the following sections. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2.5

5.2 Discrete Representation of Color
Matching
The response of the eye can be represented by a matrix,
S = [Sl, s2, s3], where the N-vectors, si, represent the response
of the ith type sensor (cone). Any visible spectrum can be
represented by an N-vector, f. The response of the sensors
to the input spectrum is a 3-vector, t, obtained by

1.5

0.5
0

t-

srf

(14)

Two visible spectra are said to have the same color if they
appear the same to the human observer. In our linear model,
this means that if f and g are two N-vectors representing
different spectral distributions, they are equivalent colors if
sTf-

STg

(15)

It is clear that there may be many different spectra that
appear to be the same color to the observer. Two spectra that
appear the same are called metamers. Metamerism (meh tarfi
er ism) is one of the greatest and most fascinating problems
in color science. It is basically color "aliasing" and can be
described by the generalized sampling described earlier.
It is difficult to find the matrix, S, that defines the response
of the eye. However, there is a conceptually simple experiment
that is used to define the human visual space defined by S.
A detailed discussion of this experiment is given in
[15, 17]. Consider the set of monochromatic spectra el, for
i = 1, 2 .... N. The N-vectors, el, have a one in the ith position
and zeros elsewhere. The goal of the experiment is to match
each of the monochromatic spectra with a linear combination
of primary spectra. Construct three lighting sources that
are linearly independent in N-space. Let the matrix,
P = [PI, P2, P3], represent the spectral content of these
primaries. The phosphors of a color television are a
common example, Fig. 5.
An experiment is conducted where a subject is shown one of
the monochromactic spectra, el, on one half of a visual field.
On the other half of the visual field appears a linear
combination of the primary sources. The subject attempts to
visually match an input monochromatic spectrum by adjusting the relative intensities of the primary sources. Physically, it
may be impossible to match the input spectrum by adjusting
the intensities of the primaries. When this happens, the subject
is allowed to change the field of one of the primaries so that it
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FIGURE 5 CRT monitor phosphors.

falls on the same field as the monochromatic spectrum. This is
mathematically equivalent to subtracting that amount of
primary from the primary field. Denoting the relative
intensities of the primaries by the three-vector ai =
[ail, ai2, ai3]T, the match is written mathematically as
STei-

STpai

(16)

Combining the results of all N monochromatic spectra, Eq. (5)
can be written
sTI-

S T-

STpA T

(17)

where I = [el, e2 ..... eN] is the NxN identity matrix.
Note that because the primaries, P, are not metameric, the
product matrix is nonsingular, i.e., ( s T p ) -1 exists. The
Human Visual Subspace (HVSS) in the N-dimensional
vector space is defined by the column vectors of S; however,
this space can be equally well defined by any nonsingular
transformation of those basis vectors. The matrix,
A-

s ( p T s ) -1

(18)

is one such transformation. The columns of the matrix A are
called the color matching functions associated with the
primaries P.
To avoid the problem of negative values, which cannot be
realized with transmission or reflective filters, the CIE
developed a standard transformation of the color matching
functions, which have no negative values. This set of color
matching functions is known as the standard observer or the
CIE XYZ color matching functions. These functions are shown
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1.8

CIE XYZ Color Matching Functions

1.6
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y - - Y/ (X + Y + Z)
z = Z / ( X + Y + Z)

1.4

Since the chromaticity coordinates have been normalized, any
two of them are sufficient to characterize the chromaticity of a
spectrum. The x and y terms are the standard for describing
chromaticity. It is noted that the convention of using different
0.8
variables for the elements of the tristimulus vector may make
mental conversion between the vector space notation and
0.6
notation in common color science texts more difficult.
0.4
The CIE has chosen the a2 sensitivity vector to correspond
to
the luminance efficiency function of the eye. This function,
0.2
shown as the middle curve in Fig. 6, gives the relative
0
sensitivity of the eye to the energy at each wavelength. The Y
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400
450
500
550
600
650
700
750
tristimulus value is called luminance and indicates the
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perceived brightness of a radiant spectrum. It is this value
FIGURE 6 CIE XYZ color matching functions.
that is used to calculate the effective light output of light bulbs
in lumens. The chromaticities x and y indicate the hue and
in Fig. 6. For the remainder of this chapter, the matrix, A, can saturation of the color. Often the color is described in terms of
be thought of as this standard set of functions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ix, y, Y] because of the ease of interpretation. Other color
coordinate systems will be discussed later.
1.2

5.3 Properties of Color Matching Functions
Having defined the human visual subspace, it is worthwhile
examining some of the common properties of this space.
Because of the relatively simple mathematic definition of color
matching given in the last section, the standard properties
enumerated by Grassmann are easily derived by simple matrix
manipulations [12]. These properties play an important part
in color sampling and display.

Property 1 (Dependence of Color on A)
Two visual spectra, f and g, appear the same if and only if
ATf = ATg. Writing this mathematically, sTf = STg
if ATf = ATg. Metamerism is color aliasing. Two signals f
and g are sampled by the cones or equivalently by the color
matching functions and produce the same tristimulus values.
The importance of this property is that any linear
transformation of the sensitivities of the eye or the CIE
color matching functions can be used to determine a color
match. This gives more latitude in choosing color filters for
cameras and scanners, as well as for color measurement
equipment. It is this property that is the basis for the design
of optimal color scanning filters [13, 30].
A note on terminology is appropriate here. When the color
matching matrix is the CIE standard [17], the elements of the
3-vector defined by t = ATf are called tristimulus values
and usually denoted by X, Y, Z; i.e., t T - - IX, Y,Z]. The
chromaticity of a spectrum is obtained by normalizing the
tristimulus values,
x -- X / ( X + Y + Z)

Property 2 (Transformation of Primaries)
If a different set of primary sources, Q, are used in the color
matching experiment, a different set of color matching
functions, B, are obtained. The relation between the two
color matching matrices is given by
B T - (ATQ)-IA T

(19)

The more common interpretation of the matrix A TQ is
obtained by a direct examination. The flh column of Q,
denoted qj, is the spectral distribution of the jth primary of the
new set. The element [ATQ]i,j is the amount of the primary Pi
required to match primary qj. It is noted that the above form
of the change of primaries is restricted to those that can be
adequately represented under the assumed sampling discussed
previously. In the case that one of the new primaries is a
Dirac delta function located between sample frequencies, the
transformation ATQ must be found by interpolation. The CIE
RGB color matching functions are defined by the monochromatic lines at 700 nm, 546.1 nm, and 435.8 nm, shown in Fig. 7.
The negative portions of these functions are particularly
important since it implies that all color matching functions
associated with realizable primaries have negative portions.
One of the uses of this property is in determining the filters
for color television cameras. The color matching functions
associated with the primaries used in a television monitor are
the ideal filters. The tristimulus values obtained by such filters
would directly give the values to drive the color guns.
The NTSC standard [R, G,B] are related to these color
matching functions. For coding purposes and efficient use of
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the orthogonal projection operator to the black space, and g is
any vector in N-space.
It should be noted that humans cannot see (or detect) all
possible spectra in the visual space. Since it is a vector space,
there exist elements with negative values. These elements are
not realizable and thus cannot be seen. All vectors in the black
space have negative elements. While the vectors in the black
space are not realizable and cannot be seen, they can be
combined with vectors in the visible space to produce a
realizable spectrum. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
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band-width, the RGB values are transformed to YIQ values,
where Y is the CIE Y (luminance) and, I and Q carry the hue
and saturation information. The transformation is a 3 x 3
matrix multiplication [9] (see property 3 below).
Unfortunately, since the TV primaries are realizable, the
color matching functions that correspond to them are not.
This means that the filters which are used in TV cameras are
only an approximation to the ideal filters. These filters are
usually obtained by simply clipping the part of the ideal filter
which falls below zero. This introduces an error which cannot
be corrected by any postprocessing.

Property 3 (Transformation of Color Vectors)
If c and d are the color vectors in 3-space associated with the
visible spectrum, f, under the primaries P and Q respectively,
then
d -- (ATQ)-lc

(20)

where A is the color matching function matrix associated with
primaries P. This states that a 3 x 3 transformation is all that
is required to go from one color space to another.

Property 4 (Metamers and the Human Visual
Subspace)
The N dimensional spectral space can be decomposed into a 3dimensional subspace known as the Human Visual Subspace
(HVSS) and an N 3-dimensional subspace known as the black
space. All metamers of a particular visible spectrum, f, are
given by
x -- Pvf + Pbg

The effect of an illumination spectrum, represented by the
N-vector 1, is to transform the color matching matrix A by

(21)

where P v - A ( A T A ) - I A T is the orthogonal projection
operator to the visual space, P b - [ I - A ( A T A ) - I A T] is

(22)

where L is a diagonal matrix defined by setting the diagonal
elements of L to the elements of the vector 1. The emitted
spectrum for an object with reflectance vector, r,
underillumination, 1, is given by multiplying the reflectance
by the illuminant at each wavelength, g = Lr. The tristimulus
values associated with this emitted spectrum is obtained by
t -- A T g - A T L r -

A~r

(23)

The matrix AI will be called the color matching functions
under illuminant 1.
Metamerism under different illuminants is one of the
greatest problems in color science. A common imaging
example occurs in making a digital copy of an original color
image, e.g., a color copier. The user will compare the copy to
the original under the light in the vicinity of the copier. The
copier might be tuned to produce good matches under the
fluorescent lights of a typical office but may produce copies
that no longer match the original when viewed under the
incandescent lights of another office or viewed near a window
that allows a strong daylight component.
A typical mismatch can be expressed mathematically by
relations
A r L f r l - ArLfr2

(24)

A r L d r l ~ ATLdr2

(25)

where Lf and Ld are diagonal matrices representing standard
fluorescent and daylight spectra respectively, and rl and r2
represent the reflectance spectra of the original and copy
respectively. The ideal images would have r2 matching rl
under all illuminations, which would imply they are equal.
This is virtually impossible since the two images are made with
different colorants.
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If the appearance of the image under a particular illuminant
is to be recorded, then the scanner must have sensitivities that
are within a linear transformation of the color matching
functions under that illuminant. In this case, the scanner
consists of an illumination source, a set of filters and a
detector. The product of the three must duplicate the desired
color matching functions.
A l - L A - L~DM
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three phosphors on the screen, denoted P - [Pl, P2, P3],
where Pk represent the spectra of the red, green, and blue
phosphors. We will also assume that the driving signals, or
control values, for the phosphors to be linear combinations of
the values measured by the camera, e - By. The reproduced
spectrum is ~ - Pc.
The appearance of the radiant spectra is determined by the
response of the human eye

(26)

t - STr
(28)
where Ls is a diagonal matrix defined the scanner illuminant,
D is the diagonal matrix defined by the spectral sensitivity
where S is defined by Eq. (14). The tristimulus values of
of the detector and M is the N x3 matrix defined by the
the spectrum reproduced by the TV are obtained by
transmission characteristics of the scanning filters. In some
modern scanners, three colored lamps are used instead of a
-- s T ~ - STpBMTr
(29)
single lamp and three filters. In this case, the Ls and M
matrices can be combined.
In most applications the scanner illumination is a high
If the sampling is done correctly, the tristimulus values can
intensity source, so as to minimize scanning time. The be computed, that is, B can be chosen so that t - t;. Since the
detector is usually a standard CCD array or photomultiplier three primaries are not metameric and the eye's sensitivities
tube. The design problem is to create a filter set M which are linearly independent, ( s T p ) -1 exists and from the equality
brings the product in Eq. (26) to within a linear transforma- we have
tion of At. Since creating a perfect match with real materials is
a problem, it is of interest to measure the goodness of
( s T p ) - l s T -- B M T
(30)
approximations to a set of scanning filters which can be used
to design optimal realizable filter sets [13, 30]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
since equality of tristimulus values holds for all r. This means
that
the color spectrum is sampled properly if the sensitivities
5.4 Notes on Sampling for Color Aliasing
of the camera are within a linear transformation of the
Sampling of the radiant power signal associated with a color sensitivities of the eye, or equivalently the color matching
image can be viewed in at least two ways. If the goal of the functions.
sampling is to reproduce the spectral distribution, then the
Considering the case where the number of sensors, Q, in the
same criteria for sampling the usual electronic signals can be camera or any color measuring device is larger than three,
directly applied. However, the goal of color sampling is not the condition is that the sensitivities of the eye must be
often to reproduce the spectral distribution but to allow linear combination of the sampling device sensitivities.
reproduction of the color sensation. To illustrate this problem, In this case,
let us consider the case of a television system. The goal is to
sample the continuous color spectrum in such a way that the
T
( s T p ) - l s T - S3xOMQx
N
(31)
color sensation of the spectrum can be reproduced by the
monitor.
A scene is captured with a television camera. We will
There are still only three types of cones which are described
consider only the color aspects of the signal, i.e., a single pixel. by S. However, the increase in the number of basis functions
The camera uses three sensors with sensitivities M to sample used in the measuring device allows more freedom to the
the radiant spectrum. The measurements are given by
designer of the instrument. From the vector space viewpoint,
the sampling is correct if the three-dimensional vector space
v - MTr
(27) defined by the cone sensitivity functions lies within the Ndimensional vector space defined by the device sensitivity
where r is a high resolution sampled representation of the functions.
Let us now consider the sampling of reflective spectra. Since
radiant spectrum and M - - [ m a , m2, m3] represent the high
color
is measured for radiant spectra, a reflective object must
resolution sensitivities of the camera. The matrix M includes
be
illuminated
to be seen. The resulting radiant spectra is the
the effects of the filters, detectors and optics.
product
of
the
illuminant and the reflection of the object
These values are used to reproduce colors at the television
receiver. Let us consider the reproduction of color at the
receiver by a linear combination of the radiant spectra of the

r - Lro

(32)
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where L is diagonal matrix containing the high resolution
sampled radiant spectrum of the illuminant and the elements
of the reflectance of the object are constrained, 0 _ r0(k) _< 1.
To consider the restrictions required for sampling a
reflective object, we must account for two illuminants: the
illumination under which the object is to be viewed and the
illumination under which the measurements are made. The
equations for computing the tristimulus values of reflective
objects under the viewing illuminant Lv are given by
t = ATLvr0

colors. Mathematically,
v(sTf) = v(STg)

(37)

is true if, and only if, sTf -- STg. This nonlinearity does have
a definite effect on the relative sensitivity in the color
matching process and is one of the causes of much searching
for the "uniform color space" discussed next.

(33)

5.6 Uniform Color Spaces
where we have used the CIE color matching functions instead
of the sensitivities of the eye, (Property 1). The equation for
estimating the tristimulus values from the sampled data is
given by

It has been mentioned that the psychovisual system is known
to be nonlinear. The problem of color matching can be treated
by linear systems theory, since the receptors behave in a linear
mode and exact equality is the goal. In practice, it is seldom
that an engineer can produce an exact match to any
-- BMTLdr0
(34) specification. The nonlinearities of the visual system play a
critical role in the determination of a color sensitivity
where Ld is a matrix containing the illuminant spectrum function. Color vision is too complex to be modelled by a
of the device. The sampling is proper if there exists a B simple function. A measure of sensitivity that is consistent
with the observations of arbitrary scenes are well beyond
such that
present capability. However, much work has been done
to
determine human color sensitivity in matching two
BMTLd = ATLv
(35)
color fields which subtend only a small portion of the visual
field.
It is noted that in practical applications the device
Some of the first controlled experiments in color sensitivity
illuminant usually places severe limitations on the problem
were done by MacAdam [11]. The observer viewed a disk
of approximating the color matching functions under the
made of two hemispheres of different colors on a neutral
viewing illuminant. In most applications the scanner illumibackground. One color was fixed; the other could be adjusted
nation is a high intensity source, so as to minimize scanning
by the user. Since MacAdam's pioneering work there have
time. The detector is usually a standard CCD array or
been many additional studies of color sensitivity. Most of
photomultiplier tube. The design problem is to create a filter
these have measured the variability in three dimensions which
set M which brings the product of the filters, detectors and
yields sensitivity ellipsoids in tristimulus space. The work by
optics to within a linear transformation of At. Since creating a
Wyszecki and Felder [16] is of particular interest as it shows
perfect match with real materials is a problem, it is of interest
the variation between observers and between a single observer
to measure the goodness of approximations to a set of
at different times. The large variation of the sizes and
scanning filters which can be used to design optimal realizable
orientation of the ellipsoids indicates that mean square error
filter sets [ 13, 30]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in tristimulus space is a very poor measure of color error. A
common method of treating the nonuniform error problem is
5.5 A Note on the Nonlinearity of the Eye
to transform the space into one where the Euclidean distance
It is noted here that most physical models of the eye include is more closely correlated with perceptual error. The CIE
some type of nonlinearity in the sensing process. This recommended two transformations in 1976 in an attempt to
nonlinearity is often modelled as a logarithm; in any case, it standardize measures in the industry.
Neither of the CIE standards exactly achieve the goal of
is always assumed to be monotonic within the intensity range
a
uniform color space. Given the variability of the data,
of interest. The nonlinear function, v -- V(c), transforms the
it
is unreasonable to expect that such a space could be
3-vector in an element independent manner; that is,
found. The transformations do reduce the variations in the
sensitivity ellipses by a large degree. They have another major
[V1, V2, V3]T --[V(Cl) ' V(c2), V(c3)] T
(36) feature in common: the measures are made relative to
a reference white point. By using the reference point the
Since equality is required for a color match by Eq. (2), the transformations attempt to account for the adpative charfunction V(.) does not affect our definition of equivalent acteristics of the visual system. The CIELab (see-lab) space is

Handbook of Image and Video Processing

424 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
defined by
-10

L * = ll6(Y/Yn) 1/3- 16

Y

(38)

..........

Z

-20

a* = 5 0 0 [ ( X / X n ) 1/3 - ( Y / Y n ) 1/3]

(39)

b* -- 200[(Y/Yn) 1/3 - (Z/Zn) 113]

(40)

-30

N -40
-50

for X/Xn, Y/Yn, Z/Z,, > 0.01. The values Xn, Yn, Zn are the
tristimulus values of the reference white under the reference
illumination, and X, Y, Z are the tristimulus values which are
to be mapped to the Lab color space. The restriction that the
normalized values be greater than 0.01 is an attempt to
account for the fact that at low illumination the cones become
less sensitive and the rods (monochrome receptors) become
active. A linear model is used at low light levels. The exact
form of the linear portion of CIELab and the definition of the
CIELuv (see-luv) transformation can be found in [9, 17].
A more recent modification of the CIELab space was
created in 1994, called appropriately CIELab94, [34]. This
modification addresses some of the short-comings of the 1931
and 1976 versions. However, it is significantly more complex
and costly to compute. A major difference is the inclusion of
weighting factors in the summation of square errors, instead
of using a strict Euclidean distance in the space.
The color error between two colors Cl and c2 are measured
in terms of
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of their use in scanners and cameras, CCDs and photomultiplier tubes are of great interest.
The most important sensor characteristics are the cone
sensitivities of the eye or equivalently, the color matching
functions, e.g., Fig. 6. It is easily seen that functions in Figs. 4,
6 and 7 are very smooth functions and have limited
bandwidths. A note on bandwidth is appropriate here. The
functions represent continuous functions with finite support.
Because of the finite support constraint, they cannot be
bandlimited. However, they are clearly smooth and have very
AEab . [(L1 . L*)
2 2 .+ (al . a2, ) 2 + (b I b2)
. 2 ] 1/2
(41) low power outside of a very small frequency band. Using 2 nm
representations of the functions, the power spectra of these
where c i - [L*, a~, b*]. A useful rule of thumb is that two signals are shown in Fig. 8. The spectra represent the Welch
colors cannot be distinguished in a scene if their AEab value estimate where the data is first windowed, then the magnitude
is less than 3. The AEab threshold is much lower in the of the DFT is computed [2]. It is seen that 10 nm sampling
experimental setting than in pictorial scenes. It is noted that produces very small aliasing error.
In the context of cameras and scanners, the actual photothe sensitivities discussed above are for flat fields. The
electric
sensor should be considered. Fortunately, most sensors
sensitivity to modulated color is a much more difficult
have
very
smooth sensitivity curves which have bandwidths
problem. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
comparable to those of the color matching functions. See any
handbook of CCD sensors or photomultiplier tubes. Reducing
6 Sampling of Color Signals and Sensors the variety of sensors to be studied can also be justified by the
fact that filters can be designed to compensate for the
It has been assumed in most of this chapter that the color characteristics of the sensor and bring the combination within
signals of interest can be sampled sufficiently well to permit a linear combination of the CMFs.
The function r(>,), which is sampled to give the vector r
accurate computation using discrete arithmetic. It is approused
in the colorimetry section, can represent either
priate to consider this assumption quantitatively. From the
reflectance
or transmission. Desktop scanners usually work
previous sections, it is seen that there are three basic types of
with
reflective
media. There are, however, several film
color signals to consider: reflectances, illuminants, and
scanners
on
the
market which are used in this type of
sensors. Reflectances usually characterize everyday objects
but occasionally man-made items with special properties such environment. The larger dynamic range of the photographic
as filters and gratings are of interest. Illuminants vary a great media implies a larger bandwidth. Fortunately, there is not a
deal from natural daylight or moonlight to special lamps used large difference over the range of everyday objects and images.
in imaging equipment. The sensors most often used in Several ensembles were used for a study in an attempt to
colorevaluation are those of the human eye. However, because include the range of spectra encountered by image scanners
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It is with the fluorescent lamps that the 2 nm sampling
becomes suspect. The peaks that are seen in the wavelength
spectra are characteristic of mercury and are delta function
signals at 404.7 nm, 435.8 nm, 546.1 nm and 578.4 nm. The
fluorescent lamp can be modeled as the sum of a smoothly
varying signal and a delta function series:
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and color measurement instrumentation [21]. The results
showed again that 10 nm sampling was sufficient [10].
There are three major types of viewing illuminants of
interest for imaging: daylight, incandescent and fluorescent.
There are many more types of illuminants used for scanners
and measurement instruments. The properties of the three
viewing illuminants can be used as a guideline for sampling
and signal processing which involves other types. It has been
shown that the illuminant is the determining factor for the
choice of sampling interval in the wavelength domain [10].
Incandescent lamps and natural daylight can be modeled as
filtered blackbody radiators. The wavelength spectra are
relatively smooth and have relatively small bandwidths. As
with previous color signals, they are adequately sampled at
10 nm. Office lighting is dominated by fluorescent lamps.
Typical wavelength spectra and their frequency power spectra
are shown in Figs. 9 and 10.
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where C~k represents the strength of the spectral line at
wavelength ~-k- The wavelength spectra of the phosphors is
relatively smooth as seen from Fig. 9.
It is clear that the fluorescent signals are not bandlimited in
the sense used previously. The amount of power outside of the
band is a function of the positions and strengths of the line
spectra. Since the lines occur at known wavelengths, it remains
only to estimate their power. This can be done by signal
restoration methods which can use the information about this
specific signal. Using such methods, the frequency spectrum
of the lamp may be estimated by combining the frequency
spectra of its components
q

L(co) -- Ld(co) + ~_~ oekej°~x°-x~)

(43)

k=l

where X0 is an arbitrary origin in the wavelength domain. The
bandlimited spectra La(~) can be obtained from the sampled
restoration and is easily represented by 2 nm sampling.

7 Color I/O Device Calibration
In Section 2, we briefly discussed control of gray scale output.
Here, a more formal approach to output calibration will
be given. This can be applied to monochrome images by
considering only a single band, corresponding to the CIE Y
channel. In order to mathematically describe color output
calibration, we need to consider the relationships between
the color spaces defined by the output device control values
and the colorimetric space defined by the CIE.

7.1 C a l i b r a t i o n D e f i n i t i o n s and T e r m i n o l o g y
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A device independent color space is defined as any space that has
a one-to-one mapping onto the CIE XYZ color space.
Examples of CIE device independent color spaces include
XYZ, Lab, Luv, and Yxy. Current image format standards,
such as JPEG, support the description of color in Lab. By
definition, a device dependent color space cannot have a one-toone mapping onto the CIE XYZ color space. In the case of a
recording device (e.g., scanners), the device dependent values
describe the response of that particular device to color. For a
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reproduction device (e.g., printers), the device dependent
values describe only those colors the device can produce.
The use of device dependent descriptions of color presents a
problem in the world of networked computers and printers. A
single RGB or CMYK vector can result in different colors on
different display devices. Transferring images colorimetrically
between multiple monitors and printers with device dependent descriptions is difficult since the user must know the
characteristics of the device for which the original image is
defined, in addition to those of the display device.
It is more efficient to define images in terms of a CIE color
space and then transform this data to device dependent
descriptors for the display device. The advantage of this
approach is that the same image data is easily ported to a
variety of devices. To do this, it is necessary to determine a
mapping, ~'device('), from device dependent control values to
a CIE color space.
A compromise to using the complicated transformation to a
device independent space is to use a pseudo-device dependent
space. Such spaces provide some degree of matching across
input and output devices since "standard" device characteristics have been defined by the color science community.
These spaces, which include, sRGB and Kodak's PhotoYCC
space, are well defined in terms of a device independent space.
As such, a device manufacturer can design an input or output
device such that when given sRGB values the proper device
independent color value is displayed. However, there do exist
limitations with this approach such as non-uniformity and
limited gamut.
Modern printers and display devices are limited in the
colors they can produce. This limited set of colors is defined as
the gamut of the device. If ~'~cie is the range of values in the
selected CIE color space and ~print is the range of the device
control values then the set

7.2 CRT Calibration
A monitor is often used to provide a preview for the printing
process, as well as comparison of image processing methods.
Monitor calibration is almost always based on a physical
model of the device [18, 19, 20]. A typical model is

r' = ( r -

ro)l(rma~ - ro) v~

g' = (g - g o ) / ( g m ~

-- go) y,

b ' = ( b - bo)/(bmax - bo)×b
t = H[r', g', b'] w
where ¢ is the CIE value produced by driving the monitor with
control value c = [r, g, b]T. The value of the tristimulus vector
is obtained using a colorimeter or spectrophotometer.
Creating a profile for a monitor involves the determination
of these parameters where rmax, gm~x, bm~x are the maximum
values of the control values (e.g. 255). To determine the
parameters, a series of color patches is displayed on the CRT
and measured with a colorimeter which will provide pairs of
CIE values {¢k} and control values {Ok} k = 1. . . . . M.
Values for Yr, Yg, Yb, r0, go, and b0 are determined such that
the elements of [r',g', b'] are linear with respect to the
elements of XYZ and scaled between the range [0,1]. The
matrix H is then determined from the tristimulus values of
the CRT phosphors at maximum luminance. Specifically the
mapping is given by

X
Z

-

XRmax XRmax XRmax

r'

Ycm~x YGm~

YGm~x

b'

ZBmax ZBmax ZBmax

g'

G = { t E ~'~cie [ t h e r e exists c ~ ~print w h e r e ~device(C) = t }
w h e r e [XRmaxYRmaxZRmax]T is the CIE XYZ tristimulus value
defines the gamut of the color output device. For colors in the of the red phosphor for control value c = [rmax, O, O]T.
This standard model is often used to provide an
gamut, there will exist a mapping between the device
dependent control values and the CIE XYZ color space. approximation to the mapping ~'monitor(C)--t. Problems
Colors which are in the complement, Gc, cannot be such as spatial variation of the screen or electron gun
reproduced and must be gamut-mapped to a color which is dependence are typically ignored. A LUT can also be used
within G. The gamut mapping algorithm 79 is a mapping from for the monitor profile in a manner similar to that described
~'~cie to G, that is D ( ¢ ) 6 G V¢ E ~'2cie. A more detailed below for the scanner calibration.
discussion of gamut mapping is found in [31 ].
-1
The mappings .Tdevice, .Tdevice, and D make up what is 7.3 Scanners and Cameras
defined as a device profile. These mappings describe how to
Mathematically, the recording process of a scanner or camera
transform between a CIE color space and the device control
can be expressed as
values. The International Color Commission (ICC) has
suggested a standard format for describing a profile. This
zi = ~ ( M r r i )
standard profile can be based on a physical model (common
for monitors) or a look-up-table (LUT) (common for printers
and scanners) [27]. In the next sections, we will mathemati- where the matrix M contains the spectral sensitivity (including the scanner illuminant) of the three (or more) bands of the
cally discuss the problem of creating a profile. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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device, ri is the spectral reflectance at spatial point i, 7-/models
any nonlinearities in the scanner (invertible in the range of
interest), and zi is the vector of recorded values.
We define colorimetric recording as the process of recording
an image such that the CIE values of the image can be
recovered from the recorded data. This reflects the requirements of ideal sampling in Section 5.4. Given such a scanner,
the calibration problem is to determine the continuous
mapping .~scan which will transform the recorded values to a
CIE color space:
t -- A TLr -- ~'scan(Z) for all r 6 r.
Unfortunately, most scanners and especially desktop
scanners are not colorimetric. This is caused by physical
limitations on the scanner illuminants and filters which
prevent them from being within a linear transformation of the
CIE color matching functions. Work related to designing
optimal approximations is found in [28, 29].
For the noncolorimetric scanner, there will exist spectral
reflectances which look different to the standard human
observer but when scanned produce the same recorded values.
These colors are defined as being metameric to the scanner.
This cannot be corrected by any transformation ~scan.
Fortunately, there will always (except for degenerate cases)
exist a set of reflectance spectra over which a transformation
from scan values to CIE XYZ values will exist. Such a set can
be expressed mathematically as

Bscan -- { r ~ ~r [ . ~ s c a n ( 7 - [ ( M r ) ) -

A TLr }

where ,f'scan is the transformation from scanned values to
colorimetric descriptors for the set of reflectance spectra in
Bsca,. This is a restriction to a set of reflectance spectra over
which the continuous mapping fscan exists.
Look-up-tables, neural nets, nonlinear and linear models
for fscan have been used to calibrate color scanners [22, 23, 24,
25, 32]. In all of these approaches, the first step is to select a
collection of color patches which span the colors of interest.
These colors should not be metameric to the scanner or to
the standard observer under the viewing illuminant. This
constraint assures a one-to-one mapping between the scan
values and the device independent values across these samples.
In practice, this constraint is easily obtained. The reflectance
spectra of these Mq color patches will be denoted by {q}k for
l <_k<_Mq.
These patches are measured using a spectrophotometer or a
colorimeter which will provide the device independent values

which case { t k - E(ATqk)} where £(.) is the transformation
from CIEXYZ to the appropriate color space. The patches are
also measured with the scanner to be calibrated providing
{Zk -- H(MTqk)} for 1 <_ k < Mq. Mathematically, the calibration problem is: find a transformation .Tscan where
~'scan -- arg(m~n ~

I I~-(zi) - till 2)

i--1

and ]].l [2 is the error metric in the CIE color space. In practice,
it may be necessary and desirable to incorporate constraints
on ,~'scan [31].

7.4 Printers
Printer calibration is difficult due to the nonlinearity of the
printing process, and the wide variety of methods used for
color printing (e.g., lithography, inkjet, dye sublimation etc.).
Thus, printing devices are often calibrated with an LUT with
the continuum of values found by interpolating between
points in the LUT [22, 26].
To produce a profile of a printer, a subset of values
spanning the space of allowable control values, Ck for
1 < k < Mp, for the printer is first selected. These values
produce a set of reflectance spectra which are denoted by Pk
for 1 <__k<Mp.
The patches Pk are measured using a colorimetric device
which provides the values
{ t k - ATpk} for

1 < k < Mp

The problem is then to determine a mapping ~'print which is
the solution to the optimization problem
~print -- arg(m~n ~ ] I.f'(Ci) -- til ]2)
i--1
where as in the scanner calibration problem, there may be
constraints which .~'print m u s t satisfy.

7.5 Calibration Example

Before presenting an example of the need for calibrated
scanners and displays, it is necessary to state some problems
with the display to be used, i.e., the color printed page.
Currently, printers and publishers do not use the CIE values
for printing but judge the quality of their prints by subjective
methods. Thus, it is impossible to numerically specify the
image values to the publisher of this book. We have to rely on
the experience of the company to produce images which
{tk--ATqk} for 1 < k <_Mq.
faithfully reproduce those given them. Every effort has been
made to reproduce the images as accurately as possible. The
Without loss of generality, {tk} could represent any colori- tiff image format allows the specification of CIE values and the
metric or device independent values, e.g., CIELAB, CIELUV in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
images defined by those values can be found on the ftp site,
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FIGURE 13 New scan of Lena. (See color insert.)
ftp.ncsu.edu in directory pub/hit/calibration. Even in the .tiff
format problems arise because of quantization to 8 bits.
The original color Lena image is available in many places as
an RGB image. The problem is that there is no standard to
which the RGB channels refer. The image is usually printed to
an RGB device (one that takes RGB values as input) with no
transformation. An example of this is shown in Fig. 11.
This image compares well with current printed versions of this
image, e.g., those shown in papers in the special issue on color
image processing of the IEEE Transactions on Image
Processing [35]. However, the displayed image does not
compare favorably with the original. An original copy of the
image was obtained and scanned using a calibrated scanner
and then printed using a calibrated printer. The result, shown
in Fig. 12, does compare well with the original. Even with the
display problem mentioned above, it is clear that the images
are sufficiently different to make the point that calibration is
necessary for accurate comparisons of any processing method

that uses color images. To complete the comparison, the RGB
image that was used to create the corrected image shown in
Fig. 12, was also printed directly on the RGB printer. The
result shown in Fig. 13, further demonstrates the need for
calibration. A complete discussion of this calibration experiment is found in [31 ]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

8 Summary and Future Outlook
The major portion of the chapter emphasized the problems
and differences in treating the color dimension of image data.
Understanding of the basics of uniform sampling is required
to proceed to the problems of sampling the color component.
The phenomenon of aliasing is generalized to color sampling
by noting that the goal of most color sampling is to reproduce
the sensation of color and not the actual color spectrum. The
calibration of recording and display devices is required for
accurate representation of images. The proper recording and
display outlined in Section 7 cannot be overemphasized.
While the fundamentals image recording and display are
well understood by experts in that area, they are not well
appreciated by the general image processing community. It is
hoped that future work will help widen the understanding of
this aspect of image processing. At present, it is fairly difficult
to calibrate color image I/O devices. The interface between the
devices and the interpretation of the data is still problematic.
Future work can make it easier for the average user to obtain,
process and display accurate color images.
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1 Introduction
The set of all possible visual images is huge, but not all of these
are equally likely to be encountered by an imaging device such
as the eye. Knowledge of this nonuniform probability on the
image space is known to be exploited by biologic visual systems
and can be used to advantage in most applications in image
processing and machine vision. For example, loosely speaking,
when one observes a visual image that has been corrupted by
some sort of noise, the process of estimating the original
source image may be viewed as one of looking for the highestprobability image that is "close to" the noisy observation.
The problem of compression essentially boils down to using a
larger proportion of the available bits to encode those regions
of the image space that are more likely. And, problems such
as resolution enhancement or image synthesis involve selecting
(sampling) a high-probability image from the distribution,
perhaps subject to some set of constraints. Precise descriptions of such applications can be found in many chapters
throughout this book.
To develop a probability model for visual images, we first
must decide which images to model. In a practical sense, this
means we must (a) decide on imaging conditions, such as the
field of view, resolution, sensor or postprocessing nonlinearities, and so forth, (b) decide what kind of scenes, under what
kind of lighting, are to be captured in the images. It may seem
odd, if one has not encountered such models, to imagine that
all images are drawn from a single universal probability urn.
Copyright © 2005 by Elsevier Academic Press.
M1 rights of reproduction in any form reserved.
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In particular, the features and properties in any given image
are often specialized. For example, outdoor nature scenes contain structures that are quite different from city streets, which
in turn are nothing like human faces. There are two means by
which this dilemma is resolved. First, the statistical properties
that we will examine are basic enough that they are relevant
for essentially all visual scenes. Second, we will use parametric
models, in which a set of hyperparameters (possibly random
variables themselves) govern the detailed behavior of the
model, and thus allow a certain degree of adaptability of the
model to different types of source material.
How does one build and test a probability model for images?
Many approaches have been developed, but in this chapter,
we'll describe an empirically driven methodology based on
the study of discretized (pixelated) images. Currently available
digital cameras generate such images, typically containing
millions of pixels. Naively, one could imagine examining a
large set of such images to try to determine how they are distributed. But a moment's thought leads one to realize the
hopelessness of the endeavor. The amount of data needed to
estimate a probability distribution from samples grows as K D,
where D is the dimensionality of the space (in this case, the
number of pixels). This is known as the "curse of
dimensionality."
Thus, to make progress on image modeling, it is essential to
reduce the dimensionality of the space. Two types of simplifying assumption can help in this regard. The first, known as a
Markov assumption, is that the probability density of a pixel,
431
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when conditioned on a set of pixels in a small spatial obtain by using a better statistical model. To keep the discussion
neighborhood, is independent of the pixels outside of the focused, I will limit the discussion to discretized gray-scale
neighborhood. A second type of simplification comes from photographic images. Many of the principles are easily
imposing symmetries or invariances on the probability extended to color photographs [8, 43], temporal image
structure. The most common of these is that of translationsequences (movies) [15], and more specialized image classes
invariance (sometimes called homogeneity, or strict-sense such as portraits, landscapes, or textures. In addition, the
stationarity): The distribution of pixels in a neighborhood
general approach may also be applied to nonvisual imaging
does not depend on the absolute location of that neighbor- devices, such as medical images, infrared images, radar and
hood within the image. This seems intuitively sensible, given other types of range image, or astronomic images. zyxwvutsrqponmlkjih
that a lateral or vertical translation of the camera leads
approximately to a translation of the image intensities across
the pixel array. Note that translation-invariance is not well 2 The Gaussian Model
defined at the boundaries, and as is often the case in image
processing, these locations must usually be handled specially. The classic model of image statistics was developed by
Another common assumption is scale-invariance: Resizing television engineers in the 1950s (see [41] for a review), who
the image does not alter the probability structure. This may were interested in optimal signal representation and transmisalso be loosely justified by noting that adjusting the focal sion. The most basic motivation for these models comes from
length (zoom) of a camera lens approximates (apart from the observation that pixels at nearby locations tend to have
perspective distortions) image resizing. As with translationsimilar intensity values. This is easily confirmed by measureinvariance, scale-invariance will clearly fail to hold at certain ments like those shown in Fig. 1A. Each joint histogram shows
"boundaries." Specifically, scale-invariance must fail for dis- values of a pair of pixels with a given relative spatial discretized images at fine scales approaching the size of the pixels. placement. Implicit in these measurements is the assumption
And, similarly, it must also fail at coarse scales approaching of homogeneity mentioned in the introduction: The distributhe size of the entire image.
tions are assumed to be independent of the absolute location
With these sort of simplifying structural assumptions in within the image. And, although the pixels were taken from a
place, we can return to the problem of developing a probability single photographic image (in this case, a New York City street
model. In recent years, researchers from image processing, scene), they are nevertheless representative of what one sees in
computer vision, physics, applied math, and statistics have most visual images.
The most striking behavior observed in the plots is that the
proposed a wide variety of different types of model. In this
chapter, I will review some basic statistical properties of pixel values are highly correlated: When one is large, the other
photographic images, as observed empirically, and describe tends to also be large. But this correlation falls with the distance
several models that have been developed to incorporate these between pixels. This behavior is summarized in Fig. 1B, which
properties. I will give some indication of how these models shows the image autocorrelation (pixel correlation as a
have been validated by examining how well they fit the data, function of separation).
The correlation statistics of Fig. 1 place a strong constraint
but the true test usually comes when one uses the model to
solve an image processing problem (such as compression or on the structure of images, but they do not provide a full
denoising). Although this is somewhat beyond the scope of probability model. Specifically, there are many probability
this chapter, I will show some simple denoising examples to densities that would share the same correlation (or equivalently, covariance) structure. How should we choose a model
give an indication of how much performance gain one can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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A: Joint histograms of pairs of pixels at three different spatial displacements, averaged over five examples
images. B" Autocorrelation function. Photographs are of New York City street scenes, taken with a Canon 10D digital
camera, and processed in RAW linear sensor mode (producing pixel intensities are in roughly proportional to light
intensity). Correlations were computed on the logs of these sensor intensity values [41].

FIGURE 1

300

433

4.7 Statistical Modeling of Photographic Images zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
from this set? One natural solution is to select a density that
has maximal entropy, subject to the covariance constraint
[25]. Solving for this density turns out to be relatively
straighforward, and the result is a multidimensional Gaussian:
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P(;) (x exp(--;TCx-~;/2),

(1)

where £ is a vector containing all of the image pixels (assumed,
for notational simplicity, to be zero-mean) and Cx = F(~£ T)
is the covariance matrix.
Gaussian densities are more succinctly described by transforming to a coordinate system in which the covariance matrix
is diagonal. This is easily achieved using standard linear
algebra techniques:

f - ET~c,
where E is an orthogonal matrix containing the eigenvectors of
Cx, such that
Cx -- EDE T,

>E T C x E - D,

(2)

with D a diagonal matrix containing the associated eigenvalues. When the probability distribution on Y is stationary
(assuming periodic handling of boundaries), the covariance
matrix, Cx, will be circulant. In this special case, the Fourier
transform is known in advance to be a diagonalizing
transformation matrix E, and is guaranteed to satisfy the
relationship of Equation (2).
To complete the Gaussian image model, we need only
specify the entries of the diagonal matrix D, which correspond
to the variances of frequency components in the Fourier transform. There are two means of arriving at an answer. First,
setting aside the caveats mentioned in the introduction, we
can assume that image statistics are scale-invariant. Specifically, suppose that the second-order (covariance) statistical
properties of the image are invariant to resizing of the image.
We can express scale-invariance in the Fourier domain as:

E(IF(so))I
2)-- h(s)E(IF(o))12),

VO), $.
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FIGURE 2 Power spectral estimates for five example images (see Fig. 1 for
image description), as a function of spatial frequency, averaged over
orientation. These are well described by power law functions with an
exponent, y, slightly larger than 2.0.

Alternatively, the form of the power spectrum may be
estimated empirically [e.g., 14, 18, 42, 50, 53]. For many
"typical" images, it turns out to be quite well approximated
by a power law, thus providing confirmation of the scaleinvariance property for second-order statistics. In these
empirical measurements, the value of the exponent is typically
near two. Examples of power spectral estimates for several
example images are shown in Fig. 2. It has also been demonstrated that scale-invariance holds for statistics other than the
power spectrum [e.g., 42, 52].
The spectral model is the classic model of image processing.
In addition to accounting for spectra of typical image data, the
simplicity of the Gaussian form leads to direct solutions for
image compression and denoising that may be found in
essentially any textbook on image processing. As an example,
consider the problem of removing additive Gaussian white
noise from an image, ~. The degradation process is described
by the conditional density of the observed (noisy) image, ~,
given the original (clean) image ~:
7 ) ( f [ ~ ) c~ e x p ( - - I l Y -

.~[[2/2o2)

where O"n2 is the variance of the noise. Using Bayes' rule, we
can reverse the conditioning by multiplying by the prior
probability density on £:

That is, rescaling the frequency axis does not change the shape
P(~If) c¢ exp(-II~ - ~112/2a2) • 7~(~).
of the function; it merely multiplies the spectrum by a constant.
The only functions that satisfy this identity are power laws: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An estimate for ~ may now be obtained from this posterior
density.
One can, for example, choose the ~ that maximizes
A
E(IF(w)I2) - co×
the probability (the maximum a posteriori or MAP estimate),
or the mean of the density (the Bayes least squares or BLS
estimate).
In the case of a Gaussian prior of Equation (1),
where the exponent y controls the rate at which the spectrum
these
two
solutions
are identical.
falls. Thus, the dual assumptions of translation- and scaleinvariance constrains the covariance structure of images to a
model with only two parameters!

.~)- Cx(Cx -I-O'2I)-1;.
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is shown in Fig. 3. The fact that such an experiment invariably
produces images of clouds implies that a covariance constraint
is insufficient to capture the richer structure of features that
are found in most real images.

3 Wavelet Marginal Models
For decades, the inadequacy of the Gaussian model was
apparent. But direct improvement, through introduction of
constraints on the Fourier phases, turned out to be quite difficult. Relationships between phase components are not easily
measured, in part because of the difficulty of working with
joint statistics of circular variables and in part because the
dependencies between phases of different frequencies do not
FIGURE 3
Example image randomly drawn from the Gaussian spectral
model, with y - 2.0.
seem to be well captured by a model that is localized in
frequency. A breakthrough occurred in the 1980s, when a
The solution is linear in the observed (noisy) image f. number of authors began to report more direct indications of
Finally, the solution may be rewritten in the Fourier domain, non-Gaussian behaviors in images. A multidimensional
where the scale-invariance of the power spectrum may be Gaussian statistical model has the property that all conditional
or marginal densities must also be Gaussian. But these authors
explicitly incorporated: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
noted that histograms of bandpass-filtered natural images
were highly non-Gaussian [9, 13, 18, 31, 58]. These marginals
f~(w)A/w× • Y(w),
tend to be much more sharply peaked at zero, with more
A/w× + cr2
extensive tails, when compared with a Gaussian of the same
variance. As an example, Fig. 4 shows histograms of three
where )~(co) and Y(og) are the Fourier transforms of ~(,v-')and ~, images, filtered with a Gabor function bandpass filter of
respectively. Thus, the estimate may be computed by linearly octave bandwidth. The intuitive reason for this behavior is
rescaling each Fourier coefficient. To apply this denoising that images typically contain smooth regions, punctuated by
method, one must be given (or must estimate) the parameters, localized "features" such as (lines, edges, or corners). The
smooth regions lead to small filter responses that generate the
A, y, and an.
Despite the simplicity and tractability of the Gaussian sharp peak at zero, and the localized features produce largemodel, it is easy to see that the model provides a rather weak amplitude responses that generate the extensive tails.
This basic behavior holds for essentially any bandpass filter,
description. In particular, while the model strongly constrains
the amplitudes of the Fourier coefficients, it places no con- whether it is nondirectional (center-surround), or oriented,
straint on their phases. When one randomizes the phases of an but some filters lead to responses that are more non-Gaussian
than others. By the mid 1990s, a number of authors had
image, the appearance is completely destroyed [37].
As a direct test, one can draw sample images from the developed methods of optimizing a basis of filters to maximize
distribution by simply generating white noise in the Fourier the non-Gaussianity of the responses [e.g., 4, 36]. Often these
domain, weighting each sample appropriately by 1/co×, and methods operate by optimizing a higher order statistic such as
then inverting the transform to generate an image. An example kurtosis (the fourth moment divided by the squared variance).

Wavelet coefficient value
FIGURE 4

Wavelet coefficient value

Wavelet coefficient value

Wavelet coefficient value

Log histograms of a single wavelet subband of four example images (see Fig. 1 for image description). For
each histogram, tails are truncated to show 99.8% of the distribution. Also shown (dashed lines) are fitted model
densities corresponding to equation (3). Text indicates the maximum-likelihood value of p used for the fitted model
density, and the relative entropy (Kullback-Leibler divergence) of the model and histogram, as a fraction of the total
entropy of the histogram.
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the data under the model. The density model fits the histommmnmmmmmnmm
grams remarkably well, as indicated numerically by the relative
mumumMmnumum
entropy measures given below each plot. We have observed
mmnmunnmnuam
that values of the exponent p typically lie in the range
m m n n n m n m m n n m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[0.4, 0.8]. The factor s varies monotonically with the scale of
the basis functions, with correspondingly higher variance for
mmmmmmmmmmmm
coarser-scale components.
mmmmnmmmmnmm
This wavelet marginal model is significantly more powerful
mmmmmmmmmmmw
than the classic Gaussian (spectral) model. For example, when
applied to the problem of compression, the entropy of the
nmummmmnmmmm
distributions described above is significantly less than that of a
mmmmmmmmmmml
Gaussian with the same variance, and this leads directly to
mmnmmmmmmumm
gains in coding efficiency. In denoising, the use of this model
ummnmmmmmmmm
as a prior density for images yields to significant improvements over the Gaussian model [e.g., 34, 47, 48]. Consider
wmmmmmummnmm
FIGURE 5 Example basis functions derived by optimizing a marginal
kurtosis criterion [see 35].
The resulting basis sets contain oriented filters of different sizes
with frequency bandwidths of roughly one octave. Figure 5
shows an example basis set, obtained by optimizing kurtosis of
the marginal responses to an ensemble of 12 x 12-pixel blocks
drawn from a large ensemble of natural images. In parallel
with these statistical developments, authors from a variety of
communities were developing multiscale orthonormal bases
for signal and image analysis, now generically known as
"wavelets" (see Chapter 4.2). These provide a good approximation to optimized bases such as that shown in Fig. 5.
Once we have transformed the image to a multiscale wavelet
representation, what statistical model can we use to characterize the the coefficients? The motivation for the choice of
basis came from the shape of the marginals, and thus it would
seem natural to assume that the coefficients within a subband
are independent and identically distributed. With this
assumption, the model is completely determined by the
marginal statistics of the coefficients, which can be examined
empirically as in the examples of Fig. 4. For natural images,
these histograms are surprisingly well described by a twoparameter generalized Gaussian (also known as a stretched, or
generalized exponential) distribution [e.g., 31, 34, 47]:

7")c(C;s,p) - exp(-lc/slP)
Z(s,p)

'

(3)

where the normalization constant is Z ( s , p ) - 2~F.(p). An
exponent of p = 2 corresponds to a Gaussian density, and
p = 1 corresponds to the Laplacian density. In general, smaller
values of p lead to a density that is both more concentrated
at zero and has more expansive tails. Each of the histograms
in Fig. 4 is plotted with a dashed curve corresponding to
the best fitting instance of this density function, with the
parameters {s,p} estimated by maximizing the likelihood of

again the problem of removing additive Gaussian white noise
from an image. If the wavelet transform is orthogonal, then
the noise remains white in the wavelet domain.
The degradation process may be described in the wavelet
domain as:
7)(dlc) c( e x p ( - ( d - c)2/2cr 2)

where d is a wavelet coefficient of the observed (noisy) image,
c is the corresponding wavelet coefficient of the original (clean)
image, and G2 is the variance of the noise. Again, using Bayes
rule, we can reverse the conditioning:
7?(cmd) (x e x p ( - ( d - c)2/2o'2) • J)(C),
where the prior on c is given by Equation (3). The MAP and
BLS solutions cannot, in general, be written in closed form,
but numeric solutions are fairly easy to compute [2, 11, 34, 47,
48, and 64]. The resulting estimators are nonlinear
"coring" functions, in which small-amplitude coefficients
are suppressed and large-amplitude coefficients preserved.
These estimates show substantial improvement over the linear
estimates associated with the Gaussian model of the previous
section (see examples in Fig. 10).
Despite these successes, it is again easy to see that important
attributes of images are not captured by wavelet marginal
models. When the wavelet transform is orthonormal, one can
easily draw statistical samples from the model. Figure 6 shows
the result of drawing the coefficients of a wavelet representation independently from generalized Gaussian densities. The
density parameters for each subband were chosen as those that
best fit the "Einstein" image. Although it has more structure
than an image of white noise, and perhaps more than the image
drawn from the spectral model (Fig. 3), the result still does not
look very much like a photographic image!
The wavelet marginal model may be improved by extending
it to an overcomplete wavelet basis. In particular, Zhu et al.
[62] have pointed out, using a variant of the Fourier
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FIGURE 6 A sample image drawn from the wavelet marginal model, with
subband density parameters chosen to fit the image of Fig. 7.
FIGURE 7 Amplitudes of multiscale wavelet coefficients for the "Einstein"
image. Each subimage shows coefficient amplitudes of a subband obtained by
convolution with a filter of a different scale and orientation, and subsampled
by an appropriate factor. Coefficients that are spatially near each other within
a band tend to have similar amplitudes. In addition, coefficients at different
orientations or scales but in nearby (relative) spatial positions tend to have
similar amplitudes.

projection-slice theorem used for tomographic reconstruction,
that large numbers of marginals are sufficient to uniquely
constrain a high-dimensional probability density. This idea
has been used to construct effective models of texture
representation and synthesis [20, 61]. The drawback of this
approach is that the joint statistical properties are defined
implicitly through the imposition of marginal statistics. They
are thus difficult to study directly or to use in developing the precise location, orientation, and scale of the underlying
solutions for image processing applications. In the next feature. The magnitudes will also scale with the contrast of the
section, we consider the more direct development of joint structure. Thus, measurement of a large coefficient at one scale
statistical descriptions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
means that large coefficients at adjacent scales are more likely.
This clustering property was exploited in a heuristic but
highly effective manner in the embedded zerotree wavelet
(EZW) image coder [44] and has been used in some fashion in
4 Wavelet Joint Models
nearly all image compression systems since. A more explicit
The primary reason for the poor appearance of the image in description had been first developed in the context ofdenoising.
Fig. 6 is that the coefficients of the wavelet transform are not More than 20 years ago, Lee [28] suggested a two-step
independent. Empirically, the coefficients of orthonormal procedure for image denoising in which the local signal variance
wavelet decompositions of visual images are found to be is first estimated from a neighborhood of observed pixels, after
nearly decorrelated (i.e., their covariance is zero). But this is which the pixels in the neighborhood are denoised using a
only a statement about their second-order dependence, and one standard linear least squares method. Although it was done in
can easily see that there are important higher-order depen- the pixel domain, Lee's paper introduced the idea that variance
dencies. Figure 7 shows the amplitudes (absolute values) of is a local property that should be estimated adaptively, as
coefficients in a four-level separable orthonormal wavelet compared with the classical Gaussian model in which one
decomposition. Note that large-magnitude coefficients tend to assumes a fixed global variance. Ruderman [41] examined
occur near each other within subbands, and also occur at the local variance properties of image derivatives and noted that
same relative spatial locations in subbands at adjacent scales the derivative field could be made more homogeneous by
normalizing by a local estimate of the standard deviation.
and orientations [e.g., 7, 46].
The intuitive reason for the clustering of large-amplitude It was not until the 1990s that a number of authors began to
coefficients is that typical localized and isolated image features apply this concept to denoising in the wavelet domain,
are represented in the wavelet domain via the superposition of estimating the variance of clusters of wavelet coefficients at
a group of basis functions at different positions, orientations nearby positions, scales, and/or orientations, and then using
and scales. The signs and relative magnitudes of the coef- these estimated variances to denoise the cluster [1, 10, 30, 33,
ficients associated with these basis functions will depend on 46, 47, 55].
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FIGURE 8 Empiricjoint distributions of wavelet coefficients associated with different pairs of basis functions, for a
single image of a New York City street scene (see Fig. 1 for image description). The top row showsjoint distributions as
contour plots, with lines drawn at equal intervals of log probability. The three left-most examples correspond to pairs of
basis functions at the same scale and orientation, but separated by different spatial offsets. The next corresponds to a
pair at adjacent scales (but the same orientation, and nearly the same position), and the right-most example
corresponds to a pair at orthogonal orientations (but the same scale and nearly the same position). The bottom row
shows corresponding conditional distributions: brightness corresponds to frequency of occurance, except that each
column has been independently rescaled to fill the full range of intensities.
The locally adaptive variance principle is powerful, but does
not constitute a full probability model. As in the previous
sections, we can develop a more explicit model by directly
examining the statistics of the coefficients [46]. The top row of
Fig. 8 shows joint histograms of several different pairs
of wavelet coefficients. As with the marginals, we assume
homogeneity to consider the joint histogram of this pair of
coefficients, gathered over the spatial extent of the image, as
re-presentative of the underlying density. Coefficients that
come from adjacent basis functions are seen to produce
contours that are nearly circular, whereas the others are clearly
extended along the axes. Zetzsche et al. [59] has examined the
empiric joint densities of quadrature (Hilbert transform) pairs
of basis functions and found that the contours are roughly
circular. Several authors have also suggested circular generalized Gaussians as a model for joint statistics of nearby wavelet
coefficients [22, 49].
The joint histograms shown in the top row of Fig. 8 do not
make explicit the issue of whether the coefficients are independent. The bottom row shows conditional histograms of the
same data. Let x2 correspond to the density coefficient
(vertical axis), and xl the conditioning coefficient (horizontal
axis). The histograms illustrate several important aspects of
the relationship between the two coefficients. First, apart from
the "near" pair, the expected value of x2 is approximately zero
for all values of Xl, indicating that they are nearly decorrelated
(to second order). Second, the variance of the conditional
histogram of x2 clearly depends on the value of x~, and the
strength of this dependency depends on the particular pair of

coefficients being considered. Thus, even when X 2 and X 1 are
uncorrelated, they still exhibit statistical dependence.
The variance dependance shown in Fig. 8 is surprisingly
robust across a wide range of images. Furthermore, the
qualitative form of these statistical relationships also holds for
pairs of coefficients at adjacent spatial locations and adjacent
orientations. As one considers coefficients that are more
distant (either in spatial position or in scale), the dependency
becomes weaker, suggesting that a Markov assumption might
be appropriate.
The circular (or elliptical) contours, the dependency
between local coefficient amplitudes, and the associated
marginal behaviors, can be modeled using a random field
with a spatially fluctuating variance. A particularly useful
example arises from the product of a Gaussian vector and a
hidden scalar multiplier, known as a Gaussian scale mixture
(GSM) [3]. These distributions represent an important subset
of the elliptically symmetric distributions, which are those that
can be defined as functions of a quadratic norm of the random
vector. Embedded in a random field, these kinds of models
have been found useful in the speech-processing community
[6]. A related set of models, known as autoregressive
conditional heteroskedastic (ARCH) models [e.g., 5], have
proven useful for many real signals that suffer from abrupt
fluctuations, followed by relative "calm" periods (stock market
prices, for example). Finally, physicists studying properties of
turbulence have noted similar behaviors [e.g., 51].
Formally, a random vector ~ is a Gaussian scale mixture [3]
if and only if it can be expressed as the product of a zero-mean
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Gaussian vector ~ and an independent positive scalar random
variable ~/z:
~ ~/~,

105

10 5

(4)

where -~ indicates equality in distribution. The variable z is
known as the multiplier. The vector £ is thus an infinite mixture
of Gaussian vectors, whose density is determined by the covariance matrix Cu of vector ~ and the mixing density, pz(z)"
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(B) Simulated

p~(£) - f p(~lZ)pz(z)dz
= f exp(--ZcZ(zCu)-lyc/2)
(2yr)N/2lzCull/2 pz(z)dz,

(5)

where N is the dimensionality of £ and fi (in our case, the size
of the neighborhood).
The conditions under which a random vector may be
represented using a GSM have been studied [3], and the GSM
family includes the c~-stable family (including the Cauchy
distribution), the generalized Gaussian (or stretched exponential) family, and the symmetrized Gamma family [55].
GSM densities are symmetric and zero-mean, and they have
highly kurtotic marginal densities (i.e., heavier tails than a
Gaussian). A key property of the GSM model is that the
density of £ is Gaussian when conditioned on z. Also, the
normalized vector £/v/z is Gaussian.
A number of recent image models describe the wavelet
coefficients within each local neighborhood using a GSM
model, which can capture the strongly leptokurtotic behavior
of the marginal densities of natural image wavelet coefficients
and the correlation in their local amplitudes, as illustrated in
Fig. 9. For example, Baraniuk and colleagues [12, 40] used a
two-state hidden multiplier variable to characterize the two
modes of behavior corresponding to smooth or low-contrast
textured regions and features. Others assume that the local
variance is governed by a continuous multiplier variable [29,
33, 39, 54, 55]. Some GSM models for images treat the
multiplier variables, z, as if they were independent, even when
they belong to overlapping coefficient neighborhoods [29, 39,
54]. More sophisticated models describe dependencies
between these variables [12, 40, 55].
The underlying Gaussian structure of the GSM model
allows it to be adapted for problems such as denoising. The
estimator is more complex than that described for the
Gaussian or wavelet marginal models (see [39] for details),
but the denoising performance shows a substantial improvement across a wide variety of images and noise levels. As a
demonstration, Fig. 10 shows a performance comparison of
BLS estimators based on the GSM model, a wavelet marginal
model, and a wavelet Gaussian model. The GSM estimator is
significantly better, both visually and in terms of mean
squared error.

(C) Observed

(D) Simulated

FIGURE 9 Comparison of statistics of coefficients from an example image
subband (left panels) with those generated by simulation of a local Gaussian
scale mixture (GSM) model (right panels). Model parameters (covariance
matrix and the multiplier prior density) are estimated by maximizing the
likelihood of the subband coefficients (see [39]). A, B: Log of marginal
histograms. C, D: Conditional histograms of two spatially adjacent
coefficients. Pixel intensity corresponds to frequency of occurance, except
that each column has been independently rescaled to fill the full range of
intensities.

As with the models of the previous two sections, there are
indications that the GSM model is insufficient to fully capture
the structure of typical visual images. To demonstrate this, we
note that normalizing each coefficient by (the square root of)
its estimated variance should produce a field of Gaussian
white noise [54]. Figure 11 illustrates this process, showing an
example wavelet subband, the estimated variance field, and the
normalized coefficients. There are two important types of
structure that remain. First, although the normalized coefficients are certainly closer to a homogeneous field, the signs of
the coefficients still exhibit important structure. Second,
the variance field itself is far from homogeneous, with most
of the significant values concentrated on one-dimensional
contours.

5 Discussion
After nearly 50 years of Fourier/Gaussian modeling, the late
1980s and 1990s saw sudden and remarkable shift in viewpoint, arising from the confluence of (a) multiscale image
decompositions, (b) non-Gaussian statistical observations and
descriptions, and (c) variance-adaptive statistical models
based on hidden variables. The improvements in image
processing applications arising from these ideas have been
steady and substantial. But the complete synthesis of these
ideas, and development of further refinements are still
underway.
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FIGURE 10
Denoising examples. Upper left: Original 8-bit image (cropped zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML
for visibility). Upper middle:
Contaminated by adding simulated Gaussian white noise, cr = 21.4, peak signal-to-noise ratio (PSNR)- 22.06. Upper
right: Denoised with a Gaussian marginal model (PSNR = 27.87). Lower left: Denoised with generalized-Gaussian
marginal model (PSNR = 29.24). Lower right: Denoised with a Gaussian scale mixture (GSM) model (PSNR = 30.86).
All methods were implemented in an overcomplete wavelet domain (see [39, 47]). In each case, the noise variance was
assumed known, and the denoising procedure was Bayes least-squares (i.e., the mean of the posterior distribution).
Model parameters were estimated by maximizing the likelihood of the data.
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Example wavelet subband, square root of the variance field, and normalized subband.

Variants of the GSM model described in the previous
section seem to represent the current state of the art, both in
terms of characterizing the density of coefficients and in terms
of the quality of results in image processing applications.
There are several issues that seem to be of primary importance
in trying to extend such models. First, a number of authors
have examined different methods of describing regularities in

the local variance field. These include spatial random fields
[23, 24, 26], and multiscale tree-structured models [40, 55].
Much of the structure in the variance field may be attributed
to discontinuous features such as edges, lines, or corners.
There is a substantial literature in computer vision describing
such structures [e.g., 17, 27, 32, 56, 57], but they have proven
difficult to establish statistical models that are both explicit
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1 Introduction
Segmentation is a fundamental low-level operation on images.
If an image is already partitioned into segments, where each
segment is a "homogeneous" region, then a number of subsequent image processing tasks become easier. A homogeneous region refers to a group of connected pixels in the
image that share a common feature. This feature could be
brightness, color, texture, motion, etc. (Fig. 1). References 1-5
contain exploratory articles on image segmentation, and they
provide an excellent place to start for any newcomer researching this topic.
Boundary detection is the dual goal of image segmentation.
After all, if the boundaries between segments are specified
then it is equivalent to identifying the individual segments
themselves. However, there is one important difference. In
the process of image segmentation, one obtains region-wise
information regarding the individual segments. This information can then be subsequently used to classify the individual
segments. Unfortunately, detection of the boundaries between
segments does not automatically yield region-wise information about the individual segments. So, further image analysis
is necessary before any segment-based classification can be
attempted. Since segmentation, and not classification, is the
focus of this chapter, from here on image segmentation is
meant to include the dual problem of boundary detection
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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as well. Note that boundary detection is distinctly different
from edge detection. Edges are typically detected by examining
the local variation of image intensity or color. Edge detection
is covered in three separate Chapters, 4.14, 4.1.5, and 4.18.
The importance of segmentation is clear by the central role
it plays in a number of applications that involve image
and video p r o c e s s i n g - remote sensing, medical imaging,
intelligent vehicles, video compression, etc. The success or
failure of segmentation algorithms in any of these applications
is heavily dependent on the type of feature(s) used, 1 the
reliability with which these features are extracted, and the
criteria used for merging pixels based on the similarity of their
features.
As one can gather from references 1-5 there are many ways
to segment an image. So, the question is, why statistical
methods? Statistical methods are a popular choice for image
segmentation because they involve image features that
are simple to interpret by using a model, features that are
easy to compute from a given image, and merging methods
that are firmly rooted in statistical/mathematic inference
see Chapters 4.3, 4.5, 4.7, and 10.10 for various examples.
While there is no explicit consensus in the image processing
community that statistical methods are the way to go as far
image segmentation is concerned, the volume and diversity of
1Features refer to image attributes such brightness, color, texture,
motion, etc.
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FIGURE 1 Examplesof images that could be segmented based on brightness (top left), color (top right), motion
(middle row), and texture (bottom row).
publications certainly seem to indicate they are a very popular
choice. An example serves to illustrate the point. Consider the
images in Fig. 2. It is clear that each of these images consists of
4 homogenous regions delineated by spatially contiguous
boundaries, and pixels belonging to each region share a
common texture. So the question becomes, how does one
represent/identify/model the spatial continuity/relationship
that exists between pixels that share a common texture? This
is not a trivial question, because two blocks of pixels from two
entirely different parts of the image may exhibit the same type

of distribution 2 that makes them indistinguishable. On the
other hand, if one examines statistics other than the block
mean and variance the textural differences between pixels
belonging those two blocks become more apparent. The nest
of this chapter is devoted to describing a handful of these
"other" statistics and their role in image segmentation.

2For example, the blocks may have the same average pixel intensity values
(means) and spread of intensity values about the mean (variances).
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FIGURE 2 Collection of images; in each there are four clearly distinguishable segments. (See color insert.) zyxwvutsrqponmlkjihgfedcba

2 Image Segmentation:
The Mathematic Problem
Let f2--{(m, n): l < m < M
and l_<n_<N} denote an
M x N lattice of points (m, n). An observed image f is a
function defined on this domain f2, and for any given point
(m, n) the observationf(m, n) at that point takes a value from
a set A. Two common examples for the set A are: A - {Z:
0 < ~ <255} for black-white images, and A - {(/~.1,/~.2,~3) "
0 ~ ~1 ~ 255,0 __<~2 ~ 255, and 0 _< Z3 _< 255} for color
(red, green, and blue channel) images. A segmented image g
is also a function on the same domain f2, but for any given
point (m, n) the segmentation g(m, n) at that point takes a
value from a different set F. Two common examples for the
set F are: F - { Y ' Y - 0 or 1} denoting the two segments
in a binary segmentation, and F - { Y ' Y - 1,2,3, 4, . . . . k}
denoting the k different segments in the case of a multi-class
segmentation. Of course, g could also denote a boundary
image. For any given point (m, n), g(m, n ) - 1 could denote
the presence of a boundary at that point and g(m, n ) - 0 the
absence.

Given a particular realization of the observed image f = f o,
the problem of image segmentation is one of estimating the
corresponding segmented image using go=h(fo). Statistical
methods for image segmentation provide a coherent derivation of this estimator function h(.).

3 Image Statistics for Segmentation
To understand the role of statistics in image segmentation, it
pays to examine some preliminary functions that operate on
images. Given an image fo that is observed over the lattice f2,
suppose that f2a c f2 and fl is a restriction of fo to only those
pixels that belong to f2a. Then, one can define a variety of
statistics that capture the spatial continuity of the pixels that
comprise fl. Here are some common examples:

3.1 Gaussian Statistics
Tf,(p,q) -

Z
[fl(m,n) - f~(rn +p,n + q)]2,
(m, n)~l

for (p, q) e {(0, 1), (1, 0), (1, 1), (1, - 1) . . . . }

(1)
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measures the amount of variability in the pixels that comprise measures the amount of homogeneity in the pixels that
fl along the (p, q)th direction. For a certain, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
fl, if Tfl (0, 1) is comprise gl along the (p, q)th direction. For a certain gl, if
very small, for example, then that implies that)'1 has a little or Lg,(1, 1) is very large, for example, then that implies that gl has
no variability along the (0, 1)th (i.e., horizontal) direction. a little or no variability along the (1, 1)th (i.e., 135 degrees
Computation of this statistic is straightforward as it is merely a diagonal) direction. Computation of this statistic is straightquadratic operation on the difference between intensity values forward, as it is merely an indicator operation on the
of adjacent (neighboring) pixels. Tfl (p, q) and minor variation difference between label values of adjacent (neighboring)
thereof is referred to as the Gaussian statistic and is widely pixels. LgI (p, q) and minor variation thereof is referred to as
used in statistical methods for segmentation of gray-tone the label statistic and is widely used in statistical methods for
restoration of gray-tone images [12, 13].
images [6, 7]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.2 Fourier Statistics

4 Statistical Image Segmentation

E
[ fl(m'n)e-4"=-f(ma+n3)]
(m, n)~f21

Ffl(Ot'~)-

x Ill (m, n)e~ZT(ma+n3)], for (ol, fl) ~ [--n, zr]2 (2)
measures the amount of energy in frequency bin (c~, fl) that
the pixels that comprise fl possess. For a certain fl, if
Ff~(0, 20.n/N) has a large value, for example, then that implies
that fl has a significant cyclical variation along the (0,
20.nb0th (i.e., horizontally every 10 pixels) frequency.
Computation of this statistic is more complicated than the
Gaussian one. The use of fast Fourier transform algorithms,
however, can significantly reduce the associated burden.
Ffl(a, fl), called the periodogram statistic, is also used in
statistical methods for segmentation of textured images [8, 9].

3.3 Covariance Statistics
Kf1 -- E

(fl(m,n)- p.fi)W(fl(m,n)- lzfi),

where

(m, n)eal

[~fl-- ~

(m, n)~l

fl(m,n)

(3)

measures the correlation between the various components that
comprise each pixel of j~. If Kfl is a 3 x 3 matrix and Kf, (1, 2)
h a s large value, for example, then that means that components
1 and 2 (could be the red and green channels) of the pixels
that make up fl are highly correlated. Computation of this
statistic is very time consuming, even more so than the Fourier
one, and there are no known methods to alleviate this burden.
Kfl is called the covariance matrix off1, and this too has played
a substantial role in statistical methods for segmentation of
color images [ 10, 11].

Computation of image statistics of the type defined in
Section 3 tremendously facilitates the task of image segmentation. To illustrate their utility, three image segmentation
problems that arise in three distinctly different applications
are presented below. In each case, a description of the how a
solution was arrived at using statistical methods is given.

4.1 Vehicle Segmentation
Today, there is a desire among consumers worldwide for
automotive accessories that make their driving experience
safer and more convenient. Studies have shown that
consumers believe that safety and convenience accessories
are important in their new car purchasing decision. In
response to this growing market, the automotive industry in
cooperation with government agencies has embarked on
programs to develop new safety and convenience technologies.
These include, but are not limited to, collision warning (CW)
systems, lane departure warning (LDW) systems, and
intelligent cruise control (ICC) systems. These systems and
others comprise an area of study referred to as intelligent
transportation systems (ITS), or more broadly, intelligent
vehicle highway systems (IVHS).
An important image segmentation problem within ITS
is one of segmenting vehicles from their background [14].

3.4 Label Statistics
Lg,(m, n) =
~(a, b)

_

kI/[g1(m, n), gl (m + p, n + q)],
] 1,

if a -

! -1,

ifa~b

where

b

for (p, q) ~ {(0, 1), (1, 0), (1, 1), (1, - 1). . . . }

(4)

FIGURE 3 Typicalimage in which a vehicle has to be segmented from the
background.
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FIGURE 4 Fisher color distance between pixels inside and outside of a square template placed on top of the image in
Fig. 3. The template hypothesis on the right has higher merit than the one on the left.

Figure 3 contains a typical image where a vehicle needs to be
segmented from its background. In the following paragraphs, a
statistical method for this segmentation is described. The
vehicle of interest, it is assumed, 3 is merely a square that is
described by three parameters (Vb, Vl, Vw) corresponding to the
bottom, left edges, and width of the square. Different values of
these three parameters yield vehicles of different sizes and
positions within the image.
When see from their rear, vehicles seldom appear in the
image too big or small, 4 and so depending on the distance of
the vehicle from the camera it is possible to expect that the
width of the vehicle to be within a certain range. Suppose that
Wmi n and Wmax denote this range, then

P(V,,) -

1/(Wmax-

O,

Wmax),

if Wmin < Ww < Wmax
-

-

otherwise

(5)

is a probability density function (pdf) that enforces the strict
constraint that V~, be between Wmi n and Wmax. Since it is a
probability over (one of) the quantities being estimated it is
commonly referred to as a prior pdf, or simply a prior.
Let (vb, v~ Vw) denote a specific hypothesis of the unknown
vehicle parameters (Vb, V1, V,,). The merit of this hypothesis is
decided by another probability called the likelihood pdf, or
simply the likelihood. In this application, it is appealing to
decide the merit of a hypothesis by evaluating the difference in
color between pixels that are inside the square (i.e., the pixels
that are hypothesized to be the vehicle) and those that
immediately surround the square (i.e., the pixels that are in
the immediate background of the hypothesized vehicle). The
specific color difference evaluator that is employed is called
the Fisher distance:
FishDist(vb, vl, vw) - - (#-/,1 - #2)T(K1 --[-K 2 ) - 1 ( # 1 - # 2 ) ,

(6)

3This is a valid assumption when the rear-view of the vehicle is obtained
from a camera placed at groundlevel.
4Even accounting for the variations in the actual physical dimensions of the
vehicle.

where #1 and K1 are the mean and covariance of the pixels
that are inside the hypothesized square - - computed by using
Eq. (3) - - and #2 and K2 are the mean and covariance of
pixels that are immediately surrounding the hypothesized
square. Hypotheses corresponding to a large color difference
between pixels inside and immediately surrounding the square
have more merit (and hence a higher probability of
occurrence) than those with smaller color difference (Fig. 4).
The problem of segmenting a vehicle from its background
boils down to estimating the three parameters ( V b, V1, Vw)
from the given color image. An "optimal ''5 estimate of these
parameters is the one that maximizes the product of the prior
and likelihood probabilities in Eqs. (5) and (6), respectively m
the so-called maximum a posteriori (MAP) estimate. Figure 5
shows a few examples of estimating the correct (Vb, VI, Vw)
using this procedure. This same procedure can also be adapted
to segment images in other applications. Figure 6 shows a few
examples where the procedure has been used to segment
images that are entirely different from those in Figs. 3-5. zyxwvutsrqpon

4.2 Aerial Image Segmentation
Accurate maps have widespread uses in modern day-to-day
living. Maps of urban and rural areas are regularly used in an
entire spectrum of civilian and military tasks starting from
simple ones like obtaining driving directions all the way to
complicated ones like highway planning. Maps themselves are
just a portion of the information, and are typically used to
index other important geophysical attributes such as weather,
traffic, population, size, etc. Large systems called geographical
information systems (GIS) collate, maintain, and deliver
maps, weather, population, etc., on demand.
Image segmentation is a tool that finds widespread use in
the creation and maintenance of GIS. One example pertains
to the operator-assisted updating of old maps using aerial
images, where segmentation is used to supplement/complement the human operator [15]. Shown in Fig. 7 is an aerial
5Optimal in the sense that among all estimates of the parameters, the one
that minimizes the probability of making an error.
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FIGURE 5 Correct estimation of the vehicle ahead, using the MAP procedure. (See color insert.)

FIGURE 6 Segmentation of other images, using the same Fisher color distance. Top: A segmentation that yields all
segments that contains the color white. Bottom: A segmentation that yields all segments that do not contain the color
green. (See color insert.)

4.8 Statistical Methods for Image Segmentation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

449

.....

(a)

(b)

(c)

(d)

FIGURE 7 Updating old maps using image segmentation. (a) Aerial image of Eugene, Oregon in 1993. (b) Map of the
same area in 1987. (c) Operator-assisted segmentation of the 1993 aerial image. (d) Updated map in 1993. (See color
insert.)

image of the Eugene, Oregon, area taken in 1993. Accompanying the aerial image is an old (1987) map of the same area
that indicates what portion of that area contains brown crops
(in red), grass (in green), development (in blue), forest (in
yellow), major roads (in gray), and everything else (in black).
The aerial image indicates a significant amount of change in
the area's composition from the time the old map was
constructed. Especially noticeable is the new development of a
road network south of the highway, in an area that used to be
a large brown field of crops. The idea is to use the new 1993
aerial image in order to update/correct the old 1987 map. The
human operator examines the aerial image and chooses a
collection of polygons corresponding to various homogeneous
segments of the image. Using the pixels with these polygons as
a training sample, a statistical segmentation of the aerial image
is effected n the segmentation result is also shown in Fig. 7.
Regions in the old map are compared to segments of the new
image, and where they are different, the old map is updated/
corrected m the resulting new map is shown in Fig. 7 as well.
The segmentation procedure used for this map updating
application is based on Gaussian statistics m see Eq. (1).
Specifically, for each homogeneous polygonal region selected
in the aerial image by the human operator, the Gaussian
statistics for that polygon are automatically computed. Using

these statistics, a model of probable variation in the pixels'
intensities within the polygon is subsequently created: 6 zyxwvutsrqponm

1 {

P()~[01) = Z(Ol) exp - Z

Try(p, q)Ot(p, q) ,

(7)

P,q

where )~ denotes the pixels within t h e / t h polygon, Z(Ot) is a
normalizing constant that makes ~-41P(f1[Ot) - 1, and Ol(p, q)
are parameters chosen so that P(fz[Ol) > P()~[4~) for all q~ ¢ 0t.
Eq. (7) forms the basis for segmenting the aerial image in
Fig. 7. Suppose that there are k distinctly different polygonal
segment - - corresponding to k distinctly different Ot values
then each pixel (m, n) in the aerial image is classified
according to a maximum likelihood rule. The probability
of how likely tim, n) is if it were classified as belonging to the
/th is assessed according to Eq. (7), and the pixel is classified
as belonging to class l if P(f(m, n) I Ol) > P(f(m, n)[ Or) for all
r e l. Shown in Fig. 8 is another example of segmenting an
aerial image using this same maximum likelihood statistical
procedure.
6This model is referred to as the Gaussian Markov random field model
[6-9].
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Segmentation of another aerial image, this time of a rural crop field area, using the same texture-based
maximum likelihood procedure employed in Fig. 7. (See color insert.)

FIGURE 8

4.3 Segmentation for Image Compression
The enormous amount of image and video data that typifies
many modern multimedia applications mandates the use ofencoding techniques for their efficient storage and transmission,

The use of such encoding is standard in new personal
computers, video games, digital video recorders/players/disks,
digital television, etc. Image and video encoding schemes
, that are "object-based" are most efficient (i.e., achieve the
best compression rates), and also facilitate many advanced

/

_
,s I ~

FIGURE 9 Block-basedsegmentation of images into large "homogeneous" objects, using a MAP estimation method
that employs Fourier statistics.
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multimedia functionalities. Object-based encoding of images
and video, however, require that the objects be delineated
a priori. An obvious method for extracting objects in an image
is by segmenting it.
Reference 16 describes a statistical image segmentation
method that is particularly geared for object-based encoding
of images and video. A given image is first divided into 8 x 8
blocks of pixels, and for each block, the Fourier statistics of the
pixels in that block is computed. If the pixels fl within a single
block have little or no variation, then Ff, (0, 0) will have a very
, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
large value; similarly, if the block contains a vertical edge, then
Y]~ Ffl (0, fl) will have a very large value, and so on. There are
six such categories, corresponding to uniform/monotone,
vertical edge, horizontal edge, 45-degree diagonal edge, 135degree diagonal edge, and texture (randomly oriented edge).
Let tf, (1), tf, (2) . . . . , tf, (6), be the Fourier statistics-based
quantities ~ one of their, values will be large corresponding
to which of these six categories fl belongs.
If g denotes the collection of unknown block labels, then an
£
:il..
estimate of g from f would correspond to an "object-based"
segmentation off. Reference 16 pursues a MAP estimate of g
from f, where the prior pdf
2

.~

e'

................. %

~\

iij¸¸,...

f

1{}

P(g -- go) = 2 exp - ~

Lgo(p, q) ,

(8)

P,q

and the likelihood pdf

P ( f -- folg - go) - C(go) exp -

tfm,n(go(m, n)) .

(9)

Where Z and C(go) are the normalizing constants for the prior
and the likelihood pdf's, respectively, the index (m, n) denotes
the 8 x 8 blocks, and Lg,(p, q) is the label statistic defined in
eq. (4). Figure 9 shows a few examples of image segmentation
using this procedure.

5 Discussion

FIGURE 10

query.

Segmenting objects out of images when they "resemble" the

The previous four sections provide a mere sampling of the
various statistical methods that are employed for image
segmentation; see Ref. 21 for an epistemological summary.
References [17-20, 22] contain some of the other methods.
The main differences between those and the methods
described in this chapter lie in the type of prior and/or
likelihood pdfs employed.
In particular, [20] contains a method for image segmentation that is based on elastic deformation of templates. Rather
than specify a prior pdf as probability over the space of all
images, [20] specifies a prior pdfs over the space of all
deformations of a prototypical image. The space of deformations of the prototype image is a very rich one and even
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FIGURE 11 Trackingan object of interest, in this case a human heart, from flame to flame by using the elastic
deformation method described in [20].

includes images that are quite distinctly different from the
original. More importantly, the deformation space's dimension is significantly smaller than the conventional space of
all images that "resemble" the prototype. This smaller
dimension pays tremendous dividends when it comes to
image segmentation.
Query of image databases provides an important application where a prototype of an object to be segmented from a
given image is readily available. A user may provide a typical
object of i n t e r e s t - its approximate shape, color and texture
and ask to retrieve all database images that contain objects
similar to the one of interest. Figure 10 shows a few examples
of the object(s) of interest being segmented out of a given
image by using the elastic deformation method described in
[20]. Figure 11 shows an example of tracking an object from
flame-to-flame using the same method.
As one can gather from this chapter, when statistical
methods are employed for image segmentation, there is always
an associated multivariate optimization problem. The number
of variables involved in the problem varies according to the
dimensionality of the prior pdf's domain space. For example,
the MAP estimation procedure in the vehicle segmentation
application has an associated three-parameter optimization
problem. Whereas the MAP estimation procedure in the
segmentation for image compression application, has an
associated 64 x 64 parameter optimization problem. The
functions that need to be maximized with respect to these

variables are typically non-concave, and contain many local
maxima. This implies that simple gradient-based optimization
algorithms cannot be employed, as they are prone to converge
to a local (as opposed to the global) maxima. Statistical
methods for image segmentation abound with a wide variety
of algorithms to address such multivariate optimization
problems. The reference list that follows this section contains
several distinct examples: [12] contains the greedy iterated
conditional maximum (ICM) algorithm; [9, 13, 18] contain a
stochastic algorithm called Gibbs sampler (a simulated
annealing procedure); [2] contains a randomized jumpdiffusion algorithm; [20] contains a multi-resolution algorithm; [23] contains an evolutionary algorithm; and finally
[24] contains a Markov chain Monte Carlo algorithm. For a
given application, there always appears to be a "most
appropriate" algorithm, although any of the existing global
optimization algorithms can conceptually be employed. zyxwvutsrqponm
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1 Introduction
1.1 Image Texture
Texture as an image feature is very useful in many image
processing and computer vision applications. There is an
extensive literature on texture analysis in the image processing
literature where the primary focus has been on classification,
segmentation and synthesis. Texture features have been used
in diverse applications such as satellite and aerial image
analysis, medical image analysis for detection of abnormalities,
and more recently, in image retrieval using texture as a
descriptor. In this chapter, we present an approach to
characterizing texture using a multiband decomposition of
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

455

1.1 Image Texture, 1.2 Gabor Features for Texture Classification and Image
Segmentation ° 1.3 Chapter Organization
Gabor Functions ...........................................................................................................
2.1 One-Dimensional Gabor Function • 2.2 An Analytic Gabor Function •
2.3 Two-Dimensional Gabor Function m Cartesian Form, 2.4 Two-Dimensional
Gabor F u n c t i o n - Polar Form, 2.5 Multiresolution Representation with
Gabor Wavelets
Microfeature Representation .......................................................................................
3.1 Transformation into Gabor Space, 3.2 Local Frequency Estimation •
3.3 Transformation into Microfeatures
The Texture Model ......................................................................................................
4.1 The Texture Micromodel • 4.2 Macrofeatures • 4.3 The Texture Macromodel
Experimental Results ....................................................................................................
5.1 Classification
Image Segmentation Using Texture ...........................................................................

the image with application to classification, segmentation,
object detection, and image retrieval.
In texture classification and segmentation, the objective
is to partition the given image into a set of homogeneous
textured regions. Aerial images are excellent examples of
textured regions where different areas such as water, sand,
vegetation, and so forth have distinct texture signatures.
In many other cases, such as in the classification of tissues in
the magnetic resonance images of the brain, homogeneity
is not that well defined. If an image consists of multiple
textured regions, as is the case with most natural imagery,
segmentation can be achieved through classification. This,
however, is a chicken-and-egg problem as classification
requires an estimate of the region b o u n d a r i e s - note that
455
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texture is a region property and individual pixels are
labeled on the basis of information in a small neighborhood
around the pixels. This may lead to problems near region
boundaries as the computed texture descriptors are corrupted
from pixels not belonging to the same region.
Early work on texture classification focussed on spatial
image statistics. These include image correlation [10], energy
features [28], features from co-occurrence matrices [23] and
run-length statistics [20]. During the last 15 years, much
attention has been given to generative models such as those
using the Markov random fields (MRFs) [8, 9, 12, 13, 16, 17,
24-27, 34] (see also Chapter 4.3 on MRF models). MRF-based
methods have proven to be quite effective for texture
synthesis, classification, and segmentation. Because general
MRF models are inherently dependent on rotation, several
methods have been introduced to obtain rotation invariance.
Kashyap and Khotanzad [25] developed the "circular autoregressive" model with parameters that are invariant to image
rotation. Choe and Kashyap [11] introduced an autoregressive
fractional difference model that has rotation (as well as tilt and
slant) invariant parameters. Cohen, Fan, and Patel [12]
extended a likelihood function to incorporate rotation (and
scale) parameters. To classify a sample, an estimate of its
rotation (and scale) is required.
Much of the work in MRF models uses the image intensity
as the primary feature. In contrast, spatial filtering methods
derive the texture descriptors using the filtered coefficient
values. A compact representation of the filtered outputs is
needed for classification and/or segmentation purposes. The
first few moments of the filtered images are often used as
feature vectors. For segmentation, one may consider abrupt
transitions in the filtered image space or transformations of
the filtered images. Malik and Perona [32], for example, argue
that a nonlinear transformation of the filtered coefficients is
necessary to model preattentive segmentation by humans.
Laws [28] was perhaps among the first to propose the use of
energy features for texture classification. In recent years, multiscale decompositions of the images have been extensively used
in deriving image texture descriptors and segmentation [4, 5,
7, 18, 21, 22, 29, 35, 36, 41-43, 45]. Orthogonal wavelets (see
Chapter 4.2) and Gabor wavelets have been widely used for
computing such multiscale decompositions. Gabor functions,
which are modulated Gaussians, are described in Section 2.
For feature-based approaches, rotation-invariance is
achieved by using anisotropic features. Porat and Zeevi [43]
use first- and second-order statistics based on three spatially
localized features, two of which (dominant spatial frequency
and orientation of dominant spatial frequency) are derived
from a Gabor-filtered image. Leung and Peterson [29] present
two approaches, one that transforms a Gabor-filtered image
into rotation-invariant features and the other that rotates
the image before filtering; however, neither uses the spatial
resolving capabilities of the Gabor filter. You and Cohen
[46] use filters that are tuned over a training set to provide
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high discrimination among its constituent textures. Greenspan
et al. [21] use rotation-invariant structural features obtained
via multiresolution Gabor filtering. Rotation invariance is
achieved by using the magnitude of a discrete Fourier
transform (DFT) in the rotation dimension.
Many researchers have used the Brodatz album [6] for
evaluating the performance of their texture classification and
segmentation schemes. However, there is such a large variance
in the actual subsets of images used and in the performance
evaluation methodology that it is practically impossible to
compare the evaluations presented in various papers. For
example, Porter and Canagarajah [44] discuss several schemes
for rotation-invariant classification using wavelets, Gabor
filters, and Gaussian Markov random field (GMRF) models.
They conclude, on the basis of experiments on 16 images from
the Brodatz set, that the wavelet features provide better classification performance compared with the other two texture
features. A similar study by Manian and Vasquez [33] also
concluded that orthogonal wavelet features provide better
invariant descriptors. A study by Pichler et al. [40], from an
image segmentation point of view, concludes that Gabor
features provide better segmentation results compared with
orthogonal wavelet features. Perhaps the most comprehensive
study on evaluating different texture descriptors is provided
by Manjunath and Ma [36], in the context of image retrieval.
They use the entire Brodatz texture set and compare features
derived from wavelet decomposition, tree-structured decomposition, Gabor wavelets, and multiresolution simultaneous
autoregressive (MRSAR) models. They conclude that Gabor
features and MRSAR model features outperform features
from orthogonal or tree structured wavelet decomposition.
More recently, the study presented by Haley and Manjunath
[22] indicated that the rotation-invariant features from
Gabor filtering compare favorably with GMRF-based schemes.
They also provide results on the entire Brodatz data set. zyxwvutsrqpon

1.2 Gabor Features for Texture Classification
and Image Segmentation
The following sections describe this rotation-invariant texture
feature set. For detailed experimental results, we refer the
reader to Haley and Manjunath [22]. The texture feature set
is derived by filtering the image through a bank of modified
Gabor kernels. The particular set of filters forms a multiresolution decomposition of the image. Although there are
several viable options, including orthogonal wavelet transforms,
Gabor wavelets were chosen for their desirable properties:
• Gabor functions achieve the theoretical minimum spacefrequency bandwidth product [ 14, 15, 19] (i.e., spatial
resolution is maximized for a given bandwidth)
• A narrow-band Gabor function closely approximates an
analytic (frequency causal) function (see also Chapter 4.4
for a discussion on analytic signals). Signals convolved
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with an analytic function are also analytic, allowing
separate analysis of the magnitude (envelope) and phase
characteristics in the spatial domain
• The magnitude response of a Gabor function in the
frequency domain is well behaved, having no sidelobes
• Gabor functions appear to share many properties with
the human visual system [38]

Thus, Gabor functions are bandpass filters. Gabor functions
are used as complete, albeit nonorthogonal, basis sets. It has
been shown that a function i(x) is represented exactly [19] as

O0 O0
i(x) -

Z
Z
fin,k" hn, k(X)
n=-oo k=-oo

(3)

While Gabor functions are a good choice, the standard where hn, k(X) = gs(x - nX, kf2, a), and Xf2 = 2ft.
forms can be further improved. Under certain conditions,
very-low-frequency effects (e.g., due to illumination and 2.2 An Analytic Gabor Function
shading variations) can cause a significant response in a
Gabor filter, leading to misclassification. An analytic form is Gs(oJ, OJc, a) exhibits a potentially significant response at o~= 0
introduced (see Section 2.2) to minimize these undesirable and at very low frequencies. The response to a constant-valued
effects. When the center frequencies are evenly spaced on input (i.e., o~=0) relative to the response to an input of equal
concentric circles, the polar form of the two-dimensional (2D) magnitude at o~= o~c can be computed as a function of octave
Gabor function allows superior frequency domain coverage, bandwidth [4]:
improves rotation-invariance, and simplifies analysis,
compared with the standard 2D form. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 -?'
(4)

1.3 Chapter Organization
This chapter is organized as follows: In Section 2 we introduce
an analytic Gabor function and a polar representation for the
2D Gabor filters. A multiresolution representation of the
image samples using Gabor functions is presented. In Section
3, the Gabor space samples are then transformed into a
microfeature space where a rotation independent feature set
is identified. Section 4 describes a texture model based on
macrofeatures that are computed from the texture microfeatures. These macrofeatures provide a global description
of the image sample and are useful for classification and
segmentation. Section 5 gives experimental results on rotation-invariant texture classification. Section 6 outlines a
segmentation scheme, called EdgeFlow [30] which uses the
texture energy features to partition the image. Section 7 gives
an application of using texture descriptors to image retrieval
[31, 36]. Some retrieval examples in the context of aerial
imagery are shown. Finally, Section 8 describes a technique for
characterizing textures common to a class of objects [3, 39]
and demonstrates how it can be used to assist in object
recognition.

2 Gabor Functions
2.1 One-Dimensional Gabor Function
A Gabor function is the product of a Gaussian function and a
complex sinusoid. Its general one-dimensional (1D) form is

gs(X,O)c,O') - 1 ~_~---~. exp (-X2)
~

• exp(jo~cx)

(1)

(-Oc)2.]

(2)

G,d(og, ooc, a) - e x p [ - a 2 ( % ---

where
}, - (2s + 1)/(2 B - 1)
and
B - log2((o~c + 8)/
( w c - 6)) and 6 is the half bandwidth. It is interesting to
note that the response at co = 0 depends upon the B but not
O~c. This behavior manifests itself as an undesirable response
to interimage and intraimage variations in contrast and
intensity due to factors unrelated to the texture itself,
potentially causing misclassification. Cases include
• Sample images of a texture with differences in average
intensity
• Images with texture regions having differences in
contrast and/or intensity (Bovik [4] has demonstrated
that region boundaries defined in segmentation using
unmodified Gabor filters vary according to these
differences between the regions)
• Images with uneven illumination
There are two approaches to avoiding these problems: preprocessing the image or modifying the Gabor function.
Normalizing each image to have a standard average intensity
and contrast corrects for interimage, but not intraimage,
variations. Alternative methods of image preprocessing are
required to compensate for intraimage variations, such as
point logarithmic processing [4] or local normalization.
An equally effective and more straightforward approach is
to modify the Gabor function to be analytic 1 (see also Chapter
4.4 on analytic signals) by forcing the real and imaginary parts
to become a Hilbert transform pair. This is accomplished by
replacing the real part of gs(x), gsRe(X), with the inverse
Hilbert transform of the imaginary part, -gs

Im(X):

gA (X) -- --gs Im(X) -~- jgs Im(X).

(5)

1Since Gs(cO)-# 0 for o)0, a Gabor function only approximates an analytic
function.
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The Fourier transforms of the real and imaginary parts ofgs(x)
are respectively conjugate symmetric and conjugate antisymmetric, resulting in cancellation for co < O:

GA(~)-

{ Gs(~o)- G~(-~o),co > o

(6)

O, ~ <_ 0

Because it is analytic, GA(co) possesses several advantages over
for Gs(co) for many applications including texture analysis:

[GA(co)]<

• Improved low-frequency response because
[Gs(co)[ for small co and [GA(O)[ -- 0;
• Simplified frequency domain analysis since GA(co)- 0
for co < 0;
• Reduced frequency domain computations because
GA(co)- 0 for co < 0.
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provided that the parameters are chosen appropriately.

2.4 Two-Dimensional Gabor
Function i P o l a r Form
An alternative approach to extending the Gabor function into
two dimensions is to form, in the frequency domain, the
product of a 1D analytic Gabor function G(co) (the subscript is
omitted to indicate that the concepts are generally applicable
to the standard form as well) of radial frequency co and a
Gaussian function of orientation O:

Go(co, O, coo Oc, crp, ao) -- G(co, coc, ap). exp [_a2(v
r
n _ 0c)2]'1

These advantages are achieved without requiring additional
processing. Thus, it is an attractive alternative for most
texture analysis applications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

%

2.3 Two-Dimensional Gabor
F u n c t i o n - - Cartesian Form
The Gabor function is extended into two dimensions as
follows. In the spatial-frequency domain, the Cartesian form is
a 2D Gaussian formed as the product of two 1D Gaussians
from (2):

Cc(~x, ~y, ~ce, ~cy,, O, ~x,, ~y)
=

Ox,).

(7)

where 0 is the orientation angle of Go x ' = x cos0 + y sin 0
and y = - x sin 0 + y cos 0. In the spatial domain, Gc is
separable into two orthogonal 1D Gabor functions from (1)
that are respectively aligned to the x' and ~ axes:

Gp(~//co2x +O~y, tan-l(cor/cox),coc, Oc, ap, ao) •

x exp[j2n(coxX + coyy)]dcox dcor

1 Y

(8)

08

0.6

As in (3), an image is represented exactly [1, 2] 2 as

o~

oo

(12)

where 09 = v/COx
2 + co~ and tan(0) - coy~COx. Thus, (11) is a
2D Gaussiafl in the polar, rather than Cartesian, spatialfrequency domain. The frequency domain regions of both
polar and Cartesian forms of Gabor functions are compared
in Fig. 1.
In the Cartesian spatial-frequency domain, the - 3 dB contour of the Cartesian form is an ellipse, whereas the polar form
has a narrower response at low co and a wider response at high

gc(x, y, WCx,,WCr,,O, ax,, a r,) - g(x', wcx,, ax, ). gO", cocr,, a~ )

oo

(11)

oo

0.4,

Cartesian
Polar

i(x, y) -- E
E
E
E ~kx'kr'nx'nr " hkx'kr'nx'nr(x, y)
nx=-OOnr=-ookx=-OOkr=-oo
(9)

hkx,kr,nx,nr (X, y) -- g(x -- nxX, kxf2x, ax) . g(y - nrY, ky
f2r'ar);ax'a'X'Y'Oxandf2rarec°nstants;andXf2xYf2r-2n. Approximations to flkx,ky,nx,ny are obtained by

-1

~

£ . 8 ~ ,

014~ 0'.6 ]~ 0'.8/] i

-0.4.

where

~

~

using [38]

flk~,k,,,x,,, --i(x,y) • hkx,kr, nx,nr(X, y) ~, flkx,kr,nx,nr,

(10)

2The proofs in the references are based on the standard, not analytic, form
of the Gabor function.

-1
FIGURE 1 Contours (-3 dB) of Cartesian and polar Gabor functions of
varyingbandwidths. The angular -3-dB width of the polar Gabor functions is
45 degrees.
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~o. When arranged as "flower petals" (equally distributed where Xs and Ys, the sampling intervals, are inversely proporalong a circle centered at the origin), the polar form allows tional to the bandwidths corresponding to s. As in (9), an
more uniform coverage of the frequency domain, with less image is represented using the polar wavelet form of the Gabor
overlap at low frequencies and smaller gaps at high frequen- function from (17):
cies. The polar form is more suited for rotation-invariant
analysis because the response always varies as a Gaussian
oo
o~
oo
R-1
with rotation. The Cartesian form varies with rotation in
i(x,y) -- E
E E E e s ' r ' n x ' n r " h s ' r ' n x ' n r ( X ' Y ) " (18)
n x = - - O 0 n y = - - o o s--O r=O
a more complex manner, introducing an obstacle to rotation
invariance and complicating analysis. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Approximations to fls, r, nx,nr are obtained as in (10)"

2.5 Multiresolution Representation with
Gabor Wavelets

~s,r, nx,nr = i(x,y) * hs, r, nx,nr(X,Y) ~ es, r, nx,nr'

The Gabor function is used as the basis for generating a
wavelet family for multiresolution analysis (see Chapter 4.2 on
wavelets). Wavelets have two salient properties: the octave
bandwidth B and the octave spacing A = log2(ws+l/Ws) are
both constant, where COs is the center frequency. The filter
spacing is achieved by defining

(19)

and parameters X,, Y,, OOo,K and ao are chosen appropriately.
Instead of a rectangular lattice, a polar Gabor wavelet representation has the shape of a cone.

3 Microfeature Representation
O)s--W0"2 -sex,

s ~ {0,1,2,...}

(13)

where co0 is the highest frequency in the wavelet family.
Constant bandwidth requires that a p be inversely proportional to ~Os:
ap, = ~

1

KtOs

(14)

where
2B- 1

K --

~/2 In 2- (2B + 1)

is a constant. The orientations of the wavelets are defined as
2xr

Or --00 +--x-,
/(

(15)

where 0o is the starting angle, the second term is the angular
increment, and r and R are both integers such that 0 _< r < R.
Using (13), (14), and (15) in (11), the 2D Gabor wavelet
family is defined as

- - G P ( ~ c02x+°o~'tan-l(c°y/wx)'c°''Or'l
= G (V / w2 + w~,COs, g-~s) . e x p [-rYg(tan-l(c°Y/°gx)-~gr)21
2

hs, r, nx,ny(X, y) - g p ( x -

nxXs, y - nyYs, oos,Or, 1 )
KO)s

)

(17)

3.1 Transformation into Gabor Space
As described in Section 2, a set of 2D Gabor wavelets can
represent an image. Assuming that the image is spatially
limited to 0 < x < NxXs, 0 < y < N rYs, where Nx and N r
represent the number of samples in their respective dimensions, and is bandlimited to 0 < co < 0)/4,3 the number of
Gabor wavelets needed to represent the image is finite.
Substituting fls, r, nx, ny from (19) for fls, r, nx, nr in (18), a texture
image is approximately represented using the polar wavelet
form of the Gabor function as

Nsx-1 Nsy-1 S-1 R-1
i(x,y) .~ E E E E~s'r'nx'nr " hs, r, nx,ny(X,y),
nx=O nr=O s=0 r=0

(20)

where parameters S, R, X,, Y,, oJ0, a: and ae are chosen
appropriately. Note that the s subscript is added to Nx and N r
to indicate their dependencies on X, and Y,. Thus, a texture
image is represented with relatively little information loss by
the coefficients fl,, r, nx,ny.
Following Bovik et al. [5], fls,r, nx,ny is interpreted as a
channel or band bs, r(nx, nr) of the image i(x,y) tuned to
the carrier frequency ~o, = a~0-2 -''x (13), oriented at angle
Or---00 q-2~r/R
(15) and sampled in the spatial domain
at intervals of X, and Y,. Since bs, r(nx, nr) is formed by
convolution with a narrowband, analytic function (19),
bs, r(nx, nr) is also narrowband and analytic and is therefore
3For sampled texture images, the upper frequency bound is enforced,
although aliasing may be present since natural textures are generally not
bandlimited. It is both reasonable and convenient to assume that, for textures
of interest, a lower frequency bound ra,'r r 0 exists below which there is no
useful discriminatory information.
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decomposable into amplitude and phase components that can
be independently analyzed:

bs, r (nx, nr) = as, r (nx,

ny).

exp (j{/s, r (nx, nr) ),

(21)

gradient vector. Us,r(nx, ny) is a spatially localized estimate
of the frequency along the direction 0, and q~s,r(nx, nr) is
the direction of maximal phase change rate, i.e., highest local
frequency. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

3.3 Transformation into Microfeatures
and
~s,r(nx, ny)-- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
arg(bs, r(nx, nr) ). as, r(nx; ny) contains information about the To facilitate discrimination between textures, bs, r(nx, nr) is
amplitude and amplitude modulation (AM) characteristics further decomposed into microfeatures that contain local
of the texture's periodic features within the band, and amplitude, frequency, phase, direction and directionality
~,,r(nx, nr) contains information about the phase, frequency characteristics. In the following, for simplicity, R is assumed
and frequency modulation (FM) characteristics (see Chapter to be even. The microfeatures are defined to be:
4.4 for a discussion on AM/FM signals). For textures with low
AM in band (s, r), as,r(nx, nr) is approximately constant over
R/2-1
(nx, nr). For textures with low FM in band (s, r), the slope of fAs,p(nx, nr) -- E as, r(nx, ny) " as,((r+p)),(nx, nr), 0 < p < R/4;
r--O
@s,r(nx, ny) with respect to (nx, ny)is nearly constant.
(27)
Both as, r(nx, nr) and ~%r(nx, nr) are rotation-dependent
and periodic in r such that

where

as, r(nx, nr)=lbs,

r(nx, ny)l

as,((r+R/Z))g(nx, nr) -- as, r(nx, nr)

(22)

1

fFs,q(nx, nr) -I r=0

qZs,((r+R))R(nx, ny) --1/ts, r(nx, ny)

(23)

qA, ((r+R/Z)).(nx, nr) = - ~/s, r (nx, nr)

(24)

(

2 ~jrq "~
Us,r(nx, nr) . exp - R/2 ] , 0

<_ q < R/4;

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED
(28)

fys, q(nx, nr) -- E exp(j~s,r(nx, n,l).exp

-

r--O

Rotating i(x,y) by 0 degrees produces a circular shift in r
of-R0/180 degrees for as, r(nx, nr) and -R0/360 degrees for

q -- 1, 3 . . . . . R - 1;

~s,r(nx, ny).

1
fDAs,q(nx, nr)

3.2 Local Frequency Estimation
While @s,r(n~,ny) contains essential information about a
texture, it is not directly usable for classification. However,
local frequency information can be extracted from ~rs,r(nx, ny)
as follows:

lOr - 0vl <_ 90°
, and
IOr- 0vl > 90 °

0v,
0 v + 1 8 0 o,

CPs,r(nx' nr) --

=

coS(0r-

n,,)),

L r=O

as, r(nx, nr) . ex p

(

-2'R/2Jrqll
till'
(30)

1 < q < R/4;

(25)

[R~IUs,r(nx, nr) . exp (- 2.jrqh l ,
k r=O

R/2 ,]J

(31)

1 < q < R/4;

fDYs,q(nx, nr) -- arg
(26)

ICOS(0r -- 0 )1

where Vx() and Vr( ) are gradient estimation functions, Or
is the orientation of the Gabor function, and 0 v - tan -1
(Vr(~rs, r(nx, ny))/Vx(~s,r(nx, nr))) is the direction of the

(

/]

exPO~s,r(nx, nr)). exp _ 2~rq
L r=O

n,,))+ V (0,,r(nx, n,,l)-

x

arg

fDFs,q(nx, ny) -- arg

bls,r (nx, ny ) -- 7V2 (lJts,r (nx, ny) ) --[-V~ (lJts,r (nx, ?'ly)) .
×

--

(29)

q - 1,3, . . . . R - 1.

,
(32)

fAs,p(nx, nr) contains the amplitude envelope information from
bs, r(nx, nr). Because of the R/2 periodicity of as, r (22), only
R/2 components are needed in the sum in (27). Eliminating
the redundant components from the circular autocorrelation
allows complete representation by the 0 <_p <_ R/4 components of fAs,p(nx,nr). It is rotation-invariant because the
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autocorrelation operation eliminates the dependence on r, and where ~ft--EIf I t} and Cft-E{f(fT I t} -- E{f I t}(E{fT I t}, are
thus, on O.
the mean and covariance of f, respectively, and N/f is the
fFs,q(nx,nr) contains the frequency envelope information number of microfeatures.
from bs, r(nx, nr). Similar to as,r(nx, nr), u,,r(nx, nr) has R/2
periodicity. Since u,,r(nx, nr) is real, fF,,q(nx,nr) is conju- 4.2 Macrofeatures
gate symmetric in q, and consequently, its O<q<R/4
components are sufficient for complete representation. While microfeatures can be used to represent a texture sample,
It is rotation-invariant because the DFT operation maps microfeatures are spatially localized and do not characterize
rotationally induced shifts into the complex numbers' phase global attributes of textures. For instance, consider the
components, which are removed when the magnitude opera- textures in Fig. 2. Most of the spatial samples in the upperright and lower-left quadrants of texture A would be classified
tion is performed.
as
texture B based on microfeatures alone. Furthermore, fDA,
fYs,q(nx, nr) contains the directionality information from
fDF, and fDg are rotation dependent, making them unsuitable
bs, r(nx, ny). Since 4)s,((r+R/2))R (nx, ny) -- ~s,r(nx, ny) -Jc-180°, only
the components with odd q are nonzero. For the same reason for rotation-invariant classification.
For classification, a better texture model is derived from
as fFs,q( nx,nr), fY~,q(nx, nr) is rotation-invariant.
the micromodel parameters, Pft and Cft. For instance, for the
fnAs,q(nx,nr), fDF~,q(nx,nr) and fDY~,q(n~,nr) contain the
direction information from b,,~(nx,nr). Because fDA~,q(nx,nr) two textures shown in Fig. 2, the standard deviations of fDA,
and fDFs,q(nx, nr) are conjugate symmetric in q, they are fDF, and fDg provide excellent discrimination information
represented completely by their 0 < q < R/4 components. not available in the microfeatures themselves. A texture t's
However, the q - 0 component is always zero since the DFTs macrofeatures are defined to be F = [FCAFcF Fcy FAM FFMFyM
are on real sequences in both cases, fDY,,q(nx,nr) has the same FDMA FDMF FDMy]T, where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQP
nonzero indexes as fYs,q(nx, nr). fDAs,q(n~,nr), fDFs,q(nx, nr)
-E{fAIt}
and fDr~,q(n~,nr) are inherently rotation-variant since the
E{fFlt}
phases of the DFT contain all of the direction information.
"FCA
Since all transformations in this decomposition are
E{fvlt}
FCF
invertible (assuming boundary conditions are available),
C E { f ~ / - E{fA}2
it is possible to exactly reconstruct b,,,(nx, nr) from their
Fcy
microfeatures. Thus, fA,,p(nx, nr), fF,,q(nx, nr), fy~,q(nx, nr),
FAM
C E { f ~ } - E{fF}2
fDA~,q(nx, nr), fDFs,q( nx, nr) and fDW,q( nx, nr) provide a nearly
(34)
FFM
exact representation of fix, y). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C E { f ~ } - E{fy} 2

FyM
FDMA
FDMF
FDMY

4 The Texture Model
4.1 The Texture Micromodel

_

1

V/(2~)Nflcftl

exp ( - - ( f - / I f t)C~1 (f -- ~ft) T)
2
,

CE{f2F} -- E{foF} × E{fDF}*
_ C E { f 2 r / - E{fDy} × E{fDy}*

A texture may be modeled as a vector-valued random field
f = [fa fF fv fDa fDF fDV]T, where fA, fF, fv, fDA, fDF and fDV are
vectors containing the microfeature components for all s and
p or q indexes. It is assumed that f is stationary. Accurate
modeling of f is not practical from a computational point of
view. Such modeling is also not needed if the objective is only
texture classification (and not synthesis). Further, we assume a
Gaussian distribution of f strictly for mathematic tractability
and simplicity, although many sample distributions were
observed to be very non-Gaussian.
Given these assumptions, the micromodel for texture t is
stated as the multivariate Gaussian probability distribution
function:

p(flt)

CE{f~A } -- E{fDA} x E{fDA}*

(33)

where t:2= if, f ) = [ ( f c A 0 , 0 ( f c A 0,0) (fcA 0 , I ( F c A 0 , 1 ) . . .
( fDY S - 1,R- 1. fDY S - 1,R- 1) ]T. For a texture t, FCA, FcF and
Icy describe amplitude, frequency and directionality characteristics, respectively, of the "carrier." FAM, FFM and
FyM describe a texture's amplitude modulation, frequency

Texture A

Texture B

FIGURE 2 Textureswith similar microfeatures.
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modulation and directionality modulation characteristics, o90 = 0.8 n, 00= 0 degrees, S = 4, R = 16, lc = 0.283 (B = 1
respectively. FCA, FCF, Fcy, FAM, FFM and FyM are all octave), and tr0 = 0.0523/degree ( - 3 - d B width of 90 degrees).
Classification performance was demonstrated with both
rotation-invariant because the microfeatures upon which
they are based are rotation-invariant. FDMA,FDMFand FDMY groups of textures. Half of the subimages (separated in a
capture the directional modulation characteristics. Although checkerboard pattern) were used to estimate the model
fDA, for and fort are rotation dependent, their variances parameters (mean and covariance of the macrofeatures) for
are not. Means of foA, for and fort are directional in nature each type of texture, whereas the other half were used as test
and are not used as classification features. For simplicity, samples. Features were extracted from all of the subimages
off-diagonal covariances are not used, although they may in an identical manner. To reduce filter-sampling effects at
high frequencies due to rotation, the estimation of model
contain useful information.
The expected values of f are estimated using the mean and parameters was based on the features from subimages at all
rotations in the first group of images.
variance of a texture sample's microfeatures. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.3 The Texture Macromodel
For purposes of classification, a texture t is modeled as a
vector-valued Gaussian random vector F with the conditional
probability density function

5.1 Classification

A model of each type of texture was established using half of
its samples to estimate mean and covariance, the parameters
required by (34). For the other half of the samples, each was
classified as the texture t that maximized p(F[t). Because of
rank deficiency problems in the covariance matrix due to high
1
exp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
interfeature correlation, off-diagonal terms in the covariance
2
matrix were set to zero.
Classification performance for the first group of textures is
(35)
summarized in Table 1. Of 624 sample images, 604 (96.8%)
where/*rt--E{F [ t} and CFt--E{F. FTIt} -- E{F I t}-E{FT I t} were correctly classified The misclassification rate per
are the mean and covariance of F, respectively, NF is the competing texture type is ( 1 0 0 % - 9 6 . 8 % ) / 1 2 = 0 . 2 7 % . Bark
number of macrofeatures, and/3 is an estimate of F based on a was misclassified as brick, bubbles, pigskin, sand, and straw;
sand as bark; pigskin as bark and wool; grass as leather; leather
sample of texture t. This is the texture macromodel.
The parameters /~Ft and CFt are estimated from statistics as grass and straw; wool as bark and pigskin; water as straw;
and wood as straw.
over M samples for each texture t:.
Classification performance for the second group of textures
(the complete Brodatz album): Of 872 sample images, 701
1 M
(80.4%) were classified correctly. The misclassification rate
and
per
competing texture type is (100% - 80.4%)/108 =0.18%.
m--1
Perhaps some comments are in order regarding the classifica¢~Ft :-~M__Ilm=1~(/3m - ~Ft)" (F'm--~Ft)T
(36) tion rate. Many of the textures in the Brodatz album are not

I

where/3m is the estimate of F based on sample m of texture t.

TABLE 1 Classification performance for first group of textures.
Sample Type

5 Experimental Results
Experiments were performed on two groups of textures. The
first group comprises 13 texture images [47] digitized from
the Brodatz album [6] and other sources. Each texture was
digitized at rotations of 0, 30, 60, 90, 120, and 150 degrees as
512 x 512 pixels, each of which was then subdivided into
16 128 x 128 subimages. Figure 3 presents the 120-degree
rotations of these images. The second group comprises 109
texture images from the Brodatz album digitized at 0 degrees
with 512 x 512 pixels at 300-DPI resolution, each of which
was then subdivided into 16 128 x 128 subimages. A polar,
analytic Gabor transform was used with parameter values

Bark
Sand
Pigskin
Bubbles
Grass
Leather
Wool
Raffia
Weave
Water
Wood
Straw
Brick

Classified Correctly, %
87.5
97.9
95.8
100
95.8
93.8
91.7
100
100
97.9
97.9
100
100
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bubbles

pigskin

grass

raffia
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.

.

...

J ~ ......... .~.........

wood

wool
FIGURE 3 Textures from first group. Each texture was digitized at rotations of 0, 30, 60, 90, 120, and 150 degree.
Table 1 summarizes the results for rotation invariant classification for these textures.
homogeneous. Although one can use a selected subset of
textures, it will make comparisons between different algorithms more difficult. Finally, for comparison purposes,
when using the same subset of the Brodatz album used by
Chang and Kuo [7], 100% of the samples were correctly
classified.

zyxwvutsrqpon
6 Image Segmentation Using Texture

Image segmentation can be achieved by classification or
by considering the gradient in the texture feature space. Here
we outline a novel technique, called EclgeFlow, that uses
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the texture feature as input to partition the image. A detailed
description of this technique can be found in Ma and
Manjunath [30].
The EdgeFlow method uses a predictive coding model to
identify and integrate the direction of change in a given set of
image attributes, such as color and texture, at each image
pixel location. Toward this objective, the following values are
computed: E(x, 0), which measures the edge energy at pixel x
along the orientation 0; P(x,0), which is the probability of
finding an edge in the direction 0 from x; and P(x,O + ~c)
which is the probability of finding an edge along 0 + ~ from x.
These edge energies and the associated probabilities are
computed using the features of interest.
Consider the Gabor filtered outputs represented by
equation (21):

~.

.~

bs,r(X) = as, r(X) " exp(j~s,r(x))
By taking the amplitude of the filtered output across different
filters at the location represented by x, a texture feature vector
characterizing the local spectral energies in different spatialfrequency bands is formed:
A(x) - [al (x), a2(x), a3(x) . . . . , aN(x)]

i:~.........................................................................................................................
.J

(37)

where, for simplicity the combination of s and r indices is
numbered from 1 through N. The texture edge energy, which
is used to measure the change in local texture, is computed as
E(x,0)-

E
I<i<N

]ai(x), GD~,o(x)[.wi, w i - 1 / E

ai(x) (38)
x

(a)
where GD is the first derivative of the Gaussian along the
orientation 0. The weights wi normalize the contribution of
edge energy from the various frequency bands. The error in
predicting the texture energies in the neighboring pixel
locations is used to compute the probabilities {P(s,O)}. For
example, a large prediction error in a certain direction implies
a higher probability of finding the region boundary in that
direction. Thus, at each location x we have {[E(x, 0), V(x, 0),
P(x,O + n)][0<0<~}. From these measurements, an edge flow
vector is constructed whose direction represents the flow
direction along which a boundary is likely to be found, and
whose magnitude is an estimate of the total edge energy along
that direction.
The distribution of the edge flow vectors in the image forms
a flow field that is allowed to propagate. At each pixel location,
the flow is in the estimated direction of the boundary pixel.
A boundary location is characterized by flows in opposing
directions toward it. On a discrete image grid, the flow
typically takes a few iterations to converge.
Figure 4 shows two images, one with different textures, and
another with an illusory boundary. For the textured image, the
edge flow vectors are constructed at each location as outlined

(b)

FIGURE 4 Segmentation using EdgeFlow. From top to bottom are the
original image, edge flowvectors, and detected boundaries. (a) Texture image
example. (b) An illusory boundary detected using the texture phase
component from the Gabor filtered images.

above and the final segmentation result is shown in the figure.
It turns out the phase information in the filtered outputs is
quite useful in detecting illusory contours, as illustrated in the
figure. The details of computing the phase discontinuities can
be found in [30].
Figure 5 shows another example of texture-based segmentation, illustrating the results at two different choices for the
scale parameter that controls the EdgeFlow segmentation.
Other examples of using color, texture and phase in detecting
image boundaries are shown in Fig. 6.

zyxw

7 Image Retrieval Using Texture
In recent years, texture has emerged as an important visual
feature for content-based image retrieval. We presented an
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FIGURE 5 The choice of scaleplays a critical role in the EdgeFlowsegmentation. Two different segmentation results
shown above are the result of two different choices for the scale parameter in the algorithm.

(a)

(b)

image-retrieval system for browsing a collection of large aerial
imagery using texture [31]. Texture turns out to be a
surprisingly powerful descriptor for aerial imagery and many
of the geographically salient features, such as vegetation,
water, urban development, parking lots, airports, and so forth,
are well characterized by their texture signature. The particular
texture descriptor used our report [31] was based on the mean
and standard deviation of A(x) computed in (37). Measuring
the similarity between two patterns in the texture feature space
is an important issue in image retrieval. A hybrid neural
network algorithm was used to learn this similarity and thus
construct a texture thesaurus that would facilitate fast search
and retrieval. Figures 7 and 8 show two query by example
results wherein the input to the search engine was an image
region, and the system was asked to retrieve similar looking
patterns in the image database.

8 Texture Motifs

(c)
FIGURE 6 Two other examples of segmentation. (a) An illusory boundary,
(b) segmentation using texture phase in the EdgeFlowalgorithm, and (c)
segmentation using color and texture energy.

The previous section demonstrated how texture descriptors can be used to identify homogeneous regions in aerial
images in a similarity-retrieval framework. However, a major
challenge in using texture features to support more complex
interaction with remote-sensed imagery is that the objects
of interest often consist of multiple textures. For example,
golf courses typically consist of grass-covered fairways
lined by trees. Grass and trees each result in distinctive
textures but neither by itself characterizes a golf course.
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(b)

zyxw

(a)

(c)

(d)

(e)

FIGURE 7 An example of a texture-based search using a data set of aerial photographs of the Santa Barbara area taken
over a 30-year period. Each photograph is approximately 5000 x 5000 pixels in size. (a) shows the down-sampled
version of the aerial photograph from which the query is derived. (b) shows a full-resolution detail of the region used
for the query. The region contains a housing development. (c)-(e) show the ordered three best results of the query. The
white line indicates the boundaries of the regions that were retrieved. The results come from three different aerial
photographs that were taken the same year as the photograph used for the query.
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(b)

(a)

(c)

(d)

(e)

FIGURE 8 Another example of a texture based search. (a) shows the down-sampled version of the aerial photograph
from which the query is derived. (b) shows a full-resolution detail of the region used for the query. The region contains
aircraft, cars and buildings. (c)-(e) show the ordered three top matching retrievals. Once again, the results come from
three different aerial photographs. This time, the second and third results are from the same year (1972) as the query
photograph but the first match is from a different year (1996).
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A texture-based representation of golf courses must account
for the multiple shared textures. One way to do this is to use
statistical models to characterize the texture motifs for a class
of objects.
A texture motif is defined as a characteristic spatial pattern
common to a class of objects [39]. Accurate characterizations of
texture motifs can facilitate object recognition. However,
developing effective characterizations is a challenge largely
due to the high dimensionality of the texture feature spaces.
A statistical framework can be adopted in which the texture
motifs are modeled using Gaussian mixture models (GMMs)
[3]. The model parameters can be learned in an unsupervised
fashion from unlabeled training samples using the expectation maximization (EM) algorithm. The advantages of this
approach are (a) preprocessing steps, such as segmentation,
are not required; (b) the learning phase is completely automated, only requiring unlabeled training samples; and (c) the
models are compact because the model form is fixed and
only the parameter values differ from one class of objects to
another.
Another benefit of the GMM/EM framework is that the
texture motifs can be learned in an orientation-invariant
manner using a broad category of texture descriptors that need
not be orientation-invariant themselves. The texture descriptor
based on the Gabor filter outputs as computed in (37) is an
example of such a descriptor. This invariance is accomplished by letting the orientation of a motif be one of
the missing parameters in the EM construction [39]. The
significance of this result is that (a) only the "normalized"
orientation of a texture motif needs to be characterized, and
(b) the training set need not contain all possible orientations of a motif.
The statistical models learned using the GMM/EM framework can be used to classify novel image regions in order to
facilitate object recognition. Pixels can be assigned motif labels
using a maximum a posteriori (MAP) classifier. Figure 9

Motif

[-71 1 2

(a)

(b)

shows an example of such a labeling. The image in Fig. 9a
contains two texture motifs at different orientations. A model
learned from similar training images is then used to make the
motif assignments in Fig. 9b and the orientation assignments
in Fig. 9c. Note that even though the motifs are labeled in an
orientation-invariant manner, the GMM/EM framework
preserves knowledge of the motif orientations.
Figures 10b and 10c show the motif and orientation
assignments for the aerial image of a harbor region in Fig. 10A,
again using a model learned from other harbor regions.
Such harbor regions contain several texture motifs, such as
the water regions and the different densities of rows of boats.
Note, again, that the motifs are labeled in an orientationinvariant manner, yet knowledge of the motif orientations
is preserved.

zyxwvu

9 Summary
We have presented schemes for texture classification and
segmentation using features computed from Gabor-filtered
images. Image texture research has seen much progress during
the last two decades, and both random field model-based
approaches and multiband filtering methods will have
applications to texture analysis. Model-based methods are
particularly useful for synthesis and rendering. Filtering
methods compare favorably with the random field
methods for classification and segmentation, and they can
be efficiently implemented on dedicated hardware. Finally,
texture features appear quite promising for image database
applications such as search and retrieval. A variation of
the Gabor filtering-based texture descriptor~referred to as
the homogeneous texture descriptor~is included in the
current ISO/IEC MPEG-7 multimedia content description
interface standard [37].

Orientation

[--]1 ~ 2
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1

4

1 5 1 6

(c)

FIGURE 9 (a) An image with two texture motifs. (b) Motif assignments. Note that different orientations of a motif are
labeled consistently. (c) Orientation assignments. Note that knowledge of motif orientation is preserved.
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FIGURE 10 (a) An aerial image of a harbor region. (b) Motif assignments. Note that different orientations of a motif
are labeled consistently. (c) Orientation assignments. Note that knowledge of motif orientation is preserved.
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1 Introduction
Video segmentation is an integral part of many video analysis
and coding problems, including: (i) video summarization,
indexing and retrieval, (ii) advanced video coding, (iii) video
authoring and editing, (iv) improved motion (optical flow)
estimation, and (v) 3D motion and structure estimation with
multiple moving objects [1-3]. The first three applications
concern multimedia services which require temporal segmentation of video into shots or groups of pictures (GoP). They
may also benefit from spatio-temporal segmentation of video
into objects for better content description, object-based video
editing, and rate allocation. The latter two are computer
vision applications, where spatio-temporal segmentation
helps to identify optical flow boundaries (motion edges) and
occlusion regions where the smoothness constraint should be
turned off for better optical flow estimation, and distinct 3D
motion and structure parameters are needed to model the flow
vectors associated with each independently moving object,
respectively.
Video segmentation refers to partitioning video into spatial,
temporal or spatio-temporal regions that are homogeneous
in some feature space [4]. As with any segmentation problem,
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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effective video segmentation requires proper feature selection
and an appropriate distance measure. Different features and
homogeneity criteria generally lead to different segmentations
of the same video, e.g., color, texture or motion segmentation.
Furthermore, there is no guarantee that any of the resulting
automatic segmentations will be semantically meaningful,
since a semantically meaningful region may have multiple
colors, multiple textures and/or multiple motion. Although
semantic objects can be computed automatically in some wellconstrained settings, e.g., in video surveillance systems [16],
where objects can be extracted by simple change detection and
background subtraction methods; semantic object segmentation requires specialized capture methods (chroma-keying) or
user interaction. Specific video segmentation methods should
be considered in the context of the requirements of the
application in which they are used. Factors that affect the
choice of a specific segmentation method include [5]:
•

Real-time performance: If segmentation must be performed in real-time, e.g., for rate-control in videotelephony, then simple algorithms which are fully
automatic must be used. On the other hand, one can
employ semi-automatic, interactive algorithms for offline applications such as video indexing or off-line
471
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video coding to obtain semantically meaningful segmentations [6].
Precision of segmentation: If segmentation is employed
to improve the compression efficiency or rate control,
then certain misalignment between segmentation results
and actual object borders may not be of concern. On
the other hand, if segmentation is needed for objectbased video authoring/editing or shape similarity
matching, then it is of utmost importance that the
estimated boundaries align with actual object boundaries
perfectly, where even a single pixel error may not be
tolerable.
Scene complexity: Complexity of video content can
be modeled in terms of amount of camera motion, color
and texture uniformity within objects, contrast between
objects, smoothness of motion of objects, objects entering and leaving the scene, regularity of object shape
along the temporal dimension, frequency of cuts and
special effects, etc. Clearly, more complex scenes require
more sophisticated segmentation algorithms. For example, it is easier to detect cuts than special effects such as
wipes or fades.
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large differences are observed in some feature space, usually a
combination of color and motion [8-13]. Temporal discontinuities may be abrupt (cuts) or gradual (special effects,
such as wipes and fades). It is easier to detect cuts than special
effects. The simplest approach for detecting temporal discontinuities is to quantify flame differences in the pixel
intensity domain. If a pre-determined number of pixels exhibit
differences larger than a threshold value, then a cut can be
declared. Clearly, this method is sensitive to presence of
noise, camera motion, and compression artifacts in the video.
A slightly more robust approach may be to divide each frame
into rectangular blocks, compute statistics of each block such
as the mean and variance independently, and then check the
count of blocks with changing statistics against a set threshold.
Applying low-pass filtering to each flame prior to computing frame differences or block statistics should also improve
robustness.
A more robust alternative is to consider frame histogram
differences instead of pixelwise or blockwise frame intensity
differences. To this effect, we compute n-bin color histogram,
hk(i), i= 1, . . . . n, for each frame k. Various measures and
tests have been developed to quantify similarity or dissimilarity of histograms. These include the histogram intersecThis chapter provides an overview of some video segmention measure, X2 test, and Kolmogorov-Smirnov test [ 11].
tation methods ranging from simple shot boundary detecA closely related approach is to detect changes in the counts
tion and change detection techniques to more sophisticated
of edge-pixels in successive frames, i.e., similarity of edge
motion segmentation and interactive video object segmentahistograms. Although they are effective to detect cuts and
tion and tracking methods. Although multimodal signal
fades, neither histogram differences nor intensity differences
processing methods have been shown to be effective in specific
can usually differentiate between wipes and camera motion,
applications [7], we cover only video modality in this chapter.
such as pans and zooms. Detection of these special effects
We start our discussion with temporal video segmentation
requires combination of histogram difference and camera
methods in Section 2. Change detection methods, where we
motion estimation. Global motion can be estimated and frames
study both two-flame methods and methods with memory
are motion compensated before computation of the features
are covered in Section 3. Motion segmentation methods
[14]. Another approach to detect gradual changes is the soare discussed in Section 4. We first introduce the "dominant
called twin comparison method [15], which can be used with
motion" approach, which aims to label independently moving
different features. A lower threshold is used to detect abrupt
regions sequentially (one at a time). We then present the
scene changes, while a higher threshold is used to detect the
alternative "multiple motion segmentation" approach, includactual position of gradual ones.
ing clustering in the motion parameter space, maximum
There also exist shot boundary detection algorithms for
likelihood segmentation, maximum a posteriori probability
specific domains, such as surveillance video [16], sports video
segmentation, and region labeling methods. Section 5
[17], and movies [18, 19]. Sports video is arguably one of the
addresses simultaneous optical flow estimation and segmenmost challenging domains for robust shot boundary detectation method, since the accuracy of segmentation results
tion due to: (1) existence of a strong color correlation between
depends on the accuracy of the estimated motion field and
successive shots, since a single dominant color background,
vice versa. Finally, Section 6 deals with semantically meaningsuch as the soccer field, may be seen in successive shots;
ful object segmentation with emphasis on chroma-keying and
(2) existence of large camera and object motions; (3) existence
semi-automatic (interactive) object tracking methods. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of many gradual transitions, such as wipes and dissolves.
Ekin et al. [17] observed that gradual transitions in sports
video are not accurately detected by generic algorithms,
2 Scene Change Detection
and proposed using two features, the absolute difference
between
two frames of the ratio of dominant colored pixels
Scene change or shot boundary detection is a relatively easy
to
total
number
of pixels, and color histogram dissimilarsegmentation problem since it is one-dimensional, along
ity,
measured
by
histogram intersection, for reliable shot
the temporal dimension. Shot boundary detection methods
boundary
detection.
locate temporal discontinuities, i.e., flames across which
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Videos are almost always stored and transmitted in com- as the previous image k - 1 (successive flame difference) or
pressed form. Detection of scene changes in real-time poses an image at a fixed time. Methods using a fixed reference
a challenge in many applications since decompressing and frame, which may be updated for global illumination
processing video data sequentially requires significant compu- changes, are called background subtraction methods [26].
tational resources. Hence, the need for scene segmentation For example, if we are interested in monitoring a hallway
algorithms in the compressed domain (without completely using a fixed camera, an image of the hallway when it is empty
decoding the bitstream) [21]. DC images which are spatially may be used as a fixed reference image. Assuming that we
reduced versions of the original video frames can be have a static camera and the illumination remains more or
constructed from the DC coefficient of each 8 x 8 block [20]. less constant between the frames, the pixel locations where
Successful results have been obtained for detection of both FDk, r(X) differs from zero indicate regions "changed" due to
local motion. In order to distinguish the nonzero differences
abrupt and gradual scene changes using DC images [2]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
that are due to noise from those that are due to local motion,
segmentation can be achieved by thresholding the FD as

3 Spatio-Temporal Change Detection

Change detection methods segment each frame into two
regions, namely changed and unchanged regions in the case
of a static camera or global and local motion regions in the
case of a moving camera [22]. This section deals only with
the former case, where unchanged regions correspond to
the background (null hypothesis) and changed regions to the
foreground object(s) or uncovered (occlusion) areas. The case
of moving camera is identical to the former, once the global
motion between successive frames due to camera motion is
estimated and compensated [23]. However, accurate estimation of the camera motion may require scene segmentation
resulting in a chicken-egg problem. Fortunately, the dominant
motion segmentation approach, presented in the next section,
offers a solution to the estimation of the camera motion
without prior scene segmentation. Hence, the discussion of
the case of moving camera is deferred until Section 4.1.
Various change detection methods in the literature differ
according to: (i) what features and background model are
used, (ii) what distance metrics are used, and (iii) what kind
of threshold and background model adaptation rules are used.
In the following, we first discuss change detection using two
frames. Temporal integration (using more than two frames)
and combination of spatial and temporal segmentation are
also studied to obtain spatially and temporally coherent
regions.

3.1 Spatial Change Detection Using
Two Frames
The simplest method to detect changes between two registered
frames would be to analyze the frame difference (FD) image,
which is given by
FDk, r(X) = s(x, k) - s(x, r)

(1)

where x = (Xl,X2) denotes pixel location and s(x,k) stands
for the intensity value at pixel x in frame k. FD image shows
the pixel-by-pixel difference between the current image k
and the reference image r. The reference image r may be taken

Zk'r(X) --

1 if [FDk,r(X)] > T
0 otherwise

(2)

where T is an appropriate threshold. Here, Zk,r(X) is called
a segmentation label field, which is equal to "1" for changed
regions and "0" otherwise. The value of the threshold T can
be chosen by an optimal threshold determination algorithm
(see Chapter 2.2). This pixelwise thresholding is generally
followed by one or more post-processing steps to eliminate
isolated labels. Postprocessing operations include forming
4- or 8-connected regions and discarding labels with less
than a predetermined number of entries, and morphologic
filtering of the changed and unchanged region masks.
In practice, a simple FD image analysis is not satisfactory
for two reasons: First, a uniform intensity region may be
interpreted as stationary even if it is moving (aperture problem). It may be possible to avoid the aperture problem using a
multi-resolution decision procedure, since uniform intensity
regions are smaller at lower resolution levels. Second, the
intensity difference due to motion is affected by the magnitude of the spatial gradient in the direction of motion. This
problem can be addressed by considering a locally normalized frame difference function [24], or locally adaptive
thresholding [25]. An improved change detection algorithm
that addresses both concerns can be summarized as:
(i) Construct a Gaussian pyramid where each frame is
represented in multiple resolutions. Start processing at
the lowest resolution level.
(ii) For each pixel at the present resolution level, compute
the normalized frame difference given by [24]
FDNk, r(X) - )-]x~Ar [s(x, k) - s(x,r)llVs(x,r)]
Y]xeA/" ]Vs(x, r)] 2 + C

(3)

where A/" denotes a local neighborhood of the pixel x,
Vs(x, r) denotes the gradient of image intensity at pixel
x, and c is a constant to avoid numeric instability.
If the normalized difference is high (indicating that
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the pixel is moving), replace the normalized difference
from the previous resolution level at that pixel with
the new value. Otherwise, retain the value from the
previous resolution level.
(iii) Repeat step (ii) for all resolution levels.

An alternative procedure that was adopted by MPEG-4
as a non-normative tool considers post-processing of labels
[25]. First, scene changes are detected. Within each scene
(shot), an initial change detection mask is estimated between
successive pairs of frames by global thresholding of the frame
difference function. Next, the boundary of the changed
Finally, we threshold the normalized motion detection
regions are smoothed by a relaxation method using local
function at the highest resolution level. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
adaptive thresholds [22]. Then, memory is incorporated by
re-labeling unchanged pixels which correspond to changed
3.2 Temporal Integration
locations in one of the last L frames. This step ensures tempoAn important consideration is to add memory to the motion ral continuity of changed regions from frame to frame. The
detection process in order to ensure both spatial and tem- depth of the memory L may be adapted to scene content to
poral continuity of the changed regions at each frame. This limit error propagation. Finally, post-processing to obtain the
can be achieved in a number of different ways, including final changed and unchanged masks eliminates small regions.
temporal filtering (integration) of the intensity values across
multiple frames before thresholding and post-processing of 3.3 Combination with Spatial Segmentation
labels after thresholding.
Another consideration is to enforce consistency of the boundA variation of the successive flame difference and normalaries of the changed regions with spatial edge locations at each
ized flame difference is the frame difference with memory
frame. This may be accomplished by first segmenting each
FDMk(X), that is defined as the difference between the present
frame into uniform color and/or texture regions. Next,
frame s(x,k) and a weighted average of past frames J(x,k)
each region resulting from the spatial segmentation is labeled
given by [24]
as changed or unchanged as a whole as opposed to labeling
(4)

FDMk(X) -- s(x, k) - J(x, k)
where
~(x, k) = (1 - c0s(x, k) + crY(x,k - 1),
and

k = 1, ...

(5)

each pixel independently. Region labeling decisions may be
based on the number of changed and unchanged pixels within
each region or thresholding the average value of the frame
differences within each region [27].

4 M o t i o n Segmentation

Motion segmentation (also known as optical flow segmentation) methods label pixels (or optical flow vectors) at each
~(x, 0) = s(x, 0)
frame that are associated with independently moving part
of a scene. The region boundaries may or may not be pixelaccurate or semantically meaningful. For example, a single
Here 0 < c~ < 1 is a constant. After processing a few frames,
the unchanged regions in ~(x,k) maintain their sharpness object with articulated motion may be segmented into multiwith a reduced level of noise, while the changed regions ple regions. The occlusion and aperture problems are mainly
are blurred. The function FDMk(X) is thresholded either responsible for misalignment of motion and actual object
by a global or a spatially adaptive threshold as in the case boundaries. Furthermore, model misfit possibly due to deviaof two frame methods. The temporal integration increases tion of the surface structure from a plane generally leads
the likelihood of eliminating spurious labels; thus, resulting to oversegmentation of the motion field. While it is possible
to achieve fully automatic motion segmentation with some
in spatially contiguous regions.
Accumulative differences can be employed when detec- limited accuracy for certain content domains, semantically
ting changes between a sequence of images and a fixed meaningful video object segmentation generally requires user
reference image (as opposed to successive frame differences). interaction to define the object of interest in at least some
Let s(x,k), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
s(x,k-1), . . . . s(x,k-N) be a sequence of N key frames as discussed in Section 6.
Motion segmentation is closely related to two other probflames, and let s(x,r) be a reference image. An accumulative difference image is formed by comparing every frame lems, motion (change) detection and motion estimation.
in the sequence with this reference image. For every pixel Change detection is a special case of motion segmentation with
location, the accumulative image is incremented if the differ- only two regions, namely changed and unchanged regions
ence between the reference image and the current image in (in the case of a static camera) or global and local motion
the sequence at that pixel location is bigger than a threshold. regions (in the case of a moving camera). An important
Thus, pixels with higher counter values are more likely to distinction between change detection and motion segmentation is that the former can be achieved without motion
correspond to changed regions.
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estimation if the scene is recorded with a static camera. approach may also handle separation of individually moving
Change detection in the case of a moving camera and general objects. Once the first dominant object is segmented, it is
motion segmentation, on the other hand, require some sort excluded from the region of analysis, and the entire process is
of global and/or local motion estimation either explicitly repeated to define the next dominant object. This is unlike
or implicitly. Motion detection and segmentation are also the multiple motion segmentation approaches that are
plagued with the same two fundamental limitations asso- discussed in the next section, which start with an initial
ciated with motion estimation: occlusion and aperture segmentation mask (usually with many small regions) and
problems [4]. For example, pixels in a flat image region refine them according to some criterion function to form the
may appear stationary even if they are moving due to the final mask. It is worth noting that the dominant motion
aperture problem (hence the need for hierarchic methods); approach is a direct method that is based on spatio-temporal
and/or erroneous labels may be assigned to pixels in covered image intensity gradient information. This is in contrast to
first estimating the optical flow field between two frames
or uncovered image regions due to the occlusion problem.
In general, application of standard image segmentation and then segmenting the image based on the estimated optical
methods directly to estimated optical flow vectors may not flow field.
yield meaningful results, since an object moving in 3D usually
generates a spatially varying optical flow field [28]. For 4.1.1 Segmentation Using Two Frames
example, in the case of a rotating object, there is no flow Motion estimation in the presence of more than one moving
at the center of the rotation, and the magnitude of the flow objects with unknown supports is a difficult problem. It was
vectors grows as we move away from the center of rota- Burt et al. [29] who first showed that the motion of a 2D
tion. Therefore, a parametric model-based approach, where translating object can be accurately estimated using a multiwe assume that the motion field can be described by a set resolution iterative approach even in the presence of other
of K parametric models, is usually adopted. In parametric independently moving objects without prior knowledge
motion segmentation, the model parameters are the motion of their supports. This is, however, not always possible with
features. Then, motion segmentation algorithms aim to deter- more sophisticated motion models (e.g., affine and perspecmine the number of motion models that can adequately tive), which are more sensitive to presence of other moving
describe a scene, type/complexity of these motion models,
objects in the region of analysis.
and the spatial support of each motion model. Most
To this effect, Irani et al. [24] proposed multi-stage paracommonly used types of parametric models are affine,
metric modeling of dominant motion. In this approach, first
perspective, and quadratic mappings, which assume a 3D a translational motion model is employed over the whole
planar surface in motion. In the case of a nonplanar object,
image to obtain a rough estimate of the support of the domithe resulting optical flow can be modeled by a piecewise nant motion. The complexity of the model is then gradually
affine, perspective or quadratic flow field if we approximate increased to affine and projective models with refinement
the object surface by a union of a small number of planar of the support of the object in between. The parameters
patches. Since each independently moving object and/or of each model are estimated only over the support of the
planar patch will best fit a different parametric model, the object based on the previously used model. The procedure can
parametric approach may lead to oversegmentation of motion be summarized as follows:
in the case of nonplanar objects. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(i) Compute the dominant 2I) translation vector (dx, dr)
over the whole frame as the solution of

4.1 Dominant Motion Segmentation

Segmentation by dominant motion analysis refers to extracting one object (with the dominant motion) from the scene
at a time [24, 29, 30, 38]. Dominant motion segmentation
can be considered as a hierarchically structured top-down
approach, that starts by fitting a single parametric motion
model to the entire frame, and then partitions the frame into
two regions, those pixels which are well represented by this
dominant motion model and those that are not. The process
converges to the dominant motion model in a few iterations,
each time fitting a new model to only those pixels that are
well represented by the motion model in the previous iteration. The dominant motion may correspond to the camera
(background) motion or a foreground object motion, whichever occupies a larger area in the frame. The dominant motion

i /x/t]

(6)

where/~, Ir and It denote partials of image intensity with
respect to x, )I, and t. In case the dominant motion is not
a translation, the estimated translation becomes a first
order approximation of the dominant motion.
(ii) Label all pixels that correspond to the estimated
dominant motion as follows:
(a) Register the two images using the estimated dominant motion model. The dominant object appears
stationary between the registered images, while
other parts of the image are not.
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(b) Then, the problem reduces to labeling stationary
regions between the registered images, which can
be solved by the multiresolution change detection
algorithm given in Section 3.1.
(c) Here, in addition to the normalized frame difference (3), define a motion reliability measure as
the reciprocal of the condition number of the
coefficient matrix in (6), given by [24]

)~min
~.max

R(x, k) = ~

(7)

where kmin and ~.max are the smallest and largest
eigenvalue of the coefficient matrix. A pixel is
classified as stationary at a resolution level if its
normalized flame difference is low, and its motion
reliability is high. This step defines the new region
of analysis.
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(iii) Detect the stationary regions between the registered
images as described in Section 4.1.1 using Mk-1 as an
initial estimate to compute the new mask Mk.
(iv) Update the internal representation image using (8).
Comparing each new frame with the internal representation image as opposed to the previous frame allows the
method to track the same object. This is because the noise
is significantly filtered in the internal representation image
of the tracked object, and the image gradients outside the
tracked object are lowered due to blurring. Note that there
is no temporal motion constancy assumption in this tracking
scheme.

4.1.3 Multiple Motions

Multiple object segmentation can be achieved by repeating
the same procedure on the residual image after each object
is extracted. Once the first dominant object is segmented and
(iii) Estimate the parameters of a higher order motion tracked, the procedure can be repeated recursively to segment
model (affine, perspective, or quadratic) over the new and track the next dominant object after excluding all pixels
region of analysis as in [24]. Iterate over steps (ii) and belonging to the first object from the region of analysis.
Hence, the method is capable of segmenting multiple moving
(iii) until a satisfactory segmentation is attained. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
objects in a top-down fashion if a dominant motion exists
at each stage.
4.1.2 Temporal Integration
Some difficulties with the dominant motion approach were
Temporal continuity of the estimated dominant objects can reported when there's no overwhelmingly dominant motion.
be facilitated by extending the temporal integration scheme Then, in the absence of competing motion models, the
introduced in Section 3.2. To this effect, we define an internal dominant motion approach can lead to arbitrary decisions
representation image [24]
(relying upon absolute threshold values) that are irrevocable, especially when the motion measure indicates unreliable motion vectors (in low spatial gradient regions). Sawhney
~(x, k) = (1 - c0s(x, k) + ~ warp(~(x, k - 1),
(8) et al. [32] proposed using robust estimators to partially alles(x, k)), k = 1. . . .
viate this problem.
where

~(x, o) = s(x, o)
and warp(A,B) denotes warping image A towards image B
according to the dominant motion parameters estimated
between images A and B, and 0 < ce < 1. As in the case of
change detection, the unchanged regions in ~(x,k) maintain their sharpness with a reduced level of noise, while the
changed regions are blurred after processing a few frames.
The algorithm to track the dominant object across multiple
frames can be summarized as follows [24]: For each frame
(i) Compute the dominant motion parameters between
the internal representation image ~(x, k) and the new
frame s(x, k) within the support Mk-1 of the dominant
object at the previous frame.
(ii) Warp the internal representation image at flame k - 1
towards the new frame according to the computed
motion parameters.

4.2 Multiple Motion Segmentation
Multiple motion segmentation methods let multiple motion
models compete against each other at each decision site. They
consist of three basic steps, which are strongly interrelated:
estimation of the number K of independent motions, estimation of model parameters for each motion, and determination of support of each model (segmentation labels). If we
assume that we know the number K of motions and the K
sets of motion parameters, then we can determine the support
of each model. The segmentation procedure then assigns
the label of the parametric motion vector that is closest to the
estimated flow vector at each site. Alternatively, if we assume
that we know the value of K and a segmentation map consisting of K regions, the parameters for each model can be
computed in the least squares sense (either from estimated flow vectors or from spatio-temporal intensity values)
over the support of the respective region. But since both
the parameters and supports are unknown in reality, we have
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a chicken-egg problem; that is, we need to know the motion can be described as: Given N seed affine parameter vectors
model parameters to find the segmentation labels, and the A1, A2 . . . . . AN, where
segmentation labels are needed to find the motion model
parameters.
an, 1
Various approaches exist in the literature for solving
an, 2
this problem by iterative procedures. They may be grouped
as: segmentation by clustering in the motion parameter
A n -an, 3 , n -- 1 . . . . . N,
(10)
space [28, 37, 44], maximum likelihood (ME) segmentation
an, 4
[38, 40, 42], and maximum a posteriori probability (MAP)
an,5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQP
segmentation [34], which are covered in Sections 4.2.1-4.2.3,
respectively. Pixel-based segmentation methods suffer from
_ an, 6
the drawback that the resulting segmentation maps may
contain isolated labels. Spatial continuity constraints in the find K cluster centers A1,A2 . . . . . AK, where K << N, and
form of Gibbs random field (GRF) models have been intro- the label k, k - 1. . . . . K, assigned to each affine parameter
duced to overcome this problem within the MAP formulation vector An which minimizes
[34]. However, the computational cost of these algorithms
may be prohibitive. Furthermore, they do not guarantee
N
that the estimated motion boundaries coincide with spatial
E / 9 ( A n , .Ak)
(11)
color edges (object boundaries). Section 4.2.4 presents an
n--1
alternative region labeling approach to address this problem. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.2.1

Clustering

in the Motion

Parameter

Space

A simple segmentation strategy is to first determine the
number K of models (motion hypotheses) that are likely to
be observed in a sequence, and then perform clustering in
the model parameter space (e.g., a six dimensional space for
the case of affine models) to find K models representing the
motion. In the following, we study two distinct approaches
in this class: the K-means method and the Hough transform
method.
Wang and Adelson (W-A) [37]
employed K-means clustering for segmentation in their
layered video representation. W-A method starts by partitioning the image into non-overlapping blocks uniformly
distributed over the image, and fits an affine model to the
estimated motion field (optical flow) within each block. In
order to determine the reliability of the parameter estimates at
each block, the sum of squared distances between the
synthesized and estimated flow vectors is computed as

The distance measure /9 between two affine parameter vectors A , and Ak is given by
/9(An, hk) -- A ,TMAk

(12)

where M is a 6 x 6 scaling matrix.
The solution to this problem is given by the well-known
K-means algorithm, which consists of the following iteration:
(i) Initialize AI, A2 . . . . . AK arbitrarily.
(ii) For each seed block n, n - 1. . . . . N, find k given by

K-Meatus M e t h o d .

~2 _ ~

I[v(x) - v(x)l 12

(9)

k - Arg min/9(An, As)
5

(13)

where s takes values from the set {1,2 . . . . . K}.
It should be noted that if the minimum distance
exceeds a threshold, then the site is not labeled, and
the corresponding flow vector is ignored in the parameter update that follows.
(iii) Define ,Sk as the set of seed blocks whose affine
parameter vector is closest to Ak, k -- 1. . . . . K. Then,
update the class means

x~B

where B refers to a block of pixels. Obviously, if the flow
within the block complies with a single affine model, the
residual will be small. On the other hand, if the block falls
on the boundary between two distinct motions, the residual
will be large. The motion parameters for blocks with acceptably small residuals are selected as the seed models. Then,
the seed model parameter vectors are clustered to find the K
representative affine motion models. The clustering procedure

_
Y-~n~&An
Ak -- Y~ne& 1

(14)

(iv) Repeat steps (ii) and (iii) until the class means Ak
do not change by more than a predefined amount
between successive iterations.
Statistical tests can be applied to eliminate some parameter
vectors that are deemed as outliers.
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Once the K cluster centers are determined, a label
assignment procedure is employed to assign a segmentation
label z(x) to each pixel x as
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vectors are hence determined• The drawback of this scheme
is the significant amount of computation and memory
requirements involved.
In order to keep the computational burden at a reasonable
level, several modified Hough methods have been prez(x) Arg rn n II v(x) - P(Ak; (x)) II2
(15)
sented. Proposed simplifications to ease the computational
load include: [28] (i) decomposition of the parameters space
where k is from the set {1,2 . . . . . K}, the operator 79 is into two disjoint subsets {al,a2, a3}x{a4,a5, a6} t o perform
defined as
two 3D Hough transforms, (ii) a multiresolution Hough
transform, where at each resolution level the parameter space
[(Clk,l--1)Xl+~lk,2X2q"Clk,3]
(16) is quantized around the estimates obtained at the previous
level, and (iii) a multipass Hough technique, where the flow
79(Ak; (x)) -ak,4Xl nt- (ilk,5 -- 1)X2 q- ilk,6
vectors which are most consistent with the candidate
parameters are grouped first. In the second stage, those
and v(x) is the dense motion vector at pixel x given by
components formed in the first stage which are consistent with
the same flow model in the least squares sense are merged
together to form segments. Several merging criteria have
been proposed. In the third and final stage, ungrouped flow
vectors are assimilated into one of their neighboring segments. Other simplifications that are proposed include the
where v~ and v2 denote the horizontal and vertical probabilistic Hough transform [43] and randomized Hough
components, respectively. All sites without labels are assigned transform [44].
one according to the motion compensation criterion, which
Clustering in the parameter space has some drawbacks: (i)
assigns the label of the parameter vector that gives the best both methods rely on pre-computed optical flow as an input
motion compensation at that site. This feature ensures more representation, which is generally blurred at motion boundrobust parameter estimation by eliminating the outlier vec- aries and may contain outliers, (ii) clustering based on distors. Several post-processing operations may be employed to tances in the parameter space can lead to clustered parameters
improve the accuracy of the segmentation map. The proce- which are not physically meaningful and the results are sensidure can be repeated by estimating new seed model param- tive to the choice of the weight matrix M and small errors
eters over the regions estimated in the previous iteration. in the estimation of affine parameters, and (iii) parameter
Furthermore, the number of clusters can be varied by splitting clustering and label assignment procedures are decoupled;
or merging of clusters between iterations. The K-means hence, ad-hoc post-processing operations which depend on
method requires a good initial estimate of the number of some threshold values are needed to clean up the final segclasses K. The Hough transform methods do not require this mentation map. The following section proposes a maximum
information but are more expensive. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
likelihood segmentation method, which addresses all of these
shortcomings.
Hough Transform Methods. The Hough transform is a
well-known clustering technique where the data samples
4.2.2 Maximum-Likelihood Segmentation
"vote" for the most representative feature values in a
quantized feature space. In a straightforward application of Motion segmentation approaches in general are classified as
the Hough transform method to optical flow segmentation optical flow segmentation methods, which operate on preusing the six-parameter affine flow model (16), the six- computed optical flow estimates as an input representation,
dimensional feature space al, . . . , a 6 would be quantized to and direct methods, which operate on spatio-temporal intencertain parameter states after the minimal and maximal values sity values. We present here a unified formulation that covers
for each parameter are determined. Then, each flow vector both cases. The maximum likelihood (ML) method finds
v(x) = [vl(x)v2(x)] w votes for a set of quantized parameters the segmentation labels that maximize the likelihood
function, which models the deviation of the observations
which minimizes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(estimated dense motion vectors or observed intensity values)
•
2
(18) from a parametric description of them (parametric motion
vectors or motion compensated intensity values, respectively)
where ~ I ( X ) "-- V I ( X ) - - a l -- a2xl -- a3x2 and 172(x) = v 2 ( x ) for a given motion model.
a 4 - a s x l - a6x2. The parameter sets that receive at least a
We start by defining the log-likelihood function as
predetermined amount of votes are likely to represent candidate motions. The number of classes K and the correspondL(olz) = log(p(olz))
(19)
ing parameter sets to be used in labeling individual flow
-

-

v(x) - [vx(x)l
v2(x)

(17)
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where z denotes the lexicographic ordering of the segmentation labels z(x), which takes values from the set 1, 2 . . . . . K
at each pixel x. The vector o stands for the lexicographic
ordering of the observations, which are either estimated
dense motion (optical flow) vectors or image intensity values.
The conditional probability p(olz) quantifies how well piecewise parametric motion modeling fits the observations o given
the segmentation labels z. If we model the mismatch between
the observations o(x) and their parametric representations
computed by the operator O(Az(x); x),
(20)

r/-- o(x) - O(Az(x); x)

where Ak denotes the kth parametric motion model, by
white Gaussian noise with zero mean and variance a 2, then
the conditional pdf of the observations given the segmentation labels can be expressed as

1

(2yrryz)M/2 exp

-

.

}
/T2(Xi)/2rY2

Then,
/12(Xi) -- (It(x) - I t - l ( X t ) ) 2

This case corresponds to motion segmentation by motioncompensated intensity matching. The motion parameters Ak
are estimated over the support of model k using direct
methods (see step (iii) below).
In either case, assuming that the variances for all classes
are the same, maximization of the log-likelihood function is
equivalent to minimization of the cost function zyxwvutsrqponmlkjihgf

Z

l[ o(x) - O(Az(x); x) I12

(27)

Xl, X2

or equivalently

E
E
k=l xeZk

(21)

(28)

where Zk is the set of pixels x with the motion label z(x) - k,
and Ok(x) " O(Ak; x).
A two-step iterative solution to this problem is given by

(i) Initialize A1, A2 . . . . . AK.
(ii) Assign a motion label z(x) to each pixel x as
z(x) -- Arg m~n 11o(x) - O(Ak; x) 1[2

(29)

where k takes values from the set {1, 2 . . . . . K}.
(iii) Update A1, A2 . . . . . AK as

(30)
Ak zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGF
Arg m~n Z II v(x) - P(A; x) II2

Vl(X) - - a l X l q- a2x2 -- a3 q- a7 x2 q- a s x l x 2

-

-

(22)

xEZ k

asx22

Then,
//2(Xi) - - (Vl(Xi) -- Vl(Xi)) 2 q- (V2(Xi) -- V2(Xi)) 2

(23)

is the norm-squared deviation of the actual flow vectors
from what is predicted by the quadratic flow model. This case
concerns motion segmentation by motion vector matching.
II. Direct segmentation: The observation o(x) stands for
the scalar pixel intensities It(x) at frame t, and the operator O
is the motion-compensation operator Q, defined by
(24)

Q (Az(x); x) - It-l(X')
where
X t - - [XI1Xl] T - - [X 1 X2] T + P ( h z ( x ) ;

(26)

K

where M is the number of observations available at the sites
xi. Assuming that the parametric flow model is more or less
accurate, this deviation is due to presence of observation
noise (given correct segmentation labels). Then, the problem is to find K motion models A1, A2 . . . . . AK, and a label
field z(x) to maximize the log-likelihood function L(olz).
We consider two cases:
I. Pre-computed optical flow segmentation: The observation
o ( x ) stands for the estimated dense motion vectors v(x),
and the operator O stands for the parametric motion operator
T' given by Eq. (16) or a higher-order model given by

v 2 ( x ) -- a 4 x l nt- a5x2 -- a6 q- a 7 x l x 2 q-

479

x)

(25)

This minimization is equivalent to least squares estimation of the affine motion model fit to the motion
vectors with the label z(x) = k. A closed form solution
to this problem can be expressed in terms of a linear
matrix equation
ak, 1

[o

x21 0 0 01
0

0

X1

X2

1

ak,2

ak, 4

[Xl+Vl X ]
X2 -+- V2(X)

ak, 5
-ak,6 -

for all x such that z ( x ) - k.
(iv) Repeat steps (ii) and (iii) until the class means Ak
do not change by more than a predefined amount
between successive iterations.
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This method does not require gradient-based optimization effectively introduces local constraints on the segmentation.
or other numeric search procedures for optimization of a It is given by
cost function. Thus, it is robust and computationally efficient.
Extensions of this formulation using mixture modeling and
1
p(z) -- -~ E exp{-U(z)}8(z - to)
(33)
robust estimators, that require gradient-based optimization,
toE~
have also been proposed [38].
Motion vector matching is a good motion segmentation criterion when the estimated motion field is accurate; where fl denotes the sample space of the discrete-valued
that is, all outlier motion estimates are properly eliminated. random vector z, Q is the partition function (normalization
Motion-compensated intensity matching is a more suitable constant) given by
criterion when spatial intensity (color) variations are sufficient and/or a multiresolution labeling procedure is employed.
Q - ~ exp{-U(to)}
(34)
coE~
A possible limitation of ML segmentation framework is that
it lacks constraints to enforce spatial and temporal continuity of the segmentation labels. Thus, rather ad-hoc steps U(z) is the potential function given by
are needed to eliminate small, isolated regions in the segmentation label field. The maximum a posteriori probability
U(z)--~ ~ Vc(z(xi),z(xj))
(35)
(MAP) segmentation strategy promises to impose continuity
Xi Xje.]V'xi
constraints in an optimization framework. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
which can be expressed as a sum of local clique potential
functions, such as
4.2.3 Maximum zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a P o s t e r i o r i Probability
if z(xi) = z(xj)
Segmentation
Vc(z(x~), z(xj)) - +- Fy
(36)
otherwise
The MAP method is a Bayesian approach that searches for
the maximum of the a posteriori pdf of the segmentation
labels given the observations (either pre-computed optical and Afxi denotes the neighborhood system for the label
flow or spatio-temporal intensity data). This pdf is not only field. Prior constraints on the structure of the segmentation
a measure of how well the segmentation labels explain the labels, such as spatial smoothness, can be specified in terms
observed data, but also how well they conform with our of the clique potential function. Temporal continuity of the
prior expectations. The MAP formulation differs from the labels can similarly be modeled [34].
maximum likelihood approach in that it includes smoothSubstituting (21) and (33) into the criterion (32) and
ness terms to enforce spatial continuity of the output motion taking the logarithm of the resulting expression, maximizasegmentation map.
tion of the a posteriori probability distribution can be
The a posteriori pdf p(zlo) of the segmentation label field performed by minimizing the cost function
z given the observed data o can be expressed, using the Bayes
theorem, as
- 2~
(x~) + u(~o)
(37)

p(zlo)

=

p(olz)p(z)
p(o)

i=1

(32)

where p(olz) is the conditional pdf of the optical flow
data given the segmentation z, and p(z) is the a priori pdf
of the segmentation. Observe that, (i) z is a discrete-valued
random vector with a finite sample space fl, and (ii) p(o) is
constant with respect to the segmentation labels, and
hence can be ignored for the purpose of computing z.
The MAP estimate, then, maximizes the numerator of
(32) over all possible realizations of the segmentation field
z =to, to E ~.
Modeling of the conditional pdf p(olz) has been discussed in detail in Section 4.2.2 through (21) and (23) or (26).
The prior pdf is modeled by a Gibbs distribution, which

The first term describes how well the predicted data fit the
actual measurements (estimated optical flow vectors or image
intensity values), and the second term measures how well
the segmentation conforms to our prior expectations.
Because the motion model parameters corresponding to
each label are not known a priori, the MAP segmentation
must alternate between estimation of the model parameters
and assignment of the segmentation labels to optimize the
cost function (37). Murray and Buxton [34] were the first to
propose a MAP segmentation method where the optical flow
was modeled by a piecewise quadratic flow field (22), and
the segmentation labels were assigned based on a simulated
annealing (SA) procedure. Given the estimated flow field v
and the number of independent motion models K, the MAP

4.10 Video Segmentation
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)

segmentation using the Metropolis algorithm can be summarized as follows:

(i) Start with an initial labeling z of the optical flow vectors. Calculate the model parameters a = [al zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a8]T
for each region using least squares fitting (similar to
22
that in Section 4.2.2). Set the initial temperature for SA.
(ii) Update the segmentation labels at each site xi as
follows:
...

21

(a) Perturb the label Zi---Z(Xi) randomly.
(b) Decide whether to accept or reject this perturbation,
based on the change AE in the cost function (37),
20

1

AE = 2o5 A ~ 2 ( x i ) -[- Z

i V c ( z ( x i ) , z(x)))

xj~Afxi

(38) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
FIGURE 1 Illustration of the observation that color segments are generally

where N'xi denotes a neighborhood of the site X i
and Vc(z(xi),z(xj)) is given by Equation (36). The
first term indicates whether or not the perturbed
label is more consistent with the given flow field
determined by the residual (23), and the second term
reflects whether or not it is in agreement with the
prior segmentation field model.
Because the update at each site is dependent on the
labels of the neighboring sites, the order in which
the sites are visited affects the result of this step.
(iii) After all pixel sites are visited once, re-estimate the
mapping parameters for each region based on the new
segmentation label configuration.
(iv) Exit if a stopping criterion is satisfied. Otherwise,
lower the temperature according to a predefined temperature schedule, and go to step (ii).
We can make the following observations: (i) The MAP method
carries a high computational cost. (ii) The procedure proposed by Murray-Buxton suggests performing step (iii) above,
the model parameter update, after each and every perturbation. We did not notice a significant difference in performance
if motion parameter updates are done after all sites are visited
once. (iii) The method can be applied with any parametric
motion model, although the original formulation has been
developed on the basis of the eight-parameter model.

4.2.4 Region-based Label Assignment
In this section, we extend the ML approach (Section 4.2.2)
to region-based motion segmentation, where the image is
first divided into predefined homogeneous regions, and then,
at every iteration, each region is assigned a single motion
label. This region-based label assignment strategy facilitates
obtaining spatially continuous segmentation maps that are
closely related to actual object boundaries, without the
heavy computational burden of statistical Markov random
field (MRF) model-based approaches. The predefined regions

subsets of motion segments. Here, the bold lines indicate motion segment
boundaries, and each motion segment is composed of many color regions.

should be such that each region has a single motion. It is
generally true that motion boundaries coincide with color
segment boundaries, but not vice versa; i.e., color segments
are almost always a subset of motion segments as illustrated
in Fig. 1. Therefore, one can first perform a color segmentation to obtain a set of candidate motion segments. Other
approaches to region definition include mesh-based partitioning of the scene [4] and macro pixels (N x N blocks) to
improve the robustness of the ML motion segmentation.
Here, we assume that each frame of video has been subject
to a region formation procedure. We let C(x) denote the
region map of a frame consisting of M mutually exclusive and
exhaustive regions, and define Cm the set of pixels x with
the region label C(x) = m, m = 1. . . . . M.
We wish to find the motion segmentation map z (a vector
formed by lexicographic ordering of z(x)) and the corresponding affine parameter vectors A1, A2 . . . . . AK which best
fit the dense motion-vector field, such that [42]
as

M

Z

E

[[ v ( x ) - 79(iz(m); X) [[2

(39)

m=l x~Cm

is minimized. Here z(m) refers to the motion label of all
pixels within Cm and takes one of the values 1, 2 . . . . . K; 7)
is an operator defined by Eq. (16), and v(x) is the dense
motion vector at pixel x as defined by Eq. (17). The procedure
is given by:
(i) Initialize the motion segmentation map z by assigning
a single motion label k, k = 1. . . . . K to each Cm.
(ii) Update the parameter vectors A1,A2 . . . . . AK as

A k - Arg m~n E
xEZk

][ v ( x ) - P(A;x)[[2

(40)

482

Handbook of Image and Video Processing
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Zk is the set of pixels x with the label z(x) - k. interdependence of optical flow and segmentation fields is
This minimization can be achieved by solving the linear expressed in terms of a Gibbs distribution within the MAP
matrix equation
framework. The resulting optimization problem, to find estimates of a dense set of motion vectors, a set of segmentation
ak, 1
labels, and a set of mapping parameters, is solved using
ak,2
the highest confidence first (HCF) and iterated conditional
[Xl X2 1 0 0 0] ak,3 _[Vl(X) 1
(41) mode (ICM) algorithms.
0

0

0

X1

X2

1

ak, 4

V2(X)

5.1 Modeling

ak, 5
ak, 6

for all x in Z k.
(iii) Assign a motion label to each region Cm, m 2 . . . . ,M, such that

1,

We model the optical flow field v(x) as the sum of a parametric flow field ~r(x) and a nonparametric residual field
Vr(X), which accounts for local motion and other modeling
errors; that is,

(42)
Z(Cm) -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- Arg rn~n ~
1[zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
o ( x ) - O ( A k ; x ) II2
V(X) -- ~r(x) -}-Vr(X)

(43)

X~Cm

where k = 1, 2 . . . . K and o(x) and O(x) are as defined
in Section 4.2.2. This allows region-based affine motion
segmentation with pixel-based motion-vector or intensity matching.
(iv) Repeat steps (ii) and (iii) until the class means Ak
do not change by more than a predefined amount
between successive iterations.
We note that the pixel-based ML motion segmentation
method presented in Section 4.2.2 is a special case of this
region-based framework. If each region Cm contains a single
pixel, then the iterations are carried over individual pixels,
and the motion label assignment is performed at each pixel
independently.
We conclude this section by observing that the methods
discussed here that used pre-computed optical flow as an
input representation are limited by the accuracy of the
available optical flow estimates. Next, we introduce a flamework, in which optical flow estimation and segmentation
interact in a mutually beneficial manner.

5 Simultaneous Motion Estimation
and Segmentation
Up to now, we discussed methods to compute the segmentation labels from either pre-computed optical flow or
directly from intensity values, but did not address how to
compute an improved dense motion field along with the
segmentation map. It is clear that the success of optical flow
segmentation is closely related to the accuracy of the estimated
optical flow field (in the case of using pre-computed flow
values), and vice versa. It follows that optical flow estimation and segmentation have to be addressed simultaneously
for best results. Here, we present a simultaneous Bayesian
approach based on a representation of the motion field as
the sum of a parametric field and a residual field. The

The parametric component of the motion field clearly depends
on the segmentation label z(x), which takes on the values
1. . . . .

K.

The simultaneous MAP framework aims at maximizing
the a posteriori pdf
p(vl, V2, Z I gk, gk+l)
_ P(gk+l I gk, Vl' V2' Z)p(VI' V2 [ Z, gk)p(Z [ gk)

(44)

P(gk+l [gk)
with respect to the optical flow Vl, v 2 and the segmentation labels z, where Vl and v2 denote the lexicographic
ordering of the first and second components of the flow
vectors v(x) - [vl(x)v2(x)] w at each pixel x. Through careful
modeling of these pdfs, we can express an interrelated set of
constraints that help improve both optical flow and segmentation estimates.
The first conditional pdf P ( g k + l ] g k , Vl'V2'Z) provides a
measure of how well the present displacement and segmentation estimates conform with the observed frame k 4- 1 given
frame k. It is modeled by a Gibbs distribution as
1

P(gk+l I gk, Vl,V2, z) = ~-[exp{--Ul(gk+l I gk, Vl,Ve, Z)}
(45)
where Q1 is the partition function (normalizing constant),
and

Ul(gk+l [ gk' Vl, V2, Z) -- ~[gk(X) -- gk+l(X q- V(X)At)] 2
X

(46)
is called the Gibbs potential. Here, the Gibbs potential corresponds to the norm-square of the displaced frame difference
(DFD) between the frames gk and gk+l. Thus, maximization of (45) imposes the constraint that v(x) minimizes
the DFD.
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The second term in the numerator in (44) is the conditional pdf of the displacement field given the motion segmentation and the search image. It is also modeled by a Gibbs
distribution
p(Vl, V2 I z, gk) -- p(vl, v2 I z) -

1 exp{-U2(Vl,V2 [z)}
(47)

where Q2 is a constant, and
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that is composed of the potential functions in Equations (45),
(47), and (49). Direct minimization of (50) with respect to
all unknowns is an exceedingly difficult problem, because
the motion and segmentation fields constitute a large set
of unknowns. To this effect, we perform the minimization of
(50) through the following two-steps iterations [48]:
(i) Given the best available estimates of the parameters
ai, i = 1. . . . . K, and z, update the optical flow field
Vl, v2. This step involves the minimization of a
modified cost function

IIv(x) - ~¢(x)l 12

U2(Vl, v2 I z) - a ~
x

-[ ~ E E

E1 -- E [ g k ( x ) --gk+l(X -~-v(x)At)] 2
[IV(X/) --

V(Xj)I[2~(Z(Xi)

--

Z(Xj))

xi xj~AYxi

x

IIv(x) - ~¢(x)I 12

+ ~~
x

(48)

-[- fl E E ] I V ( X / ) -- V(Xj)[[2~(Z(Xi) -- Z ( X j ) )
is the corresponding Gibbs potential, I]" [[ denotes the
Xi xje.,IV'xi
Euclidian distance, and A/'x is the set of neighbors of site x.
(51)
The first term in (48) enforces a minimum norm estimate
of the residual motion field Vr(X); that is, it aims to minimize
which is composed of all terms in (50) that contain
the deviation of the motion field v(x) from the parav(x). While the first term indicates how well v(x)
metric motion field 9(x) while minimizing the DFD. Note
explains our observations, the second and third terms
that the parametric motion field 9(x) is calculated from the
impose prior constraints on the motion estimates that
set of model parameters ai, i - - 1 . . . . . K, which in turn is
they should conform with the parametric flow model,
a function of v(x) and z(x). The second term in (48) imposes
and that they should vary smoothly within each region.
a piecewise local smoothness constraint on the optical flow
To minimize this energy function, we employ the HCF
estimates without introducing any extra variables such as
method recently proposed by Chou and Brown [49].
line fields. Observe that this term is active only for those
HCF is a deterministic method designed to efficiently
pixels in the neighborhood A/'x which share the same seghandle the optimization of multivariable problems with
mentation label with the site x. Thus, spatial smoothness
neighborhood interactions.
is enforced only on the flow vectors generated by a single
(ii)
Update the segmentation field z, assuming that the
object. The parameters c~ and fl allow for relative scaling of
optical flow field v(x) is known. This step involves the
the two terms.
minimization
of all the terms in (50) which contain z
The third term in (44) models the a priori probability of
as
well
as
9(x),
given by
the segmentation field in a manner similar to that in MAP
segmentation. It is given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E2
1

p(z I gk) -- p(z) -- Q33E

exp{- U3(z)}8(z - w)

(49)

oJEf2

- - ¢z

~

IIv(x) -- ~(x)l

"[-E E
xi

where f2 denotes the sample space of the discrete-valued
random vector z, and Q3 and U3(z) are as defined in (34) and
(35), respectively. The dependence of the labels on the image
intensity is usually neglected, although region boundaries
generally coincide with intensity edges.

5.2 An Algorithm
Maximizing the a posteriori pdf (44) is equivalent to minimizing the cost function,
E = Ul(gk+l I gk, Vl, V2, Z)-'[- U 2 ( V l , V 2 l Z ) + U3(z)

(50)

]2

x

Vc(z(xi)'Z(XJ))

(52)

xjeA/'xi

The first term in (52) quantifies the consistency of 9(x)
and v(x). The second term is related to the a priori
probability of the present configuration of the segmentation labels. We use an ICM procedure to optimize E2 [48]. The mapping parameters ai are updated
by least squares estimation within each region.
An initial estimate of the optical flow field can be found
by using the Bayesian approach with a global smoothness
constraint. Given this estimate, the segmentation labels can
be initialized by a procedure similar to Wang and Adelson's
[37]. The determination of the free parameters 06 fl, and y is
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a design problem. One strategy is to choose them to provide capture by low level features. Thus, in this section, we prea dynamic range correction so that each term in the cost sent two approaches that can extract semantically meaningful
function (50) has equal emphasis. However, because the objects using capture-specific information or user-interaction.
optimization is implemented in two steps, the ratio a / y also
becomes of consequence. We recommend to select 1 _< a /
6.1 Chroma-Keying
y _< 5, depending on how well the motion field can be
Chroma-keying is an object-based video capture technology
represented by a piecewise-parametric model and whether
where each video object is recorded individually in a special
we have a sufficient number of classes.
studio against a key color. The key color is selected such
A hierarchic implementation of this algorithm is also
that it does not appear on the object to be captured. Then, the
possible by forming successive low-pass filtered versions of
problem of extracting the object from each frame of video
the images gk and gk+l" Thus, the quantities Vl, V2, and z can
becomes one of color segmentation. Chroma-keyed video
be estimated at different resolutions. The results of each
capture requires special attention to avoid shadows and other
hierarchy are used to initialize the next lower level. Note that
non-uniformity in the key color within a frame; otherwise,
the Gibbsian model for the segmentation labels has been
segmentation of key color may become a nontrivial problem.
extended to include neighbors in scale by Kato et al. [53].
Several other motion analysis approaches can be formulated
6.2 Semi-Automatic Segmentation
as special cases of this framework. If we retain only the first
and the third terms in (50), and assume that all sites possess Because chroma-keying requires special studios and/or equipthe same segmentation label, then we have Bayesian motion ment to capture video objects, an alternative approach is
estimation with a global smoothness constraint. The motion interactive segmentation using automated tools to aid a human
estimation algorithm proposed by Iu [47] utilizes the same operator. To this effect, we assume that the contour of the
two terms, but replaces the 8(.) function by a local outlier first occurrence of the semantic object of interest is marked
rejection function. The motion estimation and region labeling interactively by a human operator. While detection of moving
algorithm proposed by Stiller [52] involves all terms in (50),
regions (by change detection methods) may result in semanexcept the first term in (48). Furthermore, the segmentation tically meaningful objects in well-contsrained settings, in an
labels in Stiller's algorithm are used merely as tokens to allow unconstrained environment, user interaction is indeed the
for a piecewise smoothness constraint on the flow field, and only way to define a semantically meaningful object unambido not attempt to enforce consistency of the flow vectors with guously because only the user can know what is semantically
a parametric component. We also note that the motion meaningful in the context of an application. For example,
estimation method of Konrad and Dubois [51] which uses if we have the video clip of a person carrying a ball, whether
line fields are fundamentally different in that they model the ball and the person are two separate objects or a single
discontinuities in the motion field, rather than modeling object may depend on the application. Once the boundary
regions that correspond to different parametric motions. of the object of interest is interactively determined in one
On the other hand, the motion segmentation algorithm of or more keyframes, its boundary in all other frames can be
Murray and Buxton [34] (Section 4.2.3) employs only automatically computed by 2D motion tracking until the
the second term in (48) and third term in (50) to model the object exits the field of view.
2D object tracking is closely related to the problem of spatioconditional and prior pdf, respectively. Wang and Adelson
[37] relies on the first term in (48) to compute the motion temporal segmentation in the sense it provides temporally
segmentation (Section 4.2.2). However, they also take the linked spatial segmentation maps. The general approach
DFD of the parametric motion vectors into considera- can be summarized as projecting the current segmentation
tion when the closest match between the estimated and map into the next frame using 2D motion information. The
projected region can be updated by morphological or other
parametric motion vectors, represented by the second term,
operators using the color and edge information in the next
exceeds a threshold. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
frame. This update step allows fine tuning of the segmentation
map to alleviate motion estimation errors as well as including newly uncovered regions in the segmentation map.
6 Semantic Video Object Segmentation
Object tracking methods can be classified as feature-pointSo far we discussed methods for automatic motion segmenta- based, contour-based, and region-based tracking methods [4].
tion. However, it is difficult to achieve semantically meaning- Feature points are points on the object (current segmentaful object segmentation using fully automatic methods based tion map) that can be used as markers, such as corner points.
on low level features such as motion, color, and texture. This Motion of these points can be found by gradient-based
(e.g., Lukas-Kanade) or matching-based (e.g., block matchis because a semantic object may contain multiple motions,
colors, textures, and so on, and definition of semantic objects ing) methods. Goodness of tracking results at each feature
may depend on the context which may not be possible to point can be evaluated at each frame, and some feature points
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can be removed and others may be added [54]. In contourbased methods, the tracking step defines a polygonal or spline
approximation of the boundary of the video object, which may
be further refined automatically or interactively using appropriate software tools [55, 56]. In region-based methods, the
object region is repartitioned into color- and/or motionhomogeneous subregions, and each subpartition is projected
into the next flame individually with or without using
subregion connectivity constraints [57, 58].

7 Examples
Examples are shown for automatic motion segmentation
using the pixel-based and region-based ML methods on two
MPEG-4 test sequences: "Mother & Daughter" (frames 1-2)
and "Mobile & Calendar" (frames 136-137). The former is an
example of a slowly moving object against a still background,
where mother's head is rotating while her body, the background and the child are stationary. The latter is a challenging sequence, with several distinctly moving objects such as

a rotating ball, a moving train and a vertically translating
calendar against a background that moves due to camera pan.
Figure 2 (a) and (b) show the first and second frames of
the "Mother & Daughter" sequence, and Fig. 2 (c) shows the
estimated motion field between these frames. Figures 4 (a),
(b), (c) show the corresponding pictures for flames 136 and
137 of the "Mobile & Calendar" sequence. Motion estimation was performed by using the hierarchical version of
the Lucas-Kanade method [4] with three levels of hierarchy.
In both cases, region definition by color segmentation is performed on the temporally second frame using the fuzzy
c-means technique [41]. Each spatially disconnected piece of
the color segmentation map was defined as an individual
region. The resulting region maps are shown in Figs. 2 (d)
and 4 (d), respectively.
Figure 3 demonstrates the performance of the ML method
for foreground/background separation (i.e., K - 2 ) with two
different initializations. Figures 3 (e) and (f) show two possible
initial segmentation maps, where the segmentation map
is divided into two horizontal and vertical parts, respectively.
Figures 3 (c) and (d) show the segmentation maps using

,,~i:~iii:;::~);ii~i~i~!ii~:DS~i::iGi~i~i~,~ii~iiii;;~:~,

(a)

(b)

(c)

(o)

~;~i~ili;L;iiiilLi:£i~):,,:~ii~:i:~!~,

~ ii J,i~i¸...... ....

FIGURE2 (a) The first and (b) second frames of the Mother and Daughter sequence; (c) 2D dense motion field from second frame to first frame; (d) region
map obtained by color segmentation.
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(a)
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(c)

(d)

(e)

(f)

FIGURE3 Resultsof the ML methodwith two differentinitializations: (a), (b) initial map; (c), (d) pixel-basedmotion-vectormatching; (e), (f) region-based
motion-vector matching.
pixel-based labeling by motion vector matching after 10
iterations starting from Figs. 3 (a) and (b), respectively,
Figures 3 (e) and (f) show the results of region-labeling by
motion vector matching starting with the affine parameter sets
obtained from the maps Figs. 3 (c) and (d), respectively,
Observe that the segmentation maps obtained by pixellabeling contain many misclassified pixels, while the maps
obtained by color-region-labeling are more coherent with the
moving object in the scene,

Figure 5 illustrates the performance of the ML method
with different number of initial segments, K. Figure 5 (a)
and (b) show two initial segmentation maps with K = 4
and K = 6, respectively. The results of pixel-based labeling by
motion vector-matching after 10 iterations for both initializations are depicted in Figs. 5 ( c ) a n d (d), respectively.
Figure 5 (e) shows the result of region-based labeling using
the color regions depicted in Fig. 4 (d) and the affine
model parameters initialized by those computed from the
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FIGURE 4 (a) The 136th and (b) 137th frames of the Mobile and Calendar sequence; (c) 2D dense motion field from 137th to 136th frame; (d) region map
obtained by color segmentation.

FIGURE 5

(a)

(b)
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(e)

(f)

zyxwvu

Results of the ME method: initial map (a) k=4, (b) k=6; pixel-based labeling (c) k=4, (d) k-6; region-based labeling (e) k=4, (f) k=6.
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map in Fig. 5 (c) with K = 4. We observed that this proce[8] G. Ahanger and T. D. C. Little, "A survey of technologies
for parsing and indexing digital video," ]. Visual Comm. and
dure results in oversegmentation when repeated with K--6.
Image
Repres., 7, 28-43, Mar. 1996.
Therefore, we employ motion-compensated intensity matchH.
Jiang,
A. Helal, A. K. Elmagarmid, and A. Joshi, "Scene
ing and region merging to reduce the number of the motion
[9]
change detection techniques for video databases," Multimedia
classes if necessary. In this step, a region is merged with
Systems, 6, 186-195, 1998.
another if the latter set of affine parameters gives a comparable
[10]
U. Gargi, R. Kasturi, and S. H. Strayer, "Performance characDFD as the former. The result of this final step is depicted
terization of video-shot change detection methods,"
in Fig. 5 (f) for K = 6 , where two of the six classes are
IEEE Trans. Circ. Syst. for Video Tech., 10, 1-13, Feb. 2000.
eliminated by motion-compensated intensity matching. The
[11] I. Koprinska and S. Carrato, "Temporal video segmentation:
ML segmentation method is computationally efficient since
A survey," Signal Proc.: Image Communication, 16, 5, 477-500,
it does not require gradient-based optimization or any
Jan. 2001.
numeric search. It converges within approximately 10 itera[12] R. Lienhart, "Reliable transition detection in videos: A
survey and practitioners guide," Int. J. Image Graph., 1,
tions, and each iteration involves solution of only two 3 x 3
469-486, Aug. 2001.
matrix equations. The complete procedure takes less than a
minute to implement on a SparcStation 20.
[13] A. Hanjalic, "Shot-boundary detection: Unraveled and
resolved?" IEEE Trans. Circ. Syst. for Video Tech., 12, 90-105,
It is difficult to associate a generic figure of merit with a
Feb. 2002.
video segmentation result. However, some measures have
[14] P. Bouthemy, M. Gelgon, and F. Ganansia, "A unified
recently been proposed with or without ground-truth for
approach to shot change detection and camera motion
automatic assesment of segmentation results [59, 60]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
characterization," IEEE Trans. Circ. Syst. Video Tech., 9,
1030-1044, Oct. 1999.
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1 Introduction
The basic idea behind tracking objects in digital video is to
derive object or even camera motion information. On the basis
of the results derived for a video frame, we can predict (or
estimate) rather than detect the object position and/or
orientation. This is in contrast with frame-based video
object detection, where the goal is to find the location of the
object of interest in the scene without using its motion
information. An obvious advantage of object tracking over
object detection is that, in the case of multiple objects, the
former can often provide automatic object labelling as they
move over time. Additionally, one of the motivations behind
object tracking is that object detection is frequently computationally slow or prone to detection errors. Even in the case
that object detection is the final goal, tracking can significantly
reduce the search region within a frame and, hence, the
computations required. The output of an object tracking
algorithm depends on the application and the representation
used to describe the object that is being tracked. It can
therefore be, for example, the contour of the object (a closed
curve), the two-dimensional (2D) image coordinates of its
center of mass, its three-dimensional (3D) position in world
coordinates, the posture of the articulated object (i.e., the set
of joint angles for articulated structures), and so forth.
Object tracking has received considerable attention in the
past few years mainly due to the wide range of its potential
applications. One important application domain is advanced
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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human-machine interfaces, where tracking is closely coupled
with human motion analysis and behavior understanding.
Artificial vision has received increasing attention in the past
years toward building effective human-machine interfaces,
in a role complementary to speech recognition and natural
language understanding [1]. In such a way, more intelligent
and natural communication can be achieved between humans
and machines. In this context, gesture recognition, body and
face pose estimation, and facial expression analysis and
recognition have been used in an effort to enable machines
to interact more cleverly with their environment and their
users. In all these applications, tracking constitutes an essential
part of the overall process.
Another important application domain is smart surveillance, obviously due to the huge number of security-sensitive
areas such as banks, department stores, parking lots, and so
forth that need to be monitored efficiently. Such a "smart"
system does not simply detect motion, which alone might lead
to false alarms, but it can classify the motion (e.g., human or
nonhuman motion) and perhaps perform face recognition
and tracking for access control purposes or for wide field
tracking across multiple cameras. Other systems proceed
even further, performing human behavior analysis to signal
suspicious behavior (e.g., in a car parking area, or in front
of an automatic teller machine). In this way, the huge number of cameras already installed in security-sensitive areas
could be used as a tool for efficient real-time automated
or semiautomated surveillance (e.g., to alert security officers
491
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or human operators). Furthermore, human operators could
search archived video for specific activity patterns without
actually viewing the video. The benefits of such systems,
however, could be counterbalanced by possible drawbacks,
such as privacy violations, since sensitive and complex
sociologic issues are involved in surveillance and in computer
interfaces.
Virtual reality and computer graphics have substantially
benefited from motion tracking and analysis. To insert and
animate an avatar in a virtual reality environment, one needs
to "capture" the motion of the entity (e.g., a person)
represented by the avatar in the real environment and use
it to drive the avatar. Moreover, if one wishes to include
an autonomous entity (e.g., a virtual dog), it would be best
to capture its behavior and motion in the real world.
Similarly, animating humanlike characters is often performed by synthesizing human movements based on motion
data acquired off-line by tracking real humans, retrieving
their body poses, and recognizing their gestures. A very
powerful example of the successful application of the above
can be found in the computer games and motion pictures
industry (e.g., in movies involving both real and computergenerated actors), where the degree of realism of the virtual
actor motion is surprisingly high. Training athletes and
analyzing their performance can also benefit from visionbased tracking of human motion [2, 3]. Additionally, medical
diagnosis and treatment support can be performed by gait
analysis [4, 5].
Image coding is another important application domain.
For example, when using a videophone, tracking the user's
face in the video would make it possible to code it with
more detail than the background and can result in more
effective video storage and transmission. Object tracking is
also involved in model-based coding. In the videophone
application example, tracking can be used to derive pose
and deformation parameters of a 3D head model at the transmitter side. These parameters are then sent to the receiver,
which uses them to animate a similar model. This way, the
amount of information to be transmitted is limited to the
vector of animation parameters over time. Finally, contentbased querying, indexing, and retrieval in multimedia
databases can also benefit from advanced object-tracking
techniques. For instance, motion path data obtained by
tracking and analyzing the motion of players in sports video
footage can be used for content-based indexing and retrieval
of such data.
Video-based object tracking is just one of the many
techniques devised for tracking objects. It belongs to the
broader class of passive object tracking techniques that rely on
measuring natural signals, such as light or sound [6]. Another
broad category of tracking techniques is active object tracking,
which involves placing devices (i.e., sensors) on the object
and in the environment that transmit or receive appropriate
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signals, respectively [7]. Active object tracking techniques
include [8, 9]:
• Mechanical trackers that are based on a kinematic
structure (either serial or parallel), which consists of
links interconnected with sensorized joints.
• Inertia trackers, which are devices that consist of
gyroscopes and accelerators and measure the rate of
change of the translation velocity and the angular
velocity of an object.
• Ultrasonic trackers, where transmission and sensing
of ultrasonic waves is used. The time taken for a brief
ultrasonic pulse to travel from a stationary receiver
placed in the environment to a receiver attached to the
moving object is measured and used to identify the
object position.
• Magnetic trackers, which are noncontact devices that use
the magnetic field produced by a stationary transmitter
to measure the real-time position of a receiver placed on
the moving object.
• Radio and microwave trackers, where the time-of-flight
of the corresponding type of waves from a stationary
transmitter to a moving receiver on the object of interest
is measured to determine the range of an object.
• Hybrid trackers, which use more than one of the above
position measurement technologies to track objects more
accurately than a single technology would allow.
The use of such sensors simplifies further processing. However, active trackers are "intrusive" and mainly suitable for
well-controlled environments. Therefore, passive trackers are
preferable (but more difficult to devise) than active ones.
Computer vision researchers have been trying to achieve
results comparable to active object tracking using passive
techniques for a long time in an effort to produce widely
applicable motion tracking systems, free of intrusive devices,
able to function in uncontrolled (indoor or outdoor) environments. In some cases, video-based object tracking using
simple markers placed on the object of interest is used. Other
systems employ light emitting diodes (LEDs). They are placed
on the moving object with multiple stationary infrared or
other cameras sensing the transmitted light or in the environment (e.g., the ceiling) with a camera placed on the
moving object sensing the emitted light. However, these two
variations can be considered as belonging to the category of
active object-tracking technologies.
We limit our discussion to computer-vision-based objecttracking techniques that use passive sensing without markers.
Various criteria can be used to provide a classification of
object-tracking algorithms. In the rest of this section, a number of such classification schemes will be presented. The main
features of object-tracking algorithms will be described along
with various classification schemes.
A very important distinction, which is adopted in this
chapter aiming at the coarse classification of the presented
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techniques, is the dimensionality of the tracking space and the
structure of the object to be tracked. According to the first
criterion, the object-tracking algorithms are classified as 2D or
3D ones. 2D object-tracking aims at recovering the motion in
the image plane of the projection of objects that in the general
case move in the 3D space. 3D object tracking, on the other
hand, attempts to estimate the actual 3D object movement
using the 2D information conveyed by an image sequence. The
structure of the object to be tracked is another characteristic
that affects the type of motion that needs to be estimated.
Therefore, rigid and deformable object trackings refer to
estimating the motion of rigid and deformable objects,
respectively, whereas articulated object tracking refers to
estimating the motion of articulated objects [i.e., objects
composed of rigid parts (links) connected by joints allowing
rotational or translational motion in 1, 2, or 3 df]. In other
words, articulated motion can be defined as piecewise rigid
motion, where the rigid parts conform to the rigid motion
constraints, but the overall motion is not rigid [10].
A different classification of object-tracking methods is
based on their mode of operation. That is, tracking can either
be performed online or offline. Trackers in the former
category can use information about the object coming from
one or more previous frames to predict its location in the
current frame (i.e., information from future frames is not
available). Trackers from the latter category can potentially
make use of the entire image sequence, prior and posterior to
the frame of interest. Offline object tracking can potentially
provide better results since more information is available.
However, future frames are often not available. Furthermore,
using this extra information comes at the expense of increased
computational load.
Tracking over time involves matching objects in consecutive
frames using some kind of information. Essentially, objecttracking methods attempt to identify coherent relations of
image information parameters (position, velocity, color, texture, shape, and so forth) between frames. Therefore, an
alternative classification of object-tracking algorithms can be
based on the type of information they use for matching.
More specifically, object-tracking techniques can be classified
to color-based, contour-based, feature-based, and templatebased techniques. Another important characteristic of objecttracking algorithms is whether a model (geometric or other)
of the object that needs to be tracked (e.g., a human body
model when tracking people in video sequences) is used.
Consequently, tracking algorithms can be classified to modelfree or model-based ones. The decision to use a model,
whether this model would be a 2D or a 3D one, as well as
its complexity depends on the application. For example, in
surveillance applications [11, 12], models of the object to be
tracked are hardly necessary, since the parameters of interest
involve only the presence and the spatial position of humans.
In contrast, in a motion capture application aiming at
obtaining data for the animation of a virtual actor, a detailed
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3D face and body model is required. In general, 2D objecttracking models would usually consist of a number of image
templates representing the class of objects that are to be
tracked. Three-dimensional object tracking models can either
be volumetric or surface ones [12].
Particular attention has been paid to motion models,
especially for humans. On one hand, humans move in
complex and rich patterns. On the other hand, many of the
human activities involve highly structured motion patterns.
Some motions are repetitive in nature (e.g., walking or
running [13]), while others represent "cognitive" routines
(e.g., crossing the street by checking for cars to the left and to
the right). It is safe to assume that, if such models could be
identified in the images, they would provide strong constraints
for the tracking process, with image measurements being used
to fine tune the estimates of the object motion parameters.
However, this is not a trivial task. Human activities are often
affected by unforeseen factors that are usually impossible to
recover from image data. Also, several activities combine more
than one motion models. Attempts have been made to tackle
this problem (learning individual motion models, switching
models, and so forth), but at the expense of computational
complexity.
It is often the case that tracking objects in consecutive
frames is supported by a prediction scheme. Based on information extracted from previous frames (and any high-level
information that can be obtained), the state of the object (e.g.,
its location) is predicted and compared with the state of
objects identified in the actual flame in question. Regardless of
the type and number of parameters used to describe the object
state, a model of its evolution in time is required. An excellent
framework for prediction is the Kalman filter [14-16], which
additionally estimates prediction errors. In complex scenes,
however, it is most likely that deriving a single hypothesis
for the next state of the object is impossible. For this reason, alternative prediction schemes have been devised that
are capable of keeping track of multiple hypotheses, such as
the well-known Condensation algorithm [17]. This leads to
another possible taxonomy of object tracking algorithms (i.e.,
single-hypothesis vs. multiple-hypothesis trackers).
Devising a tracking algorithm that is capable of deriving
object motion information under all possible conditions
and environments is a very difficult task, since it requires
tackling a number of difficult situations that include but
are not limited to projection ambiguities, occlusion and selfocclusion, unconstrained motion, clutter, poor or varying
lighting conditions, use of a single camera, the deformable
clothing of humans (which produces variability in the body
shape and appearance), and so forth. These difficulties have
led researchers to adopt a number of assumptions to focus on
tackling specific aspects of an overall, very complex problem.
Assumptions can be either related to the motion of the camera
or subjects (fixed camera, single-person scenes, occlusionfree scenes, known motion models, e.g., front-to-parallel
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movement with respect to the camera, etc.) or refer to the
appearance of the environment (constant lighting conditions,
uniform or static background, etc.) or the subject(s) (tight
clothing, tracking of specific type of objects, e.g., cars, etc.).
Any of the above assumptions can provide constraints that
can greatly facilitate the solution of the tracking problem.
The constraints incorporated in an object-tracking algorithm can be used for its characterization. Therefore, tracking
algorithms can be characterized on the basis of whether they
focus on tracking specific objects, such as car tracking or
tracking of human body parts (face, hand, etc.) or not, the
number of views available (single-view, multiple-view, and
omni-directional view tracking techniques), the state of the
camera (moving vs. stationary), the tracking environment
(indoors vs. outdoors), the number of tracked objects (single
object, multiple objects, groups of objects), and so forth.
An important step prior to applying any tracking algorithm is proper initialization. This can be performed offline or
online as the first stage of a tracking algorithm and aims at
recovering information about the camera and/or the scene
and/or the object to be tracked [6]. The first is most often
deak by offline camera calibration that identifies the intrinsic
(focal length, radial distortion, etc.) and the extrinsic (scene
geometry) camera parameters. This, however, requires a fixedcamera setup. If the camera setup changes, recalibration is
necessary. Online (or self) calibration is also possible [ 18, 19].
Recovering information about the scene can be important
for subsequent tracking. For example, in tracking algorithms
where the initial object position in the image is found by
background subtraction, the initialization step might include
capturing the background reference images. Finally, the third
initialization goal might include the initialization of the
model used in a model-based object tracking algorithm or
the estimation of the initial pose and position of the object.
Obviously, the scope of the initialization step differs between
different tracking algorithms. For example, in a 2D contourbased object-tracking method, the initialization could be an
object detection step, aiming at finding the contour of the
cobject in the first frame of the video sequence. If the method
is a feature-based one, the initialization should provide the 2D
coordinates of all the object features that are to be tracked.
Another important feature of a tracking algorithm is its
ability to handle occlusion. It is usually distinguished in partial
and total occlusion, where the object of interest is partially or
totally occluded by another object (fixed or moving). Selfocclusion is also of particular interest. In this case, parts of
the object are occluded by the object itself (e.g., limb occlusion
when walking humans are being tracked or face occlusion
caused by hand gestures during a conversation). Several
object-tracking techniques assume no occlusion at all, whereas
others provide occlusion handling mechanisms. One way
of handling occlusion is by means of reinitialization [i.e., the
initialization phase (e.g., object detection)] is applied again,
usually at a computational expense that may affect the
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real-time capabilities of the algorithm. Alternatively, object
position prediction schemes could be used for the whole
duration of the occlusion.
This chapter aims at describing the basic principles behind
2D and 3D object-tracking algorithms and provides a basic
literature overview of the subject. However, the literature
is very rich. Therefore, certain categories of object-tracking
methods, such as deformable object tracking (used for
example in facial expression tracking) are not thoroughly
covered due to space limitations. Additional information and
further details about the topics described in this chapter can
be found in the excellent reviews that have appeared in the
literature [ 1, 6, 10, 20-23]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

2 Rigid Object Tracking
2.1 Two-Dimensional Rigid Object Tracking
Two-dimensional rigid object tracking tries to determine the
motion of one or more rigid objects in the image plane (i.e.,
its/their position over time). The image plane motion is
induced by the relative motion between the viewing camera
and the observed scene. A basic assumption behind 2D rigid
motion tracking is that there is only one, rigid, relative motion
between the camera and the observed scene [24]. This is the
case of, for example, a moving car. This assumption rules
out flexible objects (i.e., articulated objects) like a moving
human body, or deformable objects like a piece of cloth.
Methods for 2D rigid object tracking can be classified in
different categories according to the tools that are used in
tracking:
•
Region-based methods
• Contour-based methods
•
Feature-based methods
• Template-based methods
Two-dimensional rigid object tracking methods constitute
the basic building blocks for other categories of tracking
algorithms. For example, an articulated object tracking
algorithm may include a rigid object tracking module in
order to track the rigid parts that make up the articulated
structure. In the following, we will review the basic principles
of the main categories of 2D rigid object tracking algorithms, describe the Bayesian framework frequently employed
in object tracking algorithms and discuss the crucial topic
of occlusion handling.

2.1.1 Region-basedObject Tracking
It is usually an efficient way to interpret and analyze motion
observed in a video sequence. An image "region" can be
defined as a set of pixels having homogeneous characteristics.
It can be derived by image segmentation, which can be based
on distinctive object features (e.g., color, edges) and/or on
the motion observed in the frames of a video sequence.
Essentially, a "region" would be the image area covered by the
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projection of the object of interest onto the image plane.
Alternatively, a region can be the bounding box or the convex
hull of the projected object under examination.
Color information proved to be very effective in regionbased object tracking, because it enables fast processing while
providing results robust enough to perform real-time tracking
(i.e., 20-30 frames per second). Color segmentation is the
core of color-based object-tracking algorithms. If the color
of the object to be tracked can be modelled efficiently and
distinguished from the color of other objects in the scene and
the color of the background, it can be a very useful tracking
cue, combined of course with an appropriate color similarity
metric. The major problem with color segmentation and
tracking is to provide for robustness again illumination
changes. This can be achieved, for example, by controlling
the illumination conditions, which is, of course, impossible in
real-world environments especially for outdoor scenes. Alternatively, illumination invariance or color correction can be
used. The former aims at representing color information
in a way that is invariant to illumination changes, whereas
the latter attempts to map the color responses of a camera
obtained under unknown illumination conditions to illumination independent descriptors. For example, one common
way to obtain illumination invariance is by using only the
chromaticity values in a suitable color space (e.g., the chromaticity components H,S in the Hue-Saturation-Value space).
Alternatively, one can normalize the color space. For example,
in the Red Green Blue (RGB) space, this would mean that
instead of using the R,G,B component values, one can use the
values R+G+B'
R
C and R+G+B'
B
respectively (which is the
R+G+B
widely used normalized RGB space) or the values max{G,B}'
U
G
B
max{R,S}' max{R,G} [25]. For color constancy, a number of wellknown algorithms, such as variants of the Grey World
Algorithm [26], color by correlation [27], and so forth can
be applied.
Many tracking algorithms focus on tracking humans
(the whole body or body parts, such as hands, face, etc.). It
becomes obvious that, in this case, the distinctive color of the
human skin can serve as an appropriate means of locating
and tracking people in video sequences (Fig. 1). A color
segmentation algorithm can be devised in three steps, namely
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the choice of a suitable color space, the modelling of the skin
(or any other object), color distribution over the selected color
space, and the method used to classify the individual pixels to
object (skin) and nonobject (nonskin) pixels. Methods for
color modelling can be roughly classified as parametric (using
a single Gaussian or a mixture of Gaussians) and nonparametric (histogram based, such as lookup tables and Bayes
skin probability maps). The selection of an appropriate color
space has been proven to be coupled to the model used
for the skin color distribution. For parametric techniques, it
was determined that spaces normalized with respect to
illumination (e.g., normalized RGB) perform better with the
single Gaussian model, while mixtures of Gaussians can
produce comparable results when applied to spaces with no
illumination normalization [28]. For nonparametric modelling methods, the HS color spaces (Hue Saturation Value
(HSV), Hue Saturation Intensity (HSI), Hue Luminane
Saturation (HLS), etc.), which are inherently related to the
human perception of color, perform better when used in
methods based on lookup tables. On the other hand, the
choice of color space does not affect methods based on skin
probability maps [29]. Experimental studies have determined
that, for a specific camera, the skin color distribution forms a
cluster (the so-called skin locus) in various color spaces. The
authors in [30] argue that for every color space, there exists an
optimum skin detector scheme, such that the performance of
all these skin detector schemes is the same, thus rendering the
choice of a specific color space irrelevant.
A simple scenario that allows robust color-based object
tracking is chroma-keying. In this case, the background is
single colored (most often blue) and the object colors are
very different from the background (Fig. 2), or the object is
single colored (e.g., a moving person that wears single-color
clothes, most often dark-colored) and this specific color does
not appear in the background. In both cases, simple color
thresholding can be used to separate the object from the
background and track it. The same technique can be used
along with markers of distinctive color that have been placed
on the object.
One of the most often-used approaches in region-based
object tracking is color histograms [31-33], which fall in the

FIGURE 1 Skin detection based on simple thresholding in the Hue-Saturation components of the HSV color space. (See color section.)
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potentially lead to tracking drift or failure. To overcome this,
the number of bins of the reference histograms as well as the
bin content can be dynamically updated at regular intervals
during the tracking process, by using color information from
the frames of the video sequence. This, however, comes at
the expense of computational burden. The selected color
quantization level can affect the result (i.e., the accuracy of
determining the object position in the frame under examination). Histograms have been shown to be effective only
when the number of bins is neither too low nor too high.
For the parametric techniques [34-39] which use parametric color reference models, the operating principle is the
following: The current frame is searched for a region, namely
a window of variable size but fixed shape, whose color content best matches a reference color model, e.g., a mixture of
Gaussians [39]. More specifically, in this case, the color
distribution of the object is considered as multimodal and, as
FIGURE 2 A typical environment for color-based object tracking using such, is approximated by a number of Gaussian functions
chroma keying. (See color section.)
in some color space, e.g., the Hue-Saturation color space.
Starting from the object location in the previous frame, the
method proceeds iteratively at each frame so as to minimize
a distance measure to the reference color model. Since object
category of nonparametric techniques. The color histogram of
color can often change due to the illumination conditions,
the ith region Ai in an image is denoted by Oi. In the
(i.e., the same object can be perceived as having two different
initialization step, color histograms of all the objects (i.e.,
colors when such conditions change abruptly), the model is
regions) of interest in the scene are computed from a number
adapted to reflect the changing appearance of the tracked
of frames of a video sequence, stored in a database as reference
object. A statistical approach is used in which color discolor histograms, denoted by 0~, and are used later in the
tributions are estimated over time by sampling from the object
matching process. In each new frame of the video sequence,
pixels to obtain a new pixel set that is used to update the
for each of the tracked objects, a color histogram, denoted by
Gaussian mixture model.
O~, is calculated for every candidate object position. Each
An example of an easily implemented region-based objectderived histogram, i.e., target histogram, is compared against
tracking algorithm is the one introduced in [40]. The algothe reference color histogram of the object in order to
rithm tracks colored regions from frame to frame. To cope
determine the best match and find the position of the tracked
with color changes due to illumination changes, the color
object in the current frame. Various criteria, which depend on
space used is normalized. The object to be tracked is divided
the specific algorithm employed, are used to measure
into L image regions R1 . . . . . RL. The regions are assumed
histogram distance or similarity. These include the histogram
to be fixed with respect to size and relative position. When
intersection measure [31], which performs a bin-by-bin
initializing the algorithm, every region Ri is assigned a
comparison between two histograms and returns a relative
reference color vector gi, which represents the averaged
match score based on the portion of pixels that are found in
color of pixels within the region. A color vector gi is also
the same color bin of each histogram. It can be defined as:
computed in a similar manner for each region in every frame
U
of the video sequence. The reference and the computed color
~-~(0~, 0~) -- E rain{O[ n' O [ n}'
(1) vectors are compared using a goodness-of-fit criterion. For
n--1
each of the three color components (RGB), the ratio of the
component
values in the computed and the reference color
where U is the number of bins in the histogram and n is
vectors
(e.g.,
rri=7. for the red component) is computed. The
the corresponding bin index. The sum of squared differences
goodness-of-fit
criterion is then chosen as the ratio of the
(SSD) can also be used for example,
maximum of these three ratios to the minimum of the ratios.
U
Values close to 1 correspond to good matches.
SSD(O
,
,n - O i, n "
(2)
A region-based tracking system that uses color as a tracking
n--1
cue is Pfinder, which was presented in [41]. The system
It is obvious that the reference histograms described in Eq. 1 is capable of tracking a single person in scenes with comand Eq. 2 can handle only a fixed color distribution, thus not plex background, captured by a fixed camera. It uses blob
being able to account for changes in illumination that could representations (i.e., coherent connected regions where pixels
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have similar image properties). For each pixel in a blob, its contour to "lock" onto features, which may be lines, edges,
spatial coordinates (x,y), along with its textural (color) boundaries, and so forth. They were first introduced in [47],
components are used to form a feature vector. The where the authors tried to perform robust segmentation
corresponding spatial and color distributions are assumed to and region tracking by modelling an object using outline
be independent. The statistics of each blob are updated with information, since the latter is relatively insensitive to illuthe new information coming from the recently acquired mination variations. Snakes consist of an elastic parametric
images. In an initialization step, the algorithm builds a model curve that can be dynamically deformed to match object
for the scene without any person in it. When a person enters shapes. The deformation is subject to internal forces (contour
the scene, large changes in the scene are detected and used to elastic forces) and external forces (due to image content and
build a model for the person. Since the empty scene model other constraints). More formally, an active contour is a
is known, the feature vectors at each pixel are compared with collection of n points in the image plane that define a
the feature vectors of the scene model using the Mahalanobis polygonal line:
distance in the YUV color space. The person is localized based
on the detected changes.
(3)
~I/(y)
l~r(~)l ..... l~r(~)n,
Another popular region-based object tracking approach is
based on background subtraction [42-45]. In an initialization
step, the model of the scene is built without the presence of
(4)
1/r(Y)i = (X(}/)i' Y(Y)i)' i : 1. . . . . n.
any moving object. It is then assumed that the background
remains static during the acquisition of the video sequence.
Since active contour models are a special instance of
Each new frame is subtracted from the scene model to
deformable
models [47], we can also define them over a space
segment any foreground (i.e., moving) objects. However, the
of
allowed
contours
by using a functional to be minimized.
subtraction itself is not sufficient to obtain clear information
The
latter
represents
the energy of the model and, as already
due to the noisy measurements captured by the camera, as
mentioned,
consists
of
two terms:
well as changes in the scene environment (e.g., illumination
changes). This problem, which is common in outdoors video
Etotal(qffY)) Eint(qJ(Y)) + Eext(~(Y)),
(5)
sequences, is tackled by using e.g., a suitable combination of
morphologic operations (i.e., dilations and erosions) [46]. The
basic idea is that pixels that have been erroneously assigned to
the foreground (i.e., outliers) can be eliminated by erosion, where Eint is an energy function dependent on the shape of the
while a combination of dilations and erosions can smooth the contour and Eext is an energy function that depends on the
image regions corresponding to the foreground objects. image features of interest and other user-defined constraints.
The scene model can also be dynamically updated, as in They are defined by:
[46]. In this paper, when there are no foreground objects
present in the scene, the scene model is updated in order to
(6)
Eint - fo 1(~ll]~'(y)l] 2 -+- ~2 I]~"(y)ll2)dy
encompass any new information that the new flames might
contain. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and
[.1
2.1.2 Contour-based Object Tracking
Eext ~ JoF(qff y))dy,
(7)
An alternative way of devising an object tracking algorithm is
by modelling an object using outline contour information and where ~bl and ~b2 are constant or dynamically changing
tracking it over time, thus retrieving both the position and parameters associated with the internal energy that control
the shape of the projected object. Such a modelling method the behavior of the snake. More specifically, ~bl controls the
is more complicated than modelling entire regions (e.g., "tension" of the contour (i.e., its ability to resist to stretch),
using color). However, the tracking algorithm is more robust whereas ~b2 controls the "stiffness" of the contour (the flexithan region-based object tracking algorithms, since it can bility and the smoothness of the snake). Mso, F in (7) is the
be adapted to cope with partial occlusions. Contour tracking potential related to the external forces applied to the snake.
has found numerous applications in surveillance, medical It depends on the object features that we are interested in.
diagnosis, and audiovisual speech recognition. Apart from For example, if edges are the features of interest in gray
tracking rigid objects, contour-based tracking can also be used scale images, then it can be defined as in [47]:
for tracking deformable objects.
F = -IIV/II 2,
(8)
Active contours, also known as "snakes" have been
extensively used by researchers to perform contour delineation and tracking. An active contour algorithm deforms a where I is the intensity of the image.
-

=

-

-
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prediction filter. Another approach, based on B-splines, is
presented by Bascle et al. [50] who integrate the ideas of
snake-based contour tracking and region-based motion
analysis. They use a snake to track the region outline and perform segmentation. Afterward, the motion of the extracted
region is estimated by a dense analysis of the apparent motion
over the region, using spatio-temporal image gradients.
A different approach is presented in [51]. This algorithm
uses
graph cuts based on active contours to track object
(0(~ltI j ) 02(~2.tlJ)~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
• ~3Y2 j + V F - 0 .
(9) contours in video sequences. The minimum cut of a graph G
that separates a source set {$1,$2 . . . . . Sn} and a sink set
{tl, t2, . . . . tin} is exactly the s - t minimum cut of the
A snake can be made to represent specific image features
resulting graph after identifying Sl, s2, ... ,Sn to a new source
by a suitable choice of F and the internal shape parameters
s and identifying tl,t2 . . . . . tm to a new sink t [52]. The
q~l, ~2. To perform contour tracking, the energy minimization
algorithm separates the area of interest into an inner and
process (5) is repeated for successive frames. Since tracking
an outer boundary, presents the information contained in
based on snakes is sensitive to initialization (i.e., the snake
the region of interest by an adjacency graph, identifies all the
needs to be initially placed close to the contour that needs
nodes on the inner boundary as a single source s and all
to be tracked, otherwise it will fail), a temporal prediction
the nodes on the outer boundary as a single sink t. It then
module capable of estimating the position of the object outline
proceeds to compute the s - t minimum cut and repeats the
in the next frame is often used in conjunction with the snake
whole procedure until the algorithm converges, i.e., given
algorithm, thus achieving, at the same time, a reduction in
an initial boundary near the object under consideration, the
the computational complexity of the snake algorithm.
method can iteratively deform to match the desired object
A robust algorithm for tracking the visible boundary of an
boundary. The result in each frame is used to initialize the
object in the presence of occlusion is presented in [48]. First, contour in the next frame. It uses both the intensity inforan initial outline of the object contour is specified by the user
mation within the current frame and the intensity difference
and is automatically refined by using intraenergy terms. Then,
between the current and the previous frame to find the
a number of node points are selected along the contour to
next position of the object contour.
define the initial snake. Afterward, the snake is segmented
into nonoverlapping pieces by selecting a set of feature nodes
whose curvature or color variation exceeds a predefined 2.1.3 Feature-based Object Tracking
threshold. For each contour segment, two predicted locations
Feature-based object tracking can be defined as the attempt
are obtained, one based on local motion vectors within the to recover the motion parameters of a feature point in a video
object and one based on motion vectors on the background sequence, more specifically the parameters associated with the
side of the contour. The next location is the one that results in planar translation of a point, since points in 2D space neither
the smaller prediction energy. Finally, the predicted contour rotate or translate with respect to depth. More formally, let
is refined using inter-frame and intra-frame energy terms.
A = Ao,A1 . . . . . Aj-1 denote the j images of a video sequence
Wang et al. [49] use adaptive dynamic contours that can and mi(xi, yi), i - - 0 . . . j 1 denote a feature point in those
track 2D objects outlines in image sequences. Objects are flames. The task at hand is to determine a motion vector
modelled as a curve (or a set of curves) and represented di(dx, i, dy, i) that best determines the position of the feature
at time t by an image curve X(/z, t) parameterized in terms point in the next frame, mj(xi, Yi), that is: m j - - m j - 1 q-dj.
of B-splines defined by a number of control points,
The object to be tracked is usually defined by the bounding
The points on the active contour iteratively approach the
boundary of an object through the solution of the energy
minimization problem (5). Many object tracking algorithms
use this concept, e.g., [48]. When the internal and the external forces applied to the snake counterbalance each other, the
snake is said to have reached its equilibrium state. The
equation describing the equilibrium state is:

X(,, t) = ( O ( ~ ) . rx(t), o ( , ) . ry(t), for 0 < / z < L), (10)
where O(/z) is a vector [B0(#) . . . . ,BnB_l(lZ)] T of B-spline
basis functions, 1~x and I ~r vectors of control points
coordinates and L is the number of spans. The positions
of control points are continuously adjusted to have them
evenly distributed and prevent them from Crashing together or
leaving far away from one another. Moreover, the control
points are not allowed to cross over during the tracking
process. Temporal prediction is based on the movement of
the centroid of the object and is performed using a simple

box or the convex hull of the tracked feature points.
Feature-based object tracking, although more prone to
individual outliers and tracking drift, can be implemented
very efficiently [53]. However, most of the methods are sensitive to partial occlusions. An important problem in featurebased tracking is to determine and consequently track salient
feature points in an image. These points can be pixels with
high curvature information, i.e., corners, edges, and so forth.
It is well known that such points play a dominant role in
shape perception by humans [54]. Generally, the feature-based
object-tracking methods select pixels that have a distinctive characteristic with respect to their neighbors, such as
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FIGURE 3 Featureselection based on [57]. (See color insert.)
brightness (most often), contrast, and so forth. Alternatively,
information originating from the type of object that is to be
tracked can be exploited, as in [55], where a combination of
the adaptive Hough transform, the block matching algorithm,
and active contours is used to extract salient facial features.
Many feature-based object tracking approaches exist [56-69].
Shi and Tomasi [57] proposed a method for finding good
features to track. For each candidate feature point, the
following 2 x 2 matrix is constructed:

displacement vector can be written approximately as the
solution to a 2 x 2 linear system of equations:

Zd = e ,
where
e--2

[ ~wJ 2
z-

E w

~wJxJy ]
E w

(13)

f

fw[Ai(m) - Ai+ l (m)]g(m)w(m)dm.

(14)

(11)
'

Z is the matrix (11), o)(m) is a weighting function and

where Jx and Jr are the image gradients evaluated on the point
under consideration in the x and y direction respectively and
W is a n x n window centered on the candidate feature point.
A good feature is defined to be a point where the minimum eigenvalue of its matrix Z is larger than a predefined
threshold. Such features represent corners or salt-and-pepper
textures (Fig. 3). To measure the quality of image features
during tracking and make sure that the same features are
tracked throughout the video sequence, the authors used a
measure of feature dissimilarity that quantifies the change of
appearance of a feature between the first and the current
frame.
The feature selection process is tightly coupled with the
proposed object tracking algorithm, described in [56]. In this
algorithm, the displacement of a feature point is chosen to
minimize the dissimilarity defined by the following double
integral over the given window W, centered at the pixel under
consideration:

E - f fw[Ai(m - d) - A~ + l(m)]2o)(m)dm,

(12)

where A i and Ai+l a r e two successive frames, d is the
displacement vector and co(m) is a weighting function (in the
simplest case it is set equal to 1). As it was firstly introduced
in [70], when the interframe motion is sufficiently small, the

~;t s~rm--~

8(Ai(m)+Ai+l(m))1
Ox
O(Ai(m)+Ai+l(m))
"

(15)

oy

A cross-correlation method was used in [68] to track feature points from flame to flame. Assuming relatively small
displacements between adjacent frames (up to 10 pixels), the
tracking procedure follows the method described in [71]. The
algorithm begins with some feature points selected on the
initial frame. Every n frames new feature points are selected
to maintain the overall point number. For each feature point,
the algorithm searches for the best candidate in the square
neighborhood of the point position under consideration in the
previous frame (search window). The criterion that is used is
the maximum cross-correlation of square neighborhoods in
the current frame. Consequently, a refinement of the position
of each feature point is performed, based on the fact that all
features belong to the same rigid object and, thus, they should
move in a consistent way.
In [67], feature selection is based on Gabor wavelets,
because they exhibit a number of desirable properties [72].
The convolution of an image A with Gabor wavelets leads to
the Gabor wavelet transform of the image:

A(x, y, t, r) - / A(x', y')g,, ~(x - x', y - y')dx' dy',

(16)
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where gL,r(x, y) is a 2D Gabor function:

gt,~:(x,Y) --

(1)

[ l(X,

2~erx°'r exp - -~

+ -~r 4- 2zrjWx

)]

,

(17)

where ax and a r are the standard derivations of g(x,y) along
the corresponding directions. One can obtain Gabor wavelets
by scaling and rotating (17), essentially using Gabor functions
with different frequency centers and orientations. If we use S'
different frequencies and T different orientations, each image
pixel will be associated with S ' x T coefficients, the amplitudes of which form a feature vector at the specific pixel. The
energy of the coefficients is used in [67] to determine the
discriminating power of each pixel and select the pixels to be
tracked. A mesh is then created using the selected feature
points. To track the object in the next frame of a video
sequence, the authors use a 2D golden section algorithm
that calculates the best possible translation of the center of
the formed mesh. To allow for deformation, they also allow
the nodes of the mesh to perturbate locally. In both cases,
appropriately defined similarity functions are used to determine the best possible match.

2.1.4 Template-based Object Tracking
Template-matching techniques are used by many researchers
to perform 2D object tracking. They follow the same
principles with the template matching techniques used in
object recognition. The first step (initialization step) is to
select the template that will be used (i.e., to essentially create
an image model of the object to be tracked). Such models can
be acquired before tracking in a number of ways. First, a
template that is specific for a particular instance of a class of
objects can be created. For example, in a face tracking module
used in a videophone application, the user might be asked to
face the camera for a period of time, enabling the system to
detect his or her face and use the corresponding image region

(~i¸IIII.....>: :ii ~:i<~¸¸:<¸:¸:¸;
!~ ;i7 . :!;i:iii'~

"~

as a template. A template can be alternatively created offline
by using statistical methods. For example, in a face tracking application, a generic face template can be created by
incorporating information from the various existing face
databases, (e.g., by evaluating an "average" face). Such a
template can be obtained, for example, by the use of eigenfaces
[73] which have been extensively used in face recognition,
verification, and tracking tasks [74]. Eigenfaces are essentially
the eigenvectors of the high-dimensional vector space of
possible faces of human beings. To generate a set of eigenfaces,
a large set of human face images are normalized (i.e., the
eyes and mouth are aligned), resampled at the same pixel
resolution (e.g., ql x q2 pixels), and then treated as qlq2dimensional vectors whose components are their pixel intensities. The eigenvectors of the covariance matrix of the face
image vectors are then extracted. Since the eigenvectors belong
to the same vector space as the face images, they can be
considered as ql x q2 pixel face images (called eigenfaces).
When properly weighted, they can be averaged together into
a gray-scale rendering of a human face, as shown in Fig. 4.
Instead of bearing intensity or color values, the pixels of
a template can be assigned feature vectors that consist of
values obtained through an image processing operation (e.g.,
morphologic operations).
Template matching can be defined as the process of
searching the target image (i.e., current flame of the video
sequence) to determine the image region that resembles
the template, based on a similarity or distance measure.
Essentially, the template region should undergo a geometric
coordinate transformation that would "place" the template
onto the target image in such a way as to minimize the
distance measure used. The goal of a template matching
algorithm then becomes to estimate the parameters of such a
transformation. More formally, let T(t) be the image region
corresponding to the object being tracked at time step t. For
a rigid object, T(t) can be obtained from the template region,
denoted by To, by using a coordinate transformation
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FIGURE 4 Sample eigenfaces computed from images of the M2VTS database [75] and the corresponding "average"

face (lower right corner).
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0(T0) =:~ T(t) the parameters of which should be estimated by
the algorithm. Affine (rotation, translation, scaling) [76, 77]
or quadratic transformations can be used. Therefore, every
point m(x, y) in the target region is obtained from a corresponding point ~(G, ~r) in the template region:
p -- 0(~; a(t)),

(18)

where a(t) denotes the transformation parameter vector
associated with T(t). The object location in the current
frame is determined by the vector a(t). Estimation of the
transformation parameters is performed by identifying the
image region that best matches the template. To avoid
exhaustive search for the best match in the frame under
examination, various techniques can be used. Background
subtraction can be employed to determine image regions
where motion activity appears and limit the search in these
regions. Alternatively, prediction schemes like Kalman filters
can be used to estimate the location of the object being tracked
in the next flame and use it as the center of a limited-size
search region. Finally, prior knowledge of the scene and other
constraints (e.g., constraints on the expected object displacement between consecutive frames) can restrict the search area.
Many similarity/distance metrics have been used in the
template matching step. More specifically, if Ti is the brightness of the ith pixel (xi, yi) in the template, Ii, v is the brightness
of the ith pixel (xi, yi) in the image region v and M is the
number of pixels in the template, this can be performed by
finding the image region v that minimizes one of the following
distance metrics:
• The Hamming distance (i.e., the number of "different"
pixels in the template and the image region),
• The SAD,
M

I(Ii, v - Til,

(19)

v -- Ti) 2,

(20)

i=1

• The SSD,
M
~(li,
i=1

or maximizes one of the following similarity criteria:
The normalized correlation,
M T i-- ~')(Ii ,v -- [--*v)
~[~i=1(
v/~M1

(21)

(ri -- ~)2 y~M 1(ii, v _ ~v)2

where 7~ is the mean brightness of the template, and Iv is
the mean brightness of the image region v.
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• The joint entropy,
M

1 /%,v~

~--~Ii, v n~--~i ) ,

(22)

i--1

• The mutual information, which can be expressed as:

H(Iv) 4- H(T) - H(Iv, T),

(23)

where
M

H(Iv) -- - E Ii, v ln(Ii, v)
i=1

is the entropy of the image region Iv, H(T) is the entropy
of the template T and H(lv, T) is the joint entropy (22),
• The maximum likelihood [78].
Up to this point, it was assumed that template tracking
is performed solely on rigid objects. However, due to the
nonrigid nature of many natural objects or due to viewpoint
changes, template tracking, as described so far, fails to provide
satisfactory results in a number of real world scenarios. For
that reason, deformable template tracking methods have been
introduced [79-81]. In these methods, prior knowledge of
the object shape is used in an energy minimization scheme.
Deformable templates are specified by a set of parameters
which enable a priori knowledge about the expected shape
of the object to guide the template matching process. The
deformable templates interact with the image in a dynamic
manner. An energy function is defined for the template,
consisting of terms attracting the template to salient features
(intensity, edges). The template parameters are obtained
by a minimization of the energy function. In essence, the
deformable template is obtained by allowing an original
template to deform using any appropriate deformation
function. The result should cover the various instances of
the deformable object as much as possible, with minimum
computational overhead while maintaining the attributes of
the template (smoothness, connectivity, etc.).
An easily implemented template-based face tracking
technique is described in [82]. The face template is acquired
in a training step where the user is asked to look at the camera,
rendering the method useful only for tracking the face of the
person it was trained for. Multiple people cannot be tracked.
The template is a facial image covering the eyebrows, the outer
left and right edges of the eyes, and the bottom of the mouth.
A match function that finds the minimum sum of absolute
differences between the value of the red color component of
each pixel in the image region and the face template is used
for template matching. To improve the performance of the
technique, a simple facial model is used along with some
assumptions about the environment.
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A template-based object-tracking algorithm that uses and a measurement model that links the noisy measurements
color invariant features (independent of the viewpoint, sur- to the state vector:
face orientation, illumination direction, illumination intensity
and highlights) at each pixel position is presented in [77]. To
Zk -- hk(Xk, Vk),
(25)
account for sudden changes in illumination, the template is
dynamically updated by means of robust filters like Kalman or where j~ : ~nx × ~nw __+ ~nx and hk : ~nx × ~n,, ._+ ~nz are
particle filters. The filters are also used to estimate the position possibly nonlinear functions, Wk and Vk are sequences that
of the pixels comprising the object being tracked, as well as to represent the independantly and identically distributed (i.i.d.)
handle short-time and partial occlusions. The distance metric process noise and measurement noise respectively, nx, nw, nz
used to compare the template and the candidate image regions and nv denote the size of the state, process noise, measurement
is the Mahalanobis distance.
and measurement noise vectors respectively.
Template correlation is used in [83]. There are two template
To be able to perform object tracking in a Bayesian
sizes available but both sizes can be magnified by a scale factor framework, two remarks should be taken into consideration.
in the xth and ),th direction independently. The template First, the system and measurement models should be available
is matched within specified search windows using the mean in a probabilistic form. Second, in object tracking, an estiabsolute error between the image regions and the template.
mate of the object position is required every time a new
A deformable template-based tracking technique is intro- measurement becomes available. Hence, estimation can be
duced in [84]. A hand-drawn prototype template describing performed recursively. Bayesian object tracking belongs to the
the representative contour/edges of the object to be tracked class of online methods, i.e., it produces an estimate at each
is used. The original template undergoes deformation trans- time step k based only on all past measurements Zk up to time
formations to obtain a deformable template. The template k. Assuming, that the initial pdf of the state vector p(x01z0) is
matching process consists of comparing the template with the known (z0 is the set containing no measurements), the goal
candidate image regions with respect to shape similarity (an is to obtain the posterior pdf p(XklZk) at time step k. More
object should have a similar shape in two successive frames), specifically, let p(XklXk-1) be the system model defined by (24)
region similarity (properties like color and texture of a region and the process noise Wk statistics in probabilistic form
should remain constant throughout a video sequence), inter- and p(zklXk) the measurement model (also known as the
flame motion (the object outline should be attracted to pixels likelihood function) defined by (25) and the measurement
exhibiting large motion) and image gradients (the object noise Vk statistics. The estimation process comprises two steps.
outline pixels should have large image gradients). The tem- During the first step (prediction), the posterior pdf at time
plate is dynamically updated in shape and size from the newly step k - 1 , i.e., p(Xk-llZk-1), is propagated forward in time,
detected object. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
using the system model p(XklXk-1) [85]:

2.1.5 Bayesian Object Tracking
Many object-tracking techniques perform tracking within a
Bayesian framework. The latter belongs to the class of state
space approaches that attempt to estimate the state of a system
over discrete time steps, assuming that noisy measurements
are available at these time steps. The state vector contains
all data required to describe the system. For example, when
tracking a moving object in two dimensions, the state vector
would typically consist of the object position (x and y
coordinates), as well as its velocity and acceleration along
each coordinate (i.e., it would be a 6-dimensional vector). The
measurement vector contains observations corrupted by noise
that are related to the state vector. Its dimension is usually
smaller than that of the state vector. In the previous example,
the measurement vector would contain "noisy" object positions (x and y coordinates, as measured in the image).
To perform the estimation, one needs a system model
that describes the evolution of the object state over time,
for example:
X k --fk(Xk_l,Wk_l)

(24)

p(XklZk-1) = f p(XklXk-1)p(Xk-a IZk-1)dXk-1,

(26)

thus, obtaining the prior pdf p(XklZk-1) at time step k.
The second step (update) modifies the propagated pdf by
exploiting the latest measurement available. Thus, the desired
posterior probability density function (pdf,) p(xklZk), can be
obtained by using Bayes theorem:

p(XkiZk) --

p ( Z k lXk )p(Xk IZk-1 )

p(ZklZk-1)

'

(27)

where p(ZklZk-1) is used for normalization and calculated as
follows [85]:

p(z, lz,_i)- fp(z, lx,)p(x, lz _l)aX .

(28)

The optimum solution in the Bayesian sense can be
obtained based on (26) and (27) [85]. Analytic forms of the
solution can be obtained either when certain assumptions
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hold, as in the case of standard Kalman filters or by (as soon as measurement Zk becomes available). The errors of
approximations, as in the case of extended Kalman filters the two state estimates can be respectively defined as [15]" zyxwvutsrqp
(EKFs) and particle filters (PFs) [17, 86, 87]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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A

m

ek ~ x k ~ x k

2.1.5.1 Kalman Filters and Extended Kalman Filters
The Kalman filter is a special case of the Bayesian filters
mentioned earlier and is the best possible estimator, if the
posterior pdf is Gaussian and the following conditions hold:
• Functions f a n d h in (24) and (25) are linear and known.
• The distributions of the process and measurement noises
are again Gaussian.
If we wish to provide a formal definition, the Kalman filter
is a set of mathematic equations that provides a computationally efficient, recursive solution to the least-squares
method [14-16]. Let us assume that the process and measurement noise, denoted by Wk and Vk, respectively, are independent, white ones with normal probability distributions:
p(Wk) "~ N(0, Qk),

(29)

p(vk) ~ N(0, rtk),

(30)

where Qk and Rk are the process and measurement noise
covariance matrices respectively, which can be constant or
dynamically changing. Linear stochastic difference equations
describe both the system model, i.e., the evolution of the
object state over time, and the measurement model z E ~ m :
Xk - - A k X k - 1 q- B k U k - 1 q- W k - 1 ,

(31)

Zk -- HkXk + Vk,

(32)

where Uk E ~[ttl is an optional control input. We can observe
that to propagate the state forward in time, the n x n matrix
Ak must be defined. If there is an optional control input, then,
the n x 1 matrix Bk must also be defined to relate it to the
state Xk. Finally, the state and the measurement vectors
are linked with the m x n matrix Hk in the measurement
equation (32). All three matrices can be either constant or
dynamically changing.
The Kalman filter operates in a two-step predictor-corrector
manner. During the first step, the current estimate along with
an estimate of the error covariance are propagated forward in
time. The second stage incorporates a new measurement to
modify the propagated current state and error covariance
estimates. Let 5c~-~ 91nx denote the a priori state estimate
at step k (based on all past measurements prior to step k)
and ~¢k ~ ~t nx denote the a posteriori state estimate at step k

and
ek ---- Xk - - Xk.

Then, the a priori and a posteriori error covariances can be
respectively defined as:
P k -- E[ekek T]

(33)

Pk -- E[eke[].

(34)

and

The equations of the first step (prediction) are [14, 15]"
~:k - - A k X k " - i -+- B k U k - 1 ,

Pk

-

AkPk-IAT

+

Qk-l"

(35)

(36)

The update stage begins by computing the so-called "gain"
of the Kalman filter, denoted by Kk. It is chosen to minimize
the a posteriori error covariance (34). One popular form
that performs this minimization is [15]:
-

T

T

Kk -- Pk Hk ( H k P k H k + Rk) -1"

(37)

We can observe from (37) that, as Rk approaches zero, the
actual measurement zk becomes more trustworthy, whereas
the predicted measurement HkS:~- becomes less trustworthy.
The opposite occurs when the a priori estimate error
covariance P k approaches zero.
The gain is used, along with a measurement Zk (when it
becomes available) to modify the a priori estimate Xk, so that
the a posteriori state estimate xk can be computed:
Xk -- Xk + K k ( Z k - HkXk).

(38)

The difference in parentheses in (38) is called the measurement innovation, or the residual and it reflects the error
between the predicted measurement HkXk and the actual
measurement Zk. The gain is also used to modify the a priori
error covariance and obtain an estimate of the a posteriori
error covariance:
Pk -- ( I - KkHk)Pk.

(39)
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The two steps are repeated using the previous a posteriori
estimates to predict the new a priori estimates. In the
following, we will provide an example of applying Kalman
filtering for object tracking by providing the description of an
existing method.
In [88], a Kalman filter is used to perform pupil tracking for
subsequently monitoring eyelid movements, determining gaze,
and estimating face orientation. The state vector at time k is
defined as X k --[Xk, Yk, VXk, 1/yk]T, where Xk and Yk denote the
coordinates of the pupil's centroid pixel position and Vxk and
vrk denote its velocity in the x and y directions respectively, at
time step k. The system model equation assumes no optional
control input Uk:
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In a number of computer vision problems where Kalman
filtering is used (including object tracking), the state and
the measurement models might not be linear. In such cases,
the standard Kalman filter cannot be used, unless some kind
of linearization is performed. Indeed, a Kalman filter that
linearizes about the current mean and covariance is known as
the EKF [16] and has been used in the context of object
tracking. Let Wk and Vk denote the process and measurement
noise respectively, as described previously. The system model
that describes the evolution of the object state over time:
(40)

Xk -- f ( X k - l , Uk-l, Wk-1)

and the measurement model z ~ ~tm:
X k - - A k X k _ 1 q- W k _ 1.

Zk -- h(xk, Vk)

(41)

Assuming that the interframe pupil movements are small, the
state transition matrix Ak can be parameterized as:

are nonlinear. In other words, the formulation remains the
same with the standard Kalman filter, the only difference
being that the functions f and h are considered nonlinear.
1 0 1 0
Although the values of the process and measurement noise
0 1 0 1
are not known, we can still approximate the state and meaA k - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0 1 0 "
surement vector without them [ 15], for example,
0 0 0 1

A pupil detector is used in each time step to provide
measurements, i.e., Z k - [Xk ~k] w at time step k. Since Zk
refers to position only and for simplicity, matrix Hk in (32) is
chosen as:

Hk--

1
0

0
1

0
0

0]
0 "

Initialization of the Kalman filter is performed by means of
pupil detection. If the latter is successful for two consecutive
frames c and c + 1, the state vector assumes values from the
last successful detection, i.e., x0 - [Xc+l,yc+l, VXc+l,vrc+,]T. The
prediction phase of the Kalman filter involves the propagation
of the covariance (36), hence an initial covariance matrix must
be defined. Since this is updated iteratively when more images
are acquired, it can be simply initialized to large values.
Assuming that the error of the predicted position and velocity
of the pupil's centroid is -4-dmax and "[-'Vmax in both directions,
a suitable initial covariance matrix could then be:

Po-

d2ax
0
0
0

0
2
dmax
0
0

0
0
2
Vmax
0

0
0
0
2
Vmax

"

Additionally, the two covariance matrices associated with the
process noise and measurement noise must be defined. These
can be constant or changing over time. In [88], they are
assumed constant and are empirically determined.

~¢'k -- f (~(k-1, U k - 1 , 0),

(42)

Zk -- h(xk, 0),

(43)

where Xk-1 denotes the a posteriori estimate of the state from
a previous time step. Using the same notation with the
standard Kalman filter and following the linearization process
and the derivation in [15], the equations of the first step
(prediction) are:
Xk -- f (Xk-1, U k - 1 , 0),

(44)

T

p-[ - A k _ l P k _ l A k _ 1 + W k - l Q k _ l W k _ l

T

,

(45)

where A k is the Jacobian matrix of partial derivatives of
f(.) with respect to Xk, Wk is the Jacobian matrix of partial
derivatives of f(.) with respect to Wk and Qk is the process
noise covariance matrix.
The second step (update) equations are:
-

T

-

T

T-1

Kk -- Pk Hk (HkPk Hk + V k R k V k)

,

(46)

Xk -- Xk + Kk(Zk -- hk(Xk, 0)),

(47)

Pk -- ( I - KkHk)Pk,

(48)
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objects (e.g., walls, trees, obstacles) that occlude it or due to
the existence of more than one moving objects (e.g., two people
walking and crossing each other). A large number of algorithms in the tracking literature have ignored occlusions and
treated them simply as noise in the matching process.
However, a number of approaches try to deal with occlusion
in more advanced ways.
The simplest way to handle occlusions is to reinitialize the
tracker in a flame where the detected level of occlusion is high
enough to lead to tracking drift or failure. For example, in a
face tracking algorithm, this would use a face detection
scheme similar to the one used to initialize the tracking
process for redetecting a face that has been "lost." Obviously,
this comes at the expense of computational burden. Based
2.1.5.2 Particle Filters
If the posterior pdf is not Gaussian, Kalman filters will not on the observation that the occlusion can be treated as a local
perform adequately. In such a case, particle filters can be used. effect, another more clever approach could be to segment the
They are sequential Monte Carlo methods that can be used for object of interest into N parts and perform tracking on the
object tracking within a Bayesian framework. They come in a whole set of these parts [92]. This is performed by estimatvariety of names, such as conditional density propagation (or ing N possible transformations (e.g., affine ones) and using a
the Condensation algorithm) [17], survival of the fittest [86], voting scheme to select a single transformation representainteracting particle approximations [87], and so forth, and tive of the entire object, while the performance of all the
they have been extensively used in tracking objects. The main transformations is evaluated at regular intervals to enhance
concept behind particle filters is to represent the probabil- the tracking process. This can enable tracking even in the
ity distribution of alternative solutions as a set of samples presence of substantial occlusion, since a relatively low num(i.e., particles), each of which carries a weight. Estimates of ber of the object parts needs to be visible to successfully track
the posterior distribution are calculated on the basis of these the object of interest under partial occlusion.
samples and their associated weights. As the number of
In a similar manner, Fu et al. [48] track the boundary of an
samples grows, the filter approaches the optimal Bayesian object by using an occlusion adaptive motion snake, similar to
estimate [85]. The ideal scenario would involve samp- the ones described in Section 2.1.2. The algorithm provides
ling directly from the posterior distribution. However, this two predicted locations for each of many nonoverlapping
is hardly the case. Solutions to this would be to use samp- contour segments, one lying in the interior side of the snake
ling techniques, such as factored sampling or importance and the other in the exterior side. Occlusions are handled
sampling. If we cannot sample directly from the posterior pdf, by selecting the best of the two predicted locations (interior
because it is too complex, but we can sample from the prior or exterior), exploiting a combination of intraframe energy
pdf, a random sampling technique called factored samp- functions (based on edges, color, curvature, and area) and
ling can be used. Each random sample is assigned a weight, interframe energy functions (based on optical flow, motion
and the weighted set can be the approximation to the poster- smoothness, and color consistency). This is performed in a
ior density. To improve the results of random sampling, coarse resolution first. Then, a hierarchic search strategy is
alternative sampling techniques can be used. For example, used to finalize the tracking results.
importance sampling does not sample from the prior pdf, but
Finally, prediction schemes, such as Kalman filters can be
from another density function that can "drive" the selection of used to handle occlusions. For example, in [93], a Kalman
samples toward areas of the posterior pdf that contain the filter is used to track occluded features of a feature-based 2D
most information (i.e., the resulting sample set will describe object-tracking algorithm. In case of partial occlusion, their
the posterior pdf more efficiently). Other sampling methods coordinates are updated by using the Kalman filter to predict
have also been devised [90]. A more thorough description of the movement of the upper left and the lower right point of
Kalman filters and particle filters are provided in [14-16] and the object bounding rectangle. In case of total occlusion, the
[85, 91 ], respectively. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Kalman filter predicts the position of the occluded region
on the basis of the velocity estimates of the region corners,
obtained from the measurements prior to total occlusion. In
2.1.6 Occlusion Handling
[77], the algorithm also uses a Kalman filter as an occlusion
An inevitable problem in object tracking is the occlusion or handling mechanism. It is reported to be robust against shortself-occlusion of the target object. In most video sequences, time partial occlusions. The method cannot handle efficiparts or even the entire tracked object are not visible in all the ently severe, complete, and long-time occlusions. A similar
frames of the sequence, either due to the existence of static approach was used in [94] to track moving people in video

where Hk is the Jacobian matrix of partial derivatives of
h(-) with respect to Xk, Vk is the ]acobian matrix of partial
derivatives of h(.) with respect to Vk and Pt k is the measurement noise covariance matrix.
Other variations of Kalman filters have been devised to
improve its performance with respect to its application to
computer vision problems. These include the unscented
Kalman filter (UKF), [89], which is an improvement over
the EKF. While the EKF uses only the first-order terms of the
Taylor expansion and, consequently, introduces errors, UKF
avoids these errors by using the third- and higher-order terms
of the Taylor expansion.
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sequences. Additionally, algorithms that can handle multiple in 3D space from one or more video sequences. The location
hypotheses, such as the particle filters (or the Condensa- of a rigid object in the 3D space is determined by the position
tion algorithm) described in Section 2.1.5 can be used for the of its center of mass with respect to a world coordinate system,
occlusion period until the image measurements can disam- and the relative orientation of a coordinate system attached
biguate with respect to the actual object position in the frame to its center of mass with respect to the world coordinate
under examination.
system. Thus, 3D rigid object tracking has to estimate a total
All of the above occlusion handling mechanisms mainly of six parameters although in certain applications determining
refer to monocular object tracking. In multiple camera systems, only the position (i.e., considering the object as a point mass)
self-occlusions and occlusions between moving objects or or only the orientation parameters might suffice. One of the
between moving and static objects can be treated more most important applications of 3D rigid object tracking is
efficiently, since an object that is occluded in one view might 3D head tracking (often referred to as head pose estimation),
be fully visible in another. Many promising multiple camera which is being used as a preprocessing step or a building block
methods can cope with occlusion. In [95-97], multiple camera in face recognition and verification, facial expression analysis,
systems were used to track people successfully. These methods avatar animation, human computer interaction, and modelcombine the information from all cameras to determine the based coding systems. Although the human head is not a rigid
"best" view. When a camera loses the target due to occlusion, object, considering (and tracking) it as such (i.e., considering
information is obtained from other cameras that are also only the global head motion) is sufficient in a number of cases.
tracking the object. A probabilistic map function aiming at Alternatively, head deformations can be taken into account
detecting occlusions calculates the probability that a particular in the tracking algorithm [101]. Other methods focus on
location in the image is visible from a specific camera.
tracking the facial features and expressions in two or three
A different approach was presented in [98], where a dimensions [102-104] but these fall outside the scope of
probabilistic weighting scheme for spatial data integration this section. Three-dimensional vehicle tracking is another
through a simple Bayesian network was employed. The pre- application of 3D rigid object tracking [105]. Apart from
sented tracking scheme first extracts a set of measurements its obvious importance as a stand-alone task, 3D rigid
(observations) for the estimation of the state vector. Then, object tracking often constitutes a basic building block of
a predictor-corrector filter is exploited to filter the results. 3D-articulated object tracking methods, where one needs to
Finally, a Bayesian network performs spatial data integration estimate the position of rigid objects (links) that make up
using triangulation, perspective projections, and Bayesian the articulated structure.
Certain methods (e.g., [106]) use 2D tracking techniques to
inference. The input to the network is the set of measurements
from the previous time step and the states from the views derive the 2D image-plane motion of the object of interest and
of the other cameras. The output constitutes the input to a then a Kalman filter for deriving the 3D motion parameters.
Kalman filter whose goal is to maintain a temporal smoothing Another approach for head pose estimation [61] uses tracking in 2D of salient facial features (eye corners and nose).
on the vector of the 3D trajectories.
Handling occlusion of rigid parts of an articulated object is Projective invariance of the cross-ratios of the eye corners and
presented in [99, 100]. Occlusion relationships are defined and anthropometric statistics are subsequently used to compute
handled using the relative motion of the articulated object orientation relative to the camera plane. A similar approach
parts. Simple occlusion relationships between two objects A in [55] locates robust facial features (eyebrows, eyes, nostrils,
and B are defined using visibility order: A occludes B, B mouth, cheeks, and chin) and uses the symmetric properties of
occludes A, A and B are not occluded. Occlusion graphs can certain facial features and rules of projective geometry to
describe more complex occlusion relations when more than determine the direction of gaze.
However most techniques are model-based [i.e., they
two objects are involved. Occlusion between two objects is
considered unambiguous, if the convex hull of the union of all involve a 3D geometry model (usually enriched with texture
possible moves of one object can be partitioned from the other information) of the object of interest in order to derive
object by using a separating plane. Ambiguous occlusion cases 3D information from the 2D projections of the object on
are also defined. Matching is performed by registering layered the video sequence]. A typical model-based 3D rigid object
templates which represent different occlusion situations. Since tracking algorithm can be roughly outlined as follows: A 3D
the paper aims at finger tracking, templates depict fingers in a geometric model of the object is initialized and enriched with
number of occlusion configurations. The minimization of the texture information. Then, for each video frame the model
parameter vector that best describes the object in the new
sum of squared differences is used for template registration. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
frame is evaluated. The model parameters derived in the
previous frame are used to provide a rough estimate of the
2.2 Three-Dimensional Rigid Object Tracking parameters in the current frame, which is subsequently refined
Three-dimentional rigid object tracking can be defined as so as to maximize the similarity between the projection of the
the estimation of the position and orientation of a rigid object model on the image plane and the underlying image content.
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FIGURE 5 (a): A sample frame from a head and shoulders video sequence, (b) a generic face polygon model fitted
on the video frame, and (c) the geometric model enriched with texture information. (See color insert.)

The rendering capabilities of current graphics hardware can be
utilized for the fast projection (rendering) of the 3D model.
The 3D model representation can be either surface-based
(usually a triangular mesh) or volumetric (spheres, cylinders,
superquadrics, etc.) [1]. The number of parameters used
depends on the accuracy level that is to be obtained and the
overall system purpose and architecture. Surface models
usually require more parameters than the volume models. A
more detailed account of the various types of models that are
used to provide a 'flesh' representation of the human body
parts (considered as rigid bodies) will be given in Section 3.1.
In what concerns the human head, different surface models
exist [103, 107-109], some of which were obtained using 3D
scanning technologies. The use of the cylindrical representation of the human head is very common because of its
simplicity, especially when used in conjunction with texture
information [ 110].
Tracking initialization is not trivial in most cases. During
the initialization step, the initial geometric model configuration has to be estimated. Furthermore the texture of the
model (reference texture) should be obtained from the video
sequence (Fig. 5). Automatic approaches usually involve a step
for detecting the object in the first video frame and a
subsequent step for registering the 3D model with this
projection. In [110] for example, a 2D face detector is used
and then the model position is obtained by assuming that the
object to be tracked is a head facing upright toward the
camera. If the geometric model is a generic one and does not
correspond to the actual object that is to be tracked (i.e., the
object depicted in the video sequence), an additional step that
deforms it to achieve individualization to the tracked object
might be applied. The fitting of a generic polygonal face model
to a human face is presented in [103]. Although the paper
deals with facial feature and expression tracking, the fitting
procedure is characteristic of this type of initialization for
face tracking techniques. Fitting is performed by localizing
important facial features, such as eyes, forehead line, jaw line,
mouth, and so forth, on a pair of frontal and profile images.
This is achieved through edge detection followed by snake-like
techniques. Enhancement of some edges is also performed. In
[108], the automatic adaptation of the "CANDIDE" face
model [111] to video data is presented. Matching is performed
by finding the main facial features (eyes, mouth) using

deformable templates. Then, the model is fit using global and
local adaptation. The global adaptation step estimates 3D eye
and mouth center positions of the face model for scaling,
rotation, and translation of the face model in the 3D model
world. The system presented in [107] also involves finding
the main facial features and performing global and local
adaptation. Geometric considerations are used to perform the
adaptation. The method involves a geometric model that
is more detailed than CANDIDE and does not restrict the
initialization images to depict the subject in a certain facial
expression (e.g., with mouth closed). The two methods
presented above are applied to head and shoulders image
sequences since they aim at the initialization of coding
algorithms for videophone sequences.
Enriching the geometric model with texture information
during initialization involves finding a mapping function
between the 2D image plane coordinate system (u, v) and the
model surface, represented in parametric form (s, t) in a 2D
parametric space (also known as texture map coordinate
system). Finding this mapping requires that the 3D location of
the model and the projection matrix associated with the
camera are known, which is true for the initialization phase.
Since the projection of the 3D model on the image plane
(u, v) is a 2D image, its matching with the actual image
content can be performed with the techniques and similarity
metrics used in 2D rigid object tracking like color similarity,
sum of squared differences, joint entropy etc. (see Section
2.1.4). Matching using edge information or other features is
also used. Especially in the case of head pose estimation, facial
feature (eyes, noise, mouth) localization on the video frames
followed by registration of the resulting features with the
corresponding features of the projected model can be used.
Estimating the model parameters in a certain frame so
that the residual error is minimized can be done using an
appropriate search strategy. The trivial solution would be to
test all possible combinations of model positions and
orientations, but this is computationally prohibitive. Therefore, clever ways of reducing the possible solutions are
required. Prior knowledge about the tracking environment
or the intended application can provide such constraints.
For example, in a videophone application, it would be safe to
assume that the user's head would stay relatively close to the
camera at all times and that it would not rotate too much
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with respect to the camera. Constraints can also be introduced
through appropriate motion models. Similar constraints for
articulated object tracking are described in more detail
in Section 3.1. In some cases (e.g., [101]), and due to the
relatively high dimensionality of the matching problem,
iterative approaches that aim at minimizing the similarity function over the model parameter space (e.g., standard
nonlinear function optimization approaches like the conjugate direction method) are used. Alternatively, a predictioncorrection scheme (e.g., the extended Kalman filter) having
as error signal the difference between the model projection
and the actual image content can be used to update the
initial estimate of the model state (i.e., the model position
and orientation parameters).
An alternative to projecting the 3D textured model onto
the image plane (u, v), and performing matching there, is
to perform matching in the texture map coordinate system
(s, t) [110]. Indeed, representing the image-derived texture
information in the 2D (s, t) coordinate system corresponds to
a warped (flattened) image of this texture (Fig. 6). For each
model position that has to be tested during the matching
procedure, the video frame is warped to the (s, t) coordinate
space and compared to the reference texture (i.e., the model
texture) represented in the same space. Again, the matching procedure is a 2D one, therefore the similarity metrics
outlined above and in Section 2.1.4 are still applicable.
Texture mapping is used in the 3D head tracking system
presented in [110]. The head is modelled as a cylinder.
Tracking is initialized by using a face detector in the first
frame and finding the model position and orientation that fits
best with the detected face. The detected face region is mapped as a texture on the cylinder. Tracking is subsequently
formulated as an image registration problem, where the
previous estimate of the model position and orientation is
updated to minimize the sum of squared differences between
the reference texture (i.e., the texture of the model) and the
warped target texture (texture obtained from the current
frame). No iterative optimization is involved in the process
making the system capable of performing at 15 frames per
second. To improve the performance, illumination regularization is applied using illumination templates. The illumination
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templates are superimposed on the target region by using a
rough registration procedure. The templates do not depend
on the specific person being tracked and are obtained by using
a training procedure. Geometric head models generated by
surface scans have been also used but were found to provide
no advantage over the simple cylindric model.
In [64], a generalized 3D model of an average human face is
built using a database of range images. An automatic detection
step is employed to detect the position of a face, as well as the
position of certain facial features (eyes, nose, mouth) in the
first frame of a video sequence. The position of the detected
facial features is used to properly align the general 3D
model to the 2D image data. Subsequently, texture is attached
to the 3D mesh using the underlying image intensity
values. The 3D coordinates of the feature points are expressed
in terms of their obtained 2D coordinates and they are
provided as input (along with other parameters describing
the camera) to an extended Kalman filter. SSD trackers are
used to track the feature points in the flames of the video
sequence. The output of these trackers becomes the observation vector (see Section 2.1.5.1) of the Kalman filter. The final
output of the filter is the estimate of the 3D position of
the head.

zyxwvu

3 Articulated Object Tracking
A number of physical entities in real-world environments can
only be represented using articulated structures, [i.e., structures composed of rigid parts (links) connected by joints and
typically represented through a tree-like kinematic hierarchy]
(Fig. 7). Living beings, such as people or animals, exhibit such
attributes. To be able to extract higher level information
about the behavior of such entities (e.g., gesture recognition,
understanding animal behavior, etc.), precise tracking of the
corresponding articulated structures in 3D is necessary.
Therefore, most of the articulated tracking algorithms attempt
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object tracking in a 3D space. Furthermore, even if the goal by "pruning" the search space using kinematic and other
is to track an articulated object in 2D (i.e., in the frames constraints. Even then, it remains prohibitively large for
of a video sequence), the methodology is similar to that an exhaustive match. Further reduction can be achieved if
of 3D-articulated tracking algorithms. Moreover, many additional constraints in the model configurations that need
2D-articulated object tracking algorithms use a 3D model to be searched are introduced. The selection of a motion
of the articulated object. For all these reasons, most of this model is a way of introducing such constraints. For instance,
section covers 3D-articulated object tracking, followed by if the motion of the object of interest is known to be periodic
or if we wish to track the motion of people performing specific
a brief discussion on 2D-articulated object tracking. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
actions such as running or walking [13], appropriate motion
models can be used to significantly reduce the complexity of
the
tracking process and, hence, the computational power
3.1 Three-Dimensional Articulated
required.
Object Tracking
If one model configuration is to be estimated, single
Three-dimensional articulated object tracking approaches hypothesis methods, such as Kalman filters [41, 114] and least
can be model-free or model-based. In the former case, no squares [112-116] can be used. It is often the case that, due
model of the articulated structure is used. Instead, a bottom- to the complex nature of 3D-articulated object modelling
up approach is used to combine image information extracted and tracking, a single hypothesis method will result in loss
locally (edges, corners, etc.), to create coherent structures, such of tracking or severe tracking drift. Methods capable of
as the limbs of the human body. Obviously, this approach tracking multiple hypotheses, such as particle filtering or
requires that the structures reconstructed are constantly visible the Condensation algorithm [13, 17, 117], described in
in the images. In the model-based approaches, which are Section 2.1 or others [118] can be used instead. Multiple
the most used in 3D-articulated object tracking, a model of hypotheses are maintained until the extracted image data can
the articulated object is used. The complexity of the model help pinpoint a single model configuration. Regardless of the
depends on the accuracy required in a specific application. single or multiple hypotheses maintained in each time step,
The human body, for instance, is represented by rigid parts the choice of the type of image data used to match against
(resembling limbs) connected to each other at joints. Even such the projected model configurations and the method of their
a minimal representation has around 30 dr.
extraction plays a crucial role in accurately tracking the
Therefore, the first step of a model-based 3D-articulated articulated object in 3D.
object tracking method is to select an appropriate model. The
A number of decisions have to be made when devising an
second step involves finding the model instance that best algorithm for tracking 3D-articulated objects. One such
describes the object under study, when compared with the important decision is the number of cameras used to obtain
image data of the video flame in question. One approach uses the video sequence(s) in which objects will be tracked. More
inverse kinematics [112, 113], as in tracking manipulators than one camera can be used to deal with the inherent depth
in robotics. The motion of the object to be tracked is ambiguities of monocular tracking. Whether one or more
estimated in the frames of a video sequence and an inverse cameras are used, camera calibration might need to be
kinematics framework is used to recover the corresponding performed prior to obtaining the sequences, as described in
motion of the 3D model. In other words, the 2D motion Section 1.
parameters derived for the object parts are used to estimate
Although multiple cameras can help disambiguate depth
the pose and joint angles of the 3D model parts. To do this, problems, monocular tracking is quite important, obviously
a nonlinear equation that relates model data to image data is due to the technical simplicity of single camera systems.
linearized using the Jacobian matrix and is inverted.
However, the number of systems that use 3D monocular
A different and widely used approach tries to predict the articulated object tracking is still small, because of the
model configuration that, when projected onto the image, difficulties that arise from the use of a single camera. First,
minimizes the error between the model projection and the depth information is lost when projecting the world into 2D
actual image data. The 3D model is initialized either manually images, classifying 3D articulated object tracking as an illor automatically, using information extracted from the first posed problem that might produce more than one solutions
frame of a video sequence. The ideal case would then be to unless additional constraints or prior knowledge are used.
perform an exhaustive search of all possible model configura- This problem is, for example, obvious in the case of symmetric
tions, attempting to match their projections against the positions of the arm in 3D, close to its neutral position, which
information extracted from the next frame in the sequence. result in the same projection. Additionally, self-occlusion
Such an exhaustive search, however, would be possible only between different parts of the articulated object (e.g.,
for a model of a very low dimensionality. For models having the human body), which is considerably more difficult if a
an order of 20 to 30 df, "clever" ways of reducing the high- single camera is available, often occurs and, hence, has to be
dimensional search space are required. This can be performed tackled with.
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Another difficulty in 3D-articulated tracking algorithms
is associated with the deformable clothing of humans, where
most of the attempts on articulated tracking are focused
on. Attempts to provide a solution by cloth simulation and
reconstruction techniques require a carefully controlled multicamera and lighting environment [119], while resulting in
severe computational overheads. Attention should also be paid
to the fact that the object model is matched against noisy
image measurements. Images often contain many distracting
features that can be potentially mistaken for the object parts.
For example, illumination changes create problems if image
edges or intensities are the features used for tracking. Shadows
can produce false edges and varying illumination conditions
can cause texture changes that can not be accounted for by the
model used. Also, during rapid motion, blurring occurs at the
motion boundaries, which can severely affect methods that
rely on static feature extraction, such as the ones that compute
the optical flow. Solutions to this problem involve the fusion
of image cues that provide complementary information.
In the rest of this section the different stages of devising
a 3D-articulated object tracking algorithm will be presented,
along with example techniques.

FIGURE8 A exampleof a stick human body model. Each rigid part can be
associated with 1 to 3 df.
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3.1.1 3D Modeling
Since various applications such as human computer interaction, surveillance, etc. focus on people, many efforts have been
targeted on representing highly articulated structures, such as
the human body, using 3D models that vary in complexity,
based on the accuracy needed in each specific application.
3D articulated models are also used in motion capture
applications, where the goal of the tracking process is to
recover the full-body pose. Due to the complexity of these
models, the computational overheads are increased.
Human body models generally consist of two components:
the skeletal structure and a representation for the flesh surrounding it. The skeletal structure is a collection of segments
and joints with various degrees of freedom at the joints, as
illustrated in Fig. 8. In general, each joint is associated with
3 dr, while additional degrees of freedom are required for the
global position and orientation of the model. In many cases,
joints are allocated lesser degrees of freedom than the actual
ones in order to reduce model complexity to a tractable level.
The parameters of the skeletal structure are the joint angles. If
the individual segments comprising the articulated structure
have been allowed to deform, the shape parameters of the
segments are also included in the set of parameters that
parameterize the model. Additionally, the articulated object
model should be initialized in a consistent manner, e.g., for
humans, by taking into account the standard humanoid
dimensions, as specified in [120, 121].
The flesh can be represented using polygons (Fig. 9) or
other surface primitives [103, 107]. Alternatively, volumetric
primitives such as spheres, cylinders (Fig. 10) [13, 110, 112],

FIGURE9 Polygonalrepresentationof the humanbody,adaptedfrom [124].
(See color insert.)
cones [114, 117, 122], superquadrics (generalized ellipsoids
with additional parameters along each axis, which encode the
"squareness") [116, 118, 123] can be used.
The accuracy of the representation achieved is proportional
to the number of parameters used in the model and depends
on the intended application, as mentioned in Section 1. In
computer graphics, extremely accurate surface models (often
obtained through body scans of actual people), that consist of
thousands of polygons, are employed. In computer vision,
however, the inverse problem we deal with, i.e., recovering
a 3D model from images is much harder and less accurate.
Consequently, coarse volumetric primitives have been preferred, because of the lower number of model parameters
involved. These models are subsequently used for tracking
human body parts in 3D space.

3.1.2 Kinematic and Motion Constraints
Kinematic constraints are distinguished in "hard" and "soft"
constraints. The former are usually in the form of angular
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efficiently and matching the observed motion with examples
from the database. The examples matched are used as samples
in a stochastic sampling (i.e., Condensation algorithm [17])
framework. Finally, motion can be modelled as a higher-order
autoregressive process, as in [117]. Attempts have also been
made to perform tracking by switching between multiple
motion models [126]. Such an approach, however, severely
increases the computational burden. One of the major problems is that the motion models used so far are not generic
enough to be applied in various real-world conditions.

3.1.3 Image Cues
FIGURE 10 Cylinder-based volumetric representation of the human body.
(See color insert.)

displacements, velocity and acceleration limits of the joints of
an articulated structure, whereas the latter are probabilistic
and associated to previous instances of the object (e.g.,
human) motion. For example, the range of angles where the
human elbow can move is limited and these limits should be
taken into account during the tracking process. Enforcing
anatomic joint angle limits is relatively straightforward. They
can be applied by specifying minimum and maximum allowed
values for the joint degrees of freedom [114, 118]. Moreover,
the speed attained by different body parts connected to the
same joint is different. An example showing the need of
imposing constraints on the motion of certain body parts is
the human finger, which consists of three parts. The middle
part moves to greater extent and more rapidly than the other
two. Moreover, the human finger is not allowed to move
to all directions. Finally, any physical noninterpenetration
constraints between the different parts of the articulated
structure have to be incorporated [118]. These constraints
stem from the fact that two parts cannot occupy the same
space simultaneously.
Prior information about the motion to be tracked can
also lead to further constraints that can be used to improve
the tracking process. For instance, several human activities
are repetitive in nature (e.g., walking or running) and the
corresponding motion can, therefore, be modelled using
specific motion models that can be learned from training data
[13]. Alternative methods include example-based motion
models [125], where given a database of example human
motions, the authors construct a low-dimensional model of
the motion and project subsequences in the database onto
this low-dimensional representation, obtaining a coefficient
vector at each time step. Coefficients are then used to index
the database. The same projection is applied to any new
motion that is observed (and should be tracked). The problem
of tracking then becomes a problem of searching the database

As soon as the model of the object has been properly defined,
a method for matching the projected model configurations to
the image data is required. Many different image features can
be utilized for this purpose. They range from low-level (e.g.,
edges) to high-level cues (e.g., the locations of the joints).
Joint locations are difficult to recover directly, because there
is no characteristic intensity distribution around them. They
are consequently inferred using the adjoining rigid parts of
the articulated object, thus making the method very sensitive
to the segmentation of the articulated object. These difficulties lead to the use of low-level features for the matching
process. Edge information can be used, because edges are
partially invariant to changes in viewpoint and lighting
conditions [127], while being easy to detect, especially in
humans. There are 3D motion patterns, however, that cannot
be detected using edges. For instance, when the human
limbs rotate around their 3D symmetry axes, the edge
changes in the image are insufficient for the detection of
such a motion [ 118].
To alleviate such problems, intensity can be used as a cue
for image/model matching. This involves a step of acquiring a
reference texture, either as part of an initialization stage [99] or
in the previous time frame [13, 112-114, 118]. The reference
texture is mapped onto the model surface. The textured model
is projected onto the image and matched against the
underlying image texture. This, however, requires that image
texture can be reliably extracted at all times, otherwise tracking
may deteriorate. Complex real-world environments, where
intensity may vary significantly, the subjects may wear loose
and deformable clothing, and texture information may not
be easy to extract, can severely affect the performance of
such algorithms. Silhouettes can additionally be employed
to track objects (especially people). They can be acquired by
motion segmentation, contour tracking or background segmentation [ 11, 122], as described earlier.
To increase the robustness of the incorporated algorithms,
an object tracking system may use more than one image
cues, in an effort to extract as much information as possible
from the image. Several variations are possible and include
a combination of the above, such as edges and intensity,
silhouettes and edges [ 114, 117], and so forth.
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3.1.4 Example Techniques
In this section, a number of works on 3D-articulated object
tracking are briefly presented. In [128], a 3D tracking system
for high degree of freedom articulated structures is
presented. The human hand is modelled using an articulated
structure consisting of 16 rigid bodies (15 rigid bodies for
the fingers and one for the palm). The total hand pose is
represented by a 28-dimensional vector. Each finger part is
characterized by its central axis line. The finger tip
coordinates are also used. A priori knowledge of the hand
kinematics and geometry and exact hand localization is
required. Matching is performed by using a prediction
mechanism. A correction scheme, formulated as a linear least
squares problem, is subsequently applied.
In [123], the authors perform tracking in a hierarchic
manner. They use an articulated 3D model. The human body
skeletal structure is modelled by a 22-dr "stick figure"
model, while for the flesh-shape representation, the class of
tapered superquadrics that includes shapes such as cylinders,
spheres, ellipsoids, and hyperrectangles is utilized. They use
edges as image cues and they use chamfer matching as a
similarity measure between projected model configurations
and actual image data. To deal with depth ambiguities, they
make use of a ring of four inward-looking calibrated cameras,
whereas to increase the accuracy of the method, they use
subjects that wear tight clothing with sleeves of contrasting
colors. Their hierarchic approach produces solutions for the
different parts of the human body in a top-down manner
using a kinematic chain, i.e., the position of the torso is
found first and then the other body parts lower down in
the hierarchy, such as the individual limbs, are recursively
estimated. The proposed technique does not handle occlusion well.
In [112], twists are used to model the kinematic chain,
while the individual body parts are modelled using cylinders.
The authors perform monocular tracking of subjects walking
either parallel to the image plane or diagonally towards
the camera. Tracking is also performed on a number of the
classic Muybridge images recorded in 1884, where images
from three different viewpoints are available at each time
instance. To reduce the complexity, only half the human body
skeleton (19 dr), corresponding to the visible side of the body,
is used.
In [122], a volumetric model comprising of parallelepipeds,
spheres, and truncated cones is used. The authors employ
three calibrated cameras and derive 2D springlike forces
between the predicted model and the extracted silhouette.
The derived 2D forces from each camera are combined to
obtain 3D forces to be applied to the 3D model and align it
with the data. The dynamic simulation is embedded in a
Kalman filtering framework. Results are reported on subjects
running in an indoor environment, wearing unconstrained
clothing.
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In [114], a shape model built from truncated cones is used
to estimate motion in a monocular sequence using articulated
kinematics. Edges and intensity are used as image cues in
an EKF. In the Kalman filter prediction step, anatomic joint
parameter limits are enforced. The results reported involve
tracking in an unconstrained environment of a subject moving
parallel to the image plane.
Sidenbladh et al. [13] use an articulated 3D model based
on cylinders. They perform tracking in monocular cluttered
sequences, using intensity as the image cue. They use the
Condensation algorithm [17] for tracking. To constrain the
tracking process, they use prior cyclic motion models for
tracking humans walking. In a more recent work of the
same authors, instead of using prior motion models, they use
models learned from training data [125]. Results are reported
for tracking the planar motion of an arm and the motion of
a walking person.

3.2 Two-Dimensional Articulated Object
Tracking
As already mentioned in Section 1, articulated objects can
be defined as objects composed of more than one rigid parts
(links) connected by joints allowing rotational or translational
motion in 1, 2, or 3 dr. Two-dimensional articulated object
tracking refers to recovering the position and size in 2D,
i.e., on the image plane, of the rigid parts comprising the
articulated structure. It follows that 2D-articulated object
tracking shares characteristics and principles with 2D
rigid object tracking, described in Section 2.1, as well as
3D-articulated object tracking, described in Section 3.1.
Similarly to 3D algorithms, 2D-articulated object tracking
can be model-free or model-based. Model-free methods
proceed by exploiting image information (edges, intensity,
etc.) in order to create coherent structures that correspond
to the rigid parts of the articulated structure (e.g., the upper
and lower segments of the human arm). Occlusion can create
problems in such methods, due to the lack of visibility or
partial visibility of one or more of the rigid parts comprising
the articulated object. Alternatively, model-based approaches
use a 2D or 3D model of the articulated object, depending on
the application and the precision required. The rigid parts
of a 2D model can be represented using geometric primitives,
such as sticks (i.e., lines), circles, rectangles, and ellipses or by
curves and snakes if the object parts are allowed to deform.
These can be used to represent the shape of the object.
Additionally, the appearance of the object can be modelled
by including texture on the above mentioned geometric
primitives. If a 3D model is used, this can be similar to the
ones described earlier in Section 3.1.
In an early work, Lowe [129] uses a 3D model to track an
object in video sequences. The Marr-Hildreth edge detector
[130] is used to identify edges in the frames of the video
sequence. The edges are grouped based on local connectivity.
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The matching process finds the best match between the
extracted image edges and the projected contours of the 3D
model. The matches are ranked and the best ones are chosen
The authoring of this chapter has been supported by VISNET,
for minimization. The model is then rotated and translated
a European Network of Excellence (visnet-noe.org) funded
and the above procedure is iteratively repeated until the
under the European commission IST FP6 program.
best view is found. The computational time depends on the
complexity of the model used. The algorithm is robust but
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1 Introduction
The tremendous amount of research in image processing
and analysis over the past three decades has been influenced
not only by physiologic or psychophysic discoveries and
psychologic observations about perception by living beings,
but also by advances in signal processing, computational
mathematics, pattern recognition, and artificial intelligence.
Some researchers in the rejuvenated field of neural networks
are also attempting to develop useful models of biologic
and machine vision. With the human visual system serving as
a common source of inspiration, it is not surprising that
neural network approaches to image processing/understanding often have commonalities with more traditional techniques. However, they also bring new elements of nonlinear
processing with adaptation or learning, some additional
insights, and promise breakthroughs through massively
parallel and distributed implementations in very large scale
integration (VLSI) [ 1, 2].
In this chapter, we highlight some artificial neural network
(ANN) techniques for image segmentationmthe process of
partitioning an image into regions that are contiguous and
relatively homogeneous in image properties. Image segmentation has been studied in great depth ever since satellite images
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

first became available. Segmentation is a key step in any
image-based recognition system, and it fundamentally limits
the success of all higher level subsystems [3]. The host of
sophisticated techniques that have evolved over the past
30 years can be largely grouped into three categories:
(a) Edge-based methods, that make use of local and global
gradient information to provide boundaries to regions
of interest, and thus indirectly segment the image.
(b) Region-based methods, that group together local
regions with relatively uniform image properties,
using methods such as region growing, region splitting
and region splitting with merging. Segmentation
methods based on clustering indirectly use regionbased properties, but are often considered as a separate
category [4].
(c) Model-based methods, that are guided by semantic
attributes given to parts of the image, say based on
perceived match with (projections of) a set of object
models of interest. In this view, segmentation is
tightly coupled with image classification or object
recognition. This is in contrast with methods in the
first two categories, which are primarily based on
image attributes rather than on what objects the
images may be representing.
519
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Neural network inspired techniques provide additional established image processing methods such as relaxation
insights into as well as performance improvements for all labelling, nonlinear filtering and various feature extraction
three categories. In Section 2, we briefly describe common routines.
characteristics of neural network models and introduce
There is a large variety of ANNs that differ in their
some popular models. The next section highlights a prominent topology, cell behavior, weight update mechanisms, amount of
edge-based neural technique. Section 4 describes representa- supervision or feedback required, etc. Networks with 3 layers
tive region-based methods, specially those that use textural of cells: input, "hidden" and output, and with unidirectional
cues. The study of region based methods is continued in or feedforward connections going from one layer to the next,
Section 5, where we examine optimization based approaches as indicated in Fig. 1, are among the most popular topologies.
to segmenting textured images. Section 6 describes adaptive This class includes the multilayered perceptron (MLP) with a
clustering techniques for segmentation, while the next section single hidden layer.
summarizes biologic based methods where segmentation is
In an MLP, given a d-dimensional input x indicated by groups of neurons oscillating in synchrony. [Xl,X2 . . . . ,xd] T, the ith network output, Yi is given by
Finally, model-based methods are studied in Section 8,
where integrated segmentation and recognition techniques
+
are described. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(1)

2 Artificial Neural Networks

where zj is the output of the jth hidden unit:

For our purposes, an artificial neural network (ANN) is a
(2)
collection of computing cells (artificial neurons) interconnected through weighted links (synapses with varying
strengths). The cells perform simple computations using
information available locally or from topologically adjacent In the above, Vjk denotes the weight of the connection between
cells through the weighted links. The knowledge of the system the jth input and kth hidden unit, and wij the weight between
is embodied in the pattern of interconnects and their strengths the jth hidden unit and the ith output. The "activation
which vary as the system learns or adapts itself. In this setting function" or transfer function g(.) is S-shaped or sigmoidal:
we shall see that several ANN models are closely related to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
nonlinear, monotonically increasing and bounded. The typical
Outputs
Yl

Yi

Yc

Output layer

1

1~
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...
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d

...

Xk

xd

Inputs
FIGURE 1 Topologyof a feedforwardANN with a single hidden layer.

Inputlayer

4.12 Adaptive and Neural Methods for Image Segmentation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
choice is either the logistic map (sometimes called the
1 which is bounded between 0 and 1;
sigmoid): g(a)- l_~-a,
or the hyperbolic tangent, tanh(a) - ca+e-a'
e"-e-a bounded between
- 1 and 1. The output transfer function f(-) can be linear or
sigmoidal as needed.
The MLP realizes a static map between inputs x and
corresponding outputs y(x). This map depends on the u, w
and 0 parameters (weights). These weights are trained or
adjusted based on training samples {x(n), t(n)}, where fin) is
the desired target vector for the nth input vector, x(n). This
adjustment is based on the error t(n) - y(x(n)), typically using
a stochastic gradient descent on the mean squared value of this
error, or via second order methods.
Another popular feedforward network for realizing static
maps is the radial basis function network (RBFN). A radial
basis function (RBF), 4~, is one whose output is symmetric
around an associated center, Pc. That is, q~c(X) = 4~(]Ix - Pc[I),
where I1" II is a distance norm. For example, selecting the
Euclidean norm and letting 4~(r)= e-r2/a2, one sees that the
Gaussian function is an RBF. Note that Gaussian functions are
also characterized by a width or scale parameter, a, and this
is true for many other popular RBF classes as well.
A set of RBFs can serve as a basis for representing a wide
class of functions that are expressible as linear combinations of
the chosen RBFs:
M

y~(x) - y ~ wqO(I Ix - oil I).

(3)
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may be suitable for non-stationary environments or on-line
settings. But for static maps, RBFNs with localized basis
functions offer a very attractive alternative, namely that in
practice, the estimation of parameters can be decoupled into

a two-stage procedure:
(i) determine the pjs and ajs, and
(ii) for the centers and widths obtained in step (i),
determine the weights to the output units.
Both sub-problems allow for very efficient batch mode
solutions. In the first stage only the input values {x(n)} are
used for determining the centers pj and the widths aj of the
basis functions. Thus learning is unsupervised and can even
use unlabelled data. Once the basis function parameters are
fixed, supervised training (i.e., training using target information) can be employed for determining the second layer
weights.
We now briefly describe a third network, one that has a flat
topology instead of the layered one of Fig. 1. Each cell is
connected to all the cells, including itself, and is also capable of
receiving direct input signals. One of the simplest such "fully
recurrent" networks is the binary Hopfield model. 1 In
a network of n cells, the kth cell receives a constant input !k,
and updates its state using:

(4)
Xk(t+l)--sgn(~j=l WkjXj(t)+ Ik), zyxwvutsrqponmlkjihgfedcb

j=l

A radial basis function network is nothing but an
embodiment of (3) as a feedforward network with three
layers: the inputs, the hidden layer and the output node(s),
i.e., they also have the topology in Fig. 1. Each hidden unit
represents a single radial basis function, with associated center
position and width. Such hidden units are sometimes referred
to as centroids or kernels. Each output unit performs a
weighted summation of the hidden units, using the wjs as
weights. Powerful universal approximation properties of (3)
have been demonstrated for various settings.
From (3), one can see that designing an RBFN involves
selecting the type of basis functions, ~b with associated widths,
a, the number of functions, M, the center locations pj and the
weights ,9. Typically Gaussians or other bell-shaped functions
with compact support are used. The choice of M is related
to the complexity of the desired map. Given that the number
of basis functions and their type have been selected, training
an RBFN involves determining the values of three sets of
parameters: the centers, the widths and the weights, in order
to minimize a suitable cost function. In general, this is a
non-convex optimization problem.
One can perform stochastic gradient descent on a mean
squared error cost function to iteratively update all three sets
of parameters, once per training sample presentation. This

where "sgn" denotes the signum function, equal to 1 if x is
non-negative, and - 1 otherwise. The weight matrix should be
symmetric, and is fixed, i.e., there is no weight adaptation.
Starting from an initial state, given by the values of all cells at
t = 0, cells update their state asynchronously till a final state
is reached where the left and right hand sides of (4) are equal
for each of the cells. One can show that such a final state is
guaranteed by constructing an energy or cost function:
1
1

j

l

By showing that E is bounded from below, and moreover that
E is reduced by a finite amount every time a cell changes
its value on an update, one concludes that updates have to
terminate in finite time.
Clearly this model can serve as an associative memory since
it maps the initial state and input to a final state. Mso, if one
desires to solve an optimization problem where the cost
function is quadratic in binary variables, it can be solved on
~Though work on this and related models has been carried out previously by
many researchers, this name is most popular becuase of a paper by Hopfield
[5] that sparked widespread interest in these networks.
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the basis of (5), using one cell per variable, as shown by
Hopfield and Tank [6] among others. We shall see such a use
in Section 5 where texture segmentation is posed as a suitable
optimization problem. Note that there is a generalization of
(4) to continuous variables and continuous time. The signum
function is now replaced by tanh(.) or the logistic map, so that
the cells can have graded responses, and the cell update is now
given by a first-order differential equation, which can be
readily implemented in VLSI using R-C circuits. Moreover, an
analogous energy function exists for this generalization too.
Indeed, even for binary optimization problems, it is preferable
to use the continuous form, and then consider limiting
values of the cell states to obtain the binary solution. Unfortunately, even then this approach to optimization is often
viable only for small problems. This is because the cost
reduction only leads us to a local minima, and the probability
that this minima is a poor or even invalid solution increases
rapidly with increase in problem size (number of variables).
Fortunately, related but more sophisticated and powerful
schemes for optimization have emerged recently, and can be
readily applied for texture segmentation [7, 8].

by series of smoothly connected small edges. Such a contour
is a common example of a perceptual grouping.
Indeed, there is a wide variety of grouping mechanisms in
human perception. Interestingly, some of these groupings are
illusory in that they appear to be very real though there may
not be evidence at the pixel level. As an example, Fig. 2(a)
shows a Moir~ pattern which distinctly gives the appearance of
a circular flow pattern even though there are no individual
dotted contours running through. The grouping is a Gestalt
phenomenon, occurring at a high level of abstraction.
Our visual mechanisms tend to perceptually connect edges
that seem part of a longer edge, even across small regions with
little gradient changes. This kind of grouping is dramatically
indicated by Fig. 2(b), which shows a Kanizsa subjective
triangle, demonstrating the formation of illusory contours (in
this case an upright triangle).
Detecting edges, then eliminating irrelevant ones and
connecting (grouping)the others, are key to successful edgebased segmentation. To this end, cooperative processes such as
relaxation labeling have been explored by the vision community for over a decade, without explicitly casting them in a
neural network framework. The idea behind relaxation
labelling is that local intensity edges typically form a part of
a global line or boundary rather than occurring in isolation.
Thus the presence or absence of a nearby edge of similar
angular orientation would tend to reinforce the hypothesis of
the existence of an edge at a given point in the intensity field.
Detected line segments are assigned line-orientation labels
that labels are iteratively updated by a relaxation process, such
that they become more compatible with neighboring labels.
Thus adjacent "no-line-detected" labels support one another,
and so do lines with similar orientation, while two adjacent
labels corresponding to orthogonal orientations antagonize
each other.

zyxwvutsrqpo

zyxwvutsr

3 Perceptual Grouping and Edge-based
Segmentation
We perceive an image not as an array of pixels but as
agglomerations or groupings of more abstract entities. A sharp
spatial gradient in gray scale at an image location may not
lead to the perception of an edge at that location if similar
gradients do not occur in nearby locations. However, if there
are sharp gradients with similar orientations in contiguous
regions, then one typically perceives a line or contour formed
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F I G U R E 2 E x a m p l e s o f p e r c e p t u a l g r o u p i n g . (a) A r a n d o m - d o t M o i r 6 p a t t e r n created b y t a k i n g a p a t t e r n o f 1,000
dots a n d s u p e r i m p o s i n g it w i t h a c o p y r o t a t e d a b o u t 2 degrees. (b) The Kanizsa subjective triangle.
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A neural-like scheme called the boundary contour system
(BCS) has been proposed by Grossberg and Mingolla [9] to
explain how edges are filled in when part of a boundary
is missing, and how illusory contours (such as in Fig. 2(b))
can emerge from appropriately positioned line-terminations.
This real-time visual processing model explains a variety of
perceptual grouping and segmentation phenomena, including the grouping of textured images. The BCS consists of
a hierarchy of locally-tuned interactions that controls the
emergence of image segmentation and also detects, enhances
and completes boundaries. The interaction of BCS with a
feature contour system and an object recognition system,
attempts to attain a unifying precept for form, color and
brightness. The BCS is largely preattentive in that it is
primarily driven by image properties. However, the model
does allow feedback from the object recognition system to
guide the segmentation process.
The BCS consists of several stages arranged in an
approximately hierarchic organization. The image to be
processed forms the input to the earliest stage. Here, elongated
and oriented receptive fields or masks are employed for local
contrast detection at each image position and each orientation. Thus there is a family of masks centered at each location,
and responding to a prescribed region around that location.
These elliptical masks respond to the amount of luminance
contrast over their elongated axis of symmetry, regardless of
whether image contrasts are due to differences in textural
distribution, a step change in luminance or a smoother
intensity gradient. The elongated receptive field makes the
masks less sensitive to differences in average contrast in a
direction orthogonal to the major axis. However, the penalty
for making them sensitive to contrasts in the preferred
orientation is the increased uncertainty in the exact locations
of contrast. This positional uncertainty becomes acute during
the processing of image line ends and corners. The authors
assert that all line-ends are illusory in the sense that they are
not directly extracted from the retinal image, but are created
by some process that generates line terminations. One such
mechanism that is hypothesized by them is based on two
short-range competitive stages followed by long-range cooperation, as described next.
Firstly, each pair of masks at the same location that are
sensitive to the same orientation but opposing direction of
contrasts, are input to a common cell. The output of such a
cell at position (i, j) and orientation k is ]ijk, which is related to
the two directional mask outputs, Uijk and Vijk, by:

is mutual support (via positive or excitatory connections)
among very nearby cells, and competition (via negative or
inhibitory connections) among cells that are at an intermediate distance. If the strength of a connection is plotted
against the distance between the two cells being connected
in 2D, a Mexican-hat or "on-center, off-surround" pattern
is observed. Subsequently, in the second competitive stage,
there is competition among orthogonally oriented masks at
each position.
Let Uijk represent the output signal for the cell corresponding to position (i, j) and orientation k, and uijK be the output
for the cell at the same location but with orientation
orthogonal to k, at the end of the first stage. The UijkS are
obtained from:
d

dt Uijk -- --Uijk(1 + S y ~ B]pqkWpqij) + I + BJijk
(p,q)~R

In (7), I is the external input (pixel value), B is a constant, R
a neighborhood of (i, j), and wpqij the strength of the negative
(inhibitory) connection between positions (p,q) and (i,j). The
activity potentials Yijk of cell outputs in the second stage are
governed by:
d

--d~Yijk -- --Ayijk +

(E

-- Yijk)Oijk -- Yijk ~

]ijk --

1 + fl(

U~k +

- ~G~] +

Vijk)

(8)

Oijm

m4k

where Oijk -- C[Uijk -- UijK]+, and A, C and E are constants.
The behavior of the orientation field is shown in Fig. 3, in
which adjacent lattice points are one unit apart. Each mask has
a total exterior dimension of 16 x 8 units. Figure 3(b) shows
the Yijk responses at the end of the second competitive stage
for the same input stimulus. The two competitive stages
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where the notation [p]+ stands for max(p,0). These oriented
cells are sensitive to the amount of contrast, but not the
direction. They in turn feed two short-range competitive
stages. In the first stage, for cells of the same orientation, there
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FIGURE 3 (a) Shows the output of the oriented masks superimposed on
the input pattern (shaded area). Lengths and orientations of lines encode
the relative sizes of the activations and orientations of the masks at the
corresponding positions. (b) Shows the output of the second competitive stage
for the same input as in (a) (Grossberg and Mingolla 85).
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together have generated end cuts as can be seen clearly on
comparing with Fig. 3(a). Note that the second competitive
stage has the property that inhibition of a vertical orientation
excites the horizontal orientation at the same position, and
vice versa.
The outputs of the second stage are also used for the
boundary completion process that involves long-range
cooperation between similarly oriented pairs of input groupings. This mechanism is able to complete boundaries across
regions that receive no bottom-up inputs from the oriented
receptive fields, and thus accounts for illusory line phenomena
such as the completion of the edges in a reverse-contrast
Kanisza triangle of Fig. 2(b). The process of boundary
completion occurs discontinuously across space, using the
gating properties of the cooperative cells to successively
interpolate boundaries within progressively finer intervals.
Unlike a low spatial frequency filter, this process does not
sacrifice spatial resolution to achieve a broad spatial range.
The cooperative cells used in this stage also provide positive
feedback to the cells of the second competitive stage so as to
increase the activity of cells of favored orientation and
position, thereby providing them with a competitive edge
over other orientations and positions. This feedback helps in
reducing the fuzziness of boundaries. The detailed architecture, equations and simulation results can be found in [9].
The BCS approach can also form the basis for a hierarchic
neural network for texture segmentation and labelling, as
shown by Dupaguntla and Vemuri. The underlying premise
is that textural segmentation can be achieved by recognizing
local differences in texels. The architecture consists of a feature
extraction network whose outputs are used by a texture
discrimination network. The feature extraction network is a
multilayer hierarchic network governed by the BCS theory.
The image intensities input is first preprocessed by an array of
cells whose receptive fields correspond to a difference of
Gaussian filters, and which follow the feed-forward shunting equations of Grossberg. The output of this array of cells
form the input to a BCS system and are processed by oriented
masks according to (6). These masks then feed into the two
competitive stages of the BCS theory, and governed by (7) and
(8). However, the long-range cooperative processes described
above are not used. Instead, the outputs of the second
competitive stage activate region encoding (RE) cells at the
next level. Each RE cell gathers its activity from a region of
orientation masks of the previous layer, as well as from a
neighborhood of adjacent RE nodes of the same orientation.
The activity potential of an RE node is given by the following
equation, where the YtmkS are obtained from the previous layer
according to (8), (l,m) is in the neighborhood of (p,q), and
the activation function, f, is sigmoidal.
d

d~

Zijk - --tzZijk + tx ~_~ (f(Zpqk) - f(zijk)) 4- ~ Ylmk.
(p,q)
(l,m)

(9)
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The RE cells appear to be functionally analogous to the
complex cells in the visual cortex, with the intra-layer
connections helping to propagate orientation information
across this layer of cells. The outputs (ZijkS) of the feature
extraction network are used by a texture discrimination
network that is essentially Kohonen's single-layered selforganizing feature map [10]. At each position, there are T
outputs, one for each possible texture type, which is assumed
to be known a priori. Model (known) textures are passed
through the feature extraction network. For a randomly
selected position (i,j), the output cell of the texture
discrimination network that responds maximally is given the
known texture-type label. The weights in the texture
discrimination network for that position are adapted according to the feature-map equations. Since these weights are the
same for all positions, one can simply replicate the updated
weights for all positions. The hierarchic scheme described
above has been applied to natural images with good results.
However, it is very computationally intensive, since there are
cells corresponding to each orientation and position at every
hierarchic level. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML

4 Adaptive Multichannel Modeling for
Texture-based Segmentation
Image texture provides useful information for segmentation
of scenes, classification of surface materials and computation
of shape, and is exploited by sophisticated biologic vision
systems for image analysis [11]. In 1980, Marcelja observed
that highly-oriented simple cell receptive fields in the cortex
can be accurately modeled by 1D Gabor functions, which are
Gaussian modulated sine wave functions. The Gabor functions
play an important role in functional analysis and in physics,
since they are the unique functions that satisfy the uncertainty
principle, which is a measure of the function's simultaneous localization in space and in frequency. Daugman [12]
successfully extended Marcelja's neuronal model to 2D, also
extending Gabor's result by showing that the 2D Gabor functions are the unique minimum-uncertainty 2D functions. The
implication of this for texture analysis purposes, and perhaps
for neuronal processing of textured images, is that highly
accurate measurements of textured image spectra can be
made on a highly localized spatial basis. This simultaneous
localization is important, since then it is possible to accurately
identify sudden spatial transitions between texture types,
which is important for segmenting images based on texture,
and for detecting gradual variations within a textured region.
Based on these observations, a multiple channel Gabor
filter bank has been used to segment textured images [11].
Each filter's response is localized in the frequency ( u - v)
plane. A large set of these channel filters is used to sample
the frequency plane densely to ensure that a filter exists that
will respond strongly to any dominant texture frequency
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FIGURE 4 The SAWTA network for segmentation of textured images.

component. Segmentation can be performed by assigning each
pixel the label of the maximally responsive filter centered at
that pixel. The success of this technique is quite impressive,
given that no use use is made of any sophisticated pattern
classification superimposed on the basic segmentation structure. More details on multichannel image segmentation can be
found in Chapter 4.7 of this Handbook.
Some smoothing of the filter outputs before doing the max
operation provides better results on texture segmentation.
Further improvements can be achieved by using a cooperativecompetitive feedback network called Smoothing, Adaptive
Winner-Take-All Network (SAWTA) [ 11]. This network
consists of n layers of cells, with each layer corresponding to
one Gabor filter, as shown in Fig. 4. On the presentation of an
image, a feedforward network using local receptive fields
enables each cell plane to reach an activation level corresponding to the amplitude envelope of the Gabor filter that it
represents, as outlined in the preceding paragraphs. Let
mi(x,y), 1 < i < n, be the activation of the cell in the ith
layer with retinotopic coordinates (x, y). Initially, the n cell
activations at each point (x,y) are set proportional to the
amplitude responses of n Gabor filters.
To implement the SAWTA mechanism, each cell receives
constant inhibition from all other cells in the same column,
along with excitatory inputs from neighboring cells in the
same row or plane. The synaptic strengths of the excitatory
connections exhibit a 2D Gaussian profile centered at (x, y).
The network is mathematically characterized by shunting
cooperative-competitive dynamics [9] that model on-center
off-surround interactions among cells which obey membrane
equations. Thus, at each point (x, y), the evolution of the cell
in the ith layer is governed by:
d
r-~(mi) -- --mi + (A - mi)l + - (B + Cmi)l-

where J+,J- are the net excitatory and inhibitory inputs,
respectively, and are given by:
(-(X-Xn )2 +(,v-yn)2

J+-ot Z mi(Xn,Yn)e
(Xn,Yn)eR
1- - ~ f ( m j ( x ,

2a2

y)).

(11)

Here, R is the neighboring region of support and f is a
sigmoidal transfer function. A sigmoidal transfer function is
needed to keep the response bounded between 0 and 1 while
still maintaining a monotonically increasing response with
the argument.
The convergence of a system described by (10) has been
shown for the case when the region of support R consists of
the single point (x, y). The network is allowed to run for ten
iterations before region assignment is performed by selecting
the most responsive filter.
Figures 5 and 6 shows comparative experimental result
using the SAWTA network for segmentation. The 256 x 256
gray level images are prefiltered using Laplacian-of-Gaussian
filters 2 to remove high dc components, low-frequency
illumination effects, and to suppress aliasing. Then, only
sixteen circularly-symmetric Gabor filters are used to detect
narrow-band components as follows: Sets of three filters
with center frequencies increasing in geometric progression
(ratio - 2: 1) are arranged in a daisy-petal configuration along
5 orientations, while the sixteenth filter is centered at the
origin. Figure 5 shows the segmentation achieved for a
synthetic texture using three different techniques. 5(a) is the
original image; 5(b) is the result of the original multichannel
segmentation model [13], 5(c) the results of this model with

(10)
2For a description of such filters, see Chapter 4.10.
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FIGURE 5 Segmentationof a synthetic texture using the SAWTAnetwork FIGURE 6 Effectof iteration steps and inhibition factor on segmentation:
(clockwise from top left): (a) Original Image; (b) result of the original (a) same as Fig. 3(d); (b) segmentation with C= 3; (c) after 100 iterations;
multichannel segmentation model [13]; (c) the results of this model with (d) after 100 iterations.
output smoothing; (d) segmentation after 10 iterations of the SAWTA
network.

output smoothing, and 5(d) segmentation after 10 iterations
of the SAWTA network. The constants A, B and C in (10) were
taken to be 1, 0, and 10, respectively. The activation function
used is f(x) = tanh(2x). The results are seen to be superior to
that obtained by the original multichannel based segmentation
scheme.
Figure 6 shows the effect of varying the number of iteration
steps, and the inhibition factor C, on the segmentation
obtained. We observe that the SAWTA network achieves a
more smooth segmentation in regions where the texture
shows small localized variations, while preserving the
boundaries between drastically different textures. Usually, 10
iterations suffice to demarcate the segment boundaries, and
any changes after that are confined to arbitration among
neighboring filters.
The SAWTA network does not require a feature extraction
stage as in [14] or computationally expensive masking fields.
The incremental and adaptive nature of the SAWTA network
enables it to avoid making early decisions about texture
boundaries. The dynamics of each cell is affected by the image
characteristics in its neighborhood as well by the formation of
more global hypotheses. It has been observed that usually
four spatial frequencies are dominant at any given time in the
human visual system. This suggests the use of a mechanism
for post-inhibitory response that suppress cells with activation below a threshold and speeds up the convergence of
a SAWTA network. The SAWTA network can be easily
extended to allow for multiple "winners". Then, it can cater to
multicomponent textures, since a region that contains two

predominant frequencies of comparable amplitude will not be
segmented but rather viewed as a whole.
Learning and adaptation is also useful in the multichannel
image model for determining the channels (filters) themselves.
Indeed, the results of Gabor filtering can be obtained in an
iterative fashion, by performing stochastic gradient descent
on a suitable cost function. While these filters are useful for
a large variety of images, one may wonder whether more
customized filters may yield better results for a specific class of
images, such as images of barcodes, or MRI scans for the
brain. This leads to the concept of "texture discrimination
masks", which may be learned in order to improve
performance in the subsequent classification task [15].
First, note that the multichannel framework does not
restrict one to using Gabor filters. Other filters reported
include Laplacians of Gaussians, wavelets, and general IIR and
FIR filters. Each filter can be considered as a localized feature
detector, and after performing spatial smoothing if needed,
the filter outputs for each pixel can serve as inputs to a
multilayered feedforward network such as the multilayered
perceptron (MLP) that performs the desired classification
task. Thus we effectively have an MLP classifier with an
additional hidden layer, i.e., the layer whose inputs are the
pixel values in a small image window, and whose afferent
weights represent the mask coefficients. While training this
network, the filter weights get modified to better perform
texture classification. Moreover, by applying node pruning
techniques, less important filters can be eliminated. Thus,
instead of the usual large set of generic filters, a smaller set of
task-specific filters is evolved. Details of this method, along
with superior results obtained on page layout segmentation
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and bar-code localization, can be found in [15]. It is network described above, with the free parameter being
speculated that the efficacy of the learned masks stems from proportional to the inverse of the annealing temperature [6].
For the segmentation problem, a constraint on a valid
their ability to combine different frequency and directionality
responses in the same masks, so that high discrimination solution is that each image position should have only one of
information can be captured by a smaller number of filters. the K labels ON. This constraint is usually incorporated in
On the other hand, if the problem domain changes a soft fashion by adding bias terms to the energy function.
substantially, a new set of filters needs to be learned for the Peterson and Soderberg have incorporated the 1-of-K
constraint in a Potts glass, and derived a mean field solution
new set of images. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
for that formulation. The alternative of putting global
constraints on the set of allowable states in the corresponding
stochastic formulation leads to significantly better solutions.
An iterated hill climbing algorithm that combines fast
5 An Optimization Framework
convergence of the deterministic relaxation with the sustained
The use of Markov random field (MRF) models for modeling exploration of the stochastic approach has also been proposed
texture has been investigated by several researchers (see in [16] for the segmentation problem. Here, two-stage cycles
Chapter 4.3). It can be used to model the texture intensity are used, with the equilibrium state of the relaxation process
process as well as to describe the texture labelling process. In providing the initial state for a stochastic learning automaton
this framework, segmentation of textured images is posed as within each cycle.
The relation between neural network techniques and MRFs
an optimization problem. Two optimality criteria considered
in [16] are (i) to maximize the posterior distribution of the was explored in detail in [17, 16]. Since the optimization
texture label field given the intensity field, and (ii) to minimize techniques applied were largely rooted in the Hopfield-Tank
the expected percentage of misclassification per pixel by formulation, they were plagued by large training times, and
maximizing the posterior marginal distribution. Correspond- high possibility of being caught in local minima, leading to
ing to each criteria, an energy (cost) function can be derived poor solutions. Fortunately, more sophisticated and powerful
that is a function of M x M × K binary labels, one for each of schemes for optimization have emerged recently, and can be
the K possible texture labels that a pixel in an M × M image readily applied for texture segmentation [7, 8].
The MRF framework can also directly leverage the powerful
can take.
mapping
capabilities of feedforward networks. For example,
A neural network solution to minimizing this cost function
Hwang
and
Chen has used an MLP to directly obtain the class
is provided via the discrete Hopfield-Tank formulation
described in Section 2 [6]. A 3-dimensional lattice of binary distributions conditional on the neighborhood image statistics
(ON/OFF) neurons is used, with one neuron for each of the (needed for the MRF), based on training image samples. This
M x M x K labels. The cost function chosen imposes a severe obviates restrictive parametric representation and tedious
penalty unless exactly one neuron is ON at each of the M x M parameter estimation for the MRF. Of note is the use of the
positions. The location of this neuron in the third dimension Karhunen-Loeve cost criterion instead of the popular mean
provides the label to be given to the corresponding pixel. The squared error, since the former tends to give more accurate
other terms in the cost function encourage solutions where the estimates of low probability values.
same label is given to neighboring pixels, and at the same time
this class has high probability of occuring given the initial gray
6 Image Segmentation via Adaptive
levels values of the pixels in the neighborhood [16]. The cost
Clustering
function is quadratic in the neuron output values, and indeed
has the form of (5). In Section 2 we saw that for such cost
functions, a network with simple computing cells and local The use of clustering for image segmentation dates back to
connections can be specified such that the cost is steadily the late 1960s and many of the techniques developed then are
reduced as the cells update their state, till a local minimum of still in popular use today. In this approach each pixel is
the cost function is realized. This usually happens in 20-30 represented by a vector of features based on information
iterations, but the quality of the texture labeling thus obtained derived from image characteristics in its neighborhood, as well
is quite sensitive to initial conditions as it has a penchant for as positional information. Similar feature vectors are then
settling into local optima. Alternatively, a stochastic algorithm grouped together in clusters, and each cluster is given a texture
such as simulated annealing can be used to minimize the label. Thus pixels that are nearby and have similar local image
energy function. Indeed, any problem formulated in terms of properties will tend to get grouped together, get the same label
minimizing an energy function can be given a probabilistic and thus be considered as belonging to the same segment.
Clustering has been fruitfully applied to a variety of image
interpretation by use of the Gibbs distribution. The two
approaches are related in that a mean field approximation of domains, including multispectral images, range images,
the stochastic algorithm yields the update equations of the textured images and intensity images from dot patterns to
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gray level or colored images. More recently, cluster-based
segmentation of medical images such as MRI has attracted
much attention. Key issues in the design of any clustering
based segmenter are the choice of the number and type of
features used, the distance metric chosen to measure
similarity, data reduction techniques used, and the pre- and
post-processing routines applied. While all these design
choices are important in their own right, determining the
relative importance of spatial proximity as compared to
proximity in local image properties while obtaining a measure
of similarity between any two image pixels or regions, turns
out to be the most fundamental problem. A nice overview
of approaches to image segmentation via clustering can be
found in [4].
Neural network research has spawned a variety of adaptive clustering techniques, from competitive learningman
iterative version of K-means clustering, to learned vector
quantization (LVQ) [10]--a supervised clustering and
classification technique related to classic vector quantization.
In LVQ, a set of labelled cluster centers (the code-book
vectors) are first chosen by random subsampling or by Kmeans clustering of the data. Then, for every training sample
the position of the nearest codebook vector is moved towards
or away from that sample depending on whether the two
labels match or not. Several variations exist. Kohonen's selforganizing map, which imposes a topologic ordering on the
cluster representatives so that nearby representatives correspond to nearby objects in the feature space, has also been
used for image segmentation. A hierarchic version of such a
map can be used for multiscale image segmentation [18],
which has several advantages over single-level clustering [19]:
it naturally embodies the notion of segmentation at multiple
scales, and can better treat both local and global information.
In addition, the a priori choice of the number of segments is
not so critical in determining the final segmentation quality.
A notable and radically different approach to image
segmentation via spectral clustering was proposed by Shi and
Malik [20]. Each pixel is considered as a vertex of an
undirected graph, and the weight of an edge between two
vertices is just the similarity between the corresponding pixels.
The goal is to partition the graph into several disjoint
components, each representing a segment, by normalized cuts.
A normalized cut removes edges according to a cost function
that favors removal of low weighted edges and also penalizes
solutions where the components have unequal sizes. Even
though this approach essentially involves spectral decomposition of the adjacency matrix and as such does not have a
neural network flavor, several follow-up works on segmentation through spectral partitioning have subsequently appeared
in the neural network literature [21, 22].
Instead of placing each pixel in a unique cluster (segment)
as is done by all the approaches mentioned above, one can
"softly" associate a pixel with multiple clusters. The resulting
clusters are sometimes called fuzzy clusters as their boundaries
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are not sharply delineated. Let the association of sample xi
with cluster j be denoted by ai, j. We want this association
value to decrease as the distance between xi and the center of
the jth cluster increases. Also, it is desired that the associations
be non-negative, and that ~-~4ai,j - 1, ¥i. The jth cluster center
is simply E i a i , jxi . Depending on how the associations are
formed and updated, a variety of powerful fuzzy clustering
approaches have been obtained [23].
A critical issue in clustering is the choice of an appropriate
scale, which determines the number of clusters obtained and
hence the amount of segmentation obtained. For a given
image, there are some natural scales for which the clusters are
relatively well defined and stable in the sense that the
optimum center locations change little with small variations
in scale. In fact, just as scale-space theory views salient edges to
be those that survive over multiple scales, one can view salient
segments in the same way. Statistical mechanics based
formulations for clustering provide a nice approach to the
issue of scale, which is naturally related to the temperature
parameter. At high temperature there are many clusters, and
as the temperature is lowered, some of the clusters coalesce.
Stable clusters are those that survive over a wide range of
temperatures [24]. It turns out that if we adjust only the kernel
locations using gradient descent in Gaussian radial basis
function network, maintaining fixed and equal output layer
weights, fixed widths, and a constant target function, then
these locations converge to "optimum" cluster locations for
the chosen scale, now indicated by the widths (as) of the
Gaussian units [25]. Moreover, different scales may be
indicated as being appropriate for different parts of an
image for segmentation purposes. Thus such networks are
promising for segmentation with locally adaptive resolution. zyxwvutsrq

7 Oscillation-based Segmentation
It will be remiss not to mention that there are several
biologically oriented approaches to segmentation. In such
approaches, it becomes clear that segmentation is closely tied
with several other mechanisms. For example, when we view an
apple, we regard it not as a smear of red amidst a riot of
undifferentiated color, but recognize it as distinct desired
object. How exactly we do this constitutes the sensory
segmentation problem. When we thus discern an apple, we
naturally separate it from the uninteresting backgroundm
this is the figure-ground separation problem. When we take a
further step, like biting into the apple, then our experience is
not merely a jumble of tactile, olfactory and visual sensations,
but that these different modes of sensations correspond to a
single object--an apple; this is the binding problem. The
aforementioned problems are intimately interrelated.
A single physical stimulus usually activates several groups of
neurons corresponding to different sensory modalities. How
does the brain then realize that these groups correspond to the

4.12 Adaptive and Neural Methods for Image Segmentation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA 529
same object? A popular hypothesis is for answering this query
is that neurons responding to aspects of a single object fire in
synchrony. Applied to visual perception, the hypothesis states
that cortical neurons corresponding to a distinct homogeneous area oscillate in phase, and those corresponding to
different areas are out of phase.
Supportive of this hypothesis, stimulus-dependent oscillations that are correlated temporally and spatially have been
found in the visual cortex of cats and monkeys. These
experiments have motivated several oscillating neuron models
of sensory segmentation, which largely fall into two broad
categories: (i) those in which synchronization is achieved by
cooperation/competition among neurons via fixed excitatory
and inhibitory couplings, and (ii) those in which synchronization evolves by locally Hebbian-like synaptic modification, i.e., synaptic strength increases if both pre-synaptic and
post-synaptic activity are simultaneous high, and decreases
otherwise. In the former, the visual input is merely transformed into segregated oscillations, whereas in the latter, the
input is encoded in modifiable synapses. For example, in [26],
oscillating units, each consisting of excitatory and inhibitory
cells, are connected by weights, modulated in a "pre-postsynaptic" fashion. A notable approach to segmentation via
oscillatory correlation is based on locally excitatory globally
inhibitory oscillatory networks [27] that can rapidly achieve
both synchronization and desynchronization. The original
formulation based on pairwise coupling was susceptible to
noise, but a subsequent dynamically coupled model that
uses an ensemble of oscillators for computing locally
coherent properties, is demonstrably resistant to noise [28].
Another notable model is the pulse-coupled neural network
which has been applied for segmenting a variety of MRI
images [29].
In [30], a model is proposed in which synchronization of
neural oscillations is produced both by (i) cooperation and (ii)
synaptic modification. It is demonstrated that either of these
mechanisms is sufficient to generate coherent oscillations, but
the two can be viewed as components of a more integral
mechanism for neural synchronization.
In this model, the state of an oscillating unit or a neuron is
described by a complex number, z, and each unit is connected
to every other unit. The dynamics of the model is a
generalization of the Hopfield equations in the complex
plane, and is described by:

- - = Z TjkVk -- (v + i(1 -- v))zj + Ij
dt
k
Vj = tanh(X(v + i(1 - v))zj*)

(12)
(13)

where the quantities, zj, Tjk, and Vk are complex numbers. The
real part of the neuron state, Re[z], is analogous to the
transmembrane potential of the real neuron; the real part of V
is the output firing rate; Ij, is the sum of the external currents
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entering the jth neuron, and Tjk, is the weight connecting
jth and kth neurons. The mode parameter v governs the
qualitative nature of the above model. For v close to 0, the
model (12, 13) exhibits oscillatory behavior, and for v near 1,
it has fixed-point dynamics.
One can show that oscillations are produced in the model
above if the cells are arranged in a 2D grid, and the weights Tjk
are real and have a "Mexican-hat" profile. Suppose the
32 x 32 image of a "plus (+)" symbol with noise added (Fig.
7) forms the input to a 32 x 32 grid of cells. The image is
presented for an interval of time (210 iterations in this
example) and then removed, and the subsequent evolution of
the network output is followed. It is seen that cells over the
"plus" region start oscillating more or less in phase, and are
about 180 degrees out of phase with the rest of the cells.
Figure 8 depicts the oscillation of a typical neuron. Subsequent
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FIGURE 10 Network output (after 530 iterations) when the input image
(noise corrupted) is removed and weight adaptation is continued.

to input removal, network response reveals excellent noise
removal with precise figure boundaries as indicated in Fig. 9
which was taken after 450 iterations. It is also observed that
the amount of noise in the interpreted image decreases right
from the first iteration, and Fig. 9 shows almost no noise.
If the weights are random rather than "Mexican-hat", the
network exhibits coherent oscillations only while the input is
present, and coherency is destroyed subsequent to input
removal.
Alternatively, synchronization can be produced, without
any special predetermined neighborhood, if the weights are
not fixed but modified by Hebbian learning. In Hebbian
form of learning, the connection between a pair of simultaneously active neurons is strengthened, and is expressed in this
model as,

8 Integrated Segmentation and
Recognition

Tjk -- -FTjk + g((v + i(1 -- v))z;)g((v + i(1 - v))zk)

(14)

where g(.) is the sigmoid nonlinearity introduced in (13).
Equation (14) is always simulated together with (12, 13).
External input I in (12) produces changes in Tjk indirectly via
neuron outputs, Vk. As a result, the input pattern is encoded
in the weights, and input-dependent synchronization takes
place as an emergent effect. Figure 10 shows the result (for the
same input image of Fig. 7) after 530 iterations, using random
initial weights that are adapted using the Hebbian learning
equations.
The two mechanisms described above for synchronized
neural oscillations seem unconnected. However Linsker and
others have shown that Mexican-hat like neighborhoods can
develop automatically in a multilayered network with weights
adapted by Hebbian learning. Such neighborhoods seem to
be canonical for producing stimulus-specific oscillations,
obtained as an average effect of learning a large number of
patterns. This is supported by experimental results [30].

Often segmentation is an intermediate step towards object
recognition or classification from 2D images. For example,
segmentation may be used for figure-ground separation or for
isolating image regions that indicate objects of interest as
differentiated from background or clutter. Even small images
have lots of pixels--there are over 64 thousand pixels in a 256
x 256 image. So it is impractical to consider the raw image as
an input to an object recognition or classification system.
Instead, a small number of descriptive features are extracted
from the image, and then the image is classified or further
analyzed based on the values of these features. ANNs provide
powerful methods for both the feature extraction and
classification steps and have been used with much success in
integrated segmentation and recognition applications.
Feature Extraction. The quality of feature selection/
extraction limits the performance of the overall pattern
recognition system. One desires the number of features to
be small but highly representative of the underlying image
classes, and highly indicative of the differences among these
classes. Once the features are chosen, different methods
typically give comparable classification rates when used
properly. Thus feature extraction is the most crucial step. In
fact, the Bayes error is defined for a given choice of features,
and a poor choice can lead to a high Bayes rate.
Perhaps the most popular linear technique for feature
extraction is principal component analysis (PCA) (sometimes
referred to as the Karhunen-Loeve transform), wherein data is
projected in the directions of the principal eigenvectors of the
input covariance matrix. There are several iterative "neural"
techniques where weight vectors associated with linear cells
converge to the principal eigenvectors under certain conditions. The earliest and most well-known of these is Oja's rule,
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where the weights w i of a linear cell with single output

a priori mathematic model for the underlying physical

Y = Y~i XiWi' are adapted according to:

characteristics. A good review of probabilistic, hyperplane,
kernel and exemplar-based classifiers that discusses the relative
merit of various schemes within each category, is available in
[33]. It is observed that, if trained and used properly, several
neural networks show comparable performance over a wide
variety of classification problems, while providing a range of
trade-offs in training time, coding complexity and memory
requirements. Some of these networks, including the multilayered perceptron when augmented with regularization, and
the elliptical basis function network, are quite insensitive to
noise and to irrelevant inputs. Moreover, a firmer theoretical
understanding of the pattern recognition properties of feedforward neural networks has emerged that can relate their
properties to Bayesian decision making and to information
theoretic results [34].
Neural networks are not "magical". They do require that
the set of examples used for training should come from the
same (possibly unknown) distribution as the set used for
testing the networks, in order to provide valid generalization
and good performance on classifying unknown signals [35].
Mso, the number of training examples should be adequate and
comparable to the number of effective parameters in the neural
network, for valid results. Interestingly, the complexity of
the network model, as measured by the number of effective
parameters, is not fixed, but increases with the amount of
training. This provides an important knob: one can start with
an adequately powerful network and keep on training till
its complexity is of appropriate size. In practice, the latter
may be readily arrived at by monitoring the network's
performance on a validation set.
Training sufficiently powerful multilayer feedforward
networks (e.g. MLP, RBF) by minimizing the expected mean
square error (MSE) at the outputs and using a 0/1 teaching
function yields network outputs that approximate posterior
class probabilities [34]. In particular, the MSE is shown to
be equivalent to

wi(n) = wi(n - 1) + rl(n)y(n)[xi(n) - y(n)wi(n - 1)].

(15)

The learning rate is r/(n) and should satisfy the RobbinsMunro conditions for convergence, and xi(n) is the ith
component of the input presented at the nth instant. The
inputs are presented at random. Then it can be shown that, if
x is a zero-mean random variable, the weight vector converges
to unit magnitude with its direction the same as that of the
principal eigenvector of the input covariance matrix. In other
words, the output y is nothing but the principal component
after convergence! Moreover, by feeding the "residual",
xi(n)-y(n)wi(n1) into another similar cell, the second
principal component is iteratively obtained and so on.
Moreover, to make the iterative procedure robust against
outliers, one can vary the learning rate so that it has a lower
value if the current input is less probable.
The nonlinear discriminant analysis network proposed by
Webb and Lowe [31 ] is a good example of a non-linear feature
extraction method. They use a multilayer perceptron with
sigmoid hidden units and linear output units. The nonlinear
transformation implemented by the subnetwork from the
input layer to the final hidden layer of such networks tries
to maximize the so-called network discriminant function,
Tr{SBST+}, where ST + is the pseudo-inverse of the total
scatter matrix of the patterns at the output of the final hidden
layer, and SB is the weighted between-class scatter matrix
of the output of the final hidden layer. The role of the
hidden layers is to implement a nonlinear transformation
which projects input patters from the original space to a space
in which patterns are more easily separated by the output
layer.
A nice overview of neural based feature techniques is
given by Mao and Jain [32], who have also compared the
performance of five feature extraction techniques using 8
different data sets. They note that while several such
techniques are nothing but on-line versions of some classic
methods, they are more suitable for mildly nonstationary
environments, and often provide better generalization. Some
techniques such as Kohonen's feature map, also provides a
nice way of visualizing higher dimensional data in 2D or 3D
space.
Classification. Several feedforward neural networks have
properties that make them promising for image classification
based on the extracted features. ANN approaches have led
to the development of various "neural" classifiers using
feed-forward networks. These include the multilayer perceptron (MLP) as well as kernel-based classifiers such as those
employing radial basis functions, both of which are described
in Section 2. Such networks serve as adaptive classifiers that
learn through examples. Thus, they do not require a good

MSE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCB
- - K 1 Jr- ~
fx D i ( x ) ( P ( C i ] x ) - zyxwvutsrqponmlkjihgfedcbaZYX
j~(x))2dx (16)
i--1

where K1 and Di(x) depend on the class distributions only,
J~(x) is the output of the node representing class Ci given
an input x, P(Ci[x) denotes the posterior probability, and
the summation is over all classes. Thus, minimizing the
(expected) MSE corresponds to a weighted least squares fit of
the network outputs to the posterior probabilities. Somewhat
similar results are obtained by using other cost functions
such as cross-entropy.
The above result is exciting because it promises a direct
way of obtaining posterior class probabilities and hence attaining the Bayes optimum decision. In practice of course, the
exact posterior probabilities may not be obtained, but only an
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approximation thereof. (If it had, the Bayes error rate could
9 Concluding Remarks
have been attained.) This is because in order to minimize
(16), one needs to (i) use an adequately powerful network
Neural network based methods can be fruitfully applied
so that P(Cilx) can be realized, (ii) have enough number of
in several approaches to image segmentation. While many
training samples, and (iii) find the global minima in weight
of these methods are closely related to classic techniques
space. If any of the above conditions are violated, different
involving distributed iterative computation, new elements of
classification techniques will have different inductive biases,
learning and adaptation are added. Such elements are
and a single method cannot give the best results for all
particularly useful when the relevant properties of images
problems. Rather, more accurate and robust classification
are nonstationary, so continuous adaptation can yield better
can obtained by combining the outputs (evidences) of
results and robustness than a fixed solution. On the other
multiple classifiers based on neural network and/or statistical
hand, most of the methods have not been fully developed as
pattern recognition techniques. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
products with friendly GUI that a non-expert end user can
Pattern Recognition Techniques Specific to Segmenobtain off-the-shelf and readily use. Moreover, detailed
tation. While the above discussion applies to generic pattern
comparative analysis is desired for several of the techniques
recognition systems, image segmentation has specific chardescribed in this chapter, to further understand when they
acteristics that may call for custom approaches. Firstly, some
are most applicable. Thus, further analysis, benchmarking,
invariance to (small) changes in rotation, scale or translation
product development and system integration is necessary if
is often desired. For example, in OCR, tolerances to such
these methods are to gain widespread acceptance.
minor distortions is a must. Invariance can be achieved by
An exciting aspect of neural network based image proces(i) extracting invariant features such as Zernicke moments, (ii)
sing is the prospect of parallel hardware realization in analog
by providing additional examples with different types of
VLSI chips such as the silicon retina [1]. Such analog chips
distortion, e.g., for each character in OCR also present various
use networks of resistive grids and operational amplifiers to
rotated, scaled or shifted versions, or (iii) making the mapping
perform edge detection, smoothing, segmentation, compute
robust to invariances via weight replications or symmetries.
optic flow, etc., and can be readily embedded in a variety of
The last alternative is the most popular, and has led to
smart platforms, from toy autonomous vehicles that can
specialized feedforward networks with two or more hidden
track edges, movements, etc., to security systems to retinal
layers. Typically, the early hidden layers have cells with local
replacements [2]. Further progress towards the development
receptive fields, and their weights are shared among all cells
of low-power, real-time vision hardware requires an integrated
with similar purpose (i.e., extracting the same features) but
approach encompassing image modeling, parallel algorithms
acting on different portions of the image. A good example is
and the underlying implementation technology.
the convolutional net, [36] where the first hidden layer may be
viewed as a 3D block of cells. Each column of cells extract
different features from the corresponding localized portion Acknowledgments
of the image. These feature extractors essentially perform
convolution using nonlinear FIR filters. They are replicated I would like to thank A1 Bovik for his friendship and
at other localized portions by having identical weights inspiration over the years, and for numerous perceptive and
among all cells in the same layer of the 3D block. Multiple humorous comments on this chapter that greatly helped in
layers with subsampling is proposed to form an image improving its quality. This work was funded in part by ARO
processing pyramid. Higher layers are fully connected to contracts DAAH04-95-10494 and DAAG55-98-1-0230, and
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1 Introduction
One of the most fundamental image analysis operations is
edge detection. Edges are often vital clues toward the analysis
and interpretation of image information, both in biological
vision and computer image analysis. Some sort of edge
detection capability is present in the visual systems of a wide
variety of creatures, so it is obviously useful in their abilities to
perceive their surroundings.
For this discussion, it is important to define what is and is
not meant by the term "edge". The everyday notion of an edge
is usually a physical one, caused by either the shapes of
physical objects in three dimensions or by their inherent
material properties. Described in geometric terms, there are
two types of physical edges: (1) the set of points along which
there is an abrupt change in local orientation of a physical
surface, and (2) the set of points describing the boundary
between two or more materially distinct regions of a physical
surface. Most of our perceptual senses, including vision,
operate at a distance and gather information using receptors
that work in, at most, two dimensions. Only the sense of
touch, which requires direct contact to stimulate the skin's
pressure sensors, is capable of direct perception of objects in
three-dimensional (3D) space. However, some physical edges
of the second type may not be perceptible by touch because
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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material differencesmfor instance different colors of paintm
do not always produce distinct tactile sensations. Everyone
first develops a working understanding of physical edges in
early childhood by touching and handling every object within
reach.
The imaging process inherently performs a projection from
a 3D scene to a two-dimensional (2D) representation of that
scene, according to the viewpoint of the imaging device.
Because of this projection process, edges in images have a
somewhat different meaning than physical edges. Although
the precise definition depends on the application context, an
edge can generally be defined as a boundary or contour that
separates adjacent image regions having relatively distinct
characteristics according to some feature of interest. Most
often this feature is gray level or luminance, but others, such as
reflectance, color, or texture, are sometimes used. In the most
common situation where luminance is of primary interest,
edge pixels are those at the locations of abrupt gray-level
change. To eliminate single-point impulses from consideration as edge pixels, one usually requires that edges be sustained
along a contour; i.e., an edge point must be part of an edge
structure having some minimum extent appropriate for the
scale of interest. Edge detection is the process of determining
which pixels are the edge pixels. The result of the edge
detection process is typically an edge map, a new image that
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describes each original pixel's edge classification and perhaps
additional edge attributes, such as magnitude and orientation.
There is usually a strong correspondence between the
physical edges of a set of objects and the edges in images
containing views of those objects. Infants and young children
learn this as they develop hand-eye coordination, gradually
associating visual patterns with touch sensations as they feel
and handle items in their vicinity. There are many situations,
however, in which edges in an image do not correspond to
physical edges. Illumination differences are usually responsible
for this effectmfor example, the boundary of a shadow cast
across an otherwise uniform surface.
Conversely, physical edges do not always give rise to edges
in images. This can also be caused by certain cases of lighting and surface properties. Consider what happens when one
wishes to photograph a scene rich with physical edgesmfor
example, a craggy mountain face consisting of a single type of
rock. When this scene is imaged while the sun is directly behind
the camera, no shadows are visible in the scene and hence
shadow-dependent edges are nonexistent in the photo. The
only edges in such a photo are produced by the differences in
material reflectance, texture, or color. Since our rocky subject
material has little variation of these types, the result is a rather
dull photograph, because of the lack of apparent depth caused
by the missing edges. Thus, images can exhibit edges having no
physical counterpart, and they can also miss capturing edges
that do. Although edge information can be very useful in the
initial stages of such image processing and analysis tasks as
segmentation, registration, and object recognition, edges are
not completely reliable for these purposes.
If one defines an edge as an abrupt gray-level change, then
the derivative, or gradient, is a natural basis for an edge
detector. Figure 1 illustrates the idea with a continuous, onedimensional (1D) example of a bright central region against a
dark background. The left-hand portion of the gray-level
function fc(x) shows a smooth transition from dark to bright
as x increases. There must be a point x0 that marks the
transition from the low-amplitude region on the left to the
adjacent high-amplitude region in the center. The gradient
approach to detecting this edge is to locate x0 where If~(x)]
reaches a local maximum or, equivalently, f~(x) reaches a local
extremum, as shown in the second plot of Fig. 1. The second
derivative, or Laplacian approach, locates x0 where a zerocrossing of f}'(x) occurs, as in the third plot of Fig. 1. The
right-hand side of Fig. 1 illustrates the case for a falling edge
located at Xl.
To use the gradient or the Laplacian approaches as the
basis for practical image edge detectors, one must extend the
process to two dimensions, adapt to the discrete case, and
somehow deal with the difficulties presented by real images.
Relative to the 1D edges shown in Fig. 1, edges in 2D images
have the additional quality of direction. One usually wishes to
find edges regardless of direction, but a directionally sensitive
edge detector can be useful at times. Also, the discrete nature
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FIGURE 1 Edge detection in the 1D continuous case; changes in fc(X)
indicate edges, and Xoand Xl are the edge locations found by local extrema of
f'(x) or by zero-crossingsof f"(x).
of digital images requires the use of an approximation to the
derivative. Finally, there are a number of problems that can
confound the edge detection process in real images. These
include noise, crosstalk or interference between nearby edges,
and inaccuracies resulting from the use of a discrete grid.
False edges, missing edges, and errors in edge location and
orientation are often the result.
Because the derivative operator acts as a high-pass filter,
edge detectors based on it are sensitive to noise. It is easy for
noise inherent in an image to corrupt the real edges by shifting
their apparent locations and by adding many false edge pixels.
Unless care is taken, seemingly moderate amounts of noise are
capable of overwhelming the edge detection process, rendering
the results virtually useless. The wide variety of edge detection
algorithms developed over the past three decades exists, in
large part, because of the many ways proposed for dealing
with noise and its effects. Most algorithms employ noisesuppression filtering of some kind before applying the edge
detector itself. Some decompose the image into a set of lowpass or band-pass versions, apply the edge detector to each,
and merge the results. Still others use adaptive methods,
modifying the edge detector's parameters and behavior
according to the noise characteristics of the image data.
Some recent work by Mathieu and others [20] on fractional
derivative operators shows some promise for enriching the
gradient and Laplacian possibilities for edge detection.
Fractional derivatives may allow better control of noise
sensitivity, edge localization, and error rate under various
conditions.
An important tradeoff exists between correct detection of
the actual edges and precise location of their positions. Edge
detection errors can occur in two forms: false positives, in
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which nonedge pixels are misclassified as edge pixels, and false The situation is then similar to that of Fig. 1, where the point
negatives, which are the reverse. Detection errors of both types of locally maximum gradient magnitude is the edge point.
tend to increase with noise, making good noise suppression Now the issue becomes how to select the best direction for
very important in achieving a high detection accuracy. In the line segment used for the search.
The most commonly used method of producing edge
general, the potential for noise suppression improves with the
spatial extent of the edge detection filter. Hence, the goal of segments or contours from Eq. (2) consists of two stages:
maximum detection accuracy calls for a large-sized filter. thresholding and thinning. In the thresholding stage, the
Errors in edge localization also increase with noise. To achieve gradient magnitude at every point is compared to a pre-defined
good localization, however, the filter should generally be of threshold value, T. All points satisfying the following criterion
small spatial extent. The goals of detection accuracy and are classified as candidate edge points:
location accuracy are thus put into direct conflict, creating a
kind of uncertainty principle for edge detection [28].
IVfc(X, y)] > T.
(3)
In this chapter, we cover the basics of gradient and
Laplacian edge detection methods in some detail. Following
The set of candidate edge points tends to form strips, which
each, we also describe several of the more important and
have positive width. Since the desire is usually for zero-width
useful edge detection algorithms based on that approach.
boundary segments or contours to describe the edges, a
While the primary focus is on gray-level edge detectors, some
subsequent processing stage is needed to thin the strips to the
discussion of edge detection in color and multispectral images
final edge contours. Edge contours derived from continuousis included. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
space images should have zero width because any local maxima
of ]Vfc(X, y)], along a line segment that crosses the edge, cannot
2 Gradient-based Methods
be adjacent points. For the case of discrete-space images, the
nonzero pixel size imposes a minimum practical edge width.
2.1 Continuous Gradient
Edge thinning can be accomplished in a number of ways,
depending on the application, but thinning by nonmaximum
The core of gradient edge detection is, of course, the gradient
suppression is usually the best choice. Generally speaking, we
operator, V. In continuous form, applied to a continuouswish to suppress any point that is not, in a 1D sense, a local
space image, fc(x, y), the gradient is defined as
maximum in gradient magnitude. Since a 1D local neighborhood search typically produces a single maximum, those
of~(x, y)
OL(x, y).
~f~(x, y) - ~ i x
+ Oy ~r,
(1) points that are local maxima will form edge segments only one
point wide. One approach classifies an edge-strip point as an
edge point if its gradient magnitude is a local maximum in at
where ix and iy are the unit vectors in the x and y directions. least one direction. However, this thinning method sometimes
Notice that the gradient is a vector, having both magnitude has the side effect of creating false edges near strong edge
and direction. Its magnitude, IV x0,y0)l, measures the lines [17]. It is also somewhat inefficient because of the
maximum rate of change in the intensity at the location computation required to check along a number of different
(x0, Y0). Its direction is that of the greatest increase in directions. A better, more efficient thinning approach checks
intensity; i.e., it points "uphill."
only a single direction, the gradient direction, to test whether a
To produce an edge detector, one may simply extend the given point is a local maximum in gradient magnitude. The
1D case described earlier. Consider the effect of finding the points that pass this scrutiny are classified as edge points.
local extrema of ~fc(X, y) or the local maxima of
Looking in the gradient direction essentially searches perpendicular to the edge itself, producing a scenario similar to the
1D case shown in Fig. 1. The method is efficient because it is
(2) not necessary to search in multiple directions. It also tends to
IVfc(x, r)l - V \ Ox
+(°fcor
produce edge segments having good localization accuracy.
These characteristics make the gradient direction, local extreThe precise meaning of "local" is very important here. If the
mum method quite popular. The following steps summarize
maxima of Eq. (2) are found over a 2D neighborhood, the
its implementation.
result is a set of isolated points rather than the desired edge
contours. The problem stems from the fact that the gradient
1. Using one of the techniques described in the next
magnitude is seldom constant along a given edge, so finding
section, compute ~7f for all pixels.
the 2D local maxima yields only the locally strongest of the
2. Determine candidate edge pixels by thresholding all
edge contour points. To fully construct edge contours, it is
pixels' gradient magnitudes by T.
better to apply Eq. (2) to a 1D local neighborhood, namely
3. Thin by suppressing all candidate edge pixels whose
a line segment, whose direction is chosen to cross the edge.
gradient magnitude is not a local maximum along its

J (0fc(X,y))2

(x,y))
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gradient direction. Those that survive nonmaximum
supression are classified as edge pixels.

The order of the thinning and thresholding steps might be
interchanged. If thresholding is accomplished first, the
computational cost of thinning can be significantly reduced.
However, it can become difficult to predict the number of
edge pixels that will be produced by a given threshold value.
By thinning first, there tends to be somewhat better
predictability of the richness of the resulting edge map as a
function of the applied threshold.
Consider the effect of performing the thresholding and
thinning operations in isolation. If thresholding alone were
done, the edges would show as strips or patches instead of
thin segments. If thinning were done without thresholding,
that is, if edge points were simply those having locally
maximum gradient magnitude, many false edge points would
likely result because of noise. Noise tends to create false edge
points because some points in edge-free areas happen to have
locally maximum gradient magnitudes. The thresholding step
of Eq. (3) is often useful to reduce noise either prior to or
following thinning. A variety of adaptive methods have been
developed that adjust the threshold according to certain image
characteristics, such as an estimate of local signal-to-noise
ratio. Adaptive thresholding can often do a better job of noise
suppression while reducing the amount of edge fragmentation.
The edge maps in Fig. 3, computed from the original
image in Fig. 2, illustrate the effect of the thresholding and
subsequent thinning steps.
The selection of the threshold value T is a tradeoff between
the wish to fully capture the actual edges in the image and
the desire to reject noise. Increasing T decreases sensitivity
to noise at the cost of rejecting the weakest edges, forcing
the edge segments to become more broken and fragmented.

By decreasing T, one can obtain more connected and richer
edge contours, but the greater noise sensitivity is likely to
produce more false edges. If only thresholding is used, as in
Eq. (3) and Fig. 3(a), the edge strips tend to narrow as T
increases and widen as it decreases. Figure 4 compares edge
maps obtained from several different threshold values.
Sometimes a directional edge detector is useful. One can be
obtained by decomposing the gradient into horizontal and
vertical components and applying them separately. Expressed
in the continuous domain, the operators become:

Ofdx, r) > T

for edges in the y direction,

Ofdx, y)
or

for edges in the x direction.

3x

>T

zy

FIGURE 2 Originalcameraman image, 512 x 512 pixels.
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FIGURE 3 Gradientedge detection steps, using the Sobeloperator: (a) Afterthresholding IVfl; (b) after thinning (a) by finding the local maximum of IVf[
along the gradient direction.
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FIGURE 4
Roberts edge m a p s o b t a i n e d b y using v a r i o u s t h r e s h o l d values: (a) T - - 5 , (b) T = 10, (c) T = 2 0 ,
edges are rejected along w i t h the w e a k e r real edges.

An example of directional edge detection is illustrated in
Fig. 5.
A directional edge detector can be constructed for any
desired direction by using the directional derivative along a
unit vector n,
~L

-~

On

= vf<(x, r ) . n,

0S<(x, y)
= ~cos0
Ox
where 0 is the angle of
The directional derivative
dicular to n.
The continuous-space
isotropic or rotationally
sensitive to edges in any

+

<- .?. . . . .<,

~,~;:</

.

,If. ,fl

/

..<

Ofc(x,y) sin 0,
0y

(4)

(d) T - 4 0 .

As T increases, m o r e n o i s e - i n d u c e d

why IVf] is isotropic. In addition to the original X - Y
coordinate system, let us introduce a new system, X ' - Y ' ,
which is rotated by an angle of 4b relative to X - Y . Let n>~
and n I be the unit vectors in the x' and )/ directions,
respectively. For the gradient magnitude to be isotropic, the
same result must be produced in both coordinate systems,
regardless of ~. Using Eq. (4) along with abbreviated notation,
the partial derivatives with respect to the new coordinate
axes are
fx' - V f . n~, - f~ cos ~ + fr sin ~,

n relative to the positive x axis.
is most sensitive to edges perpen-

fl = V f . n r, - -fx sin ~ + fr cos ¢.

gradient magnitude produces an
symmetric edge detector, equally
direction [17]. It is easy to show

From this point, it's a simple matter of plugging into
Eq. (2) to show the gradient magnitudes are identical in
both coordinate systems, regardless of the rotation angle, ~.
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Directional edge detection comparison, using the Sobel operator: (a) results of horizontal difference operator; (b) results of vertical difference

Occasionally, one may wish to reduce the computation
load of Eq. (2) by approximating the square root with a
computationally simpler function. Three possibilities are
IVfc(x, Y)I ~ max{

dXx, r!

Ox

.~, max

1

+ ~ min

3x

~L(x, r)
'
or

,

OL(x, y)
+
or

¢, r)

Ox

'

(6)

dXx, r)
or

{ 3.fc(x,y)
Ox

(5)

Let us assume that the positive directions of nl and n2 are
to the right and upward, respectively. For use on discretespace images, the continuous gradient's derivative operators
must be approximated in discrete form. The approximation
takes the form of a pair of orthogonally oriented filters,
hl(nx, n2) and h2(nl, n2), which must be separately convolved
with the image. Based on Eq. (1), the gradient estimate is

of~(x, y) .
or

A

W(nl, n2) --fl(nl, n2) in, + J~(nl, n2) i. 2,

where

(7)

One should be aware that approximations of this type may
alter the properties of the gradient somewhat. For instance, the
approximated gradient magnitudes of Eqs. (5), (6), and (7) are
not isotropic and produce their greatest errors for purely
diagonally oriented edges. All three estimates are correct only
for the pure horizontal and vertical cases. Otherwise, Eq. (5)
consistently underestimates the true gradient magnitude while
Eq. (6) overestimates it. This makes Eq. (5) biased against
diagonal edges and Eq. (6) biased toward them. The estimate
of Eq. (7) is by far the most accurate of the three.

2.2 D i s c r e t e Gradient Operators
In the continuous-space image, f~(x, y), let x and y represent
the horizontal and vertical axes, respectively. Let the discretespace representation of fc(X, y) be f(nx, n2), with nl describing the horizontal position and n2 describing the vertical.

fl(nl, n2) =

f(nl, n2) * hi (nl, n2)

fi(nl, n2) =

f(nl, n2) * h2(nl, n2).

Two filters are necessary because the gradient requires the
computation of an orthogonal pair of directional derivatives.
The gradient magnitude and direction estimates can then be
computed as follows:
]Vf (hi, n2) ] - - T f } (nl, n2) + f2(nl , n2),

(f__2(nl, n2)~

/ V f ( n l , n2) -- tan -1 Ikfl(nl, n2)]"

(8)

Each of the filters implements a derivative and should not
respond to a constant, so the sum of its coefficients must
always be zero. A more general statement of this property is
described later in this chapter by Eq. (12).
There are many possible derivative-approximation filters
for use in gradient estimation. Let us start with the simplest
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cases. Two simple approximation schemes for the derivative in
one dimension are
First difference:
Central difference:

1),
51[f( n + 1) - f ( n - 1)]

f(n) - f(n-

which result in the following 1D convolutional filters:
First difference:
Central difference:

h(n)=3(n)-3(n-1)=[1
-1],
1
h ( n ) - 8(n + 1 ) - 8 ( n - 1 ) - 511
0 - 1].

(9)
It is common practice to incorporate the dimensional
reversal into the filter kernel mask and then perform
correlation instead of convolution. This exploits the close
relationship between the discrete convolution and correlation
operators, thereby saving a bit of computation. As a practical
matter, the convolution and correlation responses to a given
gradient-based edge detection mask will differ only in sign.
However, the magnitude of the responsemnot its signmis
usually the important thing. Henceforth, the filters are
expressed as correlation masks and the dimensional reversal
will be omitted. For instance, the convolutional filters of
Eq. (9) are expressed in correlational form, with h ( - n ) listed
as h(n) for simplicity:
First difference:
Central difference:

h(n) = [ - 1
1
h(n) - 5[-1

1],
0

1].

(10)

The scaling factor of 51 for the central difference is caused by
the two-pixel distance between the nonzero samples. The
origin positions for both filters are usually set at (nl, n2),
shown in boldface. The gradient magnitude threshold value
can be easily adjusted to compensate for any scaling, so the
scale factor will be omitted from here on.
Let us now extend Eq. (10) to the 2D case. These derivative
approximations can be expressed as filter kernels, whose
impulse responses, hl(nl, n2) and h2(nl, n2), a r e shown
dimensionally reversed as the following correlation masks:

[-1 1] derivative kernels lie at different positions. This
prevents the two filters from measuring horizontal and
vertical edge characteristics at the same location, causing
error in the estimated gradient. The central difference, caused
by the common center of its horizontal and vertical
differencing kernels, avoids this position mismatch problem.
This benefit comes at the costs of larger filter size and the fact
that the measured gradient at a pixel (nl, n2) does not actually
consider the value of that pixel.
Rotating the first difference kernels by an angle of 4 and
stretching the grid a bit produces the hl(nl, n2) and h2(nl, n2)
correlation masks for the Roberts operator:
0

1

1

0

[, 0]E0 1]zyxwvutsrqponmlkjihgfedcbaZY
The Roberts operator's component filters are tuned for
diagonal edges rather than vertical and horizontal ones. For
use in an edge detector based on the gradient magnitude, it is
important only that the two filters be orthogonal. They need
not be aligned with the nl and n2 axes. The pair of Roberts
filters have a common zero-crossing point for their differencing kernels. This common center eliminates the position
mismatch error exhibited by the horizontal-vertical first
difference pair, as described earlier. If the origins of the
Roberts kernels are positioned on the +1 samples, as is
sometimes found in the literature, then no common center
point exists for their first differences.
The Roberts operator, like any simple first-difference
gradient operator, has two undesirable characteristics. First,
the zero crossing of its [-1 1] diagonal kernel lies off grid, but
the edge location must be assigned to an actual pixel location,
namely the one at the filter's origin. This can create edge
location bias that may lead to location errors approaching the
interpixel distance. If we could use the central difference
instead of the first difference, this problem would be reduced
because the central difference operator inherently constrains
its zero crossing to an exact pixel location.
The other difficulty caused by the first difference is its noise
sensitivity. In fact, both the first- and central-difference

First difference:

h1,1,2 E 0 0]

Central difference:

hl(nl, n2) -

[000]
-1

1

-1
0

0
0

Again, the origin position is indicated by boldface. Filters
hi(n1, n2) respond most strongly to vertical edges and do not
respond to horizontal edges. The h2(nl, n2) counterparts
respond to horizontal edges and not to vertical ones.
If used to detect edges, the pair of first difference filters
above presents the problem that the zero crossings of its two

541

h2(nl, n 2 ) - -

'

1
0

,

h2(nl, n2) --

[10]

[010]
-1

0
0

0 '

0
-1

0
0

.

derivative estimators are quite sensitive to noise. The noise
problem can be reduced somewhat by incorporating smoothing into each filter in the direction normal to that of the
difference. Consider an example based on the central
difference in one direction for which we wish to smooth
along the orthogonal direction with a simple three-sample

542

Handbook of Image and Video Processing

average. To that end, let us define the impulse responses of response to diagonal, horizontal, and vertical edges is the
two filters: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Frei-Chen operator:

ha(nx)-[1

1

1],

hb(n2)--[--1

0

1].

Since ha is a function only of nl and hb depends only on n2,
one can simply multiply them as an outer product to form a
separable derivative filter that incorporates smoothing:

i 1 0 11 i1

0

-1

0

1

-1

o

-~/2

11

0.

-1

However, even the Frei-Chen operator retains some directional
sensitivity in gradient magnitude, so it is not truly
ha(nl)hb(n2) -- hi(n1, n2), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
isotropic. The residual anisotropy is caused by the fact that the
1
-1
0 1
difference operators used to approximate Eq. (1) are not
rotationally symmetric. Merron and Brady [21] describe a
1 [-1
0 1]--1
0 1 .
simple method for greatly reducing the residual directional
1
-1
0 1
bias by using a set of four difference operators instead of two.
Their operators are oriented in increments of 4 radians, adding
Repeating this process for the orthogonal case produces the a pair of diagonal ones to the original horizontal and vertical
pair. Averaging the gradients produced by the diagonal
Prewitt operator mask:
operators with those of the nondiagonal ones allows their
complementary directional biases to reduce the overall
anisotropy. However, Ziou and Wang [31] have described
1 0 1
0
0
0 .
how an isotropic gradient applied to a discrete grid tends to
1 0 1
-1
-1
-1
introduce some anisotropy. They have also analyzed the errors
of gradient magnitude and direction as a function of edge
translation
and orientation for several detectors. Figure 6
The Prewitt edge gradient operator simultaneously accomshows
the
results
of performing edge detection on an example
plishes differentiation in one coordinate direction, using the
image
by
applying
the discrete gradient operators discussed so
central difference, and noise reduction in the orthogonal
far.
direction, by means of local averaging. Because it uses the
Haralick's facet model [10, 11] provides another way of
central difference instead of the first difference, there is less
calculating
the gradient in order to perform edge detection.
edge-location bias.
In
the
sloped
facet model, a small neighborhood is paramIn general, the smoothing characteristics can be adjusted
eterized
by
t~n2
+ fin1 ~- y, describing the plane that best fits
by choosing an appropriate low-pass filter kernel in place of
the
gray
levels
in
that neighborhood. The plane parameters a
the Prewitt's three-sample average. One such variation is
and/3
can
be
used
to compute the gradient magnitude:
the Sobel operator, one of the most widely used gradient
edge detectors:

i1011 i1 1 11

-1

0

1

-2

0

2

-1

0

1

1

2

1

I 11 1
0

-1

0

-2

0 .

-1

Sobel's operator is often a better choice than Prewitt's
because the low-pass filter produced by the [1 2 1] kernel
results in a smoother frequency response compared to that
of[1 1 1].
The Prewitt and Sobel operators respond differently to
diagonal edges than to horizontal or vertical ones. This
behavior is a consequence of the fact that their filter
coefficients do not compensate for the different grid spacings
in the diagonal and the horizontal directions. The Prewitt
operator is less sensitive to diagonal edges than to vertical or
horizontal ones. The opposite is true for the Sobel operator
[23]. A variation designed for equal gradient magnitude

The facet model also provides means for computing directional derivatives, zero crossings, and a variety of other useful
operations.
Improved noise suppression is possible with increased
kernel size. The additional coefficients can be used to better
approximate the desired continuous-space noise-suppression
filter. Greater filter extent can also be used to reduce
directional sensitivity by more accurately modeling an ideal
isotropic filter. However, increasing the kernel size will
exacerbate edge localization problems and create interference
between nearby edges. Noise suppression can be improved by
other methods as well. Papers by Bovik [3] and Hardie and
Boncelet [12] are just two that describe the use of edgeenhancing prefilters, which simultaneously suppress noise and
steepen edges prior to gradient edge detection.

4.13 Gradient and Laplacian Edge Detection
S'~ . . . .

b,,

.... "

"-..It.

.

.........:.. •

//

zyxwvutsr
543

:"

<.'.-...or..

,

:":

:::

.[

"

•

"

/I ....

"

./t

:~.

"

.

-~-, ""~

zyxwvutsrqponmlkjihgfedcbaZYXW
'

(a)

(c)

(b)

zyxwvutsrqp
(d)

FIGURE 6 Comparison of edge detection using various gradient operators: (a) Roberts, (b) 3 x 3 Prewitt, (c) 3 x 3 Sobel, (d) 3 x 3 Frei-Chen. In each case,
the threshold has been set to allow a fair comparison.

3 Laplacian-based Methods
3.1 Continuous Laplacian
The Laplacian is defined as

V~fc(X, r) = v . Vfc(x, r) =

0~f~(x,r) +
OX2

~ fc(x, r)
~ Oy. 2

(11)

The zero crossings of V2fc(x, y) occur at the edge points of
fc(X, y) because of the second derivative action (see Fig. 1).
Laplacian-based edge detection has the nice property that it
produces edges of zero thickness, making edge-thinning steps
unnecessary. This is because the zero crossings themselves
define the edge locations.
The continuous Laplacian is isotropic, favoring no particular edge orientation. Consequently, its second partial terms

in Eq. (11) can be oriented in any direction as long as they
remain perpendicular to each other. Consider an ideal,
straight, and noise-free edge oriented in an arbitrary direction.
Let us realign the first term of Eq. (11) parallel to that edge
and the second term perpendicular to it. The first term then
generates no response at all because it acts only along the edge.
The second term produces a zero crossing at the edge position
along its edge-crossing profile.
An edge detector based solely on the zero crossings of
the continuous Laplacian produces closed edge contours if
the image, fix, y), meets certain smoothness constraints
[28]. The contours are closed because edge strength is not
considered, so even the slightest, most gradual intensity
transition produces a zero crossing. In effect, the zero-crossing
contours define the boundaries that separate regions of
nearly constant intensity in the original image. The second
derivative zero crossings occur at the local extrema of the
first derivative (see Fig. 1), but many zero crossings are not
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Like any derivative filter, the continuous-space Laplacian
filter, h¢(x, y), has this important zero-mean property [15]:

fgx)

"/~

ffoo ffOO hc(x, y) dx dy zyxwvutsrqponmlkjihgfedcbaZYXWVUT
= O.
(12)

.........................................................................................................

fc '(x)

fc"(x)

i Xp

oo

In other words, hc(x,y) is a surface bounding equal
volumes above and below zero. Consequently, V2fc(x,y)
will also have equal volumes above and below zero. This
property eliminates any response that is due to the constant or
DC bias contained in f~(x, y). Without DC bias rejection, the
filter's edge detection performance would be compromised.
Gunn [15] has described the effect of truncation of the
Laplacian and the subsequent bias introduced when Eq. (12)
is violated.

J

Xo

oo

X1

: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.2 Discrete Laplacian Operators

FIGURE 7

The zero-crossingoff~'(x) at xp creates a phantom edge.

local maxima of the gradient magnitude. Some local minima
of the gradient magnitude give rise to phantom edges,
which can be largely eliminated by appropriately thresholding
the edge strength. Figure 7 illustrates a 1D example of a
phantom edge.
Noise presents a problem for the Laplacian edge detector
in several ways. First, the second-derivative action of Eq. (11)
makes the Laplacian even more sensitive to noise than the
first-derivative-based gradient. Second, noise produces many
false edge contours because it introduces variation to the
constant-intensity regions in the noise-free image. Third, noise
alters the locations of the zero-crossing points, producing
location errors along the edge contours. The problem of noiseinduced false edges can be addressed by applying an additional
test to the zero-crossing points. Only the zero crossings that
satisfy this new criterion are considered edge points. One
commonly-used technique classifies a zero crossing as an edge
point if the local gray-level variance exceeds a threshold
amount. Another method is to select the strong edges by
thresholding the gradient magnitude or the slope of the
Laplacian output at the zero crossing. Both criteria serve to
reject zero crossing points that are more likely caused by
noise than by a real edge in the original scene. Of course,
thresholding the zero crossings in this manner tends to
break up the closed contours.

y)
0x2

--~

fxx(nl, n2) =

It is useful to construct a filter to serve as the Laplacian
operator when applied to a discrete-space image. Recall
that the gradient, which is a vector, required a pair of
orthogonal filters. The Laplacian is a scalar. Therefore, a
single filter, h(nl, n2), is sufficient for realizing a Laplacian
operator. The Laplacian estimate for an image, f(nl, n2),
is then
V2f(nl, n2) --f(nl, n2) •

h(nl,

n2).

One of the simplest Laplacian operators can be derived as
follows. First needed is an approximation to the derivative in
x, so let us use a simple first difference.

of (x, y)
Ox

+

fx(nl, n2) -- f(nl + 1, n2)

--

f(nl,

n2).

(13)

The second derivative in x can be built by applying the first
difference to Eq. (13). However, we discussed earlier how
the first difference produces location errors because its zero
crossing lies off grid. This second application of a first
difference can be shifted to counteract the error introduced by
the previous one:

y)
0x2

--~ fxx(nl, n2) =

fx(nl,

n2) --fx(nl -- 1, n2).

(14)

Combining the two derivative-approximation stages from
Eqs. (13) and (14) produces

f(nl + 1, n2) -- 2f(nl, n2) + f(nl

-- 1, n2) -- [ 1

--2

1 ].

(15)
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Proceeding in an identical manner for y yields

a~fc(x, r)
ay2

(16)

--+ fyy(//1, n2) - - f ( n l , n2 q- 1) -- 2f(//1, n2) q-f(nl,//2 -- 1) --

Combining the x and y second partials of Eqs. (15) and (16)
produces a filter, h(nl, n2), which estimates the Laplacian:

3.3 The Laplacian of Gaussian
(Marr-Hildreth Operator)

It is common for a single image to contain edges having widely
different sharpnesses and scales, from blurry and gradual to
crisp and abrupt. Edge scale information is often useful as an
--fxx(nl, n2) -F fyy(nl, n2)
aid toward image understanding. For instance, edges at low
= f(na + 1, n2) + f ( n l -- 1, n2) + f(nx, n2 + 1)
resolution tend to indicate gross shapes while texture tends to
become
important at higher resolutions. An edge detected
+ f ( n l , n2 -- 1) -- 4f(nx, n2)
over a wide range of scale is more likely to be physically
significant in the scene than an edge found only within a
--[1-2
1]+
-2
-- 1 - 4
1 . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
narrow range of scale. Furthermore, the effects of noise are
usually most deleterious at the finer scales.
1
0
1 0
Marr and Hildreth [19] advocated the need for an operator
that can be tuned to detect edges at a particular scale. Their
Other Laplacian estimation filters can be constructed using
method is based on filtering the image with a Gaussian kernel
this method of designing a pair of appropriate 1D second
selected for a particular edge scale. The Gaussian smoothing
derivative filters and combining them into a single 2D filter.
operation serves to band-limit the image to a small range of
The results depend on the choice of derivative approximator,
frequencies, reducing the noise sensitivity problem when
the size of the desired filter kernel, and the characteristics of
detecting zero crossings. The image is filtered over a variety of
any noise-reduction filtering applied. Two other 3x3
scales and the Laplacian zero crossings are computed at each.
examples are
This produces a set of edge maps as a function of edge scale.
Each edge point can be considered to reside in a region
of scale space, for which edge point location is a function of
1 -8
1 ,
2
-4
2 .
x, y, and a. Scale space has been successfully used to refine
1
1
1
-1
2
-1
and analyze edge maps [30].
The Gaussian has some very desirable properties that
facilitate
this edge detection procedure. First, the Gaussian
In general, a discrete-space smoothed Laplacian filter can be
function
is smooth and localized in both the spatial and
easily constructed by sampling an appropriate continuousfrequency
domains, providing a good compromise between
space function, such as the Laplacian of Gaussian. When
the
need
for
avoiding false edges and for minimizing errors
constructing a Laplacian filter, make sure that the kernel's
in
edge
position.
In fact, Torre and Poggio [28] describe
coefficients sum to zero in order to satisfy the discrete form of
the
Gaussian
as
the
only real-valued function that minimizes
Eq. (12). Truncation effects may upset this property and create
the
product
of
spatialand frequency-domain spreads. The
bias. If so, the filter coefficients should be adjusted in a way
Laplacian
of
Gaussian
essentially
acts as a bandpass filter
that restores proper balance.
because
of
its
differential
and
smoothing
behavior. Second,
Locating zero crossings in the discrete-space image,
the
Gaussian
is
separable,
which
helps
make
computation very
V 2 f ( n l , 112), is fairly straightforward. Each pixel should be
efficient.
compared to its eight immediate neighbors; a four-way
Omitting the scaling factor, the Gaussian filter can be
neighborhood comparison, while faster, may yield broken
written
as
contours. If a pixel, p, differs in sign with its neighbor, q, an
edge lies between them. The pixel, p, is classified as a zero
crossing if

V2fc( X, y) ~

V?(t/1, /'/2)

I11 I° 1°1

[111] E1211

Iv2f(p)[ ~ I v2f(q) l .

(17)

gc(X, y) -- exp

t

X2~2ai
_+_y2~j .

(18)
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Its frequency response, G(g2x, f2r), is also Gaussian:

the response of the spatial receptive field found in biologic
vision. Biologic receptive fields have been shown to have a
O"2
circularly symmetric impulse response, with a central excitory
G(fax, fir) 27/'02 exp
-~ (fa2x +zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
region surrounded by an inhibitory band.
When sampling the LoG to produce a discrete version, it is
important to size the filter large enough to avoid significant
The 0" parameter is inversely related to the cutoff frequency.
truncation effects. A good rule of thumb is to make the filter at
Because the convolution and Laplacian operations are both
least three times the width of the LoG's central excitory
linear and shift invariant, their computation order can be
lobe [23]. Siohan et al. [27] describes two approaches for the
interchanged:
practical design of LoG filters. The errors in edge location
produced by the LoG have been analyzed in some detail by
(19) Berzins [2]. Gunn [15] has analyzed and described the
r) • g (x, r)]
r)] • f (x, r).
relationship between the choice of LoG mask size and the
resulting
probability of edge detection and localization errors.
Here we take advantage of the fact that the derivative is a
Sarkar
and Boyer [25] have developed an optimal recursive
linear operator. Therefore, Gaussian filtering followed by
filter
for
use
as a zero-crossing edge detector. They observed
differentiation is the same as filtering with the derivative of a
that
the
optimal
zero-crossing detector cannot generally be
Gaussian. The right-hand side of Eq. (19) usually provides for
obtained
by
simply
taking the derivative of the optimal
more efficient computation since V2gc(x, y) can be prepared in
gradient
detector.
Their
filter has been optimized for step
advance due to its image independence. The Laplacian of
edges
and
to
simultaneously
achieve low error rate, high edge
Gaussian (LOG) filter, hc(x,y), therefore has the following
localization
precision,
and
low
rate of spurious responses.
impulse response:
These goals are similar to those of Canny, whose method is
described later in this chapter. The Sarkar-Boyer filter is
hc(x, Y) -- V2 gc(X, y)
claimed to perform somewhat better than the LoG filter [25].
X 2 q_ y2 _ 20.2
exp ( - x2-2~:/
+ y2~].
(20)
-

-

0-4

3.4 Difference of Gaussian
To implement the LoG in discrete form, one may construct
a filter, h(nx, n2), by sampling Eq. (20) after choosing a value
of 0", then convolving with the image. If the filter extent is not
small, it is usually more efficient to work in the frequency
domain by multiplying the discrete Fourier transforms of the
filter and the image, then inverse transforming the result. The
fast Fourier transform, or FFT, is the method of choice for
computing these transforms.
Although the discrete form of Eq. (20) is a 2D filter, Chen,
et al. [7], have shown that it is actually the sum of two
separable filters because the Gaussian itself is a separable
function. By constructing and applying the appropriate 1D
filters successively to the rows and columns of the image, the
computational expense of 2D convolution becomes unnecessary. Separable convolution to implement the LoG is roughly
1-2 orders of magnitude more efficient than 2D convolution.
If an image is M x M in size, the number of operations at each
pixel is M 2 for 2D convolution and only 2M if done in a
separable, 1D manner.
Figure 8 shows an example of applying the LoG using
various 0" values. Figure 8(d) includes a gradient magnitude
threshold, which suppresses noise and breaks contours.
Lim [17] describes an adaptive thresholding scheme that
produces better results.
Equation (20) has the shape of a sombrero or "Mexican
hat". Figure 9 shows a perspective plot of V2g~(x,y) and its
frequency response, F{ V2g~(x, y)}. This profile closely mimics

The Laplacian of Gaussian of Eq. (20) can be closely
approximated by the difference of two Gaussians having
properly-chosen scales. The difference of Gaussian (DOG)
filter is
hc(x, y) -- gcl (X, y) -- gc2(X, y),

where
0"2
- - ~ 1.6
0"1

and gcl, gc2 are evaluated using Eq. (18). However, the LoG is
usually preferred because it is theoretically optimal and its
separability allows for efficient computation [19]. For the
same accuracy of results, the DoG requires a slightly larger
filter size [ 14].
The technique of unsharp masking, used in photography, is
basically a difference of Gaussians operation done with light
and negatives. Unsharp masking involves making a somewhat
blurry exposure of an original negative onto a new piece of
film. When the film is developed, it contains a blurred and
inverted-brightness version of the original negative. Finally, a
print is made from these two negatives sandwiched together,
producing a sharpened image with the edges showing
increased contrast.
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Nature uses the difference of Gaussians as a basis for the implementation is usually not best for detecting them. Hence,
architecture of the retina's visual receptive field. The spatial- a thorough edge detection procedure should operate at
domain impulse response of a photoreceptor cell in the different scales.
mammalian retina has a roughly Gaussian shape. The photoCanny's approach begins by smoothing the image with a
receptor output feeds into horizontal cells in the adjacent Gaussian filter:
layer of neurons. Each horizontal cell averages the responses
of the receptors in its immediate neighborhood, producing
_1~/2:n"
(
x2 -'['-y2)
a Gaussian-shaped impulse response with a higher cr than that
gc(X, y) 0 _~__exp
20.2 .
(21)
of a single photoreceptor. Both layers send their outputs to
the third layer, where bipolar neurons subtract the high-a
neighborhood averages from the central photoreceptors' One may sample and truncate Eq. (21) to produce a finitelow-a responses. This produces a biologic realization of the extent filter, g(nl, n2). At each pixel, Eq. (8) is used to estimate
difference-of-Gaussian filter, approximating the behavior of the gradient direction. From a set of prepared edge detection
the Laplacian of Gaussian. The retina actually implements filter masks having various orientations, the one oriented
nearest to the gradient direction for the targeted pixel is then
DoG bandpass filters at several spatial frequencies [18]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
chosen. When applied to the Gaussian-smoothed image, this
filter produces an estimate of gradient magnitude at that pixel.
One may instead apply simpler methods, such as the central
4 Canny's Method
difference operator, to estimate the partial derivatives. The
Canny's method [5] uses the concepts of both the first and initial Gaussian smoothing step makes additional smoothing
second derivatives in a very effective manner. His is a classic along the edge, as with the Prewitt or Sobel operators,
application of the gradient approach to edge detection completely unnecessary. Next, the goal is to suppress nonin the presence of additive white Gaussian noise, but it maxima of the gradient magnitude by testing a 3x3
also incorporates elements of the Laplacian approach. The neighborhood, comparing the magnitude at the center pixel
method has three simultaneous goals: low rate of detection with those at interpolated positions to either side along the
errors, good edge localization, and only a single detection gradient direction.
The pixels that survive to this point are candidates for the
response per edge. Canny assumed that false-positive and
false-negative detection errors are equally undesirable and so edge map. To produce an edge map from these candidate
gave them equal weight. He further assumed that each edge pixels, Canny applies thresholding by gradient magnitude in
has nearly constant cross section and orientation, but his an adaptive manner with hysteresis. An estimate of the noise
general method includes a way to effectively deal with the in the image determines the values of a pair of thresholds, with
cases of curved edges and corners. With these constraints, the upper threshold typically two or three times that of the
Canny determined the optimal 1D edge detector for the step lower. A candidate edge segment is included in the output
edge and showed that its impulse response can be approxi- edge map if at least one of its pixels has a gradient magnitude
exceeding the upper threshold, but pixels not meeting the
mated fairly well by the derivative of a Gaussian.
An important action of Canny's edge detector is to prevent lower threshold are excluded. This hysteresis action helps
multiple responses per true edge. Without this criterion, the reduce the problem of broken edge contours while improving
optimal step-edge detector would have an impulse response the ability to reject noise.
A set of edge maps over a range of scales can be produced by
in the form of a truncated signum function. (The signum
function produces +1 for any positive argument and - 1 for varying the rr values used to Gaussian-filter the image. Since
any negative argument.) But this type of filter has high smoothing at different scales produces different errors in edge
bandwidth, allowing noise or texture to produce several local location, an edge segment that appears in multiple edge maps
maxima in the vicinity of the actual edge. The effect of the at different scales may exhibit some position shift. Canny
derivative of Gaussian is to prevent multiple responses by proposed unifying the set of edge maps into a single result by a
smoothing the truncated signum in order to permit only one technique he called "feature synthesis," which proceeds in a
response peak in the edge neighborhood. The choice of fine-to-coarse manner while tracking the edge segments within
variance for the Gaussian kernel controls the filter width and their possible displacements.
The preoriented edge detection filters, mentioned
the amount of smoothing. This defines the width of the
neighborhood in which only a single peak is to be allowed. The previously, have some interesting properties. Each mask
variance selected should be proportional to the amount of includes a derivative of Gaussian function to perform the
noise present. If the variance is chosen too low, the filter can nearly optimal directional derivative across the intended edge.
produce multiple detections for a single edge; if too high, edge A smooth, averaging profile appears in the mask along the
localization suffers needlessly. Because the edges in a given intended edge direction in order to reduce noise without
image are likely to differ in signal-to-noise ratio, a single-filter compromising the sharpness of the edge profile. In the
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smoothing direction, the filter extent is usually several times
that in the derivative direction when the filter is intended for
straight edges. Canny's method includes a "goodness of fit"
test to determine if the selected filter is appropriate before it is
applied. The test examines the gray-level variance of the strip
of pixels along the smoothing direction of the filter. If the
variance is small, then the edge must be close to linear, and the
filter is a good choice. A large variance indicates the presence
of curvature or a corner, in which case a better choice of filter
would have smaller extent in the smoothing direction. There
were six oriented filters used in Canny's work, thus the
greatest directional mismatch between the actual gradient and
the nearest filter is 15 degrees.
As discussed previously, edges can be detected from either
the maxima of the gradient magnitude or the zero crossings of
the second derivative. Another way to realize the essence of
Canny's method is to look for zero crossings of the second
directional derivative taken along the gradient direction. Let
us examine the mathematic basis for this. If n is a unit vector
in the gradient direction, and f is the Gaussian-smoothed
image, then we wish to find

On2 - v

~nn .n

= V(Vf-n)-n,
which can be expanded to the following form:

aef

fx% + 2fxfrf~r + frzf~

0112

v/f2 ..{_fy2

(22)

In Eq. (22), a concise notation has been used for the partial
derivatives.
Like the Laplacian approach, Canny's method looks for zero
crossings of the second derivative. The Laplacian's second
derivative is nondirectional; it includes a component taken
parallel to the edge and another taken across it. Canny's is
evaluated only in the gradient direction, directly across the
local edge. A derivative taken along an edge is counterproductive because it introduces noise without improving
edge detection capability. By being selective about the
direction in which its derivatives are evaluated, Canny's
approach avoids this source of noise and tends to produce
better results.
Figures 10 and 11 illustrate the results of applying the
Canny edge detector of Eq. (22) after Gaussian smoothing,
then looking for zero crossings. Figure 10 demonstrates the
effect of using the same upper and lower thresholds, Tu and
TL, over a range of a values. The behavior of hysteresis
thresholding is shown in Fig. 11. The partial derivatives were
approximated using central differences. Thresholding was
performed with hysteresis, but using fixed threshold values for
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each image instead of Canny's noise-adaptive threshold values.
Zero-crossing detection was implemented in an eight-way
manner, as described by Eq. (17) in the earlier discussion of
discrete Laplacian operators. Also, Canny's preoriented edge
detection filters were not used in preparing these examples, so
it was not possible to adapt the edge detection filters according
to the "goodness of fit" of the local edge profile as Canny did.
Ding and Goshtasby [9] have developed refinements to
Canny's method. Canny selects edge pixels by comparing
gradient magnitudes of neighboring pixels along the gradient
direction. Ding does this also, and classifies these as major
edge pixels. He further selects minor edge pixels as those
having locally maximum gradient magnitude in any direction.
Next, the major-minor edge branch points are located.
Branches that do not contain a major edge are eliminated.
The result is a decrease in the number of missed and broken
edges. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

5 Approaches for Color and
Multispectral Images
Edge detection for color images presents additional challenges
because of the three color components used. The most
straightforward technique is to perform edge detection on the
luminance component image while ignoring the chrominance
information. The only computational cost beyond that for
gray-scale images is incurred in obtaining the luminance
component image, if necessary. In many color spaces, such as
YIQ, HSL, CIELUV, and CIELAB, the luminance image is
simply one of the components in that representation. For
others, such as RGB, computing the luminance image is
usually easy and efficient. The main drawback to luminanceonly processing is that important edges are often not confined
to the luminance component. Therefore, a gray-level difference in the luminance component is often not the most
appropriate criterion for edge detection in color images.
Another rather obvious approach is to apply a desired edge
detection method separately to each color component and
construct a cumulative edge map. One possibility for overall
gradient magnitude, shown here for the RGB color space,
combines the component gradient magnitudes [24]:

The results, however, are biased according to the properties of
the particular color space used. It is often important to employ
a color space that is appropriate for the target application. For
example, edge detection that is intended to approximate the
human visual system's behavior should utilize a color space
having a perceptual basis, such as CIELUV or perhaps HSL.
Another complication is the fact that the components'
gradient vectors may not always be similarly oriented,
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FIGURE 10 Canny edge detector of Eq. (22) applied after Gaussian smoothing over a range o f a : (a) a -- 0.5, (b) a = 1, (c) a = 2, (d) a - 4. The thresholds
are fixed in each case at Tu = 10 and TL = 4.

making the search for local maxima of [Vf~[ along the gradient
direction more difficult. If a total gradient image were to be
computed by summing the color component gradient vectors,
not just their magnitudes, then inconsistent orientations of the
component gradients could destructively interfere and nullify
some edges.
Vector approaches to color edge detection, while generally
less computationaUy efficient, tend to have better theoretical
justification. Euclidean distance in color space between the
color vectors of a given pixel and its neighbors can be a good
basis for an edge detector [24]. For the RGB case, the
magnitude of the vector gradient is

Trahanias and Venetsanopoulos [29] described the use of
vector order statistics as the basis for color edge detection.
A later paper by Scharcanski and Venetsanopoulos [26]
furthered the concept. While not strictly founded on the
gradient or Laplacian, their techniques are effective and worth
mention here because of their vector bases. The basic idea is to
look for changes in local vector statistics, particularly vector
dispersion, to indicate the presence of edges.
Multispectral images can have many components, complicating the edge detection problem even further. Cebri~n et al.
[6] describes several methods that are useful for multispectral
images having any number of components. His description
uses the second directional derivative in the gradient direction
as the basis for the edge detector, but other types of detectors
can be used instead. The components-average method forms a
gray-scale image by averaging all components, which have first
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FIGURE 11 Cannyedge detector of Eq. (22) applied after Gaussian smoothing with a -- 2: (a) Tu = 10, TL -- 1; (b) Tu = TL = 10; (c) Tu = 20, TL = 1; (d)
Tu = TL -- 20. As TL is changed, notice the effect on the results of hysteresis thresholding.

been Gaussian-smoothed, and then finds the edges in that
image. The method generally works well because multispectral
images tend to have high correlation between components.
However, it is possible for edge information to diminish or
vanish if the components destructively interfere.
Cumani [8] explored operators for computing the vector
gradient and created an edge detection approach based on
combining the component gradients. A multispectral contrast
function is defined, and the image is searched for pixels having
maximal directional contrast. Cumani's method does not
always detect edges present in the component bands, but it
better avoids the problem of destructive interference between
bands.
The maximal gradient method constructs a single gradient image from the component images [6]. The overall
gradient image's magnitude and direction values at a given

pixel are those of the component having the greatest
gradient magnitude at that pixel. Some edges can be missed
by the maximal gradient technique because they may be
swamped by differently oriented, stronger edges present in
another band.
The method of combining component edge maps is the
least efficient because an edge map must first be computed for
every band. On the positive side, this method is capable of
detecting any edge that is detectable in at least one component
image. Combination of component edge maps into a single
result is made more difficult by the edge location errors
induced by Gaussian smoothing done in advance. The
superimposed edges can become smeared in width because
of the accumulated uncertainty in edge localization. A
thinning step applied during the combination procedure can
greatly reduce this edge blurring problem.
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6 Summary
Gray-level edge detection is most commonly performed by
convolving an image, fi with a filter that is somehow based on
the idea of the derivative. Conceptually, edges can be revealed
by locating either the local extrema of the first derivative of f
or zero crossings of its second derivative. The gradient and the
Laplacian are the primary derivative-based functions used to
construct such edge-detection filters. The gradient, ~r, is a
2D extension of the first derivative while the Laplacian, V 2, acts
as a 2D second derivative. A variety of edge detection algorithms and techniques have been developed that are
based on the gradient or Laplacian in some way. Like any type
of derivative-based filter, ones based on these two functions
tend to be very sensitive to noise. Edge location errors, false
edges, and broken or missing edge segments are often
problems with edge detection applied to noisy images. For
gradient techniques, thresholding is a common way to
suppress noise and can be done adaptively for better results.
Gaussian smoothing is also very helpful for noise suppression,
especially when second-derivative methods such as the
Laplacian are used. The Laplacian of Gaussian approach can
also provide edge information over a range of scales, helping
to further improve detection accuracy and noise suppression
as well as providing clues that may be useful during
subsequent processing.
Recent comparisons of various edge detectors have been
made by Heath et al. [13] and Bowyeret al. [4]. They have
concluded that the subjective quality of the results of various
edge detectors applied to real images is quite dependent on the
images themselves. Thus, there is no single edge detector that
produces a consistently best overall result. Furthermore, they
found it difficult to predict the best choice of edge detector for
a given situation.
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1 Introduction and Motivation
1.1 Partial Differential Equations in Image
and Video Processing
The collision of imaging and differential equations makes
sense. Without motion or change of scene or changes within
the scene, imaging is worthless. First, consider a static
environment m we would not need vision in this environment, as the components of the scene are unchanging. In a
dynamic environment, however, vision becomes the most
valuable sense. Second, consider a constant-valued image with
no internal changes or edges. Such an image is devoid of value
in the information-theoretic sense.
The need for imaging is based on the presence of change.
The mechanism for change in both time and space is described
and governed by differential equations.
The partial differential equations (PDEs) of interest in this
chapter enact diffusion. In chemistry or heat transfer, diffusion
is a process that equilibrates concentration differences without
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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creating or destroying mass. In image and video processing,
we can consider the mass to be the pixel intensities or the
gradient magnitudes, for example.
These important differential equations are PDEs because
they contain partial derivatives with respect to spatial
coordinates and to time. These equations, especially in the
case of anisotropic diffusion, are nonlinear PDEs because the
diffusion coefficient is typically nonlinear.

1.2 Edges and Anisotropic Diffusion
Sudden, sustained changes in image intensity are called edges.
We know that the human visual system makes extensive uses
of edges to perform visual tasks such as object recognition
[23]. Humans can recognize complex three-dimensional (3D)
objects using only line drawings or image edge information.
Similarly, the extraction of edges from digital imagery allows
a valuable abstraction of information and a reduction in
processing and storage costs. Most definitions of image edges
involve some concept of feature scale. Edges are said to exist at
555
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certain scales m edges from detail existing at fine scales and 1 =edge), or real-valued range e(x)~ [0, 1]. The set of edge
edges from the boundaries of large objects existing at large positions in an image is denoted by qs.
scales. Furthermore, large-scale edges exist at fine scales,
The concept of scale space is at the heart of diffusion-based
leading to a notion of edge causality.
image and video processing. A scale space is a collection of
To locate edges of various scales within an image, it is images that begins with the original, fine-scale image and
desirable to have an image operator that computes a scaled progresses toward more coarse scale representations. Using
version of a particular image or frame in a video sequence. a scale space, important image processing tasks such as
This operator should preserve the position of such edges and hierarchic searches, image coding, and image segmentation
facilitate the extraction of the edge map through the scale may be efficiently realized. Implicit in the creation of a scale
space. The tool of isotropic diffusion, a linear low-pass filtering space is the scale generating filter. Traditionally, linear filters
process, is not able to preserve the position of important edges have been used to scale an image. In fact, the scale space of
through the scale space. Anisotropic diffusion, however, meets Witkin [44] can be derived using a Gaussian filter:
this criterion and has been used effectively in conjunction with
edge detection.
It -- Ga • Io
(1)
The main benefit of anisotropic diffusion is edge preservation through the image smoothing process. Anisotropic diffu- where G~ is a Gaussian kernel with standard deviation (scale)
sion yields intraregion smoothing, not interregion smoothing, of or, and I0 - I is the initial image. If
by impeding diffusion at the image edges. The anisotropic
diffusion process can be used to retain image features of a
c r - ~/t,
(2)
specified scale. Furthermore, the localized computation of
anisotropic diffusion allows efficient implementation on a
then the Gaussian filter result may be achieved through an
locally interconnected computer architecture. Caselles et al.
isotropic diffusion process governed by
[13] furnish additional motivation for using diffusion in
image and video processing. The diffusion methods use
0 I t = V2it
(3)
localized models where discrete filters become PDEs as the
Ot
sample spacing goes to zero. The PDE framework allows
various properties to be proved or disproved including
where V2It is the Laplacian of It [22, 44]. To evolve one pixel
stability, locality, causality, and the existence and uniqueness
of I, we have the following PDE:
of solutions. Through the established tools of numeric
analysis, high degrees of accuracy and stability are possible.
a/,(x) = V2It(x).
(4)
In this chapter, we introduce diffusion for image and video
Ot
processing. We specifically concentrate on the implementation
of anisotropic diffusion, providing several alternatives for the
The Marr-Hildreth paradigm uses a Gaussian scale space
diffusion coefficient and the diffusion PDE. Energy-based
to define multiscale edge detection. Using the Gaussianvariational diffusion techniques are also reviewed. Recent
convolved (or diffused) images, one may detect edges by
advances in anisotropic diffusion processes, including multiapplying the Laplacian operator and then finding zero
resolution techniques, multispectral techniques, and technicrossings [24]. This popular method of edge detection,
ques for ultrasound and radar imagery, are discussed. Finally,
called the Laplacian of Gaussian, or LoG, is strongly motivated
the extraction of image edges after anisotropic diffusion is
by the biologic vision system. However, the edges detected
addressed, and vector diffusion processes for attracting active
from isotropic diffusion (Gaussian scale space) suffer from
contours to boundaries are examined. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
artifacts such as corner rounding and edge localization
error (deviation in detected edge position from the "true"
edge position). The localization errors increase with
2 Background on Diffusion
increased scale, precluding straightforward multiscale image/
video analysis. As a result, many researchers have pursued
anisotropic diffusion as a viable alternative for generating
2.1 Scale Space and Isotropic Diffusion
images suitable for edge detection. This chapter focuses on
To introduce the diffusion-based processing methods and the
such methods.
associated processes of edge detection, let us define some
notation. Let I represent an image with real-valued intensity
2.2 Anisotropic Diffusion
I(x) image at position x in the domain f2. When defining the
PDEs for diffusion, let It be the image at time t with intensities The main idea behind anisotropic diffusion is the introduction
It(x). Corresponding with image I is the edge map e m the of a function that inhibits smoothing at the image edges.
image of "edge pixels" e(x) with Boolean range (0 = no edge, This function, called the diffusion coefficient c(x), encourages
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intraregion smoothing over interregion smoothing. For
example, if c(x) is constant at all locations, then smoothing
progresses in an isotropic manner. If c(x) is allowed to vary
according to the local image gradient, we have anisotropic
diffusion. A basic anisotropic diffusion PDE is

alt(x)
= div {c(x) VIt (x) }
Ot

(5)

with Io = I [31].
The discrete formulation proposed in [31] will be used as
a general framework for implementation of anisotropic
diffusion in this chapter. Here, the image intensities are
updated according to

[/(X)]t+ 1- [I(x)+ (AT)Zd21Cd(x)V Ia(x)] ,
t

(6)

where F is the number of directions in which diffusion is
computed, Via(x) is the directional derivative (simple
difference) in direction d at location x, and time (in iterations)
is given by t. AT is the time step-for stability, AT _ 1 in the
one-dimensional (1D) case, and AT _<~1 in the twodimensional (2D) case using four diffusion directions. For
1D discrete-domain signals, the simple differences V Id(x) with
respect to the "western" and "eastern" neighbors, respectively
(neighbors to the left and right), are defined by
VI1 (X) -- I(x - hi) - I(x)

To simplify the notation, we will denote the diffusion
coefficient at location x by c(x) in the continuous case. For the
discrete-domain case, ca(x) represents the diffusion coefficient
for direction d at location x. Although the diffusion coefficients here are defined using c(x) for the continuous case, the
functions are equivalent in the discrete-domain case of ca(x).
Typically c(x) is a nonincreasing function of IVI(x)[, the
gradient magnitude at position x. As such, we often refer to
the diffusion coefficient as c(IvI(x)l). For small values of
IVI(x)], c(x) tends to unity. As ]VI(x)] increases, c(x)
decreases to zero. Teboul et al. [40] establish three conditions for edge-preserving diffusion coefficients. These
conditions are (a) limlvi(x)l~ 0 c ( x ) - M where 0 < M < oe;
(b) limlvi(x)l_~o~ c ( x ) - 0, and (c) c(x) is a strictly decreasing
function of ]VI(x)]. Property 1 ensures isotropic smoothing in
regions of similar intensity, while property 2 preserves edges.
The third property is given to avoid numeric instability. While
most of the coefficients discussed here obey the first two
properties, not all formulations obey the third property.
In [31], Perona and Malik propose

c,x, exp/ E / x j2}
and
1

c(x) --

2

(10)

1+

(7)

as diffusion coefficients. Diffusion operations using (9) and
(10) have the ability to sharpen edges (backward diffusion),
and
and are inexpensive to compute. However, these diffusion
V/2(x) -- I(x + h2) -- I(x). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(8) coefficients are unable to remove heavy-tailed noise and create
"staircase" artifacts [42, 49]. See the example of smoothing
The parameters hi and h2 define the sample spacing used to using (9) on the noisy image in Fig. 1A, producing the result
estimate the directional derivatives. For the 2D case, the in Fig. lB. In this case, the anisotropic diffusion operation
diffusion directions include the "northern" and "southern" leaves several outliers in the resultant image. A similar
directions (up and down), as well as the "western" and problem is observed in Fig. 2B, using the corrupted image
"eastern" directions (left and right). Given the motivation and in Fig. 2A as input. You et al. have also shown that (9) and
basic definition of diffusion-based processing, we will now (10) lead to an ill-posed d i f f u s i o n - a small perturbation in
define several implementations of anisotropic diffusion that the data may cause a significant change in the result [48].
The inability of anisotropic diffusion to denoise an image
can be applied for edge extraction.
has been addressed by Catte et al. [14] and Alvarez et al. [7].
Their regularized diffusion operation uses a modification of
3 Anisotropic Diffusion Techniques
the gradient image used to compute the diffusion coefficients.
In this case, a Gaussian-convolved version of the image is used
3.1 The Diffusion Coefficient
in computing diffusion coefficients. Using the same basic form
The link between edge detection and anisotropic diffusion is as (9), we have
found in the edge-preserving nature of anisotropic diffusion.
The function that impedes smoothing at the edges is the
diffusion coefficient. Therefore, the selection of the diffusion
coefficient is the most critical step in performing diffusion- where S is the convolution of I and a Gaussian filter with
based edge detection. We will review several possible variants standard deviation a:
of the diffusion coefficient and discuss the associated positive
S = I,G,~.
(12)
and negative attributes.

cx,exp/E x 12/

11,
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previous anisotropic diffusions, such as with (9) and (10),
only allowed selection of the gradient magnitude threshold.
You et al. introduce the following diffusion coefficient
in [48]"

c(x) -

1/T + p(T + e)P-~/T, VI(x) < T
1/iv/(x) I + p(lV/(x) ] + ~y,_l/lv/(x)l, iV/(x) [ >__r
(14)

(A)

where the parameters are constrained by e > 0 and 0 <p < 1.
T is a threshold on the gradient magnitude, similar to k in (9).
This approach has the benefits of avoiding staircase artifacts
and removing impulse noise. The main drawback is
computational expense. As seen in Fig. 2D, anisotropic
diffusion with this diffusion coefficient succeeds in removing
noise and retaining important features from Fig. 2A, but
requires a significant number of updates.
The diffusion coefficient

(B)

1
c(x) -- [VI(x) [
(C)

(D)

FIGURE 1 Three implementations of anisotropic diffusion applied to an
infrared image of a tank: (A) original noisy image; (B) results obtained using
anisotropic diffusion with (9); (C) results obtained using modified gradient
anisotropic diffusion with (11) and (12); (D) results obtained using
morphologic anisotropic diffusion with (11) and (13).
This method can be used to rapidly eliminate noise in the image
as shown in Fig. 1C. In this case, the diffusion is well posed and
converges to a unique result, under certain conditions [14].
Drawbacks of this diffusion coefficient implementation include
the additional computational burden of filtering at each step
and the introduction of a linear filter into the edge-preserving
anisotropic diffusion approach. The loss of sharpness due to
the linear filter is evident in Fig. 2C. Although the noise is
eradicated, the edges are softened and blotching artifacts
appear in the background of this example result.
Another modified gradient implementation, called morphologic anisotropic diffusion, can be formed by substituting

S=(IoB),B

(15)

is used in mean curvature motion formulations of diffusion
[35], shock filters [29], and in locally monotonic diffusion [1].
One may notice that this diffusion coefficient is parameterfree.
Designing a diffusion coefficient with robust statistics, Black
et al. [8] model anisotropic diffusion as a robust estimation
procedure that finds a piecewise smooth representation of an
input image. A diffusion coefficient that utilizes the Tukey's
biweight norm is given by
1{
IVIo.(X)]2 } 2
c(x)--~ 1 -

(16)

zyxwvutsr
zyxwvuts
(13)

into (11), where B is a structuring element of size m x m, I o B
is the morphologic opening of I by B, and I . B is the
morphologic closing of I by B. In [38], the open-close and
close-open filters were used in an alternating manner between
iterations, thus reducing gray-scale bias of the open-close and
close-open filters. As the result in Fig. 1D demonstrates, the
morphologic anisotropic diffusion method can be used to
eliminate noise and insignificant features while preserving
edges. Morphologic anisotropic diffusion has the advantage
of selecting feature scale (by specifying the structuring element
B) and selecting the gradient magnitude threshold, whereas

for JVI(x)] _< a and is 0 otherwise. Here, the parameter cr
represents scale. Where the standard anisotropic diffusion
coefficient as in (9) continues to smooth over edges while
iterating, the robust formulation (16) preserves edges of a
prescribed scale cr and effectively stops diffusion.
Here, seven important versions of the diffusion coefficient
are given that involve tradeoffs between solution quality,
solution expense and convergence behavior. Other research in
the diffusion area focuses on the diffusion PDE itself. The next
section reveals significant modifications to the anisotropic
diffusion PDE that affect fidelity to the input image, edge
quality, and convergence properties.

3.2 The Diffusion Partial Differential
Equation
In addition to the basic anisotropic diffusion PDE given in
Section 1.2, other diffusion mechanisms may be employed to
adaptively filter an image for edge detection. Nordstrom [28]
used an additional term to maintain fidelity to the input
image, to avoid the selection of a stopping time, and to avoid

4.14 Diffusion PDEs for Edge Detection
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(A)

(B)

(D)
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(C)

(E)

FIGURE 2 (A) Corrupted "cameraman" image (Laplacian noise, SNR=13 dB) used as input for results in Figs. 2(B)(E); (B) after 8 iterations of anisotropic diffusion with (9), k - 25; (C) after 8 iterations of anisotropic diffusion with
(11) and (12), k-25; (D) after 75 iterations of anisotropic diffusion with (14), T - 6 , e= 1, p-0.5; (E) after 15 iterations
of multigrid anisotropic diffusion with (11) and (12), k=612].
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termination of the diffusion at a trivial solution, such as a surface in 9t3 where the image intensity is the third parameter,
constant image. This PDE is given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and each pixel is a graph node. Hence, a color image could be
considered a surface in 9t5. The curvature motion of the
air(x___))_div{c(x)Vlt(x)} - Io(x) - It(x).
(17) graphs can be used as a model for smoothing and edge
Ot
detection. For example, let a 3D graph s be defined by
Obviously, the right-hand side Io (x) - It (x) enforces an s(x) = s(x, y) = [x, y, I(x, y)] for the 2D image I with x = (x, y).
additional constraint that penalizes deviation from the input To implement mean curvature motion on this graph, the PDE
image.
is given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH
Just as Canny [12] modified the LoG edge detection
technique by detecting zero crossings of the Laplacian only in
Os(x)
= h(x)n(x)
(19)
the direction of the gradient, a similar edge-sensitive approach
Ot
can be taken with anisotropic diffusion. Here, the boundarypreserving diffusion is executed only in the direction where h(x) is the mean curvature,

02I(x, y)/OX2[1 4- (OI(x,y)/Oy) 2] -- 2(OI(x,y)/OX)(OI(x,y)/Oy)(O2l(x, y)/OXOy) 4- 02I(x,y)/Oy2[1 4- (OI(x,y)/OX)2]
h(x,r)

-

211 4-

(OI(x,y)/Oy)24-(OI(x,y)/Oy)2] 3/2
(20)

orthogonal to the gradient direction, whereas the standard
anisotropic diffusion schemes impede diffusion across the
edge. If the rate of change of intensity is set proportional to
the second partial derivative in the direction orthogonal to
the gradient (called r), we have

OIt(x) O2It(X)
or

= - - -or- z - = Iv/'(x)ldiv

{Iv/¢(x)l
vlt(x) }

and n(x) is the unit normal of the surface:
n(x,y) --

[-OI(x,y)/3x, - (OI(x,y)/Ox), 1] .

(21)

V/1 + (3I(x, y)/Oy) 2 4- (OI(x, y)/Oy) 2

(18) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

For a discrete implementation, the partial derivatives of

l(x, y) may be approximated using simple differences. OneThis anisotropic diffusion model is called mean curvature
motion, because it induces a diffusion in which the connected
components of the image level sets of the solution image move
in proportion to the boundary mean curvature. Several
effective edge-preserving diffusion methods have arisen from
this framework including [17] and [30]. Alvarez et al. [7] have
used the mean curvature method in tandem with the
regularized diffusion coefficient of (11) and (12). The result
is a processing method that preserves the causality of edges
through scale space. For edge-based hierarchic searches and
multiscale analyses, the edge causality property is extremely
important.
The mean curvature method has also been given a graph
theoretic interpretation [39, 47]. Yezzi [47] treats the image as
a graph in ~n __ a typical 2D gray-scale image would be a

0Z(x)

3t

sided differences or central differences may be employed. For
example, a one-sided difference approximation for 3I(x, y)/Ox.
A central difference approximation for the same partial
derivative is given by ½[I(x + 1, y ) - I ( x - 1, y)].
The standard mean curvature PDE (19) has the drawback of
edge movement that sacrifices edge sharpness. A remedy to
this undesired movement is the use of projected mean
curvature vectors. Let z denote the unit vector in the vertical
(intensity) direction on the graph s. The projected mean
curvature diffusion PDE can be formed by

Os(x)

Ot

= {[h(x)n(x)]. z}z.

(22)

The PDE for updating image intensity is then

- AI(x,y)+ k2[(OI(x,y)lOx)2(O2I(x,y)/Oy 2) - 2(3I(x,y)/Ox)(3I(x,y)lOy)(O2I(x,y)/3xOy)+ (3I(x,y)/Oy)2(O2I(x,y)/3x2)]
{1 + k2[VI(x, y)]2 } 2
(23)
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where k scales the intensity variable. When k is zero, we have
isotropic diffusion, and when k becomes larger, we have a
damped geometric heat equation that preserves edges but
diffuses more slowly. The projected mean curvature PDE gives
edge preservation through scale space.
Another anisotropic diffusion technique leads to locally
monotonic signals [1]. Unlike previous diffusion techniques
that diverge or converge to trivial signals, locally monotonic
(LOMO) diffusion converges rapidly to well-defined LOMO
signals of the desired degree. (A signal is locally monotonic
of degree d (LOMO-d) if each interval of length d is
nonincreasing or nondecreasing.) The property of local
monotonicity allows both slow and rapid signal transitions
(ramp and step edges) while excluding outliers due to noise.
The degree of local monotonicity defines the signal scale.
In contrast to other diffusion methods, LOMO diffusion does
not require an additional regularization step to process a noisy
signal and uses no thresholds or ad hoc parameters.
On a 1D signal, the basic LOMO diffusion operation is
defined by (6) with F = 2 and using the diffusion coefficient
(15), yielding

(27)

[I(x)lt+ 1 ~-- (I(x) -F (1/2){sgn[V Ii(x)] -+- sgn[V I2(x)]}) t, (24)
where a time step of AT = 1/2 is used. Equation (24) is
modified for the case where the simple difference Vii(x) or
VIa(x) is zero. Let Vii(x) ~----V/2(x) in the case of
VI1 (x) -- 0; Via(x) 4- -VI1 (x) when V/2(x) = 0. The fixed
point of (24) is defined as ld(I, hi, h2), where hi and h2 are the
sample spacings used to compute the simple differences Vii(x)
and V/2(x), respectively (see (7) and (8)). Let ldd(I) denote the
LOMO diffusion sequence that gives a LOMO-d signal from
the input I. For odd values of d = 2m + 1,
lda(I) = ld(.., ld(ld(ld(I, m, m),
m-

1, m ) , m -

1, m -

1) .... 1, 1).

(25)

In (25), the process commences with ld(I, m, m) and
continues with spacings of decreasing widths until ld(I, 1, 1)
is implemented. For even values of d = am, the sequence of
operations is similar:
Ida(I) = ld(.., ld(ld(ld(I, m - 1, m),
m - 1, m - 1 ) , m - 2 , m - 1) .... 1,1).

(26)

3.3 Variational Formulation
The diffusion PDEs discussed thus far may be considered
numeric methods that attempt to minimize a cost or energy
functional. Energy-based approaches to diffusion have been
effective for edge detection and image segmentation. Morel
and Solimini [26] give an excellent overview of the variational
methods. Isotropic diffusion via the heat diffusion equation
leads to a minimization of the following energy:
E(I) -- L IVI(x) ladx"

Given an initial image I0, the intermediate diffusion solutions
may be considered a descent on
E ( I ) - X2fa ]VI(x)[adx + fa [ I ( x ) - I0(x)]adx

(28)

where the regularization parameter k denotes scale [26].
Likewise, anisotropic diffusion has a variational formulation. The energy associated with the Perona and Malik
diffusion is

2fo [M l x)12] +

(29)

where C is the integral of d(x) with respect to the independent
variable ]VI(x)l 2. Here, c'(x), as a function of ]VI(x)l 2, is
equivalent to the diffusion coefficient c(x) as a function of
IV/(x)], so c'(]V/(x)]2) - c(IV/(x)l ). The Nordstrom [28]
diffusion PDE (17) yields steepest descent on this energy
functional.
Teboul et al. [40] have introduced a variational method that
preserves edges and is useful for edge detection. In their
approach, image enhancement and edge preservation are
treated as two separate processes. The energy functional is
given by
E(I, e) -- X2 L [e(x)2 IVI(x)12+k(e(x) - 1)2]dx
+ T

~°(1Ve(x)l)dx +

[I(x) - Io(x)]2dx

(30)

where the real-valued variable e(x) is the edge strength at
position x, and e(x) ~ [0, 1]. In (30), the diffusion coefficient is
defined by c([VI(x)l) - ~o'([VI(x)l)/2(IVI(x)] ). An additional
regularization parameter c~ is needed, and kis essentially an
edge threshold parameter.
The energy functional in (30) leads to a system of two
coupled PDEs:

To extend this method to two dimensions, the same
procedure may be followed using (6) with F = 4 [1]. Another
possibility is diffusing orthogonal to the gradient direction at
each point in the image, using the 1D LOMO diffusion.
Examples of 2D LOMO diffusion and the associated edge
I0(X ) _ it(x ) _ ~2 div{e(x)[Vlt(x)lVlt(x)}
- O,
detection results are given in Section 3. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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e(x)[lVI(x)l~k
~ +

1

-

1+

~2

~div[c(lVe(x)l)Ve(x)]- o.

(32)

The coupled PDEs have the advantage of edge preservation
within the adaptive smoothing process. An edge map can be
directly extracted from the final state of e.
This edge-preserving variational method is related to the
segmentation approach of Mumford and Shah [27]. The
energy functional to be minimized is

E(I) - ~?f~\.[VI(x)]2dx +f~vv[I(x) - Io(x)]2dx + ~'2 f , d~,
(33)
where f , d ~ is the integrated length of the edges (Hausdorff
measure), f2\~ is the set of image locations that exclude the
edge positions, and lz is additional weight parameter. The
additional edge-length term reflects the goal of computing a
minimal-length edge map for a given scale X. The MumfordShah functional has spurred several variational image
segmentation schemes, including PDE-based solutions [26].
In edge detection, thin, contiguous edges are typically
desired. With diffusion-based edge detectors, the edges may be
"thick" or "broken" when a gradient magnitude threshold is
applied after diffusion. The variational formulation allows the
addition of additional constraints that promote edge thinning
and connectivity. Black et al. [8] used two additional terms, a
hysteresis term for improved connectivity and a nonmaximum
suppression term for thinning. A similar approach was taken
in [5]. The additional terms allow the effective extraction of
spatially coherent outliers. This idea is also found in the design
of line processes for regularization [18].

3.4 MultiresolutionDiffusion
One drawback of diffusion-based edge detection is the
computational expense. Typically, a large number (anywhere
from 20 to 200) of iterative steps are needed to provide a highquality edge map. One solution to this dilemma is the use of
multiresolution schemes. Two such approaches have been
investigated for edge detection: the anisotropic diffusion
pyramid and multigrid anisotropic diffusion.
In the case of isotropic diffusion, the Gaussian pyramid
has been used for edge detection and image segmentation

[10, 11]. The basic idea is that the scale-generating operator
(a Gaussian filter, for example) can be used as an antialiasing
filter before sampling. Then, a set of image representations
of increasing scale and decreasing resolution (in terms of
the number of pixels) can be generated. This image pyramid
can be used for hierarchic searches and coarse-to-fine edge
detection.
The anisotropic diffusion pyramids [3, 4] are born from
the same fundamental motivation as their isotropic, linear
counterparts. However, with a nonlinear scale-generating
operator, the pre-sampling operation is constrained morphologically, not by the traditional sampling theorem. In the
nonlinear case, the scale-generating operator should remove
image features not supported in the subsampled domain.
Therefore, morphologic methods [25, 37] for creating image
pyramids have also been used in conjunction with the
morphologic sampling theorem [20].
The anisotropic diffusion pyramids are, in a way, ad hoc
multigrid schemes. A multigrid scheme can be useful for
diffusion-based edge detectors in two ways. First, like the
anisotropic diffusion pyramids, the number of diffusion
updates may be decreased. Second, the multigrid approach
can be used to eliminate low frequency error. The anisotropic
diffusion PDEs are stiff ~ they rapidly reduce high frequency
error (noise, small details), but slowly reduce background
variations and often create artifacts such as blotches (false
regions) or staircases (false step edges). See Fig. 3 for an
example of a staircasing artifact.
To implement a multigrid anisotropic diffusion operation
[2], define ] as an estimate of the image I. A system of
equations is defined by A(I) = 0 where

[A(I)](x) --

(AT) EdF=ICd(X)V/d(X))

(34)

which is relaxed by the discrete anisotropic diffusion PDE (6).
For this system of equations, the (unknown) algebraic error is
E = I - 1, and the residual is R = - A(I) for image estimate 1.
The residual equation A ( E ) = R can be relaxed (diffused) in
the same manner as (34) using (6) to form an estimate of the
error.
The first step is performing v diffusion steps on the original
input image (level L - 0 ) . Then, the residual equation at the
coarser grid L-+- 1 is
A(EL+I) =

-A[(JL),~s]

(A)
(B)
(C)
FIGURE3 (A) Sigmoidalramp edge; (B) after anisotropicdiffusionwith (9) (k= 10); (C) after multigridanisotropic
diffusion with (9) (k= 10) [2].

(35)
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where $S represents down-sampling by a factor of S. Now, image of gradient magnitude shown in Fig. 4C. As can be
the residual equation (35) can be relaxed using the discrete witnessed in Fig. 4C, an edge detector based on vector distance
diffusion PDE (6) with an initial error estimate of EL+I--0. dissimilarity is sensitive to noise and does not identify the
The new error estimate EL+I after relaxation can then be important image boundaries.
transferred to the finer grid to correct the initial image
The second method uses mean curvature motion and a
estimate ] in a simple two-grid scheme. Or, the process of multispectral gradient formula to achieve anisotropic, edgetransferring the residual to successively coarser grids can be preserving diffusion. The idea behind mean curvature motion,
continued until a grid is reached in which a closed form as discussed above, is to diffuse in the direction opposite to the
solution is possible. Then, the error estimates are propagated gradient such that the image level set objects move with a rate
back to the original grid.
in proportion to their mean curvature. With a gray-scale
Additional steps may be taken to account for the image, the gradient is always perpendicular to the level set
nonlinearity of the anisotropic diffusion PDE, such as objects of the image. In the multispectral case, this quality
implementing a full approximation scheme (FAS) multigrid does not hold. A well-motivated diffusion is defined by Sapiro
system, or by using a global linearization step in combina- and Ringach [36], using DiZenzo's multispectral gradient
tion with a Newton method to solve for the error iteratively formula [16]. In Fig. 4D, results for multispectral anisotropic
[9, 19].
diffusion are shown for the mean curvature approach of [36]
The results of applying multigrid anisotropic diffusion are used in combination with the modified gradient approach of
shown in Fig. 2E. In just 15 updates, the multigrid anisotropic [14]. The edge map in Fig. 4E shows improved resilience to
diffusion method was able to remove the noise from Fig. 2B impulse noise over the vector distance dissimilarity approach.
while preserving the significant objects and avoiding the
introduction of blotching artifacts. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.6 Speckle Reducing Anisotropic Diffusion

The anisotropic diffusion PDE introduced in (5) assumes that
the image is corrupted by additive noise. Speckle-reducing
anisotropic diffusion (SRAD) is a PDE technique for image
enhancement in which signal-dependent multiplicative noise
is present, as with radar and ultrasonic imaging. So, where
traditional anisotropic diffusion can be viewed as the edgesensitive version of classic linear filters (e.g., the Gaussian
filter), SRAD can be viewed as the edge sensitive version of
classic speckle reducing filters that emerged from the radar
community (e.g., the Lee filter). SRAD smoothes the imagery
and enhances edges by inhibiting diffusion across edges and
allowing isotropic diffusion within homogeneous regions.
For images containing signal-dependent, spatially correlated
multiplicative noise, SRAD excels over the adaptive filtering
techniques designed with additive noise models in mind.
The SRAD technique uses an adaptive speckle filter that
uses a local statistic for the coefficient of variation, defined as

3.5 Multispectral Anisotropic Diffusion
Color edge detection and boundary detection for multispectral
imagery are important tasks in general image/video processing, remote sensing, and biomedical image processing.
Applying anisotropic diffusion to each channel or spectral
band separately is one possible way of processing multichannel
or multispectral image data. However, this single-band
approach forfeits the richness of the multispectral data and
provides individual edge maps that do not possess corresponding edges.
Two solutions have emerged for diffusing multispectral
imagery. The first, called vector distance dissimilarity, uses a
function of the gradients from each band to compute an
overall diffusion coefficient. For example, to compute the
diffusion coefficient in the "western" direction on an RGB
color image, the following function could be applied:

VII(X) --

v/[R(x-

hi, ,1,')-

R(x, y)]2+[G(x

where R(x) is the red band intensity at x, G(x) is the green
band, and B(x) is the blue band. Using the vector distance
dissimilarity method, the standard diffusion coefficients such
as (9) can be used. This technique was used in [43] for shapebased processing and in [6] for processing remotely sensed
imagery. An example of multispectral anisotropic diffusion is
shown in Fig. 4. Using the noisy multispectral image in Fig. 4A
as input, the vector distance dissimilarity method produces
the smoothed result shown in Fig. 4B, which has an associated

-

hi, y) -

G(x,

y)]2+[B(x- hi,

,1I) -

B(x, r ) ] 2

(36)

the ratio of standard deviation to mean, to measure the
strength of edges in speckle imagery. A discrete form of this
operator in 2D is [50]:

q ( x ) - ~ [(1/2)]VI(x)12-(1/16)(V2I(x))21
[I(x) -b (1/4)V2I(x)] 2

(37)
"
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(A)

(B)

(C)

(D)

(E)
FIGURE 4 (A) SPOT multispectral image of the Seattle area, with additive Gaussian-distributed noise, a = 10.
(B) Vector distance dissimilarity diffusion result, using diffusion coefficient in (9). (C) Edges (gradient magnitude)
from result in (B). (D) Mean curvature motion (18) result using diffusion coefficient from (11) and (12). (E) Edges
(gradient magnitude) from result in (D). (See color insert.)

where V2I(x) is the Laplacian of image at position x, and
VI(x) is the gradient of image at position x.
The operator q(x) is called the instantaneous coefficient of
variation (ICOV). The ICOV uses the absolute value of
the difference of a normalized gradient magnitude and a

normalized Laplacian operator to measure the strength
of edges in speckled imagery. The normalizing function
I(x) + (1/4)V2I(x) gives a smoothed version of the image at
position x. This term compensates for the edge measurement
localization error. The instantaneous coefficient of variation

4.14 Diffusion PDEs for Edge Detection
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~

S;

(A)

(B)

(C)

FIGURE 5 (A) An ultrasound image of a prostate phantom with implanted radioactive seeds; (B) corresponding
SRAD-diffused image; (C) corresponding ICOV edge strength image [51].

allows for balanced and well-localized edge strength measurements in bright regions as well as in dark regions. It has been
shown that the ICOV operator optimizes the edge detection
in speckle imagery in terms of low false edge detection
probability and high edge localization accuracy [51].
Figure 5 shows an example of an ultrasound image (Fig. 5A)
that has been processing by SRAD (Fig. 5B) and where edges
are displayed using the ICOV values (Fig. 5C).
Given an intensity image I having no zero-valued intensities
over the image domain, the output image is evolved according
to the following PDE:
OIt(x)/ Ot - div[c(q(x))VIt(x)]

(38)

where V is the gradient operator, div is the divergence
operator, and [ [ denotes the magnitude. The diffusion
coefficient c(q(x)) is given by

] +~2(x)
q2(x)) }-1
c(q(x))- {1 q- q2(x)(1[q2(x)__

(39)

where q(x) is the instantaneous coefficient of variation as
determined by (37), and ~(x) is the current speckle noise level.
Example input and output images from an ultrasound image
of the human heart are shown in Fig. 6.
The diffusion coefficient c(q(x)) is proportional to the
likelihood that a point x is in a homogeneous speckle region
at the update time. From (39), it is seen that the diffusion
coefficient exhibits nearly zero values at edges with high
contrast (i.e., q(x)>> ~(x)); while in homogeneous speckle
regions, the coefficient approaches unity. Hence, it is the
diffusion coefficient that allows isotropic diffusion in homogeneous speckle regions and prohibits diffusion across the
edges.
The implementation issues connected with anisotropic
diffusion include specification of the diffusion coefficient

FIGURE 6 (Left) Speckled ultrasound image of left ventricle in a human
heart prior to SRAD, (Right) Same image after SRAD enhancement.

and diffusion PDE, as discussed above. The anisotropic
diffusion method can be expedited through multiresolution
implementations. Furthermore, anisotropic diffusion can be
extended to multispectral imagery and to ultrasound/radar
imagery. In the following section, we discuss the specific
application of anisotropic diffusion to edge detection.

zy

4 Application of Anisotropic Diffusion to
Edge Detection
4.1 Edge Detection by Thresholding
Once anisotropic diffusion has been applied to an image I, a
procedure needs to be defined to extract the image edges e.
The most typical procedure is to simply define a gradient
magnitude threshold, T, that defines the location of an edge.
For example, e ( x ) - 1 if [VI(x)[ > T and e ( x ) - 0 otherwise.
Of course, the question becomes one of a selecting a proper
value for T. With typical diffusion coefficients such as (9) and
(10), T = k is often asserted. Another approach is to use the
diffusion coefficient itself as the measure of edge strength:
e(x) = 1 if c(x) < T and e(x) = 0 otherwise.
In [8], edges are detected by finding gradient magnitudes
that exceed the robust scale (T = rye) of the image, as defined
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med(lVI(x)l)]}

where the
in [34]" ere- 1.4826med{lVI(x)rned operator is the median performed over the entire image
domain f2. The constant used (1.4826) is derived from the
mean absolute deviation of the normal distribution with unit
variance [8].

4.2 Edge Detection from Image Features
Aside from thresholding the gradient magnitude of a diffusion
result, a feature detection approach may be used. As with
Marr's classic LoG detector, the inflection points of a diffused
image may be located by finding the zero crossing in
a Laplacian-convolved result. However, if the anisotropic
diffusion operation produces piecewise constant images as in
[8] and [48], the gradient magnitude is sufficient to define
thin, contiguous edges.
With locally monotonic diffusion, other features that
appear in the diffused image may be used for edge detection.
An advantage of locally monotonic diffusion is that no
threshold is required for edge detection. Locally monotonic
diffusion segments each row and column of the image into
ramp segments and constant segments. Within this framework, we can define concave-down, concave-up, and ramp
center edge detection processes. Consider an image row or
column. With a concave-down edge detection, the ascending
(increasing intensity) segments mark the beginning of an

object and the descending (decreasing intensity) segments
terminate the object. With a concave-up edge detection,
negative-going objects (in intensity) are detected. The ramp
center edge detection sets the boundary points at the centers of
the ramp edges, as the name implies. When no bias toward
bright or dark objects is present, a ramp center edge detection
can be utilized.
Figure 7 provides two examples of feature-based edge
detection using locally monotonic diffusion. The images in
Fig. 7B and Fig. 7E are the results of applying 2D locally
monotonic diffusion to Fig. 7A and Fig. 7D, respectively.
The concave-up edge detection given in Fig. 7C reveals the
boundaries of the blood cells. In Fig. 7F, a ramp center edge
detection is used to find the boundaries between the
aluminum grains of Fig. 7D.

4.3 Quantitative Evaluation of Edge
Detection by Anisotropic Diffusion
When choosing a suitable anisotropic diffusion process for
edge detection, one may evaluate the results qualitatively or
use an objective measure. Three such quantitative assessment
tools include the percentage of edges correctly identified as
edges, the percentage of false edges, and Pratt's edge quality
metric. Given ground truth edge information, usually with
synthetic data, one may measure the correlation between the

(A)

(B)

(C)

(D)

(E)

(F)

FIGURE7 (A) Original"BloodCells" image. (B) 2D LOMO-3diffusionresult. (C) Boundariesfrom concave-upedge
detection of image in (B). (D) Original "Aluminum Grains" image. (E) 2D LOMO-3diffusion result. (F) Boundaries
from ramp center edge detection of image in (E).
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ideal edge map and the computed edge map. This correlation
leads to a classification of "correct" edges (where the computed edge map and ideal version match) and "false" edges.
Another method uses Pratt's edge quality measurement [32]:

E~All-I.-ot?~/(i)2)

F=

(40)

max{IA, h}

where IA is the number of edge pixels detected in the diffused
image result, Ii is the number of edge pixels existing in the
original, noise free imagery, d(i) is the Euclidean distance
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between an edge location in the original image and the nearest
detected edge, and ot is a scaling constant (with suggested
value of 1/9 [32]). A "perfect" edge detection result has value
F--1 in (40).
An example is given here where a synthetic image is
corrupted by 40% salt-and-pepper noise (Fig. 8). Three
versions of anisotropic diffusion are implemented on the
noisy imagery using the diffusion coefficients from (9), from
(11), and (12) and from (11) and (13). The threshold of the
edge detector was defined to be equal to the gradient threshold
of the diffusion coefficient, T = k. The results of the numeric
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(A)

(B)

(C)

(D)

FIGURE 8 Three implementations of anisotropic diffusion applied to synthetic imagery: (A) original image corrupted
with 40% salt-and-pepper noise; (B) results obtained using original anisotropic diffusion with (9); (C) results obtained
using modified gradient anisotropic diffusion with (11) and (12); (D) results obtained using morphologic anisotropic
diffusion with (11) and (13) [38 ].
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FIGURE 9 Edgedetector performance vs. diffusion time for the results shown in Fig. 8. In the graphs, (a) corresponds
to anisotropic diffusion with (9); (b) corresponds to (11) and (12); (c) corresponds to (11) and (13) [38].

experiment are presented in Fig. 9 for several solution times.
It may be seen that the modified gradient coefficient [(11) and
(12)] initially outperforms the other diffusion methods in
the edge quality measurement, but produces the poorest
identification percentage (due to the edge localization errors
associated with the Gaussian filter). The morphologic
anisotropic diffusion method [(11) and (13) ] provides significant performance improvement, providing a 70% identification of true edges and a Pratt quality measurement of 0.95.
In summary, edges may be extracted from a diffused image
by applying a heuristically selected threshold, by using a
statistically motivated threshold, or by identifying features in
the processed imagery. The success of the edge detection
method can be evaluated qualitatively by visual inspection or
quantitatively with edge quality metrics.

5 Using Vector Diffusion and Parametric
Active Contours tO Locate Edges
In this section, we discuss diffusion methods that drive a
parametric active contour toward the boundary of a desired
object. Instead of the diffusion of intensities or of gradient

magnitude, we utilize here the diffusion of vectors that point
toward strong edges.

5.1 Parametric Active Contours
Active contours (or snakes) may be used to detect the edges
forming an object boundary, given an initial guess (i.e., an
initial contour). An parametric active contour is simply a set of
contour points [X(s),Y(s)] parameterized by s~ [0,1]. Typically, parametric active contours are implemented by finding
the contour that minimizes E = Einternal-[-Eexternal, where
Einternal is the internal energy of the active contour that
quantifies the contour smoothness [21 ]:
1L1 { I ( d ~ s ) )
Einternal--~
og

2 (dY(s)~21

-[-Ik ds ]

_[_f[(d2X(s)~ 2 (d2y(s)~ 2]

k, ds2 ,] +~, as 2 J

]as.

(41)

Here, ot and fl are two nonnegative weighting parameters
expressing respectively the degree of the resistance to
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FIGURE 10 (A) A circle. (B) the external forces on the active contour after vector diffusion by GVF; (C) the external
forces on the active contour after vector diffusion by MGVF with (vx, 12')= (-1, -1).

stretching and bending of the contour. The external energy

is achieved by minimizing [45]

Eexternal is typically defined such that the contour seeks the

edges in the image, h

Eexternal -- --

EGVF(U , 1,')--~1 j

f ( X ( s ) , Y(s))ds,

where

f (x, y) - IVI(x, y)12.
(42)

To minimize the contour energy ( - Einternal -[- Eexternal), the
calculus of variations [15][41] is applied to obtain the
following Euler equations [21]"
d2X

d4X

-a-&-i-s2 + fl -ds
-T

Of

Ox = 0,

d2y
d4y
-- Ot-~S2 -}- fl ds 2

Of
0)I = 0 .

jrI"#(U2x+ U~2 --[- Vx2 -[- V2) _.t_(f2 _}_fy2)((U--fx) 2

-+- (V -- fy)2) (IX d r,

(45)

where # is a nonnegative parameter expressing the degree of
smoothness of the field (u, v) (and can be replaced by an edgesensitive diffusion coefficient [46]), and f is the edge-map as
defined in (42). The interpretation of (45) is straightforward
- - the first term keeps the vector field, (u, v), smooth, while
the second term forces it to be close to the external forces near
the edges (i.e., where the edge-force strength is high).
Variational minimization of (2.19) results in the following
two Euler equations [45]:

(43)
u V 2 u _ f f d + L )(u - - L )

To solve for the active contour positions such that (43) is
satisfied, we can use PDEs for which ((X(s),Y(s)) are treated as
a function of time as well:
3X

02X

34X

3t = ~~-s 2 - fl~s 2 + u,

3Y

32 Y

04 Y

3t = c~-~-s2 - fl~s 2 + v. (44)

Here, the external forces on the contour, Of/Ox and Of/Oy,
have been replaced by a force vector (u, v). It is this vector that
"points" to the desired edge. Fig. 10B shows the external
forces generated by GVF for the circular target boundary
shown in Fig. 10A.

5.2 Gradient Vector Flow
Diffusion can be used to capture an edge that is distant from
the initial active contour. In this situation, the active contour
is not driven toward the edge using (42), because the contour
is not in "contact" with the gradient from the edge. To
alleviate this problem, Xu and Prince construct a force field
by diffusing the external force (u, v), away from edges into the
homogeneous regions, while at the same time retaining the
initial external force at the boundaries. This vector diffusion

-- 0,

uv2

- (fd

-

0.

(46)
Solving (46) for (u, v) results in vector diffusion process called
gradient vector flow (GVF). The resulting (u, v) vectors can be
used as the external force in (44). Figs. 10C and 10D show
the external forces for a circular object for two directions of
motion.

5.3 Motion Gradient Vector Flow
GVF can be modified can be modified to track a moving
object boundary in a video sequence. Here, we assume that
the direction of object motion (vx, vr) is known. Instead of
computing the components of external force (u and v)
separately, we utilize a vector Vw, which is the gradient of a
computed quantity w (at each point in the image). To obtain
w, we minimize

if/

EMGVF(W) -- ~

[[d,H e ( V W " (Vx, vY))IVWI 2 q- f ( w - f)2]dxd,v

(47)
where He is a regularized Heaviside (step) function, f is the
squared image gradient magnitude as defined in (42), and # is
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(A)
FIGURE 11

(B)

(A) In tracking a white blood cell, the GVF vector diffusion fails

to attract the active contour; (B) Successfuldetection is yielded by MGVF.
a weight on smoothness of the vector field. The first term in
(47) encourages diffusion of motion gradient vectors in the
direction of flow, and discourages diffusion in the opposite
direction. The second term forces the magnitude of w to
resemble that of f, the edge strength, where f is high in
magnitude.
A gradient descent update for w is derived by way of
variational calculus:
~w

The computational cost of anisotropic diffusion may be
reduced by using multiresolution solutions, including the
anisotropic diffusion pyramid and multigrid anisotropic
diffusion. Application of edge detection to multispectral
imagery and to radar/ultrasound imagery is possible through
techniques presented in the literature. In general, the edge
detection step after anisotropic diffusion of the image is
straightforward. Edges may be detected using a simple
gradient magnitude threshold, using robust statistics, or
using a feature extraction technique. Active contours, used
in conjunction with vector diffusion, can be used to extract
meaningful object boundaries.
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1 Principles for Shape Smoothing
1.1 Shape Scale Spaces
We denote by u(x) the gray level value of an image u at point
x. We take two different definitions of a shape: for the first
definition, a shape simply is a subset X of the image plane.
Now, for sake of simplicity, we always assume that X is
connected; otherwise we count as many shapes as connected
components. A connected set of the plane can be simply
connected or not. In intuitive terms, a set is simply connected
if it has no hole. It is then entirely described as the set of
points surrounded by a simple closed curve (a Jordan curve).
So the analysis and recognition of a shape boils down to
the analysis and recognition of a Jordan curve. In case the set
X has holes, each hole is to be considered as a shape and is
again surrounded by a Jordan curve. So we can describe a
connected set X by its exterior Jordan curves and by the list
of the Jordan curves surrounding each one of its holes.
For instance, the letter " 0 " considered as a set of black points
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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has a single hole and is entirely described by two Jordan
curves. The same is true for the letter "A"; the exterior Jordan
curve is not convex in that case. The letter "B" is entirely
described by three Jordan curves (and their relative positions).
So we can consider in a wide degree of generality that shape
recognition must be based on Jordan curve recognition.
In many shape recognition algorithms, shapes are smoothed
before the encoding and recognition tasks. The main reason
why they have to be smoothed is to achieve robustness
and compactness of their encoding. Local details of the shape
may look different while their overall aspect is the same. So the
aim of shape smoothing is to remove spurious details and
keep the essential, robust features on which recognition can
be based.
Now, one can smooth a shape more or less, and this is why
a scale parameter t > 0 is usually associated with the
smoothing task. A shape smoothing method is therefore
usually called a shape scale space. We shall list four principles
that a shape scale space (identified with a curve scale space)
should satisfy. A shape scale space must, according to these
573
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principles, be a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
curvature motion equation. This term will be that the shape X is included in shape Y around x. We say that
explained later. For some of the principles discussed here, the scale space Tt satisfies a shape local inclusion principle, if for
it will be useful to consider a shape in turn as a Jordan curve all X and Y subsets of •2 such that X is included in Y
and as the bounded set X surrounded by the Jordan curve. So around x, then for h small enough,
we call shape any simply connected bounded closed set X
whose boundary is a Jordan curve of ~2. We denote by Tt(X)
Th(X) (q B(x, r) C Th(Y) fq B(x, r).
the shape X smoothed at scale t. We call shape scale space any
family of smoothing operators (Tt)t>__0 acting on shapes and
set X(t) - Tt(X). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure-Background Reversal Principle

1.2 Five Principles
We simply list the main invariance and robustness principles of the considered algorithms. All bibliographic details will
be given in the last section of this chapter.

Pyramidal Principle

We can associate with a shape X its complementary set
X ~, which also is a shape. Considering the shape or considering its complementary set is a perceptual decision, which
depends on context: For instance a wall with windows is a
shape with holes, and the windows are themselves shapes
complementary to the wall. So one usually looks for smoothing operators compatible with this change of viewpoint,
namely
Tt(X c) -- (Tt(X)) c

We suppose that the operators Tt satisfy a pyramidal
assumption, that is, there exist transition operators Tt, s such
that Tt -- Tt, sTs for any t > s. The reason for this assumption
is a question of computational low complexity: A shape
smoothed at scale t > s can be directly computed from the
shape smoothed at scale s. It also corresponds to the idea of
a progressive pruning of the shape from s to t, where no
information is added from s to t; there is only a simplification.
It can be proved [3] that this principle can be reduced to a
semigroup property Tt+s = Ts o Tt, which implies Tns = ( T s ) n
and therefore that the smoothing is an iterative process, thus
computationally simple and efficient.

We say that the scale space Tt is isotropic if T t commutes
with any translation and rotation. This is an obvious
requirement for shape analysis, as we wish to recognize
shapes independently of their position and orientation in the
image.

Inclusion Principle

Affine Invariance of Shape Scale Space

If a shape X in enclosed in another one, X c Y, we always
require that this inclusion be preserved by smoothing. The
reason for this is an obvious compatibility requirement of the
smoothing with inclusion: X might be a hole of Y and, after
smoothing, we want this inclusion to be preserved. Otherwise,
no reconstruction of the shape after smoothing of its
external and internal Jordan curves would be possible. So
our principle states

We say that a shape scale space T is affine invariant if there
exists a C 1 function t'(t,A) >_ 0 definedfor any 2 x 2 matrix A
and any real number t >_ 0, such that ATt,(t,A) -- TtA. In the
case where we restrict this last relation to zooms, we shall say
that the scale space is scale invariant.
Let Tt be a shape scale space satisfying the four
shape-analysis principles (pyramidal architecture, shape
local inclusion, figure-background reversal, isotropy and
regularity). Then it can be proved, under some technical
additional regularity assumption, that the scale space Tt
evolves any Jordan curve x0(p) into a Jordan curve x(t,p)
satisfying

X C Y =~ Tt(X) C Tt(Y)

Local Inclusion Principle
This principle is a stronger, localized version of the inclusion
principle. We denote by B(x, r) the open disk with center x
and radius r, and for a shape X, by 3X the boundary of X.
Assume that X and Y are two compact shapes and that for
some x ~ O Y and some r > 0 , one has X A B ( x , r ) C
Y N B(x, r). Assume further that the inclusion is strict in the
sense that 3X and OY can only meet at x. Then we shall say

All smoothing operators we shall consider will satisfy this
principle.

Isotropy

0x

Ot ( t , p ) = g(lCurvex(t,p)[) n(t,p)

(1)

where g is a nondecreasing function, n(t, p) is the signed unit
normal (always pointing toward the concavity) to the curve
p--~ x(t,p) at point x(t,p), and Curve x(t,p) denotes the
curvature vector (second derivative with respect to arclength)
of the curve at point x(t,p): If s is an arclength parameter

4.15 Shape Smoothing and PDEs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
for a curve s i--+ y(s), then the curvature vector of this curve at
point y(s) is
02y
Curve y(s) -- ~ (s)
With obvious abbreviations, we shall simplify (1) into
0x
Ot = g(]Curve x[) n(x)

(2)

2.2 Implementation

The implementation of the dynamic shape is mostly the
implementation of the heat equation. X is a discrete set
of pixels x =(i,j), and image u0 is defined over the
(i, j). We recall that the convolution of u0 by a kernel M is
defined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE

(M . Uo)(i,j) -- ~

Z M(I, m ) u o ( i - l,j - m),
l

The norm of the curvature vector Curve x(t,s) is the inverse
of the radius of the osculatory circle to the curve. Thus, the
more curved the curve is, the fastest the motion is. This is why
a curvature motion like (2) leads to a simplification of the
curve preserving its main features. If, in addition to the abovementioned principles, the scale space has to be affine invariant, then the equation of the scale space must be
0x
= ICurve xl-~ n(x)
3t

575

m

where (l,m) goes over points where M is not zero. Implementation can be performed as follows:
1. Set u 0 ( x ) = llx(x).
2. For a chosen scale t, construct u(t,x) solution of the
heat equation with initial condition u0. One possibility
is to construct directly u(t,x) as the result of the
convolution by a Gaussian kernel, that is

(3)

u(t, x) - (Gt * u0)(x)

This equation defines the so-called affine scale space.
-- 1 exp _
Most algorithms we analyze in the next section can and will
with Gt(x)
4zr----t
4t ]
be interpreted as a curvature equation of the preceding kind
and, as we shall see, the best under any aspect implements the
Processing can be performed in spatial or Fourier
affine scale space. These algorithms are freely available in the
domain.
MegaWave2 software [ 1]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A probably easier (approximate) solution is to convolve
several times u0 by a normalized, symmetric and
2 Algorithm 1- Dynamic Shape
separable kernel M. That is with an M such that
M(i, j) = M1 (i) × M1 (j), with M1 being a one-dimen2.1 Description
sional kernel, symmetric with respect to (0,0), and
whose sum is equal to 1. Writing
Koenderink and Van Dorn [31] define a "shape" as a
closed subset X of ~N. They associate to a shape X its characteristic function nx, defined by nx(x) -- 1 if x E X, - 0
~(M)- ~1 Z ( i 2 + j2)M(i ' j),
otherwise.
t,J
They propose to smooth a shape X by applying directly the
heat equation to its characteristic function nx. For that
n convolutions by M approximate a convolution by
purpose, they introduce u(t, x) a function of t >_0 (the scale of
Gns(M), so that choosing M and n such that n s ( M ) - t
smoothing), and x (the spatial coordinates), such that
yields the approximate solution

(

u(O,.)-nx(.)

and

¥t > O,

0U

- ~ ( t , . ) - Au(t,.)

u(t, x) -----(M" * Uo)(X)

Of course, the solution u(t,x) is no more a characteristic
function. So, the authors define the evolved shape at scale t by
thresholding u(t, x).

For example, one can choose
therefore
1

X ( t ) - {x, u ( t , x ) > ~}

(4)

2

and

1

1

M(i,j)--i- ~ 2 4 2
1 2

The value 1 is chosen by an obvious requirement, namely
that the smooth version of a half plane (or space) is the half
plane itself.

1
MI(X)--~[1
2 1],

1

Since s ( M ) - 1, n convolutions by this kernel approximates the solution of the heat equation at scale t--n.
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As another consequence, singularities of the orientation
3. Threshold the function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
u(t,x) according to (4) to get
and
curvature of the boundary of the shape may appear with
the smoothed shape X(t). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the evolution. Thus, the smoothing creates new salient
features!
2.3 Properties
At last, the dynamic shape algorithm is not pyramidal, in the
sense
that X(t) cannot be deduced from X(s) for any s > 0.
The dynamic shape algorithm inherits some of the geometrical
However,
it is related to a pyramidal construction: for each
properties of the heat equation. First, it is theoretically
time
t,
X(t)
is obtained by thresholding from u(t, .), solution
invariant by rotation. However, full invariance by rotation is
of
the
heat
equation,
which is pyramidal.
difficult to obtain in practice due to the work on a discrete
grid. It is also covariant to change of scale: one has, defining a
"zoomed" version of X by Z~(X)= {Xx, x ~ X},
T~,(Z~(X)) - z ~ ( r d x ) )

It is not affine invariant (in theory and in practice), since the
heat equation is not.
The dynamic shape algorithm satisfies the inclusion
principle. This is merely due to the monotony of the heat
equation (or of the convolution with positive kernels) and
to the monotony of the threshold operation. It is not local
(and therefore does not satisfy the local inclusion principle),
and indeed generates nonlocal interactions. Take two close
disks D(x0, 1) and D(x1, 1), with Ix0 - Xl[ = 1 + e. Then the
evolution of the union of both disks, considered as a single
shape, is quite different from the evolution of each disk
separately (see Fig. 1). As well, intricated shapes will not be
analyzed separately and be smoothed into a single shape
for large scales (see Fig. 2).

A

B

C

D

FIGURE 1 Nonlocalinteractions with the dynamic shape method. Two close
disks (A) interact as scale grows and create a qualitativelydifferent and new
shape (C, D). The change of topology, at the scale where both shapes merge
into one (B), entails the appearance of a singularity (a cusp) on the shape(s)
boundaries.

3 Algorithm 2: Iterated Weighted
Median Filter
3.1 Description
The preceding algorithm is suffering from nonlocality and
nonpyramidality. Remarking that the smaller the scale t is,
the more local the effect of the algorithm will be, one can
overpass the problem by iterating the dynamic shape with a
small-scale step, that is, by alternating a small-scale linear
convolution (by a Gaussian) with the thresholding. Roughly,
the iteration process generates the pyramidality, and the smallscale step ensures the locality.
Now, it is easily seen that applying to a characteristic
function a linear-positive convolution followed by a thresholding is equivalent to applying a weighted median filter.
Iterating weighted median filter to characteristic function
has been proposed by Merriman, Bence, and Osher [42] as an
approximation of the "mean curvature motion."

3.2 Implementation
At this point, the implementation will be discrete in term of
scale. Let us define k the discrete version of the scale t.
The scale step will be denoted by e. The link between discrete
scale k and scale t is therefore t = ke. We wish to define Xk the
smoothed version of X at discrete scale k.
1. Start with X0 = X
2. Iterate:
(a) Set Uk(X)= llxk(X).
(b) Set v(k + 1, x) = ( M , u(k, .))(x), M being a
normalized symmetric kernel with s(M)=e
(see Section 2.2).
(c) Set Xk+x {X, v(k + 1, x) >_ 1}.
-

FIGURE 2 Nonlocal behavior of shapes with the dynamic shape method.
Top left: initial image, made of two irregular shapes. Left to fight and top to
bottom: smoothing with increasing scales with the dynamic shape algorithm.
Notice how, the convolution being made with Gaussians of increasing
variance, the shapes merge more and more. We do not have a separate analysis
of both shapes but a "joint analysis" of both. This joint analysisdepends a lot
on the initial distance between the two shapes.

-

3.3 Link with Image Partial Differential
Equation
Step 2 of the implementation is in fact a weighted median
filter, where weights are given by the convolution kernel M.
The iteration of a median filter yields, as e ~ 0 and the
number of iterations tends to infinity, a "motion by mean
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curvature." That is, letting ke tend to t and e tend to zero, the
sequence of image u(ke, x) tends to u(t, x) satisfying
3u

3t

- I D u l curv(u),

(5)

where Du = (~, ~ ) i s the gradient vector of u and the
curvature curv(u) is defined by
curv(u)-div(Dl-~uUl)
3

O

FIGURE 3 The Bence-Merriman-Osher shape smoothing method is a
localized and iterated version of the dynamic shape algorithm. A convolution
of the binary image with small-varance Gaussians is alternated with mid-level
thresholding. It uses (top, left) as initial data the same shapes as in Fig. 2.
From left to right and top to bottom: smoothing with increasing scales.
Notice that the shapes keep separate. In fact, their is no interaction between
their evolutions. Each one evolves as it would do alone.

with div - Yxxq 0 •
Considering s~apes, similarly letting e tend to zero while
maintaining ke around t, the sequence of shapes Xk,~ tends to
a sequence X(t). It is proved that for all t, X(t) is the level set 1
of the image u(t, x), viscosity solution of the mean curvature
motion (5). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
parameterized by the arclength s (that is, Ix~(s)l - 1 for all s),
and extended as a L-periodic function from N to N2 (L is
3.4 Properties
the length of the curve). As suggested by Mackworth and
Let us first discuss theoretical properties, that is the ones Mokhtarian [39], the curve x0 may be smoothed by applying
obtained asymptotically when e tends to 0. The shape X(t)
the heat equation to the vector-valued function s---, x0(s),
evolves as a level set of the solution of the mean curvature which boils down to convolve each component of
motion. As a consequence, it inherits the properties of this x0(s) = [x0(s), y0(s)] with a one-dimensional (1D) Gaussian
equation. It is invariant by rotation, covariant by zoom (as is kernel. This yields, for each scale t, the smoothed curve
the preceding algorithm), but it is not affine invariant.
defined by
It satisfies the local inclusion principle and has a pyrax(t, s) -- (x(t, s), y(t, s)),
(6)
midal structure [that is, X(t) can be constructed from X(s) for
any s < t].
However, these facts are slightly different when considering where
the discrete algorithm. Invariance by rotation is only approxx(t, s) - (xo . gt)(s), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLK
r(t, s) - 0'o * g,)(s)
(7)
imate due to the work on a discrete grid (quantization effects).
As well, covariance with respect to change of scale is not
numerically exact, since, for example, a median filter with a
and
gt(s) -- 2 ~ f ~ exp -disk of radius 2r cannot be computed from iterations of a
median filter with a disk of radius r.
Concerning structural properties, the iterated weighted
median filter satisfies the inclusion principle. This is merely 4.2 Implementation
due to the monotony of the median filter. Since the filter is We assume that the initial curve is a closed polygon/50 with n
local up to the size of the used kernel M, the local inclusion vertices written/50(0 ), 15o(1). . . . /5o(N - 1). The algorithm can
principle is satisfied, as illustrated in Fig. 3. At last, the be described as follows:
algorithm is fully pyramidal on the set of discrete scales
• Initialization. Resample uniformly (with a fixed step 8)
ke, k e N .
the initial polygon P 0 ( P ) , P - 0 . . . N - 1
into a new
polygon Po(P),P- 0 . . M - 1. There are several ways to
4 Algorithm 3: Heat Equation on Curves
define this resampling, but the simplest one consists in
choosing the points P0(P) lying on the closed polygonal
4.1 Description
curve P0 such that

1

To avoid quantization effects due to the image grid, the
smoothing of a shape can be defined on the curve(s)
corresponding to its boundary rather than on its associated
binary image as in Algorithms 1 and 2.
Let us then focus on the smoothing of a single Jordan
curve x0(s). We assume that x0 has finite length and is

(s2)

dist(Po(k), Po(k + 1)) - 80,
with
M - - [Per(/5o)/3]

and

Per(/5o)
8o=~-~8
M
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(dist(.) denotes the arc length distance on the curve,
Per(/50) is the perimeter of P0 and [.] means the upper
integer part).

• For k going from 1 to n, compute for p = 0 . . . M -

1

W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Pk(P) = Y~ g~(q) Pk-l(P + q),

(8)

q---W
"C"---

"D"--

with the convention that Pk-1 (r) = Vk-1 (r mod M) for all
r. The weights ~r(q) are obtained by truncating (and
normalizing) the Gaussian function, that is

~(q) = g,(qS) . ll[w, wl(q)
Zq=-wg~(q ~)
The integer W is chosen large enough to ensure a
reasonably good approximation of the Gaussian kernel,
say such that

FIGURE 4 Curve evolution by the heat equation. The coordinates of the
curves are parameterized by the arc length, and then smoothed as real
functions of the length, by applying the heat equation to them. From A to
D: The coordinates are smoothed with an increasing scale. Each coordinate
function therefore is C~; the evolving curve can, all the same, generate
self-crossings (C) or singularities (D).

gr(WS) ~ 10-3 g~(O)

Notice that in (8), we use an iterative implemetation of the
Gaussian convolution, numerically more efficient than the
(theoretically equivalent) formula

4.3

a smooth curve may generate by this evolution selfcrossings which by further smoothing entail the
appearance of singularities.

The heat equation on curves satisfies the pyramidal and
isotropy principles, but neither the inclusion principle nor
the local inclusion principle, as shown by Fig. 4. The affine
Pk(P) - Y~ gkr(qS) Po(P + q)
(9) invariance principle has no particular reason to be satisfied.
q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Concerning the numeric implementation, if we choose weights
~ that are not Gaussian but simply symmetric and positive,
the convergence of the numeric scheme to (10) still holds, but
the isotropy principle is only asymptotically satisfied.
Properties

The partial differential eqaution (PDE) associated to this
algorithm is, by construction, the heat equation

0x 02x
0--t- -9s
-~

(10)

associated to the initial condition x(0, .) = x0. In the numeric
scheme above, each polygon Pk corresponds to/50 smoothed at
scale t = kr.
Here, we must notice two very important facts which
advocate against the method.
1. When t > 0, s is no more an arc length parameter of the
evolved curve x(t, .), that is, [ ax(t, s ) ] - 1 is no longer
ensured for t > 0.
2. Maximum principle holds for x(t, s) and y(t, s) as scalar
solutions of the heat equation. In addition, x(t,s)
and y(t, s) are C °~ functions of (t,s), for t > 0. Now,
this does not imply that the curve x(t,s) behaves
smoothly! In fact, it can easily be seen (see Fig. 4) that

5 Algorithm 4: Renormalized Heat
Equation on Curves
5.1 Description
The previous algorithm is pyramidal but does not satisfy the
semigroup property, although the heat equation does. The
reason is that the arc length parameterization is performed
only at the beginning of the algorithm, and is, as we saw,
no longer valid after the first iteration. To overcome the
dramatic consequence of this, namely the loss of the inclusion
and local inclusion principles, one can perform an arclength
normalization at each iteration, as suggested, again, by
Mackworth and Mokhtarian [40].

5.2 Implementation
The algorithm is very similar to the one given in Section 4.2,
except that the normalization step is put inside the main
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loop. The initial polygon 150 -/30(0)/30(1).../30(N0 - 1) is
smoothed according to the following procedure: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
For k going from 1 to n
"B" --

• Step 1. Resample uniformly (with a fixed step 8) the
polygon Pk-I(P),P- 0 . . N k - 1 - 1 into a new polygon
Pk-I(P), P - 0..Mk-a -- 1, as described in Section 4.2.
• Step 2. Compute for p - 0 . . . M k - 1
W

-Pk(P) -- Z

~(q) Pk-I(P + q)

FIGURE 5 Curve evolution by the "renormalized heat equation" (Mackworth-Mokhtarian). At each smoothing step, the curve is reparameterized by
arc length before a small-scale Gaussian convolution is applied. From A to D,
the curve is smoothed with an increasing scale. Note that, in contrast with the
linear heat equation (Fig. 4), the evolving curve shows no singularities and
does not cross itself.

(same notations as Section 4.2).

5.3 Properties
The PDE associated with this algorithm is the mean curvature
motion
0X

--=

at

"D"--

"C" --

(11)

q=-W

[Curve x[ n(x),

(12)

x

II

i\l
I

I

I

which corresponds to g ( x ) - x in (2). It is also called the
intrinsic heat equation since if s is the arclength parameter of
x(t, .), then
O2X

ICurve xl n(x) - - -

//

I

FIGURE 6 Affine erosion of a convex shape.

052

This PDE satisfies not only the pyramidal and isotropy
principles, but also the inclusion and the local inclusion
principles (only the affine invariance principle has no particular reason to be satisfied). So does the algorithm above,
asymptotically when 8--~ 0. This can be checked on Fig. 5:
Even a very intricated curve has to evolve smoothly and
cannot intersect itself or develop singularities.

6 Algorithm 5: Iterated Affine Erosion
6.1 Description
The renormalized heat equation is a reasonable way to smooth
a shape, but it does not achieve the ultimate geometrical
invariance allowed by shape smoothing PDEs, namely the
affine invariance. We shall now describe a curve smoothing
algorithm that, surprisingly enough, achieves affine invariance
at a lower computational cost than all previous algorithms.
This algorithm is based on the iteration of an operator
called affine erosion [44]. Given a real parameter cr > 0, the
a-affine erosion of a convex shape X is the shape that remains
when all a-chord sets of X have been removed from X. A
a-chord set of X is a domain with area a which is limited

by a chord of X (that is, a segment whose endpoints lie
on the boundary of X) and the boundary of X (see Fig. 6).
The definition is a little more complicated (though similar) in
the case of nonconvex shapes, but we shall not need it here.

6.2 Implementation
The affine erosion of a convex shape X can be computed
exactly in linear time (its boundary is made of straight
segments and pieces of hyperbolae). However, this is of
little interest for shape smoothing since a polygon is required
at each iteration. Hence, from the numeric point of view it
is enough to approximate the affine erosion at each iteration
by a new polygon. Besides, the case of a nonconvex shape X
can be dealt with by computing the affine erosion of each
convex component of the boundary of X, provided that the
erosion area a is small enough.
The algorithm starts with a polygon P0, and builds
iteratively successive polygons P1,P2. . . . PN (until the desired
smoothing scale is attained) according to the following
process:
This
operation permits to apply the affine erosion to convex
pieces of curves, which is much faster (the complexity

1. Break the curve Pk into c o n v e x c o m p o n e n t s .
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is linear) and can be done simply in a discrete way. The decision rule:
main point is to take into account the finite precision
1. If Idil ~ ei, then remove P(i) (which means that the
of the computer to avoid spurious (small and almost
new polygon to be considered from this point is
straight) convex components only due to numeric errors.
P(O)_P(1)...P(i- 1)P(i + 1 ) . . . P ( n - 1))
2. Sample zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
each component. At this stage, points are
2. If [_di+xl _<ei+l, then remove P(i + 1)
removed or added to guarantee a good sampling of
3. If di and di+l have opposite signs, then the middle of
the curve.
P(i), P(i + 1) is an inflexion point where the curve must
3. Apply discrete affme erosion to each component.
be broken
4. Concatenate the pieces of curves obtained at step 3
4. If di and di+l have the same sign, then increment i
to obtain the new polygonal curve zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Pk+l. This way, we
This operation is performed until the whole curve has been
obtain a new closed curve on which the whole process
visited. The result is a chained list of convex pieces of curves
can be applied again.
(with connecting endpoints).
• Break the curve into convex components

Let P = P ( O ) P ( 1 ) . . . P ( n - 1) be the polygonal curve to
be broken into convex components. P has to be broken at
points where the sign of the determinant

di - [ P ( i - 1)P(i),P(i)P(i + 1)]
changes. Numerically, we set P ( i ) formula
di -

(xi -

xi-1)(yi+l

-

yi) -

• Sampling

At this stage, we add or remove points from each polygonal curve in order to ensure that the Euclidean
distance between two successive points lies between e
and 2e (e being the absolute space precision parameter of
the algorithm).

(xi, Yi) and use the

(yi - .,vi-1)(Xi+l

-

xi).

(13)

Since we are interested in the sign of d~ we must be
careful because the finite numeric precision of the
computer can make this sign wrong. Let us introduce
the relative precision of the computer
e0 -- max{x > 0, (1.0 ~ x) O 1.0 -- 0.0}.

(14)

• Discrete affine erosion
This is the main step of the algorithm: Compute quickly
an approximation of the affine erosion of scale a of the
whole curve. The first stage consists in the calculus of the
"area" Aj of each convex component

Cj -- PJ(o)PJ(1)... PJ(nj - 1),
given by
1 nj - 2

Aj -- -~ ~
In this definition, @ (resp. O) represent the computer
addition (resp. substraction), which is not associative.
When computing di using (13), the computer gives a
result di such that I d i - di] < ei, with

ei -- e0(lxi

--

xi-1

I([Yi+I[ + [Yi[)

+ ([xil + IXi-1 [)IYi+I -- Yil

+ [Yi- yi-ll(lxi+-ll + Ix/I)
-+- ([Yi[ -+-[Yi-11)]Xi+l - xil).
In practice, we take e0 a little bit larger than its
theoretical value to overcome other possible errors (in
particular, errors in the computation of ei). For 4-bytes C
float numbers, we use e0 = 10 -7, whereas the theoretical
value (that can be checked experimentally using (14) is
e0 = 2 -24 "~ 5.96 10 -s. For 8 byte C double numbers, the
correct value would be e0 = 2 -s3 -~ 1.11 10 -16
The algorithm that breaks the polygonal curve into
convex components consists in the iteration of the following

[PJ(O)PJ(i), PJ(o)PJ(i + 1)1

i=1

Then, the effective area used to compute the affine
erosion is

ae -- max -~ ,

. n Aj

We restrict the erosion area to ae (which is less than a
in general) because the simplified algorithm for affine
erosion (based on the breaking of the initial curve into
convex components) may give a bad estimation of the
continuous affine erosion + dilation when the area of one
component is less than the erosion parameter. The term
" a / 8 " is rather arbitrary and guarantees an upper bound
to the number of iterations required to achieve the final
scale.
Once ae is computed, the discrete erosion of each
component is defined as the succession of each middle
point of each segment [AB] such that
1. A and B lie on the polygonal curve
2. A or B is a vertex of the polygonal curve
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3. The area enclosed by [AB] and the polygonal curve is
equal to o"e
These points are easily computed by keeping in memory and
updating the points A and B of the curve plus the associated
chord area.
Notice that if the convex component is not closed (which
is the case if the initial curve is not convex), its endpoints
are kept. Hence, step 4 (concatenation of pieces of curves)
consists only in storing curves with connecting endpoints into
a single curve. Note that new inflexion points (that is, curve
breaking points found in step 1 of the next iteration) will not
be exactly these endpoints in general, hence inflexion points
are, as it should be, allowed to move in the whole iterative
process.

~'~':

~,,C..~Z.~= ~."

.'

~ '

~..

~ •

..'..~',,

!

~ ~:, "

. ....

*. ~ ~ ,~.-," ~ ¢ ~ ,;~ !
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6.3 Properties

The PDE associated with this algorithm is the affine scale
space (3). An iteration of the previous process with erosion
area a corresponds to a scale increase of At = 0)0.2/3 in (3),
with co __ 51 (3)2/3 . Hence, to achieve a given scale t the previous
process has to be applied with successive effective erosion
areas ae(1), ae(2) . . . . ae(N) such that
N
°'e(k) 2/3

t---co
k=l

The scale space (3) satisfies all principles enumerated in
Section 1. The numeric scheme above also satisfies these
principles, up to the scale discretization a and the computer
precision e. Notice that the inclusion principle is a property
of the affine erosion itself, so that this property is not
only satisfied asymptotically but with any number of
iterations.
Not only the iterated affine erosion achieves the highest
degree of invariance possible (in particular affine invariance),
but among the five algorithms presented in this chapter, it is
the fastest. Indeed, it has linear complexity in time and
memory, and its stability is ensured by the fact that each new
curve is obtained as the set of the middle points of some
particular chords of the initial curve, defined themselves by
an integration process (an area computation). Hence, no
derivation or curvature computation appears in the algorithm.
An example of curve smoothing with the iterated affine
erosion is shown on Fig. 7.

FIGURE 7 Smoothingcurves with the affine scale space. Top: A text image
corrupted by noise. Middle: Thresholding the image reveals characters as
irregular level lines. Bottom: The same level lines, smoothed with the affine
scale space. The smoothingprocess produces curves almost independent of the
noise, which is a requirement for robust pattern recognition.

three-dimensional (3D) object from a single view" has been
extensively studied [25, 29, 38, 47]. When several uncalibrated
views of the same 3D object are available, its 3D model can
be reconstructed [22, 27].
The common use of planar shape always involves a set of
possible deformations. The usual ones are translation, rotation
and zoom. Now, authors have explored in recent years more
general deformations, particularly elastic ones. In [19, 58],
the matching of images or shapes is made up to a flow of
diffeomorphisms deforming one of the images (or shapes)
onto the other one. These papers, and many references
therein, give a well-developed mathematic treatment of a
problem raised as early as 1983 [8]: the matching of deformed
radiographic images to idealized atlas images.
We therefore have two meanings for shape: one is the 3D
bulk of an object and the other one denotes an equivalence
class of planar shapes, or images, under a deformation group.
Shape recognition must be performed in spite of occlusion.
The phenomenology of occlusion was thoroughly studied
by Kanizsa [30] and his school. Figure 8 illustrates how
invariant our vision is to occlusion. Most viewers describe it as
made of circles and rectangles; they do not even notice that
such a description is inferential, rectangles and disks being
simply not there. The robustness to occlusion requirement
explains why we need a local smoothing of the shape. If the
smoothing were global, it would depend on hidden parts of
the shapes, which we cannot infer.

7 Bibliographic Notes
"Shape" can have different meanings. Most
shape as a common denominator between
or similar three-dimensional (3D) objects
ferent points of views. The problem of

authors refer to
several identical
seen from dif"recognizing a

FIGURE 8 Accordingto the theory of G. Kanizsa [30] and his school, shapes
can be recognized even when they undergo severalocclusions. Our perception
is trained to recognize shapes which are only seeable in part.
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The figure-background problem, leading to the figurebackground reversal principle was studied by Rubin [52].
It is the other face of the occlusion problem: A shape is
superimposed to a background, which can be made of various
objects: how to extract, to single out, the shape from that
clutter? This can also be viewed as a dilemma: Do we first
extract the shape and then recognize it or, conversely, do we
extract it because we had it recognized?
There are other perturbations affecting the identity of
shapes. Shapes are easily recognized in images in spite of
a change in the color and luminance scale; shapes are
also easily recognized when noise and blur are present.
Thus, one can list no less than five kinds of perturbations
for planar shapes, which do not affect shape recognition,
the elastic or projective deformations, the classic noise
and blur, inherent to any perception and any image by
Shannon's theory, the changes of contrast, of the occlusions
and the background. These invariance requirements are
classic and adopted in Rothwell [51] and many references
therein.

7.1 The Local Contrast Invariance
Argument
According to the founding Attneave paper [7], 1954,

The concentration of information in contours is illustrated
by the remarkable similar appearance of objects alike in
contour and different otherwise. The "same" triangle, for
example, may be either white on black or green on white.
Even more impressive is the familiar fact that an artist's
sketch, in which lines are substituted for sharp color
gradients, may constitute a readily identifiable representation of a person or thing.
The contrast invariance of shape recognition (Fig. 9) was
still earlier noticed by the gestaltist Wertheimer [56] in 1923.
So shape perception is independent of the gray level scale or of
the measured colors. Let us formalize this and define a digital
image as a function u : ~ 2 --~ R +, where u(x) represents the
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gray level or luminance a t No 1 According to the contrast
invariance principle, a first task of shape recognition is to
extract from the image a topological information fairly
independent from the varying and unknown contrast change
function of the optical and/or biologic apparatus. One can
model such a contrast change function as any continuous
increasing function g from ~ + to ~+. The real datum when
we observe u could be as well any image g(u). This simple
argument leads to select the set of level sets of the image, or
its set of level lines, as a complete contrast invariant
image description [11]. Mathematic morphology [54] considers the family of the connected components of the level
sets of u,

x;~(u) =

{x, u(x) >_ x},

x ~ I~

An image can be reconstructed from its upper level sets by the
obvious formula

u(x)

= sup{X,x ~ x~(u)}

(15) zyxwvutsr

We define the level lines as the boundaries of the level sets.
There are several frameworks to define the level lines: if u is
considered to be a function with bounded variation, the level
lines can be defined as a set of nested Jordan curves [4]. The
set of all level lines is called the topographic map of the image.

7.2 The Concentration of
Information Argument
The set of the image level lines is a complete contrast invariant
information. Somewhat in contradiction with this contrast
invariance principle, many authors assert, like Attneave, that
information is concentrated along contours (i.e., regions
where color changes abruptly). Thus, it makes sense to prune
the tree of level lines by only keeping a selection of the most
contrasted level lines. A simplification of the tree of level lines
can be performed by using the method proposed in
Desolneux et al. [16], which retains roughly all "meaningful"
level lines. This method usually reduces by a factor 10 the
number of level lines. Figure 10 shows an example of the set
of meaningful level lines for a given image.

7.3 The Smoothing Argument
To justify the necessity of a multiscale smoothing for shapes,
one can again rely on Attneave:
FIGURE 9 Sleepingcat? According to the perception psychologistAttneave
[21], the main information in shapes is contained in the high curvature points:
"Common objects may be represented with great economy, and fairly striking
fidelity, by copying the points at which their contours change direction
maximally, and then connecting these points appropriately with a straightedge. The shape smoothing methods we have considered are all curvature
motions, which filter out local spurious peaks of curvature, and keep the
main ones."

It appears, then, that when some portion of the visual field
contains a quantity of information grossly in excess of the
observer's perceptual capacity, he treats those components of
information which do not have redundant representation
1Shape recognition algorithms do not use much color. The geometricinformation brought by color usuallyis redundant with respect to luminance [12].

4.15 Shape Smoothing and PDEs
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7.4 Affine Invariant Mathematic
Morphology and Affine Scale Space

.

FIGURE 10 Left: Original image. Right: Meaningful level lines. These lines
make a sparse nested set of Jordan curves. Each one of the Jordan curves can
be used directly for shape-based image comparison.

somewhat as a statistician treats "error variance," averaging out particulars and abstracting certain statistical
homogeneities. Such an averaging process was involved
in drawing the cat for Fig. 9. It was said earlier that the
points of the drawing corresponded to places of maximum
curvature on the contour of the cat, but this was not strictly
correct; if the principle had been followed rigidly, it would
have been necessary to represent the ends of individual
hairs by points. In observing a cat, however, one does not
ordinarily perceive its hairs as individual entities; instead
one perceives that the cat is furry . . . . The perceived contour
of a cat (e.g., the contour from which the points of Fig. 9
were taken) is the resultant of an orthogonal averaging
process in which texture is eliminated or smoothed out
almost entirely, somewhat as if a photograph of the object
were blurred and then printed on high-contrast paper.

The general process by which an image or a shape is smoothed
at several scales to eliminate spurious or textural details and
extract its main features is called "scale space." The main
developments of scale space theory in the past 10 years involve
invariance arguments: Indeed, a scale space will be useful to
compute invariant information only if it is itself invariant.
Let us summarize a series of arguments given (e.g.) in
Alvarez et al. [3]: A scale space computing contrast invariant
information must in fact deal directly with the image level
lines; to be local (not dependent on occlusions), it must be a
PDE. To be a smoothing, this PDE must be of a parabolic
kind. Then, the further affine invariance requirement and the
invariance with respect to reverse contrast (if we want a selfdual operator, in the mathematic morphology terminology
[54]) lead to a single PDE,

Ou = ]Du ]curv(u)½,
3t

(16)

where the power 1 is signed, i.e., s½ - sign(s)Is]½. This equation
is equivalent to the "affine curve shortening" (Eq. 3) [53] of
all of the level lines of the image.
No further invariance requirement is possible: (16) is the
only affine invariant local contrast invariant smoothing. The
use of curvature-based smoothing for shape analysis is well
established. Founding papers are [6], [45], and [18]. These
authors define a multiscale curvature which is similarity
invariant, but not affine invariant. Abbasi et al. [2] used the
curvature motion (5) and an affine length parameterization of
the boundary of the shapes to get an affine shape encoding.
Of course, such a coding cannot be fully affine invariant,
since the curvature motion is not affine invariant. It is much
more natural to use directly (16), or, more interestingly,
the affine curve evolution (3).

zyxwvutsrq

A correct shape encoding, which does not get lost in
textural details therefore asks for a previous blurring (see
Fig. 11). The process suggested (in bold in the citation) is to
convolve the silhouette of the object ("blurred") and then to
enhance the result, which amounts to threshold the image
("high-contrast paper"). This algorithm, studied in Section 3,
is by now known as the Bence, Merriman, Osher algorithm
[42] (an iterated version of the Koenderink and Van Dorn
[32] algorithm, studied in Section 2). It was proved to be
equivalent to the curvature motion [9, 21] and to the iterated
median filter [26].

FIGURE 11 One can immediatelysee that those two objects are disks, with
approximately the same size. The second one is obtained from the first by the
affine curvature equation [2]. Such a curvature equation was anticipated by
Attneave, who proposed to smooth the silhouette of a cat by (A) blurring the
cat image and (B) enhancing the resulting image to get a smooth silhouette:
"somewhat as if the photograph of the object were blurred and then printed
on high-contrast paper."

7.5 Curvature Equations
We insisted on curve smoothing algorithms, but the aim of
this small section is to give some links to the major
mathematic contributions to the mathematic aspect, namely
the invention and analysis of curvature equations. Probably
the first statement of a curvature equation as a smoothing
process is due to Firey [23], who modelled the shape evolution
of worn stones on a beach. The first proof that the twodimensional (2D) curvature equation corresponding to the
algorithms of Section 3 indeed smoothes curves is due to
Grayson [24] in his famous paper "The heat equation shrinks
embedded plane curves to round points." He shows that the
smoothing of a curve ends up in a circular shape and that
the number of inflexion points decreases along the smoothing process. This gives the mathematic foundation to the
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observed shape simplification. Sapiro and Tannenbaum [53] one, fixed once for all in each class. A good account of global
and, independently, Alvarez et al. [3] introduced the affine normalization methods can be found in Reiss [50]. Affine
scale space equation in two different contexts. For the last normalization [28] can be used as a tool to match final
authors, existence of solutions to the image equation was invariance requirements on shape recognition, namely
performed via viscosity solutions, following the theory of the locality (robustness to occlusion) and the affine invariEvans-Spruck [20] and Chen et al. [13]. Angenent et al. ance (invariance with respect to orthoprojections). Indeed,
established mathematic existence and regularity results for the the affine invariance entails an affine normalization of
curve affine scale space. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the level lines. In addition, the robustness under partial
occlusions implies that the normalization of the level lines
must
be done with respect to several local reference systems.
7.6 Affine Erosions and Dilations
Thus, several pieces of the same level line can be normalized
The affine erosion (and dilation) of a shape was introduced by using different reference systems, providing a local and
in [44] as a geometric operator yielding a numeric scheme for redundant description of the level line. Affine invariant
the curve affine scale space. In general, the affine erosion of X robust semilocal descriptors are given by the lines which are
is not simple to compute, but if X is convex, it can be exactly bi-tangent to the curve. These descriptors can be used as
computed in linear time. This property is used, through starting points for an invariant sampling of the set of the
convex decomposition, in the fast algorithm presented in tangent lines to the curve. A hi-tangent to a given curve is
Section 6.2, which was first described in [33].
any straight line tangent to the curve at two different points.
Convergence of the iterated affine erosion to the affine scale From each bi-tangent, one can define a local system of
space of images is established [43]. In [37], the authors go coordinates. These coordinate systems are then invariant
back to the mathematic morphology formalism ([41, 54]), in under affine transforms and they can be used to normalize a
particular the Matheron theorem (theorem 6.2 in [26]) to portion of the curve. The just-sketched method is systemdefine an affine distance and then affine invariant set erosions atically used in Lamdan et al. [35] and in the recent shape
and dilations. Starting from a very simple (probably the recognition prototype described in Rothwell [51] and in
simplest possible) definition of affine invariant distance of a Lisani et al. [37]. As pointed out in this last reference, an
point to a set, they show that alternate affine erosions and affine normalization of a curve needs three affine invariant
dilations are consistent with (16). The relevance of this result reference points. As examples of finalized algorithms using
can be explained as follows. Applying the alternate scheme to shape smoothing, let us mention the one described in the
the image u is equivalent to apply alternate affine erosions and Rothwell book [51]. The very interesting method of Abbasi
dilations to each level curve of u, i.e., the iterated affine and Mokhtarian [2] involves curvature scale space and
erosion of Section 6. Thus, this algorithm moves these curves similarity invariance. Lisani et al. [37] described an algorithm
according to Eq. 3. It is equivalent to move all level curves of u implementing the shape affine scale space described here to
by this equation or to apply to u the evolution (16). This get compact codes of shapes and perform image comparison
presentation follows the general line of the book in tasks, based on a systematic comparison of all level lines of
preparation [26].
two images. Several generic shape recognition algorithms
stem from the founding paper by Wolfson [57] under the
generic name of geometric hashing. Let us mention [10] as a
7.7 From Global to Local
very recent extension of this technique. In geometric hashing,
Recognition Methods
a shape is described by local descriptors, usually points with
In global recognition methods, the shape is considered as an orientation (minutiae in the fingerprint recognition termia whole and is described by a sequence of characteristics of nology), or corners [15]. The shape matching problem is
the shapes [17, 50], such as perimeter, algebraic moments then reduced to the problem of finding a given configuration
[28, 46, 55] or Fourier coefficients [34, 36, 49]. A of minutiae, describing a target shape, in a clutter of minutiae
comparison of two shapes is led back to the comparison of computed in another image. In the affine invariant case, the
the vectors of computed characteristics. Most of the methods complexity of such a method grows as N 3, where N is the
we just mentioned are Euclidean but not affine invariant. It is number of minutiae in the explored image. The reason is that
possible, however, to compute affine invariant moments. In no spatial order can be given between the minutiae and any
that case, we face another difficulty: How can we define the group or subgroup can belong or not to a given shape. Lisani
relative weights of each moment in a shape comparison et al. [37] proved that one can single out preformed chains of
distance? This difficulty is overcome by the more clever minutiae in an image, namely the encoded pieces of level
normalization methods [14]. Normalization methods allow lines. The practical existence of these chains reduces consithe transformation of any element of an equivalence class of derably the complexity of a shape search, since a single chain
shapes under a group of geometric transforms into a specific may be enough to characterize a target shape.
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Introduction

In contrast to the all-discrete approaches that dominated
image processing in the recent past, in computer vision since
the mid 1980s there have been proposed continuous models
for several vision tasks based on partial differential equations
(PDEs). The discrete part of such approaches comes only in
the corresponding difference equations (numeric algorithms)
that approximate the solution of these PDEs. Motivations for
using PDEs in image analysis and vision include better and
more intuitive mathematic modeling, connections with physics,
better approximation to the Euclidean geometry of the
problem, and existence of efficient numeric algorithms for
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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solving them. One major effort [31] was the use of PDEs in
problems of shape from shading and optical flow. However,
the most well known vision problem modeled via PDEs is that
of multiscale image analysis (i.e., scales paces). While many
such continuous approaches have been linear, most, and the
most useful, are nonlinear.
Several classes of nonlinear PDEs used in image analysis and
vision are based on or related to morphologic operations.
Morphologic image processing has been based traditionally on
modeling images as sets or as points in a complete lattice of
functions and viewing morphologic image transformations as
set or lattice operators. Thus, the two classic approaches to
analyze or design the deterministic systems of mathematic
587
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morphology have been (a) geometry by viewing them as image
set transformations in Euclidean spaces and (b) algebra to
analyze their properties using set or lattice theory. Geometry
was used mainly for intuitive understanding, and algebra was
restricted to the space domain. Despite their limitations, these
approaches have produced a powerful and self-contained
broad collection of nonlinear image analysis concepts, operators, and algorithms, which have found a broad range of
applications in image processing and computer vision; see
[28, 49, 73] and Chapter 3.3 of this book for surveys and
references. In parallel to these directions, there is a growing
part of morphologic image processing that is based on ideas
from differential calculus and dynamic systems. It combines
some early ideas on morpholologic signal gradients and some
recent ideas on using differential equations to model nonlinear
multiscale processes or distance propagation in images. In this
chapter, we present a unified view of the various interrelated
ideas in this area, using occasionally some systems analysis
tools in both the space and the slope transform domain.
Among the few early connections between morphology and
calculus were the morphologic gradients. Specifically, given a
function f : ~m ~ [~, with m = 1, 2, its isotropic morphologic
sup-derivative at a point x is defined by
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with initial condition u(x, y, O) = f (x, y). The popularity
of this approach is due to its linearity and relations to the
heat PDE about which much is known from physics and
mathematics. The big disadvantage of the Gaussian scale-space
approach is the fact that linear smoothers blur and shift
important image features, (e.g., edges, as shown in Fig. 1).
There are, however, several classes of nonlinear smoothing
filters that can smooth while preserving important image
features and can provide a nonlinear scale space. A large such
class consists of morphologic openings and closings. These can
be of a simple type, i.e., serial compositions of Minkowski
erosions and dilations in a multiscale formulation [43, 51, 73]
or an advanced type like the reconstruction filters [56, 69].
Figure 1 shows examples of two such types of clos-openings
(i.e., compositions of openings and closings): (a) flat
Minkowski clos-openings by a two-dimensional (2D) disklike structuring element that preserves the vertical image
edges but may distort horizontal edges (contours) by fitting
the shape of the structuring element; and (b) Gray-level
reconstruction clos-openings that, starting from a reference
image and a marker, can reconstruct whole objects hit by
the marker with exact preservation of their boundaries while
suppressing all other surrounding objects inside which the
marker cannot fit; the marker for the reconstruction opening (closing) was an erosion (dilation) of the original image
A/If(x) a lim suPllrll_<~{f(x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ Y) :} zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-f(x)
(1) by a disk of radius equal to scale.
r$0
r
As was done for linear scale spaces [50, 84], there has been
much work on tracking the evolution of important image
features through morphologic scale spaces. Examples include
The derivative .M has been used in morphologic image size distributions with multiscale openings [43, 73], zerocrossings of multiscale one-dimensional (1D) openings [63],
analysis for edge detection. It actually becomes equal to IlVfll
extrema of multiscale dilations-erosions [33], and peaks of
when f is differentiable.
A broader area where calculus-based ideas have been used multiscale 1D open-closings [5].
Until recently the vast majority of implementations of
in morphology is that of multiscale image analysis. Detecting
features, structure, objects, and generally modeling many visual multiscale morphologic filtering had been discrete. In 1992,
information extraction tasks has necessitated the analysis of three teams of researchers independently published nonlinear
image signals at multiple scales. Following the initial PDEs that model the continuous morphologic scale space.
formulation of multiscale image analysis using Gaussian Brockett and Maragos [11] developed nonlinear PDEs that
convolutions by Marr [50], two other important developments model multiscale morphologic dilation, erosion, opening, and
were the continuous Gaussian scale space by Witkin [84] closing by compact-support structuring elements that are
and the observation by Koenderink [37] that this scale space either convex sets or concave functions and may have noncan be modeled via the heat diffusion PDE. Specifically, if smooth boundaries. Their work was based on the semigroup
u(x,)1, t) = f(x, y) • Gt(x, y) is the multiscale linear convo- structure of the multiscale dilation and erosion operators and
lution of an original image signal f(x,y) with a Gaussian the use of morphologic derivatives to deal with the developfunction Gt(x, y) = exp[-(x 2 q- yi)/4t]/4rct whose variance ment of shocks. This is the viewpoint from which we present
is proportional to scale t, then the scale space function u can the morphologic PDEs in this chapter. Alvarez et al. [1]
be generated from the isotropic and homogeneous heat developed PDE-based models for scale spaces that satisfy
certain axiomatic principles. As part of their general work they
diffusion PDE 1
obtained PDEs for multiscale flat dilation and erosion by
compact convex sets. van den Boomgaard and Smeulders [79]
U t "-- V 2 u
(2) obtained PDEs for multiscale dilation and erosion by studying the propagation of the boundaries of 2D sets and signal
graphs
under multiscale dilation and erosion. Their work
1Short notation for PDEs: ut = Ou/Ot, Ux = Ou/Ox, uy = Ou/Oy,
applies to convex structuring elements whose boundaries
V u - - (Ux, Uy), V 2 U --- Uxx nt- UD,, div((v, w)) = vx + wy.
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Minkowski Clos-Openings

Reconstruction Clos-Openings

scale=8

scale= 16
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FIGURE 1 Linear and morphologic multiscale image smoothers. (The scale parameter was defined as the variance of
the Gaussians for linear convolutions; the radius of the structuring element for clos-openings; the scale of the marker
for the reconstruction filters.)

contain no linear segments, are smooth, and possess a
unique normal at each point. Refinements of these three
works for PDEs modelling multiscale morphology followed in
[2, 3, 12, 45, 47, 80]. Extensions also followed in several
directions including asymptotic analysis and iterated filtering
by Guichard and Morel [26, 27], a unification of morphologic
PDEs using Legendre-Fenchel "slope" transforms by Heijmans
and Maragos [29], a common algebraic framework for linear
and morphologic scale spaces by Heijmans and van den
Boomgaard [30], and PDEs for morphologic reconstruction operators with global constraints by Maragos and Meyer
[46, 56].

zy
zyxw

To illustrate the basic idea behind morphologic PDEs we
consider a 1D example shown in Fig. 2, the multiscale flat
dilation ~ and erosion e of a 1D signal fix) at scales t > 0:
~(x, t) -

sup f (x + y),
lyl<t

e(x, t) - inf f (x + y).
]Yl <t

The PDEs generating these multiscale flat dilations and
erosions are
a,-

I~1, e , - - l e x l ,
- e(x, o) - f(x).

a(x, o)

(3)

590

zyxwvutsrqpon
zyxw
Handbook of Image and Video Processing

2

30

200

i

50 ~

SPACE

SPACE

10

0 0

30

50

SCALE

SPACE

0 0

SCALE

200

A

B

C

FIGURE 2 A: Original one-dimensional signal fix) at scale t--0. B: Multiscale erosion e(x, t)= (f @tB)(x), and
C: multiscale dilation 8(x, t)= (f ~ tB)(x) off(x) by a set B--[-1,1] for scales t = [0,30].

In parallel to the development of these ideas, there have
been some advances in the field of differential geometry for
curve-surface evolution using level-set methods. Specifically,
Osher and Sethian [61, 62, 74] have developed PDEs of the
Hamilton-Jacobi type to model the propagation of curves
embedded as level curves (isoheight contours) of functions
evolving in scale space. Further, they developed robust
numeric algorithms to solve these PDEs on the basis of
stable and shock-capturing schemes to solve similar shockproducing nonlinear wave PDEs [38]. A broad range of
applications to image processing and computer vision has
followed since then. Examples include (a) implementation of
continuous-scale morphologic dilations and erosions by
Arehart et al. [4] and Sapiro et al. [70]; (b) shape analysis
by Kimia et al. [34, 77]; (c) geometry-based active contours
and related segmentation by Caselles et al. [15], Malladi et al.
[41], and Vezzi et al. [85]; and (d) weighted distance
transforms and related morphologic segmentation discussed
later in this chapter.
Multiscale dilations and erosions of binary images can also
be obtained via distance transforms, (i.e., the distance function
from the original image set). Discrete distance transforms can
be implemented fast via 2D min-sum difference equations
developed in [10, 67], which are special cases of recursive
erosions. Using Huygen construction, the boundaries of
multiscale dilations/erosions by disks can also be viewed as
the wavefronts of a wave initiating from the original image
boundary and propagating with constant normal speed in a
homogeneous medium [9]. This idea can also be extended to
heterogeneous media by using a weighted distance function,
where the weights are inversely proportional to the propagation speeds [39]. In geometric optics, the distance wavefronts
are obtained from the isolevel contours of the solution of the
eikonal PDE. This ubiquitous PDE has been applied to solving
various problems in image analysis and computer vision [31]
such as shape from shading [36, 68], gridless halftoning, and
image segmentation [45, 47, 54, 59, 81].
In this chapter, we discuss some close relationships among
the PDEs for multiscale morphology, the morphologic

derivatives, the eikonal PDE of optics, the distance transforms,
and the difference equations used for numeric implementations. The unifying theme is a collection of nonlinear
differential or difference equations modeling the scalespace dynamics of continuous or discrete morphologic systems.
We call this area differential morphology. We also present analysis
tools for the nonlinear systems used in differential morphology which have many similarities with the tools used to
analyze linear differential schemes. These tools apply to the
space domain or to the slope transform domain.
The chapter is organized as follows. We begin in Section 2
with brief descriptions of analytic methods for 2D morphologic systems in the spatial and the slope domains. In Section 3
we discuss the basic PDEs for multiscale dilations and erosions,
refine them using morphologic derivatives, give their slope
domain interpretation, describe PDEs for object-oriented
reconstruction filters, and outline numeric algorithms for their
implementation. Section 4 summarizes the main ideas from
curve evolution as they apply to differential morphology.
Section 5 deals with distance transforms for binary images and
the analysis of their computation methods based on min-sum
difference equations and slope filters. The eikonal PDE and its
solution via weighted distance transforms are discussed in
Section 6. Finally, Section 7.4 presents an introduction to
image segmentation by using the eikonal PDE and curve
evolution.
Additional material on nonlinear PDEs and curve evolution
as applied to image processing can be found in this book in
Chapter 4.14 by Acton, in Chapter 4.15 by Guichard et al., and
in Chapter 4.17 by Caselles et al.

2 Multidimensional Morphologic
Systems and Slope Transforms
The space domain on which images are defined can be either
continuous ~ - - ~ m or discrete F - - Z m, m - - 1 , 2 , 3 . The
signal range is generally a subset of ~ - ~ U {-oo, + oo}. On
the lattice of all signals f ' F ~ ~ equipped with pointwise
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supremum V, infimum A and partial ordering _<, a signal
operator or system • : f~--+~ ( f ) is generally called: Dilation if
~ ( V i ~ ) = V i ~(~) and Erosion if ~ ( A i )~) = Ai ~(~) for any
signal collection 0~}; Opening if • is increasing w.r.t. <_,
idempotent [ ~ ( ~ ( f ) = ~ ( f ) ] and anti-extensive [f _< ~ ( f ) ] ;
Closing if • is increasing, idempotent and extensive; Translation-invariant if ~[c + f ( x - y)] = c + ~ ( f ) ( x - y), for any
f,y,c.

2.1 Morphologic Systems
Of particular interest in this chapter are operators E • fl--> C(f ),
which are erosion and translation-invariant (ETI) systems.
Such systems obey an infimum-of-sums superposition:

C[A ci + J](x)] -- A ci + ,5'[fi(x)]
i

The classic morphologic

signal convolutions

are the

Minkowski weighted dilation ~ and weighted erosion 0 of an
image f by a structuring function (kernel) g:

( f G g)(x) ~ Vr~Ef(Y) + g(x - y)
(feg)(x) & Ar~Ef(Y) - g(Y - x)

(4)

The scalar addition in ~ is like addition in ~ extended by the
rules r + o o - + e ~ Vr E ~ and ( + o o ) + ( - o e ) - - o o .
In
convex analysis [66] and optimization, the operation G is
called supremal convolution, and an operation closely related to
@ is the infimal convolution

( f @'g)(x) & A f ( y ) +' g(x - y)

(9)

i

(5)

y~E

Similarly, dilation and translation-invariant (DTI) systems
obey a supremum-of-sums superposition as in Equation (9)
but with A replaced by V. An elementary signal useful for
analyzing such systems is the zero impulse

~(x)~ / o,
/ ~,

x-0
x¢0

Occasionally we shall refer to ~/~ as a "lower" impulse and to
its negated version ~v(x)= -~A(x) as an "upper" impulse. If
we define the lower impulse response of an ETI system ~ as its
output g = g(~/,) when the input is the lower impulse, we find
that the system's action is equivalent to the infimal convolution of the input with its lower impulse response [44]:

where 4-' is like the extended addition in ~ except that
(+oo) +' ( - c x ~ ) - +cx~. A simple case of the signal dilation
E is ETI ,~--->,C(f) -- f @'g, g -- E(~A).
and erosion results when g is fiat, i.e., equal to 0 over its
support set B and -cx~ elsewhere. Then, the weighted dilation
Similarly, a system D is DTI iff D ( f ) = f @ h ,
where
and erosion of f by g reduce to the flat dilation and erosion
h = / ) ( ~ v ) is the system's upper impulse response. Thus,
of f by B: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
DTI and ETI systems are uniquely determined in the spatial
domain by their impulse responses, which also control their
( f @ B)(x) & VreB f (x - y)
(6) causality and stability.
( f 0 B)(x) & AreBf (x + y)
Next we shall create a transform domain for morphologic
systems. Let < a, x > a__ Eim=l olix i denote the inner product of
An alternative construction of the flat operations is to the vectors c~ = (al . . . . . C~m)and x -- (Xl . . . . . Xm) in ~m. First
extend set operators to image function operators by using level note that the hyperplanes f i x ) = < a,x > + c are eigenfuncsets and threshold superposition [28, 42, 73]. Specifically, if tions of any DTI system/9 or ETI system C because
f o r k 6 ~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

X x ( f ) ~ {x e E "f(x) >__k}

(7)

are the upper level sets of an image function f, and we are given
an increasing set operator ~, then we can construct a so-called
flat operator
~ p ( f ) - sup{• ~ ~ ' x ~ qs(Xx(f))}

(8)

D[< oe, x > + c] = < c~,x > + c + Hv(oe)
8[< ~,x > + c] = < ~,x > + c + G~(c~)
The corresponding eigenvalues
Hv(oe) & V x h ( x ) - < or, x >
c, A (oO ~- A x g ( x ) - < ol, x >

via threshold superposition of the outputs of the set operator
acting on all input level sets. The flat operator ~ can process
both binary and gray-level images. For example, if ~ is the
Minkowski set dilation or erosion by a disk B, then the
corresponding flat operator ~ becomes the flat dilation and
erosion o f f by B in (6).

(10)

(11)

are called, respectively, the upper and lower slope response
the DTI and ETI system. They measure the amount of shift
the intercept of the input hyperplanes with slope vector
They are also conceptually similar to the frequency response
linear systems.

of
in
a.
of
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FIGURE 3 A: Convex parabola signal f ( x ) = xa/2 (dashed line) and its morphologic closing (solid line) by a flat
structuring element [-5,5]. B: Lower slope transform F^(a) -- -c~2/2 of the parabola (dashed line) and of its closing

(solid line).

2.2 Slope Transforms
Viewing the slope response as a signal transform with variable
the slope vector, we define for any m-dimensional signal fix)
its upper slope transform as the m-dimensional function
Fv" Em __+ R defined by

Fv(a) __a V f ( x ) - < a,x >

(12)

plane. Examples of 1D lower slope transforms are shown in
Fig. 3.
In general, a m-dimensional signal f(x) is covered from
above by all the hyperplanes Fv(ot) + < c~,x > whose infimum
creates an upper envelope

envv(f)(x) _A A

Fv(a) + < a, x >

(14)

OtE~ m

xER m

and f(x) is covered from below by hyperplanes
FA(a) + < or, x > whose supremum creates the lower envelope

and as its lower slope transform 2 the function

FA(o0 ___a A f ( x ) - < a,x >

(13)

xER m

For a 1D signal f(x), f(x) - ax is the intercept of a line with
slope ~ passing from the point (x, f(x)) on the signal's graph.
Hence, for each ~, the lower slope transform of f is the
minimum value of this intercept. For differentiable 3 1D
signals, this minimum occurs when the above line becomes a
tangent; for 2D signals the tangent line becomes a tangent

2In convex analysis [66], given a convex function f there uniquely
corresponds
another
convex
function
if(c0 = Vx < c~,x > - f ( x )
called the Fenchel conjugate of f. The lower slope transform of f and its
conjugate function are closely related since f*(~) = -F^(ot).
3For differentiable signals, the maximization or minimization of the
intercept f ( x ) - < c~,x > involved in both slope transforms can also be done,
for a fixed c~, by finding its value at the stationary point x* such that
Vf(x*) = a. This extreme value of the intercept (as a function of the slope a)
is the Legendre transform of the signal f. I f f i s convex (or concave) and has an
invertible gradient, its Legendre transform is single-valued and equal to the
lower (or upper) transform; otherwise, the Legendre transform is multivalued.
This possibly multivalued transform was defined in [21 ] as a "slope transform".
Its properties are similar to the properties of the upper/lower slope transform,
but there are also some important differences as explained in [44].

env/, (f) (x) _a V FA(ot)+ < ot, x >

(15)

c~ER2

We view the signal envelopes envy(f) and envA(f) as the
"inverse" upper and lower slope transform of fi respectively.
One-dimensional examples are shown in Fig. 4. The upper
(lower) slope transform is always a convex (concave) function.
Similarly, the upper (lower) envelope created by the "inverse"
upper (lower) slope transform is always, a concave (convex)
function. Further, for any signal f, envA(f) < f < envv(f).
The slope transforms have many interesting properties
[29, 44, 45]. The most striking is that supremal convolution in
the time/space domain corresponds to addition in the slope
domain:
f (x) ~ g(x)

Slope Transf.
~ ,
Fv(~) + Cv(~)

Note the analogy with linear systems where linearly convolving two signals in space corresponds to multiplying their
Fourier transforms. Table 1 lists several examples of the 2D
upper slope transform. Very similar properties also hold for
the 2D lower slope transform, the only differences being the
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FIGURE 4 Signals f (solid lines) and their lower envelopes env/,(f) (dashed lines) obtained via the composition of the
lower slope transform and its inverse. A: Cosine whose amplitude has been modulated by a slower cosine pulse.
B: Impulse response f of a discrete erosion and translation-invariant system generated by the min-sum difference
equation f[n] = min(~A[n], Al<k<2of[n - k] + ak), where ak = sin(yrk/21).

TABLE 1 Examples of two-dimensional upper slope transforms
Signal'f(x), x

Transform" Fv(ot), ot =

= (Xl,X2)

< O/o,X >

< ao, x > + ~v(X)

~v(X-Xo)
~v(X - Xo)
0,
-c~,

(C¢1,012)

2.3 Min-Sum Difference
Discrete Slope Filters

Equations

and

-~v(~ - ~o)
-¢v(~ - ~o)

The space dynamics of a large class of 2D discrete ETI systems
can be described by the following general 2D rain-sum

~ < 0/) X0 >

difference equation,

- < ~,xo > - ~'v(CO

Ilxllp < r
,p>_l
Ilxl[p > r

rllallq,
o,

-aollxllp, uo > 0

+c¢,

v/1-Xl2 - x 2, x2 + x 2_< 1

u[i,j]

,/1 +~1 + ~
(~ + ~ ) / 2

-(x21 + x2)/2
--(Ix1[p + [x2[P)/p, p > 1
~v(x) A = 0 i f x = 0 a n d
(v(x)~0ifx>0and

1 1_ 1
~+~
Ilallq < Oeo
Ilallq > Oto

([0~1 [q --[-[Ol2[q)/q

-~ifx#0.
-ooifx~0.

interchange of suprema with infima, concave with convex, and
the supremal • with the infimal convolution (3'.
Given a discrete-domain 2D signal f[i, j], we define its lower
slope transform by

oo

FA(O/I'O¢2) - -

oo

A A f[i,j]-

(io/1 + j c z 2 )

(16)

i---oo j = - c ~

and likewise for its upper slope transform using V. The
properties of these slope transforms for signals defined on the
discrete plane are almost identical to the ones for signals
defined on 0~2.
Detailed properties and examples of 1D and 2D upper/
lower slope transforms can be found in [44, 45]. A more
general treatment of slope transforms on complete lattices can
be found in [29].

(A(k,£)eMo ak£ +' u[i - k,j - £])

(17)

which we view as a 2D discrete nonlinear system, mapping the
input signal f to the output u. The masks Mo, Mi are pixel
coordinate sets that determine which output and input
samples will be added with constant weights to form the
current output sample. As explained in [22] for 2D linear
difference equations, the recursive computability of Equation
(17) depends on (a) the shape of the output mask
Mo -- {(k, £):ak£ < +oo} determining which past output
samples are involved in the recursion; (b) the boundary
conditions, i.e., the locations and values of the output samples
y[i, ]], which are prespecified as initial conditions; and (c) the
scanning order in which the output samples should be
computed. We assume boundary conditions of value +oo and
of a shape (dependent on Mo and the scanning order)
appropriate so that the difference equation is an ETI system
recursively computable. Obviously, (0, 0)~' Mo. The nonrecursive part of (17) represents an infimal convolution of the
input array f[i,]] with the 2D finite-support structuring
function b[i,]]- bij, which is well understood. Thus, we
henceforth focus only on the recursive version of Equation
(17) by setting bke = +oo except from boo = 0. This yields the
autoregressive 2D min-sum difference equation
u[i, J ] - ( A
(k,e)eMo

ake +'u[i - k,j - g])Af[i,j]

zyx
(18)
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If g -- g(~^) is the impulse response of the corresponding ETI
In practice, a useful class of functions k consists of flat
system zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
g:fl--+u, then u - - f @'g. Finding a closed-formula structuring functions
expression for g is generally not possible. However, we can first
find the slope response G^ and then, via inverse lower slope
k(x, y) - [ O,
(x, y) ~ B
(22)
transform, find the impulse response g or its envelope env^(g).
(x, y) ¢ B
[ -oo,
As shown in [45], the lower slope response is the 0 / - o o
indicator function Iv(.) of a convex planar region R:
that are the 0 / - o ~ indicator functions of planar sets B; i.e.,
k--Iv(B). The general PDE generating the multiscale flat
/ O,
a 6R
dilations o f f by a compact convex symmetric B is [2, 12, 29]
G^(c0 Iv(R)(a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(19)
[ -oo, a C R
R = {ce" < 06 (i,j) > < aij ¥(i,j) 6 Mo}
at = as -~x '
(23)
Thus the system acts as an ideal-cutoff spatial slope filter
passing all input lower slope vectors ot in the planar region R
unchanged and rejecting the rest. The inverse slope transform
on G^ yields the lower envelope env^(g) of the impulse
response g. Over short-scale periods g has the shape induced
by the sequence {aij}. But over scales much longer than the size
of the output coefficient mask Mo, g behaves like its lower
envelope env^(g). See the 1D example of Fig. 4B. Together
G^ and env^(g) can describe the long-scale dynamics of the
system. In addition, if g = env^ (g), then the above analysis is
also exact for the short-scale behavior.

where aB is the support function function of B:

aB(x,y) •

3.1 Partial Differential Equations for
Multiscale Dilations and Erosions
Let k • ~2 ~ -~ be a unit-scale upper-semicontinuous concave
structuring function. Scaling both its values and its support by
a scale parameter t > 0 yields a parameterized family of
multiscale structuring functions

ax + by

(24)

Useful cases of structuring sets B are obtained by the unit balls

Bp - {(x,y)" [[(x,y)][p _< 1} of the metrics induced by the gp
norms [[ • lip, for p - 1, 2 , . . . , oe. The PDEs generating the
multiscale flat dilations and erosions of f by Be are
08

3 Partial Differential Equations for
Morphologic Scale Spaces

V
(a,b)~B

0e

o-7= IIVallp, o-7=-IIVellP

(25)

Examples: Three special cases for p - 1, 2, o~:
B - rhombus
B-disk
B--square

~

> ~ t - max(l~xl, 18rl)

(26)

> 8t-~/82+g

(27)

8t--lSxl+JSy[

(28)

These nonlinear PDEs are satisfied at points where the data
are smooth, i.e., the partial derivatives exist. However, even if
the initial signal f is smooth, at finite scales t > 0, the above
dilation or erosion evolution may create discontinuities in the
t
>
0
I tk(x/t, y/t),
kt(x, Y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t- 0
(20) derivatives, called shocks, which then continue propagating in
~v(0,
0),
I
scale space. Thus, the multiscale dilations 8 or erosions e are
weak solutions of the corresponding PDEs in the sense of [38].
which satisfies the semigroup property:
Ways to deal with these shocks include replacing standard
derivatives with morphologic derivatives [12] or replacing the
ks • kt = ks+t
(21) PDEs with differential inclusions [52]. For example, let
Using kt as the kernel in the basic morphologic operations
leads to defining the multiscale dilation and erosion of
f . ~2 ~ ~ by kt as the scale space functions

8(x, y, t) ~ ( f @ kt)(x, y)
e(x, y, t) ~ ( f e kt)(x, y)
where 8(x, y, 0) - e(x, )1, O) - f (x, y).

A

Mxf(X,y) = lim

Vlvl_<rf (x + v, y) - f (x, y)

r$O

be the sup-derivative of f along the x-direction. If the right
derivative Ox+f and left derivative Ox-f of f along the
x-direction exist at point (x, y), then

JVlf f (x, y) = max[0, Ox+f(x, y), - Ox_f (x, y)]

(29)
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Similarly for the sup-derivative M r f off along the y-direction.
Then, a generalized PDE generating flat dilations by a compact
convex symmetric B is:

08
Ot

= aB(.h4x& .My6)

(30)

This new PDE can handle discontinuities (i.e., shocks) in the
partial derivatives of 8 provided that its left and right
derivatives exist everywhere. However, the most acknowledged
viewpoint for handling shocks and discontinuities is to use
generalized solutions called viscosity solutions [19, 40].
The above PDEs for dilations/erosions of gray-level images
by flat structuring elements directly apply to binary images,
because flat dilations/erosions commute with thresholding
and hence, when the gray-level image is dilated/eroded, each
one of its thresholded versions representing a binary image is
simultaneously dilated/eroded by the same element and at the
same scale. However, this is not the case with gray-level
structuring functions.
Next, we provide two examples of PDEs generating
multiscale dilations by gray-level structuring functions. First,
if we use the compact-support spheric functions.

k(x, y) - { v/i-cx~,-x2 - y2,

X2q..y2 ~

1
x 2 + y2 > 1

(31)

the dilation PDE becomes

8it -- ¢1 + (fx) 2 + (By)2

(32)

As shown in [12], this can be proven by using the semigroup
structure of dilations and the first-order Taylor approximation
for the difference between dilations at scales t and t + dr.
Alternatively, it can be proven using slope transforms, as
explained next. As a second example of structuring function, if
k is the infinite-support parabolic structuring function

k(x, y)-- -r(x 2 + y2), r > 0,

(33)

the dilation PDE becomes

~t - [(fx)2 + (fr)z]/4r

(34)

This can be proven using slope transforms.

3.2 Slope Transforms and Dilation Partial
Differential Equations
M1 the above dilation (and erosion) PDEs can be unified using
slope transforms. Specifically, let the unit-scale kernel k(x, y)
be a general upper-semicontinuous concave function, and

consider its upper slope transform Kv(Otl,C~2). Then, as
discussed in [29, 52], the PDE generating multiscale signal
dilations by k is

Ot = Kv 3xx'

(35)

Thus, the rate of change of 8 in the scale (t) direction is equal
to the upper slope transform of the structuring function
evaluated at the spatial gradient of 6. Similarly, the PDE
generating the multiscale erosion by k is:
et

-- -Kv(ex, ey)

(36)

For example, the PDE (23) modeling the general flat
dilation by a compact convex set B, i.e., by a flat function
k = Iv(B), is a special case of (35) since the support function
(24) of B is the upper slope transform of its 0 / - e~ indicator
function Iv(B); see Table 1. Likewise, the PDE (34) modeling
multiscale dilations by parabolae results simply from (35) by
noting that the upper slope transform of a concave parabola is
a convex parabola. Similarly, Equation (35) and Table 1
explain the spherical dilation PDE (32).
M1 the examined dilation and erosion PDEs are special cases
of Hamilton-Jacobi equations, which are of paramount
importance in physics. Such equations usually do not admit
classic (i.e., everywhere differentiable) solutions but possess
viscosity solutions [19]. Heijmans and Maragos [29] have
shown via slope transforms that the multiscale dilation
by a general upper-semicontinuous concave function
is the viscosity solution of the Hamilton-Jacobi dilation
PDE (35). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

3.3 Numeric Algorithm for Dilation Partial
Differential Equations
The PDEs generating flat dilation or erosion of f by disks are
special cases of Hamilton-Jacobi PDEs of the type

~, + f l l V ~ l l - o

(37)

with initial condition 4~(x,y, 0 ) = f(x, y), where [[. [[ denotes
Euclidean norm and fl is the normal speed for moving the
level sets of 4~ (as discussed in Section 4.) A constant speed
equal to f l ( x , y ) - 4-1 yields dilation or erosion. Efficient
algorithms for numerically solving (37) have been developed
in [61] for curve evolution by adapting the technology of
conservative monotone discretization schemes for shockproducing PDEs of hyperbolic conservation laws [38]. The
goal is to compute an approximation ~inj of the true solution
values ck(iAx, jAy, nAt) on a grid with spatial steps Ax, Ay
and time (scale) step At, given the initial values
• °.--f(iAx,
and the velocities flij--fl(iAx, jAy).
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Such a first-order algorithm replaces 3/3t with a forward
difference and space derivatives with upwind combinations of
finite differences

from (29) and using the differences D+x, D+y in place of the
left/right derivatives required for A4x, A4r, as done in [12, 46]:
V+D = [max(0, D-x, -- D+x) 2~-

n

A

D+x ~i,j --

0 n

i+l,j-

Ax

0 n
i,j

(D n

'

i,j+l --t~,j

D+y~,j ma • ~ A y

Cbn

max(0,D_y,

D_x C~,j _A i,j---~n ._~n
1-~_y
A ,,j i,j-1
~in,j -Ay

'

-

-

D+y)2] 1/2

V+D = [min(0, D-x, -- D+x) 2+

(40)

min(0,D_y, - D+r)2]l/2

and iterates the following:
(I).n
,,j.+1 -- Oi,nj -- At[(fli j V O)V+ -+- (flij A O)V-]

This M-derivative discretization is less diffusive and faster
than (39). It is actually equivalent to but slighty faster than the
gradient discretization proposed in [68] for solving the eikonal
PDE. It is also interesting that the direct discretization of
morphologic derivatives yields a monotone and consistent
numeric approximation to the Hamiltonian [[V~b[[.
By choosing fine grids (and possibly higher-order terms) an
arbitrarily low error (between signal values on the continuous
plane and the discrete grid) can be achieved in implementing
morphologic operations involving disks as structuring elements. This is a significant advantage of the PDE approach, as
observed in [4, 70]. Thus, curve evolution provides a
geometrically better implementation of multiscale morphologic operations with the disk-shaped structuring element.
Fig. 5 shows the results of a simulation to compare the
traditional dilation of digital images via discrete max-sum
convolution of the image by digital approximations to disks
(e.g., squares) versus a dilation that is the solution of the
dilation PDE numerically solved using the algorithm (38).
Comparing both the gray-level images and their binary
versions (from thresholding at level=0) it is evident that
the PDE approach to multiscale dilations can give much better

(38)

where n = 0, 1,2, .... (Tm~x/At), Tm~x is the maximum time
(or scale) of interest, and V +, V- are two different discretizations of the gradient magnitude required for positive and
negative speed, respectively. One such discretization scheme
was proposed in [61]:
V+s -- [max(0, D_x) 2 q-min(0, D+x) 2
+ max(0, D_y) 2 -~- min(0, D+y)2] 1/2
Vos = [min(0, D_,) 2 + max(0, D+x) 2

(39)

+ min(0, D_y) 2 + max(0, D+y)2] 1/2
where we use the abbreviations D + x - D+x~,j. For stability,
the space/time steps must satisfy ( A t / A x + At/Ay)flij <_ 0.5.
An alternative discretization for the gradient magnitude
results by replacing the partial derivative magnitudes IGI, IGI
in IIV~ll with the partial morphologic derivatives A/Ix, M y

A

D

B

E

C

F

zyxw

A: Original digital gray-levelimagef and its contour at level= 0. B: Flat dilation f @B of f by a discrete
disk, i.e., a square of (2t + 1) x (2t + 1) pixels with t= 5. C: Dilation offby a Euclidean disk at scale t= 5 by running
the PDE 38/3t = IIV~l[2 for t e [0, 5] with initial condition ~(x,y, 0) = f(x, y). D: Binaryimage S from thresholdingf at
level = 0. E: Binary image S @B from thresholdingf ~ B at level= 0. F: Binary image from thresholding the evolving
image surface in C at level= 0.
FIGURE 5
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approximations to Euclidean disks and hence avoid the abrupt
shape discretization inherent in modeling digital multiscale
dilations using discrete disks.

function larger than f. Specifically, let u(x, y, t) represent the
evolutions off. Then, u is a weak solution of the PDE zyxwvutsrqponm

au/at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJ
-sgn(u - f)llVul[
(42)
u(x, y, 0) - m(x, y)
-

3.4 Partial Differential Equations
Generating Openings and Closings
Let u(x, y, s) = If(x, y) O sB] ~ sB be the multiscale flat opening
of an image f by the disk B. This standard opening can be
generated at some fixed scale s > 0 by running the following
PDE [2]

ut -- s g n ( t - s)l]Vu][
from

time

t=0

until

t = 2s

with

(41)
initial

condition

u(x, )I, O) = f (x, y), where sgn(.) denotes the signum function.
This PDE has a time-dependent switching coefficient that
make it act as an erosion PDE during t 6 [0, s] but as a dilation
PDE during t 6 [s, 2s]. At the switching instant t = s this PDE
exhibits discontinuities. This can be dealt with by making
appropriate changes to the time scale that make time "slow
down" when approaching the discontinuity at t - s , as
suggested in [2]. Of course, the solution u of the above PDE
is an opening only at time t = 2s, whereas the solutions at
other times is not a opening.
In a different work [12], a partial differential-difference
equation was developed that models at all scales the evolutions
of multiscale openings of 1D images by flat intervals. This does
not involve only local operations but also global features such
as the support geometry of peaks of f at various scales.

3.5 Partial Differential Equations for
Multiscale Reconstruction Filters
Reconstruction openings have found many more applications
in a large variety of problems than the standard Minkowski
openings. Levelings are a general class of morphologic filters
that contain as special cases the reconstruction openings and
closings [56]. They possess many interesting scale space
properties and are very efficient for image contour-preserving
image simplification and presegmentation. Next we present a
nonlinear PDE, first introduced in [48] and then studied systematically in [46], that can generate reconstruction
openings and closings. Consider a 2D reference signal f(x, y)
and a marker signal re(x, y). If m < f everywhere and we start
iteratively growing m via incremental flat dilations with an
infinitesimally small disk AtB but without ever growing the
result above the graph of f, then in the limit we shall have
produced the reconstruction opening of f (w.r.t. the marker
m). The infinitesimal generator of this signal evolution can be
modeled via a dilation PDE that has a mechanism to stop the
growth whenever the intermediate result attempts to create a

This PDE models a conditional dilation that grows the
intermediate result as long as it does not exceed f In the
limit we obtain the final result uo~(x,y)- limt_~o~ u(x,y, t).
The mapping u0 ~ uo~ is the reconstruction opening filter.
If in the PDE (42) we reverse the order between f and m
(i.e., assume that m _>f), then the positive growth (dilation)
of rn is replaced with negative growth (erosion) because
now s g n ( f - u ) < 0. This negative growth stops when the
intermediate result attempts to become smaller than f," in the
limit we obtain the reconstruction closing of f with respect
to the marker m.
What happens now if we use the PDE (42) when there is no
specific order between f and m? In such a case, the PDE has a
sign-varying coefficient s g n ( f - u )
with spatiotemporal
dependence that controls the instantaneous growth and
stops it whenever f = u . The control mechanism is of a
switching type: For each t, at points where u < f it acts as a
dilation PDE, whereas if u > f it acts as an erosion PDE and
reverses the direction of propagation. In [46] it was proved
that this PDE has a steady-state uo~(x) - limt-~o~ u(x, t) that is
the leveling of f with respect to u 0 - m, denoted by u o ~ A(m]f).
To solve the PDE (42) the following monotone and
consistent numeric scheme was developed in [46] • Let Uzn, j
be the approximation of u(x, y, t) on a computational grid
(lAx, jAy, nat),
with
U9,, j - m(iAx, jAy),
and
Fi,j -f(iAx, jAy)). Then we solve the PDE (42) by iterating the
following 2D nonlinear difference equation:
U.n+
,,j 1 --~(u;,nj),

n=0,1,2 ....

¢1i)(Si,j) -- [Fi, j /x fl(Si, j)] v ol(Si, j)
ol(Si, j)-

Si, j - At V+Si, j

(43)

fl(&,j)- Si,j + At V-Si, j
where V + and V- are the two discretizations in (40) of
the gradient magnitude for positive and negative speed,
respectively, based on morphologic derivatives (29). By
iterating the above for n = 0, 1, 2, .... we obtain in the limit
a discrete leveling. For stability, ( A t / A x + A t / A y ) < 0.5 is
required.
Consider a reference signal f and a leveling A. If we can
produce various markers mi, i = 1, 2, 3 . . . . . that are related to
some increasing scale parameter i, let us construct the levelings
gi = A(mi[gi-1), i = 1,2,3 . . . . . with g o - - f . The signals gi
constitute a hierarchy of multiscale levelings possessing the

598

zyxwvutsrqponm
Handbook of Image and Video Processing

Reference

Reference: Level Curves

Gaus. Marker 2 (o=8)

Gaus. Marker 1 (o=4)

Gaus. Marker 3 (o= 16)

:~: ~i~?i!~151ii~~,i~~iii!!!!
!i!!i!i

Leveling 1

Leveling 2

Leveling 3

i

.

Marker 1: Level Curves

Marker 2: Level Curves

Marker 3: Level Curves

Leveling 1: Level Curves

Leveling 2: Level Curves

Leveling 3: Level Curves

FIGURE 6 Multiscale image levelings u(x, y, oo) generated by the partial differential equation ut = - s g n ( u - f ) l l V u [ I .
The markers u(x, y, O) = m(x,)1) were obtained by convolving the reference image with two-dimensional Gaussians of
standard deviations al = 4, o'2 = 8, o3 = 16. At each scale ai as reference m was used the leveling of the previous scale
ai-1. The last two rows show level curves of the markers and the corresponding levelings (six level curves for each

image).

zyxwvu
zyxwvut

causality property that gj is a leveling ofgi for j > i. One way to
construct such multiscale levelings is to use a sequence of
multiscale markers obtained from sampling a Gaussian scale
space. As shown in Fig. 6, the image edges and boundaries
that have been blurred and shifted by the Gaussian scale space
are better preserved across scales by the multiscale levelings.

evolving curve (front). Consider also an analytic representation of the curve by its position vector C(s,t)=
(x(s, t), y(s, t)), parameterized by s 6 ] so that it has its interior
on the left in the direction of increasing s. The curvature along
the curve is
K = K(s, t) =a yssXs -

ysX~s

(x2 -b-),2)3/2

4 Curve Evolution, Level Sets, and

Morphologic Flows
Consider at time t = 0 an initial simple, smooth, closed planar
curve F(0) that is propagated for t > 0 along its normal vector
field with speed V. Let F(t) denote the set of points of this

(44)

The curve motion is governed by a general front propagation

(flow)
3C(s, t)

3t

= VN(s, t)

(45)
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with initial condition F ( 0 ) - {C(s, O) " s ~ l}, where N(s, t) is
the instantaneous unit outward normal vector at points on the
evolving curve, and V - < Ct, N > is the normal speed. This
speed may generally depend on local geometric information
such as the curvature, global image properties, or other factors
independent of the curve. The simplest speed is V - 1 or
V--1,
in which case F(t) is the boundary of the dilation
or erosion of the initial curve F(0) by a disk of radius t.
A general speed model is
V-

Vdi l Jr- Vcurv -'~ Vadv

(46)

4.1

Level

Sets Formulation

To overcome the topologic problem of splitting and merging
and numeric problems with the Lagrangian formulation (45),
an Eulerian formulation was proposed by Osher and Sethian
[61] where the original curve F(0) is first embedded in the
surface of an arbitrary 2D Lipschitz continuous function
~b0(x, y) as its level curve (isoheight contour line) at constant
level )~. For example, we can select ~b0(x,y) to be equal to the
signed distance function from the boundary of F(0), positive
(negative) in the exterior (interior) of P(0). Then, the evolving
planar curve is embedded as constant-level curve of an
evolving space-time function ~b(x,y, t):

The first velocity term Vdi l - - f l ( x , y ) models a propagation
due to a dilation (expansion) or erosion (shrinkage), may be
r(t)
{ (x, y) . ¢ ( x , y, t) - x}
(47)
space-varying, and may depend on values of an underlying
r(o) {(x,y). ¢0(x,2,) - x}
image or its gradient but not on curvature. The second
velocity term Vcurv is a function of curvature K. The third term
Vadv -- < F, N > exists if there is an advection of the moving We refer to ~b as the level function. Without loss of generality,
curve due to an underlying vector field F. Several special cases henceforth we set the constant level to k = 0.
Geometric properties of the evolving curve can be obtained
of (46) have been studied and applied extensively to image
from
spatial derivatives of the level function. Thus, at any
processing and computer vision problems modeled by curve
point
on the front the curvature and outward normal of the
evolution. Examples include: a) the model V - 1 - ~tc studied
level
curves
can be found from O:
in [61, 62, 74] for general evolution of interfaces and in [34]
for shape analysis; b) the case V - constant for snake-type
active contours as the "balloon force" [18] and for isotropic
N - - V~b/llV~bll, K - div(V~b/llV~bll)
(48)
multiscale morphology [4, 70]; c) the case V - - - K 1/3 for
affine-invariant scale spaces [2, 71]; and d) all three terms of
The curve evolution PDE (45) induces a PDE generating its
(46) (or their subcombinations) for geometry-based active
level function: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
contours [15, 41, 85].
It is instructive to focus on the case V - 1 - ex, with e >_ 0.
3¢/3t = - V I ] V ¢ ] ]
(49)
As analyzed in [74], when V - 1 the front's curvature will
¢
(
x
,
r
,
0)
-¢0(x,y)
develop singularities and the front will develop corners (i.e,
the curve derivatives will develop shocks~discontinuities) at
finite time if the initial curvature is anywhere negative. Two If V = 1 or - 1 , by equating scale with time, the above
ways to continue the front beyond the corners are a) if the function evolution PDE becomes identical to the PDE
front is viewed as a geometric curve, then each point is generating multiscale flat erosions or dilations by disks.
advanced along the normal by a distance t, and hence a Thus, we can view these specific morphologic PDEs as special
"swallowtail" is formed beyond the corners by allowing the cases of the general function evolution PDE (49) where all
front to pass through itself; and b) if the front is viewed as the level sets expand or shrink with unit normal speed. Curve
boundary separating two regions, an entropy condition is evolution with a constant-sign space-varying V = V(x, y) will
imposed to disallow the front to pass through itself. Namely, if lead us later to the eikonal PDE.
The function evolution PDE (49) makes all level curves
the front is a propagating flame, then "once a particle is burnt
it stays burnt" [74]. The same idea was also used in [9] to {(x, y): ~b(x,y, t) = X} of ~b expand with normal speed V.
model grassfire propagation leading to the medial axis of a Thus, differential curve evolution induces a similar differential
shape. It is equivalent to using Huygen's principle to construct evolution of a function whose level curves (at a constant level)
the front as the set of points at distance t from the initial front. are the evolving curves, and vice versa. Let us view the
This can also be obtained from multiscale dilations of the evolution of the curve F(t) to a new curve F(t + At) at a later
initial front by disks of radii t > O. Both the swallowtail and time as a set transformation tIa, and the corresponding
the entropy solutions are weak solutions. When E > O, the evolution of the level function ~b as a function transformation
~. Then, given that any (upper semicontinuous) function can
curvature-dependent motion has a nonlinear smoothing
effect. Further, the limit of the solution for the V - 1 - ~tc be uniquely represented by its (closed) level sets X x ( f ) , which
case as ~ $ 0 is the entropy solution for the V - 1 case [74]. In are the unions of the level curves and their interiors, it follows
this case, the morphologic set dilation picks the weak solution that the set operator • induces a function operator ~ by
operating on all level sets of an input function and vice versa,
that satisfies the entropy condition. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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as described by Equation (8). This approach, of building 4.4 Curvature Flows
function operators from set operators, and vice versa, through
level sets, has been extensively studied and used in morpho- Another important case of curve evolution is when V - - K ;
then,
logic image analysis [28, 42, 73]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0C
-+
02e
07 --- - - K N -- Oe2

4.2 Numeric Algorithms
The success of the level sets formulation is largely due to the
parallel development of efficient numeric algorithms for
solving the function evolution PDE (49). For speeds V that
are functions of position and not of curvature, the basic such
first-order level-set algorithm is given by (38) and (39) and was
developed by Osher and Sethian [61]. If the speed is also a
function of curvature and/or if higher-order approximations
are needed, there are several similar numeric algorithms
described in [61, 62, 74].
To reduce the computational complexity of the basic levelset numeric algorithm, there are two main categories of fast
numeric techniques, narrow banding and fast marching,
described in [62, 74].

1. Narrow-band methods: These apply to general speed
functions V that can change sign and their idea is to
track only a narrow band of pixels at the boundary of
the evolving curve with a possible re-initialization of the
level function ~ over this band so that it corresponds to
a signed distance function.
2. Fast marching method (FMM): This is a very fast algorithm
that applies to constant-sign speeds V(x, y) > 0, in which
case the initial-value PDE problem (49) becomes a
boundary-value PDE problem of the eikonal type:
[[VT(x, y)[[ = 1/V(x,y) where T(x,y) is the first arrival
time of the evolving curve at point (x, y).

where ~ is the arc length. This propagation model is known as

Euclidean geometric heat flow, as well as mean curvature motion.
According to some classic results in differential geometry,
smooth simple curves, evolving by means of(51), remain smooth
and simple while undergoing the fastest possible shrinking of
their perimeter. Furthermore, any nonconvex curve converges
first to a convex curve and from there it shrinks to a round point.
If the function ~(x, y, t) embeds a curve evolving by means
of (51), as its level curve at a constant level, then it satisfies the
evolution PDE
~-

curv(@llV~ll

where curv(~) is the curvature of the level curves of ~. This
flow smooths all level curves by propagation under their mean
curvature. It has many interesting properties and has been
extensively studied by many researchers [2, 17, 24, 27, 61].
Solutions of the Euclidean geometric heat flow (51) are
invariant with respect to the group of Euclidean transformations (rotations and translations). Extending this invariance to
affine transformations creates the affine geometric heat flow
introduced in [71]

In general, if B is a compact, convex, symmetric planar set of
unit scale and if we dilate the initial curve F(0) with tB and set
the new curve F(t) equal to the outward boundary of
P(0) ~ tB, then this action can also be generated by the
following model [4, 70] of curve evolution

ac_
Ot

(52)

OC, __ _ K 1 / 3 ~ -- 02(7'

3t

4.3 Dilation Flows

(5 1)

3r 2

where r is the affine arc~ngth (i.e., a reparameterization of the
curve such that det[C~,C~]= 1). Any smooth, simple,
nonconvex curve evoMng by the affine flow (52) converges
to a convex one and from there to an elliptical point [71]. This
PDE was also independently developed in [2] in the context of
the affine morphologic scale space.

4.5 Morphologic Representations of
(5o) Curvature Flows

Thus, the normal speed V, required to evolve curves by
dilating them with B, is simply the support function of B
evaluated at the curve's normal. Then, in this case the
corresponding PDE (49) for evolving the level function
becomes identical to the general PDE that generates multiscale
flat erosions by B, which is given by (23) modulo a sign
difference.

Matheron [51] proved that any set operator ~ on
is translation-invariant (TI) and increasing can be
as the union of erosions by all sets of
Ker(~) = {X : 0 ~ ~(X)} as well as an intersection
by all sets of the kernel of the dual operator:

• (x)-

U XeA,
A~Ker(~)

XC~

m.

p(Nm) that
represented
its kernel
of dilations
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This representation theory was extended by Maragos [42] to
both function and set operators by using a basis for the kernel.
According to the basis representation theory, every TI,
increasing, and upper-sernicontinuous (u.s.c.) operator can be
represented as a supremum of morphologic erosions by its
basis functions. Specifically, let 7r be a signal operator acting
on the set of extended-real-valued functions defined on ~m or
7/m. If Ker(gr)= {f : ~p(f)(0) >__0} defines the kernel of gr,
then its basis Bas0p) is defined as the collection of the minimal
(w.r.t. <) kernel functions. Then [42]:
~P(f) -

V f Og

g~BasOp)

This is a sup-inf representation of the operator lp. Dually, ~p
also admits an inf-sup representation, since it can be expressed
as the infimum of dilations by the functions in the basis of its
dual operator ~p*( f ) = - O ( - f ).
If the above function operator ~p is also flat (i.e., binary
inputs yield binary outputs), with • being its corresponding
set operator, and commutes with thresholding, i.e., V£

If these operators operate on a level function embedding a
curve C as one of its level curves, then this curve evolves
according to the above three flows. Hence, the above
multiscale operators, which are sup-of-erosions and inf-ofdilations by linear segments in all directions, are actually
curvature flows. A generalization of this result was obtained in
[26], by assuming that B is any bounded and isotropic
collection of planar sets. Furthermore, in different settings it
has been shown that, by iterating n times a continuous median
filter (implemented as a thresholded linear convolution),
based on a window of scale s, we asymptotically converge
(when s --+ 0, n --+ cx~,with ns - t) to the curvature flow. This
idea and conjecture was originally proposed in [53] and then
proven in [7, 23]. Relations between this iterated median
filtering, morphologic sup-inf representations, and curvature
flows are discussed in [14, 27].
The above morphologic representations deal with Euclidean
curvature flow. In [26, 27] they were also extended to the
affine curvature flow. Efficient implementations of the affineinvariant curve evolution and applications to shape smoothing
are described in [57] and Chapter 4.15 of this book.

(53)

Xx[~p(f)] - ,[Xx (f)],

5 Distance Transforms

where X x ( f ) are the upper level sets of f, then ~ is a
supremum of flat erosions by the basis sets of its correspond- 5.1 Distance Transforms
Wave Propagation
ing set operator • [42]" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
~k(f) -- V f O S

(54)

S~Bas(qO

where the basis Bas(~) of the set operator • is defined as the
collection of its minimal kernel sets.
Condition (53) implies that the operator 7r is "contrastinvariant" which means that ~(h(f)) = h(~(f)), where
h : ~ - - + ~ is any monotone bijective function. Such a
function h is called an "anamorphosis' in [73] or a
"contrast-change" in [1, 26].
The above morphologic basis representations have been
applied to various classes of operators, including morphologic,
median, stack, and linear filters [42]. Moreover, one can define
TI, increasing and contrast-invariant filters as supremum (or
infimum) of flat erosions (or dilations) by sets belonging to
some arbitrary basis B. Catt6 et al. [16] selected as a basis the
scaled version of a unit-scale isotropic basis
B-

{all symmetric line segments of length 2}

and defined the following three types of multiscale flat
operators Zt, ,St, Tt"

Zt(f ) - Vse~f o x/~s ~

c t - - ( x v o)tq

& ( f ) - A s , Bf • V T i s ~

c t - --(K A O)N

"-fft(f ) -- [I2t(f ) + ,-q2t(f )]/2 ~

a t -- --K]~

and

For binary images, the distance transform is a compact way to
represent their multiscale dilations and erosions by convex
polygonal structuring elements whose shape depends on the
norm used to measure distances. For the applications herein,
we view a subset S of the image domain as a source emanating
a distance wave that propagates over its complement Sc. Thus,
we define the outer distance transform of a set S w.r.t, the
metric induced by some ~p norm 1] • ]]p, p = 1, 2 . . . . . cx), as
the distance function

DTp(S)(x,y) A A II(x - v,y - w)l Ip
(v,w)eS

(55)

If we consider the 0/cx~ indicator function of S

IA(S)(x, y) A [ O,

[ +co,

(x, y) E S
(56)
(x,y) ¢ S zyxwvutsrqponmlkjihgfedcb

and the norm structuring function

gp(x,r) - II(x,r)l Ip

(57)

it follows that the distance transform can be obtained from the
infimal convolution of the indicator function of the set with
the norm function:
DTp(S) - IA(S) q~ 'gp

(58)
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If Bp is the unit ball induced by the norm II'llp,
thresholding the distance transform at level r > 0 and
obtaining the corresponding level set yields the morphologic
dilation of S by the ball Bp at scale r:
S @ r B p - { ( x , y ) ' D T p ( S ) ( x , y ) > r}

(59)

The boundaries of these dilations are the wavefronts of the
distance propagation. Multiscale erosions of S can be obtained
from the outer distance transform of Sc.
In addition to being a compact representation for multiscale
erosions and dilations, the distance transform has found many
applications in image analysis and computer vision. Examples
include smoothing, skeletonization, size distributions, shape
description, object detection and recognition, segmentation,
and path finding [9, 10, 58, 65, 67, 77, 81, 83]. Thus, many
algorithms have been developed for its computation.
Using Huygen construction, the boundaries of multiscale
erosions by disks can also be viewed as the wavefronts of
a wave initiating from the original image boundary and
propagating inwards with constant normal speed (i.e., in a
homogeneous medium). Thus, the distance function has a
minimum time-of-arrival interpretation [9] and its isolevel
contours coincide with those of the wave phase function.
Points where these wavefronts intersect and extinguish
themselves (according to Blum grassfire propagation principle) are the points of the skeleton (medial) axis of S [9].
Overall, the Euclidean distance function DT2(S) is the weak
solution of the following nonlinear PDE
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2. Fast algorithmic techniques that can obtain exact
Euclidean distances by operating on complex data
structures [20, 82].
3. Infimal convolutions of binary images with a parabolic
function yield the exact squared Euclidean distance
transform [32, 79]:
[DT2(S)] 2 -- IA(S) 0 ' (g2)2

(61)

The kernel in the above infimal convolution is a convex
parabola [ g Z ( x , y ) ] 2 __ [](x,y)[[2 2 __ X 2 + y2 . Of course,
convolution of the image with an infinite-extent
kernel is not possible, and hence truncation of the
parabola is used which incurs an approximation error.
4. Efficient numeric algorithms for solving the nonlinear
PDE (60) that yield arbitrarily close approximations to
the Euclidean distance function.
Approach 4 yields the best approximations and will be
discussed later. From the other three approaches, 1 and 3 are
more general than 2, have significant theoretic structure, and
can be used with even the simplest data structures such as
rectangularly or hegagonally-sampled image signals. Next we
elaborate on approach 1, which is the most well studied.

5.3 Chamfer Distance Transforms

The general chamfer distance transform is obtained by
propagating local distance steps within a small neighborhood.
For each such neighborhood the distance steps form a mask of
weights
that is infimally convolved with the image. For a
]IVE(x,Y)[]2 - 1, (x,y) ~ S c
E(x, y) -- O, (x, y) E 3S
(60) 3 x 3-pixel neighborhood, if a and b are the horizontal and
diagonal distance steps, respectively, the outer (a, b) chamfer
distance transform of a planar set S can also be obtained
This is a special case of the eikonal PDE, discussed later. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
directly from the general definition in Equation (55) by
replacing the general Lp norm ]]'llp with the (a, b) chamfer

5.2 Euclidean Distance Transforms of
Binary Images and Approximations
To obtain isotropic distance propagation, the Euclidean
distance transform [i.e., using the norm II • ]]2 in Equation
(55)], is desirable because it gives multiscale morphology with
the disk as the structuring element. However, computing the
Euclidean distance transform of discrete images has a
significant computational complexity. Thus, various techniques are used to obtain approximate or the exact Euclidean
distance transform at a lower complexity. Four types of
approaches that deal with this problem are:
1. Discrete metrics on grids that yield approximations to
the Euclidean distance. Their early theory was developed
in [67], based on sequential or parallel operations. This
was followed later by a generalization in [10] based on
chamfer metrics that yielded improved approximations.

norrll

a max([x[, ly[)a + min(lxl , [yl)(b - a)
II(x,y)l[a,b =

(62)

The unit ball corresponding to this chamfer norm is a
symmetric octagon, and the resulting distance transform is
DTa, b(S)(x, y) --

A IJ(x- v, y - w)lla, b
(v,w)~S

(63)

Note that the above two equations apply to sets S and points
(x, y) both in the continuous plane ~ 2 as well as in the discrete
plane 772.
For a 3 x 3-pixel neighborhood, the outer (a, b) chamfer
distance transform of a discrete set S c 772 can be obtained via
m
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FIGURE 7 Sequentialcomputation of the chamfer distance transform with optimal distance steps in a 3 x 3 mask.
A: Originalbinary image. B: Result after forward scan. C: Final result after backward scan. (In B and C the distances are
displayed as intensity values modulo a constant.)
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distances with a 5 x 5 or larger neighborhood that yield an
even lower error.

the following sequential [10, 67] computation

u,[i,)] = min{ Un-l[i,]], un[i- 1,)] + a,
Un[i,j- 1] + a, un[i- 1 , j - 1] + b,
u,[i + 1 , j - 11 + b }

5.4 D i s t a n c e Transforms as Slope Filters
(64)

Starting from u0 = IA(S) as the 0/cx~ indicator function of S,
two passes of the 2D recursive erosion (64) suffice to compute
the outer chamfer distance transform of S if Sc is simply
connected.
Forward pass: During the first pass (n = 1) the image is
scanned from top-left to bottom-right using the 4-point
nonsymmetric half-plane submask of the 3 x 3 neighborhood.
Backward pass: During the second pass (n = 2), the image is
scanned in the reverse direction using the reflected submask of
distance steps. The final result u2[i,.#] is the outer (a, b) chamfer
distance transform of S evaluated at points of 7/2. An example
of the three images, u0, ul, and u2, is shown in Fig. 7.
Selecting the steps a, b under certain constraints leads to an
infinite variety of chamfer metrics based on a 3 x 3 mask. The
two well-known and easily computable special cases of the
cityblock metric with (a,b)= (1, cxz) and the chessboard
metric with (a, b ) = (1, 1) give the poorest discrete approximations to Euclidean distance (and to multiscale morphology
with a disk structuring element) with errors reaching 41.4%
and 29.3%, respectively. Using Euclidean steps (a, b) = (1, ~/2)
yields a 7.61% maximum error. Thus, a major design goal is to
reduce the approximation error between the chamfer distances
and the corresponding Euclidean distances [10]. A suitable
error criterion is the maximum absolute error (MAE) between
a unit chamfer ball and the corresponding unit disk. The
optimal steps obtained in [13] by minimizing this MAE are
a = 0.9619 and b - - 1.3604, which give a 3.957% maximum
error. In practice, for faster implementation, integer-valued
distance steps are used, and the computed distances are
divided by a normalizing constant. An optimal pair from [13]
is (a, b ) = (70, 99)/72.77 yielding a 3.959% MAE. See Fig. 8
for an example. Optimal steps can also be found for chamfer

By Equation (58), the Lp-distance transform of S can be
obtained from the infimal convolution of the set's indicator
function IA(S) with the norm function gp(x, y) = II(x,)')llp. By
Table 1, this is equivalent to passing the input signal (i.e., the
set's indicator function) through an ETI system with lower
slope response

GA(a)--

0,
-oo,

Ilallq < 1

Ilallq > 1

(65)

where q is the conjugate exponent of p (lip + 1/q = 1). That
is, the distance transform is the output of an ideal-cutoff
slope-selective filter that rejects all input planes whose slope
vector falls outside the unit ball with respect to the II'llq
norm, and passes all the rest unchanged.
For example, consider the (a, b) chamfer distance trasform,
implemented by iterating the recursive min-sum difference
equations (64). As explained in [45], each such iteration and
their combinations correspond to ETI systems with infinite
impulse responses and binary slope responses. Specifically, the
forward pass mapping u01-+ ul is an ETI system with an
infinite impulse response (found via induction)

gf[i'l]--

{ll(i,j)lla, b,

+~,

i + j >_ 0, j >_ 0
else

(66)

The slope response Gf(ot) of this ETI system is equal to the
0/-cx~ indicator function of the region shown in Fig. 9A.
The backward pass mapping Uli--+u2 is an ETI system with an
infinite impulse response gb[i,)] = gf[-i, - ) ] and with a slope
response G b ( a ) = Gf(-ot). The final chamfer distance transform mapping Uoi--+u2 is an ETI system with an infinite
impulse response g = gf 0' gb, which equals the chamfer norm
g[i,)] = [[(i,j)lla, b" Infimal convolution corresponds to addition of lower slope transforms; hence, the overall slope
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FIGURE 8 Distance transforms of a binary image obtained via: (A): (1, 1) chamfer metric; (B) optimal 3 x 3 chamfer
metric; (C) eikonal PDE and curve evolution. In (A-C) the distances are displayed as intensities modulo a constant
h = 20. Thresholding these three distance transforms at isolevel contours whose levels are multiples of h yields the
multiscale dilations (at scales t = nh, n = 1,2,3 . . . . ) of the original set (filled black regions) by various structuring
dements: in (D, E) by the unit-scale polygons corresponding to the metrics used in (A and B), and in (F) by the disk.
All images have resolution 450 x 600 pixels.
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FIGURE 9 Regions of support of binary slope responses of discrete erosion and translation-invariant systems
representing: (A) the forward pass of the chamfer (3, 4) distance transform; (B) the chamfer (3, 4) distance transform.

response is G(ot)= Gf(ot)+' Gf(-ot) and equals the 0/-cx~
indicator function of the octagon region shown Fig. 9B.
Thus, using ETI systems theory it can be shown that, both in
space and slope domain, the two-pass computation via the
recursive min-sum difference equations (64) whose coefficients are the local distances yields the chamfer distance
transform.
The distance propagation can also be implemented in
paraM1 via nonrecursive min-sum equations, which correspond to ETI systems with finite impulse responses, as
explained in [45].
Examples: The cityblock distance transform is obtained using
a-- 1 and b = +oo, i.e., using the 5-pixel rhombus as the unit
"disk". It is an ETI system with impulse response
g[i,,1] = [il + [jl and slope response the indicator function of
the unit square {a: IIaIIo~ = 1}. Similarly, the chessboard

distance transform is obtained using a - - b - - 1. It is an ETI
system with impulse response g[i,j]--max(l/l, Ijl) and slope
response the indicator function of the unit rhombus

{~ : II~lll = 1}.
6 Eikonal

Partial Differential

and Distance

Equation

Propagation

6.1 E i k o n a l
Let us assume a planar medium with bounded connected
domain f l c R 2 where light propagates with (possibly spacevarying) speed fl(x, y); let rl(x,y ) - Co/fl(x,y) be its refractive
index, where Co is the speed of light in free space. In such a
medium consider two points A - (xl, Yl) and B - ( x 2 , Y 2 )
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connected by a piecewise-smooth path F(O parameterized by
arclength g. If light were to travel along this path, this would
take time equal to T× = wOO~co where W ( F ) = f~ 0(F(O)dg
is the weighted path length. The main postulate otZgeometric
optics is Fermat's principle of least time, which states that light
will choose a path between A and B that minimizes the
weighted path length. The minimum weighted length, called
optical path length, is equal to

Then, as shown in [40, 68], a viscosity solution of (71)
satisfying the boundary conditions 5

E(mi) -- hi,

(72)

i - - 1,2 . . . . . K

is given at each point p - (x, y) of ~2 by
K

(73)

E(p) -- A { L ( m i , p ) + hi}
L(A,B)&

inf

Fe[A"-aB]

i=1

f0 Len(y) r/(y(~))dg

(67)

where [A-~B] denotes the set of all paths }I between A and B
and Len(y) denotes the Euclidean length of y. The optimal
paths, called rays, are the light trajectories. An alternative
viewpoint of geometric optics is to consider the scalar function
E(x, y), called the eikonal, whose (isoheight) level curves are
everywhere normal to the rays. Thus the eikonal's gradient VE
is parallel to the rays. Fermat's principle in optics is equivalent
to the following PDE

IIVE(x,y)[]-

~/(Ex) 2 -+-(G) 2 --

rl(x,y )

(68)

called the eikonal equation. By integrating the eikonal equation
along a light ray V* between two points A and B we obtain

E(B) - E(A) -- f0 Len(y*) ]IVE(v*(£))] lag

(69)

---- L(A, B)
Thus, the eikonal difference E(B)-E(A), in analogy to the
potential difference in electrostatics, gives us the optical path
length between A and B, which is proportional to the
minimum time required for the light propagation.
A formal solution of the eikonal PDE was given by Lions
[40] using viscosity solutions of Hamilton-Jabobi equations.
Assume that we are given over a bounded smooth connected
domain f2 c ~2 the continuous scalar field r/(x, y) >__0 which
is positive except at some point 4 sources mi, i - 1. . . . . K:
r/(p) > 0

Vp 6 ~ \ {ml . . . . .

inK},

rl(mi) - 0

¥i.

(70)

Consider the boundary-value PDE problem

[[VE(x, y)[[
E(x, y)

- •(x, y)
-0

in
on

fl
0fl

(71)

4The solution of (71) can be extended to the case where the sources are
compact subsets of fl over which 77is zero.

Note the significance of the optical path length function L,
which is continuous and a semimetric. Further, the above
solution can be viewed as the value function of an optimal
control problem using the dynamic programming principle,
and this interpretation is useful for developing efficient
numeric algorithms [68, 78]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTS

6.2 Arrival Time and Level Sets
In the above settings of the eikonal problem with all hi--0,
assume an optical wave propagating in the 2D medium ~ at
wavelengths much smaller than the image objects, so that ray
optics can approximate wave optics. Then, the eikonal E of ray
optics is proportional to the phase of the wavefunction.
Hence, the level curves of E are the wavefronts. Assume that
the wave sources are compact subsets Mi c_ ~2, i-- 1. . . . . K,
and at time t = 0 the wave starts propagating outward from
the source set S = Ui ]Vii with speed fl(x, y) = Co/~(x, y).
If F(t) denotes the set of points of the zero-phase wavefront
at time t, then we can model the propagation as a curve
evolution with normal speed fl(x, y) starting at t - - 0 from the
initial wavefront F ( 0 ) = OS, i.e., the source boundary. Note
that we can trace this wavefront propagation using Huygen's
envelope construction: Namely, if we dilate the points (x, y) of
the wavefront curve at a certain time t with circles of
infinitesimal radius fl(x,y)dt, the envelope of these circles
yields the wavefront at time t + dt. If T(x, y) is the minimum
time required for the wavefront to arrive at any point
(x, y) e ~ from the sources, then E(x, y) = CoT(x, y). Thus, the
arrival time function T is solution of the following eikonal
PDE:

[[VT(x, y)[[
T(x, y)

-- 1/fl(x, y)
-- 0

in
on

~
fl\S

(74)

Now, by modeling curve evolution with level sets, we
can also embed the propagating zero-phase wavefront F(t)
as the zero-level curve of a function ~b(x,y,t),
where ~(x,y, 0) = 4~0(x, y) is the signed (positive in the
5The boundary values
conditions [40, 68].

hi at

the sources must satisfy certain compatibility
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curve exterior and negative in the interior) distance from P(O).
Namely,

where u0 = IA(S) is the 0/o0 indicator function of the source
set S. Starting from u0, a sequence of functions Un is iteratively
computed by running Equation (77) over the image domain
T(x,y) -- inf{t" ¢(x,y,t) -- 0}
(75) in a forward scan for even n, whereas for odd n an equation as
¢o(x,y) signed distance of S
in (77) but with a reflected coefficient mask is run in a
backward scan. In the limit n--+ oo the final WDT Uoo is
Then, the embedding function ~ evolves according to the PDE obtained. In practice, this limit is reached after a finite number
of passes. The number of iterations required for convergence
depends on the sources and the gray values. There are also
oO
8t = -fl(x, y)[ IVCll
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(76) other faster implementations using queues [54, 81]. The final
transform is a function of the source set S, the index field f a n d
By solving this PDE, T(x, y) can be found as the minimum the chamfer norm used for horizontal distances.
The above WDT based on discrete chamfer metrics is a
time at which the zero-level curve of ¢(x, y, t) crosses (x, y).
discrete approximate solution of the eikonal PDE. The
6.3 Numeric Algorithms for Eikonal
rationale for such a solution is that, away from the sources,
this difference equation mapping f i--+ u corresponds to
The solution E(x, y) of the eikonal PDE is a weighted distance
transform (WDT) whose values at each pixel give the
V u[i,j] - u[i- k , j - g.] = f[i,)]
minimum distance from the light sources weighted by the
(78)
aij
gray values of the refractive index field. On a computational
(k,g)~B
grid, this solution is numerically approximated using discrete
WDTs that can be implemented via 2D recursive min-sum where B is equal to the union of the output mask and its
difference equations or numeric algorithms of curve evolu- reflection and aij are the chamfer steps inside B. Comparing
tion. The former implementation uses adaptive 2D recursive the left side of Equation (78) with (1) shows that the former is
erosions, whereas the latter evolves curves based on a dilation- a weighted discrete approximation to the morphologic
type PDE with speed varying according to the gray values. derivative . M ( - u ) where horizontal distances are weighted
Next we outline these two ways of solving the eikonal PDE and by aij. Thus, since in the continuous differentiable case
discuss some of its applications.
A d ( - u ) = [[Vu[[, Equation (78) is an approximation of the
eikonal.
6.3.1 Weighted Distance Transform
To improve the WDT approximation to the eikonal's
Based on Chamfer Metrics
solution, one can optimize (a, b) so that the error is minimized
Let f[i, 9] > I be a sampled nonnegative graylevel image and let between the planar chamfer distances and Euclidean distances.
us view it as a discrete refractive index field. Also let S be the Using a neighborhood larger than 5 x 5 can further reduce the
set of "sources" of some wave or the location of the wavefront approximation error but at the cost of an even slower imat time t--0. The discrete WDT finds at each pixel [i,y] the plementation. However, for WDT-based image segmentation,
smallest sum of values of f over all possible discrete paths larger neighborhood masks give erroneous results and hence
connecting this pixel to the sources. It can also be viewed as a cannot be used because they can bridge over a thin line that
procedure of finding paths of minimal "cost" among nodes of separates two segmentation regions. Overall, the chamfer
a weighted graph or as discrete dynamic programming. It has metric approach to WDT is fast and easy to implement, but
been used extensively in image analysis problems such as due to the required small neighborhoods is not isotropic and
minimal path finding, weighted distance propagation, and cannot achieve high accuracy.
gray-level image skeletonization [39, 81].
The above discrete WDT can be computed by running a 2D 6.3.2 Weighted Distance Transform
min-sum difference equation like Equation (64) that imple- Based on Curve Evolution
ments the chamfer distance transform of binary images but In this approach, at time t = 0 the boundary of the sources' set
with space-varying coefficients proportional to the gray-image is modeled as a curve 1-'(0) that is then propagated with
values [81 ]:
normal speed fl(x, y) = Co/~l(x,y). The propagating curve 1-'(t)

u,,[i,l] = min{ Un-l[i,J], Un[i- 1,)] + af[i,j],
Un[i,j- 1] + af[i,j],
Un[i- 1 , j - 11 + bf[i,J],
u.[i + 1 , j - 1] + bf[i,j] }

(77)

is embedded as the zero-level curve of a function ~b(x,y, t),
which evolves according to the PDE ~bt = -fl[[V~b[[. The value
of the resulting WDT at any pixel (x, y) of the image is the
time it takes for the evolving curve to reach this pixel, [i.e., the
smallest t such that ~b(x,)1,t)>_ 0]. This is an initial-value
problem formulation of the eikonal PDE. It can be solved
via the basic level-set tracking numeric algorithm (38).
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This continuous approach to WDT can achieve subpixel
accuracy, as investigated in [36]. In the applications of the
eikonal PDE examined herein, the speed function fl(x, y) is
everywhere nonnegative. In such cases the computational
complexity of the basic level-set algorithm (which can handle
sign changes in the speed function) can be significantly
reduced by solving the corresponding boundary-value formulation of the eikonal PDE [i.e., [[VTI[--1/fl], which does not
involve a time evolution. There are several efficient iterative
numeric algorithms to solve this stationary eikonal equation;
examples include [6, 25, 68]. However, the currently fastest
algorithm is the fast marching method (FMM) [74].
The image experiments shown herein that compare
chamfer-based versus curve evolution WDTs have been
produced using an implementation of fast marching based
on a simple data structure of two queues. This is explained in
[47] and has been used to implement WDTs based on chamfer
metrics or fast marching, for applications both with single
sources as well as with multiple sources where triple points
develop at the collision of several wavefronts.

7.3 Shape-from-Shading
An important three-dimensional (3D) reconstruction problem
in computer vision is shape-from-shading. Its goal is to find the
height function Z(x, y) of the surface of a 3D object whose
illumination yields a 2D image matching a given intensity
image I(x, y), if the illumination source location and surface
reflectivity are known. Assuming a Lambertian surface
illuminated vertically, the unknown function Z satisfies the
following eikonal PDE [31, 68, 81]

IIVZ(x, y)ll = V/1/I2(X, Y )

7 Applications of Eikonal Partial
Differential Equation
Many tasks for extracting information from images have been
related to optics and wave propagation via the eikonal PDE.
Its solution E(x, y) can provide Euclidean distance transforms,
shape from shading, contour-based image halftoning, and
topographic segmentation of an image by choosing the
refractive index field r/(x, y) to be an appropriate function of
the image brightness [31, 36, 59, 64, 72, 81]. In the next
applications, fast marching [74] has been used for numerically
solving the eikonal PDE.

7.1 Euclidean Distance Transform
Given a source set S, by choosing r/(x, y) to be the binary
indicator function of Sc, the solution of the eikonal problem
(60) yields the Euclidean distance transform of S. As shown in
Fig. 8, the curve evolution approach yields an almost ideal
approximation to the true Euclidean distances and is superior
to the chamfer metrics. Comparisons and fast algorithms are
discussed in [47].

7.2 Gridless Halftoning
Schr6der [72] proposed the use of the eikonal function's
contour lines for visually perceiving an intensity image I(x, y).
Inspired by this work, Verbeek and Verwer [81] and especially
Pnueli and Bruckstein [64] proposed various numeric schemes
to solve the PDE

liVE(x, y)ll = constant - I(x,y)

and create a binary gridless halftone version of I(x, y) as the
union of the level curves of the eikonal function E(x, y). The
larger the intensity value I(x, y), the smaller the local density
of these contour lines in the vicinity of (x, y). This eikonal
PDE approach to gridless halftoning, which we call eikonal
halftoning, is indeed very promising and can simulate various
artistic effects, as shown in Fig. 10. There we also see that
the curve evolution WDT gives a smoother halftoning of the
image than the WDTs based on chamfer metrics. zyxwvutsrqponmlkjihg

(79)

-- 1

(80)

Numeric solutions to the eikonal, or equivalently to finding
weighted distance transforms, solving shape from shading
problems have been developed in [81] using discrete weighted
distance algorithms implemented via queues, in [68] using
numeric schemes like (40) inspired by dynamic programming
and in [35, 36] using curve evolution implemented via level set
algorithms.

7.4 Watershed Segmentation
Segmentation is one of the most important and difficult tasks
in image analysis. A powerful morphologic approach to image
segmentation is the watershed [8, 83], which transforms an
image f(x, y) to the crest lines separating adjacent catchment
basins that surround regional minima or other "marker" sets
of feature points. The segmentation process starts with
creating flooding waves that emanate from the set of markers
and flood the image gradient surface. The points where the
emanating waves meet each other form the segmentation
boundaries. Very fast algorithms to find a digital watershed via
flooding have been developed on the basis of immersion
simulations [83] and hierarchic queues [8]. The simplest
markers are the regional minima of the gradient image, but
very often they are extremely numerous and lead to oversegmentation. Thus, in practice the flooding sources are a
smaller set of markers, which have been identified by a
preliminary step as inside particles of the regions or objects
that need to be extracted via segmentation. The robust
watershed version using markers has been successfully used for
both interactive and automated segmentation.
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FIGURE 10 Eikonal halftoning of the Cameraman image I from the weighted distance transform (WDT) of the
"negative" image max(/)- I. In (A-C) the light source was at the top left corner, and the WDTs (displayed as
intensities modulo a height such that 25 wavesexist per image) were obtained via (A) (1, 1) chamfer metric; (B) optimal
3 x 3 chamfer metric; (C) curve evolution. In (D-F) 100 contour lines of the WDTs in (A-C), respectively, give a
gridless halftoning of the original image.

There is also an eikonal interpretation of the watershed.
Najman and Schmitt [59] have established that (in the
continuous domain and assuming that the image is sufficiently
smooth and has isolated critical points) the continuous
watershed is equivalent to finding a skeleton by influence
zones with respect to a weighted distance function that uses
points in the regional minima of the image f as sources and
[[Vf[[ as the field of indices. A similar result has been obtained
by Meyer [54] for digital images. In Maragos and Butt [47] the
eikonal PDE modeling the watershed segmentation of an
image-related function f has been solved by finding a WDT
via level sets and curve evolution where the curve's normal
speed is proportional to 1/[[Vf[[. Specifically, if C is a
curve representing a marker boundary, then the propagation
of the corresponding flooding wave is modeled by

OC=v/v,

ot

v=~C°

(81)

Ilvfll

Thus, the curve speed is proportional to 1/l[Vfll. Related
ideas can be found in [76]. Subsequently, Nguyen et al. [60]
proposed a PDE segmentation approach that combines the
watershed ideas with active contours. Namely, they used curve
evolution as in (81) but with a velocity V = Co/[[Vf[[- ClK
that contains both the eikonal speed 1/[[Vf[[ and a term

proportional to curvature that smoothens the evolving
boundaries. Further, they related this combined curve
evolution to minimizing an energy functional.
The stationary eikonal PDE [[VT[[ = 1/V corresponding to
(81), where T is the curve's arrival time, was solved in [47]
using the FMM. Further, the results of this eikonal PDE
segmentation approach were compared with the digital
watershed algorithm via flooding [83] and to the eikonal
approach solved via a discrete chamfer WDT [54, 81]. In all
three approaches, robust features are extracted first as markers
of the regions, and the original image I is transformed to
another function f by smoothing via alternating openingclosings, taking the gradient magnitude of the filtered image,
and changing (via morphologic reconstruction) the homotopy
of the gradient image so that its only minima occur at the
markers. The segmentation is done on the final outcome f of
the above processing.
In the standard digital watershed algorithm [8, 83], the
flooding at each height level is achieved by a planar distance
propagation that uses the chessboard metric. This kind of
distance propagation is not isotropic and could give incorrect
results, particularly for images with large plateaus. Eikonal
segmentation using chamfer WDTs improves this situation a
little but not entirely. In contrast, for images with large
plateaus/regions, segmentation via the eikonal PDE and curve
evolution WDT gives results close to ideal. As Fig. 11 shows,

zyxwvut
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FIGURE 11 Performance of various segmentation algorithms on a Test image (250 x 400 pixels). This image is the
minimum of two potential functions. Its contour plot (thin bright curves) is superimposed on all segmentation results.
Markers are the two source points of the potential functions. Segmentation results based on (A) digital watershed
flooding algorithm; (B) weighted distance transform (WDT) based on optimal 3 x 3 chamfer metric; and (C) WDT
based on curve evolution (thick bright curve shows the correct segmentation).

B

C

D

E

FIGURE 12 Watershed-type segmentation with various Partial differential equation (PDE)-based floodings.
A: Original image. B: Markers (round black seeds) and two stages of their evolution using the eikonal PDE
corresponding to uniform height flooding (contrast criterion). C: Final segmentation of the flooding in B. D: As in B
but using volume flooding (simultaneous contrast and area criteria). E: Final segmentation of the flooding in D.

compared on a test image that is difficult (because expanding
wavefronts meet watershed lines at many angles ranging from
being perpendicular to almost parallel), the continuous
segmentation approach based on the eikonal PDE and curve
evolution outperforms the discrete segmentation results [47].
The standard watershed flooding, both in the digital
algorithms [8, 83] as well as in the eikonal curve evolution

(81), corresponds to a uniform height flooding. This height
criterion corresponds to a contrast-based segmentation. Alternative criteria, such as area (size-based segmentation) or
volume (contrast and size-based segmentation) and corresponding generalized floodings have been considered in [55].
In [75] the uniform volume flooding was modeled via a
time-dependent eikonal-type PDE and level sets. In this new
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model, the evolution of a marker's boundary curve C is
described by

°C Ot

V ( x , r , t) -

co
A ( O I I V f ( x , y)ll

(82)

where A(t) denotes the instant area enclosed by the evolving
curve. The corresponding stationary eikonal PDE is
IIVT(x,r)ll

- A(T)llVf(x,r)ll/co

(83)

where T is arrival time. Whereas in the case of uniform height
flooding the FMM-based solution of the eikonal PDE was
simple to implement as done in [47], in the case of uniform
volume flooding solving the stationary PDE (83) has the
peculiarity of the time-varying term A(T). This was numerically solved in [75] using a variation of the FMM that took
into consideration the time-dependent area variations of the
fronts.
Experimental results of the PDE-based height and volume
flooding applied to real image segmentation are shown in
Fig. 12. The volume flooding seems to perform in a more
balanced way. This is expected since it exploits both the
contrast and the (area) size properties of the objects-regions
present in an image. It is a useful segmentation tool in cases
where we want to keep a balance between the aforementioned
image properties and can give good results in cases in which
contrast-based driven segmentation fails. In addition, the PDE
implementation has the advantage of a more isotropic
flooding.

8 Conclusions
In this chapter, we have presented some basic results from
the theory, algorithms, and applications of (a) nonlinear geometric PDEs that can generate multiscale morphologic
operators, (b) the eikonal PDE that can model weighted distance propagation, and (c) slope transforms to analyze morphologic PDEs and distance transforms in a slope domain.
Also related to these is (d) the area of curve evolution and level
set methods. The PDEs governing multiscale morphology, the
eikonal and some cases of curve evolution via level sets are of
the Hamilton-Jacobi type.
We view the intersection of these related themes as a unified
area in nonlinear image processing that we call differential
morphology, and we have briefly discussed some of its
potential applications to image processing.
Interpreting and modeling the morphologic operators
and distance transforms via PDEs has several advantages,
mathematic, physical, and computational. Further, it opens up
several new promising directions along which mathematic
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morphology can assist and be assisted by other PDE-based
theories and methodologies of image analysis and computer
vision, with a broad spectrum of applications. zyxwvutsrqponmlkjihgfed
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Introduction

Image segmentation is one of the most fundamental,
useful, and studied topics in image processing and analysis.
The goal is a partition of the image into coherent regions,
which is an important initial step in the analysis of the image
content. For example, before a tumor is analyzed in a
computed tomography (CT) volumetric image, it has to be
detected and somehow isolated from the rest of the image.
Before a face is recognized, it has also to be picked out from its
background. In this chapter we deal with an efficient and
accurate approach in image segmentation: active contours.
The general idea behind this technique is to apply partial
differential equations (PDEs) to deform a curve or a surface
towards the boundaries of the objects of interest in the image.
The deformation is driven by forces that use information
about the objects of interest in the data. In particular, we
describe ideas that emerged from the geodesic active contours
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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framework, concentrating on some of the main models and
referring to the literature for other applications. This is an
example of using PDEs for image processing and analysis. In
this case, such PDEs are derived as gradient-descent processes
from geometric integral measures. This research field considers images as continuous geometric structures, and enables
the usage of continuous mathematics like PDEs, differential
geometry, and so forth. The computer image-processing
algorithms are actually the numeric implementation of the
resulting equations. Related examples of this general approach
can be found in Chapters 3.3, 3.6, and 4.14-4.16, whereas
different image-segmentation methods are described in the
introductory chapters as well as in Section 4, for example,
Chapters 4.10 and 4.13.
The geodesic active contour model for image segmentation
was introduced about a decade ago [9-13]. It was motivated
by the snake model [37] and the geometric level-sets curve
evolution models [8, 48]. Related models evolved at about
613
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the same time [42, 43, 73, 74]. Geodesic active contours play
major roles in many data analysis applications beyond image
segmentation. The applications are diverse, including security
visual interpretation, medical imaging, and general industrial
procedures like quality control and computer-aided geometric design. Techniques that emerged from this framework
are considered state of the art in many disciplines and play
an important part in initiatives such as the Insight Segmentation and Registration Toolkit project for medical image analysis
(www.itk.org). A large number of academic reports and
innovative ideas flourished from the philosophy that weighted
arc-length parametrization is an appropriate measure for
boundary detection in images. The work by Caselles et al. [9]
was of course not the first to make this observation, and
among the first to stress the role of geometry and Euclidean
arc-length in image segmentation were probably Mumford
and Shah [51]. Yet, the geodesic active contour model
provides one of the first clear formulations and efficient
numeric implementations for such geometric models.
The Osher-Sethian [54] level-set formulation allowed
us to apply efficient topology adaptable, and stable numeric
schemes by embedding an evolving boundary contour in
a higher dimensional function defined on a fixed grid.
We refer to Osher and Fedldw [52] and Sethian [68] for an
extensive treatment of level-set methods for tracking evolving
fronts and to Dervieux and Thomassett [22, 23] for
early developments of the concepts. Level sets have been
previously used in a different model for image segmentation
[8, 48]. The geodesic active contour and related models are
examples of the very active and successful area of using
geometric measures and resulting PDEs in image processing
[30, 40, 53, 65, 68].
In this chapter we present our, obviously biased yet hopefully balanced, view on the area of PDE-based segmentation
methods and conclude with recent results we have found
to be relevant. The presentation partially follows that of
Kimmel [39]. Section 2 introduces some of the mathematic
notations we use in this chapter and defines the problems. In
Section 3, we formulate the idea of geometric curve evolution
for segmentation and review various types of variational
measures (geometric functionals). These functionals describe
an integral quantity defined by the curve. Our goal is to search
for curves that locally minimize these geometric integral
measures. Next, in Section 4, we compute the first variation
of each of these functionals and comment on how to use it in
a dynamic gradient-descent curve evolution setting. Section 5
gives the level-set formulation for the various curve-evolution
procedures. In Section 6, we follow the results of Goldenberg
et al. [28] and present an efficient numeric scheme that
couples an alternating direction-implicit multiplicative
scheme, with narrow band [1, 17, 61] and redistancing via
the fast marching method [32, 66, 67, 70]. The scheme is
unconditionally stable and thus allows large time steps for
fast convergence.
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It is impossible in a single chapter to cover all the important
literature related to the geodesic active contour model. The
interested reader is encouraged to read other texts for additional related contributions in image processing and analysis
[30, 40, 53, 65, 68]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM

2 Mathematic Notations and Problem
Formulation
Consider a gray level image as a function I" f2 --+ R + where
f2 G ~2 is the image domain, typically a rectangle. Although
we present the theory for scalar planar images, the model can
be easily extended to vector valued images and higher dimensions [13, 64]. The image gradient vector field is given
by VI(x,y)= {Ix, It}, were we used subscripts to denote
partial derivatives, e.g., I x - 8I(x,y)/Ox. We search for a
contour, C ' [ 0 , L] ~ ~2, given in a parametric form C(s){x(s),y(s)}, where s is an arc-length parameter, and whose
normal is defined by ~(s) - {-ys(S),X~(S)}. This contour somehow interacts with the given image, for example, a
curve whose normal aligns with the gradient vector field,
where the alignment of the two vectors can be measured by
their inner product that we denote by (~,VI). We also
use subscripts to denote full derivatives, such that the
curve tangent is given by C s - {Xs,ys}- {dx(s)/ds, dy(s)/ds}.
In some cases we will also use p to indicate an arbitrary
(nongeometric) parametrization of the planar curve. In
which case, the tangent is C s - Cp/lCp[, and the normal can
be written as

n

~

{-yv, xp}
ICpI

where [Cp[ = ffx~ + y~. We have the well-known relationship
between the arc-length s and a general arbitrary parameter p,
given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

-

-

+

\ap]

ap-

Icvlap.

Define, as usual, K to be the curvature of the curve C, and
the curvature vector a:~ - Css [25]. Let us recall that a Jordan
curve is a plane curve that is topologically equivalent to
(a homeomorphic image of) the unit circle (i.e., it is simple
and closed). If C is a Jordan curve, we also define f2c to
be the domain inside the curve C, see Fig. 1. We also assume
without loss of generality that the curves are counterclockwise
oriented, so that ~ is the inner unit normal vector.

4.17 Geometric Active Contours for Image Segmentation

FIGURE 1 A closed curve C, with Cs the unit tangent,
curvature vector, and ~c the region inside the curve.

zyxwvuts

x~ = Css the

In this chapter we deal with two types of integral measures that are related via the Green theorem. The first is defined
along the curve by the general form

E(C)- fo~g(C(s))ds,
where g is a function of the geometry of the curve C(s) and the
underlying image I. Under general assumptions, this functional measures the weighted length of C (recall that s is the
arc-length parametrization), where the weight is given by g(.).
Formally, we search for the optimal planar curve C, such that
C = arg mincE(C ),
that is our desired geodesic. In general, we start from a specific curve and deform it to locate an extremum contour. Thus
the name geodesic active contour.
The second functional integrates the values of the function
f(x,y) defined inside the curve, and is usually referred to as
a region-based measure,

:~(C) - f f ~ f(x,y)axar,
where as before, ~ c is the region inside the Jordan curve C.
Under general assumptions, this is a measure of the weighted
area of f2c, where the weight is given by the function f(x, y).

3 From Edge Detectors to Geometric
Evolutions
The simplest edge detectors try to locate points defined by
local maxima of the image gradient magnitude. The Marr
and Hildreth edges are a bit more sophisticated, and were
defined as the zero crossing curves of a Laplacian of Gaussian
(LOG) applied to the image [49, 50] (see also Chapter 4.14).
The Marr-Hildreth edge detection and integration process
can be regarded as a way to determine curves in the image
plane that pass through points where the gradient is high
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and whose normal direction best aligns with the local edge
direction as predicted by the image gradient. This observation
was first made by Kimmel and Bruckstein [41] and proved to
be optimal under general conditions [24].
The importance of orientation information in a variational
setting for delicate segmentation tasks was recently also considered [71]: The authors proposed alignment with a general
vector field as a segmentation criterion of complicated closed
thin structures in three-dimensional (3D) medical images.
Kimmel and Bruckstein [41] showed that the Haralick
edge detector [7, 31], which is the main procedure in the
Canny edge detector, can be interpreted as a solution of a
two-dimensional (2D) variational principle that combines the
alignment term with a topologic homogeneity measure. We
will not explicitly explore this observation here and focus our
attention on the geodesic active contour.
The evolution of dynamic edge integration processes and
active contours started with classic snakes [37], followed
by nonvariational geometric active contours [8, 48], and
more recent geodesic active contours [10]. Here, we restrict
our discussion to parametrization invariant (geometric)
functionals that do not depend on the internal parametrization of the curve, but rather on its geometry and the properties
of the image. From these functionals we extract the first
variation, and use it as a gradient-descent process, also known
as geometric active contour. We start by presenting a few
possibilities for energies such as those defined in Section 2.
The corresponding gradient descent flows lead to the geodesic
active contour and recent geometric models.

3.1 Geodesic Active Contour

zyx

The geodesic active contour model [10] is defined by the
functional

F,GAc(C) -

f0 L g(C(s))ds.

It is an integration of an inverse edge indicator function, [i.e.
any decreasing function of the modulus of the gradient, such
as g(x,y) = 1/(1 + [VII2)], along the contour. The search, in
this case, is for a curve along which the inverse edge indicator
gets the smallest possible values. This curve is a geodesic. That
is, we would like to find the curve C that minimizes this
functional. Modifying the function g, different results can be
obtained. For example, segmentation of vector valued images
[45, 64] or even solving the 3D from stereo problem [26].
This geometric energy, up to an arbitrary constant, can be
obtained by manipulating the classic snakes [37] using leastaction principles in physics (see also Aubert and Blanc-Feraud
[2]). In addition to its use for fundamental image-processing
problems, the geodesic active contour can serve as a regularization term for other variational-based segmentation
formulations [41]. We point out that a well-studied example
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of this functional is g = 1, for which the functional measures
the total arc-length of the curve.

3.2 Alignment Term

As pointed out by Kimmel and Bruckstein [41], g can be a
function not only of the image gradient, but also of its
direction. Consider the geometric functional

EA(C) -- -

f

3.3 Weighted Region

In some cases we would like to minimize (or maximize)
an averaged quantity inside the region t c defined by the
Jordan curve C. In its most general setting, this weighted area
measure is

ff

(VI(x(s), y(s)), ~(s))ds,

or in its more "robust" form

EAR(C) -- -- fot I(VI(x(s), y(s)), V,(s))Ids,

where the absolute value of the inner product between the
image gradient and the curve normal is our alignment measure (Fig. 2). The motivation behind EAR is the fact that
in many cases, the gradient direction is a good estimator for
the orientation of the edge contour. The inner product gets
high values if the curve normal aligns with the image gradient
direction. This measure also uses the gradient magnitude
as an edge indicator. Therefore, our goal would be to find
curves that minimize this geometric functional, hence to
maximize the alignment. This new energy can be combined
with the other energies introduced in this section. Such
combinations integrate additional information like the
image intensity, the edge strength captured by the gradient
magnitude, the edge directions captured by the gradient
direction, the object area, and even shape priors. A simple
penalty term is added to the variational formulation,
penalizing for the discrepancy between the detected shape
and the "average" shape representing the class of object of
interest. Temporal changes of the intensity can be used to
detect moving objects [6, 28, 56].

f (x, y)dxdy,

where f(x,)1) is any integrable scalar function. A simple example is f(x, y) = 1, for which the functional E(C) measures the
area inside the curve C, that is, the area of the region tic that
we also denote by [tic[. Other approaches try to find uniform
regions inside C (see for example [56-59, 69, 75]) and the
description in next subsection.

3.4 Minimal Variance
Chan and Vese [14] proposed a minimal variance criterion
(related formulations have been proposed by Paragios and
collaborators and by Yezzi and collaborators), given by

I ff
EMV ( C , C1, C2) -- -~

f2c (I(x, y) - c 1)2dXdy

+ ~~ff ~\~ 0(x, r) - c2)2dxdy.
As we will see, in the optimal case, the two constants, cl and c2
are the mean intensities in the interior (inside) and the
exterior (outside) of the contour C, respectively. The optimal
curve would best separate the interior and exterior with
respect to their relative average values. In the optimization
process, we look for the best separating curve and the optimal
expected values Cl and c2. Such optimization problems, in
higher dimensions, are often encountered in color quantization and classification problems. Moreover, this formulation
is simply k-means or optimal (Max-Lloyd) quantization.
To control the smoothness of their active contour, Chan
and Vese [14] also included the arc-length f ds as a regularization term. Using geodesic active contours, one could
actually use the more general weighted arc-length, f g(C(s))ds,
for which the regularization properties can be extracted
from reference [ 10].
One could consider more generic region based measures like

~(c) = f f e~ [[T(I(x, y)) - ~111dxdy
FIGURE 2 The curve C, its normal ~ at a specific point, and the image
gradient VI at that point. The alignment term integrates the projection of V!
on the normal along the curve.

+

[[T(I(x, y)) - ~ [Idxdy,
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almost arbitrary initial curve into a desired configuration,
which gives a significant minimum of our functional.
In this chapter, we restrict ourselves to closed contours.
When considering open contours (or open surfaces), one
should also handle the end points and add additional
constraints to determine their optimal locations (see for
II(x,y) - c2 Idxdy. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ERMv(C)-- f f
II(x,y)-clldxdy-F f f
example [5, 27, 41]). We now present a few examples of this
S2c
f2\f2c
gradient-descent flow.
Unless stated otherwise, the arc-length parameter of the
curve
C will be denoted by s. Recall that a function
3.5 Intermezzo
F : ~n __+ ~m, n, m > 1, is said to be of class C k if all partial
We have shown a number of variational formulations that derivatives up to order k are continuous.
lead to segmentation. The basic idea is to find a curve that
minimizes a given geometric energy. Next, we show how Lemma 1 Assume that g : ~2 _+ O~is of class C 1. The geodesic
to extract the curve itself. We emphasize that other geo- active contour model is
metric measures were reported in the literature. Actually,
for each application, one should modify and engineer his/her
E G A c ( C ) - - fC g(C(s))ds,
own measures that best fit the problem at hand. For example,
a recent popular effort is to add information in the form of
shape priors. The basic idea is to add a term that penalizes for which the first variation is given by
the deviation of the computed contour from an "average"
3EGAc(C)
shape. This is useful when working with a particular class
= -(Kg - (Vg, ~))~.
8C
of shapes (e.g., the human heart). Examples for shape priors
can be found in the literature [20, 33, 34, 38, 44, 55, 62].
Proof: Let ~" [0,L]--+ [~2 be a closed curve of class C 1, and
E 6 ~. Using that
where T is a general transformation of the image, the norm
I1" II can be chosen according to the problem in hand, and cl
and ~ are vectors of possible parameters. One such example
is the robust measure

d
d-~ IG + ~rlsll~=o - (G, rl~),

4 Calculus of Variations for
Geometric Measures
Let C" [0,L] - + [~2 be a Jordan curve. Given a curve integral
of the general form

(2)

we compute zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGF

d EGAc(C + 6~)1~=0

dE

.

f g(C(s)+ EO(s))IG + EOslds

~ I~=0

E(C) - ~ L(Cp, C)dp,

= f(vg(c(s)), o(s)) ds + f g(C(s))(q, Os)ds
where p is an arbitrary parameter, we compute the first variation by

~(c_~)
d
8C (rl) -- -~eE(C + er/)l~=o -- lim E(C + ~tl) ~--+0

ff

E(C)

where r/: [0, L] --+ [I~2 is a C 1 curve. The extrema of the functional E(C) can be identified by the Euler-Lagrange equation
8E(C)/8C = 0. A dynamic process known as gradient descent,
which takes an arbitrary curve toward a minimum of E(C),
is given by the curve evolution equation

ac
3--t =

~E(C)
3C

'

= f(vg(c(s)),o(s))ds-f(vg(C(s)),Cs)(G,o)ds

(1)

where we added a virtual "time" parameter t to our curve
to allow its evolution into a family of planar curves C(p, t).
Our hope is that this evolution process would take an

- fg(c(s))(Cs , as
- fiVg(C(s)), c))<c)

, rl)ds-

fg(c(s))<C s, ,>

where the third equality is a result of integration by parts.
If we set g-- 1, the gradient descent curve evolution result
given by Ct =--6EcAc(C)/SC is the well-known curvature
flow, Ct - tc~ or equivalently Ct - Css, also known as the geometric heat equation. The geodesic active contour model
assumes that g(x) = ~,(]VI(x)]), x 6 ~2, where ~ is a decreasing function of the modulus of the gradient.
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Let R denote the counterclockwise rotation matrix of
angle rr/2, and, for any matrix A, let A t denote its transposed.

Let F" ~ ~ ~ be a function of class Ca. Given the
vector field V(x, y) - {u(x, y), v(x, y)}, we define the alignment
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G(z)--F(z)-zF'(z). Then, using ~ = C ~ and
(C~, rl~) -- (Cs, ~s), after integration by parts, we obtain

Denote

Lemma 2

d-d-E(Cd¢ +

E.)l,=o - ~c F'((V(C), ~))(D~"(C)'(Fz), rl) as

measure,

EA(C) --

~c F((I)(C(s)),

~) )ds

FO)),(RtV(C), rl)

+ F'((V(C), ;z))(RtD~r(C)(C,), 71)]ds

- f[(G((~(C), ~))h(6, ,7)

for which the first variation is given by

+ G((C¢(C),;,))(G, 0)] ds

BE(C) = F'(('~(C), ~))(divV)(C)~ - (F'((V(C), ~)))sR'V(C)
8C
-

f[(F'((V(C),

: J~cF'((V(C), ~z))[(D~r(C)t(~z),

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[(G((~?(C), ~))),C, + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
G((V(C), 6))k~ ].

- (RtDV(C)(Cs), rl)] ds

(3)

-

Typical examples of F are F(z) - -Izl p, p >_ 1. Observe that
when 1 _< p < 2, F is of class C2 on ~ \ {0}, but with a proper
adaptation of the proof, one can still perform the computations below. The minus sign accounts for maximizing the
alignment while minimizing EA. Here we give an alternative
proof to that of reference [41].
Let ~ • [0,L(C)] --~ ~2 be a closed curve of class C 1,
and E ~ ~. Notice that, if both e and ~ are not zero, the
curve C + er/ is not parameterized by arc-length anymore.
Using (2) and

Proof.

f(F'((V(C),

;z)))s(RtV(C), 71)

- f[(G((fz(C), ~))h(G, ,7)
+ G((V(C),FO)k(Ft, rl)]ds.
Thus, the first variation of EA(C) is

BE(C)
8C

= F'((V(C), ~))[Df(C)'(~) - R'D~r(C)(Cs)]

- (F'((V(C), ~)))sRtV(C)

d, IC~ + .0~1

I,-o

r/-k
-

,

-

-

Now, observe that DV(C)t(~) -- RtDV(C)(Cs) -- D~r(C)tRCs RtDV(C)(C~)--(divV)(C)~, which gives (3).

we compute

Notice that the second term in the right-hand side of (3)
can be further expanded as ([41])

d

-~e E(C + E~)l~=o

=d~l~=o

[(G((V(C), ~)))~Cs + G((V(C), ~))k~].

F

= ~c F'((V(C),

P(c+eO, IC? +Er/~l

IC,+e~,lds

Cs-L) ds

~))(DV(C)(r/),

(F'( (~z(C), ;l) ))sR' V(C)
= (F'((CF(C), ~)))s[(V(C),R~)~ + (V(C),RCs)Cs]
= F"((~(C), ~))[(V(Ch, ~)(V(C), G)
- (V(C), Cs)2]~ + tangential components.

+

fF'((V(C),;z))(V(C),

r/s-L) ds

An important example of (3) corresponds to the choice
V - VI, for which the formula for the first variation is

- fF'((f~(C),;,))(f~(C), C~)(C~, 0~)d~
+ fF((9(C),;~))(C~,,7~)ds.

BE(C)
= F'({VI(C), ~))AI(C)~ - (F'((VI(C), ~)))~RtVI(C)
8C

- [(G((W(C), ~)))~C~+ G((V~(C), ~))k~]
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where AI -- Ix~ + Iv is the image Laplacian.
The robust alignment term

EAR(C) - - ~c I(X~,~)Ids,
corresponds to F(z) - -[zl which is C 2 in R \ {0}. In this case
G(z) - 0 and the first variation takes the form

This term is sometimes called the weighted area [75] term,
and for f constant, its resulting variation is known as the
"balloon" [18] force. If we set f = 1, the gradient descent
curve evolution process is the constant flow. It generates offset
curves via C t - ~, and its efficient implementation is closely
related to Euclidean distance maps [15, 21] and fast marching
methods [32, 66, 67, 70].
Lemma

The Chan-Vese minimal variance criterion [14] is

4

given by

aEaR(C)

= - sign((VI(C), fi(s)))AI(C)fi
6C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- (sign((VI(C), ~(s))))sVI(C) ±.
EMv(C, Cl,C2) ---~1 f f ac

If (VI(C), fi(s)) has constant sign, then the second term vanishes and we obtain

aEaR(C)
~C

619

= -sign((VI(C),

~(s)))AI(C)~.

for which the first variation is
3EMv

(4)

a---~ -- --(C2 -- Cl)

Thus, in this case, the Euler-Lagrange equation aEAR(O_
aC -- 0
gives a variational explanation of the Marr-Hildredth
edge detector which is defined by the zero-crossings of the
Laplacian as first indicated in Kimmel and Bruckstein [41].
3 Let f : R 2 -+ ~ be an integrable function. The
weighted region functional

(I-q)2dxdY+-21 f f •\•c (I -- C2)2 d x ~ ,

(~EMv --

SCl

(~EMV -3C2

ff
ff

~c

(I

(C1 --

cl + C2)~
"~

I)dxdy

(C2 -

I)dxdy.

f~kf~c

Lemma

Ew(C) -- f f ~cf(x,y)dxdy,

Pro@ Using Lemma 3, we have the first variation given by

~Evv
8C

yields the first variation

- - - (12 -- 2ICl + c 21 __ 12 Av 2Ic2 -- Cl)~

aEw(C)
~C

= -f(x,y)~.

- - - - ( ( C 2 -- C1 ) I -

Pro@ Following [75], we define the two functions P(x,y)
and Q(x, y), such that Pr(x, y) - - if(x, y) and Qx - if(x, y).
We readily have that f ( x , y ) - Q x - Pr" Next, using Green's
theorem we can write

JC

fc

~C

¢

2
Cl -[2 c2) n.
-,

JC

({-Q' n}' ~) ds,

= div({-Q, P})~ - -(Qx -

and outside the contour, respectively.
One could recognize the variational interpretation of segmentation by the threshold (Cl + c2)/2 given by the Euler
Lagrange equation 8EMv/SC - O.
Finally, in a similar way, we obtain the first variation of
the robust minimal deviation measure ERMV.

and the weighted region energy is expressed as an alignment
energy with V - {-Q, P} and F(z) -- z. Using Lemma 2, we
obtain

8E(C)

__ __(C2 __ C l ) ( I

(C 1 -]-" C2)(C 2 -- C l ) ~

The optimal C1 and c2, extracted from 8EMv/&I = 0 and
~EMv/SC2 = 0, are the average intensities of the image inside

E(C)-- f f ~cf(X,y)dxdy- f f ec(Qx-Py)dxdy

=

21 ((I - c 1)2 - (I - C2)2)~

Py)~ -- -fFt.

Lemma 5

The robust minimal total deviation criterion is

given by

E~v(C, cl, c2) --/fa~

[I -- Cl Idx~y -Jr-f f

f2\f2c

II - c2 [dx~y,
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for which the first variation is

8ERMv
= --([I -- c 1 [ - II - c2[)n
8C
8Eta,Iv
--/]
sign(cl - I)dxdy
~Cl

_ _ f2c

thin-structure detection in medical images we refer to
Holtzman-Gazit et al. [35].

4.1 Another Intermezzo
We reviewed a number of possible curve flows to deform
a given initial curve toward a steady-state contour that defines
the boundaries between objects, a process known as image
segmentation. These flows are defined via gradient descent
obtained from the geometric energies presented in the previous section. We next review the level-set framework, which
allows stable and efficient implementation of such flows.

zyxwvutsrqpon
8E~v
= 1[
sign(c2 - I)dxdy,
3c2
J J ~\~c

where s i g n ( r ) - +1 if r > 0; - 1 if r < 0; and it can be any
value in [- 1, 1] if r - O.
Heuristically, the optimal value of C1 is the value of I(x,y)
in f2c that splits its area into two equal parts. From obvious
reasons we refer to this value as the median of I in f2c, or
formally,

c1 - median~cI(x , y).
In a similar way, the optimal value of c2 is

c2 -- rnediann\~cI(x, y).
The computation of Cl and c2 can be efficiently implemented
via the intensity histograms in the interior or the exterior of
the contour. One rough discrete approximation is the median
of the pixels inside or outside the contour.
The robust minimal deviation term should be preferred
when the penalty for isolated pixels with wrong affiliation
is insignificant. The minimal variance measure penalizes
large deviations in a quadratic fashion and would tend to
oversegment such events or require large regularization that
could oversmooth the desired boundaries. For an example
of coupling these terms with the alignment terms for 3D

5 Gradient Descent in Level Set
Formulation

We have just reviewed some fundamental curve evolution/
flows that are useful for image segmentation. The next step
is the implementation of such flows. For this, we embed a
closed curve in a higher dimensional qb(x,y) function, which
implicitly represents the curve C as a zero set [i.e., C = {{x,y}:
qb(x,y) = 0}]. This way, the well-known Osher-Sethian [54]
level-set method can be used to implement the curve propagation toward its optimal location. Figure 3 presents two
planar curves, and a single function which is an implicit
representation for both curves.
Given the curve evolution equation C t - F~, its implicit
level set evolution equation reads

For that, one assumes that the Jordan curve C(s, t) is a level
set of the evolving function dp(t,x,y), (x,y)~ ~2. To fix
ideas, let us assume that C(t) is the zero level set of ~(t,x,y),

FIGURE 3 Left:Two given disconnected planar curves. Right: An implicit representation of the two curves as a single
level set of a smooth function rendered by a perspective projection of the function. The level set, plotted as black
contours, is the intersection of the function with a plane.
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and ~(t,x,y) is negative inside the zero level-set, and positive outside (in some cases, the signed distance function is
a preferred choice). Thus, we have

~(t, C(t))

-

-

621

We can add the geodesic active contour term, the threshold
term, or its dynamic expectation version defined by the minimal variance criterion. The optimization problem takes the
form of

O.
arg minc, c,,c~E(C,Cl, C2),

Differentiating the above identity with respect to t we obtain
for the functional
~ + ( v o , c,) = 0.

E( C, Cl, c2) = EAR(C, Cl,c2) %- OtEGAc(C) %-~EMv(C)
With the orientation convention of Section 2 we have the
- - - f c I(W'n)lds+~~cg(C(s))ds
relation fi = -Vq~/IVq~l, hence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

~ - -(vo,

c,) - - ( v o ,

×~) - ×

vo, ~-~

fl(ff

= ylV4~l.

More on the rigorous equivalence between both flows
and the particular relevance for the geodesic active contours
can be found in Caselles and colleagues [10, 12], where
the reader is also referred to theoretical results on existence,
uniqueness, and consistency of the geodesic active contours

(I-Cl)2dxdy%-ff

(I-c2)2dxdy),

where ~ and fl are positive constants, and, in practice, c~
is small so that the geodesic active contour term is used mainly
for regularization. Using the computed first variations of all
energy terms, the gradient descent flow is

Ct - [sign((fi, VI))AI + a(g(x, y)tc - (Vg, ~))

flOW.

Those familiar with the optical flow problem in image
analysis could easily recognize this derivation. There is an
interesting relation between the classic optical flow problem
and the level-set method. Level-set formulation for the evolution of a family of embedded curves can be interpreted
as a dynamic image synthesis process. On one hand,
optical flow in image analysis is a search for the motion of
features in the image. These two inverse problems share the
same fundamental equation. Computing a vector field
that represents the flow of the gray level sets from a given
sequence of images is known as the normal flow computation.
Next, at a higher level of image understanding, the motion
field of objects in an image is known as the optical flow. On
the other hand, in the level-set formulation, the goal
is to compute the dynamics of an arbitrary image, in which
one level set represents a specific curve, from a given motion
vector field of that specific level set. The image in this
case is an implicit representation of its level sets, whereas
the vector field itself could be extracted from either the
geometric properties of the level sets, or from another image
or external data.
As a first example, consider the gradient descent flow [(see
(1)] for the special case of the robust alignment term (4) from
[41 ], given by

Ct = sign((VI, fi))Alfi.
The corresponding level set evolution is
~bt = -sign((VI, V~))AIIV~I.

%- /~(C2 -- Cl)(I -- (Cl %- c2)/2)]n. zyxwvutsrqponm

Cl m ~

ff ffaci(x,yldxdy

ff g2\g2cI(x,y)dxdy,

C2 = ]~'~\ 1~'~CI

where Incl denotes the area of the regions tic. One could
recognize the relation to the Max-Lloyd quantization method,
as the simplest implementation for this system is a sequential
process that involves a change of the segmentation set followed by an update of the mean representing each set. The
difference is the additional penalties and resulting forces
we use for the smoothness and alignment of the boundary
contours.
The level-set formulation of the curve evolution equation is

(

~bt- [-sign((V~b, VI))AI + otdiv g(x, y)
%-/~(C 2 -- C1) ( I

Cl %2 c2)] IV4~I"

Efficient solutions for this equation can use additive
operator splitting (AOS) [46, 47, 72], ADI, or locally onedimensional (LOD) methods [39], coupled with a narrow
band approach [1, 16, 61] (see [28] for the geodesic
active contours case). In the next section we use a simple
first-order, implicit alternating direction-multiplicative
scheme.
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The following table summarizes some of the functionals Note, that when using a narrow band around the zero set
reported, the resulting first variation for each functional, and to reduce computational complexity on sequential computhe level set formulations for these terms. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ters, the distance from the zero set needs to be recomputed to

E(C)

Measure

- 8E/6C

- 6E/6C in levelset form

Weighted area
Minimal variance
GAC
Alignment

ffacf(X, y)dxdy
ffac (I - Cl)2dxdy +
ffa\ac(I - c2)2dxdy
fc g(C(s))ds
- f [(VI, ~)[ds

f(x, ),)~

f(x, y)lV~bl

(c2 - Cl) x

(c2 - Cl)x
(I -- (£1 71- c2)/2)[V~b[

(I -- (C1 "q- C2)/2)n
(xg - (Vg, ~))~

d,vg"i~-~
IV~lvO

((VI, ~))AI~

-sign((VI, V~))AIIV~I

GAC, geodesic active contour. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 Efficient Numeric Schemes
Weickert et al. [72] used an unconditionally stable, and thus
efficient, numeric scheme for nonlinear inhomogeneous isotropic image diffusion known as additive operator splitting
(AOS) that was first introduced by Lu et al. [46, 47] and has
some nice symmetry and parallel properties. To obtain a fast
numeric implementation, Goldenberg et al. [28] coupled the
AOS with fast marching on regular grids [15, 32, 67, 70], with
multiresolution [59], and with the narrow band approach [1,
16, 48, 61]. Here, following Kimmel [39] and Kimmel and
Bruckstein [41], we present an extension of these efficient
numeric methods for the geodesic active contour [10]
presented by Goldenberg et al. [28], for the variational edge
integration models [41 ] and minimal variance [ 14]. We review
efficient numeric schemes and modify them to solve the
level-set formulation of edge integration and object segmentation problem in image analysis.
Let us analyze the following level set formulation,

ckt-(otdiv(g(x,y)~~l)

+ r/(~b,VI)) [V~b,,

O(~b,VI) -- -sign((VI, V49)) AI + fl(c2 -- Cl) (I
x,

Cl +2 C2).

determine the width of the band at each iteration. Thus, there
is no additional computational cost in simplifying the model
while considering a distance map rather than an arbitrary
smooth function. We thereby enjoy both the efficiency of the
simplified, almost linear model, and the low computational
cost of the narrow band.
Denote the operators
3

A1 -- ~ g(x, y) OX
-

X(X, r) =

oy

.

Using these notations we can write the evolution equation as
q~t -- cg(A1 "-["A2)q~ -'[- r/(~b,VI).
Next, we approximate the time derivative using forward
~n+l ~n
approximation ~t ~ ( ~- ), that yields the explicit scheme
q~n+l __ ~n _~_ Z.(o/(A1 ~_ A2)~)n

"Jr- z'O(q~n,

VI))

__ (2- ~_ To/(A1 ~_ A2))~n _+_ .go(~n, VI),

where, after sampling the x, y plane, 2- is the identity matrix
and I is our input image. The operators Al become matrix
operators, and 4)n is represented as a vector in either column
or row stack, depending on the acting operator. This way, the
operators Al are tri-diagonal, which makes its inverse computation fairly simple using Thomas algorithm. Note that in the
explicit scheme there is no need to invert any operator, yet
~bt - adiv(g(x, y)Vq~) + q(q~, VI) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the numeric time step is bounded for stability.
Let us first follow [72], and use a simple discretization for
= Yx g(x,r) Yx 4) + Yr g(x,r) Yr +
vi).
the Ab l 6 {1, 2} operators. For a given row, let

If we assume 4)(x,y; t) to be a distance function of its zero
set, then, we could approximate the short time evolution of
the above equation by setting [V4)I- 1. The short time
evolution for a distance function ~ is thereby I

lAs it evolves, 4) immediatelydeparts from being a distance function of its
zero set. We can ignore this second-order effect, while redistancing every
numeric time step.

Ox g(x)

j~N(i)

2h 2

zyxwvutsrq
zyx
zyxwvutsrqpo
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where .A/'(i) is the set { i - 1, i + 1}, representing the two
horizontal neighbors of pixel i, and h is the space between
neighboring pixels. The elements of A1 are thereby given by
gi + gj
aij

-- EksA/'(i)
o

of the objects we would like to detect, for MATLAB code of
the LOD scheme we refer to Kimmel [40].

7

Examples

j ~ Af(i)

gi+gk
2-hi

j-i

else.

To construct an unconditionally stable scheme we use a locally
one-dimensional (LOD) scheme adopted for our problem.
We use the following scheme
2
~n+l _ I-I( ~- _ 750tAl)-l(fl/)n .q_ ~/7(~n, VI)).
/=1
In one dimension it is also known as fully implicit, or backward Euler scheme. It is a first-order implicit numeric approximation, since we have that

We now present a number of examples of the above-described
segmentation geometric flows.
Figure 4 shows segmentation results for a relatively clean
image. In this example, the alignment and minimal variance
terms were tuned to play the dominant role in the segmentation. The right-hand frame shows the final contour in black
painted on the original image in which the dynamic range is
mapped into a subinterval of the original one.
In the next example, shown in Fig. 5, high noise and
uniform illumination calls for minimal variance coupled with
regularization of the contour. The alignment term does not
contribute much in such a high noise.
Lastly, Fig. 6 shows 3D examples for brain aneurysms
from computed tomography angiography images, [33, 34].
For these difficult data, some of the above-mentioned energies
have been extended to 3D and combined with additional
shape information.

(~Z-- TA1)-Ic~- -- TA2)-I(~ +//7)
~-- ( 1 - - TA1 -- TA2 + O(T2))-l(~-}- T~)
: qb if- t(A1 q- Az)~b if- tr/if-

O('g2),

where we applied the Taylor series expansion in the second
equality. First-order accuracy is sufficient, as our goal is the
steady-state solution. We also included the weighted regionballoon, minimal variance, and the alignment terms within
this implicit scheme, while keeping the first-order accuracy
and stability properties of the method. The operators Z - rAl
are positive definite symmetric operators, which make the
implicit process unconditionally stable, using either the above
multiplicative or the additive (AOS) schemes. If we have an
indication that the contour is getting closer to its final destination, we could switch to an explicit scheme for the final
refinement steps with a small time step. In this case, the time
step should be within the stability limits of the explicit scheme.
In our implementation we also use a multi-resolution pyramidal approach, where the coarse grid still captures the details

8 Additional Comments on Related
Developments
So far, we have mentioned some of the fundamental contributions in the area of geometric active contours. Let us
conclude with some additional comments on related work.
We shall follow the notation conventions of the previous
sections. A snake is an active contour defined by C(q), where
q E [0, 1] is a general parameter of C. We also assume that
C(q) is a Jordan curve enclosing a domain. As introduced by
Kass-Witkin-Terzopoulos [37] the energy of a snake is

E(C) -- ~

fox

IC'(q)12dq + fl

/01

]C"(q)]2dq - X

f01

IVI(C(q))ldq,

which is minimized by steepest descent. As argued above,
a better choice would be to take the parameter q to be the
arc-length of the curve. Trying to integrate the photometric

FIGURE 4 The simplest case in which alignment and minimal variance played the dominant factors in finding the
exact location of the edges. Image courtesy Kimmel and Brockstein [41].
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FIGURE 5 For noisy images the alignment term is turned off, while the minimal variance and regularization by the
geodesic active contour are the important factors. Image courtesy of Kimmel and Bruckstein [41].

and geometric constraints, Fua and Leclerc [27] proposed to
minimize the functional
1 fo L(c) IVI(C(s))I ds
L(C)

Ep(C) -

(6)

1

P(I(x)l(t2i, ffi)) -- x/~o------~iexp(-where s is the arc-length parameter and L(C) denotes the
length of C. The energy is an average along the curve of the
magnitude of the gradient, hence, the edge information is
integrated along the length of the curve producing a meaningful functional for open. In Kimmel and Bruckstein [41],
minimizing the "normalized alignment"
E(C) =

1 fo L(C)
L(C)
I(VI(C(s)), ~)l ds,

ED(C) - fo L(c) ICssl2 ds.
We refer to [24] for a detailed discussion on these models.
Zhu, Lee, and Yuille [75, 76] proposed a statistical framework for image segmentation they named region competition.
It combines active contours with region growing techniques
using statistical criteria. Let O~ i = 1. . . . . M, be the regions
PCoA

(I-/~i)2

2o'---------~i

where (/zi, o'i) denote the mean and variance of the image on
the region Oi. Then, the authors [75, 76] proposed to minimize the MDL (minimum description length criterion)
M
E({Oi}iM1, {(l'~i' (9"ili=1)

M (~L(OOi)-- fo log P(I(x)l(~i, cri))dx + X)
i=1

was considered. For better regularization, Fua and Leclerc [27]
also proposed to couple their measure (6), with

zy

of the segmentation. The regions 0 i a r e considered to be
homogeneous and the intensity values are generated by a prespecified probability distribution which we assume to be

i

where ~,/z > 0. Here # represents the code length for unit
arc-length, and )~ is the code length needed to describe the
distribution and code system for region Oi, which is assumed
to be similar for all regions.
In a series of papers [56-60], Paragios and Deriche proposed an extension of the work of Zhu and Yuille using active
contours (as mentioned before, Chan and Vese [14] and Yezzi
et al. [74] worked on related region models). They integrate
boundary and region-based terms to create an energy for
curves whose minima determines a partition of the image
MCA

aneurysm
aneurysm
FIGURE 6 Representative examples of the three-dimensional models from computed tomography angiography data,
obtained by the segmentation algorithm in Hernandez et al. [34]. PCoA, posterior communicating artery aneurysm;
MCA, middle cerebral artery aneurysm.
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1 Introduction
Digital systems that process image data generally involve
a mixture of software and hardware. For example, Digital
Video Disc (DVD) players employ audio and video processors
to decode the compressed audio and visual data, respectively,
in real time. These processors are themselves a mixture
of embedded software and hardware. The DVD format is
based on the MPEG-2 video compression and AC-3 audio
compression standards, which took several years to finalize
[refer to chapter 6.4]. Before these standards were established,
several years of research went into developing the necessary
algorithms for audio and video compression. This chapter
describes some of the software that is available for developing
image and video processing algorithms.
Once an algorithm has been developed and is ready for
operational use, it is often implemented in one of the standard
compiled languages such as C, C + + , or Fortran for greater
efficiency. Coding in these languages, however, can be time
consuming because the programmer must iteratively debug
compile-time and run-time errors. This approach also requires
extensive knowledge of the programming language and the
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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operating system of the computer platform on which the
program is to be compiled and run. As a result, development
time can be lengthy. To guarantee portability, the source code
must be compiled and validated under different operating
systems and compilers, which further delays development
time. In addition, output from programs written in these
standard compiled languages must often be exported to a
third-party product for visualization.
Many available software packages can help designers
shorten the time required to produce an operational
image or video processing prototype. Algorithm development
environments (Section 2) can reduce development time by
eliminating the compilation step, providing many high-level
routines, and guaranteeing portability. Compiled libraries
(Section 3) offer high-level routines to reduce the development time of compiled programs. Source code (Section 4)
is also available for imaging applications and may be
assembled into compiled libraries. Visualization environments
(Section 5) are especially useful when manipulating and
interpreting large data sets. A wide variety of other software
packages (Section 6) can also assist in the development of
imaging applications.
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2 Algorithm Development Environments
Algorithm development environments strive to provide the
user with an interface that is much closer to mathematical
notation and lexicon than general-purpose programming
languages, such as C, C++, or Fortran. The idea is that
a user should be able to write the desired computational
instructions in a native language that requires relatively little
time to master. Also, graphical visualization of the computations should be fully integrated so that the user does not
have to leave the environment to observe the output. This
section examines four widely used commercial packages:
MATLAB, Interactive Data Language (IDL), LabVIEW, and
VisiQuest (formally Khoros). For comparison of the styles
of specifying algorithms in these environments, Figs. 1--4
show examples of computing the same image processing
operation using MATLAB, IDL, LabVIEW, and VisiQuest,
respectively.

2.1 MATLAB
MATLAB software is produced by The MathWorks, Inc., and
has its origins in the command-line interface to the LINPACK
and EISPACK matrix libraries developed by Cleve Moler in
the late 1970s [1]. MATLAB interprets commands, which
shortens programming time by eliminating compilation. The
MATLAB programming language is a vectorized language,
which means that it can perform many operations on numbers
grouped as vectors or matrices without explicit loop
statements. Vectorized code is more compact, more efficient,
and parallelizable. The current major version is version 7,
released during the summer of 2004.
Versions 1--4 of MATLAB assumed that every variable was
a matrix. The matrix could be a real, complex, or string data
type. Real and complex numbers were stored in doubleprecision floating-point format. A scalar would have been
represented as a 1 x 1 matrix of the appropriate data type.
A vector is a matrix with either one row or one column.
Version 5 added signed and unsigned byte data types, which
dramatically reduced storage in representing images.
MATLAB provides other numeric data types, such as signed
and unsigned 16-bit, 32-bit, and 64-bit integers and 32-bit
single-precision floating-point numbers, as well as the ability
to define mixed-type data structures, such as cell arrays and
structures. Numeric arrays of arbitrary dimension are also
supported. Version 6 added object-oriented programming
constructs such as operator overloading.
The MATLAB algorithm development environment interprets programs written in the MATLAB programming
language, but a compiler for the MATLAB language is
available as an add-on to the basic package. When developing
algorithms, it is generally much faster to interpret code than to
compile code because the developer can immediately test
changes. In this sense, MATLAB can be used to rapidly
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prototype an algorithm. Once the algorithm is stable, it can be
compiled for faster execution, which is especially important for handling large data sets. The MATLAB compiler
MATCOM converts native MATLAB code into C + + code,
compiles the C + + code, and links it with MATLAB libraries.
The compiled code executes up to ten times faster than
the interpreted code when run on the same machine [2]. The
more vectorized the original MATLAB program is, the smaller
the speedup in the compiled version. Highly optimized
vectorized code may not experience any speedup at all.
The MATLAB algorithm development environment
provides a Java-based graphical user interface (GUI) interface,
an interpreter for the MATLAB programming language, an
extensive set of common numerical and string manipulation
functions, 2D and 3D plotting functions, and the ability to
build customized GUIs. The standard GUI interface provides a
command line sub-window and list of variables in memory.
The layout can be customized. User-defined MATLAB
functions can be added by creating a file of the same name
as the new function that has a ".m" extension and that
specifies the number of arguments and returned values using
the function keyword. Alternatively, a ".m" file can contain
a script of commands or standalone program. For faster
computation, users may dynamically link C routines as
MATLAB functions through the MEX utility. As an alternative
to the command-line interface, the MATLAB environment
offers a "notebook" interface that integrates text and graphics
into a single document.
MATLAB toolboxes are available as add-ons to the
basic package and greatly extend its capabilities by providing
application-specific function libraries [1,3]. The Signal
Processing Toolbox provides signal generation; finite impulse
response (FIR) and infinite impulse response (IIR) filter
design; linear system modeling; 1D fast Fourier transforms
(FFTs), discrete cosine transforms (DCTs), and Hilbert
transforms; 2D discrete Fourier transforms; and windows,
spectral analysis, and time-frequency analysis. With Version 6,
extremely efficient FFT algorithms [4] were introduced.
The Image Processing Toolbox represents an image as
a matrix. It provides image file input/output for TIFF,
JPEG, and other standard formats. Morphological operations, DCTs, FIR filter design in two dimensions, and color
space manipulation and conversion, are also provided. The
Canny edge detector [refer to chapter 4.10] is also available
through the Image Processing Toolbox. The Wavelet Toolbox
implements several wavelet families, 1D and 2D wavelet
transforms, and coding of wavelet coefficients. Additional
toolboxes with functionality useful in imaging systems
are available in control system design, neural networks,
optimization, splines, and symbolic mathematics. The Image
Acquisition Toolbox provides functionality to acquire video
from PC-compatible frame-grabber cards.
MATLAB's strength in developing signal and image processing algorithms lies in its ease of use, powerful functionality,
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and data visualization capabilities. Its programming syntax
has similarities to C and Fortran. Because the MATLAB
programming language is imperative, specifying algorithms
in the MATLAB language biases the implementation towards
software on a sequential machine. Using the SIMULINK
add-on, designers can visually specify a system as a block
diagram to expose the parallelism in the system. Each block
is implemented as MATLAB or C code. SIMULINK is well
suited for simulating and designing continuous, discrete, and
hybrid discrete/continuous control systems [5]. SIMULINK
has advanced ordinary differential equation solvers and
supports discrete-event modeling. Because of the run-time
scheduling overhead, simulations of digital signal, image,

and video processing systems in SIMULINK are extremely
slow when compared to a simulation using the MATLAB
programming language.
MATLAB runs on Windows, Macintosh, Linux, and Unix
operating systems including HP-UX, IBM AIX, SGI, and Sun
Solaris. The MathWorks Web site (http://www.mathworks.
com) contains freely distributable MATLAB add-ons. The
MATLAB newsgroup is comp.soft-sys.matlab. Due to the large
number of MATLAB users, several books are available that
address signal and image processing with specific emphasis
on MATLAB examples and problem sets [6, 7]. An example
of a MATLAB command sequence to compute the 2D FFT
of an image is shown in Fig. 1.

(a)

(b)

f i l e id = f o p e n ( ' m a n d r i l l . r a w ' ,
'r') ;
f s i z e = [512,512] ;
[Ii,count] = f r e a d ( f i l e id, fsize,
' u n s i g n e d char') ;
Ii=Ii' ;
f i g u r e , i m a g e ( I i ) ; a x i s off, a x i s s q u a r e , c o l o r m a p ( g r a y ( 2 5 6 ) )
map = 0:1/255:1;
m a p = [map' , map' , map'] ;
i m w r i t e ( I I , map, ' m a n d r i l l t i f f . t i f ' ,
'tiff')
I 2 = f f t 2 (Ii) ;
I2=abs(I2) ;
I2=logl0(I2+l) ;
r a n g e = m a x (max (I2)) - m i n (min (I2)) ;
I2=(255/range)* (I2-min(min(I2))) ;
I2=fftshift(I2) ;
f i g u r e , i m a g e ( I 2 ) ; a x i s off, a x i s s q u a r e , c o l o r m a p ( g r a y ( 2 5 6 ) )
i m w r i t e ( I 2 , map, ' m a n d r i l l F F T t i f f . t i f ' ,
'tiff')

(c)
FIGURE 1 MATLAB example: (a) image, (b) FFT, and (c) code to display images, compute the FFT, and write out the
TIFF images. Note images are displayed on the screen inside a figure window that containd pull down menus that allow
point and click annotation, and interactive zoom, and save and print operations.
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2.2 IDL
The Interactive Data Language (IDL) by Research Systems,
Inc., is based on the APL computer language [8]. IDL provides
a computer language with built-in data visualization routines
and pre-defined mathematical functions. Of the algorithm
development environments discussed in this chapter, IDL
most closely resembles a low-level language such as C. IDL
commands can be issued sequentially in an interactive mode,
but, unlike MATLAB programs, IDL programs must be
recompiled before being executed each time a change is
made to the code. So the advantage of IDL is not ease
of algorithm development so much as providing a tremendously powerful integrated data visualization package. IDL
is probably the best environment for flexible visualization of
very large data sets. The current major version is Version 6,
released in 2003.
Arrays are treated as a particular data type so that they may
be operated on as single entities, which reduces the
need to loop through the array elements [8]. The basic IDL
package consists of a command-line interface, low-level
numerical and string manipulation operators (similar to C),
high-level implicit functions such as frequency-domain
operations, and many data display functions. The development environment on Windows includes an integrated dragand-drop GUIBuilder for rapidly designing interfaces. The
GUIBuilder generates IDL code that runs on any supported
platform. IDL instructions and functions are put into ".pro"
files. Although IDL syntax may not be as familiar to C and
Fortran programmers as MATLAB's syntax, it offers streamlined file access and scalar variables do not need to be
explicitly declared. IDL's new Intelligent Tools, or iTools,
functionality provides a flexible set of interactive utilities
to easily open, analyze and visualize data and produce
graphics.
The new version of IDL supports additional file formats,
including medical imaging (DICOM) and AutoCAD (DXF),
as well as hierarchical scientific data formats including HDF,
HDF-EOS and netCDF. GeoTIFF and ESRI shapefiles are also
supported. IDL supports aggregate data structures in addition
to scalars and arrays. Data types supported include 8-bit, 16bit, 32-bit, and 64-bit integers, 32-bit and 64-bit floating-point
numbers, and string data types [8]. Many standard image
formats, such as JPEG and TIFF are supported. Formatted
I/O allows access to any user-defined ASCII or binary
format. IDL supports arrays having up to 8 dimensions.
Many important image processing functions are provided,
such as 2D FFTs, wavelets, and median filters. IDL I/O
supports MPEG video coding, but does not provide an explicit
DCT function.
IDL provides dynamic linking to external C and Fortran
functions, which is analogous to the MEX utility in MATLAB.
IDL, however, does not have an automated method for
converting code into another language. For users that work
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with those languages and wish to access IDL's capabilities, it
is possible to call IDL as a subroutine library or graphics
engine from their programs.
Research Systems Inc. offers several complementary software packages written in IDL. Some of these can stand alone,
while others are add-ons. The stand alone Envi package (see
Section 5) and the add on Wavelet Toolkit package extend
IDL's signal and image processing functionality, while other
packages, such as IDL Dataminer and ION, provide capabilities such as database management and data sharing over
the Internet.
IDL runs on Windows, Macintosh, Linux and Unix operating systems including HP-UX, IBM-AIX, SGI-IRIX, and
Sun Solaris. The Research Systems Inc. Web site (http://
www.rsinc.com) contains IDL libraries written by third
parties, some of which are freely distributable. The IDL
newsgroup is c o m p . l a n g . i d l . An example of an IDL
c o m m a n d sequence to compute the 2D FFT of an image is
shown in Fig. 2.

2.3 LabVIEW
LabVIEW, produced by National Instruments, is based
on visual programming using block diagrams [9], unlike the
default text-based interfaces for MATLAB and IDL. LabVIEW
was originally developed for simulating electronic t e s t a n d
measurement equipment. For example, it has specialized I/O
and data-handling routines for many serial-port standards
and data acquisition systems. The current major version is
Version 7, which was released in May 2003.
LabVIEW is primarily an interactive environment. The basic
interface is called a virtual instrument (VI). A VI is analogous
to a function in a conventional programming language. Rather
than being defined by lines of text as a MATLAB program,
a VI consists of a graphical user interface with a dataflow
diagram representing the source code and icon connections
that allow the VI to be referenced by other VIs. This programming structure naturally lends itself to hierarchical and
modular computing.
In a VI, the dataflow diagram follows the G dataflow
language. Dataflow languages naturally capture the functional
parallelism in digital signal, image, and video processing
systems [10]. The G dataflow language provides one representation that is simultaneously useful for simulation on desktop
computers and synthesis onto embedded systems. On a desktop computer, G is by default compiled onto a multithreaded
implementation and executed by the operating system. The
same G program can be retargeted to embedded software on
PDAs and reconfigurable hardware implemented by field
programmable gate arrays.
A VI dataflow diagram consists of nodes and wires. Each
wire communicates one data value in one direction. The datatype on a wire cannot change during program execution.
Supported numeric data types include 8-bit, 16-bit, 32-bit,
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(a)

(b)

filel = 'mandrill'
lun = i;
openr, lun, filel
pic = bytarr(512,512)
readu, lun, pic
close, lun
picr=
rotate(pic,7)
tiff w r i t e , ' m a n d r i l l t i f ' ,
pic
window, 0 , x s i z e = 5 1 2 , y s i z e = 5 1 2 ,
t i t l e = ' m a n d r i l l 512x512'
tvscl,picr, 0,0
picrf = fft(picr,-l)
p i c r f d = abs(picrf)
picrfd = alogl0(picrfd+l.0)
picrfd = sqrt(sqrt(sqrt(picrfd)))
range = m a x ( p i c r f d ) - m i n ( p i c r f d )
picrfd = ((255/range)*(picrfd-min(picrfd)))
p i c r f d = shift(picrfd, 256,256)
tiff w r i t e , ' m a n d r i l l F F T t i f ' ,
picrfd
window, l , x s i z e = 5 1 2 , y s i z e = 5 1 2 ,
t i t l e = ' f f t 512x512'
tv, picrfd, 0, 0
return
i

end

(c)
FIGURE 2 IDL example: (a) image, (b) FFT, and (c) code to display images, compute the FFT, and write out the TIFF images.

and 64-bit integers, and 32-bit and 64-bit floating-point
numbers [9]. Strings, arrays, matrices, and other data structures are also supported. Nodes compute outputs from inputs.
A node is enabled for execution when one token is available
on each input (homogeneous). A node will not produce
data until all internals of the node have completed. Only
one node can write a value onto a particular wire, but many
nodes can read from a wire.

LabVIEW provides several pre-defined nodes. For example,
boxed structures provide structured programming constructs.
The case box is similar to the switch statement in C. The
iteration box realizes for and while loops. The sequence box
forces a sequential ordering according to how nodes are
grouped. The event box reacts to system events (e.g., mouse
clicks and keyboard input). The formula box allows the
developer to enter multiple lines of ANSI C code to compute
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a formula. Shift registers may be added at I/O terminals of directly access raw binary image files. The raw binary files
boxed structures to realize feedback.
must be read into LabVIEW as 2D arrays and then converted
LabVIEW provides several ways other than wires to com- into standard formats such as BMP, TIFF, JPEG, or PNG
municate data: local variables, global variables, and first-in before LabVIEW can access them. Once image data has been
first-out (FIFO) queues. Local variables are visible only inside converted into a standard format, many operations, such as
a VI. Since LabVIEW programs are multithreaded, reads logarithms, cannot be implemented directly. Image data
from and writes to local and global variables are protected must first be converted into an array structure, then the
through mutual exclusion and always complete. First-in first- operation is performed, and finally the array is converted
out (FIFO) queues may be utilized to guarantee real-time back to a standard image format. Also, operations on
complex-valued data are limited. To take the absolute value
input/output performance.
LabVIEW has extensions in the form of toolkits. Toolkits of a complex-valued image, the user must explicitly multiply
primarily provide
application-specific
demonstrations the data with its complex conjugate and then take the square
and libraries of VIs. Currently shipping toolkits include root of the product.
Of the four algorithm development environments discusModulation, Signal Processing, and DSP Test Integration
Toolkit. The Modulation Toolkit includes analog and digital sed in this section, LabVIEW would be the best suited for
building blocks for communication systems. The Signal integration with hardware, especially for data acquisition.
Processing Toolkit contains VIs for wavelet and filter bank LabVIEW VIs can be compiled and downloaded into
design, joint time-frequency analysis, digital filter design, and embedded real-time data acquisition systems. For example,
spectral analysis [9]. The DSP Test Integration Toolkit provides National Instruments offers a Compact Vision System (CVS)
an interface to the Texas Instruments digital signal processor embedded high-performance processor. CVS is a compact
development environment and boards for automation machine vision/image processing system that runs the
LabVIEW RT (Real-Time) module. Image processing funcof real-time testing of embedded software implementations.
Some toolkits provide new graphical views more natural tions (VIs) can be developed using the Vision Development
for certain applications or subsystems. The views are ulti- Module and LabVIEW RT and then run on CVS for real-time
mately converted to G before they are executed, which allows imaging applications.
LabVIEW is available for Windows, Macintosh, and UNIX
the views to be mixed with other G diagrams. The State
operating
systems (e.g., HP-UX and Sun Solaris). However,
Diagram Toolkit provides finite state machine specifications
in the form of bubble (state) and arc (transition conditions) many of the add-on packages such as IMAQ Vision and HiQ
diagrams. Some image and video compression standards have are not available on UNIX platforms. Application Builder is
involved finite state machines mixed with the dataflow a LabVIEW extension that provides the capability to create
processing (e.g., MPEG-2 compression of video frames). The shared libraries (DLLs) from VIs. The National Instruments
Simulation Interface Toolkit provides differential equation Web site (http://www.natinst.com) contains freely distribsolvers and converters from MATLAB's SIMULINK diagrams utable add-ons for LabVIEW and other National Instruments
packages.
The
LabVIEW
newsgroup
is
to Simulation Interface views. The Simulation View has software
An example of a LabVIEW
natural applications in control system simulation as well as c o m p . l a n g . l a b v i e w .
partial differential equation approaches to image processing command sequence to compute the 2D FFT of an image is
shown in Fig. 3. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML
(e.g., optical flow calculations).
The Vision Development Module supports image acquisition, browsing, and processing. Gray scale, color, and binary
images are supported. Image formats include bitmap, TIFF,
2.4 V i s i Q u e s t
JPEG, and PNP. Image sequences can be read and written in
AVI format. Image processing operations include histogram VisiQuest by the AccuSoft Corporation was offered as Khoros
calculations and histogram equalization; edge detection and by Khoral Research, Inc. prior to May 2004.~ VisiQuest is
filtering; geometric transformations; fast Fourier transform; another visual programming environment for modeling
resampling; morphological operations; pattern and shape and simulation [11]. The block diagrams use a mixture of
dataflow and control flow. VisiQuest supports 8-bit, 16-bit,
matching; and blob analysis.
The Vision Development Module contains formats for analog and 32-bit integer and 32-bit and 64-bit float data types.
video standards like PAL and NTSC. The module does not VisiQuest is written in C, and supports calls to external C
provide certain important functions such as the 2D DCT, but and C + + code. A variety of toolboxes are available for
the 2D DCT can be computed from the 2D FFT. The module VisiQuest that provide capabilities in I/O, data processing,
provides an interactive environment for developing prototype
image processing applications without programming.
1The main changes in the Accusoft version pertain to the open source
LabVIEW's image handling capabilities are limited com- function library. The library has been migrated to LAPACKfor enhanced
pared to those of MATLAB and IDL. LabVIEW does not linear algebra support. No functionalityhas been removed.
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FIGURE 3 LabVIEWexample: (a) image, (b) FFT, and (c) code to display images, compute the FFT, and write out the
TIFF images.

data visualization, image processing, matrix operations, and
software rendering. The current major version is version 3.5,
released in 2004.
VisiQuest libraries are effectively linked to the graphical
coding workspace through a flow control tool 2. When the flow
control tool is run, a workspace window appears with several
action buttons and pull-down menus along its periphery. The
action buttons allow the user to run and reset the program.
The pull-down menus access mathematical and I/O functions,
called "subforms". Once the user selects a subform and specifies the input parameters, it is converted into an icon, referred

2The Khoros libraries are still linked to the graphical workspace by the

Cantata flow control tool in VisiQuest. However, the name Cantatahas been
dropped, so the name VisiQuest refers to the Visual Programming Environment as well as the overall product. All other product components have kept
their names.

to as a "glyph", and appears in the workspace. A particular
glyph will perform a self-contained task such as generating
an image or opening an existing file containing image data.
Another glyph may perform a function such as a 2D FFT.
Custom glyphs can be written in C or C + + (as standalone
programs, routines or libraries), lava (as a library, applet,
application only, or application and applet), or Fortran,
as a script in csh, sh, ksh or Perl. Arrow buttons on the
glyphs represent input and output connections. To perform an
operation such as an FFT on an image, the user connects
the output port of the image-accessing glyph to the input
port of the FFT operator glyph. This is the primary manner
in which larger algorithms are constructed.
The Datarnanip Toolbox provides data I/O, data generation,
trigonometric and nonlinear functions, bitwise and complex
math, linear transforms (including FFTs), histogram and morphological operators, noise generation and processing, data
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clustering (data classification), and convolution. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Datamanip important to access mathematical functions that are written
also provides general multi-dimensional (up to five dimen- in low-level code for efficiency. Many libraries containing
sions) data manipulation operators. Datamanip requires that mathematical functions are available for this purpose. Often,
the Bootstrap and Dataserv toolboxes also be loaded. The a particular library will not be available in all languages or
Image Toolbox provides median filtering, 2D frequency run on all operating systems. In general, the source code is
domain filtering, edge detectors, and geometric warping, but not provided. Object files are supplied, which must be linked
no DCT. Many of the matrix operations that are useful with the user's program during compilation. When the source
in image processing are only available in the Matrix Toolbox. code is not available, the burden is on the documentation
The Geometry Toolbox includes a 3D rendering engine to inform the user about the speed and accuracy of each
based on geometric primitives. It is no longer the main function.
plotting toolbox for 2D and 3D plots, which are handled
now by a separate toolbox Envision. VisiQuest comes bundled
with most of the toolboxes relevant to signal and image 3.1 Intel
processing.
Intel offers free-trial libraries (http://developer.intel.com/
The Xprism Pro package runs independently of VisiQuest,
software/products/perflib/index.htm) for signal processing,
but is meant to complement the VisiQuest product by
image processing, pattern recognition, general mathematics,
extending 2D and 3D visualization capabilities beyond
and JPEG image coding functions. These functions have been
Envision. XPrism Pro uses dynamic rendering so that large
compiled and optimized for a variety of Intel processors.
data sets can be viewed at variable resolution. Most other
The libraries require specific operating systems (Microsoft
environments require large data sets to be explicitly downWindows 2000 and XP and RedHat Linux) and C/C++ comsampled to enable rapid plotting. Other add-on toolboxes
pilers (Intel, Microsoft, or GNU). Signal processing functions
offer wavelets and formats for accessing geographic informainclude windows, FIR filters, IIR filters, FFTs, correlation,
tion system (GIS) data. The strength of VisiQuest is that
wavelets, and convolution. Image processing functions include
the user can develop complete algorithms very rapidly in
morphological, thresholding, and filtering operations as well
the visual programming environment, which is significantly
as 2D FFTs and DCTs.
simpler than that of LabVIEW. The weakness is that this
When the Intel library routines run on a Pentium procesenvironment biases designs towards execution in software.
sor with MMX, many of the integer and fixed-point routines
VisiQuest allows extensive integration with MATLAB
will use MMX instructions [12]. MMX instructions compute
through its Mille Toolbox, making MATLAB functions and
integer and fixed-point arithmetic by applying the same
programs available to VisiQuest. This toolbox is available on
operation on eight 8-bit words or four 16-bit words in parallel.
most, but not all, of the platforms on which VisiQuest is
In MMX, eight 8-bit additions, four 16-bit additions, or
supported. The MATLAB programs can be treated as source
four 16-bit multiplications may be performed in parallel.
code inside VisiQuest objects. The user is required to have
Switching back and forth to the MMX instruction set incurs
the MATCOM compiler for converting MATLAB code to
a 30-cycle penalty. The use of MMX generally reduces the
C + + code. It also supports single and double-precision
accuracy of answers, primarily because Pentium processors
float calculations, but not all MATLAB functionality is
do not have extended precision accumulation. Furthermore,
supported.
many of the library functions make hidden function calls,
VisiQuest runs on Windows (via a Unix emulator3), Linux,
which reduces efficiency. When using the Intel libraries on
and Unix (SGI, and Sun Solaris) operating systems. A native
Pentium processors with MMX, the speedup for signal and
Windows version will be released in fall 2004. The AccuSoft
image processing applications varies between 1.5 and 2.0,
Web site is (http://www.accusoft.com). A newsgroup for
whereas the speedup for graphics applications varies from
VisiQuest has not yet been established, but the Khoros news4 to 6 [13].
group is c o m p . s o f t : - s y s . k h o r o s .
An example of a
VisiQuest command sequence to compute the 2D FFT of an
image is shown in Fig. 4. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.2 IMSL

3 Compiled Libraries
Whether users are working in an algorithm development
environment or writing their own code, it is sometimes
3Windows Services for Unix (SFU) 3.5 allows UNIX and Linux packages to
run on Windows machines.

Other math libraries are available that are not specialized
for signal and image processing applications, but contain
useful functions such as FFTs and median filtering. The
most prevalent is the family of IMSL libraries provided by
Visual Numerics Inc. (http://www.vni.com/). These libraries
support Fortran, C, and Java languages. These libraries are
very general. As a result, over 65 computer platforms are
supported.
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FIGURE 4 VisiQuest example. (a) Image, (b) FFT, and (c) code to display images, compute the FFT, and write out the
TIFF images.
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medical imaging. We examine packages that are specialized
for remote sensing applications as examples.
Remote sensing data are typically comprised of electroThe source code for mathematical functions and image
magnetic (sometimes acoustic) energy that has been moduprocessing applications are available. This section describes
lated through interaction with objects. The data are often
two sets of available source code besides the source code that
collected by a sensor mounted on a moving platform, such as
comes with the algorithm development environments listed
an airplane or satellite. The motivation for collecting remotely
in Section 2.
sensed data is to acquire information over large areas not
accessible via in situ methods. This method of acquiring data
results in very large data sets. When imagery is collected
4.1 Numerical Recipes
at more than one wavelength, there may be several channels of
Numerical Recipes by the Numerical Recipes Software Comdata per imaged scene. Remote sensing software packages
pany (http://www.nr.com) provides source code in Fortran,
must often handle data sets several gigabytes in size. Although
C, and C + + languages for a wide variety of mathematical
a multi-channel image constitutes a multidimensional data
functions. As long as users have the appropriate compiler on
set, these packages usually only display the data as images.
their machine, these programs can be run on any computer
These packages generally have very limited 2D and 3D
platform. It is the user's responsibility to write the proper I/O
graphics capabilities. However, they do contain many specialcommands so that their program can access the desired data.
ized display and I/O routines for common remote sensing
The tradeoff for this generality is the lack of optimization
formats that other types of software do not have. They have
for any particular machine and the resulting lack of efficiency.
many of the common image processing functions such as 2D
The algorithms are not tailored for signal and image procesFFTs, median filtering, and edge detection. They are not very
sing applications, but some common functions supported
useful for generalized data analysis or algorithm development,
are 1D and 2D FFTs, wavelets, DCTs, Huffman encoding, and
but can be ideal for processing data for interpretation without
numerical linear algebra routines.
requiring the user to learn any programming languages
or mathematical algorithms.
In addition to some of the common image processing
4.2 Encoding Standards
functions, these packages offer functions particularly useful
Information regarding the International Standards Organ- for remote sensing. In remote sensing, images of a given area
ization (ISO) image coding standard developed by the Joint are often acquired at different times, from different locations,
Photographic Experts Group (JPEG) is available at the Web and by different sensors. To facilitate an integrated analysis
site (http://www.jpeg.org/). Links to source code for the of the scene, the data sets must be co-registered so that a
JPEG and JPEG 2000 encoding and decoding algorithms for C, particular sample (pixel) will correspond to the same physical
C++, and Java can be found at that Web site. Information location in all of the channels. This is accomplished by
regarding the ISO encoding standards for audio/video devel- choosing control points in the different images that correoped by the Moving Picture Experts Group (MPEG) is spond to the same physical locations. Then 2D polynomial
available at the Web site (http://www.mpeg.org/). Links are warping functions or spline functions are created to resample
available to the source code for the encoding and decoding the child images to the parent image. These packages contain
algorithms. These programs can be used in conjunction with the functions for co-registering so that the user does not need
the algorithm development packages mentioned previously, or to be familiar with the underlying algorithms.
with low-level languages.
Another major class of functions that these packages
contain is classification or pattern recognition. These algorithms can be either statistics-based, neural network-based, or
5 Specialized Processing and
fuzzy logic-based. Classifying remote sensing imagery
into homogeneous groups is very important for quantitatively
Visualization Environments
assessing land cover types and monitoring environmental
In addition to the general purpose algorithm development changes, such as deforestation and erosion.
When users have large remotely sensed data sets in sensorenvironments discussed above, many packages exist that are
highly specialized for processing and visualizing large data specific formats, and need to perform advanced operations
sets. Some of these support user-written programs in limited on it, working with these packages will be quicker and easier
native languages, but most of their functionality consists of than working with the algorithm development packages.
pre-defined operations. The user can specify some parameters Several remote sensing packages are available. We will
for these functions, but typically cannot access the source discuss two of the most widely used and powerful packages:
code. Generally, these packages are specialized for certain Geomatica and Envi. Other popular packages include ERDAS,
applications, such as remote sensing, seismic analysis, and ERMapper, PV-Wave, and ESRI.

4 Source Code
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5.1 Geomatica
Geomatica software is a geomatics software package developed
by the PCI Geomatics company. It supports imagery,
geographical information systems (GIS) data, and many
ortho-projection tools [14]. Geomatica supports many geographic and topographic formats such as universal transverse
mercator, and can project the image data onto these nonuniform grids so that they match true physical locations.
The current major version is version 9.
Both command line and graphical interfaces are used
depending on the operations to be performed. Low-level
I/O routines make it easy to import and export data between
Geomatica and other software packages in either ASCII
or binary format. Geomatica provides a limited native
language so that some user-defined operations can be performed without having to leave the Geomatica environment.
Geomatica functions can be accessed by programs in other
languages, such as C, via linking commands.
Most common image formats, such as ]PEG and TIFF,
are supported, as well as formats for particular sensors. Image
files can have up to 1024 channels. Data represented by
the image pixels is referred to as raster data. Raster data types
supported include 8-bit and 16-bit (signed and unsigned)
integers and 32-bit floating-point numbers. In addition to
raster data, Geomatica also supports vector data. Geomatica
vectors are collections of ordered pairs (vertices) corresponding to locations on the image. The vectors define piecewise
linear paths that can be used to delineate exact boundaries
among regions in the image. These lines are independent of
the pixel size because they are defined by the mathematical lines between vertices. Vectors can be used to draw precise
elevation contours and road networks on top of the imagery.
Geomatica supports specialized 2D and 3D data visualization. Geomatica also supports "data fly throughs" allowing the
user to scan over the data from different vantage points.
Geomatica has a complete set of co-registering and mosaicking functions, and standard image filtering and FFT routines.
Geomatica also includes its own drivers for accessing magnetic
tape drives for reading data. Some applications for which
Geomatica is well suited include watershed hydrological
analysis, flight simulation, land cover classification.
Geomatica is available on Windows (NT, 2000, XP), Linux,
and Unix operating systems including, SGI-IRIX and
Sun Solaris. The Web site (http://www.pcigeomatics.com/)
contains demonstration and image-handling freeware, as
well as a subscriber discussion list d i s c u s s - r e q u e s t @
pcigeomatics, com.

5.2 Envi
The Environment for Visualizing Images (Envi) by Research
Systems, Inc., is written in IDL. However, it is not necessary
to acquire IDL separately to run Envi because a basic IDL
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engine comes bundled with Envi. Envi has a menu-driven
graphical user interface. Although batch operations are
possible, it is best suited for interactive work.
Envi supports many of the same features and capabilities
as Geomatica. Geomatica has extensive photogrammetric
capability and hydrological analysis options, while Envi has
very user-friendly access to its functions and extensive sensorspecific formats. Envi can also be easily integrated with
external IDL code. Envi is accessible through the same Web
site as IDL.

6 Other Software
Many other software tools are used in image and video
processing. For image display, editing, and conversion,
X windows tools xv and ImageMagick are often used. The
xv program by John Bradley at the University of Pennsylvania
(http://www.trilon.com/xv/) is shareware. ImageMagick by
John Cristy at E.I. du Pont de Nemours and Company Inc.
(http://www.imagemagick.org/) is freely distributable. ImageMagick can also compose images, and create and animate
video sequences. Both tools run on a variety of Windows,
Linux, and Unix operating systems.
Symbolic mathematics environments are useful for deriving algebraic relationships and computing transformations
algebraically (such as Fourier, Laplace, and z transforms).
These environments include Mathematica [15] from Wolfram
Research Inc. (http://www.wolfram.com) and Maple [16]
from Waterloo Maple Software (http://www.maplesoft.com).
Mathematica has the following application packs related
to signal and image processing: Digital Image Processing,

Signals and Systems, Wavelet Explorer, Global Optimization,
Time Series, and Dynamic Visualizer. Maple offers a variety
of notebooks on engineering and scientific applications, but
none of the Maple notebooks relate to signal or image
processing. Maple is accessible in MATLAB through its
symbolic toolbox. Mathematica and Maple run on Windows,
Macintosh, and Unix operating systems. The newsgroup
for symbolic mathematics environments is sc i . m a t h . symbolic.
The Mathematica newsgroup is c o m p . s o f t sys.math.mathematica. The Maple newsgroup is
comp. soft-sys.math.maple.
System-level design tools, such as SPW by Cadence
(http://www.cadence.com), COSSAP by Synopsys (http://
www.synopsys.com), ADS by Agilent Technologies (http://
eesof.tm.agilent.com/), and Ptolemy by the University of
California at Berkeley (http://ptolemy.eecs.berkeley.edu), are
excellent at simulating and synthesizing 1D signal processing systems. Using these tools, designers can specify a system
using a mixture of graphical block diagrams and textual
representations. The specification may be efficiently simulated
or synthesized into software, hardware, or a mixture of hardware and software. These system-level design tools provide
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many basic image and video processing blocks for simulation. design automation tools for image and video processing
For example, Ptolemy provides image file I/O, median filter- systems are evolving.
ing, 2D FIR filtering, 2D FFTs, 2D DCTs, motion vector
computation, and matrix operations. These system-level
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1 Introduction
The goal of lossless image compression is to represent an
image signal with the smallest possible number of bits without loss of any information, thereby speeding up transmission
and minimizing storage requirements. The number of bits
representing the signal is typically expressed as an average
bit-rate (average number of bits per sample for still images,
and average number of bits per second for video). The goal
of lossy compression is to achieve the best possible fidelity
given an available communication or storage bit-rate capacity,
or to minimize the number of bits representing the image
signal subject to some allowable loss of information. In
this way, a much greater reduction in bit-rate can be attained
as compared to lossless compression, which is necessary for
enabling many real-time applications involving the handling
and transmission of audiovisual information. The function
of compression is often referred to as coding, for short.
Coding techniques are crucial for the effective transmission or storage of data-intensive visual information. In fact,
a single uncompressed color image or video frame with a
medium resolution of 500 x 500 pixels would require 100
seconds for transmission over an ISDN (Integrated Services
Digital Network) link having a capacity of 64,000 bits per
second (64 Kbps). The resulting delay is intolerably large
considering that a delay as small as 1 to 2 seconds is needed to
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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conduct an interactive "slide show", and a much smaller delay
(on the order of 0.1 second) is required for video transmission or playback. Although a CD-ROM device has a storage
capacity of few gigabits, its average data-read throughput
is only few mega bits per second (about 1.2 Mbps to 1.5 Mbps
for the common 1 x read-speed CLV CDs). As a result, compression is essential for the storage and real-time transmission
of digital audiovisual information, where large amounts of
data must be handled by devices having a limited bandwidth
and storage capacity.
Lossless compression is possible because, in general, there
is significant redundancy present in image signals. This
redundancy is proportional to the amount of correlation
among the image data samples. For example, in a natural still
image, there is usually a high degree of spatial correlation
among neighboring image samples. Also, for video, there is
additional temporal correlation among samples in successive
video frames. In color images and multispectral imagery
(Chapter 4.6), there is correlation, known as spectral correlation, between the image samples in the different spectral
components.
In lossless coding, the decoded image data should be
identical both quantitatively (numerically) and qualitatively (visually) to the original encoded image. Although this
requirement preserves exactly the accuracy of representation, it often severely limits the amount of compression that
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can be achieved to a compression factor of two or three. encoder and decoder can be each viewed as consisting of
In order to achieve higher compression factors, perceptually three main stages. In this section, only the main elements
lossless coding methods attempt to remove redundant as well of the encoder will be discussed since the decoder performs
as perceptually irrelevant information; these methods require the inverse operations of the encoder. As shown in Fig. l(a),
that the encoded and decoded images be only visually, and the operations of a lossless image encoder can be grouped
not necessarily numerically, identical. So, in this case, some into three stages:
loss of information is allowed as long as the recovered image
1 Transformation. This stage applies a reversible (oneis perceived to be identical to the original one.
to-one) transformation to the input image data. The
Although a higher reduction in bit-rate can be achieved
purpose of this stage is to convert the input image data
with lossy compression, there exist several applications that
f(n) into a form f(n) that can be compressed more
require lossless coding, such as the compression of digital
efficiently. For this purpose, the selected transformation
medical imagery and facsimile transmissions ofbitonal images.
can aid in reducing the data correlation (interdepenThese applications triggered the development of several standency, redundancy), alter the data statistical distribution,
dards for lossless compression, including the lossless JPEG
and/or pack a large amount of information into few data
standard (Chapter 5.6), facsimile compression standards,
samples or subband regions. Typical transformations
and the JBIG and JBIG2 compression standards. More
include differential/predictive mapping (Chapter 5.6),
recently, the JPEG-2000 standard was developed as a unified
unitary transforms such as the discrete cosine transform
compression standard that integrates both lossy and lossless
(DCT) (Chapter 5.5), subband decompositions such
compression into one system for different types of images
as wavelet transforms (Chapters 4.2 and 5.4), and color
including continuous-tone, bi-level, text and compound
space conversions (Chapter 4.6) such as conversion
imagery. Furthermore, lossy coding schemes make use of
from the highly correlated RGB representation to the less
lossless coding components to minimize the redundancy in
correlated Luminance-Chrominance representation.
the signal being compressed.
A combination of the above transforms can be used at
This chapter introduces the basics of lossless image coding
this stage. For example, an RGB color image can be
and presents classic as well as some more recently developed
transformed to its Luminance-Chrominance representalossless compression methods. This chapter is organized as
tion followed by DCT or subband decomposition
follows. Section 2 introduces basic concepts in lossless image
followed by predictive/differential mapping. In some
coding. Section 3 reviews concepts from information theory,
applications (e.g., low power), it might be desirable to
and presents classic lossless compression schemes including
operate directly on the original data without incurring
Huffman, Arithmetic and Lempel-Ziv-Welch codes. Standards
the additional cost of applying a transformation; in this
for lossless compression are presented in Section 4. Section 5
case, the transformation could be set to the identity
introduces more recently developed lossless compression
mapping.
schemes and presents basics of perceptually lossless image
2 Data to Symbol Mapping. This stage converts the image
coding. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
data f(n) into entities called symbols that can be
efficiently coded by the final stage. The conversion into
symbols can be done through partitioning and/or run2 Basics of Lossless Image Coding
length coding (RLC), for example.
The image data can be partitioned into blocks by
The block diagram of a lossless coding system is shown in
grouping neighboring data samples together; in this case,
Fig. 1. The encoder (Fig. l(a)) takes as input an image and
each data block is a symbol. Grouping several data units
generates as output a compressed bit stream. The decoder
together allows the exploitation of any correlation that
(Fig. l(b)) takes as input the compressed bit stream and
might be present between the image data, and may result
recovers the original uncompressed image. In general, the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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strategy behind dictionary (Lempel-Ziv) codes, which are
~, (3,1) (2,0) (1,1) (4,0)
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Coding
also described in Section 3.
The generated lossless code (bitstream) should be
FIGURE 2 Illustration of run length coding for a binary input sequence.
uniquely decodable; i.e., the bitstream can be decoded
without ambiguity resulting in only one unique sequence
of symbols (the original one). For variable-length codes
in higher compression ratios at the expense of increasing
(VLC), unique decodability is achieved by imposing a
the coding complexity. On the other hand, each separate
prefix condition which states that no codeword can
data unit can be taken to be a symbol without any
be a prefix of another codeword. Codes that satisfy the
further grouping or partitioning.
prefix condition are called prefix codes or instantaneously
The basic idea behind run-length coding is to map a
decodable codes, and they include Huffman and arithsequence of numbers into a sequence of symbol pairs
metic
codes. Binary prefix codes can be represented as
(run, value), where value is the value of a data sample
a
binary
tree, and are also called tree-structured codes.
in the input data sequence and run or runlength is
For dictionary codes, unique decodability can be easily
the number of times that data sample is contiguously
achieved since the generated codewords are fixed-length.
repeated. In this case, each pair (run, value) is a symbol.
An example illustrating run-length coding for a binary
Selecting which lossless coding method to use depends on
sequence is shown in Fig. 2. Different implementations
the application and usually involves a tradeoff between several
might use a slightly different format. For example, if
factors including the implementation hardware or software,
the input data sequence has long runs of zeros, some
the allowable coding delay, and the required compression
coders such as the JPEG standard (Chapter 5.5), use
level. Some of the factors that need to be considered when
value to code only the value of the non-zero data samples
choosing or devising a lossless compression scheme are listed
and run to code the number of zeros preceding each
below.
non-zero data sample.
1. Compression Efficiency. Compression efficiency is
Appropriate mapping of the input data into symbols
usually given in the form of a compression ratio CR
is very important for optimizing the coding. For
example, grouping data points into small localized sets,
where each set is coded separately as a symbol, allows the
Total size in bits of original input image
coding scheme to adapt to the changing local characterCR = Total size in bits of compressed bitstream
(1)
istics of the (transformed) image data. The appropriate
Total size in bits of encoder input
data-to-symbol mapping depends on the considered
Total size in bits of encoder output
application and the limitations in hardware/software
complexity.
which compares the size of the original input image data
Lossless Symbol Coding. This stage generates a binary
with
the size of the generated compressed bitstream.
bitstream by assigning binary codewords to the input
Compression
efficiency is also commonly expressed as
symbols. Lossless symbol coding is commonly referred to
an
average
bit-rate
B in bits per pixel, or bpp for short
as noiseless coding or just lossless coding since this stage
is where the actual lossless coding into the final compressed bitstream is performed. The first two stages
Total size in bits of compressed bitstream
B-can be regarded as pre-processing stages for mapping the
Total number of pixels in original input image
(2)
data into a form that can be more efficiently coded
Total
size
in
bits
of
encoder
output
by this lossless coding stage.
Total size in pixels of encoder input
Lossless compression is usually achieved by using
variable-length codewords, where the shorter codewords
are assigned to the symbols that occur more frequently.
As discussed in Section 3, for lossless coding, the achievable compression efficiency is bounded by the entropy
This variable-length codeword assignment is known as
of the finite set of symbols generated as the output of
variable-length coding (VLC) and also as entropy coding.
Stage 2, assuming these symbols are each coded sepaEntropy coders, such as Huffman and arithmetic coders,
attempt to minimize the average bit rate (average
rately, on a one-by-one basis, by Stage 3.
2. Coding Delay. The coding delay can be defined as the
number of bits per symbol) needed to represent a
sequence of symbols, based on the probability of symbol
minimum time required to both encode and decode
an input data sample. The coding delay increases with
occurrence. Entropy coding will be discussed in more
detail in Section 3. An alternative way to achieve
the total number of required arithmetic operations.
compression is to code variable-length strings of symbols
It also usually increases with an increase in memory
using fixed-length binary codewords. This is the basic
requirements since memory usage usually leads to
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communication delays. Minimizing the coding delay is
symbol probabilities are fixed, or adaptive, in which
especially important for real-time applications.
case the symbol probabilities are calculated adaptively;
3. Implementation Complexity. Implementation comsophisticated source models can provide more accuplexity is measured in terms of the total number of
rate modeling of the source statistics and, thus, achieve
required arithmetic operations and in terms of the
higher compression at the expense of an increase in
memory requirements. Alternatively, implementation
complexity.
complexity can be measured in terms of the required
Dictionary-based schemes (Lempel-Ziv): these schemes
number of arithmetic operations per second and the
do not require a priori knowledge of the source
memory requirements for achieving a given coding
symbol probability distribution; they dynamically
delay or real-time performance. For applications that
construct encoding and decoding tables (called dictioput a limit on power consumption, the implementation
nary) of variable-length symbol strings as they occur in
complexity would also include a measure of the level
the input data; as the encoding table is constructed,
of power consumption. Higher compression efficiency
fixed-length binary codewords are generated by indexing
can usually be achieved by increasing the implemeninto the encoding table.
tation complexity, which would in turn lead to an
Both the statistical and dictionary-based coders attempt to
increase in the coding delay. In practice, it is desirable
minimize the average bit-rate without incurring any loss in
to optimize the compression efficiency while keeping
fidelity. Such lossless coding schemes are also referred to as
the implementation requirements as simple as possible.
entropy coding schemes. The field of information theory gives
For some applications such as database browsing and
lower bounds on the achievable bit-rates. This section presents
retrieval, only a low decoding complexity is needed since
the popular classic lossless symbol coding schemes, includthe encoding is not performed as frequently as the
ing Huffman, Arithmetic and Lempel-Ziv coding. In order to
decoding.
gain an insight into how the bit-rate minimization is done
4. Robustness. For applications that require transmission
by these different lossless coding schemes, some important
of the compressed bitstream in error-prone environbasic concepts from information theory are reviewed first.
ments, robustness of the coding method to transmission
errors becomes an important consideration.
5. Scalability. Scalable encoders generates a layered bit- 3.1 Basic Concepts from Information Theory
stream embedding a hierarchic representation of the
Information theory makes heavy use of probability theory
input image data. In this way, the input data can be
since information is related to the degree of unpredictrecovered at different resolutions in a hierarchic manner
ability and randomness in the generated messages. In here,
(scalability in resolution), and the bit-rate can be varied
the generated messages are the symbols output by stage 2
depending on the available resources using the same
(Section 2).
encoded bitstream (scalability in bit-rate; the encoding
An information source is characterized by the set of
does not have to be repeated to generate the different
symbols S it is capable of generating and by the probability
bit-rates). The JPEG2000 standard (Chapter 5.5) is
of occurrence of these symbols. For the considered lossless
an example of a scalable image coder that generates an
image coding application, the information source is a
embedded bit-stream and that supports scalability in
discrete-time discrete-amplitude source with a finite set of
quality, resolution, spatial location, and image compounique symbols; i.e., S consists of a finite number of symbols
nents [1, Chapter 9]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and is commonly called the source alphabet.
Let S consist of N symbols:

3 Lossless Symbol Coding
As mentioned in Section 2, lossless symbol coding is commonly referred to as lossless coding or lossless compression.
The popular lossless symbol coding schemes fall into one of
the following main categories:
• Statistical schemes (Huffman, Arithmetic): these schemes
require knowledge of the source symbol probability
distribution; shorter codewords are assigned to the
symbols with higher probability of occurrence (variablelength coding); a statistical source model (also called
probability model) gives the symbol probabilities; the
statistical source model can be fixed, in which case the

S = {$0, $1, . . . , SN-1}.

(3)

Then the information source outputs a sequence of
symbols {Xa, x2, x3,..., xi,...} drawn from the set of symbols
S, where Xx is the first output source sample, x2 is the second
output sample, and xi is the ith output sample from S.
At any given time (given by the output sequence index), the
probability that the source outputs symbol Sk is pk = P(Sk),
0 < k < N - 1 . Note that ~--~=~1Pk- 1 since it is certain that
the source outputs only symbols from its alphabet S. The
source is said to be stationary if its statistics (set of probabilities) do not change with time.
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The information associated with a symbol 5k (O<k <_
N - 1), also called self-information, is defined as:
Isk -- log2(1/pk)(bits) -- -log2(Pk) (bits)

(4)

From (4), it can be seen that Ik=O if pk = 1 (certain event)
and lk --+ oo if pk=O (impossible event). Also, lk is large
when Pk is small (unlikely symbols), as expected.
The information content of the source can be measured
using the source entropy H(S), which is a measure of the average amount of information per symbol. The source entropy
H(S), also known as first-order entropy or marginal entropy,
is defined as the expected value of the self-information and
is given by
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Every uniquely decodable code has codewords with lengths
satisfying the Kraft inequality (9), and prefix codes can be
constructed with any set of lengths satisfying (9) [3].
Higher compression can be achieved by coding a block
(subsequence, vector) of M successive symbols jointly. The
coding can be done as in the case of memoryless coding
by regarding each block of M symbols as one compound
s y m b o l $(M) drawn from the alphabet
S (M) - S

x S x...

x S

(10)

-w

M times

where x in (10) denotes a Cartesian product, and the superscript (M) denotes the size of each compound block of
symbols. Therefore, S (M) is the set of all possible compound
symbols of the form [Xl, Xa..... XM] where xi ~ S, 1 <_i <_M.
N-1
Since S consists of N symbols, S (M) will contain L - N M
(5) compound symbols:
H(S) -- E{Ik} -- -- ~ P k log2(Pk)(bits per symbol)
k=O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Note that H(S) is maximal if the symbols in S are equiprobable (flat probability distribution), in which case H(S)-log2 (N) bits per symbol. A skewed probability distribution
results in a smaller source entropy.
In case of memoryless coding, each source symbol is
coded separately. For a given lossless code C, let lk denote
the length (number of bits) of the codeword assigned to code
symbol Sk (0 _<k _<N - 1). Then, the resulting average bit-rate
Bc corresponding to code C is

S (M) - {S(o
M), s~M). . . . . s(LM{};

L -- N u

(11)

The previous results and definitions directly generalize by
replacing S with S (u) and replacing the symbol probabilities
Pk = P(Sk), (0 < k _<N - 1), with the j'oint probabilities (compound symb~ probabilities) p~M)=p(s~M)), (0 <_ k <_ L - 1).
So, the entropy of the set S (u~, which is the set of all compound symbols, s~M) (0 _<k _ L - 1), is given by:
L-1

H(S (M)) -- - Z p ~ M) log2(p~M))

N-1

Bc-

Z

pklk (bits per symbol)

(6)

k=0

(12)

k=O

H(S (M)) of

For any uniquely decodable lossless code (2, the entropy H(S)
is a lower bound on the average bit-rate Bc [2]"
Bc >_ H(S)

(7)

(12) is also called the Mth-order entropy of S. If
S corresponds to a stationary source (i.e., symbol probabilities
do not change over time), H(S (M)) is related to the source
entropy H(S) as follows [2]"
H(S (M))

M
So, H(S) puts a limit on the achievable average bit-rate given
that each symbol is coded separately in a memoryless fashion.
In addition, a uniquely decodable prefix code C can always
be constructed (e.g., Huffman coding n Section 3.3) such that
H(S) < Bc <_ H(S) 4- 1

(8)

An important result which can be used in constructing prefix
codes is the Kraft inequality
N

Z 2-1k < 1.
k=l

(9)

< H(S)

(13)

with equality if and only if the symbols in S are statistically
independent (memoryless source). The quantity

lim zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ
_H(S
. (M) ~
(14)
M

M-+ cx~

is called the entropy rate of the source S and gives the average
information per output symbol drawn from S. For a stationary
source, the limit in (14) always exists. Also, from (13), the
entropy rate is equal to the source entropy for the case of
a memoryless source.
As before, each output (compound) symbol can be coded
separately. For a given lossless code C, if l~M) is the length of

648 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the codeword assigned to code symbol s~M) (0 < k < L - 1 ) ,
the resulting average bit-rate B(~a) in code bits per compound
symbol is
L-1

B~) -- E P~M)I~M)(bits per compound symbol)

(15)

k=0

Also, as before, a prefix code C can be constructed such that

H(S (M)) < B(cM) < H(S (M)) + 1

(16)

where B ~ ) is the resulting average bit-rate per compound
symbol. The desired average bit-rate Bc in bits per source
symbol is equal to B~)/M. So, dividing the terms in (16) by
M, we obtain:
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transforms, such as the discrete cosine transform (DCT)
(Chapter 5.5) and the discrete wavelet transform (Chapters 4.2
and 5.4), reduce the dependencies but do not eliminate them
as they can not totally decorrelate the real-world image data.
Therefore, most state-of-the-art image compression coders
model these dependencies by estimating the statistics of a
source with memory. The statistics of the source with memory
are usually estimated by computing conditional probabilities
which provide context-based modeling. Context-based modeling is a key component of context-based entropy coding
which has been widely adopted in image compression schemes
and is at the core of the JPEG2000 image compression
standard. Context-based entropy coding is discussed below in
Section 3.2.

3.2 Context-based Entropy Coding

Context-based entropy coding is a key component of the
JPEG-LS standard [4] and the more recent JPEG2000 stanH(S (M))
H(S (M) 1
< Bc <
t
(17) dard [5, 1] and has also been adopted as the final entropy
M
M
M
coding stage of various other state-of-the-art image and
video
compression schemes [6, 7]. The contexts provide a
From (17), it follows that, by jointly coding very large blocks
model
for estimating the probability of each possible message
of source symbols (M very large), a source code C can be
to
be
coded,
and the entropy coder translates the estimated
found with an average bit-rate Bc approaching monotonically
probabilities
into
bits.
the entropy rate of the source as M goes to infinity. For a
For
sources
with
memory, the dependencies among adjamemoryless source, (17) becomes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cent symbols can be captured by either estimating joint
probabilities or conditional probabilities. As discussed earlier,
1
H(S) < Bc < H(S) + ~ ,
(18) joint probabilities are difficult to calculate due to increased
computational complexity, memory requirements, and coding
delay. These issues can be resolved in practice by estimating
where Bc -- B~)/M.
conditional probabilities as implied by the following entropy
From the discussion above, the statistics of the considchain rule:
ered source (given by the symbol probabilities) need to
be known in order to compute the lower bounds on the
M
achievable bit-rate. In addition, statistical-based entropy
H(S1, $2. . . . . SM) -- ~ H(SiIS i-1)
(19)
coding schemes, such as Huffman (Section 3.3) and Arithi=1
metic (Section 3.4) coding, require that the source statistics
be known or be estimated accurately. In practice, the source where si-1---S1 . . . . . Si_l, and where Si, i= 1. . . . . M are
statistics can be estimated from the histogram of a set random variables that can take on realizations drawn from a
of sample source symbols. For a nonstationary source, the finite set such as the set S of (3). In this way, the entropy
symbol probabilities need to be estimated adaptively since coding can be performed incrementally one symbol at a time.
the source statistics change over time.
One way of calculating the conditional probabilities is to
In the case of block coding where M successive symbols are estimate those based on a finite number of previous symbols
coded jointly as a compound symbol $(U), the joint proba- in the data stream. A more common way of estimating the
bilities P(s (u)) need to be estimated. These joint probabilities conditional probabilities is to assign each possible realization
are very difficult to calculate and the computational complex- Si - 1 o f S i-1 t o some conditioning class; in this latter case, the
ity grows exponentially with the block size M, except when conditional probability p(Si]s i-1) ~ p(Si[C(si-X)), where C(.)
the source is memoryless in which case the compound source is the function that maps each possible realization si-1 to a
entropy H(S (u)) --MH(S) based on (13).
conditioning context.
However, in practice, the memoryless source model is not
Therefore, context-based entropy coding can be separated
generally appropriate when compressing digital imagery as into 2 parts: a context-based modeler and a coder. At each
various dependencies exist between the image data elements time instance i, the modeler tries to e s t i m a t e p(Si[C(si-1)),
even after the transformation and mapping stages (Fig. 1). the probability of the next symbol to be coded based on
This is due to the fact that the existing practical image the observed context. Because the contexts are formed by the
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"parent" of the two least probable nodes of T by conalready coded symbols and the entropy coding is lossless,
necting the new node to each of the two least probable
the same context is also available at the decoder, so no
nodes. Each connection between two nodes form a
side information need to be transmitted. Given the estimated
"branch" of the tree; so, two new branches are gen~(Si]C(si-l)), an ideal entropy coder p l a c e s - log2(/~(Si- Sk
erated. Assign a value of 1 to one branch and 0 to the
]C(si-1))) bits onto its output stream if S i - S k actually occurs.
other branch.
The estimated probabilities ~(Si]C(si-1)) can be pre. Update T by replacing the two least probable nodes in T
computed through training and made available to both the
with their "parent" node, and reorder the nodes (with
encoder and decoder before the actual coding starts. Mtertheir subtrees) if needed. If T contains more than one
natively, these estimates can be adaptively computed and
node, repeat from step 2; otherwise, the last node in T is
updated on the fly based on the past coded symbols. Practical
the "root" node of the tree.
applications generally require adaptive, on-line estimation
. The codeword of a symbol Sk ~ S (0 _<k _< ( N - 1)) can
of these probabilities either because sufficient prior statistical
be obtained by traversing the linked path of the tree
knowledge is not available or because these statistics are timefrom the root node to the leaf node corresponding to Sk
varying. One very natural way of estimating the probabilities
(0 < k < ( N - 1)) while reading sequentially the bit values
online is to count the number of times each symbol has
assigned to the tree branches of the traversed path.
occurred under a certain context. The estimates at the encoder
are updated with each encoded symbol, and the estimates
The Huffman code construction procedure is illustrated by
at the decoder are updated with each decoded symbol. This
the example shown in Fig. 3 for the source alphabet S = {So,sl,
universal modeling approach requires no a priori knowledge
s2, s3} with symbol probabilities as given in Table 1. The
about the data to be coded, and the coding can be completed
resulting symbol codewords are listed in the 3rd column of
in only one pass. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Table 1. For this example, the source entropy is H ( S ) =
3
1.84644 and the resulting average bit-rate is B/-/- Y~.k=0
3.3 Huffman Coding
p k l k - 1.9 (bits per symbol), where lk is the length of
the codeword assigned to symbol Sk of S. The symbol
D. Huffman [8] presented a simple technique for constructing
codewords are usually stored in a symbol-to-codeword
prefix codes which results in an average bit-rate satisfying (8)
mapping table that is made available to both the encoder
when the source symbols are coded separately, or (17) in the
and decoder.
case of joint M-symbol vector coding. A tighter upper bound
If the symbol probabilities can be accurately computed,
on the resulting average bit-rate is derived in [3].
the above Huffman coding procedure is optimal in the sense
The Huffman coding algorithm is based on the following
that it results in the minimal average bit-rate among all
optimality conditions for a prefix code [8]: 1) If P(Sk)> P(sj)
uniquely decodable codes assuming memoryless coding.
(symbol Sk more probable than symbol sj, k # j ) , then lk < lj,
Note that, for a given source S, more than one Huffman
where lk and lj are the lengths of the codewords assigned to
code symbols Sk and sj, respectively; 2) If the symbols are
listed in the order of decreasing pobabilities, the last two
symbols in the ordered list are assigned codewords that have
the same length and are alike except for their final bit.
Given a source with alphabet S consisting of N symbols
Sk with probabilities Pk = P(sk)(O <_ k <_ ( N - 1)), a Huffman
0
0
0
code corresponding to source S can be constructed by
82
81
83
80
82
81
83
80
0.4
0.3
0.2
0.1
0.4
0.3
0.2
0.1
iteratively constructing a binary tree as follows:
1. Arrange the symbols of S such that the probabilities
Pk are in decreasing order; i.e.:
P0 _> Pl > ... > P(N-1)

(a) First iteration

(b) Second iteration

(20)

and consider the ordered symbols Sk, 0 < k <_ ( N - 1) as
the leaf nodes of a tree. Let T be the set of the leaf
nodes corresponding to the ordered symbols of S.
2. Take the two nodes in T with the smallest probabilities and merge them into a new node whose probability
is the sum of the probabilities of these two nodes. For
the tree construction, make the new resulting node the

82

0.4

81

0.3

83

0.2

80

0.1

(C) Third and last iteration
FIGURE3 Exampleof Huffman code construction for the sourcealphabet of
Table 1.
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TABLE 1 Exampleof Huffman code assignment
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output symbol rate. However, the memory size and complexity grows exponentially with lm~x, which can be very large.
Source Symbol Probability AssignedCodeword
In order to limit the complexity, procedures to construct
5k
Pk
constrained-length Huffman codes have been developed [9].
So
0.1
111
Constrained-length Huffman codes are Huffman codes designed
$1
0.3
10
while limiting the maximum allowable codeword length to
s2
0.4
0
a specified value lm~. The shortened Huffman codes result in a
s3
0.2
110
higher average bit-rate compared to the unconstrained-length
Huffman code.
Since the symbols with the lowest probabilities result in
code is possible but they are all optimal in the above sense. the longest codewords, one way of constructing shortened
In fact, another optimal Huffman code can be obtained Huffman codes is to group the low probability symbols into
by simply taking the complement of the resulting binary a compound symbol. The low probability symbols are
taken to be the symbols in S with a probability_<2 -lm~x.
codewords.
As a result of memoryless coding, the resulting average The probability of the compound symbol is the sum of the
bit-rate is within one bit of the source entropy since integer- probabilities of the individual low-probability symbols.
length codewords are assigned to each symbol separately. Then the original Huffman coding procedure is applied to
The described Huffman coding procedure can be directly an input set of symbols formed by taking the original set
applied to code a group of M symbols jointly by replacing S of symbols and replacing the low probability symbols with
with S (M) of (10). In this case, higher compression can be one compound symbol so. When one of the low probability
achieved (Section 3.1), but at the expense of an increase in symbols is generated by the source, it is encoded using the
memory and complexity since the alphabet becomes much codeword corresponding to &, followed by a second fixedlength binary codeword corresponding to that particular
larger and joint probabilities need to be computed.
While encoding can be simply done by using the symbol- symbol. The other "high probability" symbols are encoded
to-codeword mapping table, the realization of the decoding as usual by using the Huffman symbol-to-co&word mapping
operation is more involved. One way of decoding the bit- table.
In order to avoid having to send an additional codeword
stream generated by a Huffman code is to first reconstruct
for
the low probable symbols, an alternative approach is to
the binary tree from the symbol-to-co&word mapping table.
Then, as the bitstream is read one bit at a time, the tree is use the original unconstrained Huffman code design procetraversed starting at the root until a leaf node is reached. dure on the original set of symbols S with the probabilities
The symbol corresponding to the attained leaf node is then of the low probable symbols changed to be equal to 2 -imp.
output by the decoder. Restarting at the root of the tree, the Other methods [9] involve solving a constrained optimiabove tree traversal step is repeated until all the bitstream is zation problem to find the optimal codeword lengths lk
decoded. This decoding method produces a variable symbol (0 _<k _<N - 1 ) that minimize the average bit-rate subject to
rate at the decoder output since the codewords vary in length. the constraints 1 _<lk <_lm~ (0 _<k _<N - 1). Once the optiAnother way to perform the decoding is to construct a mal codeword lengths have been found, a prefix code can
lookup table from the symbol-to-co&word mapping table. be constructed using the Kraft inequality (9). In this case, the
The constructed lookup table has 2 lm~ entries, where lmax is codeword of length lk corresponding to Sk is given by the lk bits
the length of the longest codeword. The binary codewords are to the right of the binary point in the binary representation
used to index into the lookup table. The lookup table can be of the fraction)-~l<i<k_ 1 2-li .
The discussion above assumes that the source statistics are
constructed as follows. Let lk be the length of the codeword
corresponding to symbol Sk. For each symbol Sk in the symbol- described by a fixed (non-varying) set of source symbol
to-codeword mapping table, place the pair of values (Sk, lk) in probabilities. As a result, only one fixed set of codewords need
all the table entries, for which the lk leftmost address bits are to be computed and supplied once to the encoder/decoder.
equal to the codeword assigned to Sk. Thus, there will be This fixed model fails if the source statistics vary since the
2 (lm~-lk) entries corresponding to symbol Sk. For decoding, lmax performance of Huffman coding depends on how accurately
bits are read from the bitstream. The read lmax bits are used to the source statistics are modeled. For example, images can
index into the lookup table to obtain the decoded symbol Sk, contain different data types, such as text and picture data, with
which is then output by the decoder, and the corresponding different statistical characteristics. Adaptive Huffman coding
codeword length lk. Then the next table index is formed by change the codeword set to match the locally estimated source
discarding the first lk bits of the current index and appending statistics. As the source statistics change, the code changes
to the right the next lk bits that are read from the bitstream. remaining optimal for the current estimate of source symbol
This process is repeated until all the bitstream is decoded. This probabilities. One simple way for adaptively estimating the
approach results in a relatively fast decoding and in a fixed symbol probabilities, is to maintain a count of the number of
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occurrences of each symbol [3]. The Huffman code can be encoding and decoding modules. This separation makes arithdynamically changed by pre-computing off-line different metic coding more attractive than Huffman for adaptive coding.
The arithmetic coding technique is a practical extended
codes corresponding to different source statistics. The precomputed codes are then stored in symbol-to-codeword version of Elias code and was initially developed by Pasco and
mapping tables that are made available to the encoder and Rissanen [ 11 ]. It was further developed by Rubin [ 12] to allow
decoder. The code is changed by dynamically choosing a for incremental encoding and decoding with fixed-point
symbol-to-codeword mapping table from the available tables computation. An overview of arithmetic coding is presented in
based on the frequencies of the symbols that occurred so far. [ 11 ] with C source code.
The basic idea behind arithmetic coding is to map the
However, in addition to storage and the run-time overhead
input
sequence of symbols into one single codeword. Symbol
incurred for selecting a coding table, this approach requires
a-priori knowledge of the possible source statistics in order to blocking is not needed since the codeword can be deterpredesign the codes. Another approach is to dynamically mined and updated incrementally as each new symbol is input
redesign the Huffman code while encoding based on the (symbol-by-symbol coding). At any time, the determined
local probability estimates computed by the provided source codeword uniquely represents all the past occurring symbols.
model. This model is also available at the decoder, allowing Although the final codeword is represented using an integral
it to dynamically alter its decoding tree or decoding table number of bits, the resulting average number of bits per
in synchrony with the encoder. Implementation details of symbol is obtained by dividing the length of the codeword by
adaptive Huffman coding algorithms can be found in [3, 10]. the number of encoded symbols. For a sequence of M symbols,
In the case of context-based entropy coding, the described the resulting average bit-rate satisfies (17) and, therefore,
procedures are unchanged except that now the symbol pro- approaches the optimum (14) as the length M of the encoded
babilties P(sk) are replaced with the symbol conditional sequence becomes very large.
In the actual arithmetic coding steps, the codeword is
probabilities P(&lContext) where the context is determined
from previously occuring neighboring symbols, as discussed represented by a half-open subinterval [Lc,Hc)C [0, 1). The
half-open subinterval gives the set of all codewords that can
in Section 3.2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
be used to encode the input symbol sequence, which consists
of all past input symbols. So, any real number within the
3.4 Arithmetic Coding
subinterval [Lo He) can be assigned as the codeword repreAs indicated in Section 3.3, the main drawback of Huffman senting all the past occurring symbols. The selected real
coding is that it assigns an integer-length codeword to each codeword is then transmitted in binary form (fractional binary
symbol separately. As a result, the bit-rate cannot be less than representation, where .1 represents 1/2, .01 represents 1/4, .11
one bit per symbol unless the symbols are coded jointly. represents 3/4, and so on). When a new symbol occurs, the
However, joint symbol coding, which codes a block of symbols current subinterval [Lo /-/~) is updated by finding a new
jointly as one compound symbol, results in delay and in an subinterval [L'~,H~) C [L~,Hc) to represent the new change in
increased complexity in terms of source modeling, computa- the encoded sequence. The co&word subinterval is chosen
tion, and memory. Another drawback of Huffman coding is and updated such that its length is equal to the probability of
that the realization and the structure of the encoding and occurrence of the corresponding encoded input sequence.
decoding algorithms depend on the source statistical model. It follows that less probable events (given by the input
It follows that any change in the source statistics would symbol sequences) are represented with shorter intervals and,
necessitate redesigning the Huffman codes and changing the therefore, require longer codewords since more precision bits
encoding and decoding trees, which can render adaptive are required to represent the narrower subintervals. So, the
coding more difficult.
arithmetic encoding procedure constructs, in a hierarchic
Arithmetic coding is a lossless coding method which does manner, a code subinterval which uniquely represents a
not suffer from the aforementioned drawbacks and which sequence of successive symbols.
tends to achieve a higher compression ratio than Huffman
In analogy with Huffman where the root node of the tree
coding. However, Huffman coding can generally be realized represents all possible occurring symbols, the interval [0, 1)
with simpler software and hardware.
here represents all possible occurring sequences of symbols
In arithmetic coding, each symbol does not need to be (all possible messages including single symbols). Also, considmapped into an integral number of bits. Thus, an average ering the set all possible M-symbol sequences having the same
fractional bit-rate (in bits per symbol) can be achieved without length M, the total interval [0, 1) can be subdivided into nonthe need for blocking the symbols into compound symbols. overlapping subintervals such that each M-symbol sequence is
In addition, arithmetic coding allows the source statistical represented uniquely by one and only one subinterval whose
model to be separate from the structure of the encoding length is equal to its probability of occurrence.
and decoding procedures; i.e., the source statistics can be
Let S be the source alphabet consisting of N symbols
changed without having to alter the computational steps in the So..... s(N_l). Let pk= P(sk) be the probability of symbol sk,
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TABLE 3 Exampleof code subinterval construction in
arithmetic coding

Example of code subinterval construction in arithmetic

coding
Source Symbol

Symbol Subinterval zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Iteration #
Encoded Symbol
Code Subinterval

Probability

Sk

[L,k, H,k)

Pk

I

So

0.1

[0, 0.1)

1

Sl

0.3

[0.1, 0.4)

s2

0.4
0.2

[0.4, 0.8)
[0.8, 1)

2
3
4
5

$3

0 < k < ( N - 1 ) . Since, initially, the input sequence will consist of the first occurring symbol ( M = 1), arithmetic coding
begins by subdividing the interval [0, 1) into N non-overlapping intervals, where each interval is assigned to a distinct
symbol Sk ~- S and has a length equal to the symbol probability
Pk. Let [Lsk, H,k) denote the interval assigned to symbol Sk,
where P k - H,,, - L~,. This assignment is illustrated in Table 2;
the same source alphabet and source probabilities as in the
example of Fig. 3 are used for comparison with Huffman.
In practice, the subinterval limits Ls,, and H, k for symbol Sk can
be directly computed from the available symbol probabilities
and are equal to cumulative probabilities Pk as given below:

Sk

[Lo Hc)

51
So
s2
s3
s3

[0.1, 0.13)
[0.112, 0.124)
[0.1216, 0.124)
[0.12352, 0.124)

[0.1, 0.4)

calculation of [Lo He) is performed based on the following
encoding algorithm:
1. Lc=0; He= 1
2. Calculate code subinterval length
length = Hc - Lc

(23)

3. Get next input symbol Sk
4. Update the code subinterval
Lc -- Lc + length. Lsk

(24)

Hc -- Lc + length. Hsk

k-1

Lsk -- ~ P k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-- Pk-1;
0 < k < ( N - 1)
(21)
i--0

5. Repeat from Step 2 until all the input sequence has been
encoded.

k

Hsk -- ~-~Pk -- Pk;

As indicated before, any real number within the final interval
[Lc, He) can be used as a valid codeword for uniquely
encoding the considered input sequence. The binary
representation of the selected codeword is then transmitted.
The above arithmetic encoding procedure is illustrated in
Table 3 for encoding the sequence of symbols s~ So S2 $3 $3Another representation of the encoding process within the
context of the considered example is shown in Fig. 4. Note

(22)

O < k < (N-1)

i--0

Let [Lc, Hc) denote the code interval corresponding to the
input sequence which consists of the symbols that occurred
so far. Initially, Lc--0 and Hc = 1; so, the initial code interval
is set to [0, 1). Given an input sequence of symbols, the
0
SO
0.1 . . . . . . . .

0.1.__
.... 0.13
- -

0.112

13.1.

0.1216

J

0.103 --

t

t

0.1218,~

0.1132

a
s

t

i
t
t

s

i
t

s

i
i

0.4

m

•

s
i

0.22

0.1168

0.112 -- •

0.12256
a

I
i

s

i
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that arithmetic coding can be viewed as remapping, at each
iteration, the symbol subintervals [Lsk, H~k) (0 < k _< ( N - 1))
to the current code subinterval [Le, He). The mapping is done
by rescaling the symbol subintervals to fit within [Le, He),
while keeping them in the same relative positions. So, when
the next input symbol occurs, its symbol subinterval becomes
the new code subinterval, and the process repeats until all
input symbols are encoded.
In the arithmetic encoding procedure, the length of a
code subinterval, length of (23), is always equal to the product
of the probabilities of the individual symbols encoded so
far, and it monotonically decreases at each iteration. As
a result, the code interval shrinks at every iteration. So, longer
sequences result in narrower code subintervals which would
require the use of high-precision arithmetic. Also, a direct
implementation of the presented arithmetic coding procedure
produces an output only after all the input symbols have been
encoded. Implementations that overcome these problems are
presented in [12, 11 ]. The basic idea is to begin outputting the
leading bit of the result as soon as it can be determined
(incremental encoding), and then to shift out this bit (which
amounts to scaling the current code subinterval by 2). In order
to illustrate how incremental encoding would be possible,
consider the example in Table 3. At the second iteration, the
leading part "0.1" can be output since it is not going to be
changed by the future encoding steps. A simple test to check
whether a leading part can be output is to compare the leading
parts of Le and He; the leading digits that are the same can
then be output and they remain unchanged since the next
code subinterval will become smaller. For fixed-point computations, overflow and underflow errors can be avoided by
restricting the source alphabet size [9].
Given the value of the codeword, arithmetic decoding can
be performed as follows:
1. Lc--0; H e - - 1
2. Calculate the code subinterval length
length - Hc - Lc

3. Find symbol subinterval [Lsk, Hsk)(O < k < N that
Lsk <
--

codeword- Lc
length

1) such

< Hsk

4. Output symbol Sk
5. Update code subinterval
Lc - Lc + length • Lsk
Hc -- Lc + length • Hsk

6. Repeat from step 2 until last symbol is decoded.
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In order to determine when to stop the decoding (i.e., which
symbol is the last symbol), a special end-of-sequence symbol
is usually added to the source alphabet S and is handled
like the other symbols. In the case when fixed-length blocks
of symbols are encoded, the decoder can simply keep a
count of the number of decoded symbols and no end-ofsequence symbol is needed. As discussed before, incremental
decoding can be achieved before all the codeword bits are
output [ 12, 11].
Context-based arithmetic coding has been widely used as
the final entropy coding stage in state-of-the-art image and
video compression schemes, including the JPEG-LS and
the JPEG2000 standards. The same procedures and discussions hold for context-based arithmetic coding with the
symbol probabilities P(Sk) replaced with conditional symbol
probabilities P(sklContext) where the context is determined
from previously occuring neighboring symbols, as discussed
in Section 3.2. In JPEG-2000, context-based adaptive binary
arithmetic coding (CABAC) is used with 17 contexts to
efficiently code the binary significance, sign, and magnitude
refinement information (Chapter 5.5). Binary arithmetic
coding works with a binary (two-symbol) source alphabet,
can be implemented more efficiently than non-binary arithmetic coders, and has universal application as data symbols
from any alphabet can be represented as a sequence of binary
symbols [ 13]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJI

3.5 Lempel-Ziv Coding
Huffman coding (Section 3.3) and arithmetic coding (Section
3.4) require a priori knowledge of the source symbol probabilities or of the source statistical model. In some cases,
a sufficiently accurate source model is difficult to obtain,
especially when several types of data (such as text, graphics,
and natural pictures) are intermixed.
Universal coding schemes do not require a priori knowledge or explicit modeling of the source statistics. A popular
lossless universal coding scheme is a dictionary-based
coding method developed by Ziv and Lempel in 1977 [14]
and known as Lempel-Ziv-77 (LZ77) coding. One year later,
Ziv and Lempel presented an alternate dictionary-based
method known as LZ78.
Dictionary-based coders dynamically build a coding table
(called dictionary) of variable-length symbol strings as they
occur in the input data. As the coding table is constructed,
fixed-length binary codewords are assigned to the variablelength input symbol strings by indexing into the coding
table. In Lempel-Ziv (LZ) coding, the decoder can also dynamically reconstruct the coding table and the input sequence
as the code bits are received without any significant decoding
delays. Although LZ codes do not explicitly make use of the
source probability distribution, they asymptotically approach
the source entropy rate for very long sequences [2]. Because
of their adaptive nature, dictionary-based codes are ineffective
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for short input sequences since these codes initially result in
a lot of bits being output. So, short input sequences can result
in data expansion instead of compression.
There are several variations of LZ coding. They mainly
differ in how the dictionary is implemented, initialized,
updated, and searched. Variants of the LZ77 algorithm have
been used in many other applications and provided the basis
for the development of many popular compression programs
such as gzip, winzip, pkzip, and the public-domain Portable
Network Graphics (PNG) image compression format.
One popular LZ coding algorithm is known as the LempelZiv-Welch (LZW) algorithm, a variant of the LZ78 algorithm
developed by Welch [15]. This is the algorithm used for
implementing the compress command in the UNIX operating system. The LZW procedure is also incorporated in the
popular CompuServe GIF image format, where GIF stands for
Graphics Interchange Format. However, the LZW compression
procedure is patented, which decreased the popularity of
compression programs and formats that make use of LZW.
This was one main reason that triggered the development of
the public-domain lossless PNG format.
Let S be the source alphabet consisting of N symbols
Sk (1 < k < N). The basic steps of the LZW algorithm can be
stated as follows:
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TABLE 4 Dictionaryconstructed while
encoding the sequence SlS2SlS2S3S2SlS2,
which is emitted by a source with
alphabet S = {Sl, s2, s3, s4}
Address

Entry

1

s1

2
3
4

s2
53

5

51 52

6
7

sl 52 53

54

s2 Sl

8

53 52

9

s2 Sl 52

dictionary size is M entries, the length of the codewords would
be log2(M) rounded to the next smallest integer.
The decoder constructs the same dictionary (Table 4) as
the codewords are received. The basic decoding steps can be
described as follows:

1. Start with the same initial dictionary as the encoder.
Also, initialize w to be the empty string.
1. Initialize the first N entries of the dictionary with the
2. Get the next "codeword", and decode it by outputing
individual source symbols of S, as shown below
the symbol string sm stored at address "codeword" in
dictionary.
3. Add to the dictionary the string ws formed by conaddress
entry zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
catenating the previous decoded string w (if any) and
1
s1
the first symbol s of the current decoded string.
2
s2
4. Set w = m and repeat from step 2 until all the codewords
3
s3
are decoded.
N

SN

2. Parse the input sequence and find the longest input
string of successive symbols w (including the first still
unencoded symbol s in the sequence) that has a
matching entry in the dictionary.
3. Encode w by outputing the index (address) of the
matching entry as the codeword for w.
4. Add to the dictionary the string ws formed by concatenating w and the next input symbol s (following w).
5. Repeat from step 2 for the remaining input symbols
starting with the symbol s, until the entire input
sequence is encoded.
Consider the source alphabet S = {51, 52, 53, 54}. The encoding
procedure is illustrated for the input sequence Sl s2 Sl s2 s3
s2 Sl s2. The constructed dictionary is shown in Table 4. The
resulting code is given by the fixed-length binary representation of the following sequence of dictionary addresses: 1 2 5 3
6 2. The length of the generated binary codewords depends
on the maximum allowed dictionary size. If the maximum

Note that the constructed dictionary has a prefix property;
i.e., every string w in the dictionary has its prefix string (formed
by removing the last symbol of w) also in the dictionary. Since
the strings added to the dictionary can become very long,
the actual LZW implementation exploits the prefix property
to render the dictionary construction more tractable. To add
a string ws to the dictionary, the LZW implementation only
stores the pair of values (c, s), where c is the address where
the prefix string w is stored and s is the last symbol of the
considered string ws. So, the dictionary is represented as a
linked list [ 15, 2].

4 Lossless Coding Standards
The need for interoperability between various systems have
led to the formulation of several international standards for
lossless compression algorithms targeting different applications. Examples include the standards formulated by the
International Standards Organization (ISO), the International
Electrotechnical Commission (IEC), and the International
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Telecommunication Union (ITU), formerly known as the transmission is supported by using a layered coding scheme.
International Consultative Committee for Telephone and In this scheme, a low resolution initial version of the image
Telegraph (CCITT). A comparison of the lossless still image (initial layer) is first encoded. Higher resolution layers can
then be encoded and transmitted in the order of increascompression standards is presented in [16].
Lossless image compression standards include lossless ing resolution. In this case, the causal templates used by the
JPEG (Chapter 5.6), JPEG-LS (Chapter 5.6), which supports modeler can include pixels from the previously encoded
lossless and near lossless compression, JPEG2000 (Chapter layers in addition to already encoded pixels belonging to the
5.5), which supports both lossless and scalable lossy com- current layer.
Compared to the ITU Group 3 and Group 4 facsimile
pression, and facsimile compression standards such as the
ITU-T Group 3 (T.4), Group 4 (T.6), JBIG (T.82), JBIG2 compression standards [16, 9], the ]BIG standard results in
(T.88), and the Mixed Raster Content (MRC-T.44) standards 20% to 50% more compression for business-type documents.
[17]. While the lossless JPEG, JPEG-LS, and JPEG2000 For halftone images, ]BIG results in compression ratios that
standards are optimized for the compression of continuous- are two to five times greater than those obtained from the ITU
tone images, the facsimile compression standards are opti- Group 3 and Group 4 facsimile standards [16, 9].
In contrast to ]BIG, JBIG2 allows the bilevel document
mized for the compression of bi-level images except for the
lastest MRC standard which is targeted for mixmode docu- to be partitioned into three types of regions: 1) text regions,
ments that can contain continuous-tone images in addition 2) halftone regions, and 3) generic regions (such as line
drawings or other components that cannot be classified as text
to text and line art.
The remainder of this section presents a brief overview of nor as halftone). Both quality progressive and content prothe JBIG, JBIG2, lossless JPEG, and JPEG2000 (with emphasis gressive representations of a document are supported and
on lossless compression) standards. It is important to note are achieved by ordering the different regions in the docuthat the image and video compression standards generally ment. In addition to the use of context-based arithmetic
only specify the decoder-compatible bit-stream syntax, coding (MQ coding as in ]BIG), JBIG2 allows also the use
leaving thus enough room for innovations and flexibilty in of run-length MMR (Modified Modified Relative Address
the encoder and decoder design. So, the presented coding Designate) Huffman coding as in the Group 4 (ITU-T.6)
procedures below are popular standard implementations but facsimile standard, when coding the generic regions. Furtherthese can be modified as long as the generated bit-stream more, ]BIG2 supports both lossless and lossy compression.
syntax is compatible with the considered standard. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
While the lossless compression performance of JBIG2 is
slightly better than ]BIG, ]BIG2 can result in substantial
coding improvements if lossy compression is used to code
4.1 The JBIG and JBIG2 Standards
some parts of the bilevel documents.
The JBIG (Joint Binary Image Experts Group) standard
(ITU-T Recommendation T.82, 1993) was developed jointly
by the ITU and the ISO/IEC with the objective to provide 4.2 The Lossless JPEG Standard
improved lossless compression performance, for both businessThe JPEG (Joint Photographic Experts Group) standard was
type documents and binary halftone images, as compared
developed jointly by the ITU and ISO/IEC for the lossy and
to the existing standards. Another objective was to support
lossless compression of continuous-tone, color or gray-scale,
progressive transmission. Gray scale images are also supported
still images [18]. This section discusses very briefly the main
by encoding separately each bit-plane. Later, the same JBIG
components of the lossless mode of the JPEG standard (known
committee drafted the JBIG2 standard (ITU-T Recommenas lossless JPEG).
dation T.88, 2000) which provides improved lossless comThe lossless JPEG coding standard can be represented in
pression as compared to JBIG in addition to allowing lossy
terms of the general coding structure of Fig. 1 as follows:
compression of bi-level images.
The JBIG standard consists of a context-based arithmetic
• Stage 1: Linear prediction/differential (DPCM) coding is
encoder which takes as input the original binary image. The
used to form prediction residuals. The prediction resiarithmetic encoder makes use of a context-based modeler
duals have usually a lower entropy than the original input
that estimates conditional probabilities based on causal temimage. So, higher compression ratios can be achieved.
plates. A causal template consists of a set of already encoded
• Stage 2: The prediction residual is mapped into a pair
neighboring pixels and is used as a context for the model to
of symbols (category, magnitude), where the symbol
compute the symbol probabilities. Causality is needed to allow
category gives the number of bits needed to encode
the decoder to re-compute the same probabilities without the
magnitude.
need to transmit side information.
• Stage 3: For each pair of symbols (category, magnitude),
JBIG supports sequential coding transmission (left to right,
Huffman coding is used to code the symbol category.
top to bottom) as well as progressive transmission. Progressive
The symbol magnitude is then coded using a binary
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codeword whose length is given by the value category.
Arithmetic coding can also be used in place of Huffman
coding.
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coding block is then independently bit-plane coded from
the most significant bitplane (MSB) to the least significant
bitplane (LSB) using the embedded block coding with optimal
truncation (EBCOT) algorithm [24].
Complete details about the lossless JPEG standard and related
The EBCOT algorithm consists of two coding stages known
recent developments, including JPEG-LS [19], are presented
as
tier-1 and tier-2 coding, respectively. In the tier-1 coding
in Chapter 5.6. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
stage, each bit-plane is fractionally coded using three coding
passes: significant propagation, magnitude refinement and
4.3 The JPEG2000 Standard
clean up (except the MSB, which is coded using only the clean
JPEG2000 is the latest still image coding standard devel- up pass). The significance propagation pass codes the signifioped by the Joint Photographic Experts Group (JPEG) in cance of each sample based upon the significance of the
order to support new features that are demanded by current neighboring eight pixels. The sign coding primitive is applied
modern applications and that are not supported by ]PEG. to code the sign information when a sample is coded for the
Such features include lossy and lossless representations first time as a non-zero bitplane coefficient. The magnitude
embedded within the same code-stream, highly scalable code- refinement pass codes only those samples that have already
streams with different progression orders (quality, resolution, become significant. The cleanup pass will code the remaining
spatial location, and component), region-of-interest (ROI) coefficients that are not coded during the first two passes.
coding, and support for continuous-tome, bi-level, and The output symbols from each pass are entropy coded
compound image coding.
using context-based arithmetic coding. At the same time,
]PEG2000 is divided into 12 different parts featuring the rate increase and the distortion reduction associated with
different application areas. JPEG2000 Part 1 [20] is the base- each coding pass is recorded. This information is then used
line standard and describes the minimal codestream syntax by the post-compression rate-distortion (PCRD) optimization
that must be followed for compliance with the standard, (PCRD-opt) algorithm to determine the contribution of each
all the other parts should include the features supported by coding block to the different quality layers in the final bit
this part. ]PEG2000 Part 2 [21] is an extension of Part 1 and stream. Given the compressed bit-stream for each coding block
supports add-ons to improve the performance, including dif- and the rate allocation result, tier-2 coding is performed to
ferent wavelet filters with various subband decompositions. form the final coded bit-stream. This two-tier coding strucA brief overview of the JPEG2000 baseline (Part 1) coding ture gives great flexibility to the final bit-stream formation.
procedure is presented below.
By determining how to assemble the sub-bitstreams from
JPEG2000 [20] is a wavelet-based bitplane coding method. each coding block to form the final bitstream, different proIn JPEG2000, the original image is first divided into tiles gression (quality, resolution, position, component) order can
(if needed). Each tile (subimage) is then coded independently. be realized. More details about the JPEG2000 standard are
For color images, two optional color transforms, an irrevers- given in Chapter 5.5.
ible color transform (ICT) and a reversible color transform
(RCT) are provided to decorrelate the color image components and increase the compression efficiency. The RCT should
be used for lossless compression as it can be implemented 5 Other Developments in Lossless
using finite precision arithmetic and is perfectly invertible.
Coding
Each color image component is then coded separately by
dividing it first into tiles.
Several other lossless image coding systems have been proFor each tile, the image samples are first shifted in level posed [6, 4, 25]. Most of these systems can be described in
(if they are unsigned pixel values) such that they form a terms of the general structure of Fig. 1, and they make use
symmetric distribution of the discrete wavelet transform of the lossless symbol coding techniques discussed in Section 3
(DWT) coefficients for the low-low (LL) sub-band. JPEG2000 or variations on those. Among the recently developed coding
(Part 1) supports two types of wavelet transforms: 1) an systems, LOCO-I [4] was adopted as part of the JPEG-LS
irrversible floating-point 9/7 DWT [22], and 2) a reversible standard (Chapter 5.6) since it exhibits the best compression/
integer 5/3 DWT [23], For lossless compression, the 5/3 DWT complexity tradeoff. CALIC [6] achieves the best compression
should be used. After DC level shifting and the DWT, if lossy performance at a slightly higher complexity than LOCO-I.
compression is chosen, the transformed coefficients are quan- Perceptual-based coding schemes can achieve higher comprestized using a deadzone scalar quantizer [1]. No quantization sion ratios at a much reduced complexity by removing
should be used in the case of lossless compression. The perceptually-irrelevant information in addition to the reduncoefficients in each subband are then divided into coding dant information. In this case, the decoded image is required
blocks. The usual code block size is 64 x 64 or 32 x 32. Each to only be visually, and not necessarily numerically,
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TABLE 5 Losslessbit rates with intra-band and interidentical to the original image. In what follows, CALIC and
band CALIC (courtesy of Nasir Memon).
perceptual-based image coding are introduced. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Image

JPEG-LS

5.1 CALIC
CALIC (Context-based, Adaptive, Lossless Image Codec)
represents one of the best performing practical and general
purpose lossless image coding techniques.
CALIC encodes and decodes an image in raster scan order
with a single pass through the image. For the purposes
of context modeling and prediction, the coding process uses
a neighborhood of pixel values taken only from the previous
two rows of the image. Consequently, the encoding and
decoding algorithms require a buffer that holds only two
rows of pixels that immediately precede the current pixel.
Figure 5 presents a schematic description of the encoding
process in CALIC. Decoding is achieved by the reverse process.
As shown in Fig. 5, CALIC operates in two modes: binary
mode and continuous-tone mode. This allows the CALIC
system to distinguish between binary and continuous-tone
images on a local, rather than a global, basis. This distinction
between the two modes is important due to the vastly different
compression methodologies employed within each mode.
The former uses predictive coding, whereas the latter codes
pixel values directly. CALIC selects one of the two modes
depending on whether or not the local neighborhood of
the current pixel has more than two distinct pixel values.
The two-mode design contributes to the universality and
robustness of CALIC over a wide range of images.
In the binary mode, a context-based adaptive ternary arithmetic coder is used to code three symbols, including an
escape symbol. In the continuous-tone mode, the system
has four major integrated components: prediction, context
selection and quantization, context-based bias cancellation
of prediction errors, and conditional entropy coding of
prediction errors. In the prediction step, a gradient-adjusted
prediction (GAP))9 of the current pixel y is made. The predicted value )9 is further adjusted via a bias cancellation
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3.36
4.01
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CALIC
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3.20
3.78
2.49
1.74
1.21
1.22
2.62
2.91

2.72
3.47
1.81
1.51
1.02
0.92
2.58
2.72

procedure that involves an error feedback loop of one-step
delay. The feedback value is the sample mean of prediction
errors ~ conditioned on the current context. This results
in an adaptive, context-based, non-linear predictor )~ - )) + ~.
In Fig. 5, these operations correspond to the blocks of
"context quantization", "error modeling", and the error
feedback loop.
The bias corrected prediction error )~ is finally entropy
coded based on a few estimated conditional probabilities
in different conditioning states or coding contexts. A small
number of coding contexts are generated by context quantization. The context quantizer partitions prediction error
terms into few classes by the expected error magnitude. The
described procedures in relation to the system are identified
by the blocks of "context quantization" and "conditional
probabilities estimation" in Fig. 5. The details of this context
quantization scheme in association with entropy coding are
given in [6].
CALIC has also been extended to exploit inter-band correlations found in multi-band images like color images, multispectral images and 3-D medical images. Inter-band CALIC
can give 10 to 30% improvement over intra-band CALIC,
depending on the type of image. Table 5 shows bit-rates
achieved with intra-band and inter-band CALIC on a set
of multi-band images. For the sake of comparison, results
obtained with JPEG-LS are also included.

5.2 Perceptually Lossless Image Coding
The lossless coding methods presented so far require the
decoded image data to be identical both quantitatively
(numerically) and qualitatively (visually) to the original
encoded image. This requirement usually limits the amount
of compression that can be achieved to a compression factor
of two or three, even when sophisticated adaptive models are
used as discussed in Section 5.1. In order to achieve higher
compression factors, perceptually lossless coding methods
attempt to remove redundant as well as perceptually irrelevant
information.
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Perceptual-based algorithms attempt to discriminate between
signal components which are and are not detected by the
human receiver. They exploit the spatio-temporal masking
properties of the human visual system and establish thresholds
of just-noticeable distortion (JND) based on psychophysical
contrast masking phenomena. The interest is in bandlimited
signals because of the fact that visual perception is mediated
by a collection of individual mechanisms in the visual cortex,
denoted channels or filters, that are selective in terms of
frequency and orientation [26]. Mathematic models for
human vision are discussed in Chapter 4.1.
Neurons respond to stimuli above a certain contrast. The
necessary contrast to provoke a response from the neurons
is defined as the detection threshold. The inverse of the
detection threshold is the contrast sensitivity. Contrast sensitivity varies with frequency (including spatial frequency,
temporal frequency, and orientation) and can be measured
using detection experiments [27].
In detection experiments, the tested subject is presented
with test images and needs only to specify whether the target
stimulus is visible or not visible. They are used to derive
just-noticeable-difference (JND) or detection thresholds in the
absence or presence of a masking stimulus superimposed
over the target. For the image coding application, the input
image is the masker and the target (to be masked) is the
quantization noise (distortion). JND contrast sensitivity
profiles, obtained as the inverse of the measured detection
thresholds, are derived by varying the target or the masker
contrast, frequency and orientation. The common signals
used in vision science for such experiments are sinusoidal
gratings. For image coding, bandlimited subband components
are used [27].
.

.

.

.

.

.

.

Several perceptual image coding schemes have been proposed [27, 28, 29, 30, 31]. These schemes differ in the way
the perceptual thresholds are computed and used in coding
the visual data. For example, not all the schemes account
for contrast masking in computing the thresholds. One
method called DCTune [29] fits within the framework of
]PEG. Based on a model of human perception that considers
frequency sensitivity and contrast masking, it designs a fixed
DCT quantization matrix (3 quantization matrices in the
case of color images) for each image. The fixed quantization
matrix is selected to minimize an overall perceptual distortion which is computed in terms of the perceptual thresholds. In such block-based methods, a scalar value can be
used for each block or macro block to uniformly scale a
fixed quantization matrix in order to account for the variation
in available masking (and as a means to control the bit rate)
[30]. The quantization matrix and the scalar value for each
block need to be transmitted, resulting in additional side
information.
The perceptual image coder (PIC) proposed by Safranek
and Johnston [28] works in a subband decomposition setting.
Each subband is quantized using a uniform quantizer with
a fixed step size. The step size is determined by the ]ND
threshold for uniform noise at the most sensitive coefficient
in the subband. The used model does not include contrast
masking. A scalar multiplier in the range of 2 to 2.5 is applied
to uniformly scale all step sizes in order to compensate
for the conservative step size selection and to achieve good
compression ratio.
Higher compression can be achieved by exploiting the
varying perceptual characteristics of the input image in
a locally-adaptive fashion. Locally adaptive perceptual image
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(a) Origional Lena Image, 8 bpp

(b) Decoded Lena image at 0.361 bpp

FIGURE 6 Perceptually-lossless image compression [27]. The perceptual thresholds are computed for a viewing
distance equal to 6 times the image height.
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coding requires computing and making use of imagedependent, locally varying, masking thresholds to adapt
the quantization to the varying characteristics of the visual
data. However, the main problem in using a locally adaptive
perceptual quantization strategy is that the locally varying
masking thresholds are needed both at the encoder and at
the decoder in order to be able to reconstruct the coded
visual data. This, in turn, would require sending or storing
a large amount of side information, which might lead to
data expansion instead of compression. The aforementioned
perceptual-based compression methods attempt to avoid
this problem by giving up or significantly restricting the local
adaptation. They either choose a fixed quantization matrix
for the whole image, select one fixed step size for a whole
subband, or scale all values in a fixed quantization matrix
uniformly.
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The problem of how one stores and transmits a digital image
has been a topic of research for more than 40 years and was
initially driven by military applications and NASA. The
problem, simply stated, is how does one efficiently represent
an image in binary form? This is the image compression
problem. It is a special case of the source coding problem
addressed by Shannon in his landmark paper [1] on communication systems. What is different about image compression
is that techniques have been developed that exploit the unique
nature of the image and the observer. These include the spatial nature of the data and of the human visual system. The
"efficiency" of the representation depends on two properties
of every image compression technique: data rate (in bits/pixel)
and distortion in the decompressed image. The date rate is a
measure of how much bandwidth one would require to transmit the image or how much space it would take to store the
image. 1 Ideally one would like this to be as small as possible.
If the decompressed image is exactly the same as the original image, the compression technique is said to be lossless.
Otherwise the technique is lossy and the decompressed image
has distortion or coding artifacts in it. Depending on the
application, one can often trade distortion for data rate, hence
if a user is willing to accept images with more distortion
the data rate can often be lower.

Statistical and structural methods have been developed
for image compression [2], the former being based on the
principles of source coding with emphasis on the algebraic
structure of the pixels in an image, whereas the latter methods
exploit the geometric structure of the image. In recent years
there has been a great deal of activity in formulating standards
for image and video compression. The results being the JPEG
and MPEG standards discussed in chapters 5.5 5.6, 6.4 and 6.5.
Most statistical image compression methods are implemented
by segmenting the image into non-overlapping blocks, since
dividing the images into blocks allows the image compression
algorithm adapt to local image statistics. The disadvantage,
however, is that the borders of the blocks are often visible in
the decoded image. 2
In this chapter we describe a lossy image compression
technique known as block truncation coding (BTC). In the
simplest possible terms: BTC is a block-adaptive binary
encoder scheme based on moment preserving quantization.
The basic concepts of BTC were born on March 17, 1977 in
the office of O. Robert Mitchell at Purdue University during a
conversation between Mitchell and his Ph.D. student Edward
J. Delp. Delp and Mitchell discussed many ideas relative
to how one could exploit statistical moments in the context
of image compression. Delp began working on this concept
as part of his Ph.D. thesis. 3 The first papers on BTC appeared
at the IEEE International Conference on Communications in
1978 [3] and 1979 [4]. The first journal articles also appeared

1One can also use the "compression ratio" when describing data rate
efficiency. The authors find this term to be imprecise and prefer to use data
rate in bits/pixel.

ZThe reader might be familiar with this problem when selecting a low
"quality factor" when using ]PEG.
3The term "block truncation coding" was coined by Delp in early 1978.

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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in 1979 [5, 6] along with Delp's thesis [7]. Since 1977 a great
deal of work has been done on BTC. There has been more than
200 journal papers, 400 conference papers, 40 Ph.D. thesis
and one book [8] published on BTC. BTC was a final candidate for the JPEG compression standard in 1987.4
In the next section we will describe the basic BTC algorithm followed by a description of moment preserving quantization. We then describe various extensions to BTC and
applications.

The first step of the algorithm is to divide the image
into non-overlapping rectangular regions. For the sake of
simplicity we let the blocks be square regions of size n x n,
where n is typically 4. For a two level (1 bit) quantizer, the idea
is to select two luminance values, which we shall denote by a
and b, to represent each pixel in the block. These values are
chosen such that the sample mean and standard deviation
of the reconstructed block are identical to those of the original block. An n x n bit map is then used to determine
weather a pixel luminance value is above or below a certain
threshold. In order to illustrate how BTC works, we will let
the sample mean of the block be the threshold; a "1" would
then indicate if an original pixel value is above this threshold, and "0" if it is below. Since BTC produces a bitmap to
represent a block, it is classified as a binary pattern image
coding method [10]. The thresholding process makes it
possible to reproduce a sharp edge with high fidelity, taking
advantage of the human visual system's capability to perform
local spatial integration and mask errors. Figure 1 illustrates
the BTC encoding process for a block. Observe how the
comparison of the block pixel values with a selected threshold produces the bitmap.

zyxwvutsrqpo

2 Basics of BTC
The basic BTC algorithm is a lossy fixed length compression method that uses a Q level quantizer to quantize a local
region of the image. The quantizer levels are chosen such that
a number of the moments of a local region in the image are
preserved in the quantized output. In its simplest form, the
objective of BTC is to preserve the sample mean and sample
standard deviation of a grayscale image. Additional constraints
can be added to preserve higher order moments. For this
reason BTC is a block adaptive moment preserving quantizer.
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FIGURE 1 Illustrationof the BTC compression process.
4See page 302 of [9].
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FIGURE 2

Illustration o f the BTC d e c o m p r e s s i o n process.

By knowing the bit map for each block, the decompression/
reconstruction algorithm knows whether a pixel is brighter
or darker than the average. Thus, for each block two gray
scale values, a and b, are needed to represent the two regions.
These are obtained from the sample mean and sample standard deviation of the block. Since, each block of pixels has
different sample mean and standard deviation, the corresponding values of a and b, will vary from block to block,
and are therefore stored together with the bit map.
Figure 2 illustrates the decompression process. An explanation
of how a and b are determined will be given below.
For the example illustrated in Figs. 1 and 2, the image
was compressed from 8 bits per pixel to 2 bits per pixel (bpp).
This is due to the fact that BTC requires 16 bits for the
bit map, 8 bits for the sample mean and 8 bits for the sample standard deviation. Thus, the entire 4 x 4 block requires
32 bits, and hence the data rate is 2 bpp. From this example it is easy to understand how a smaller data rate can be
achieved by selecting a bigger block size, or by allocating
less bits for the sample mean or the sample standard deviation
[5, 7]. We will discuss later how the data rate can be further
reduced.
To understand how a and b are obtained, let k be
the number of pixels of an n x n block ( k = n 2) and
Xl,X2, . . . . Xk be the intensity values of the pixels in a block

zyxwvu

of the original image. The first two sample moments ml and
m2 are given by
_

1

k

ml - X --k i=1 Xi
(1)
1

k

m2 - - £ Z x ~
t=l

and the sample standard deviation a is given by
2
O"2 - - m 2 - - m 1

(2)

The one bit quantizer for a block and threshold, Xth, as
shown in Fig. 3, is defined by

Output --

b

if

a

if xi < Xth

X i > Xth

for i - - 1 , 2 , . . . , k .

(3)

As the example illustrated, the mean can be selected as the
quantizer threshold. Other thresholds could also be used such
as the sample median. Another way to determine the threshold
is to perform an exhaustive search over all possible intensity
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or below the threshold. The data rate is then determined by
the block size k and the number of bits f that are allocated to
the sample mean and sample standard deviation of a block.
a
The data rate is then given by k ~ f _ 1 + f bits as shown in
Fig. 4. For instance for k = 16 and using 10 bits to jointly
~
,...... zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I
m l and 0-, the image would be compressed to
quantize
Input
Xth
10
1 + i ~ - 1.625 bits per pixel (bpp).
FIGURE 3 Binary quantizer.
The issue of how many bits to assign to the sample mean
and sample standard deviation was discussed in detail in
values to find a threshold that minimizes a distortion measure [7, 11 ]. The most important concept to note is that when the
relative to the reconstructed image [7].
sample mean is small or large, the sample standard deviation
Once a threshold, Xth, is selected the output levels of the must be small given the dynamic range of the pixel values. One
quantizer (a and b) are found such that the first and second can exploit this and assign fewer bits to the sample standard
moments are preserved in the output. If we let q be the num- deviation. In [11] it was shown that one could also use spatial
ber of pixels in a block that are greater than or equal to Xth in masking models to reduce the number of bits assigned to
value, we have:
the mean and standard deviation with 10 bits typically being
enough to jointly quantize both values. The performance of
BTC when the first three moments are preserved is illustrated
k- ml = ( k - q). a + q. b
(4) in Fig. 5. The image shown in Fig. 5b is compressed to a data
k. m2 = ( k - q). a 2 + q. b2
rate of 1.625 bpp.
Another advantage to BTC is that channel errors do not
Solving for a and b:
propagate in the decompressed image due to the fact that BTC
produces a fixed length binary representation of each block.
Figure 5c shows the performance of BTC in the presence
a - ml - 0 - / , q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of channel errors when the channel has a bit error probVK - q
(5) ability of 10 -3 .
b-m1+0-~.,
q
Other techniques can be used to design a one bit quantizer,
VK - q
for instance, one can use a fidelity criterion such as mean
square error (MSE) or mean absolute error (MAE). If we
Rather than selecting the threshold to be the mean, an let Yl, )2, ..., Yk, be the xi's sorted in ascending order, that
additional constraint can be added to (4) in order to deter- is the order statistics of xi's (see chapter 4.4), the MSE is then
mine the threshold of the quantizer. This is done by preserving given by
the third sample moment (m3):
Output

k . m3 -- (k - q) . a 3 -4- q . b3,

(6)

k-q-1

m

MSE-- y ~ ( y i - - a ) 2 + ~

( y i - b ) 2.

(9)

i=k-q

i=1

where m3 is given by
By minimizing the MSE, a and b are
1
m3

k

-- ~ ~ X ~ . .

(7)

k-q-1

z=l
a

--~

k-q

Since q is defined as the number of xi's greater than or equal
to Xth, the threshold is then implicitly determined by q:

q-~
A--

1 +A

JAI I where
2 +4

'

1 Z

Yi

i=1
(10)

ml

b-l-Eyi
q i=k-q

(8)

3.mlm2 -- m3 -- 2. m~ (0- ¢ 0).
0"3

It is evident how each block can be described by the sample
mean (ml), the sample standard deviation (0-), and a bitmap
where the 1 and 0 indicate whether the pixel values are above

When minimizing the MAE (11), the values of a and b are
given in (12).
k-q-1

MAE -

E

m

[Yi - a[nt- ~
lYi - b l,
i=1
i=k=q

(11)
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A comparison between the use of MSE, MAE, and BTC is
given in [5].

c. Performance of BTC in the presence
of channel errors

BTC with errors.

The main feature of BTC is the simplicity of its implementation, particularly due to the low decompression
complexity. Due to the block nature of the algorithm the
boundaries of adjacent blocks can sometimes be visible. The
artifacts produced by BTC are usually seen around edges and
in low contrast areas containing a sloping grayscale. In some
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images edges may appear to be ragged despite being sharp equations for Yl, )'2, and Xth:
and some sloping gray levels may exhibit false contours [5]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E[Y] -- E[X] = YlP1 q- Y2P2

3 Moment Preserving Quantization

E[y 2] -- E[X 2] -- y2p1 + y2p2
S [ Y3] -- S [ X 3 ] -- Y~P1 -4r-~ P 2

(13)

In this section we will develop the moment preserving (MP)
Plq-P2 -- 1,
quantizer. We will show that quantizers that preserve
moments can be derived in closed form when the input where the expectation operator is defined by
probability density function is symmetric and the number of
levels is relatively small. We will discuss how an MP quantizer
E[X i] xidF(x)
and Yl _< xth <_ )'2.
can be formulated as the classic Gauss-Iacobi mechanical
quadrature problem.
Since the advent of the use of pulse code modulation
We shall assume throughout this presentation that the
(PCM) systems there has been great interest in the design moments exist and are finite. Equation (13) can be rewritten
of quantizers. It was observed that non-uniform quantizers as
possessed properties that could be used to achieve results
such as lower mean square error or enhanced subjective
ml = ylF(Xth) + )'211 -- F(xth)]
performance in the areas speech and image compression.
m2 -- y2F(xth) + y2[1 -- F(xth)]
(14)
These types of quantizers are designed for a particular
m3 -- y~F(xth) + y23[1 -- F(xth)],
input probability distribution function relative to a particular performance index or fidelity criterion. The most
popular fidelity criterion used is the mean square error (MSE) where mi - E[Xi],
between the input and output with the quantizer designed to
minimize the mean square error. Other pointwise measures
P1 = Prob(X < Xth) = F(xth),
have also been proposed, such as the mean absolute error
criterion. Studies have shown that pointwise fidelity criteria and
cannot be used reliably in image coding [12].
P2 = Prob(X > xth) = 1 - F(xth).
Preserving the moments of the input and output of a
quantizer has been proven to be a very successful approach
By solving (14) for Yl, )'2, and Xth, the quantizer obtained
for image coding [5, 11]. Block truncation Coding, as
described in the previous section, uses a small number of is such that the first three moments of X and Y are identical.
levels and a non-parametric form of a moment preserving To find Xth we shall assume that F-l(.) exists.
Without loss of generality we shall further assume that
quantizer. By non-parametric we mean that the quantizer
a priori probability m l - - 0 and m2--1, i.e., X is zero mean and unit variance.
was designed to fit the actual data; no zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
distribution function is assumed. We will approach the Equation (14) then becomes
problem by first examining a two level MP quantizer and
0 -- ylF(Xth) -+-)'211 -- F(Xth)]
then generalize the result to Q levels.
Let the random variable X denote the input to the quan1 -- y2F(Xth) -k- y2[1 -- F(xth)]
(15)
tizer, whose probability distribution function is F(x), x ~ [c, d]
m3 -- y~F(xth) -b y23[1 -- F(xth)].
The interval [c, d] can be finite, infinite, or semi-infinite. Let
Y denote the random variable at the output of the quantizer.
By solving the first two equations for Yl and )'2 in terms of
For a two level quantizer, the random variable Y is discrete
F(Xth)
and using these solutions in the last equation we arrive
and takes on the values {yl,y2} with probabilities V l Prob(Y - Yl) and P2 = Prob(Y = ) 2 ) . The output Y takes at the desired results
on the value Yl whenever the input x is below some
threshold xth, otherwise the output is )I2. Therefore, in general,
_ _/1--F(xth)
--~1
Yl
-F(~th) -to design any two-level quantizer one must choose the two
output levels Yl and )'2 (designated by a and b in the
~ F(xth)
P~2
previous section), and the input threshold xth as illustrated
(16)
)'2 -- 1 -- F(xth) -in Fig. 3. It is necessary that the quantizer preserve the first

fc

three moments of the input, otherwise one of the three
parameters would have to be known (or guessed) initially [7].
To specify the quantizer one must solve the following

1 m3~ 4 1
F(xth) -- -~ + T
+ m2

5.2 Block Truncation Coding (BTC) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

This result is interesting in that the quantizer can be written
in closed form. The above result in (16) also indicates that
the threshold Xth, is nominally the median of X and not the
mean as one would expect. The third moment m3 is in general a signed number and can be thought of as a measure of
skewness in the probability distribution function. This result
indicates that the threshold is biased above or below the
median according to the sign and magnitude of this skewness.
These results are similar to those of BTC in the previous
section, the difference being that BTC uses sample moments
[5]. It should be noted that at this point we have no guarantee
that )'1 < Xth ~ )'2. This problem will be addressed below.
The MP quantizer can be generalized to Q-levels. One
needs to recognize that for a Q-level quantizer there are Q
output levels and Q - 1 thresholds. So if we desire an Q-level
MP quantizer we need to know the first 2 Q - 1 moments,
i.e., the Q-level MP quantizer preserves 2 Q - 1 moments.
This, as shown in [13], guarantees the uniqueness of the
quantizer. For large Q this does lead to the problem of
knowing a large set of moments for a given distribution.
To arrive at the desired quantizer we need to know Q
output levels {Yl,Y2, " " , YQ} and Q - 1 thresholds {Xl,x2, ' ' . ,
xQ_x} with Yl < Xl _< Yz'"YQ-1 < XQ_l _< YQ. We again
assume m l = 0 and m 2 - - 1, and solve
q

mn ~ f d xndF(x)- Z

YinPi for n -- O, 1,2, ... ,2Q - 1,

i=1
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Table 1 shows the MP quantizer thresholds and output levels for an input that has a zero mean, unit variance
Gaussian probability density function. MP quantizer thresholds and output levels for uniform, and Laplacian probability distribution functions and other distributions are
given in [7, 13]. For comparison purposes the mean square
error of the quantizer and the entropy of the output are
shown.
The results for probability density functions on an
infinite interval exhibit one of the disadvantages of the MP
quantizer. The outputs at Yl and Yo have a tendency to spread
much further from the origin than a minimum mean square
error quantizer. What this says is that the quantizer assigns
output levels that have a small probability of occurrence.
These assignments of small probability output levels are
reflected by the low values of the entropy for MP quantizers
[13]. This indicates that it would be very hard to evaluate
the MP quantizer for large values of Q (say larger than 30)
because the output levels would be assigned such small
probability of occurrence that one could have problems with
computationally accuracy. Also it is no easy task to compute
the zeros of a polynomial of high degree. These types of
problems do not manifest themselves in the MSE quantizer
due to the types of algorithms used to determine the output
levels and input thresholds. Convergence properties of the
MP quantizer for large Q are derived in [13]. It is also shown
that the quantization error of the MP quantizer is negatively
correlated with the input. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

(17)

4 Variations and Applications
of BTC

where
X0

~

C,

XQ = d,
mn --" E[Xn],
Pi -- F(xi) - F(xi-1) - P r o b ( r -Yi).

For a large class of practical problems where F(x) admits
a probability density function f i x ) and if f i x ) is even, i.e.,
f i x ) = f ( - x ) , then the complexity of (17) is simplified since
m n - 0 for n odd and the quantizer itself is symmetric.
For a symmetric probability density function a closed form
solution has been obtained for Q = 2, 3, 4 [13].
Equation (17) can be recognized as a form of the GaussJacobi mechanical quadrature [14]. The output levels, Yi, of
a Q-level MP quantizer are the zeros of the Qth degree
orthogonal polynomial associated with F(x). The Pi are the
Christoffel numbers and the xi and Yi alternate by the
separation theorem of Chebyshev-Markov-Stieltjes [ 14]. A
review of orthogonal polynomials, the Gauss-Jacobi mechanical quadrature, and the separation theorem are presented
in [13].

We will not attempt to list all the variations and extensions
made to BTC over the years, rather we provide a general
idea of the ways in which BTC has been used in image and
video compression. Overviews of the many different variants
of BTC are presented in [15, 16].
The first comparison study of the performance of BTC
was done in 1980 [17]. In this study BTC was compared
with the DCT and hybrid coding techniques in the context
of high resolution aerial reconnaissance imagery. This study
showed that at data rates from 1-3 bits/pixel (monochrome
images) BTC performed very favorably compared to the other
techniques.
After the initial work on BTC and moment preserving
quantizers [13], the group at Purdue worked on several
enhancements and extensions to the basic algorithm. These
include coding graphics images [ 11 ], predictive coding [ 18],
coding color images [ 19], the use of absolute moments [ 19],
video [20, 21], and hardware implementations [22]. Figure 6
illustrates one of the applications of BTC in coding color
images [23]. Here BTC is used in a multiresolution
decomposition of the image to achieve a data rate of 1.89 bpp.
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TABLE 1 Positive thresholds and positive output levels for a MP quantizer ( Q = 2-16) for a zero mean, unit variance
Gaussian probability density function (MSE = mean square error)
Output Levels
Q=2
Entropy 1.00
MSE 0.4042

Q= 3
Entropy 1.2516
MSE 0.2689

Q=4
Entropy 1.4423
MSE 0.2032

Q= 5
Entropy 1.5936
MSE 0.1626

Q= 6
Entropy 1.7188
MSE 0.1362

Q= 7
Entropy 1.8255
MSE 0.1166

Q=8
Entropy 1.9185
MSE 0.1024

Q=9
Entropy 2.0008
MSE 0.0909

Thresholds

Output Levels

Thresholds

0.4849
1.4650
2.4843
3.5818
4.8595
0.0000

0.0000
1.0137
2.0568
3.1702
4.4491

0.9288
1.8760
2.8651
3.9361
5.1880

0.4805
1.4537
2.4620
3.5449
4.7951

0.4444
1.3404
2.2595
3.2237
4.2718
5.5009

0.0000
0.9216
1.8615
2.8409
3.8979
5.1232

Q = 13
Entropy 2.2598
MSE 0.0631

0.0000
0.8567
1.7254
2.6207
3.5634
4.5914
5.8002

0.4409
1.3309
2.2429
3.1978
4.2324
5.4358

Q = 14
Entropy 2.3123
MSE 0.0587

0.4126
1.2427
2.0883
2.9630
3.8869
4.8969
6.0874

0.0000
0.8509
1.7142
2.6026
3.5363
4.5512
5.7349

Q = 15
Entropy 2.3611
MSE 0.0547

0.0000
0.7991
1.6067
2.4324
3.2891
4.1962
5.1901
6.3639

0.4096
1.2352
2.0755
2.4435
3.8586
4.8560
6.0221

Q = 16
Entropy 2.4069
MSE 0.0519

0.3868
1.1638
1.9519
2.7602
3.6009
4.4929
5.4722
6.6308

0.0000
0.7943
1.5977
2.4182
3.2683
4.1670
5.1485
6.2986

1.0

0.0

Q=lO
Entropy 2.0748
MSE 0.0820

0.0000
1.7312

0.9673

Q = 11
Entropy 2.1419
MSE 0.0745

0.7419
2.3344

0.0000
1.3557
2.8570

6.6167
1.8892
3.3242

0.0000
1.1544
2.3667
3.7504

0.0000
1.6866

0.7277
2.2820

0.0000
1.3338
2.8003

0.6081
1.8624
3.2648

0.5391
1.6365
2.8025
4.1445

0.0000
1.1408
2.3364
3.6890

0.0000
1.0233
2.0768
3.2054

0.5332
1.6193
2.7694
4.0818

Q=12
Entropy 2.2032
MSE 0.06841
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Original Image
FIGURE 6

\%

Encoded at 1.89 bpp

Illustrationof the use of BTC in color image compression (see color insert).

A great deal of work also has been done on the use of
absolute moments [24]. The use of absolute moments is
interesting in that the mean square performance is better
than the standard BTC approach. A very interesting recent
paper by Ma [25] examines the earlier work done at Purdue
by Lema and Mitchell [19] and argues that this work is
often improperly cited. BTC has also been used with vector
quantization, nonlinear filters and multilevel quantizers.
Many video compression schemes have proposed using
BTC including HDTV [26].
Due to its low complexity, BTC is attractive for hardware
and/or software implementation. The first paper describing an
integrated circuit approach was in 1978 [27], with more recent
interest being in video [28]. Many software implementations
have been proposed including Sun's CellB video format [29]
that is used in their XIL library and as part of the multicast
transport used on the Internet. The XMovie [30] architecture
that has been suggested for multimedia systems is an extension
of the DEC's Software Motion Pictures (SMP) [31] system
based on BTC. Perhaps one of the most interesting recent
extensions of BTC is in the area of binary pattern image
coding [10] whereby the BTC bit plane is extended so that
only certain patterns in each block are encoded. An excellent example of this approach is Visual Pattern Coding [32]
which can preserve local gradient in each image block. These
techniques have been shown to work quite well for video
in multimedia application at data rates below 100 kb/s.
Others have also investigated the use of BTC for color
image indexing [33] and color image compression [34].
There are also other implementations of BTC that employ
variable size blocks instead of fixed size blocks [35-38]. In
[35], an image to be coded is divided into n x n blocks, and the
sample standard deviation of each block compared to a prespecified threshold. If the sample standard deviation of a block
is less than or equal to the threshold then the entire block is
coded, otherwise the block is divided into four sub-blocks
each of size n/2 x n/2 and the process repeated. The maximum
block size is 8 x 8 and the smallest permitted block size is

2 x 2. In [36] an image to be coded is divided into 4 x 4 blocks
and each block categorized as being one of the following: (1)
smooth block, (2) block containing an edge, or (3) a texture
block. Smooth blocks are represented by the sample mean
of the block, and texture blocks are coded using BTC with
absolute moments. If the difference between the maximum
and minimum block intensities is less than 20, then the block
bitmap is represented by 7 bits instead of 16 using a table
lookup. Blocks with edges are divided into sub-blocks of size
2 x 2 to isolate the location of edges. Sub-blocks containing
edges are coded using quad-trees, those not containing edges
are represented by their sample means. A similar method
was also described in [37]. In [38], an image to be encoded
is represented by a quad-tree and the optimal quad-tree
representation that minimizes the overall distortion subject to
a budget bit-rate is obtained. The block coding and
consequent tree pruning follows the method described in
[35]. Other hybrid techniques that have combined BTC with
vector quantization [39, 40], BTC with vector quantization
and the discrete cosine transform (DCT) [41], and BTC with
hamming codes and differential pulse code modulation [42]
have also been explored. The underlying aim has been to
reduce the overall data rate of BTC.

zyxw

5 Conclusions
Block truncation coding has come a long way since March
1977. Despite the recent work in image video compression
standards, BTC is still attractive in many applications that
require low-complexity and moderate data rates. These include
Internet video with software-only codecs, digital cameras and
printers. On the research side there continues work on combining BTC with other techniques and approaches to improve
performance. As in all research one never knows where
this will lead. We have no doubt that BTC will be of interest
to the research community and applications engineers for
many years to come.
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1 Introduction
In this age of information, we see an increasing trend toward
the use of digital representations for audio, speech, images,
and video. Much of this trend is being fueled by the exploding
use of computers and multimedia computer applications.
The high volume of data associated with digital signals,
particularly digital images and video, has stimulated interest in
algorithms for data compression. Many such algorithms are
discussed elsewhere in this book.
At the heart of all these algorithms is quantization, a field of
study that has matured over the last few decades. In simplest
terms, quantization is a mapping of a large set of values to
a smaller set of values. The concept is illustrated in Fig. 1A,
which shows on the left a sequence of unquantized samples
with amplitudes assumed to be of infinite precision, and
on the right that same sequence quantized to integer values.
Obviously, quantization is an irreversible process, because
it involves discarding information. If done wisely, the error
introduced by the process can be held to a minimum. The
generalization of this notion is called vector quantization,
commonly denoted VQ. It too is a mapping from a large set to
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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a smaller set but involves quantizing blocks of samples
together. The conceptual notion of VQ is illustrated in Fig. lB.
Blocks of samples, which we view as vectors, are represented
by code vectors stored in a codebookma process called
encoding. The codebook is typically a table stored in a digital
memory, where each table entry represents a different code
vector. A block diagram of the encoder is shown in Fig. 2. The
output of the encoder is a binary index that represents the
compressed form of the input vector. The reconstruction
process, which is called decoding, involves looking up the
corresponding codevector in a duplicate copy of the
codebook, assumed to be available at the decoder.
The general concept of VQ can be applied to any type of
digital data [36-41]. For a one-dimensional (1D) signal as
illustrated in Fig. 1B, vectors can be formed by extracting
contiguous blocks from the sequence. For two-dimensional
signals (i.e., digital images) vectors can be formed by taking
two-dimensional (2D) blocks, such as rectangular blocks, and
unwrapping them to form vectors. Similarly, the same idea
can be applied to three-dimensional (3D) data (i.e., video),
color and multispectral data, transform coefficients, and so
forth.
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674 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

real numbers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
integers

TII

unquantized samples

TT Ill

quantized samples

T'

(A) SCALAR QUANTIZATION
codevectors
block into vectors
I

4
3

I

!

2

i

i

1
0

T T~

codevector
indicies

iT
000

unquantized samples

001

010

'T'T

011

100

codebook with 2-D codevectors

(B) VECTOR QUANTIZATION
Comparison of scalar quantization with vector quantization.

FIGURE 1

2 Theory of Vector Q u a n t i z a t i o n
Although conceptually simple, there are a number of issues
associated with VQ that are technically complex and relevant
for an in-depth understanding of the process. To address these
issues, such as design and optimality, it is convenient to treat
VQ in a mathematic framework. Toward this end, we can view
VQ as two distinct operations--encoding and decoding-shown explicitly in Fig. 2. The encoder E performs a mapping
from k-dimensional space 77.k to the index set Z, and the
decoder D maps the index set Z into the finite subset C, which
is the codebook. The codebook has a positive integer number
of code vectors that defines the codebook size. In this chapter,
we will use N to denote the codebook size and Yi to denote the
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For simple scalar quantizers, such as the one illustrated in
Fig. 1A, bit rates are typically integer numbers. However,
for VQ it is natural to have fractional bit rates such as 1/2, 3/4,
16/3. The structure of VQ in this regard inherently provides
greater flexibility in terms of rate granularity.
The operation associated with the VQ decoder is extremely
simple, involving no arithmetic at all. Conversely, the
encoding procedure is complex, because a best-matching
vector decision must be made from among many candidate
code vectors. To select a best matching codevector, we use a
numerically computable distortion measure d(x, yi), where
low values of d(., .) imply a good match. There are many
distortion measures that can be considered for quantifying the
"quality of match" between two vectors x and y, the most
common of which is the squared error given by
d(x, y) - ( x -

=

codevectors
I

code vectors, which are the elements of C. The bit rate R
associated with the VQ depends on N (the number of code
vectors in the codebook) and the vector dimension k. Since
the bit rate is the number of bits per sample,

y ) t ( x - y)

k
-

y[e])2,

£=1

111

6

Block diagram of a vector quantization encoder and decoder.

where x[£] and y[£] are the elements of the vectors x and y,
respectively. To encode a vector x, distortions are computed
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The quality of performance of a VQ is typically measured
by its average distortion for a given input source. In practice,
sources are typically signal samples, image pixels, or some
other data output associated with a signal that is being
compressed. Whatever the source, average distortion measures
are typically used to quantify the performance of a vector
quantizermthe smaller the average distortion the better the
performance.
Vector quantizers are of interest because they can be
designed to yield better performance than a scalar quantizer
[31]. In fact, VQs can generally contribute three types of
performance gain: cell shape gain, density shape gain, and
source correlation gain. M1 three can be explained in a
straightforward way using 2D vectors and partition diagrams.
Consider first an input source that is independent (i.e., no
dependencies among the samples) and uniformly distributed
over the range. Figure 4 depicts the 2D partition diagram
for such a source, in this case with 64 cells. What we see is that
VQ is able to realize hexagonal-shaped cells because the
partitions are defined in 2D via equation (2). If we consider
scalar quantization, the effective partitioning in 2D is
rectangular. The performance of a quantizer for a particular
source, as we said before, can be judged by its average
distortion. From the partition diagram, this can be viewed in
terms of the average distance to the center of the cell or
equivalently the packing efficiency of the cells. Viewing the
average quantization distortion in terms of cell shape
geometry makes it easy to see the gains achieved by VQ.
Clearly hexagonal cells will have lower overall distortion than
rectangular cells. Furthermore, it can be shown that the
hexagonal geometry provides the minimum distortion. This
type of gain is called shape gain and the magnitude of this
gain increases with dimension.
Now let's consider a bimodal density source. Figure 5
illustrates a 2D partition diagram for both a VQ and scalar zyxwvutsr

/

\

,X
;,/,f~fi

.!.
(A) Partition cells for a 2-D VQ

(B) Partition cells corresponding
to scalar quantization

FIGURE 3 Illustration of the partition cells associated with VQ and scalar
quantization.

between it and each codevector Yi in the codebook. The code
vector producing the smallest distortion is selected as the best
match and the index associated with that code vector is used
for the representation.
This process of encoding has an interesting and useful
interpretation in the k-dimensional space. The set of
codevectors defines a partition of T4k into N cells V i, where
i = 1, 2 . . . . . N. If we let Q(-) represent the encoding operator,
then the ith cell is defined by
Vi --

{x E 7"~,k" ~ ( x ) -

yi}.
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(2)

Partitions of this type that are formed uniquely from the
codebook and a nearest neighbor distortion metric such as
the squared error distortion are called Voronoi partitions.
The notion of partitioning can be visualized easily in twodimensions, an illustration of which is shown in Fig. 3A. Here,
each vector has two elements (Xl,X2) and consequently is a
point in the 2D space. That is, both the input vectors and
codevectors are points in this space. The encoding procedure
defines a unique partitioning of the space as shown in the
figure, where the black dots denote code vectors.
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FIGURE 4
Uniform density source: Illustration of partition diagram with 64 cells associated with (A) vector
quantization and (B) scalar quantization.
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quantizer. Notice that in the VQ case, the cell shapes are
hexagons and are placed in the area where the source has
high density. For the scalar quantization case, the cells are
rectangular in shape and some cells are placed in an area
where the source does not have significant density. Thus, we
s e e that VQ achieves a density-related advantage.
Up until now, we have observed that VQ provides better cell
geometry and places cell according to varying source density.
However, we have not explored the performance of VQ
for nonindependent signal sources (i.e., sources that have
dependencies among the samples), which is often the case for
many signals. To understand this issue, let us consider a firstorder Gauss-Markov source that has a strong linear correlation among source samples. High correlation among samples
implies that each vector will have elements that are close in
value. For the 2D case as illustrated in Fig. 6, this results in
points that cluster along a diagonal in 2D space. VQ when
applied directly can exploit this distribution as shown in
the figure by creating cells that minimize the average distance
to the centroid. Scalar quantization when applied directly has
no way to capture sample-to-sample dependencies. Rather, it
tends to cover the broader space defined by mapping the scalar
quantized values to two dimensions as shown in Fig. 6B. Thus
we see geometrically that VQ (unlike scalar quantization) can
directly exploit signal dependencies.

3 Design of Vector Quantizers
The key element in designing a VQ is determining the
codebook for a given input source. In practice, the input
source is represented by a large set of representative vectors
called a training set. Over the years, there have been many
algorithms proposed for VQ design. The most widely cited
is the classic iterative method attributed to Linde, Buzo,
and Gray, a.k.a, the LBG algorithm [2]. The LBG algorithm
is fashioned around certain necessary conditions associated
with the distinct encoder and decoder operations implicit in
VQ. The first of these conditions states that for a fixed decoder
codebook, an optimal encoder partition of ~k is the one
that satisfies the nearest neighbor rule, which says that we map
each input vector to the cell Vi producing the smallest
distortion. By that measure, we are selecting the code vector
that is nearest to the input vector.
The second optimality condition is the centroid condition.
It states that for a given encoder partition cell, the optimal
decoder codeword is the centroid of that cell, where the
centroid of cell Vi is the vector y* that minimizes
E{d(x,y)[x ~ Vi}, the average distortion in that cell. The
centroid is a function of the distortion measure and is
different for different distortion measures. For the popular
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FIGURE 6
Gauss-Markov source: Illustration of partition diagram with 64 cells associated with (A) vector
quantization and (B) scalar quantization.
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squared error distortion, the centroid is simply the arithmetic recoding of the training vectors and a new computation of the
average of the vectors in cell Vi, for example zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
centroids to update the codebook. Fig. 7D illustrates the
centroid locations after a few iterations. Ideally, at each
iteration,
the average distortion is reduced until convergence.
y, =
1
In
practice,
convergence is often slow near the point of
llVill
x~,
i
convergence. Hence in the interest of time, one often
terminates the iterative algorithm when the codebook is very
where [[Viii denotes the number of vectors in cell Vi.
close to the local optimum. There are many stopping criteria
It can be shown that local optimality can be guaranteed that can be considered for this purpose. One approach in
by upholding these conditions, subject to some mild particular is to compute the average distortion 79(e) between
restrictions [ 1].
the training vectors and the codevectors periodically during
the design process, where the superscript ~ denotes the £th
iteration. If the normalized difference in distortion from one
3.1 The Linde, Buzo, and Gray Design
iteration to the next falls below a prespecified threshold, the
Algorithm
design process can be terminated. For example, one could
The necessary conditions for optimality provide the basis evaluate 7) at each iteration and compute the normalized
for the classic LBG VQ design algorithm. The LBG algorithm difference
is a generalization of the scalar quantization design algorithm
introduced by Lloyd, and hence is also often called the
( T ) ( 0 __ ~)(~--1))
generalized Lloyd algorithm or GLA. Interestingly, this
D(e)
algorithm was known earlier in the pattern recognition
community as the k-means algorithm.
The steps of the LBG algorithm for the design of an where forced termination is imposed when this normalized
N vector codebook are straightforward and intuitive. The difference becomes less than the stopping threshold.
Often convergence proceeds smoothly. On occasion, the
basics of the algorithm are illustrated in Fig. 7. Starting with
encoding
stage of a given iteration may result in one or more
a large training set (much larger than N), one first selects
cells
not
being
populated by any of the training vectors. This
N initial codevectors as shown in Fig. 7. Initial code vectors
situation,
known
as the "empty cell" problem, effectively
can be selected randomly from the training set. There are
reduces
the
codebook
size. This problem, when detected, can
two basic steps in the algorithm: encoding of the training
be
addressed
in
any
one
of a number of ways, one in particular
vectors and computation of the centroids. To begin, we first
consisting
of
splitting
the
cell with the greatest population
encode all the training vectors using the initial codebook.
in
two
to
replace
the
lost
empty
cell.
This process assigns a subset of the training vectors to each cell
defined by the initial code vectors as illustrated by the
partitions in Fig. 7B. Next, the centroid is computed for each
cell shown in Fig. 7C. The centroids are then used to form an
updated codebook. The process then repeats iteratively with a
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I l l u s t r a t i o n of Linde, Buzo, a n d G r a y (LBG) a l g o r i t h m .

3.2 Other Design Methods
Many methods of VQ design have appeared in the literature
in recent years. Some focus on finding a good initial set of
codevectors, which are then passed on to a classic LBG
algorithm. By starting with a good initial codebook, one not
only converges to a good solution, but generally converges
in fewer iterations. Randomly selecting the initial codevectors
from the training set is the easiest approach. This approach
often works well, but sometimes does not provide sufficient
diversity to achieve a good locally optimal codebook. A simple
variation that can be effective for certain sources is to select
the N vectors (as initial code vectors) from the training set
that are farthest apart in terms of the distortion measure. This
tends to ensure that the initial code vectors are widely
distributed in the k-dimensional space.
Alternatively, one can apply the splitting algorithm, which
is a data-dependent approach that systematically grows the
initial codebook. The method, introduced in the original
paper by Linde, Buzo, and Gray [2] and illustrated in Fig. 8,
starts with a codebook consisting of the entire training set.
First the centroid of the training set is computed as shown in
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FIGURE 8 Initilization of Linde, Buzo, and Gray (LBG) algorithm using
splitting algorithm.

It is impossible to discuss all the design algorithms that
have been proposed. However, it is appropriate to mention
a few others in closing this section. There are a number of
modifications to the LBG algorithm that can lead to an order
of magnitude speed up in design time. One approach involves
transforming all the training vectors into the discrete cosine
transform domain and performing the VQ design in that
domain. Because many of the transform coefficients are close
to zero and hence can be neglected, codebook design can be
performed effectively with lower dimensional vectors.
Although there is overhead associated with performing the
transform, it is offset by the efficiency of performing iterations
in a reduced dimensional space.
Neural nets have also been considered for VQ design.
A number of researchers have successfully used neural nets to
generate VQ codebooks [5, 6]. Neural net algorithms can have
advantages over the classic LBG algorithm, such as less
sensitivity to the initialization of the codebook and faster
convergence.
The ultimate design algorithm is one that finds the global
optimal. Several attempts at this have been reported, such as
design by simulated annealing, by stochastic relaxation, and
by genetic algorithms [7-10]. Algorithms of this type are
perhaps the best in terms of performance, but tend to
have high computational complexity. Interestingly, amid all
of these choices, the LBG algorithm still remains one of the
most popular. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJ

Fig. 8 (top left). This centroid is then split into two codewords
by perturbing the elements of the centroid (Fig. 8, top right).
For instance, this could be done by adding some small value to
each element. The original centroid and the perturbed
centroid are used to encode the training set, after which
centroids are computed to form a new initial codebook as
shown in Fig. 8 (bottom). These new centroids can then be
perturbed and used to encode the training set. After centroids
are computed, we have four code vectors in the codebook.
The process can be repeated until N code vectors are obtained.
At this point, the LBG algorithm can be applied as described
earlier.
4 Vector Quantization Implementations
These approaches are intended primarily as a way to obtain
initial codebooks for the LBG algorithms. Other methods VQ is attractive because it has a performance advantage
have been proposed that attempt to find good codebooks over scalar quantization. However, like all things in life,
directly, which may be optimized further by the LBG quality comes with a price. For VQ, that price comes in the
algorithm if so desired. One such algorithm in particular is form of increased encoder complexity and codebook memory.
the pairwise nearest neighbor algorithm or PNN [3]. In the The number of code vectors that must be stored in a codebook
PNN algorithm, we start with the training set and system- grows exponentially with increasing bit rate. For example, a
atically merge vectors together until we arrive at a codebook of 16-dimensional VQ at a rate of 0.25 bits per sample requires
size N. The idea is to identify pairs of vectors that are closest a codebook of size 16, whereas the same VQ at a rate of
together in terms of the distortion measure, and replace these 1 bit/sample requires 65,536 code vectors. Codebook memory
two vectors with their mean. This operation reduces the also grows exponentially with vector dimension. For example,
codebook size by effectively merging those partitions that an 8-dimensional VQ at a rate of 1 bit/sample (with 1-byte
would result in the smallest increase in distortion. In this way code vector elements) would occupy 2048 bytes. Increasing
the PNN algorithm can be used to merge a large training set the dimension to 32 causes the memory storage requirement
into an N vector codebook. As described, this algorithm is to jump to more than 34 Gbytes. Similarly, the same kind of
computationally demanding. However, a fast implementation exponential dependence exists for encoder complexity. Unlike
may be used, the details of which can be found in an article by scalar quantization, careful attention should be given to
dimension and rate, because memory and complexity
Equitz [3].
Codebooks designed by the PNN algorithm can be used requirements can easily become prohibitively large. As a
directly for VQ or as initial codebooks for the LBG algorithm. general rule, VQs that are used in practice have dimension of
It has been observed that using the PNN algorithm as a front 16 or less, because complexity, memory, and performance
end to the LBG algorithm (i.e., in lieu of the random selection tradeoffs are generally most attractive in this range.
A host of fast search methods have been reported for
or splitting methods) can lead to better locally optimal
VQ
that can be grouped into two general types. The first
solutions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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can be called fast optimal search methods, which are
optimal in the sense that they guarantee that the encoder
will find the best matching codevector for each input vector
[1, 11, 12, 34].
One of the simplest methods of this type is known as the
partial distortion method. Consider the VQ encoder where
in the conventional paradigm the input vector x is compared
to each of the code vectors by explicit computation of
d(x, yi) for i - 1 , 2 . . . . . N. The partial distortion method
involves keeping track of the lowest distortion calculation
to date as the codebook is being searched. To understand how
complexity is reduced, assume that we have searched N~ 4 of
the code vectors in the codebook and that the minimum
distortion found thus far is d[min]. For the next distortion
calculation, we compute
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5 Structured Vector Quantization
A class of time-efficient methods has been studied extensively
that sacrifice performance for substantial improvement in
speed. The approach taken is to impose efficient structural
constraints on the VQ codebook. These constraints are often
formulated to make encoding complexity and/or memory
linearly or quadratically dependent on the rate and dimension
rather than exponentially dependent. The price paid, however,
is usually inferior performance for the same rate and
dimension. Nonetheless, the substantial reduction in complexity usually more than offsets the degradation in performance
[32]. To begin, we consider the most popular structured
VQ of this class, tree-structured vector quantization (TSVQ).

5.1 Tree-Structured Vector Quantization
d[z~ -

E(x[e]

-

-

TSVQ consists of a hierarchic arrangement of code vectors,
that allows the codebook to be searched efficiently. It has
the property that search time grows linearly with rate instead
of exponentially. Binary trees are often used for TSVQ because
they are among the most efficient in terms of complexity.
The concept of TSVQ can be illustrated by examining the
binary tree shown in Fig. 9. As shown, the TSVQ has a root
node at the top of the tree with many paths leading from it to
the bottom. The codevectors of the tree,

yi[e]) 2,

~=1

where x[e] and yi[g.] are the elements of x and Yi, respectively.
If during the process of evaluating the summation above,
the value of d[q exceeds d[min], then we can terminate the
calculation since we know that this vector is no longer a
candidate. The net result of applying this procedure for
encoding is that many of the vectors will be eliminated from
further consideration prior to the full evaluation of the
distortion calculation.
Y000, Y001' • • •, Y111 '
In addition, the triangle inequality can be used to reduce
complexity, the idea being to use some reference points from are represented by the nodes at the bottom. The search path
which the distance to each code vector is precomputed and to reach any node (i.e., to find a code vector) is shown
stored [11]. The encoder then computes only the distance explicitly in the tree. In our particular example there are N = 8
between the input vector and each reference point. Using these codebook vectors and N = 8 paths in the tree, each leading to a
less complex comparisons in conjunction with precomputed different code vector. To encode an input vector x, we start at
data, a reduction in complexity can be achieved. The speed the top and move to the bottom of the tree. During that
improvement realized by techniques of this type are clearly process, we encounter v = 3 (or log 2 N) decision points (one
dependent on the codebook and input source; however, in at each level). The first decision (at level v - 1) is to determine
general, one can expect a modest speed up.
whether x is closer to vector Y0 or Yl by performing a
Although every little bit helps, the complexity gains realized distortion calculation. After a decision is made at the first
by optimal fast-search algorithms fall short of addressing the level, the same procedure is repeated for the next level until we
exponential complexity growth associated with VQ. In this have identified the codeword at the bottom of the tree. For a
regard, efficient structured VQ encoding algorithms are binary tree, it is apparent that N = 2 ~, which means that for a
attractive. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
codebook of size N, only log2 N decisions have to be made.
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Tree-structured vector quantization diagram showing a three-level balance binary tree.
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As presented, this implies the computation of two vector a hybrid of scalar quantization and VQ. The mean values,
distortion calculations, d(., .), for each level, which results in which are scalar quantized, effectively reduce the size of the
only 2 log 2 N distortion calculations per input vector.
VQ, making the overall system less memory and computation
Alternatively, one can perform the decision calculation intensive.
explicitly in terms of hyperplane partitioning between the
One can represent the system as being a conventional VQ
intermediate code vectors. The form of this calculation is the with codebook vectors consisting of all possible codewords
inner product between the hyperplane vector and input obtainable by inserting the means in the mean-removed
vector, where the sign of the output (+ or - ) determines vectors. This representation is generally called a super
selection of either the right or left branch in the tree at that codebook. The size of such a super codebook is potentially
node. Implemented this way, only log 2 N distortion calcula- very large, but clearly is also very constrained. Thus, better
tions are needed.
performance can always be achieved, in general, by using
For the 8-vector TSVQ example above, this results in three a conventional unconstrained codebook of the same size
instead of eight vector distortion calculations. For a larger instead. However, since memory and complexity demands are
(more realistic) codebook of size N = 256, the disparity is often costly, mean-removed VQ is attractive.
8 versus 256, which is quite significant.
TSVQ is a popular example of a constrained quantizer that 6.1 Gain-Shape Vector Quantization
allows implementation speed to be traded for increased
Gain-shape VQ is very similar to mean-removed VQ but
memory and a small ~loss in performance. In many coding
involves extracting a gain term as the scalar component
applications, such tradeoffs are often attractive. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
instead of a mean term. Specifically, the input vectors
are decomposed into a scalar gain term and a gain normalized
vector term, which is commonly called the shape. The gain
6 Mean-Removed Vector Quantization
value is the Euclidean norm given by
Mean-removed VQ is another popular example of a structured
k
quantizer that leads to memory-complexity-performance
g = I lxll y ~ x2[~],
(3)
tradeoffs that are often attractive in practice. It is a method
i=1
for effectively reducing the codebook size by extracting
the variation among vectors due specifically to the variation
and the shape vector S is given by
in the mean and coding that extracted component separately
x
as a scalar. The motivation for this approach can be seen by
(4)
g
recognizing that a codebook may have many similar vectors
differing only in their mean values.
A functional block diagram of mean-removed VQ is shown The gain term is quantized with a scalar quantizer, while the
in Fig. 10. First the mean of the input vector is computed shape vectors are represented by a shape codebook designed
and quantized with conventional scalar quantization. Then specifically for the gain normalized shape vectors.
Perhaps not surprisingly, gain-shape VQ and meanthe mean-removed input vector is vector quantized in the
conventional way using a VQ that was designed with mean- removed VQ can be combined effectively together to capture
removed training vectors. The outputs of the overall system the complexity and memory reduction gains of both.
Similarly, the implicit VQ could be designed as a TSVQ
are the VQ codewords and the mean values.
At the decoder, the mean-removed vectors are obtained to achieve further complexity reduction if so desired.
To illustrate the performance of VQ in a printed medium
by table loop-up. These vectors are then added to a unit
amplitude vector scaled by the mean, which in turn restores such as a book, it is convenient to use image coding as our
application. Comparative examples are shown in Fig. 11.
the mean to the mean-removed vector. This approach is really zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(A) Original image 256 x 256: Jennifer

(B) Coded with VQ at 0.25 bpp.
PSNR 31.4 dB

(C) Coded with mean-removed VQ
at 0.25 bpp. PSNR = 30.85 dB.

(D) Coded with gain-shape VQ
at 0.25 bpp. PSNR = 30.56 dB.

FIGURE 11 Comparativeillustration of images coded using conventionalvector quantization (VQ), mean-removed
VQ, and gain-shape VQ. All coded images were coded at 0.25 bits/pixel using 4 x 4 vector blocks. PSNR, peak signalto-noise ratio.

Although PSNR can be faulted easily as a good objective measure of quality, it can be useful if used with care.
PSNRs are quoted in the examples shown, and confirm the
quality advantage of unconstrained VQ over the structured
methods shown below it. However, the structured VQs
have significantly reduced complexity.

The image in (A) is an original 8-bit/pixel 256 x 256 monochrome image. The image next to it is the same image coded
with convention unstructured 4 x 4 VQ at a rate of 0.25 bits/
pixel. The images on the bottom are results of the same coding
using mean-removed and gain-shape VQ. From the example,
one can observe distortion in all cases at this bit rate. The
quality, however, for the unconstrained VQ case is better than
that of the structured VQs in Figs. l lC and l lD, both
subjectively and in terms of the signal-to-noise ratio (SNR).
For quantitative assessment of the quality, we can consider
the peak SNR (PSNR) defined as

PSNR -- 10log10

7 Multistage Vector Quantization

)

max value x [rtl, rt2] 2
N,
N2 . . . . . .

1/(N1N2)En~__IE n 2 - - l ( X [ Y / l ' t ' / 2 ] - - x [ n l ' ? ' / 2 ] )

zyxw

2

(s)

"

A technique that has proven to be valuable for storage and
complexity reduction is multistage VQ. This technique is also
referred to as residual VQ or RVQ. Multistage VQ divides the
encoding task into a sequence of cascaded stages. The first
stage performs a first-level approximation of the input vector.
The approximation is refined by the second-level approximation that occurs in the second stage, and then refined again in
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FIGURE 12

Block diagram of a residual vector quantization (VQ), also called multistage VQ.

the third stage, and so on. The series of approximations or
successive refinements is achieved by taking stage vector
input and subtracting the coded vector from it, producing
a residual vector. Thus, multistage VQ is simply a cascade of
stage VQs that operate on stage residual vectors. At each stage,
additional bits are needed to specify the new stage vector. At
the same time, the quality of the representation is improved.
A block diagram of a residual VQ is shown in Fig. 12.
There are many ways to design a multistage VQ. Perhaps
the most straightforward approach is to design the stages
sequentially (i.e., independently, one at a time). For example,
we can start with the original training set and use it to
construct the first-stage codebook via the LBG algorithm.
Then, we can compute first-stage residual vectors for each
vector in the training set, resulting in a new training set for
the second-stage codebook. In this manner, we can design as
many stage codebooks as desired. This method works
reasonably well for two-stage systems. However, when the
number of stages becomes large, the loss in performance
becomes more significant. Better performance can be achieved
by designing the stage codebooks jointly. Joint design of
multistage VQ was pioneered by Barnes [13]. A detailed
treatment of this approach is available [13, 14]. In the
remainder of this section, we present an abridged introduction
to the joint design problem.
As a start, consider a multistage VQ with P stages and
N code vectors in each stage. This multistage VQ can be
expressed compactly as {(cP, PP); 1 <_ p <_ P}, where C P and
PP denote the codebook and partitions respectively for the
pth stage. The associated codevectors and Voronoi cells are
given by

[yo ,yf,y . . . . ,yL1
and

{sg, sf ,

..... sL1}.

The code vectors comprising the codebook C p and the
cells comprising the partition PP are indexed with the
subscript jP. The quantized representation ~ of the input
source vector x is formed by the sum of the selected stage
code vectors,
P
p--1

Rather than picture the multistage VQ as a cascade of
independent stages, it is useful for our purpose to picture
the system as an equivalent VQ of the form shown in Fig. 2.
Such an equivalent VQ, which we denote (ce, pe), is called
a direct sum quantizer. The name is derived from the fact
that the elements of the equivalent codebook C e are obtained
by summing the selected code vectors across all stages. When
one considers all possible code vectors that can be reconstructed by traversing from the first stage to the last, we
see that C e = C 1 + C 2 + . . . + C P. A joint design algorithm
can thus be built around this property by minimizing
the distortion associated with the direct sum codebook C e.
To do this one can start by designing the first-stage codebook
while holding the other codebooks fixed, and then
design the second-stage codebook, holding the others fixed,
and so on.
The direct sum structure of multistage VQ can be viewed
as a tree where each path through the tree corresponds to
a different selection of code vectors from each stage. This
notion of a tree is a very intuitive way of understanding
multistage VQ.
As an illustration, consider the multistage VQ tree with
three stages and two code vectors/stage shown in Fig. 13A. The
root node of the tree represents the original input x. The leaf
nodes at the bottom represent the direct sum codevectors, C e.
The intermediate nodes represent partial sums of the direct
sum codevectors and the branches represent stage codevectors.
There is a hidden challenge associated with multistage
VQ design of this form. Although we design the stage
codebooks jointly, we are at this point searching the direct
sum codebook sequentially, which leads to underperformance.
This inefficiency is illustrated pictorially in Fig. 13. The
branches of the tree for a jointly designed multistage VQ are
typically entangled. Thus, if one is constrained to encode an
input vector by sequentially proceeding down the stages of the
multistage VQ, one may arrive at a direct sum codevector (leaf
node) that is not the best matching vector in C e. To reach the
best matching code vector in an entangled tree may often
require choosing a nonminimum distortion vector at a
particular stage. That is to say, the path down the tree
required to reach the minimum distortion direct sum vector
may be one that requires choosing a nonminimum distortion
stage vector along the way.
There are two general approaches to addressing the
entanglement challenge. One is to use entanglement-permissive encoders. These are encoders that make use of multipath
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FIGURE 13 Exampleof multistagevector quantization (VQ) tree for three-stageVQ with two code vectors per stage.
searching (or M-search) algorithms to ensure that the optimal scalar quantization are largely attributed to capturing cell
or near-optimal direct sum codevector is found [21]. shape gain. In this section we discuss the vector extension of
M-search can be used in the encoding process and in the TCQ, which is called trellis-coded vector quantization
design process to achieve improved performance. Obviously, or TCVQ.
there is a computational cost incurred with M-search
TCVQ, like TCQ, operates on a delayed decision principle.
algorithms. By selecting the number of alternative search In conventional scalar or vector quantization, each quantized
paths allowed, one can trade computational encoding symbol is fully determined by the current input symbol.
This allows for immediate decoding at any point or time in the
complexity for performance.
The other general approach to managing entanglements coded bit stream. For delayed decision coders, choices made
is to impose additional structure on the RVQ to force the in quantizing input samples affect future decisions taken by
corresponding tree to be unentangled [23]. While the imposed the coder. Consequently, we typically evaluate several good
structure does reduce performance compared to RVQ M- quantization choices for samples and choose the ones that
search, it can provide an attractive cost effective compromise. lead to lower distortion up to that particular moment. The
The most dramatic advantage of multistage VQ comes from performance of such a delayed decision coder improves with
its savings in memory and complexity, which for large VQs increased delay.
can be orders of magnitude less than that of unconstrained
TCVQs can be depicted conveniently by a trellis diagram,
VQ. In addition, multistage VQ has the property that it an example of which is shown in Fig. 14. The nodes of the
allows the bit rate to be controlled simply by specifying the trellis correspond to a state and the branches correspond to
number of VQ stage indices to be transmitted. Overall, it can state transitions from one state to the next. As implied in the
be a very attractive method for VQ implementation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
figure, the trellis is a cascade of sections, where each trellis
section is associated with an input vector. During the
8 Trellis-Coded Vector Quantization
encoding process each branch is attached to the distortion
produced by replacing the input vector with the quantized
Trellis-coded quantization (TCQ) is well known as an effective codevector from the codebook labeling that branch. The
source-coding technique. The gains associated with TCQ over TCVQ encoder finds the path through the trellis having
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FIGURE 14 On the left, a section of Ungerboeck's eight-state amplitude modulation trellis. The branches are labeled
here with subcodebooks. On the right, the corresponding convolution encoder.

minimum overall distortion (defined as the sum of the
distortions of the branches composing that path). The key
features of the TCVQ design are the selection of the trellis
structure, the labeling of the trellis branches, the partitioning
of the initial codebook, and the coding delay. We will
elaborate on each of these features in the following paragraphs.
For the most part, TCVQ systems use modulation trellises
in their construction [17]. The underlying finite-state machine
i s a 5 1 binary convolutional encoder with each state having
two input and two output branches. Trellis branches are
labeled with vector codebooks. A path through the trellis
corresponds to a concatenation of codevectors. A section of an
eight-state amplitude modulation trellis and its corresponding
convolutional encoder is depicted in Fig. 14.
The rn bits available for quantizing each input vector are
used as follows. One bit, called the transition bit, is input to
the convolutional encoder, to determine the state transition
which is represented by the trellis branch. There are four
smaller codebooks used in labeling the trellis branches.
The convolutional encoder outputs two bits that select the
vector codebook labeling that branch. The remaining m - 1
bits, called selection bits, specify the code vector within the
given subcodebook. This means that the expanded codebook
(the union of four subcodebooks that label the trellis
branches) contains 4 × 2 m-1 - - 2 m+l entries, twice the
number of codevectors of the VQ codebook for the same
bit rate.
In order to limit the coding delay, the code vectors must
be periodically (let us say after P input vectors) sent to the
decoder. This is accomplished in the following way. After the
processing of vector x[n], where n is the time index, suppose
the least distortion path is O[n + 1]. The indices of code
vectors for input vectors from x[n - D - P + 1] to x[n - D]
from the path O[n + 1] are sent to the decoder. D is called the
decision delay. The paths ending in a state different from
the best path state at time n - D are eliminated. In theory,

performance improves the longer we make the delay D.
However, in practice there is often a limit on acceptable delay
and thus D is typically selected pragmatically.
The trellis branch labeling for the TCVQ typically employs
the labeling rules attributed to Ungerboeck [25]. These rules
are meant to maximize the minimum Euclidean distance
between distinct trellis code vector sequences. The minimum
Euclidean distances are maximized by discarding the trellis
paths with similar codevector sequences.
Since the labeling rules makes use of the smaller
subcodebooks, one needs to partition the expanded codebook.
Ungerboeck's set partitioning used in trellis-coded modulation starts with an expanded codebook and then successively
divides it into smaller subcodebooks while maximally increasing the intra-subcodebook distances. Because the optimized
expanded vector codebook does not have a structure, its
partitioning is not a trivial task. Fortunately there are several
good solutions [26].
Given an initial common VQ codebook of size M = 2 kR+l,
where R represents the bits per sample and k is the vector
dimension, the Euclidean distances between all possible pairs
of codevectors are calculated and listed in nondecreasing order
along with the corresponding pairs. The partitioning algorithm repeats two basic steps. The first step is to look for the
entry with the smallest distance code vector pair where one
and only one of the code vectors in the pair is already assigned
to either of the two subcodebooks. The next step is to add the
unassigned code vector of the pair, selected in the first step, to
the other subcodebook. The algorithm to partition a codebook
A into two subcodebooks A0 and A1, c a n be described as
follows:
1. Design an initial VQ codebook of size M - 2 kR+l using
the LBG algorithm. The Euclidean distances between all
possible pairs of codevectors are calculated and listed in
non-decreasing order. This provides a table of size
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2.
3.

4.

5.
6.

M(M-1)/2
entries, where the ith entry corresponds
to code vectors ci and {i that are at distance
di = Ilci - ?.i II.
Assign Co to A0 (or A1) and c0 to A1 (or A0), and remove
the first entry from the table.
Search the table to find an index j such that gi < j,
neither ci nor ~i belongs to A0 U A1, but at least one of
cj and ~j belongs to A0 t3 A1.
If both cj and ~j belongs to A0 tAA a (i.e., they are both
already assigned), then remove this particular entry
from the table and go back to Step 3.
If cj belongs to A0 (or A1 ), then add kj to A1 (or A0).
If {j belongs to A0 (or A1), then add cj to A1 (or A0).
If the size of A0 (or A1) reaches M / 2 , then add
the remaining unassigned codevectors (if any) to A1 (or
A0) and stop. Otherwise, go to Step 2.

685

8.1 Predictive Vector Quantization
Many signals and sources have inherent redundancy, which
can make them well suited to predictive modeling. The
concept of prediction is a powerful principle that is well
established in signal and image processing. It allows such
redundant inputs to be represented efficiently. The most
common form of prediction seen in the literature is linear
prediction, where a sample is expressed as the weighted sum of
previous samples. Mathematically, linear prediction takes
the form
N

~:[n] -- y ~ otix[n -- i],
i=1

where ~[n] is the predicted sample at time n and the OgiSare the
weights.
But, of course, there are other types of predictors
To partition the overall VQ codebook into four subcodebooks,
the algorithm is first applied to partition the initial codebook where previous samples can be used to estimate the current
of size 2kR+l into two subcodebooks of size 2kR, followed by sample. Perhaps not surprisingly, this well-known principle
applying it to those two subcodebooks to generate four of prediction can be extended to VQ in a straightforward
way, resulting in what is known as predictive VQ or PVQ.
subcodebooks of size 2kR-1.
TCVQ has been studied quite extensively for uniform A diagrammatic depiction of PVQ is shown in Fig. 15.
density sources and has proven to be an effective coding The general predictive structure shown in this figure is
common to many predictive systems, such as differential pulse
technique. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Predictive vector quantizer: (A) Encoder. (B) Decoder.
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code modulation (DPCM), linear predictive coding (LPC),
JPEG coders, MPEG coders, and a host of others. However,
for PVQ the inputs, outputs, and quantizers involve vectors
instead of scalars [ 19].
PVQ is based on the predictor ~ [ n ] - P(~[n]), where P
denotes the prediction operator (typically based on a finite
number of previously available vectors), the tilde ( 7 ) signifies
the predicted signal vector, and the ( ~. ) signifies the quantized
vector. As shown in Fig. 15, the input to the VQ is the vector
d[n], which is the differential (or residual) vector
d[n] -- x [ n ] - ~[n].

of size N,
B = l o g 2N

or

N = 2 B.

(7)

Consequently, a conventional k-dimensional VQ with N
codevector would have a bit rate R given by
1

R -- ~ log2 N.

(8)

In addition to optimizing the codebooks to minimize
distortion, one can also optimize the assignment of indices
or codewords to exploit the statistics of the input. That is to
say, gain in rate performance can be achieved by allowing
the codewords to have different lengths, some long, some
short. Variable rate coding schemes of this type are based on
the notion that code vectors that are selected infrequently on
average are assigned longer indices, while code vectors that
are used frequently are assigned shorter length indices.
Making the index assignments in this way is called entropy
coding. For nonuniformly distributed sources, entropy coding
results in a lower average bit rate and thus makes coding more
efficient. Applying entropy coding to the codebook indices can
be done in a straightforward way. One only needs estimates of
the code vector probabilities P(i). With these estimates,
methods like Huffman coding will assign to the ith index a
codeword whose length L i is approximately -log2P(i )
bits [24].
We can improve upon this approach by designing the VQ
and the entropy coder together. This approach is called
entropy-constrained VQ or ECVQ [28]. ECVQs can be
designed by a modified LBG algorithm. Instead of finding
the minimum distortion d(x, yi) in the LBG iteration, one
finds the minimum modified distortion

Assuming that the predictor performs a reasonable job of
representing the input, coding d[n] is more efficient than
coding x[n].
A key issue in PVQ is the design of the system. It turns out
that for PVQ we can use the same VQ codebook design
algorithms discussed earlier. Perhaps the simplest and most
direct approach is to first design the predictors from a training
set of vectors x[n] and then design the VQ using a training
set of residual vectors d[n]. This method allows one to use
the LBG design principles to create a PVQ in short order.
However, one recognizes that better results should be possible
if the predictor and VQ designs are based on quantized
training data rather than unquantized data. Such a design can
be performed by creating an outer loop where the predictors
and VQ are systematically updated. In other words, we can
start with the predictors and a VQ designed as initially
described. Then using these results compute a coded vector
~[n] for use in designing an updated set of vector predictors.
Those predictors in turn can be used to generate an updated
residual training set d[n]. This process of successive updating
can be repeated until acceptable convergence is obtained.
Both the simple unquantized-based and more complex
quantized-based approaches can lead to good performance.
]i = d(x, Yi) + ~,Li,
PVQ can often provide an effective way to exploit
redundancy in a signal. Such redundancy could be exploited where Li = - l o g 2 P ( i ) . Using this modified distortion Ji,
using high dimensional vectors. However, the computational which is a Lagrangian cost function, effectively enacts a
complexity of the encoding process grows exponentially Lagrangian minimization that seeks the minimum weighted
with increasing vector size, which makes high dimension cost of quantization error and bits.
VQ unattractive. PVQ, on the other hand, can operate with
To achieve rate control flexibility, one can design a set of
relatively small vectors (e.g., 2 x 2 and 4 x 4) and hence can codebooks corresponding to a discrete set of Ks, which gives
have a significant performance-complexity advantage over a set of VQs with a multiplicity of bit rates. The concept
high dimension VQ. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of ECVQ is powerful and can lead to performance gains in
data compression systems. It can also be applied
in conjunction with other structured VQs such as mean8.2 Variable-Rate Vector Quantization
removed VQ, gain-shape VQ, and residual V Q ~ t h e last
Up to this point our discussion has concentrated on the of these being particularly interesting. Entropy constrained
structure, implementation, and design of the quantizers. residual VQ or EC-RVQ and variations of it have proven to be
Each codevector was assumed to have associated with it an among the most effective VQ methods for direct application
to image compression. Schemes of this type involve the use of
index (codeword) comprised of B bits. Thus, for a codebook zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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conditional probabilities in the entropy coding block where of this are transform VQ, where the output of a linear block
conditioning is performed on the previous stages and/or transform such as the DCT is quantized with VQ; and
on adjacent stage vector blocks. Like ECVQ, the design subband VQ, where VQ is applied to the output of an analysis
is based on a Lagrangian cost function, but integrated filter bank. Interestingly, the principles of VQ extend far
into the RVQ design procedure. In the design algorithm beyond our data compression- oriented discussion. These
reported by Kossentini and colleagues [14, 15], both the VQ principles are also applicable to problems in segmentation,
stage codebooks and entropy coders are jointly optimized classification, and recognition [27]. The inquisitive reader
is encouraged to explore this rich area of information theory
iteratively. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the literature [16, 26, 29].

9 Closing Remarks

References

VQ can achieve significant coding gains over scalar
quantization, but at a price. For conventional VQ, codebook
memory and encoding complexity are exponentially related to
the vector dimension and bit rate, which is evident from
equations (7) and (8). A variety of structured VQs (like
multistage VQ, PVQ, and mean-removed VQ) can be
considered to trade a little bit of this performance advantage
for a very large reduction in memory and complexity.
The concepts of optimality, partitioning, and distortion
that we discussed in the context of VQ are insightful, and
continue to inspire new contributions in the technical
literature, particularly with respect to achieving useful tradeoffs among memory, complexity, and performance. Equally
important to a good understanding of this subject matter
are the design methodologies and concepts of variable length
encoding for efficient compression. Although we have
attempted to touch on the basics, the reader should be
aware that the VQ topic area embodies much more than can
be covered in a concise tutorial chapter. Thus, in closing, it is
appropriate to at least mention several other classes of VQ
that have received attention in recent years. First, is the class of
lattice VQs [22, 30, 33, 35]. Lattice VQs can be viewed as
vector extensions of uniform quantizers, in the sense that the
cells of a k-dimensional lattice VQ form a uniform tiling of
the k-dimensional space. Searching such a codebook is highly
efficient. The advantage achieved over scalar quantization
is the ability of the lattice VQ to capture cell shape gain.
The disadvantage of course is that cells are constrained to be
uniform. Nonetheless, lattice VQ can be attractive in many
practical systems.
Second, is the general class of predictive-based VQs, which
may include finite-state VQ (FSVQ), predictive VQ, vector
predictive VQ and several others [25]. Some of these
predictive approaches involve using neighboring vectors to
define a state unambiguously at the encoder and decoder
and then employing a specially designed codebook for that
state. VQs of this type can exploit statistical dependencies
(both linear and nonlinear) among adjacent vectors, but have
the disadvantage of being memory intensive.
Finally, it should be evident that VQ can be applied to
virtually any lossy compression scheme. Prominent examples
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1 What Are Wavelets: Why Are They
Good for Image Coding?
During the past decade, wavelets have made quite a splash
in the field of image compression. In fact, the FBI has already
adopted a wavelet-based standard for fingerprint image
compression. The new JPEG2000 image compression standard
[1], which has dislodged the old JPEG standard (see Chapter
5.5), is also based on wavelets. Given these exciting
developments, it is natural to ask why wavelets have made
such an impact in image compression. This chapter will
answer this question; providing both high-level intuition as
well as illustrative details based on state-of-the-art waveletbased coding algorithms. Visually appealing time-frequency
based analysis tools are sprinkled generously to aid in our task.
Wavelets are tools for decomposing signals, such as images,
into a hierarchy of increasing resolutions: as we consider more
and more resolution layers, we get a more and more detailed
look at the image. Figure 1 shows a three-level hierarchy
wavelet decomposition of the popular test image Lena from
coarse to fine resolutions (for a detailed treatment on wavelets
and multiresolution decompositions, also see Chapter 4.2).
Wavelets can be regarded as "mathematic microscopes"
that permit one to "zoom in" and "zoom out" of images
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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at multiple resolutions. The remarkable thing about the
wavelet decomposition is that it enables this zooming feature
at absolutely no cost in terms of excess redundancy: for an
M x N image, there are exactly M N wavelet coefficients-exactly the same as the number of original image pixels
(see Fig. 2).
As a basic tool for decomposing signals, wavelets can be
considered as duals to the more traditional Fourier-based
analysis methods that we encounter in traditional undergraduate engineering curricula. Fourier analysis associates the
very intuitive engineering concept of "spectrum" or "frequency content" of a signal. Wavelet analysis, in contrast, associates the equally intuitive concept of "resolution" or "scale"
of the signal. At a functional level, Fourier analysis is to
wavelet analysis as spectrum analyzers are to microscopes.
As wavelets and multiresolution decompositions have been
described in greater depth in Chapter 4.2, our focus here
will be more on the image compression application. Our goal
is to provide a self-contained treatment of wavelets within
the scope of their role in image compression. More
importantly, our goal is to provide a high-level explanation
for why they have made such an impact in image compression.
Indeed, wavelets have dislodged the more traditional Fourierbased method in the form of the discrete cosine transform
(DCT) that is deployed in the old JPEG image compression
standard (see Chapter 5.5). We will also cover powerful
generalizations of wavelets, known as wavelet packets, that
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Figure 1 A three-level hierarchy wavelet decomposition of the 512 x 512 color Lena image. Level 1 (512 x 512) is the
one-level wavelet representation of the original Lena at Level 0; Level 2 (256 x 256) shows the one-level wavelet
representation of the lowpass image at Level 1; and Level 3 (128 x 128) gives the one-level wavelet representation of the
lowpass image at Level 2. (See color insert.)

have already made an impact in the standardization world:
the FBI fingerprint compression standard is based on wavelet
packets.
Although this chapter is about image coding, 1 which
involves two-dimensional (2D) signals or images, it is much
easier to understand the role of wavelets in image coding
1We use terms image compression and image coding interchangeably in this
chapter

using a one-dimensional (1D) framework, as the conceptual
extension to 2D is straightforward. In the interests of clarity,
we will therefore consider a 1D treatment here. The story
begins with what is known as the time-frequency analysis of
the 1D signal. As mentioned, wavelets are a tool for changing
the coordinate system in which we represent the signal:
we transform the signal into another domain that is much
better suited for processing, e.g., compression. What makes
for a good transform or analysis tool? At the basic level, the
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Figure 2 A three-level wavelet representation of the Lena image generated
from the top view of the three-level hierarchy wavelet decomposition in
Figure 1. It has exactlythe same number of samples as in the image domain
(see color insert).
goal is to be able to represent all the useful signal features and
important phenomena in as compact a manner as possible. It is
important to be able to compact the bulk of the signal energy
into the fewest number of transform coefficients: this way, we
can discard the bulk of the transform domain data without
losing too much information. For example, if the signal is
a time impulse, then the best thing is to do no transforms at
all! Keep the signal information in its original time-domain
version, as that will maximize the temporal energy concentration or time resolution. However, what if the signal has
a critical frequency component (e.g., a low frequency background sinusoid) that lasts for a long time duration? In this
case, the energy is spread out in the time domain, but it would
be succinctly captured in a single frequency coefficient
if one did a Fourier analysis of the signal. If we know that
the signals of interest are pure sinusoids, then Fourier analysis
is the way to go. But, what if we want to capture both the
time impulse and the frequency impulse with good resolution?
Can we get arbitrarily fine resolution in both time and
frequency?
The answer is no. There exists an uncertainty theorem
(much like what we learn in quantum physics), which
disallows the existence of arbitrary resolution in time and
frequency [2]. A good way of conceptualizing these ideas
and the role of wavelet basis functions is through what is
known as time-frequency "tiling" plots, as shown in Fig. 3,
which shows where the basis functions live on the timefrequency plane: i.e., where is the bulk of the energy of the
elementary basis elements localized? Consider the Fourier case
first. As impulses in time are completely spread out in the
frequency domain, all localization is lost with Fourier analysis.
To alleviate this problem, one typically decomposes the signal
into finite-length chunks using windows or so-called shorttime-Fourier-transform (STFT). Then, the time-frequency
tradeoffs will be determined by the window size. An STFT
expansion consists of basis functions that are shifted versions
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Figure 3 Tilingdiagrams associated STFTbases and waveletbases. (a) STFT
bases and the tiling diagram associated with a STFT expansion. STFTbases of
different frequencies have the same resolution (or length) in time. (b) Wavelet
bases and tiling diagram associated with a wavelet expansion. The time
resolution is inversely proportional to frequency for wavelet basis (see
color insert).
of one another in both time and frequency: some elements
capture low frequency events localized in time, and others
capture high frequency events localized in time, but the resolution or window size is constant in both time and frequency
(see Fig. 3(a)). Note that the uncertainty theorem says that the
area of these tiles has to be nonzero.
Shown in Fig. 3(b) is the corresponding tiling diagram
associated with the wavelet expansion. The key difference
between this and the Fourier case, which is the critical point, is
that the tiles are not all of the same size in time (or frequency).
Some basis elements have short time windows; others have
short frequency windows. Of course, the uncertainty theorem
ensures that the area of each tile is constant and nonzero.
It can be shown that the basis functions are related to one
another by shifts and scales as is the key to wavelet analysis.
Why are wavelets well-suited for image compression? The
answer lies in the time-frequency (or more correctly, spacefrequency) characteristics of typical natural images, which
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turn out to be well captured by the wavelet basis functions
shown in Fig. 3(b). Note that the STFT tiling diagram
of Fig. 3(a) is conceptually similar to what commercial DCTbased image transform coding methods like JPEG use. Why
are wavelets inherently a better choice? Looking at Fig. 3(b);
one can note that the wavelet basis offers elements having
good frequency resolution at lower frequency (the short and
fat basis elements) while simultaneously offering elements that
have good time resolution at higher frequencies (the tall and
skinny basis elements).
This tradeoff works well for natural images and scenes that
are typically composed of a mixture of important long-term
low frequency trends that have larger spatial duration (such
as slowly varying backgrounds e.g., the blue sky, the surface
of lakes, etc.) as well as important transient short duration
high frequency phenomena such as sharp edges. The wavelet
representation turns out to be particularly well-suited to
capturing both the transient high frequency phenomena such
as image edges (using the tall and skinny tiles) as well as longspatial-duration low frequency phenomena such as image
backgrounds (the short and fat tiles). As natural images are
dominated by a mixture of these kinds of events, 2 wavelets
promise to be very efficient in capturing the bulk of the image
energy in a small fraction of the coefficients.
To summarize, the task of separating transient behavior
from long-term trends is a very difficult task in image analysis
and compression. In the case of images, the difficulty stems
from the fact that statistical analysis methods often require the
introduction of at least some local stationarity assumption,
i.e., that the image statistics do not change abruptly over time.
In practice, this assumption usually translates into ad hoc
methods to block data samples for analysis, methods that can
potentially obscure important signal features: e.g., if a block is
chosen too big, a transient component might be totally
neglected when computing averages. The blocking artifact in
JPEG decoded images at low rates is a result of the block-based
DCT approach. A fundamental contribution of wavelet
theory [3] is that it provides a unified framework in which
transients and trends can be simultaneously analyzed without
the need to resort to blocking methods.
As a way of highlighting the benefits of having a sparse
representation, such as that provided by the wavelet decomposition, consider the lowest frequency band in the top
level (level 3) of the three-level wavelet hierarchy of Lena in
Fig. 1. This band is just a downsampled (by a factor of
82 = 64) and smoothed version of the original image. A very
simple way of achieving compression is to simply retain this
lowpass version and throw away the rest of the wavelet data,
instantly achieving a compression ratio of 64:1. Note that if
we want a full-size approximation to the original, we would
2Typicalimagesalso contain textures; however,conceptually,textures can be
assumed to be a dense concentration of edges, and so it is fairly accurate to
model typical images as smooth regions delimited by edges.
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have to interpolate the lowpass band by a factor of 64mthis
can be done efficiently by using a three-stage synthesis filter
bank (see Chapter 4.2). We may also desire better image
fidelity, as we may be compromising high frequency image
detail, especially perceptually important high frequency edge
information. This is where wavelets are particularly attractive,
as they are capable of capturing most image information in the
highly subsampled low frequency band, and additional
localized edge information in spatial clusters of coefficients
in the high frequency bands (see Fig. 1). The bulk of the
wavelet data is insignificant and can be discarded or quantized
very coarsely.
Another attractive aspect of the coarse-to-fine nature of
the wavelet representation naturally facilitates a transmission
scheme that progressively refines the received image quality.
That is, it would be highly beneficial to have an encoded
bitstream that can be chopped off at any desired point to
provide a commensurate reconstruction image quality. This is
known as a progressive transmission feature or as an embedded bitstream (see Fig. 4). Many modern wavelet image coders
have this feature, as will be covered in more detail in Section 5.
This is ideally suited, for example, to Internet image
applications. As is well known, the Internet is a heterogeneous
mess in terms of the number of users and their computational
capabilities and effective bandwidths. Wavelets provide a
natural way to satisfy users having disparate bandwidth and
computational capabilities: the low-end users can be provided
a coarse quality approximation, whereas higher-end users can
use their increased bandwidth to get better fidelity. This is also
very useful for Web browsing applications, where having a
coarse quality image with a short waiting time may be preferable to having a detailed quality with an unacceptable delay.
These are some of the high-level reasons why wavelets
represent a superior alternative to traditional Fourier-based
methods for compressing natural images: this is why the
JPEG2000 standard [1] uses wavelets instead of the Fourierbased DCTs.
In the sequel, we will review the salient aspects of the
general compression problem and the transform coding paradigm in particular, and highlight the key differences between
the class of early subband coders and the recent more advanced class of modern-day wavelet image coders. We pick
the celebrated embedded zerotree wavelet (EZW) coder as a
representative of this latter class, and we describe its operation
by using a simple illustrative example. We conclude with more
powerful generalizations of the basic wavelet image coding
framework to wavelet packets, which are particularly wellsuited to handle special classes of images such as fingerprints. zyxwvutsr

2 The Compression Problem
Image compression falls under the general umbrella of data
compression, which has been studied theoretically in the field

5.4 Wavelet Image Compression

zyxwvutsr

zyxwv
693

Image

I

Progressiveencoder
Encodedbitstream1

1

01010001001101001100001010/,,,10010100101100111010010010011 010/,,010111010101011001010101
N/

N/

S1

$2

N/

$3

-%

F

if ::'"=

Figure4

Multiresolutionwavelet image representation naturally facilitates progressive transmission--a desirable
feature for the transmission of compressed images over heterogeneous packet networks and wireless channels.
of information theory [4], pioneered by Claude Shannon [5]
in 1948. Information theory sets the fundamental bounds on
compression performance theoretically attainable for certain
classes of sources. This is very useful because it provides
a theoretical benchmark against which one can compare
the performance of more practical but suboptimal coding
algorithms.
Historically, the lossless compression problem came first.
Here the goal is to compress the source with no loss of
information. Shannon showed that given any discrete source
with a well-defined statistical characterization (i.e., a probability mass function), there is a fundamental theoretical limit
to how well you can compress the source before you start
to lose information. This limit is called the entropy of the
source. In lay terms, entropy refers to the uncertainty of the
source. For example, a source that takes on any of N discrete
values al, a2 . . . . . aN with equal probability has an entropy
given by log 2 N bits per source symbol. If the symbols are not
equally likely, however, then one can do better because more
predictable symbols should be assigned fewer bits.
The fundamental limit is the Shannon entropy of the source.
Lossless compression of images has been covered in
Chapter 5.1 and Chapter 5.6. For image coding, typical

lossless compression ratios are ofthe order of 2:1 or at most 3:1.
For a 512 x 512 8-bit grayscale image, the uncompressed
representation is 256 Kbytes. Lossless compression would
reduce this to at best "~ 80 Kbytes, which may still be excessive
for many practical low bandwidth transmission applications.
Furthermore, lossless image compression is for the most
part overkill, as our human visual system is highly tolerant
to losses in visual information. For compression ratios in the
range of 10:1 to 40:1 or more, lossless compression cannot do
the job, and one needs to resort to lossy compression methods.
The formulation of the lossy data compression framework
was also pioneered by Shannon in his work on rate-distortion
(R-D) theory [6], in which he formalized the theory of
compressing certain limited classes of sources having welldefined statistical properties, e.g., independent identically
distributed (i.i.d.) sources having a Gaussian distribution
subject to a fidelity criterion, i.e., subject to a tolerance on
the maximum allowable loss or distortion that can be
endured. Typical distortion measures used are mean square
error (MSE) or peak signal-to-noise ratio (PSNR) 3 between
the original and compressed versions. These fundamental
3The PSNR is defined as 10log 2552 and measured in decibels (dB).
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compression performance bounds are called the theoretical RBecause of this reason, there has been a much more popular
D bounds for the source: they dictate the minimum rate R image compression framework that has taken off in practice:
needed to compress the source if the tolerable distortion level this is the transform coding framework [8] that forms the
is D (or alternatively, what is the minimum distortion D basis of current commercial image and video compression
subject to a bit rate of R). These bounds are unfortunately not standards like JPEG and MPEG (see Chapters 6.3 and 6.4).
constructive; i.e., Shannon did not give an actual algorithm The transform coding paradigm can be construed as a practical
for attaining these bounds, and furthermore they are based special case of VQ that can attain the promised gains of
on arguments that assume infinite complexity and delay, processing source symbols in vectors through the use of
obviously impractical in real life. However, these bounds efficiently implemented high dimensional source transforms.
are useful in as much as they provide valuable benchmarks
for assessing the performance of more practical coding
3 The Transform Coding Paradigm
algorithms. The major obstacle of course, as in the lossless
case, is that these theoretical bounds are available only for
In a typical transform image coding system, the encoder
a narrow class of sources, and it is difficult to make the
consists of a linear transform operation, followed by quanticonnection to real world image sources which are difficult to
zation of transform coefficients, and lossless compression of
model accurately with simplistic statistical models.
the quantized coefficients using an entropy coder. After the
Shannon's theoretical R-D framework has inspired the
encoded bitstream of an input image is transmitted over
design of more practical zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
operational R-D frameworks, in
the channel (assumed to be perfect), the decoder undoes
which the goal is similar but the framework is constrained to
all the functionalities applied in the encoder and tries to
be more practical. Within the operational constraints of the
reconstruct a decoded image that looks as close as possible to
chosen coding framework, the goal of operational R-D theory
the original input image, based on the transmitted informais to minimize the rate R subject to a distortion constraint D,
tion. A block diagram of this transform image paradigm is
or vice versa. The message of Shannon's R-D theory is that
shown in Fig. 5.
one can come close to the theoretical compression limit of
For the sake of simplicity, let us look at a 1D example of
the source, if one considers vectors of source symbols that
how transform coding is done (for 2D images, we treat the
get infinitely large in dimension in the limit; i.e., it is a good
rows and columns separately as 1D signals). Suppose we have
idea not to code the source symbols one at a time, but
a two-point signal: x0 = 216, Xl -- 217. It takes 16 bits (8 bits
to consider chunks of them at a time, and the bigger the
for each sample) to store this signal in a computer. In transchunks the better. This thinking has spawned an important
form coding, we first put Xo and X 1 in a column vector X -- [ X0x],
field known as vector quantization, or VQ [7], which, as
and apply an orthogonal transformation T to X to get
the name indicates, is concerned with the theory and practice
of quantizing sources using high dimensional vector quantizaY -- [Y° 1 -- TX - I 1/~/2
tion (image coding using VQ is covered in Chapter 5.3). There
1/~/~ ] Ix° 1
are practical difficulties arising from making these vectors
too high-dimensional because of complexity constraints, so
= I(x°+xl)/~/211306"1771.
practical frameworks involve relatively small dimensional
vectors that are therefore further from the theoretical bound.
( X 0 - - Xl)/~//'2
--.707
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Block diagrams of a typical transform image coding system: (a) encoder and (b) decoder diagrams.

5.4 Wavelet Image Compression zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The transform T can be conceptualized as a counter-clockwise
rotation of the signal vector X by 45 ° with respect to the
original (x0, xl) coordinate system. Alternatively and more
conveniently, one can think of the signal vector as being fixed
and instead rotate the (x0, Xl) coordinate system by 45 ° clockwise to the new (Yl,)to) coordinate system (see Fig. 6). Note
that the abscissa for the new coordinate system is now Yl.
Orthogonality of the transform simply means that the
length of Y is the same as the length of X (which is even more
obvious when one freezes the signal vector and rotates the
coordinate system as discussed above). This concept still
carries over to the case of high dimensional transforms. If
we decide to use the simplest form of quantization known
as uniform scalar quantization, where we round off a real
number to the nearest integer multiple of a step size q (say
q - 2 0 ) , then the quantizer index vector I, which captures
what integer multiples of q are nearest to the entries of Y, is
given by
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The transform T can be conceptualized as a counter-clockwise

We store (or transmit) /~ as the compressed version of rotation of the signal vector X by 45 ° with respect to the original (x0, xl)
X using 4 bits, achieving a compression ratio of 4:1. To coordinate system.
decode X from if, we first multiply I by q - 20 to dequantize,
i.e., to form the quantized approximation I? of Y with
I) =^q. i~-[3°°]0 , and then apply the inverse transform T -1
to Y (which corresponds in our example to a counterclockwise rotation of the (yl,)I0) coordinate system by 45 °,
just the reverse operation of the T operation on the
original (x0, xl) coordinate system--see Fig. 6) to get zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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We see from the above example that, although we "zero
out" or throw away the transform coefficient Yl in quantization, the decoded version )~ is still very close to X. This is
because the transform effectively compacts most of the energy
in X into the first coefficient Y0, and renders the second
coefficient Yl considerably insignificant to keep. The transform T in our example actually computes a weighted sum
and difference of the two samples Xo and Xl in a manner that
preserves the original energy. It is in fact the simplest wavelet
transform!
The energy compaction aspect of wavelet transforms was
highlighted in Section 1. Another goal of linear transformation is decorrelation. This can be seen from the fact that,
although the values of x0 and Xl are very close (highly correlated) before the transform, Y0 (sum) and Yl (difference) are
very different (less correlated) after the transform. Decorrelation has a nice geometric interpretation. A cloud of input

Figure 7
Linear transformation amounts to a rotation of the coordinate
system, making correlated samples in the time domain less correlated in the
transform domain.

samples of length-2 is shown along the 45 ° line in Fig. 7. The
coordinates (x0, xl) at each point of the cloud are nearly
the same, reflecting the high degree of correlation among
neighboring image pixels. The linear transformation T essentially amounts to a rotation of the coordinate system. The
axes of the new coordinate system are parallel and perpendicular to the orientation of the cloud. The coordinates
(y0, yl) are less correlated, as their magnitudes can be quite
different and the sign of Yl is random. If we assume x0 and xl
are samples of a stationary random sequence X(n), then the
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correlation between Y0 and Y'l is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E{yoYl} -- E{(x~ - x~)/2} -- 0. in the next subsection) that follows the quantizer in a lossy
This decorrelation property has significance in terms of how compression system. This joint design results in a so-called
much gain one can get from transform coding than from entropy-constrained quantizer that is more efficient but more
doing signal processing (quantization and coding) directly complex, and results in variable length quantizers, in which
in the original signal domain, called pulse code modulation the different quantization choices are assigned variable
(PCM) coding.
codelengths. Variable length quantizers can come in either
Transform coding has been extensively developed for coding scalar; known as entropy-constrained scalar quantization, or
of images and video, where the DCT is commonly used ECSQ [10]; or vector varieties; known as entropy-constrained
because of its computational simplicity and its good perform- vector quantization, or ECVQ [7]. An efficient way of impleance. But as shown in Section 1, the DCT is giving way to menting vector quantizers is by the use of so-called trellis
the wavelet transform because of the latter's superior energy coded quantization, or TCQ [11]. The performance of the
compaction capability when applied to natural images. quantizer (in conjunction with the entropy coder) characBefore discussing state-of-the-art wavelet coders and their terizes the operational R-D function of the source. The
advanced features, we address the functional units that theoretical R-D function characterizes the fundamental
comprise a transform coding system, namely the transform, lossy compression limit theoretically attainable [12], and it
is rarely known in analytical form except for a few special
quantizer, and entropy coder (see Fig. 5). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cases, such as the i.i.d. Gaussian source [4]:

3.1 Transform Structure
The basic idea behind using a linear transformation is to make
the task of compressing an image in the transform domain
after quantization easier than direct coding in the spatial
domain. A good transform, as has been mentioned, should
be able to &correlate the image pixels, and provide good
energy compaction in the transform domain so that very
few quantized non-zero coefficients have to be encoded. It is
also desirable for the transform to be orthogonal so that the
energy is conserved from the spatial domain to the transform
domain, and the distortion in the spatial domain introduced by quantization of transform coefficients can be directly
examined in the transform domain. What makes the wavelet
transform special in all possible choices is that it offers an
efficient space-frequency characterization for a broad class of
natural images, as shown in Section 1.

3.2 Quantization
As the only source of information loss occurs in the quantization unit, efficient quantizer design is a key component
in wavelet image coding. Quantizers come in many different
shapes and forms, from very simple uniform scalar quantizers,
such as the one in the example earlier, to very complicated
vector quantizers. Fixed length uniform scalar quantizers
are the simplest kind of quantizers: these simply round off
real numbers to the nearest integer multiples of a chosen
step size. The quantizers are fixed length in the sense that all
quantization levels are assigned the same number of bits (e.g.,
an eight-level quantizer would be assigned all binary threetuples between 000 and 111). Fixed length nonuniform scalar
quantizers, in which the quantizer step sizes are not
all the same, are more powerful: one can optimize the
design of these nonuniform step sizes to get what is known as
Lloyd-Max quantizers [9].
It is more efficient to do a joint design of the quantizer
and the entropy coding functional unit (this will be described

D(R)

= 0"22 -2R ,

(1)

where the Gaussian source is assumed to have zero mean
and variance a 2 and the rate R is measured in bits per sample.
Note from the formula that every extra bit reduces the
expected distortion by a factor of 4 (or increases the signal to
noise ratio by 6 dB). This formula agrees with our intuition
that the distortion should decrease exponentially as the rate
increases. In fact, this is true when quantizing sources with
other probability distributions as well under high resolution
(or bit rate) conditions: the optimal R-D performance of
encoding a zero mean stationary source with variance a 2 takes
the form of [7]
D(R) = ho'22-2R,

(2)

where the factor h depends on the probability distribution
of the source. For a Gaussian source, h = ~/-3Jr/2 with
optimal scalar quantization. Under high resolution conditions,
it can be shown that the optimal entropy-constrained scalar
quantizer is a uniform one, whose average distortion is only
approximately 1.53 dB worse than the theoretical bound
attainable that is known as the Shannon bound [7, 10].
For low bit rate coding, most current subband coders
employ a uniform quantizer with a "deadzone" in the central
quantization bin. This simply means that the all-important
central bin is wider than the other bins: this turns out to
be more efficient than having all bins be of the same size.
The performance of deadzone quantizers is nearly optimal
for memoryless sources even at low rates [13]. An additional
advantage of using deadzone quantization is that, when
the deadzone is twice as much as the uniform step size, an
embedded bitstream can be generated by successive quantization. We will elaborate more on embedded wavelet image
coding in Section 5.

5.4 Wavelet Image Compression zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.3 Entropy Coding
Once the quantization process is completed, the last encoding
step is to use entropy coding to achieve the entropy rate of
the quantizer. Entropy coding works like the Morse code in
electric telegraph: more frequently occurring symbols are
represented by short codewords, whereas symbols occurring
less frequently are represented by longer codewords. On
average, entropy coding does better than assigning the same
codelength to all symbols. For example, a source that can
take on any of the four symbols {A, B, C, D} with equal likelihood has two bits of information or uncertainty, and its
entropy is 2 bits per symbol (e.g., one can assign a binary code
of 00 to A, 01 to B, 10 to C, and 11 to D). However, if
the symbols are not equally likely, e.g., if the probabilities of
A, B, C, D are 0.5, 0.25, 0.125, 0.125, respectively, then one
can do much better on average by not assigning the same
number of bits to each symbol, but rather by assigning fewer
bits to the more popular or predictable ones. This results in
a variable length code. In fact, one can show that the optimal
code would be one in which A gets 1 bit, B gets 2 bits, and C
and D get 3 bits each (e.g., A = 0, B = 10, C = 110, D = 111).
This is called an entropy code. With this code, one can compress the source with an average of only 1.75 bits per symbol,
a 12.5% improvement in compression over the original
2 bits per symbol associated with having fixed length codes
for the symbols. The two popular entropy coding methods are
Huffman coding [14] and arithmetic coding [15]. A comprehensive coverage of entropy coding is given in Chapter 5.1.
The Shannon entropy [4] provides a lower bound in terms of
the amount of compression entropy coding can best achieve.
The optimal entropy code constructed in the example actually
achieves the theoretical Shannon entropy of the source.

4 S u b b a n d C o d i n g : T h e Early D a y s
Subband coding normally uses bases of roughly equal bandwidth. Wavelet image coding can be viewed as a special case
of subband coding with logarithmically varying bandwidth
bases that satisfy certain properties. 4 Early work on wavelet
image coding was thus hidden under the name of subband
coding [8, 16], which builds upon the traditional transform
coding paradigm of energy compaction and decorrelation.
The main idea of subband coding is to treat different bands
differently as each band can be modeled as a statistically
distinct process in quantization and coding.
To illustrate the design philosophy of early subband
coders, let us again assume for example that we are coding
a vector source {x0, xl}, where both Xo and Xl are samples
of a stationary random sequence X(n) with zero mean and
variance 0-x2. If we code Xo and Xl directly by using PCM
4Both wavelet image coding and subband coding are special cases of
transform coding.
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coding, from our earlier discussion on quantization, the R-D
performance can be approximated as
1 2-,-2R

D p c M (R) -- no-x z

(3)

.

In subband coding, two quantizers are designed: one for
each of the two transform coefficients y0 and yl. The goal is to
choose rates R0 and R1 needed for coding Y0 and Yl so that the
average distortion
(4)

DSBC(R ) -- (D(Ro) + D(R1))/2
is minimized with the constraint on the average bit rate
(R0 + R1)/2 = R.

(5)

Using the high rate approximation, we write D ( R o ) ha~o2-2R° and D(R1) -- h0-212-2R'; then the solutions to this bit
allocation problem are [8]
1
0-yo
Ro - R + ~ log 2 ~;0-yl

1
0-yo
R1 - R - - 2 l°g2 ~'0-)'1

(6)

with the minimum average distortion being

(7)

DSBC(R) -- ho-ro0-rl2-2R"

Note that, at the optimal point, D(Ro) = D(R1) -- DSBC(R).
That is; the quantizers for y0 and yl give the same distortion
with optimal bit allocation. Since the transform T is orthogonal, we have 0-x2 --(0-~2° if-0-2yl)/2. The coding gain of using
subband coding over PCM is
DpcM(R )
DSBC(R)

=~

0-2

=

0-r00-rl

(0-2o + 0-2r1)/2
(0-;00;12
2 )1/2

'

(8)

the ratio of arithmetic mean to geometric mean of coefficient
variances 0 -2
Yo and 0-2
Yl" What this important result states is that
subband coding performs no worse than PCM coding,
and that the larger the disparity between coefficient variances,
the bigger the subband coding gain, because (0-~2° + # 1 ) /
2 2 1 with equality if 0-2y0-0-2y. This result can be
2 >- (0-r00-Y1)/2,
easily extended to the case when M > 2 uniform subbands
(of equal size) are used instead. The coding gain in this general
case is
D p c M (R)

~ Z k M-1
= 0 0-~

DSBC(R )

(HkMG1 0-~)1/M'

(9)

where a~ is the sample variance of the kth band (0 _< k _<
M - 1). The above assumes that all M bands are of the same
size. In the case of the subband or wavelet transform, the sizes
of the subbands are not the same (see Fig. 8 below), but
the above formula can be generalized pretty easily to account
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8

6

5

5

Figure 8 Typicalbit allocation results for different subbands. The unit of
the numbers is bits per pixel. These are designed to satisfy a total bit
rate budget of one bit per pixel. That is: {[(8+ 6 + 5 + 5)/4 + 2 + 2 + 2]/
4+ 1 +0-+-0}/4 = 1.
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spatial support (good for representing large image background
regions), whereas high frequency coefficients have small
spatial support (good for representing spatially local phenomena such as edges), the wavelet representation calls for new
quantization strategies that go beyond traditional subband
coding techniques to exploit this underlying space-frequency
image characterization.
Shapiro made a breakthrough in 1993 with his embedded
zerotree wavelet (EZW) coding algorithm [18]. Since then
a new class of algorithms have been developed that achieve
significantly improved performance over the EZW coder.
In particular, Said and Pearlman's work on set partitioning
in hierarchic trees (SPIHT) [19], which improves the EZW
coder, has established zerotree techniques as the current stateof-the-art of wavelet image coding since the SPIHT algorithm
proves to be very successful for both lossy and lossless
compression.

5.1 Zerotree-based Framework and
EZW Coding

A wavelet image representation can be thought of as a treestructured spatial set of coefficients. A wavelet coefficient tree is
for this. As another extension of the results given in the above defined as the set of coefficients from different bands that
example, it can be shown that the necessary condition for represent the same spatial region in the image. Figure 9
optimal bit allocation is that all subbands should incur the shows a three-level wavelet decomposition of the Lena image,
same distortion at optimality--else it is possible to steal some together with a wavelet coefficient tree structure representing
bits from the lower-distortion bands to the higher-distortion the eye region of Lena. Arrows in Fig. 9(b) identify the parentbands in a way that makes the overall performance better.
children dependencies in a tree. The lowest frequency band of
Figure 8 shows typical bit allocation results for different the decomposition is represented by the root nodes (top) of
subbands under a total bit rate budget of 1 bit per pixel for the tree, the highest frequency bands by the leaf nodes
wavelet image coding. Since low frequency bands in the (bottom) of the tree, and each parent node represents a lower
upper-left corner have far more energy than high frequency frequency component than its children. Except for a root
bands in the lower-right corner (see Fig. 1), more bits have to node, which has only three children nodes, each parent node
be allocated to lowpass bands than to highpass bands. The last has four children nodes, the 2 x 2 region of the same spatial
two frequency bands in the bottom half are not coded (set to location in the immediately higher frequency band.
zero) because of limited bit rate. Since subband coding treats
Both the EZW and SPIHT algorithms [18, 19] are based
wavelet coefficients according to their frequency bands, it is on the idea of using multipass zerotree coding to transmit the
largest wavelet coefficients (in magnitude) at first. We hereby
effectively a frequency domain transform technique.
Initial wavelet-based coding algorithms, e.g., [17], followed use "zero coding" as a generic term for both schemes, but
exactly this subband coding methodology. These algorithms we focus on the popular SPIHT coder because of its superwere designed to exploit the energy compaction properties ior performance. A set of tree coefficients is significant if the
of the wavelet transform only in the frequency domain by largest coefficient magnitude in the set is greater than or equal
applying quantizers optimized for the statistics of each fre- to a certain threshold (e.g., a power of 2); otherwise, it is
quency band. Such algorithms have demonstrated small insignificant. Similarly, a coefficient is significant if its magniimprovements in coding efficiency over standard transform- tude is greater than or equal to the threshold; otherwise, it
is insignificant. In each pass the significance of a larger set
based algorithms. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the tree is tested at first: if the set is insignificant, a binary
"zerotree" bit is used to set all coefficients in the set to zero;
5 New and More Efficient Class of
otherwise, the set is partitioned into subsets (or child sets)
for further significance tests. After all coefficients are tested in
Wavelet Coders
one pass, the threshold is halved before the next pass.
The underlying assumption of the zerotree coding frameBecause wavelet decompositions offer space-frequency representations of images, i.e., low frequency coefficients have large work is that most images can be modeled as having decaying
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Figure 9 Wavelet decomposition offers a tree-structured image representation. (a) Three-level wavelet decomposition
of the Lena image. (b) Spatial wavelet coefficient tree consisting of coefficients from different bands that correspond to
the same spatial region of the original image (e.g., the eye of Lena). Arrows identify the parent-children dependencies.

power spectral densities. That is, if a parent node in the
wavelet coefficient tree is insignificant, it is very likely that its
descendents are also insignificant. The zerotree symbol is used
very efficiently in this case to signify a spatial subtree of zeros.
We give a SPIHT coding example to highlight the order
of operations in zerotree coding. Start with a simple threelevel wavelet representation of an 8 × 8 image, 5 as shown in
Fig. 10. The largest coefficient magnitude is 63. We can choose
the threshold in the first pass between 31.5 and 63. Let T1 = 32.
Table 1 shows the first pass of the SPIHT coding process, with
the following comments:

5.
6.
7.

8.

the only symbol generated in the current pass for the
whole descendant set of coefficient 23.
The grandchild set of coefficient - 3 4 is insignificant; a
binary bit "0" is generated. 7
The grandchild set of coefficient - 3 1 is significant; a
binary bit "1" is generated.
The descendant set of coefficient 15 is insignificant; an
insignificance bit "0" is generated. This zerotree bit is
the only symbol generated in the current pass for the
whole descendant set of coefficient 15.
The descendant set of coefficient 14 is significant; a
significance bit "1" is generated, followed by significance test of each of its four children {-1, 4 7 , - 3 , 2}.
Coefficient - 3 1 has four children { 1 5 , 1 4 , - 9 , - 7 } .
Descendant sets of child 15 and child 14 were tested
for significance before. Now descendant sets of the
remaining two children - 9 and - 7 are tested.

1. The coefficient value 63 is greater than the threshold 32
and positive, so a significance bit "1" is generated,
followed by a positive sign bit "0". After decoding these
symbols, the decoder knows the coefficient is between 32
and 64 and uses the midpoint 48 as an estimate. 6
2. The descendant set of coefficient - 3 4 is significant; a
significance bit "1" is generated, followed by significance test of each of its four children {49, 10, 14,-13}.
3. The descendant set of coefficient - 3 1 is significant; a
significance bit "1" is generated, followed by significance test of each of its four children {15, 1 4 , - 9 , - 7 } .
4. The descendant set of coefficient 23 is insignificant; an
insignificance bit "0" is generated. This zerotree bit is

In this example, the encoder generates 29 bits in the first
pass. Along the process, it identifies four significant coefficients {63,-34, 49, 47}. The decoder reconstructs each coefficient based on these bits. When a set is insignificant, the
decoder knows each coefficient in the set is between - 3 2 and
32 and uses the midpoint 0 as an estimate. The reconstruction
result at the end of the first pass is shown in Fig. l l(a).

SThis set of wavelet coefficients is the same as the one used by Shapiro in an
example to showcase EZW coding [18]. Curious readers can compare these
two examples to see the difference between EZW and SPIHT coding.
6The reconstruction value can be anywhere in the uncertainty interval
[32,64]. Choosing the midpoint is the result of a simple form of minimax
estimation.

7In this example, we use the following convention: when a coefficient or set
is significant, a binary bit "1" is generated; otherwise, a binary bit "0" is
generated. In the actual SPIHT implementation [19], this convention was not
always followed--when a grandchild set is significant, a binary bit "0" is
generated, otherwise, a binary bit "1" is generated.

9.
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The threshold is halved (T2 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
T1/2 = 16) before the second TABLE 1 First pass of the SPIHT coding process at threshold
T1 = 32.
pass, where insignificant coefficients and sets in the first pass
are tested for significance again against T2, and significant
Coefficient Coefficient
Binary Reconstruction
coefficients found in the first pass are refined. The second pass
Coordinates
Value
Symbol
Value
Comments
thus consists of the following:
(0,0)
63
1
(1)
1. Significance tests of the 12 insignificant coefficients
0
48
found in the first p a s s m t h o s e having reconstruction
(1,0)
-34
1
1
-48
value 0 in Table 1. Coefficients - 3 1 at (0, 1) and 23 at
(0,1)
-31
0
0
(1, 1) are found to be significant in this pass; a sign bit
(1,1)
23
0
0
is generated for each. The decoder knows the coefficient
(1,0)
-34
1
(2)
(2,0)
49
1
0
48
7
13
-12
7
63
-34
49
10
(3,0)
10
0
0
(2,1)
14
0
0
(3,1)
-13
0
0
14
-13
3
4
6
-1
-31
23
(0,1)
-31
1
(3)
(0,2)
15
0
0
15
14
5
-7
3
9
3
-12
(1,2)
14
0
0
(0,3)
-9
0
0
(1,3)
-7
0
0
42
3
2
-14
8
-9
-7
(4)
(1,1)
23
0
(5)
(1,0)
-34
0
(6)
(0,1)
-31
1
4
6
-2
2
-5
9
-1
47
(0,2)
15
0
(7)
(8)
(1,2)
14
1
3
-2
0
4
3
0
-3
2
(2,4)
-1
0
0
(3,4)
47
1
0
48
3
6
3
6
2
-3
6
-4
(2,5)
-3
0
0
(3,5)
2
0
0
0
3
-4
4
5
11
5
6
(9)
(0,3)
-9
0
(1,3)
-7
0
Figure 10

Exampleof a three-level wavelet representation of an 8 x 8 image.
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Reconstructions after the (a) first and (b) second passes in SPIHT coding.
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magnitude is between 16 and 32 and decode them as
- 2 4 and 24.
The descendant set of coefficient 23 at (1, 1) is
insignificant; so are the grandchild set of coefficient 49
at (2, 0) and descendant sets of coefficients 15 at (0, 2),
- 9 at (0, 3), and - 7 at (1, 3). A zerotree bit is generated
in the current pass for each insignificant descendant set.
Refinement of the four significant coefficients {63,-34,
49, 47} found in the first pass. The coefficient magnitudes are identified as being either between 32 and
48, which will be encoded with "0" and decoded as
the midpoint 40, or between 48 and 64, which will be
encoded with "1" and decoded as 56.
The encoder generates 23 bits (14 from step 1, five from
step 2, and four from step 3) in the second pass. Along the
process it identifies two more significant coefficients. Together
with the four found in the first pass, the set of significant coefficients now becomes {63, -34, 49, 47, -31, 23}. The
reconstruction result at the end of the second pass is shown
in Fig. 11 (b).
The above encoding process continues from one pass to
another and can stop at any point. For better coding performance, arithmetic coding [15] can be used to further compress
the binary bitstream out of the SPIHT encoder.
From this example, we note that when the thresholds are
powers of 2, zerotree coding can be thought of as a bit-plane
coding scheme. It encodes one bit-plane at a time, starting
from the most significant bit. The effective quantizer in each
pass is a deadzone quantizer with the deadzone being twice the
uniform step size. With the sign bits and refinement bits
(for coefficients that become significant in previous passes)
being coded on the fly, zerotree coding generates an
embedded bitstream, which is highly desirable for progressive
transmission (see Fig. 4). A simple example of embedded
representation is the approximation of an irrational number
(say rr = 3.1415926535-..) by a rational number. If we
were only allowed two digits after the decimal point, then
Jr ~, 3.14; if three digits after the decimal point were allowed,
then r r ~ 3.141; and so on. Each additional bit of the
embedded bitstream is used to improve upon the previously decoded image for successive approximation, so rate
control in zerotree coding is exact and no loss is incurred
if decoding stops at any point of the bitstream. The
remarkable thing about zerotree coding is that it outperforms
almost all other schemes (such as JPEG coding) while being
embedded. This good performance can be partially attributed to the fact that zerotree coding captures across-scale
interdependencies of wavelet coefficients. The zerotree symbol
effectively zeros out a set of coefficients in a subtree, achieving the coding gain of vector quantization [7] over scalar
quantization.
Figure 12 shows the original Lena and Barbara images and
their decoded versions at 0.25 bit per pixel (32:1 compression
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ratio) by baseline JPEG and SPIHT [19]. These images
are coded at a relatively low bit rate to emphasize coding
artifacts. The Barbara image is known to be hard to compress
because of its insignificant high frequency content (see the
periodic stripe texture on Barbara's trousers and scarf,
and the checkerboard texture pattern on the tablecloth). The
subjective difference in reconstruction quality between the
two decoded versions of the same image is quite perceptible
on a high-resolution monitor. The JPEG decoded images
show highly visible blocking artifacts while the wavelet-based
SPIHT decoded images have much sharper edges and preserve
most of the striped texture. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSR

5.2 Advanced Wavelet Coders: High Level
Characterization
We saw that the main difference between the early class of
subband image coding algorithms and the zerotree-based
compression framework is that the former exploits only the
frequency characterization of the wavelet image representation, whereas the latter exploits both the spatial and frequency
characterization. To be more precise, the early class of
coders were adept at exploiting the wavelet transform's ability
to concentrate the image energy disparately in the different
frequency bands, with the lower frequency bands having a
much higher energy density. What these coders fail to exploit
was the very definite spatial characterization of the wavelet
representation. In fact, this is even apparent to the naked eye
if one views the wavelet decomposition of the Lena image in
Fig. 1, where the spatial structure of the image is clearly
exposed in the high frequency wavelet bands, e.g., the edge
structure of the hat and face and the feather texture, etc.
Failure to exploit this spatial structure limited the performance potential of the early subband coders.
In explicit terms, not only is it true that the energy density
of the different wavelet subbands is highly disparate, resulting
in gains by separating the data set into statistically dissimilar
frequency groupings of data, but it is also true that the data in
the high frequency subbands are highly spatially structured
and clustered around the spatial edges of the original image.
The early class of coders exploited the conventional coding
gain associated with dissimilarity in the statistics of the
frequency bands, but not the potential coding gain from
separating individual frequency band energy into spatially
localized clusters.
It is insightful to note that unlike the coding gain based on
the frequency characterization, which is statistically predictable for typical images (the low frequency subbands have
much higher energy-density than the high frequency ones),
there is a difficulty in going after the coding gain associated
with the spatial characterization that is not statistically
predictable; after all, there is no reason to expect the upper
left corner of the image to have more edges than the lower
right. This calls for a drastically different way of exploiting
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Figure 12 Coding of the 512 x 512 Lena and Barbara images at 0.25 bit per pixel (compression ratio of 32:1). Top:
the original Lena and Barbara images. Middle: baseline ]PEG decoded images, PSNR-31.6 dB for Lena, and PSNR-25.2
dB for Barbara. Bottom: SPIHT decoded images, PSNR=34.1 dB for Lena, and PSNR - 27.6 dB for Barbara.

this structure--a way of pointing to the spatial location of
significant edge regions within each subband. At a high level, a
zerotree is no more than an efficient "pointing" data-structure
that incorporates the spatial characterization of wavelet
coefficients by identifying tree-structured collections of insignificant spatial subregions across hierarchic subbands.

Equipped with this high-level insight, it becomes clear
that the zerotree approach is but only one way to skin the
cat. Researchers in the wavelet image compression community
have found other ways to exploit this phenomenon by
using an array of creative ideas. The array of successful datastructures in the research literature include: (a) R-D optimized

5.4 Wavelet Image Compression

zyxwvutsrq
703

zerotree-based structures, (b) morphology- or region-growingbased structures, (c) spatial context modelingmbased
structures, (d) statistical mixture modeling based structure,
(e) classification-based structures, and so on. As the details
of these advanced methods are beyond the intended scope
of this chapter, we refer the reader to "Wavelet image coding:
PSNR results" (www.icsl.ucla.edu/-~ipl/psnr_results.html)
on the World Wide Web for the latest results [20] on wavelet
image coding.

zyxwvutsrqp

6 Adaptive Wavelet Transforms:
Wavelet Packets
In noting how transform coding has become the de facto
standard for image and video compression, it is important
to realize that the traditional approach of using a transform
with fixed frequency resolution (be it the logarithmic wavelet
transform or the DCT) is good only in an ensemble sense for
a typical statistical class of images. This class is well-suited
to the characteristics of the chosen fixed transform. This
raises the natural question; is it possible to do better by
being adaptive in the transformation so as to best match
the features of the transform to the specific attributes of
arbitrary individual images that may not belong to the typical
ensemble?
To be specific, the wavelet transform is a good fit for typical
natural images that have an exponentially decaying spectral
density, with a mixture of strong stationary low frequency
components (such as the image background) and perceptually important short-duration high frequency components
(such as sharp image edges). The fit is good because of
the wavelet transform's logarithmic decomposition structure, which results in its well-advertised attributes of good
frequency resolution at low frequencies, and good time resolution at high frequencies (see Fig. 3(b)).
There are, however, important classes of images (or significant subimages) whose attributes go against those offered
by the wavelet decomposition, e.g., images having strong
highpass components. A good example is the periodic texture
pattern in the Barbara image of Fig. 12msee the trousers
and scarf textures, as well as the tablecloth texture. Another
special class of images for which the wavelet is not a good idea
is the class of fingerprint images (see Fig. 13 for a typical
example) which has periodic high frequency ridge patterns.
These images are better matched with decomposition elements
that have good frequency localization at high frequencies
(corresponding to the texture patterns), which the wavelet
decomposition does not offer in its menu.
This motivates the search for alternative transform descriptions that are more adaptive in their representation, and that
are more robust to a large class of images of unknown or
mismatched space-frequency characteristics. Although the
task of finding an optimal decomposition for every individual

Figure 13 Fingerprintimage: image coding using logarithmic wavelet
transform does not perform well for fingerprint images such as this one with
strong highpass ridge patterns.
image in the world is an ill-posed problem, the situation
gets more interesting if we consider a large but finite library
of desirable transforms, and match the best transform in the
library adaptively to the individual image. In order to make
this feasible, there are two requirements. First, the library
must contain a good representative set of entries (e.g., it would
be good to include the conventional wavelet decomposition).
Second, it is essential that there exists a fast way of searching through the library to find the best transform in an
image-adaptive manner.
Both these requirements are met with an elegant generalization of the wavelet transform, called the wavelet packet
decomposition, also known sometimes as the best basis
framework. Wavelet packets were introduced to the signal
processing community by Coifman and Wickerhauser in [21 ].
They represent a huge library of orthogonal transforms having
a rich time-frequency diversity that also come with an easyto-search capability, thanks to the existence of fast algorithms that exploit the tree-structured nature of these basis
expansionsmthe tree-structure comes from the cascading
of multirate filter bank operations; see Chapter 4.2 and [3].
Wavelet packet bases essentially look like wavelet bases shown
in Figure 3(b), but they have more oscillations.
The wavelet decomposition, which corresponds to a logarithmic tree structure, is the most famous member of the
wavelet packet family. Whereas wavelets are best matched
to signals having a decaying energy spectrum, wavelet packets
can be matched to signals having almost arbitrary spectral
profiles, such as signals having strong high-frequency or
midfrequency stationary components, making them attractive
for decomposing images having significant texture patterns,
as discussed earlier. There are an astronomical number of
basis choices available in the typical wavelet packet library:
for example, it can be shown that the library has over 1078
transforms for typical five-level 2D wavelet packet image
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decompositions. The library is thus well-equipped to deal
efficiently with arbitrary classes of images requiring diverse
spatial-frequency resolution tradeoffs.
Using the concept of time-frequency tilings introduced in
Section 1, it is easy to see what wavelet packet tilings look like,
and how they are a generalization of wavelets. We again start
with 1D signals. Tiling representations of several expansions
are plotted in Fig. 14. Figure 14(a) shows a uniform STFT-like
expansion, where the tiles are all of the same shape and size;
Fig. 14(b) is the familiar wavelet expansion or the logarithmic
subband decomposition; Figure 14(c) shows a wavelet packet
expansion where the bandwidths of the bases are neither
uniformly nor logarithmically varying; and Fig. 14(d) highlights a wavelet packet expansion where the time-frequency
attributes are exactly the reverse of the wavelet case: the
expansion has good frequency resolution at higher frequencies, and good time localization at lower frequencies: we might
call this the "anti-wavelet" packet. There are a plethora of
other options for the time-frequency resolution tradeoff, and
these all correspond to admissible wavelet packet choices.
The extra adaptivity of the wavelet packet framework is
obtained at the price of added computation in searching for
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the best wavelet packet basis, so an efficient fast search algorithm is the key in applications involving wavelet packets.
The problem of searching for the best basis from the wavelet
packet library for the compression problem using an R-D
optimization framework and a fast tree-pruning algorithm was
described in [22].
The 1D wavelet packet bases can be easily extended to 2D
by writing a 2D basis function as the product of two 1D
basis functions. In another words, we can treat the rows and
columns of an image separately as 1D signals. The performance gains associated with wavelet packets are obviously
image-dependent. For difficult images such as Barbara in
Fig. 12, a wavelet packet decomposition shown in Fig. 15(a)
gives much better coding performance than the wavelet
decomposition. The wavelet packet decoded Barbara image
at 0.1825 b/p is shown in Figure 15(b), whose visual quality
(or PSNR) is the same as the wavelet SPIHT decoded Barbara
image at 0.25 b/p in Fig. 12. The bit rate saving achieved
by using a wavelet packet basis instead of the wavelet basis
in this case is 27% at the same visual quality.
An important practical application of wavelet packet expansions is the FBI wavelet scalar quantization (WSQ) standard
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Figure 14 Tiling representations of several expansions for 1D signals. (a) STFT-like decomposition, (b) wavelet
decomposition, (c) wavelet packet decomposition, and (d) "anti-wavelet" packet decomposition.
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Figure 15 (a) A wavelet packet decomposition for the Barbara image.White lines represent frequencyboundaries.
High pass bands are processed for display. (b) Wavelet packet decoded Barbara at 0.1825 b/p. PSNR=27.6dB.
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for fingerprint image compression [23]. Because of the complexity associated with adaptive wavelet packet transforms,
the FBI WSQ standard uses a fixed wavelet packet decomposition in the transform stage. The transform structure
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Figure 16 The wavelet packet transform structure given in the FBI WSQ
specification. The number sequence shows the labeling of the different
subbands.

specified by the FBI WSQ standard is shown in Fig. 16.
It was designed for 500 dots per inch fingerprint images by
spectral analysis and trial-and-error. A total of 64 subbands are generated with a five-level wavelet packet decomposition. Trials by the FBI have shown that the WSQ
standard benefited from having fine frequency partitions in
the middle frequency region containing the fingerprint ridge
patterns.
As an extension of adaptive wavelet packet transforms, one
can introduce time-variation by segmenting the signal in time
and allowing the wavelet packet bases to evolve with the signal.
The result is a time-varying transform coding scheme that
can adapt to signal nonstationarities. Computationally fast
algorithms are again very important for finding the optimal
signal expansions in such a time-varying system. For 2D
images, the simplest of these algorithms performs adaptive
frequency segmentations over regions of the image selected
through a quadtree decomposition. More complicated algorithms provide combinations of frequency decomposition and
spatial segmentation. These jointly adaptive algorithms work
particularly well for highly nonstationary images. Figure 17
shows the space-frequency tree segmentation and tiling for
the Building image [24]. The image to the left shows the spatial
segmentation result that separates the sky in the background
from the building and the pond in the foreground. The
image to the right gives the best wavelet packet decomposition
for each spatial segment.
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Figure 17 Space-frequency segmentation and tiling for the Building image. The image to the left shows that spatial
segmentation separates the sky in background from the building and the pond in the foreground. The image to the right
gives the best wavelet packet decomposition of each spatial segment. Dark lines represent spatial segments; white
lines represent subband boundaries of wavelet packet decompositions. Note that the upper-left corners are the low pass
bands of wavelet packet decompositions.
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7 JPEG2000 and Recent Developments
JPEG2000 by default employs the dyadic wavelet transform
for natural images in many standard applications. It also
allows the choice of the more general wavelet packet transforms for certain types of imagery (e.g., fingerprints and
radar images). Instead of using the zerotree-based SPIHT
algorithm, JPEG2000 relies on embedded block coding with
optimized truncation (EBCOT) [25] to provide a rich set of
features such as quality scalability, resolution scalability,
spatial random access and region-of-interest coding. Besides
robustness to image type changes in terms of compression
performance, the main advantage of the block-based EBCOT
algorithm is that it provides easier random access to local
image components. On the other hand, both encoding and
decoding in SPIHT require non-local memory access to the
whole tree of wavelet coefficients, causing reduction in
throughput when coding large-size images. A thorough
description of the JPEG2000 standard is in [1]. Other
JPEG2000 related references are Chapter 5.5 and [26, 27].
Although this chapter is about wavelet coding of 2D
images, the wavelet coding framework and its extension to
wavelet packets apply to 3D video as well. Recent research
works (see [28] and references therein) on 3D scalable wavelet
video coders based on the framework of motion-compensated
temporal filtering (MCTF) [29] have shown competitive or
better performance than the best MC-DCT based standard
video coder (e.g., H.264/AVC [30]). They have stirred considerable excitement in the video coding community and
stimulated research efforts towards subband/wavelet interframe video coding, especially in the area of scalable motion
coding [31] within the context of MCTF. MCTF can be
conceptually viewed as the extension of wavelet-based coding
in JPEG2000 from 2D images to 3D video. It nicely combines
scalability features of wavelet-based coding with motion
compensation, which has been proven to be very efficient
and necessary in MC-DCT based standard video coders.
MPEG is currently exploring a scalable video coding standard
based on MCTF. We refer the readers to a recent special
issue [32] on the latest results and Chapter 6.2 for an exposition of 3D subband/wavelet video coding.

8 Conclusion
Since the introduction of wavelets as a signal processing
tool in the late 1980s, a variety of wavelet-based coding algorithms have advanced the limits of compression performance
well beyond that of the current commercial ]PEG image
coding standard. In this chapter, we have provided very simple
high-level insights, based on the intuitive concept of timefrequency representations, into why wavelets are good for
image coding. After introducing the salient aspects of the
compression problem in general and the transform coding
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problem in particular, we have highlighted the key important differences between the early class of subband coders
and the more advanced class of modern-day wavelet image
coders. Selecting the embedded zerotree wavelet coding
structure embodied in the celebrated SPIHT algorithm as a
representative of this latter class, we have detailed its operation by using a simple illustrative example. We have also
described the role of wavelet packets as a simple but powerful generalization of the wavelet decomposition, in order to
offer a more robust and adaptive transform image coding
framework.
JPEG2000 is the result of the rapid progress made in
wavelet image coding research in the 1990s. The triumph
of wavelet transform in the evolution of the JPEG2000 standard underlines the importance of the fundamental insights
provided in this chapter into why wavelets are so attractive
for image compression.
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1 Introduction
JPEG is currently a worldwide standard for compression
of digital images. The standard is named after the committee that created it and continues to guide its evolution.
This group, the Joint Photographic Experts Group (]PEG),
consists of experts nominated by national standards bodies
and by leading companies engaged in image-related
work. The standardization effort is led by the International Standards Organization (ISO) and the International
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Telecommunications Union--Telecommunication Standardization Sector (ITU--T). The JPEG committee has an official
title of ISO/IEC JTC1 SC29 Working Group 1, with a Web
site at http://www.jpeg.org. The committee is charged with the
responsibility of pooling efforts to pursue promising
approaches to compression to produce an effective set of
standards for still image compression. The lossy JPEG image
compression procedure described in this chapter is part of the
multipart set of ISO standards IS 10918-1, 2, 3 (ITU-T
recommendations T.81, T.83, T.84).
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The JPEG standardization activity commenced in 1986,
which generated 12 proposals for consideration by the
committee in March 1987. The initial effort produced
consensus that the compression should be based on the
discrete cosine transform (DCT). Subsequent refinement
and enhancement led to the Committee Draft in 1990.
Deliberations on the JPEG Draft International Standard (DIS)
submitted in 1991 culminated in the International Standard
(IS) approved in 1992.
Although the JPEG Standard defines both lossy and lossless
compression algorithms, the focus in this chapter is on
the lossy compression component of the JPEG standard.
The JPEG lossless standards are described in detail in chapter
5.6 of this handbook [32]. JPEG lossy compression entails an
irreversible mapping of the image to a compressed bit stream,
but the standard provides mechanisms for a controlled loss of
information. Lossy compression produces a bit stream that is
usually much smaller in size than that produced with lossless
compression.
The key features of the lossy JPEG standard are as follows:
• Both sequential and progressive modes of encoding are
permitted. These modes refer to the manner in which
quantized DCT coefficients are encoded. In sequential
coding, the coefficients are encoded on a block-by-block
basis in a single scan that proceeds from left to right
and top to bottom. On the other hand, in progressive
encoding only partial information about the coefficients
is encoded in the first scan followed by encoding the
residual information in successive scans.
• Low-complexity implementations in both hardware and
software are feasible.
• All types of images, regardless of source, content,
resolution, color formats, and so forth, are permitted.
• A graceful tradeoff in bit rate and quality is offered,
except at very low bit rates.
• A hierarchical mode with multiple levels of resolution is
allowed.
• Bit resolution of 8 to 12 bits is permitted.
• A recommended file format, JPEG file interchange
format (JFIF), enables the exchange of JPEG bit streams
among a variety of platforms.
A JPEG-compliant decoder has to support a minimum set
of requirements, the implementation of which is collectively
referred to as baseline implementation. Additional features are
supported in the extended implementation of the standard.
The features supported in the baseline implementation include
the ability to provide
•
•
•
•
•

A sequential build up
Custom or default Huffman tables
8-bit precision per pixel for each component
Image scans with one to four components
Both interleaved and noninterleaved scans
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A JPEG extended system includes all features in a baseline
implementation and supports many additional features. It
allows sequential build up as well as an optional progressive
build up. Either Huffman coding or arithmetic coding can be
used in the entropy coding unit. Precision of up to 12 bits per
pixel is allowed. The extended system includes an option for
lossless coding.
The JPEG standard suffers from shortcomings in compression efficiency and progressive decoding. This led the JPEG
committee to launch an effort in late 1996 and early 1997 to
create a new image compression standard. The initiative has
resulted in the 15444/ITU-T Recommendation T.8000 known
as the JPEG2000 standard that is based on wavelet analysis and
encoding. The new standard is described in some detail in this
chapter.
The rest of this chapter is organized as follows. In Section 2,
we describe the structure of the JPEG codec and its units.
In Section 3, the role and computation of the discrete cosine
transform is examined. Procedures for quantizing the DCT
coefficients are presented in Section 4. In Section 5, the
mapping of the quantized DCT coefficients into symbols
suitable for entropy coding is described. Syntactic issues and
organization of data units are discussed in Section 6. Section 7
describes alternative modes of operation like the progressive
and hierarchical modes. In Section 8, some extensions made
to the standard, collectively known as JPEG Part 3, are
described. Sections 9 and 10 provide a description of the the
new JPEG2000 standard and its coding architecture. The
performance of JPEG2000 and the extensions included in part
2 of the standard are briefly described in Section 11. Finally,
Section 12 lists further sources of information on the
standards. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

2 Lossy JPEG Codec Structure
It should be noted that in addition to defining an encoder
and decoder, the JPEG standard also defines a syntax for
representing the compressed data along with the associated
tables and parameters. In this chapter, however, we largely
ignore these syntactic issues and focus instead on the encoding and decoding procedures. We begin by examining the
structure of the JPEG encoding and decoding systems. The
discussion centers on the encoder structure and the building
blocks comprising an encoder. The decoder essentially consists
of the inverse operations of the encoding process carried out
in reverse.

2.1 Encoder Structure
The JPEG encoder and decoder are conveniently decomposed
into units that are shown in Fig. 1. Note that the encoder
shown in Fig. 1 is applicable in open-loop/unbuffered
environments where the system is not operating under a
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FIGURE 1 Constituent units of (A) Joint Photographic Experts Group (JPEG) encoder (B) JPEG decoder.

constraint of a prescribed bit rate/budget.
constituting the encoder are described next.

The

units

2.1.1 Signal Transformation Unit: DCT
In JPEG image compression, each component array in the
input image is first partitioned into 8 x 8 rectangular blocks
of the data. A signal transformation unit computes the DCT
of each 8 x 8 block to map the signal reversibly into a
representation that is better suited for compression. The
object of the transformation is to reconfigure the information
in the signal to capture the redundancies, and to present the
information in a "machine-friendly" form that is convenient
for disregarding the perceptually least relevant content. The
DCT captures the spatial redundancy and packs the signal
energy into a few DCT coefficients. The coefficient with zero
frequency in both dimensions is called direct current (DC)
coefficient, and the remaining 63 coefficients are called
alternating current (AC) coefficients,

suitable symbols. The quantization unit performs this task of
a many-to-one mapping of the DCT coefficients, so that the
possible outputs are limited in number. A key feature of the
quantized DCT coefficients is that many of them are zero,
making them suitable for efficient coding.

2.1.3 Coefficient-to-Symbol Mapping Unit
The quantized DCT coefficients are mapped to new symbols to
facilitate a compact representation in the symbol coding unit
that follows. The symbol definition unit can also be viewed as
part of the symbol coding unit. However, it is shown here as a
separate unit to emphasize the fact that the definition of
symbols to be coded is an important task. An effective definition of symbols for representing AC coefficients in JPEG is the
"runs" of zero coefficients followed by a nonzero terminating
coefficient. For representing DC coefficients, symbols are
defined by computing the difference between the DC coefficient in the current block and that in the previous block.

2.1.2 Quantizer
If we wish to recover the original image exactly from the
DCT coefficient array, it is necessary to represent the DCT
coefficients with high precision. Such a representation requires
a large number of bits. In lossy compression, the DCT
coefficients are mapped into a relatively small set of possible
values that are represented compactly by defining and coding

2.1.4 Entropy Coding Unit
This unit assigns a codeword to the symbols that appear at its
input, and generates the bit stream that is to be transmitted or
stored. Huffman coding is usually used for variable-length
coding of the symbols, with arithmetic coding allowed as
an option.
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2.2 Decoder Structure

In a decoder, the inverse operations are performed and in an
order that is the reverse of that in the encoder. The coded bit
stream contains coding and quantization tables that are first
extracted. The coded data are then applied to the entropy
decoder that determines the symbols coded. The symbols are
then mapped to an array of quantized DCT coefficients,
which are then "de-quantized" by multiplying each coefficient
with the corresponding entry in the quantization table. The
decoded image is then obtained by applying the inverse twodimensional (2D) DCT to the array of the recovered DCT
coefficients in each block of the image.
In the next three sections we consider each of the
above encoder operations~DCT, quantization, and symbol
mapping and coding, in more detail.

3 Discrete Cosine Transform
Lossy JPEG compression is based on the use of transform
coding using the DCT [2]. In DCT coding, each component
of the image is subdivided into blocks of 8 x 8 pixels. A 2D
DCT is applied to each block of data to obtain an 8 x 8 array
of coefficients. If x[m, n] represents the image pixel values in a
block, then the DCT is computed for each block of the image
data as follows:

transform can be expressed as a product of 1D DCT transforms
applied separably along the rows and columns of the image
block. The coefficients X(u, v) of the linear combination are
referred to as the DCT coefficients. For real-world digital images
in which the interpixel correlation is reasonably high and that
can be characterized with first-order autoregressive models,
the performance of the DCT is very close to that of the
Karhunen-Loeve transform [2]. The discrete Fourier transform
(DFT) is not as efficient as DCT in representing an 8 x 8 image
block. This is because when the DFT is applied to each row
of the image, a periodic extension of the data, along with
concomitant edge discontinuities, produces high-frequency
DFT coefficients that are larger than the DCT coefficients of
corresponding order. On the other hand, there is a mirrorperiodicity implied by the DCT that avoids the discontinuities
at the edges when image blocks are repeated. As a result, the
"high-frequency" or "high-order AC" coefficients are on the
average smaller than the corresponding DFT coefficients.
We consider an example of the computation of the 2D DCT
of an 8 x 8 block in the 512 x 512 gray-scale image Lena. The
specific block chosen is shown in the image in Fig. 2top where
the block is indicated with a black boundary with one corner
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The original image samples can be recovered from the DCT
coefficients by applying the inverse discrete cosine transform
(IDCT) as follows:

x[m, n] -- ~ ~ C[u]C[v]X[u, v] c o s (2m + 1)uzr
4
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The DCT, which belongs to the family of sinusoidal
transforms, has received special attention due to its success
in compression of real-world images. It is seen from the
definition of the DCT that an 8 × 8 image block being
transformed is being represented as a linear combination of
real-valued basis vectors that consist of samples of a product
of one-dimensional (1D) cosinusoidal functions. The 2D
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at [208, 296]. A close up of the block enclosing part of the hat 4.1 DCT Coefficient Quantization Procedure
is shown Fig. 2bottom.
The 8-bit pixel values of the block chosen are shown in Quantization is done by dividing each element of the DCT
Fig. 3. After the DCT is applied to this block, the 8 x 8 DCT coefficient array by a corresponding element in an 8 x 8
quantization matrix and rounding the result. Thus, if the entry
coefficient array obtained is shown in Fig. 4.
q[m, n], 0 _< m, n _< 7, in the m-th row and n-th column of
The magnitude of the DCT coefficients exhibits a pattern in
the quantization matrix, is large then the corresponding
their occurrences in the coefficient array. Also their contribution to the perception of the information is not uniform DCT coefficient is coarsely quantized. The values of q[m, n]
across the array. The DCT coefficients corresponding to the are restricted to be integers with 1 _< q[m,n] <_ 255, and
lowest frequency basis functions are usually large in magni- they determine the quantization step for the corresponding
tude and are also deemed to be perceptually most significant. coefficient. The quantized coefficient is given by:
These qualities are exploited in developing methods of
quantization and symbol coding. The bulk of the compression
qX[m, n] -- r x[m, n]
achieved in transform coding occurs in the quantization step.
The compression level is controlled by changing the total
number of bits available to encode the blocks. The coefficients
A quantization table(or matrix) is required for each image
are quantized more coarsely when a large compression factor
component. However a quantization table can be shared by
is required. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
multiple components. For example in a luminance-pluschrominance Y - C r - Cb representation, the two chrominance components usually share a common quantization
4 Quantization
matrix. JPEG quantization tables given in Annex K of the
standard for luminance and components are shown in Fig. 5.
Each DCT coefficient X[m, n], 0 _< m, n _< 7, is mapped
These tables were obtained from a series of psycho-visual
into one of a finite number of levels determined by the
experiments to determine the visibility thresholds for the
compression factor desired.
DCT basis functions for a 760 x 576 image with chrominance
components down-sampled by two in the horizontal
187 188 189 202 209 175 66 41
direction and at a viewing distance equal to six times the
191 186 193 209 193
98 40 39
screen width. On examining the tables, it is seen that
188 187 202 202 144
53 35 37
the
quantization table for the chrominance components has
189 195 206 172
58
47 43 45
197 204 194 106
50
48 42 45
larger values in general implying a coarser quantization of the
208 204 151
50
41
41 41 53
chrominance planes as compared with the luminance plane.
209 179
68
42
35
36 40 47
This
is done to exploit the human visual system's relative
200 117
53
41
34
38 39 63
insensitivity to chrominance components as compared with
FIGURE 3 The 8 × 8 block identified in Fig. 2.
luminance components. The tables shown have been known
to offer satisfactory performance, on the average, over a wide
915.6 451.3
25.6
-12.6
16.1 -12.3
7.9
-7.3
variety of applications and viewing conditions. Hence, they
216.8
19.8 -228.2
-25.7
23.0
-0.1
6.4
2.0
have been widely accepted and over the years have become
-2.0
-77.4
-23.8 102.9
45.2 -23.7
-4.4
-5.1
known as the "default" quantization tables.
30.1
2.4
19.5
28.6 -51.1 -32.5 12.3
4.5
Quantization tables can also be constructed by casting the
5.1
-22.1
-2.2
-1.9 -17.4
20.8 23.2 -14.5
-0.4
-0.8
7.5
6.2
-9.6
5.7 -9.5 -19.9
problem as one of optimum allocation of a given budget of
5.3
-5.3
-2.4
-2.4
-3.5
-2.1 10.0
11.0
bits based on the coefficient statistics. The general principle is
0.9
0.7
-7.7
9.3
2.7
-5.4
-6.7
2.5
to estimate the variances of the DCT coefficients and assign
FIGURE 4 Discrete cosine transform of the 8 × 8 block in Fig. 3.
more bits to coefficients with larger variances.
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FIGURE 5 Example quantization tables for luminance (left) and chrominance (right) components provided in the
informative sections of the standard.

714 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

57 41
2 0 0 0 0 0
table. The scaling factor is then computed as
-1
0 0 0 0
18 1 -16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 -5 -1 4 1 0 0 0
2 0
0 0 -1 0 0 0
5000
for 1 < Q < 50
0 -1
0 0 0 0 0 0
Q
0 0
0 0 0 0 0 0
(1)
Scale f a c t o r 200-2,Q
for 5 0 < Q < 9 9
0 0
0 0 0 0 0 0
0 0
0 0 0 0 0 0
1
for
Q = 100
FIGURE6 8 x 8 discrete cosine transform block in Fig. 4 after quantization
with the luminance quantization table shown in Fig. 5.
Although varying the rate by scaling a base quantization
table according to some fixed scheme is convenient, it is
181 185 196 208 203 159 86 27
191 189 197 203 178 118 58 25
clearly not optimal. Given an image and a bit rate, there exists
192 193 197 185 136 72 36 33
a quantization table that provides the "optimal" distortion at
184 199 195 151 90 48 38 43
the given rate. Clearly, the "optimal" table would vary with
185 207 185 110 52 43 49 44
different images and different bit rates and even different
201 198 151 74 32 40 48 38
definitions of distortion (for example mean square error
213 161 92 47 32 35 41 45
216 122 43 32 39 32 36 58
(MSE), perceptual distortion, and so forth). To get the best
performance
from JPEG in a given application, custom
FIGURE 7 The block selected from the Lena image recovered after
decoding.
quantization tables may need to be designed. Indeed, there
has been a lot of work reported in the literature addressing
We now examine the quantization of the DCT coefficients the issue of quantization table design for JPEG. Broadly
given in Fig. 4 using the luminance quantization table in Fig. 5. speaking, this work can be classified into three categories. The
Each DCT coefficient is divided by the corresponding entry in first deals with explicitly optimizing the rate-distortion perthe quantization table and the result is rounded to yield the formance of JPEG on the basis of statistical models for DCT
array of quantized DGT coefficients in Fig. 6. We observe coefficient distributions. The second attempts to optimize the
that a large number of quantized DCT coefficients are zero visual quality of the reconstructed image at a given bit rate,
making the array suitable for runlength coding as described given a set of display conditions and a perception model. The
in Section 6. The block recovered after decoding is shown third addresses constraints imposed by applications, such as
optimization for printers.
in Fig. 7.
An example of the first approach is provided by the work of
Ratnakar and Livny [12] who propose RD-OPT, an efficient
algorithm for constructing quantization tables with optimal
4.2 Quantization Table Design
rate-distortion performance for a given image. The RD-OPT
With lossy compression, the amount of distortion introduced
algorithm uses DCT coefficient distribution statistics from any
in the image is inversely related to the number of bits (bit rate)
given image in a novel way to optimize quantization tables
used to encode the image. The higher the rate, the lower
simultaneously for the entire possible range of compressionthe distortion. Naturally, for a given rate, we would like to
quality trade-offs. The algorithm is restricted to the MSEincur the minimum possible distortion. Similarly, for a given
related distortion measures as it exploits the property that the
distortion level, we would like to encode with the minimum
DCT is a unitary transform, that is, mean-square error in the
rate possible. Hence, lossy compression techniques are
pixel domain is the same as mean-square error in the DCToften studied in terms of their rate-distortion performance.
domain. The RD-OPT essentially consists of the following
That is, the distortion they introduce over different bit rates.
three stages:
The rate-distortion performance of ]PEG is determined
1. Gathers DCT statistics for given image or set of
mainly by the quantization tables. As mentioned before, the
images. Essentially this step involves counting how
standard does not recommend any particular table or set of
many times the nth coefficient gets quantized to the
tables and leaves their design completely to the user. While
value v when the quantization step-size is q and what is
the image quality obtained from the use of the "default"
the mean squared error for the nth coefficient at this
quantization tables described earlier is very good, there is
step size.
a need to provide flexibility to adjust the image quality by
2. Use statistics collected above to calculate Rn(q), the rate
changing the overall bit rate. In practice, scaled versions of
for the nth coefficient when the quantization step size
the "default" quantization tables are very commonly used to
is q and Dn(q), the corresponding distortion for each
vary the quality and compression performance of ]PEG. For
possible q. The rate Rn(q) is estimated from the
example, the popular IJPEG implementation, freely available
corresponding first order entropy of the coefficient at
in the public domain, allows this adjustment through the use
the given quantization step size.
of quality factor Q for scaling all elements of the quantization
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3. Compute R(Q) and D(Q) the rate and distortions for a
quantization table Q as
63

R(Q)- ~
n=O

63

Rn(Q[n]); and D(Q)- ~ Dn(Q[n])
n=O

respectively. Use dynamic programming to optimize
R(Q) against D(Q).

half-toning. Similarly, to take into account the effects of
scaling, their design procedure assigns higher bit rate to the
frequency components that correspond to a large gain in the
scaling filter response and lower bit rate to components that
are attenuated by the scaling filter.

5 Coefficient-to-Symbol
Mapping and Coding

Optimizing quantization tables with respect to MSE may
not be the best strategy when the end image is to be viewed by The quantizer makes the coding lossy, but it provides the
a human. A better approach is to match the quantization table major contribution in compression. However, the nature of
to the a human visual system (HVS) model. As mentioned the quantized DCT coefficients and the preponderance
before, the "default" quantization tables were arrived at in an of zeros in the array, leads to further compression with
image-independentmanner, on the basis of the visibility of the the use of lossless coding. This requires that the quantized
DCT basis functions. Clearly, better performance could be coefficients be mapped to symbols in such a way that
achieved by an image-dependentapproach that exploits HVS the symbols lend themselves to effective coding. For this
properties like frequency, contrast and texture masking, and purpose, JPEG treats the DC coefficient and the set of
sensitivity. A number of HVS model-based techniques for AC coefficients in a different manner. Once the symbols
quantization table design have been proposed in the literature are defined, they are represented with Huffrnan coding or
[3, 7, 17]. Such techniques perform an analysis of the given arithmetic coding.
image and arrive at a set of thresholds, one for each
In defining symbols for coding, the DCT coefficients are
coefficient, called the just noticeable distortion (JND) scanned by traversing the quantized coefficient array in a zigthresholds. The underlying idea is that if the distortion zag fashion shown in Fig. 8. The zig-zag scan processes the
introduced is at or just below these thresholds, the DCT coefficients in increasing order of spatial frequency.
reconstructed image will be perceptually distortion free.
Recall that the quantized high-frequency coefficients are zero
Optimizing quantization tables with respect to MSE may with high probability. Hence, scanning in this order leads to a
also not be appropriate when there are constraints on the type sequence that contains a large number of trailing zero values
of distortion that can be tolerated. For example, on examining and can be efficiently coded as shown in section 5.2.
Fig. 5, it is clear that the "high-frequency" AC quantization
The [0, 0]-th element or the quantized DC coefficient is
factors (i.e., q[m,n] for larger values of m and n) are separated from the remaining string of 63 AC coefficients, and
significantly greater than the DC coefficient q[0, 0] and the symbols are defined next as shown in Fig. 9.
"low-frequency" AC quantization factors. There are applications in which the information of interest in an image may 5.1 DC Coefficient Symbols
reside in the high-frequency AC coefficients. For example, in
compression of radiographic images [ 14], the critical The DC coefficients in adjacent blocks are highly correlated.
diagnostic information is often in the high-frequency compo- This fact is exploited to differentially code them. Let qXi[O,O]
nents. The size of microcalcification in mammograms is often and qXi_l[O,0] denote the quantized DC coefficient in blocks
so small that a coarse quantization of the higher AC coefficients will be unacceptable. In such cases, JPEG allows custom
tables to be provided in the bit streams.
Finally, quantization tables can also be optimized for hardcopy devices like printers. JPEG was designed for compressing
images that are to be displayed on cathode ray tube-like (CRT)
display devices that can represent a large range of pixel
intensities. Hence, when an image is rendered through a halftone device like a printer, the image quality could be far from
optimal (For information on half-toning please see Chapter
8.1.) Vander Kam and Wong [15] give a closed-loop
procedure to design a quantization table that is optimum
for a given half-toning and scaling method chosen. The basic
idea behind their algorithm is to code more coarsely frequency
0
1
2
3
4
5
6
components that are corrupted by half-toning and to
FIGURE 8 Zig-zag scan procedure.
code more finely components that are left untouched by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(A) DC coding
Difference tfi [category, amplitude]
-2
[2,-2]
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code
01101

(B) AC coding
Terminating run/
Code Code
Total Amplitude
value
categ, length
Bits bits
41
0/6
7
1111000
13
010110
18
0/5
5
11010
10
10010
1
1/1
4
1100
5
1
2
0/2
2
01
4
10
-16
1/5
11
11111110110
16
01111
-5
0/3
3
100
6
010
2
0/2
2
01
4
10
-1
2/1
5
11100
6
0
-1
0/1
2
O0
3
0
4
3/3
12
111111110101 15
100
-1
1/1
4
1100
5
1
1
5/1
7
1111010
8
1
-1
5/1
7
1111010
8
0
EOB
EOB
4
1010
4
Total bits for block
112
[ Rate = 112/64 = 1.75 bits per pixel zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A: Coding of DC coefficientwith value 57, assuming that the previous block has a DC coefficient of value
59. B: Coding of AC coefficients.

FIGURE 9

i and i - 1 . The difference ~i - qXi[O, O] -- q X i - l [ O , O] is
computed. Assuming a precision of 8 bits/pixel for each
component, it follows that the largest DC coefficient value
(with q[0, 0] = 1) is less than 2048, so that values of 8i are
in the range [-2047, 2047]. If Huffman coding is used, these
possible values would require a very large coding table. To
limit the size of the coding table, the values in this range are
grouped into 12 size categories, which are assigned labels 0
through 11. Category k contains 2 k elements {q-2k-1, . . . , i
2 k -- 1}. The difference 8i is mapped to a symbol described by
a pair (category, amplitude). The 12 categories are Huffman
coded. To distinguish values within the same category, extra
k bits are used to represent the one of the possible 2 k
"amplitudes" of symbols within category k. The amplitude of
~i, {2k-1 < 8i _< 2k--1} is simply given by its their binary
representation. On the other hand, the amplitude of 6i,
{-2 k - 1 _< 8i _< - 2 k-1 } is given by the one's complement of
the absolute value 18i], or simply by the binary representation
of ~i + 2k -- 1.

5.2 Mapping AC Coefficient to Symbols
As observed before, most of the quantized AC coefficients are
zero. The zig-zag-scanned string of 63 coefficients contains
many consecutive occurrences or "runs of zeros," making the
quantized AC coefficients suitable for run-length coding. The
symbols in this case can be defined as [runs, nonzero
terminating value], which can then be entropy coded.
However, the number of possible values of AC coefficients

is large as is evident from the definition of DCT. For 8-bit
pixels, the allowed range of AC coefficient values is
[-1023, 1023]. In view of the large coding tables this entails,
a procedure similar to that discussed above for DC coefficients
is used. Categories are defined for suitable grouped values that
can terminate a run. Thus a run/category pair together with
the amplitude within a category is used to define a symbol.
The category definitions and amplitude bits generation use the
same procedure as in DC difference coding. Thus, a 4-bit
category value is concatenated with a 4-bit run length to get an
8-bit [run/category] symbol. This symbol is then encoded
using either Huffman or arithmetic coding. There are two
special cases that arise when coding the [run/category]
symbol. First, since the run value is restricted to 15, the
symbol (15/0) is used denote 15 zeroes followed by a zero.
A number of such symbols can be cascaded to form specify
larger runs. Second, if after a nonzero AC coefficient all the
remaining coefficients are zero, then special symbol (0/0)
denoting end of block (EOB) is encoded. Figure 9 continues
our example and shows the sequence of symbols generated for
coding the example quantized DCT block of Fig. 6.

5.3 Entropy Coding
The symbols defined for DC and AC coefficients can be
entropy coded using mostly Huffman coding, or optionally
and infrequently, arithmetic coding based on the probability
estimates of the symbols. Huffman coding is a method of
variable-length coding (VLC) in which shorter codewords are
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assigned to the more frequently occurring symbols to achieve sampling factors are given by Hm~x= max{Hn} and Vmo~ =
an average symbol codeword length that is as close to the max{Vn}.
According to the JPEG file interchange format, the color
symbol source entropy as possible. Huffman coding is optimal
(meets the entropy bound) only when the symbol probabilities information is specified by [Xm~x, Ym~x, Hn and Vn,
are integral powers of 1/2. The technique of arithmetic coding n = 1,2 . . . . . K, Hmax, Vm~x]. The dimensions of the
[18] provides a solution to attaining the theoretical bound of components are computed by the decoder as:
the source entropy. The baseline implementation of the ]PEG
standard uses Huffman coding only.
If Huffman coding is used, then Huffman tables, up to a
maximum of eight in number, are specified in the bit stream.
The tables constructed should not contain codewords that
Example 1" Consider a raw image in a luminance-plus(a) are more that 16 bits long or (b) consist of all ones.
chrominance representation consisting of K = 3 components,
Recommended tables are listed in Annex K of the standard.
C 1 - Y , C a - Cr, and ( 2 3 - Cb. Let the dimensions of the
If these tables are applied to the output of the quantizer
luminance matrix (Y) be X 1 - 720 and Y 1 - 480, and the
shown in the first two columns of Fig. 9, then the algorithm
dimensions of the two chrominance matrices (Cr and Cb)
produces output bits shown in the following columns of
be X2 - - X 3 - - 360 and Y2 - Y3 - 240. In this c a s e X m a x - - 720
the Figure. The procedures for specification and generation
and Ym~x- 480. The relative sampling factors a r e H I
of the Huffman tables are identical to the ones used in the
V1 - 2 , and H2 - V 2 - H 3 - - V3-- 1.
lossless standard explained in chapter 5.6 [32]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
When images have multiple components, the standard
describes formats for organizing the data for the purpose of
storage. In storing components, the standard provides the
6 Image Data Format and Components
option of using either interleaved or noninterleaved formats.
The JPEG standard is intended for the compression of both Processing and storage efficiency is aided, however, by
gray scale and color images. In a gray scale image there is a interleaving the components where the data are read in a
single "luminance" component. However a color image is single scan. Interleaving is performed by defining a data unit
represented with multiple components and the JPEG standard for lossy coding as a single block of 8 x 8 pixels in each color
sets stipulations on the allowed number of components and component. This definition can be used to partition the nth
data formats. The standard permits a maximum of 255 color color component Cn, n -- 1, 2 . . . . . K, into rectangular
components, which are rectangular arrays of pixel values blocks, each of which contains Hn x Vn data units. A
represented with 8 to 12 bit precision. For each color minimum coded unit (MCU) is then defined as the smallest
component, the largest dimension supported in either the interleaved collection of data units obtained by successively
picking Hn x Vn data units from nth color component.
horizontal or the vertical direction is 216 = 65,536.
All color component arrays do not necessarily have the Certain restrictions are imposed on the data to be stored in
same dimensions. Assume that an image contains K color the interleaved format:
components denoted by Cn, n = 1,2 . . . . ,K. Let the hori• The number of interleaved components should not
zontal and vertical dimensions of the n-th component array
exceed four, and
be equal to X, and Yn, respectively. Define dimensions
• An MCU should contain no more than ten data units,
Xmax, Ymax and Xmin, Ymin a s :
i.e.,
Xmax - -

maX~n=1{Xn },

Ymax-- maX~n=l{ Yn }
K

and

~
Xmin

--

• K 1{Xn},
mmn=

Ymin --

• K {Yn}.
mmn=l

HnVn -< 10.

n=l

With each color component Cn, n - - 1 , 2 . . . . . K, one If the above restrictions are not met, the data are stored in
associates relative horizontal and vertical sampling factors,
a noninterleaved format, where each component is processed
denoted by Hn and Vn, respectively, where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in successive scans.

Xn
H n -- Xmi----~'

Vn - - Ymin

The standard restricts the possible values of/-/n and Vn to the
set of four integers 1, 2, 3, 4. The largest values of relative

Example 2: We consider the case of storage of the Y, Cr, Cb
components in Ex. 1. The luminance component contains
90 x 60 data units and each of the two chrominance
components contains 45 x 30 data units. Figure 10 shows
both an noninterleaved and a interleaved arrangement of the
data for K = 3 components, C1 = Y, C2 - - C r , and C3 = Cb,
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!YI:I

Yl:2

Y2:l

Y2:2

Crl:l

Cbl:l

....

I 0
I i
Cr30:45

Cb30:45

Cr component
data units

Cb component
data units

Y59:89 Y59:90
Y60:89 Y60:90
Y component
data units
Non-interleaved format:

I Yl:l Yl:2 "'" YI"90 Y2"l Y2'2 "'" Y60:89 Y60"90 ] I CrI"l Crl"2 "'" Cr30"45 I I CbI"l Cbl"2 "'" Cb30:45 ]
Interleaved format:
YI'I

Yl:2

Y2:l

Y2:2 Crl:l

Cbl;1

] [ Yl:3

MCU-1

Yl:4

Y2:3 Y2:4 Crl:2

Crl:2

MCU-2
Y59:89 Y59:90 Y60:89 Y60:90 Cr30:45 Cb30:45 [
MCU-1350

FIGURE 10 Organizations of the data units in the Y, Cr, and Cb components into noninterleaved and interleaved
formats.

with H1 = V1 = 2, and/-/2 = V2 =/-/3 = V3 = 1. The MCU
in the interleaved case contains six data units, consisting
of H1 × V1 = 4 data units of the Y component and
HE x V2 =/-/3 × V3 = 1 each of the Cr and Cb components.

Sequential
Mode

Hierarchical
Mode

1_
}-

!

_1 Progressive
-1
Mode

7 Alternative Modes of Operation
What has been described thus far in this chapter represents the
]PEG sequential DCT mode. The sequential DCT mode is the
most commonly used mode of operation of ]PEG and is
required to be supported by any baseline implementation of
the standard. However, in addition to the sequential DCT
mode, JPEG also defines a progressive DCT mode, sequential
lossless mode, and a hierarchical mode. In Fig. 11 we show how
the different modes can be used. For example, the hierarchical
mode could be used in conjunction with any of the other
modes as shown in the figure. In the lossless mode, JPEG uses
an entirely different algorithm based on predictive coding as
described in detail in chapter 5.6. In this section, we restrict
ourselves to lossy compression and describe in more detail the
DCT-based progressive and hierarchical modes of operation
in more detail.

1
Spectral
selection

1

1
I

Successive
approximation

1

FIGURE 11 Joint Photographic Experts Group (JPEG) modes of operation.

7.1 Progressive Mode
In some applications it may be advantageous to transmit an
image in multiple passes, such that after each pass an
increasingly accurate approximation to the final image can be
constructed at the receiver. In the first pass, very few bits are
transmitted and the reconstructed image is equivalent to one
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obtained with a very low quality setting. Each of the
subsequent passes generates additional bits that are used to
refine the quality of the reconstructed image. The total
number of bits transmitted is roughly the same as would be
needed to transmit the final image by the sequential DCT
mode. One example of an application that would benefit from
progressive transmission, is provided by the Web, where a
user might want to start examining the contents of the entire
page without waiting for each and every image contained in
the page to be fully and sequentially downloaded. Other
examples include remote browsing of image databases,
telemedicine and network centric computing in general.
JPEG contains a progressive mode of coding that is well
suited to such applications. The disadvantage of progressive
transmission of course is that the image has to be decoded
multiple number of times and only makes sense if the decoder
is faster than the communication link.
In the progressive mode, the DCT coefficients are encoded
in a series of scans. JPEG defines two ways for doing this:
spectral selection and successive approximation. In the spectral
selection mode, DCT coefficients are assigned to different
groups according to their position in the DCT block and
during each pass, the DCT coefficients belonging to a single
group are transmitted. For example, consider the following
grouping of the 64 DCT coefficients numbered from 0 to 63 in
the zig-zag scan order
{0}, {1,2, 3}, {4, 5, 6, 7}, {8. . . . . 63}.
Here, only the DC coefficient is encoded in the first scan.
This is a requirement imposed by the standard. In the
progressive DCT mode, DC coefficients are always sent in
a separate scan. The second scan of the example codes the
first three AC coefficients in zig-zag order, the third scan
encodes the next four AC coefficients, and the fourth (and
last) scan encodes the remaining coefficients. JPEG provides
the syntax for specifying the starting coefficient number and
the final coefficient number being encoded in a particular
scan. This limits a group of coefficients being encoded in any
given scan to be successive in the zig-zag order. The first
few DCT coefficients are often sufficient to give a reasonable rendition of the image. In fact, just the DC coefficient
can serve to essentially identify the contents of an image,
although the reconstructed image contains severe blocking
artifacts. It should be noted that after all the scans are
decoded, the final image quality is the same as that
obtained by a sequential mode of operation. The bit rate,
however, can be different as the entropy coding procedures
for the progressive mode are different as described later in
this section.
In successive approximation coding, the DCT coefficients
are sent in successive scans with increasing level of precision. The DC coefficient, however, just as in spectral

719

selection coding, is sent in the first scan with full precision.
The AC coefficients are sent bit plane by bit plane, starting
from the most significant bit plane to the least significant
bit plane.
The entropy coding techniques used in the progressive
mode are slightly different than those used in the sequential
mode. Since the DC coefficient is always sent as a separate
scan, the Huffman and arithmetic coding procedures used
remain the same as those in the sequential mode. However,
coding of the AC coefficients is done a bit differently.
In spectral selection coding (without selective refinement) and
in the first stage of successive approximation coding, a new
set of symbols are defined to indicate runs of end-of-block
(EOB) codes. Recall, that in the sequential mode, the EOB
code indicates that the rest of the block contains zero
coefficients. With spectral selection, each scan contains only
a few AC coefficients and the probability of encountering EOB
is significantly higher. Similarly, in successive approximation
coding each block consists of reduced precision coefficients,
leading again to a large number of EOB symbols being
encoded. Hence, to exploit this fact and achieve further
reduction in bit rate, JPEG defines an additional set of 15
symbols EOBn each representing a run of 2 n EOB codes. After
each EOBi run-length code, extra i bits are appended to
specify the exact run length.
It should be noted that the two progressive modes, spectral
selection and successive refinement, can be combined to give
successive approximation in each spectral band being
encoded. This results in a quite a complex codec, which to
our knowledge is rarely used.
It is possible to transcode between progressive JPEG and
sequential JPEG without any loss in quality and approximately
maintaining the same bit rate. Spectral selection results in bit
rates slightly higher the sequential mode whereas successive
approximation often results in lower bit rates. The differences,
however, are small.
Despite the advantages of progressive transmission, there
have not been many implementations of progressive JPEG
codecs. There has been some interest in them recently due to
the proliferation of images on the Web. It is expected that
many more public domain progressive JPEG codecs will be
available in the future. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

7.2 Hierarchic Mode
The hierarchic mode defines another form of progressive
transmission where the image is decomposed into a pyramidal
structure of increasing resolution. The top-most layer in the
pyramid represents the image at the lowest resolution and the
base of the pyramid represents the image at full resolution.
There is a doubling of resolutions both in the horizontal
and vertical dimensions, between successive levels in the
pyramid. Hierarchic coding is useful when an image could be
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displayed at different resolutions in units such as handheld
8 JPEG Part 3
devices, computer monitors of varying resolutions, and highresolution printers. In such a scenario, a multiresolution
JPEG has made some recent extensions to the original
representation allows the transmission of the appropriate
standard described in [1]. These extensions are collectively
layer to each requesting device, thereby making full use of
known as JPEG Part 3. The most important elements of JPEG
available bandwidth.
Part 3 are variable quantization and tiling, as described in
In the ]PEG hierarchic mode, each image component is
greater detail in section 8.1.
encoded as a sequence of frames. The lowest resolution frame
(level 1) is encoded using one of the sequential or progressive
modes. The remaining levels are encoded differentially. 8.1 Variable Quantization
That is, an estimate I~ of the image, li, at the i'th level One of the main limitations of the original JPEG standard was
(i _> 2) is first formed by interpolating the low resolution the fact that visible artifacts can often appear in the
image li-1 from the layer immediately above. Then the decompressed image at moderate to high compression
difference between I~ and Ii is encoded using modifications of ratios. This is especially true for parts of the image containing
the DCT-based modes or the lossless mode. If the lossless graphics, text, or some other such synthesized component.
mode is used to code each refinement, the final reconstruc- Artifacts are also common in smooth regions and in image
tion at the base layer is lossless. The interpolating filter used blocks containing a single dominant edge. We consider
is a bilinear interpolating filter that is specified by the compression of a 24 bit/pixel color version of the Lena
standard and cannot be specified by the user. Starting from image. In Fig. 13 we show the reconstructed Lena image with
the high-resolution image, successive low-resolution images different compression ratios. At 24-to-1 compression, we see
are created essentially by decimating by two in each little artifacts. But, as the compression ratio is increased to 96
direction. The exact decimating filter to be used is not to 1, noticeable artifacts begin to appear. Especially annoying
specified, but the standard cautions that the decimating filter is the "blocking artifact" in smooth regions of the image.
used be consistent with the fixed interpolation filter. Note
One approach to deal with this problem is to change the
that the decoder does not need to know what decimating "coarseness" of quantization as a function of image charfilter was used to decode a bit stream. Figure 12 depicts the acteristics in the block being compressed. The latest extension
sequence of operations performed at each level of the of the JPEG standard, called JPEG Part 3, allows rescaling of
hierarchy.
quantization matrix Q on a block-by-block basis, thereby
Since the differential flames are already signed values, they potentially changing the manner in which quantization is
are not level shifted prior to FDCT. Also, the DC coefficient performed for each block. The scaling operation is not done
is coded directly rather than differentially. Other than these on the DC coefficient Y[0, 0], which is quantized in the same
two facts, the Huffman coding model in the progressive manner as baseline JPEG. The remaining 63 AC coefficients
mode is the same as that used in the sequential mode. Y[u, v] are quantized as follows: zyxwvutsrqponmlkjihgfedcbaZYXWVUTS
Arithmetic coding is, however, done a bit differently with
conditioning states based on differences with pixel to the
left as well as the one above being used. For details, the user is
Y[u, v ] - LQ[~' ~ x QScale_]'
referred to [ 11 ]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

F Y[u,v]xl6 ]

Image at level

Up-sampling filter
with bi-linear
interpolation

Down-sampling[
filter
]

Difference
image

(9
Image at levek k
FIGURE 12 Joint Photographic Experts Group (JPEG) hierarchic mode.

where QScale is a parameter that can take on values from 1 to
112 (default 16). For the decoder to correctly recover the
quantized AC coefficients, it needs to know the value of
QScale used by the encoding process. The standard specifies
the exact syntax by which the encoder can specify change in
QScale values. If no such change is signaled, the decoder
continues using the QScale value that is in current use. The
overhead incurred in signaling a change in the scale factor is
approximately 15 bits depending on the Huffman table
being used.
It should be noted that the standard only specifies the
syntax by means of which the encoding process can signal
changes made to the QScale value. It does not specify how the
encoder may determine if a change in QScale is desired and
what the new value of QScale should be. Typical methods for
variable quantization proposed in the literature use the fact

zyxwvutsrqponm
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For example, Konstantinides and Tretter [8] give an algorithm for computing QScale factors for improving text quality
on compound documents. They compute an activity measure
Mi for each image block as a function of the DCT coefficients
as follows:

Mi ----~ log 2 IYi[0,0]- Yi-I[0,0]I + j,~k log2 IYi[ ,j,k]l

.

(2)

The QScale value for the block is then computed as:

axMi+b,

QScalei -

l

2>axMi+b>_0.4

0.4,

a x Mi + b > 0.4

2,

axMi+b>

(3)

2.

The technique is only designed to detect text regions and will
quantize high activity textured regions in the image part at
the same scale as text regions. Clearly, this is not optimal as
high activity textured regions can be quantized very coarsely
leading to improved compression. In addition, the technique
does not discriminate smooth blocks where artifacts often
appear first.
Algorithms for variable quantization that perform a more
extensive classification have been proposed for video coding
but nevertheless are also applicable to still image coding. One
such technique has been proposed by Chun et al. [6] who
classify blocks as being either smooth, edge, or texture based
on several parameters defined in the DCT domain as shown
below:

Eh : horizontal energy Ev :vertical energy Ed : diagonal energy
Ea : avg(Eh,Ev,Ed)

Em : min(Eh,Ev,Ed) EM : max(Eh,Ev,Ed)
Em/u : ratio of Em and EM
FIGURE 13 Lenaimage at 24-to-1 (top) and 96-to-1 (bottom) compression
ratios. (See color insert.)

that the HVS is less sensitive to quantization errors in highly
active regions of the image. Quantization errors are frequently
more perceptible in blocks that are smooth or contain a single
dominant edge. Hence, prior to quantization, a few simple
features for each block are computed. These features are
used to classify the block as either smooth, edge, texture, and
so forth. On the basis of this classification, and a simple
activity measure computed for the block, a QScale value is
computed.

G represents the average high-frequency energy of the block,
and is used to distinguish between low-activity blocks and
high-activity blocks. Low-activity (smooth) blocks satisfy the
relationship, Ea _< T1, where T1 is a low-valued threshold.
High-activity blocks are further classified into texture blocks
and edge blocks. Texture blocks are detected under the
assumption that they have relatively uniform energy distribution in comparison with edge blocks. Specifically, a block is
deemed to be a texture block if it satisfies the conditions:
Ea > T1, Emin> T2, and Em/M > T3, where T1,/'2 and T3 are
experimentally determined thresholds. All blocks that fail to
satisfy the smoothness and texture tests are classified as edge
blocks.
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left to right, top to bottom, and low resolution to high
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
resolution.
JPEG Part 3 defines a tiling capability whereby an image is
Another Part 3 extension is selective refinement. This
subdivided into blocks or tiles, each coded independently.
feature permits a scan in a progressive mode, or a specific level
Tiling facilitates the following features:
of a hierarchic sequence, to cover only part of the total image
• Display of an image region on a given screen size
area. Selective refinement could be useful, for example, in
• Fast access to image subregions
telemedicine applications where a radiologist could request
•
Region-of-interest refinement
refinements to specific areas of interest in the image.
• Protection of large images from copying by giving access
to only a part of it

8.2 Tiling

As shown in Fig. 14, the different types of tiling allowed by
JPEG are

9 Th e JPE G2000 S tan dard

The JPEG standard has proved to be a tremendous success
• Simple tiling: This form of tiling is essentially used for over the past decade in many digital imaging applications.
dividing a large image into multiple subimages that are of However, as the needs of multimedia and imaging
the same size (except for edges) and are nonoverlapping. applications evolved in areas such as medical imaging,
In this mode, all tiles are required to have the same reconnaissance, Internet, and mobile imaging, it became
sampling factors and components. Other parameters like evident that the JPEG standard suffered from shortcomings in
quantization tables and Huffman tables are allowed to compression efficiency and progressive decoding. This led
change from tile to tile.
the JPEG committee to launch an effort in late 1996 and
• Composite tiling: This allows multiple resolutions on early 1997 to create a new image compression standard.
a single image display plane. Tiles can overlap within a The intent was to provide a method that would support
plane.
a range of features in a single compressed bit stream for
• Pyramidal tiling: This is used for storing multiple resolu- different types of still images such as bilevel, gray level, color,
tions of an image. Simple tiling as described above is multicomponent--in particular multispectral--or other types
used in each resolution. Tiles are stored in raster order, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of imagery. A call for technical contributions was issued in
(B)
(A) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 14 Different types of tilings allowed in Joint Photographic Experts Group (JPEG) Part 3. A: Simple. B:
Composite. C: Pyramidal.
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March 1997. Twenty four proposals were submitted for
consideration by the committee in November 1997. Their
evaluation led to the selection of a wavelet-based coding
architecture as the backbone for the emerging coding system.
The initial solution, inspired by the wavelet trellis-coded
quantization (WTCQ) algorithm [36] based on wavelets and
trellis-coded quantization (TCQ) [21, 31], has been refined
via a series of core experiments over the ensuing 3 years. The
initiative has resulted in the ISO 15444/ITU-T Recommendation T.8000 known as the JPEG2000 standard. It comprises six
parts that are either complete or nearly complete at the time of
writing this chapter, together with four new parts that are
under development.
Part 1, in the spirit of the JPEG baseline system, specifies
the core compression system together with a minimal file
format [26]. JPEG2000 Part 1 addresses some limitations of
existing standards by supporting the following features:
• Lossless and lossy compression of continuous tone and
bilevel images with superior low bit-rate distortion and
subjective performance.
• Progressive transmission and decoding based on resolution scalability by pixel accuracy [i.e., based on quality
or signal-to-noise ratio (SNR) scalability]. The bytes
extracted are identical to those that would be generated if
the image had been encoded targeting the desired
resolution or quality, the latter being directly available
without the need for decoding and re-encoding.
• Random access to spatial regions (or regions of interest)
as well as to components. Each region can be accessed at
a variety of resolutions and qualities.
• Robustness to bit errors (e.g., for mobile image
communication).
• Encoding capability for sequential scan, thereby avoiding
the need to buffer the entire image to be encoded. This is
especially useful when manipulating images of very large
dimensions such as those encountered in reconnaissance
(satellite and radar) images.
Some of the above features are supported to a limited
extent in the JPEG standard. For instance, as described earlier,
the JPEG standard has four modes of operation: sequential,
progressive, hierarchic, and lossless. These modes use different
techniques for encoding (e.g., the lossless compression mode
relies on predictive coding, whereas the lossy compression
modes rely on the DCT). One drawback is that if the JPEG Joint
lossless mode is used, lossy decompression using the lossless
encoded bitstream is not possible. One major advantage of
JPEG2000 is that these four operation modes are integrated
in it in a "compress once, decompress many" paradigm, with
superior rate distortion and subjective performance over a
large range of rate-distortion operating points.
Part 2 specifies extensions to the core compression system
and a more complete file format [27]. These extensions
address additional coding features such as generalized and

variable quantization offsets, TCQ, visual masking, multiple
component transformations, and so forth. In addition, it
includes features such as image editing, such as cropping in
the compressed domain or mirroring and flipping in partially
compressed domain.
Parts 3, 4, and 5 provide a specification for motion JPEG
2000, conformance testing, and a description of a reference
software implementation, respectively [28-30]. Four parts,
numbered 8 through 11, are still under development at
the time of writing. Part 8 deals with security aspects,
Part 9 specifies an interactive protocol and application
programming interface (API) for accessing JPEG2000
compressed images and files via a network, Part 10 deals
with volumetric imaging, and Part 11 specifies the tools for
wireless imaging.
The remainder of this chapter provides a brief overview of
the JPEG2000 Part 1 and outlines the main extensions
provided in Part 2. The JPEG2000 standard embeds efficient
lossy, near-lossless, and lossless representations within the
same stream. However, while some coding tools (e.g., color
transformations, discrete wavelet transforms) can be used
both for lossy and lossless coding, others can be used for lossy
coding only. This led to the specification of two coding paths
or options referred to as the reversible (embedding lossy and
lossless representations) and irreversible (for lossy coding
only) paths with common and path-specific building blocks.
This chapter presents the main components of the two coding
paths that can be used for lossy coding whereas chapter 5.6
[32] focuses on the components specific to JPEG2000 lossless
coding. A detailed description of the JPEG2000 coding tools
and system can be found in [39]. Tutorials and overviews are
presented in [23, 35, 37]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

10 The JPEG2000 Part 1" Coding
Architecture
The coding architecture comprises two paths, the irreversible
and the reversible paths as shown in Fig. 15. Both paths can be
used for lossy coding by truncating the compressed codestream at the desired bit rate. The input image may comprise
one or more (up to 16384) signed or unsigned components,
to accommodate for various forms of imagery (e.g., multispectral imagery). The various components may have different
bit depth, resolution, and signed specifications.

10.1 Preprocessing: Tiling, Level Offset, and
Color Transforms
The first steps in both paths are optional and can be
regarded as preprocessing steps. The image is first, optionally,
partitioned into rectangular and nonoverlapping tiles of equal
size. If the sample values are unsigned and represented with
B bits, an offset o f - 2 s-1 is added leading to a signed
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and can be used for lossy coding only. The RCT is a reversible
integer-to-integer transform that approximates the ICT. This
color transform is required for lossless coding and is described
in chapter 5.6 [32] of this Handbook. The RCT can also be
used for lossy coding, thereby allowing the embedding of both
a lossy and lossless representation of the image in a single
codestream.

Level
Offset

Irreversible
Color
Transform

10.2 Discrete Wavelet Transform

Reversible
Color
Transform

1
I

Irreversible
DWT

Reversible
DWT

I
I
I
I
d

f
I

Deadzone
Quantizer

I

i

I
I

Ranging

I
I

I
J

Regions
of
Interest

Block
Coder

FIGURE 15 Main building blocks of the JPEG2000 coder. The path with
boxes in dotted lines corresponds to the JPEG2000 lossless coding mode
(see Chapter 5.6 [32]).

After the tiling, each tile component is decomposed with a
forward discrete wavelet transform (DWT) into a set of L = 2 l
resolution levels using a dyadic decomposition. A detailed and
complete presentation of the theory and implementation of
filter banks and wavelets is beyond the scope of this chapter.
The reader is referred to Chapter 4.2 in this Handbook and to
[40] for additional insight on these issues.
The forward DWT is based on separable wavelet filters and
can be irreversible or reversible. The transforms are then
referred to, respectively, as reversible discrete wavelet transform (RDWT) and irreversible discrete wavelet transform
(IDWT). As for the color transform, lossy coding can make
use of both the IDWT and the RDWT. In the case of RDWT
the codestream is truncated to reach a given bit rate. The use
of the RDWT allows for both lossless and lossy compression to
be embedded in a single compressed codestream. In contrast,
lossless coding restricts us to the use of only RDWT.
The default RDWT is based on the spline 5/3 wavelet
transform first introduced in [24]. The RDWT filtering kernel
is presented in Chapter 5.6 [32] in this Handbook. The default
irreversible transform, IDWT, is implemented with the
Daubechies 9/7 wavelet kernel [19]. The coefficients of the
analysis and synthesis filters are given in Table 1. Note
however that, in JPEG2000 Part 2, other filtering kernels
specified by the user can be used to decompose the image.
These filtering kernels are of odd length. Their implementation at the boundary of the image or subbands requires a
symmetric signal extension. Two filtering modes are possible:
convolution and lifting-based [33].

10.3 Quantization and Inverse Quantization

JPEG2000 adopts a scalar quantization strategy, similar to that
representation in the range [ - 2 B-l, 2B-l] (i.e., to a symmetric
in the ]PEG baseline system. One notable difference is in the
distribution about 0). The color component samples may be use of a central deadzone quantizer. A detailed description of
converted into luminance and color difference components the procedure can be found in [39]. This section provides only
via an irreversible color transform (ICT) or reversible color
an outline of the algorithm. In Part 1, the subband samples
transform (RCT) in the irreversible or reversible paths,
are quantized with a deadzone scalar quantizer with a central
respectively. The ICT is identical to the conversion from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
interval that is twice the quantization step size. The
RGB to YCbCr. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
quantization of yi(n) is given by:

[Y] [0.299 0.s870.114][R]
Cb

Cr

=

--0.169
0.500

--0.331
-0.419

0.500
-0.081

G
B

I lyi(n)l]
yi(n) -- sign(,yi(n)) L Ai

(4)
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TABLE 1 Irreversible discrete wavelet transform analysis and synthesis filters coefficients
Index

Low-Pass Analysis
Filter Coefficient

High-Pass Analysis
Filter Coefficient

Low-Pass Synthesis
Filter Coefficient

High-Pass Synthesis
Filter Coefficient

0
+/-1
+/-2
+/-3
+/--4

0.602949018236360
0.266864118442875
-0.078223266528990
-0.016864118442875
+0.026748757410810

1.115087052457000
-0.591271763114250
-0.057543526228500
0.091271763114250

1.115087052457000
0.591271763114250
-0.057543526228500
-0.091271763114250

0.602949018236360
-0.266864118442875
-0.078223266528990
0.016864118442875
0.026748757410810

where A i is the quantization step size in the subband i. The
parameter Ai is chosen so that Ai = A~/~/Gi where Gi is the
squared norm of the DWT synthesis basis vectors for subband
i and where A is a parameter to be adjusted to meet given
rate-distortion constraints. The step-size Ai is represented
with two bytes, and consists of an 11-bit mantissa/zi and a
5-bit exponent ei:
A i --2Ri-Ei (1 + 2~1),

(5)

where Ri is the number of bits corresponding to the nominal
dynamic range of the coefficients in subband i. In the
reversible path, the step size A i is set to 1 by choosing/3, i = 0
and ~di -- Ri.
The nominal dynamic range in subband i depends on the
number of bits used to represent the original tile component
and on the wavelet transform used.
The choice of a deadzone that is twice the quantization step
size allows for an optimal bitstream embedded structure (i.e.,
for SNR scalability). The decoder can, by decoding up to any
truncation point, reconstruct an image identical to what
would have been obtained if encoded at the corresponding
target bit rate. All image resolutions and qualities are directly
available from a single compressed stream (also called
codestream) without the need for decoding and reencoding
the existing codestream. In Part 2, the size of the deadzone
can have different values in the different subbands.
Two modes have been specified for signaling the quantization parameters: expounded and derived. In the expounded
mode, the pair of values (~i, P.i) for each subband are explicitly
transmitted. In the derived mode, codestream markers
quantization default (QCD) and quantization component
(QCC) supply step size parameters only for the lowest
frequency subband. The quantization parameters for other
subbands i are then derived according to
(¢.i, tZi) -- (¢-0 + li - L,

IZo)

(6)

where L is the total number of wavelet decomposition
levels and li is the number of levels required to generate
the subband i.
The inverse quantization allows for a reconstruction
bias from the quantizer midpoint for nonzero indices to

accommodate skewed probability distributions of wavelet
coefficients. The reconstructed values are thus computed as

(Yi + y)Ai 2Mi-Ni if ))i > 0,
f/i -

(f~i-

Y) A i 2 M i - N i

if )~i < O,

(7)

0 otherwise

Here y is a parameter that controls the reconstruction bias; a
value of y = 0.5 results in midpoint reconstruction. The term
"Mi" denotes the maximum number of bits for a quantizer
index in subband i. Ni represents the number of bits to be
decoded in the case where the embedded bitstream is
truncated prior to decoding. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSR

10.4 Precincts and Codeblocks
Each subband, after quantization, is divided into nonoverlapping rectangular blocks, called codeblocks, of equal size. The
dimensions of the codeblocks are powers of 2 (e.g., of size
16 x 16 or 32 x 32) and the total number of coefficients in a
codeblock should not exceed 4096. The codeblocks formed by
the quantizer indexes corresponding to the quantized wavelet
coefficients constitute the input to the entropy coder.
Collections of spatially consistent codeblocks taken from
each subband at each resolution level are called precincts and
will form a packet partition in the bit stream structure. The
purpose of precincts is to enable spatially progressive bitstreams. This point is further elaborated in Section 10.6.

10.5 Entropy Coding
The JPEG2000 entropy coding technique is based on the
EBCOT (Embedded Block Coding with Optimal Truncation)
algorithm [38]. Each codeblock Bi is encoded separately, bit
plane by bit plane, starting with the most significant bit plane
(MSB) with a non-zero element and progressing towards the
least significant bit-plane. The data in each bit-plane are
scanned along the stripe pattern shown in Fig. 16 (with a
stripe height of four samples) and encoded in three passes.
Each pass collects contextual information that first helps
decide which primitives to encode. The primitives are
then provided to a context-dependent arithmetic coder.
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FIGURE16 Stripe bit-plane scanning pattern.

0

~-

The bit-plane encoding procedure is well suited for creating an
embedded bit stream. Note that the approach does not exploit
interscale dependencies. This potential loss in compression
efficiency is compensated by beneficial features such as spatial
random access, geometric manipulations in the compression
domain, and error resilience.

10.5.1 C o n t e x t s F o r m a t i o n
Let si[k]--si[kl, k2] be the subband sample belonging to the
block Bi at the horizontal and vertical positions kl and k2. Let
x/[k] ~ {-1, 1} denote the sign of si[k] and v/[k] = [si[k][/8~i
the amplitude of the quantized samples represented with Mi
bits, where 8~i is the quantization step of the subband fli
containing the block Bi. Let v~[k] be the bth bit of the binary
representation of vi[k].
A sample s/[k] is said to be nonsignificant (a[si[R] = 0) if the
first nonzero bit v~[k] of vi[k] is yet to be encountered. The
statistical dependencies between neighboring samples are
captured via the formation of contexts which depend upon
the significance state variable cr[si[R] associated with the eightconnect neighbors depicted in Fig. 17. These contexts are
grouped in the following categories:

• h: Number
0<h<2.

of

significant

horizontal

neighbors,

Different subsets of the possible significance patterns form the
contextual information (or state variables) that is used to
decide upon the primitive to code as well as the probability
model to use in arithmetic coding.
If the sample significance state variable is in the state
nonsignificant, a combination of the zero coding (ZC) and
run-length coding (RLC) primitives is used to encode whether
the symbol is significant or not in the current bit plane. If the
four samples in a column defined by the column-based stripe
scanning pattern (see Fig. 16) have a zero significance state
value (a[si[R] : 0), with zero-valued neighborhoods, then the
RLC primitive is coded. Otherwise, the value of the sample
v/b[k] in the current bit plane b is coded with the primitive ZC.
In other words, RLC coding occurs when all four locations of
a column in the scan pattern are nonsignificant and each
location has only nonsignificant neighbors.
Once the first nonzero bit v~[k] has been encoded, the
coefficient becomes significant and its sign xi[k] is encoded
with the sign coding (SC) primitive. The binary-valued sign
bit x/[k] is encoded conditionally to five different context
states depending upon the sign and significance of the
immediate vertical and horizontal neighbors.
If a sample significance state variable is already significant
(i.e., (a[si[R] = 1)), when scanned in the current bit plane,
the magnitude refinement (MR) primitive encodes the bit
value v/b[k]. Three contexts are used depending on whether or
not (a) the immediate horizontal and vertical neighbors are
significant and (b) the MR primitive has already been applied
to the sample in a previous bit plane.

10.5.3 B i t - P l a n e E n c o d i n g P a s s e s

©

Briefly, the different passes proceed as follows. In a first

significance propagation pass (7~/p'I), the insignificant coefficients that have the highest probability of becoming significant
are encoded. A nonsignificant coefficient is considered to have
a high probability of becoming significant if at least one
of its eight-connect neighbors is significant. For each sample
si[k] that is nonsignificant with a significant neighbor, the
primitive ZC is encoded followed by the primitive SC if

h

1.

~ d

j

FIGURE17 Neighborsinvolvedin the contextsformation. (Seecolorinsert.)

Once the first nonzero bit has been encoded, the coefficient
becomes significant and its sign is encoded. All subsequent bits
are called refinement bits. In the second pass, referred to as the
refinement pass (7~ ' 2), the significant coefficients are refined
by their bit representation in the current bit plane. Following

zyxwvutsrqponm
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727

5.5 Loss), Image Compression: JPEG and JPEG2000 Standards

I

I

I

i

i

I

i

,

I

l!

I

m'

Layer 3

I
I

I

I

I

I

I

I

I

I

I

i

I

I

i

I

I

I

Layer
I

I
i

I
I

Layer 1

I
I

I

B0

B1

B2

B3

B4

B5

B6

B7

B8

FIGURE 18 Codeblockcontributions to layers.
the stripe-based scanning pattern, the primitive MR is
encoded for each significant coefficient for which no information has been encoded yet in the current bit-plane b.
In a final normalization or clean-up pass (79~), all the
remaining coefficients in the bit plane (i.e., the nonsignificant
samples for which no information has yet been coded) are
encoded with the primitives ZC, RLC and, if necessary, SC.
The clean-up pass 7~ corresponds to the encoding of all the b
bit-plane samples.
The encoding in three passes 7P~,79~,79b, leads to the
creation of distinct subsets in the bit stream (Fig. 18). This
structure in partial bit planes allows a fine granular bitstream
representation providing a large number of rate-distortion
truncation points. The standard allows the placement of
bitstream truncation points at the end of each coding pass
(this point is revisited in the sequel). The bitstream can thus
be organized in such a way that the subset leading to a larger
reduction in distortion is transmitted first.

10.5.4 Arithmetic Coding
Entropy coding is done by means of an arithmetic coder that
encodes binary symbols (the primitives) using adaptive
probability models conditioned by the corresponding contextual information. A reduced number of contexts, up to a
maximum of nine, is used for each primitive. The corresponding probabilities are initialized at the beginning of each
codeblock and then updated using a state automaton. The
reduced number of contexts allows for rapid probability
adaptation. In a default operation mode, the encoding process
starts at the beginning of each codeblock and terminates at
the end of each codeblock. However, it is also possible to start
and terminate the encoding process at the beginning and
the end, respectively, of a partial bit plane in a codeblock.
This allows increased error resilience of the codestream.
An arithmetic coder proceeds with recursive probability
interval subdivisions. The arithmetic coding principles are
described in chapter 5.6 [32]. In brief, the interval [0, 1] is

partitioned into two cells representing the binary symbols of
the alphabet. The size of each cell is given by the stationary
probability of the corresponding symbol. The partition, and
hence the bounds of the different segments, of the unit
interval is given by the cumulative stationary probability of the
alphabet symbols. The interval corresponding to the first
symbol to be encoded is chosen. It becomes the current
interval that is again partitioned into different segments. The
subinterval associated with the more probable symbol (MPS)
is ordered ahead of the subinterval corresponding to the less
probable symbol (LPS). The symbols are thus often recognized
as MPS and LPS rather than as 0 or 1. The bounds of the
different segments are hence driven by the statistical model of
the source. The codestream associated with the sequence of
coded symbols points to the lower bound of the final subinterval. The decoding of the sequence is performed by
reproducing the coder behavior to determine the sequence of
subintervals pointed by the codestream.
Practical implementations use fixed precision integer
arithmetic with integer representations of fractional values.
This potentially forces an approximation of the symbols
probabilities leading to some coding sub-optimality. The
corresponding states of the encoder (interval values that
cannot be reached by the encoder) are used to represent
markers that contribute to improving the error resilience of the
codestream [39]. One of the early practical implementations of
arithmetic coding is known as the Q-coder [34]. The JPEG2000
standard has adopted a modified version of the Q-coder, called
the MQ-coder, introduced in the JBIG2 standard [35] and
available on a license and royalty-free basis. The various
versions of arithmetic coders inspired from the Q-coder often
differ by their stuffing procedure and the way they handle
the carry-over.
To reduce the number of symbols to encode, the standard
specifies an option that allows the by-passing of some coding
passes. Once the fourth bit plane has been coded, the data
corresponding to the first and second passes are included as
raw data without being arithmetically encoded. Only the third
pass is encoded. This coding option is referred to as the lazy
coding mode.

10.6 Bitstream Organization
The compressed data resulting from the different coding
passes can be arranged in different configurations to
accommodate a rich set of progression orders that are dictated
by the application needs of random access and scalability. This
flexible progression order is enabled by essentially four
bitstream structuring components: codeblock, precinct,
packet, and layer.

10.6.1 Packets and Layers
The bitstream is organized as a succession of layers, each one
being formed by a collection of packets. The layer gathers sets
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of compressed partial bit plane data from all the codeblocks of
the different subbands and components of a tile. A packet is
formed by an aggregation of compressed partial bit planes of a
set of codeblocks that correspond to one spatial location at
one resolution level and that define a precinct. The number
of bit-plane coding passes contained in a packet varies for
different codeblocks. Each packet starts with a header that
contains information about the number of coding passes
required for each codeblock assigned to the packet. The
codeblock compressed data are distributed across the different
layers in the codestream. Each layer contains the additional
contributions from each codeblock. The number of coding
passes for a given codeblock that are included in a layer is
determined by rate-distortion optimization and it defines
truncation points in the codestream [38].
Notions of precincts, codeblocks, packets and layers are
well suited to allowing the encoder to arrange the bitstream in
an arbitrary progression manner (i.e., to accommodate the
different modes of scalability that are desired). Four types of
progression, namely resolution, quality, spatial, and
component, can be achieved by an appropriate ordering of
the packets in the bitstream. For instance, layers and packets
are key components for allowing quality scalability (i.e.,
packets containing less significant bits can be discarded to
achieve lower bit rates and higher distortion). This flexible
bitstream structuring gives application developers a high
degree of freedom. For example, images can be transmitted
over a network at arbitrary bit rates by using a layerprogressive order; lower resolutions, corresponding to lowfrequency subbands, can be sent first for image previewing;
and spatial browsing of large images is also possible through
appropriate tile and/or partition selection. All these operations
do not require any reencoding but only byte-wise copy
operations. Additional information on the different modes of
scalability is provided in the standard.

a rate-distortion (R-D) optimization procedure. Under certain
assumptions about the quantization noise, the distortion is
additive across codeblocks. The overall distortion can thus be
written as D - Y~i Dni. There is thus a need to search for the
packet lengths ni so that the distortion is minimized under
the constraint of an overall bit rate R - ~-'~iRni~ R max.
The distortion measure D ini is defined as the mean-square
error weighted by the square of the L2 norm of the wavelet
basis functions used for the subband i to which the codeblock
Bi belongs. This optimization problem is solved using a
Lagrangian formulation.

10.7 Additional Features
10.7.1 Region of Interest Coding
The JPEG2000 standard has a provision for defining the socalled regions of interest (ROI) in an image. The objective is to
encode the ROIs with a higher quality and possibly to transmit
them first in the bitstream so that they can be rendered first
in a progressive decoding scenario. To allow for ROI coding,
an ROI mask must first be derived. A mask is a map of the
ROI in the image domain with nonzero values inside the ROI
and zero values outside. The mask identifies the set of pixels
(or the corresponding wavelet coefficients) that should be
reconstructed with higher fidelity. ROI coding thus consists of
encoding the quantized wavelet coefficients corresponding to
the ROI with a higher precision. The ROI coding approach in
JPEG2000 Part 1 is based on the MaxShift method [22], which
is an extension of the ROI scaling-based method introduced
in [20]. The ROI scaling method consists of scaling up the
coefficients belonging to the ROI, or scaling down the
coefficients corresponding to non-ROI regions in the image.
The goal of the scaling operation is to place the bits of the ROI
in higher bit planes than the bits associated with the non-ROI
regions as shown in Fig. 19. Thus, the ROI will be decoded
before the rest of the image and, if the bitstream is truncated,
the ROI will be of higher quality. The ROI scaling method
described in [20] requires the coding and transmission of
the ROI shape information to the decoder. To minimize the
decoder complexity, the MAXSHIFT method adopted by
JPEG2000 Part 1 shifts down all the coefficients not belonging
to the ROI by a certain number s of bits chosen so that 2~ is
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10.6.2 Truncation Points Rate-Distortion
Optimization

The problem now is to find the packet length for all
codeblocks (i.e., define truncation points, that will minimize
the overall distortion). The recommended method to solve
this problem, which is not part of the standard, makes use of

BackrounO
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Background

~ ~

Back m'ound

Background

Background

FIGURE 19 No region-of-interest (ROI) (left); coding scaling method (middle), and MaxShiftmethod for ROI coding (right).
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larger than the largest non-ROI coefficients. This ensures that The extensions included in Part 2 of the JPEG2000 standard
the minimum value contained in the ROI is higher than the are also listed.
maximum value of the non-ROI area. The compressed data
associated with the ROI will then be placed first in the 11.1 Comparison of Performance
bitstream. With this approach the decoder does not need to
The efficiency of the JPEG2000 lossy coding algorithm in
generate the ROI mask. All the coefficients lower than the
comparison with the JPEG baseline compression standard has
scaling value belong to the non-ROI region. Therefore the ROI
been extensively studied and key results are summarized in
shape information does not need to be encoded and
[4, 5, 9]. The superior rate-distortion and error-resilience
transmitted. The drawback of this reduced complexity is
performance, together with features such as progressive
that the ROI cannot be encoded with multiple quality
coding by resolution, scalability, or ROI, clearly demonstrate
differentials with respect to the non-ROI area. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the advantages of JPEG2000 over the baseline JPEG (with
optimum Huffman codes). For coding common test images
such as Foreman and Lena in the range of 0.125 to 1.25
10.7.2 File Format
bits/pixel, an improvement in peak signal-to-noise ratio
Part 1 of the JPEG2000 standard also defines an optional file
(PSNR) for JPEG2000 is consistently demonstrated at each
format referred to as JP2. It defines a set of data structures used
compression ratio. For example, for the Foreman image, an
to store information that may be required to render and display
improvement of 1.5 to 4 dB is observed as the bits per pixel are
the image such as the colorspace (with two methods of color
reduced from 1.2 to 0.12 [4].
specification), the resolution of the image, the bit-depth of the
components, and the type and ordering of the components.
11.2 Part 2: Extensions
The JP2 file format also defines two mechanisms for
embedding application-specific data or metadata using either Most of the technologies that have not been included in Part 1
a universal unique identifier (UUID) or XML [41].
due to their complexity or because of intellectual property
rights (IPR) issues have been included in Part 2 [27]. These
extensions concern the use off

10.7.3 Error Resilience

Arithmetic coding is very sensitive to transmission noise:
when some bits are altered by the channel, synchronization
losses can occur at the receiver leading to error propagation
that results in dramatic symbol error rates. JPEG2000 Part 1
provides several options to improve the error resilience of the
codestream. First, the independent coding of the code blocks
limits error propagation across code block boundaries. Certain
coding options such as terminating the arithmetic coding at
the end of each coding pass and reinitializing the contextual
information at the beginning of the next coding pass
further confine error propagation within a partial bit plane
of a code block. The optional lazy coding mode, that bypasses
arithmetic coding for some passes, can also help to protect
against error propagation. In addition, at the end of each
cleanup pass, segmentation symbols are added in the codestream. These markers can be exploited for error detection.
If the segmentation symbol is not decoded properly, the data
in the corresponding bit plane and of the subsequent bit
planes in the code block should be discarded. Finally, resynchronization markers, including the numbering of packets,
are also inserted in front of each packet in a tile.

11 JPEG2000 Performance and
Extensions
The performance of JPEG2000 when compared with the
JPEG baseline algorithm is briefly discussed in this section.

• Different offset values for the different image components
• Different deadzone sizes for the different subbands
• Trellis-coded quantization (TCQ) [31]
• Visual masking based on the application of a nonlinearity
to the wavelet coefficients [42, 43]
• Arbitrary wavelet decomposition for each tile component
• Arbitrary wavelet filters
• Single sample tile overlap
• Arbitrary scaling of the ROI coefficients with the
necessity to code and transmit the ROI mask to the
decoder
• Nonlinear transformations of component samples and
transformations to de-correlate multiple component data
• Extensions to the JP2 file format

12 Additional Information
Some sources and links for further information on the
standards are provided here.

12.1 Useful Information and Links for the
JPEG Standard
A key source of information on the JPEG compression
standard is the book by Pennebaker and Mitchell [11]. This
book also contains the entire text of the official committee
draft international standard ISO DIS 10918-1 and ISO DIS
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10918-2. The official standards document [1] contains information on JPEG Part 3.
The JPEG committee maintains an official Web site at
www.jpeg.org, which contains general information about the
committee and its activities, announcements and other useful
links related to the different JPEG standards. The JPEG FAQ is
located at http://www.faqs.org/faqs/jpeg-faq/partl/preamble.
html.
Free, portable C code for JPEG compression is available
from the Independent JPEG Group (IJG). Source code,
documentation, and test files are included. Version 6b is
available from

Handbook of Image and Video Processing

a C++ implementation of JPEG2000 Part 1. The Kakadu
software is provided with the book [39].
• Jasper software that can be accessed at http://www.ece.
ubc.ca/mdadams/jasper/. Jasper is a C implementation of
JPEG2000 that is free for commercial use.
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1 Introduction
Although the Joint Photographic Expert Group (JPEG)
committee of the International Standards Organization is best
known for the development of the ubiquitous lossy compression standard, which is commonly known as JPEG compression
today, it has also developed some important lossless image
compression standards. The first lossless algorithm adopted by
the JPEG committee, known as JPEG lossless, was developed
and standardized along with the well-known lossy standard.
However, it had little in common with the lossy standard
based on the discrete cosine transform (DCT). The original
goals set by the JPEG committee in 1988 stated that the lossy
standard should also have a lossless mode that gives about 2:1
compression on images similar to the original test set. Perhaps
it was also envisioned that both lossy and lossless compression
be achieved by a single algorithm working with different
parameters. In fact, some of the proposals submitted did have
this very same capability. However, given the superior performance of DCT-based algorithms for lossy compression, and
given the fact that errors caused by implementing DCT with
finite precision arithmetic preclude the possibility of loss-less
compression, an entirely different algorithm was adopted for
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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lossless compression. The algorithm chosen was a very simple
technique that uses differential pulse code modulation
(DPCM) with either Huffman or arithmetic coding for encoding prediction errors.
Although the ]PEG lossless algorithm that uses Huffman
coding has seen some adoption and a few public domain
implementations of it are freely available, the JPEG lossless
algorithm based on arithmetic coding has seen little use as of
today despite the fact that it provides about 10% to 15% better
compression. Perhaps this is due to the intellectual property
issues surrounding arithmetic coding and due to the perceived
computational and conceptual complexity issues associated
with it. To address this problem, the JPEG committee revisited
the issue in 1994 and initiated the development of a new
lossless image compression standard. A new work item
proposal was approved in early 1994, titled Next Generation
Lossless Compression of Continuous-Tone Still Pictures. A call
was issued in March 1994 soliciting proposals specifying
algorithms for lossless and near-lossless compression of
continuous-tone (2-16 bits) still pictures.
After a few rounds of convergence the final baseline
algorithm adopted for standardization was based largely on
the revised Hewlett-Packard proposal LOCO-Ilp and a DIS
733
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(Draft International Standard) was approved by the commitNN
NNE
tee in 1997 [2]. The new draft standard was named JPEG-LS to
distinguish it from the earlier lossy and lossless standards.
JPEG-LS baseline is a modern and sophisticated lossless image
NW
N
NE
compression algorithm that despite its conceptual and computational simplicity, yields a performance that is surprisingly
close to that of the best known techniques like CALIC
WW
W
P[i,j]
(context-based adaptive loseless image coding) [22]. JPEG-LS
baseline contains the core of the algorithm and many
extensions to it have been standardized.
While the JPEG-LS standard was being finalized, the JPEG
J
committee started working on the standardization of a waveletbased compression technique, called JPEG2000. JPEG2000
FIGURE 1 Notation used for specifying neighborhood pixels of current
has many "modern" features like embedded quantization, pixel P[i,.1].
region-of-interest decoding, and so forth. What is important
from our point of view is that among other features, JPEG2000 provides integrated lossy and lossless compression within two-dimensional (2D) neighborhood pixels. A subset of this
neighborhood is generally used for prediction and/or context
a single framework.
In the rest of this chapter, the different lossless image determination by most lossless image compression techniques.
compression standards developed by the JPEG committee are In the rest of this chapter we shall consistently use this
described in greater detail. In Section 2 both the Huffman and notation to denote specific neighbors of the pixel P[i, j] in the
arithmetic coding versions of the original JPEG lossless i-th row and j-th column.
Prediction essentially attempts to capture the intuitive
standard are presented. In Section 3, JPEG-LS is described.
Finally, in Section 4 we discuss the integration of lossless and notion that the intensity function of typical images is usually
lossy compression in JPEG2000, the latest standard developed quite "smooth" in a given local region and hence the value at
any given pixel is quite similar to its neighbors. In any case, if
by the JPEG committee. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the prediction made is reasonably accurate, the prediction
error has significantly lower magnitude and variance when
2 The Original JPEG Lossless Standards
compared with the original signal, and it can be encoded
efficiently with a suitable variable-length coding technique.
As mentioned in Section 1, the original JPEG lossless
In ]PEG lossless, prediction errors can be encoded using either
standards based on either Huffman or arithmetic coding
Huffman or arithmetic coding, codecs for both being provided
both used a predictive approach. That is, the algorithm scans
by the standard. In the rest of this section, we elaborate on
an input image, row by row, left to right, predicting each pixel
the different procedures required or recommended by the
as a linear combination of previously processed pixels and
standard for Huffman and arithmetic coding.
encodes the prediction error. Since the decoder also processes
the image in the same order, it can make the same prediction
and recover the actual pixel value based on the prediction 2.1 Huffman Coding Procedures
error. The standard allows the user to choose between eight
In the Huffman coding version, essentially no error model is
different predictors, which are listed in Table 1. The notation
used. Prediction errors are assumed to be independent and
used for specifying neighboring pixels used in arriving at a
identically distributed (i.i.d.) and they are encoded using the
prediction is shown in Fig. 1 in the form of a template of
Huffman table provided in the bit stream using the specified
syntax. The Huffman coding procedure specified by the standard
for encoding prediction errors is identical to the one used
TABLE 1 JPEG predictors for lossless coding
for encoding DC coefficient differences in the lossy codec.
Mode
Prediction for P[i, j]
Since the alphabet size for the prediction errors is twice the
original alphabet size, a Huffman code for the entire alphabet
0
0 (no prediction)
would require an unduly large code table. An excessively large
1
N
2
W
Huffman table can lead to multiple problems. First, a larger
3
NW
code would require more bits to represent. In ]PEG, this is not
4
N+W-NW
a problem as a special length-limited Huffman code is used
5
W+(N-NW)/2
that can be specified by a small and fixed number of bits.
6
N + (W- NW/2)
More important, however, large Huffman tables can lead to
7
(N+ W)/2
serious difficulties in a hardware implementation of the codec.
1,,.._
v
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TABLE 2 Mapping of prediction errors to magnitude category and
extra bits
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These two conditions greatly facilitate the specification of a
Huffrnan table and a fast implementation of the encoding and
decoding procedures. In a JPEG bit-stream, a Huffman table is
Category
Symbols
Extra bits
specified by two lists, BITS and HUFFVAL. BITS is a 16-byte
0
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-array contained in the codeword stream where byte n simply
1
-1,1
0,1
gives the number of codewords of length n that are present
2
-3,-2,2,3
00,01,10,11
in the Huffman table. HUFFVAL is a list of symbol values in
3
-7 ..... -4,4 ..... 7
000..... 011,
order of increasing codeword length. If two symbols have
100..... 111
the
same code length, then the symbol corresponding to the
4
-15 ..... -8, 8..... 15
0000..... 0111,
smaller
numeric value is listed first. Given these two tables,
1000..... 1111
the Huffman code table can be reconstructed in a relatively
simple manner. The standard provides an example procedure
15
-32767 ..... -16384,
0...00 ..... 01...1,
for
doing this in its informative sections but does not mandate
16384..... 32767
10...0 ..... 11...1
16
32768
its usage except in the functional sense. That is, given the
lists BITS and HUFFVAL, different decoders need to arrive at
the same reconstruction, regardless of the procedure used. In
practice, many hardware implementations of the lossy codec
To reduce the size of the Huffman table, each prediction error do not implement the reconstruction procedure and directly
(or DC difference in the lossy codec) is classified into a input the Huffman table. 1
Furthermore, the standard only specifies the syntax used for
"magnitude category" and the label of this category is Huffman
coded. Since each category consists of a multiple number of representing a Huffman code. It does not specify how to arrive
symbols, uncoded "extra bits" are also transmitted that identify at the specific length-limited code to be used. One simple way
the exact symbol (prediction error in the lossless codec, and to arrive at a length-limited code is to force probabilities of
DC difference in the lossy codec) within the category. Table 2 occurrence for any particular symbol not to be less than 2 -l
shows the 17 different categories that are defined. As can be and then run the regular Huffman algorithm. This will ensure
seen, except for the seventeenth (last) category, each category k that any given codeword does not contain more then l bits.
contains 2 k members {q-2k-1 . . . . . -4- 2 k - 1} and hence k extra It should be noted that although this procedure is simple, it
bits would be required to identify a specific symbol within the does not necessary generate an optimal length-limited code.
category. The extra bits for specifying the prediction error e in Algorithms for constructing an optimal length-limited code
the category k are given by the k-bit number n by the mapping have been proposed in the literature. In practice, however, the
above simple procedure works satisfactorily given the small
alphabet size for the Huffman table used in ]PEG. In addition,
e
if e > O
the standard also requires that the bit sequence of all ones not
n-- 2k_l+e
if e < 0
be a codeword for any symbol.
When an image consists of multiple components, like color
images, separate Huffman tables can be specified for each
For example, the prediction error-155 would be encoded
component. The informative sections of the standard provide
by the Huffman code for category 8 and the 8 extra bits
example Huffman tables for luminance and chrominance
(01100100) (integer 100) would be transmitted to identify-155
components. They work quite well for lossy compression over
within the 256 different elements that fall within this category.
a wide range of images and are often used in practice. Most
If the prediction error was 155, then (10011011) (integer 155)
software implementations of the lossy standard permit the use
would be transmitted as extra bits. In practice, this mapping
of these "default" tables, allowing an image to be encoded in a
can also be implemented by using the k-bit unsigned represingle pass. However, since these tables were mainly designed
sentation of e if e is positive and its one's complement if
for encoding DC coefficient differences for the lossy codec,
negative.
they may not work well with lossless compression. For lossless
The Huffman code used for encoding the category label has
compression, a custom Huffman code table can be specified in
to meet the following conditions:
the bit stream along with the compressed image. Although this
• The Huffman code is a length-limited code. The approach requires two passes through the data, it does give
maximum code length for a symbol is 16 bits.
significantly better compression. Finally, it should be noted
• The Huffman code is a canonical code. The k codewords
of given length n are represented by the n-bit numbers
x + l , x + 2 . . . . . x + k where x is obtained by left
1Actually,what is loaded into the ASICimplementing the lossycodec is not
shifting the largest numeric value represented by an the Huffman code itselfbut a table that facilitates fast encoding and decoding
( n - 1)-bit codeword.
of the Huffman code.
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that the procedures for Huffman coding are common to both
the lossy and the lossless standards.

in much the same way as the encoder, by mimicking the
encoder operation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM

2.2 Arithmetic Coding Procedures

3 JPEG-LS Lossless Compression
Standard

Unlike the version based on Huffman coding, which assumes
the prediction error samples to be i.i.d., the arithmetic coding
version uses quantized prediction errors at neighboring pixels
as contexts for conditional coding of the prediction error. This
is a simplified form of error modeling that attempts to capture
the remaining structure in the prediction residual. Encoding
within each context is done with a binary arithmetic coder by
decomposing the prediction error into a sequence of binary
decisions. The first binary decision determines if the prediction error is zero. If not zero, the second step determines the
sign of the error. The subsequent steps assist in classifying the
magnitude of the prediction error into one of a set of ranges
and the final bits that determine the exact prediction error
magnitude within the range are sent uncoded.
The QM coder is used for encoding each binary decision. A
detailed description of the coder and the standard can be found
in [12]. Since the arithmetic-coded version of the standard is
rarely used, we do not dwell on the details of the procedures
used for arithmetic coding and only provide a brief summary.
The interested reader can find details in [12].
The QM coder is a modification of an adaptive binary
arithmetic coder called the Q coder [11], which in turn is an
extension of another binary adaptive arithmetic coder called
the skew coder [14]. Instead of dealing directly with the zeros
and ones put out by the source, the QM coder maps them into
a more probable symbol (MPS) and less probable symbol (LPS).
If 1 represents black pixels, and 0 represents white pixels, then
in a mostly black image, 1 will be the MPS, while in an image
with mostly white regions, 0 will be the MPS. To make the
implementation simple, the committee recommended several
deviations from the standard arithmetic coding algorithm.
The update equations in arithmetic coding that keep track of
the subinterval to be used for representing the current string
of symbols involve multiplications that are expensive in both
hardware and software. In the QM coder, expensive multiplications are avoided and rescalings of the interval take the
form of repeated doubling, which corresponds to a left shift in
the binary representation. The probability qc of the LPS for
context C is updated each time a rescaling takes place and the
context C is active. An ordered list of values for qc is kept in a
table. Every time a rescaling occurs, the value of qc is changed
to the next lower or next higher value in the table, depending
on whether the rescaling was caused by the occurrence of an
LPS or MPS. In a nonstationary situation, it may happen that
the symbol assigned to LPS actually occurs more often than
the symbol assigned to MPS. In this situation, the assignments
are reversed (i.e., the symbol assigned the LPS label is assigned
the MPS label and vice versa). The test is conducted every time
a rescaling takes place. The decoder for the QM coder operates

As mentioned earlier, the JPEG-LS algorithm, like its predecessor, is a predictive technique. However, there are significant
differences as described in the following list:
• Instead of using a simple linear predictor, JPEG-LS uses a
nonlinear predictor that attempts to detect the presence
of edges passing through the current pixel and accordingly adjusts prediction. This results in a significant
improvement in performance in the prediction step.
• Like JPEG lossless arithmetic, JPEG-LS uses some simple
but very effective context modeling of the prediction
errors prior to encoding.
• Baseline JPEG-LS uses Golomb-Rice codes for encoding
prediction errors. Golomb-Rice codes are Huffman codes
for certain geometric distributions which serve well in
characterizing the distribution of prediction errors.
Although Golomb-Rice codes have been known for a
long time, JPEG-LS uses some novel and highly effective
techniques for adaptively estimating the parameter for
the Golomb-Rice code to be used in a given context.
• To effectively code low-entropy images or regions, JPEGLS uses a simple alphabet extension mechanism, by
switching to a run-length mode when a uniform region is
encountered. The run-length coding used is again an
extension of Golomb codes and provides significant
improvement in performance for highly compressible
images.
• For applications that require higher compression ratios,
JPEG-LS provides a near-lossless mode that guarantees
each reconstructed pixel to be within a distance k from
its original value. Near-lossless compression is achieved
by a simple uniform quantization of the prediction error.
An overview of the JPEG-LS baseline algorithm is shown in
Fig. 2. In the rest of this section, we describe in more detail
each of the steps involved in the algorithm and some of the
extensions that are currently under the process of standardization. For a detailed description the reader is referred to the
working draft [2].

3.1 The Prediction Step
JPEG-LS uses a very simple and effective predictor, the median
edge detection (MED) predictor, that adapts in presence of local
edges. MED detects horizontal or vertical edges by examining
the North N, West W and Northwest NW neighbors of the
current pixel P[i,j]. The North (West) pixel is used as a prediction in the case of a vertical (horizontal) edge. In case of
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FIGURE 2 An overviewof baseline JPEG-LS.

neither, planar interpolation is used to compute the prediction
value. Specifically, prediction is performed according to the
following equations:

~'[i,j] --

min(N, W)

if N W < max(N, W)

max(N, W)

if N W < min(N, W)

N + W-

otherwise

NW

The MED predictor is essentially a special case of the median
adaptive predictor (MAP), first proposed by Martucci in 1990
[7]. Martucci proposed the MAP predictor as a nonlinear
adaptive predictor that selects the median of a set of three

predictions in order to predict the current pixel. One way of
interpreting such a predictor is that it always chooses either
the best or the second best predictor among the three candidate
predictors. Martucci reported the best results with the following three predictors, in which case it is easy to see that MAP
turns out to be the MED predictor.
1. P [ i , j ] - - N
2. fi[i,j] -- W
3. P[i,j ] - N + W -

NW

In an extensive evaluation, Memon and Wu [8, 9] observed
that the MED predictor gives a performance that is superior
to, or almost as good as, that of several standard prediction
techniques, many of which are significantly more complex.
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3.2 Context Formation
Gradients alone cannot adequately characterize some of the
more complex relationships between the predicted pixel P[i,j]
and its surrounding area. Context modeling of the prediction
error e = P [ i , j ] - P[i,j] can exploit higher-order structures
such as texture patterns and local activity in the image for
further compression gains. Contexts in ]PEG-LS are formed by
first computing the following differences:
D1 = N E - N
D2 -- N D3 -- N W -

NW

(1)

W

where the notation for specifying neighbors is as shown in
Fig. 1. The differences D1, D2, and D3 are then quantized
into 9 regions (labeled-4 to +4) symmetric about the origin
with one of the quantization regions (region 0) containing
only the difference value 0. Further, contexts of the type
(ql,q2,q3) and ( - q l , - q 2 , - q3) are merged based on the
assumption that
P(elql, q2, q3) "- P(-e[ - ql, - q2, - q3).

The total number of contexts turn out to be ~ - 364. These
contexts are then mapped to the set of integers [0, 363] in a
one-to-one fashion. The standard does not specify how contexts
are mapped to indices and vice versa, leaving it completely to
the implementation. In fact, two different implementations
could use different mapping functions and even a different set
of indices but nevertheless be able to decode files encoded by
the other. The standard only requires that the mapping be
one-to-one.

3.3 Bias Cancellation
As described earlier, in JPEG arithmetic, contexts are used as
conditioning states, for encoding prediction errors. Within
each state, the pdf of the associated set of events is adaptively
estimated from events by keeping occurrence counts for each
context. Clearly, to better capture the structure preset in the
prediction residuals one would like to use a large number of
contexts or conditioning states. However, the larger the number
of contexts, the more the number of parameters (conditional
probabilities in this case) that need to be estimated based on
the same data set. This can lead to the "sparse context" or "high
model cost" problem. In JPEG lossless arithmetic, this problem
is addressed by keeping the number of contexts small and
decomposing the prediction error into a sequence of binary
decisions, each requiring estimation of a single probability
value. Although this results in alleviating the sparse context
problem, there are two problems caused by such an approach.
First, keeping the number of conditioning states to a small
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number fails to capture effectively the structure present in the
prediction errors and results in poor performance.
Second, binarization of the prediction error necessitates
the use of an arithmetic coder which adds to the complexity
of the coder.
The JPEG-LS baseline algorithm uses a different solution for
this problem. First, it uses a relatively large number of contexts
to capture the structure present in the prediction errors.
However, instead of estimating the pdf of prediction errors,
p(e[C), within each context C, only the conditional expectation E{e[C} is estimated using the corresponding sample
means ~(C) within each context. These estimates are then used
to further refine the prediction prior to entropy coding, by an
error feedback mechanism that cancels prediction biases in
different contexts. This process is called bias cancellation.
Furthermore, for encoding the bias-cancelled prediction
errors, instead of estimating the probabilities of each possible
prediction error, baseline JPEG-LS essentially estimates a parameter that serves to characterize the specific pdf to be used
from a fixed set of pdf's. This is explained in greater detail in
the next subsection.
A straightforward implementation of bias cancellation would
require accumulating prediction errors within each context
and keeping frequency counts of the number of occurrences
for each context. The accumulated prediction error within a
context divided by its frequency count would then be used as
an estimate of prediction bias within the context. However,
this division operation can be avoided by a simple and clever
operation that updates variables in a suitable manner producing average prediction residuals in the interval [-0.5, 0.5].
For details, the reader is referred to the proposal that
presented this technique and also to the DIS [2, 21]. Also,
since ]PEG-LS uses Golomb-Rice codes, which assign
shorter codes to negative residual values than to positive
ones, the bias is adjusted such that it produces average
prediction residuals in the interval [-1,0], instead of
[-0.5, 0.5]. For a detailed justification of this procedure, and
other details pertaining to bias estimation and cancellation
mechanisms, see [21 ].

3.4 Rice-Golomb Coding
Before the development of JPEG-LS, the most popular
compression standards, like JPEG, MPEG, H263, and CCITT
Group 4, have essentially used static Huffman codes in the
entropy coding stage. This is because adaptive Huffman
coding does not provide enough compression improvement to
justify the additional complexity. Adaptive arithmetic coding,
on the other hand, despite being used in standards like JBIG
and JPEG arithmetic, has also seen little use due to concerns
about intellectual property restrictions and also perhaps due
to the additional computational resources that are needed.
JPEG-LS is the first international compression standard that
uses an adaptive entropy coding technique that requires only
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a single pass through the data and requires computational
resources that are arguably lesser than what is needed by static
Huffman codes.
In JPEG-LS, prediction errors are encoded using a special
case of Golomb codes [5], which is also known as Rice coding
[13]. Golomb codes of parameter m encode a positive integer
n by encoding n modulo m in binary followed by an encoding
of n div m in unary. The unary coding of n is a string of n 0
bits, followed by a terminating 1 bit. When m = 2k Golomb
codes have a very simple realization and have been referred to
as Rice coding in the literature. In this case n mod m is given
by the k least significant bits and n div m by the remaining
bits. So, for example, the Rice code of parameter 3 for the 8 bit
number 42 (00101010 in binary) is given by 010000001 where
the first 3 bits 010 are the three least significant bits of 42
(which is the same as 42 mod 8) and the remaining 6 bits
represent the unary coding of 42 div 8 = 5, which is represented by the remaining 5 bits 00101 in the binary representation of 42. Note that, depending on the convention being
used, the binary code can appear before the unary code and
the unary code could have leading ones terminated by a zero
instead.
Clearly, the number of bits needed to encode a number n
depend on the parameter k used. For the example above, if
k - 2 was used we would get a code length of 13 bits and the
parameter 4 would result in 7 bits being used. It turns out that
given an integer n the Golomb-Rice parameter that results in
the minimum code length of n is [log 2 n].
From these facts, it is clear that the key factor behind the
effective use of Rice codes is estimating the parameter k to be
used for a given sample or block of samples. Rice's algorithm
[13] tries codes with each parameter on a block of symbols
and selects the one that results in the shortest code as suggested.
This parameter is sent to the decoder as side information.
However, in JPEG-LS the coding parameter k is estimated on
the fly for each prediction error using techniques proposed by
Weinberger et al. [20]. Specifically, the Golomb parameter is
estimated by maintaining in each context, the count N of the
prediction errors seen so far and the accumulated sum of
magnitude of prediction errors A seen so far. The coding
context k is then computed as
k - min{k'[2 k'. N >__A}.
The strategy used is an approximation to optimal parameter
selection for this entropy coder. Despite the simplicity of the
coding and estimation procedures, the compression performance achieved is surprisingly close to that obtained by
arithmetic coding. For details the reader is referred to [20].
Also, since Golomb-Rice codes are defined for positive
integers, prediction errors need to be accordingly mapped.
In JPEG-LS, prediction errors are first reduced to the range
[-128, 128] by the operation e --- y - x mod 256 and then
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mapped to positive values by

m-

2e
-2e-

1

if
if

e _> 0
e < 0 zyxwvutsrqponmlkjihgfedc

3.5 Alphabet Extension
The use of Golomb-Rice codes is very inefficient when coding
low-entropy distributions because the best coding rate
achievable is 1 bit per symbol. Obviously, for entropy values
of less than 1 bit per symbol, such as would be found in
smooth regions of an image, this can be very wasteful and lead
to significant deterioration in performance. This problem can
be alleviated by using alphabet extension, wherein blocks of
symbols rather than individual symbols are coded, thus
spreading the excess coding length over many symbols. The
process of blocking several symbols together prior to coding
produces less skewed distributions, which is desirable.
To implement alphabet extension, ]PEG-LS first detects
smooth areas in the image. Such areas in the image are characterized by the gradients D1,D2, and D3, as defined in
equation 1, all being zero. In other words the context
(0, 0, 0), which we call the zero context. When a zero context
is detected, the encoder enters a run mode where a run of the
west symbol/3 is assumed and the total run of the length is
encoded. End-of-run state is indicated by a new symbol x 4: B,
and the new symbol is encoded using its own context and
special techniques described in the standard [2]. A run may
also be terminated by the end of line in which case only the
total length of run is encoded.
The specific run-length coding scheme used is the MELCODE
described in [10]. MELCODE is a binary coding scheme where
target sequences contain a most probable symbol (MPS) and a
least probable symbol (LPS). In JPEG-LS, if the current symbol
is the same as the previous, an MPS is encoded otherwise a
LPS is encoded. Runs of the MPS of length n are encoded
using only 1 bit. If the run is of length less than n (including 0)
it is encoded by a zero bit followed by the binary value
of the run length encoded using log n bits. The parameter n
is constrained to be of the form 2k and is adaptively updated
while encoding a run. For details of the adaptation procedure
and other details pertaining to the run-mode the reader is
referred to the draft standard [2]. Again the critical factor
behind effective usage of the MELCODE is the estimation of
the parameter value n to be used.

3.6 Near-Lossless Compression
Although lossless compression is required in many applications, compression ratios obtained with lossless techniques
are significantly lower than those possible with lossy compression. Typically, depending on the image, lossless compression ratios range from about 1.5:1 to 3:1. On the other
hand, state-of-the-art lossy compression techniques give
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compression rations in excess of 20:1 with virtually no loss in
It has been experimentally observed that for bit rates
visual fidelity. However, in many applications, the end-use of exceeding 1.5 bpp, ]PEG-LS near-lossless actually gives better
the image is not human perception. In such applications, the performance than baseline lossy ]PEG. However, it should be
image is subjected to postprocessing to extract parameters noted that the uniform quantization performed in ]PEG-LS
of interest like ground temperature or vegetation indices. The near-lossless often gives rise to annoying "contouring"
uncertainty about reconstruction errors introduced by a lossy artifacts. Such artifacts are most visually obvious in smooth
compression technique is undesirable.
regions of the image. In Chapter 1.1 of this volume, such
This leads to the notion of a near-lossless compression "false contouring" is examined in more detail and shown to
technique that gives quantitative guarantees about the type possibly occur even from simple image quantization.
and amount of distortion introduced. Based on these guarIn many cases, these artifacts can be reduced by some
antees, a scientist can be assured that the extracted parameters simple postprocessing operations. As explained in the next
of interest will either not be affected or be affected only within section, ]PEG-LS part 2 allows variation of the quantization
a bounded range of error. Near-lossless compression could step size spatially in a limited manner, thereby enabling some
potentially lead to significant increase in compression, thereby possible reduction in artifacts.
giving more efficient utilization of precious bandwidth while
Finally, it may appear that the quantization technique used
preserving the integrity of the images with respect to the post- in ]PEG-LS is overly simplistic. In actuality, there is a complex
processing operations that are carried out.
dependency between the quantization error that is introduced
JPEG-LS has a near-lossless mode that guarantees a +k and subsequent prediction errors. Clearly, quantization affects
reconstruction error for each pixel. Extension of the lossless the prediction errors obtained. Although one can vary the
baseline algorithm to the case of near-lossless compression is quantization in an optimal m a n n e r using a trellis-based
achieved by prediction error quantization according to the technique and the Viterbi algorithm, it has been observed
specified pixel value tolerance. For the predictor at the receiver that such computationaUy expensive and elaborate optimizing
to track the predictor at the encoder, the reconstructed values strategies offer little advantage, in practice, over the simple
of the image are used to generate the prediction at both the uniform quantization used in ]PEG-LS [3].
encoder and the receiver. This is the classic DPCM structure.
Specifically, the prediction error is quantized according to the
3.7 JPEG-LS Part 2
following rule: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Even as the baseline algorithm was being standardized, the
JPEG committee initiated development of ]PEG-LS part 2.
[ e+k
1),
(2) Initially the motivation for part 2 was to standardize an arithQ[e]- [2k
+ 1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
metic coding version of the algorithm. As it evolved, however,
part 2 also includes many other features that improve comwhere e is the prediction error, k is the maximum recon- pression but were considered to be too application-specific to
struction error allowed in any given pixel and [.J denotes the include in the baseline algorithm. As a result, JPEG-LS part 2
integer part of the argument. At the encoder, a label l is is an algorithm that is substantially different from part 1
generated according to
although the basic approach, in terms of prediction followed
by context-based modeling and coding of prediction errors,
~ e+k [
remains the same as the baseline. In the following sections, we
l = 2 k + lJ"
(3) briefly describe some of the key features that are part of the
standard.

J(2k+

This label is encoded, and at the decoder the prediction error
is reconstructed according to
= l x (2k + 1).

(4)

This form of quantization, where all values in the interval
[n. k - [kj, n. k + [kj] are mapped to n. k, is a special case
of uniform quantization. It is well known that uniform
quantization leads to a minimum entropy of the output,
provided the step size is small enough for the constant pdf
assumption to hold. For small values of k, as one would expect
to be used in near-lossless compression, this assumption is
reasonable.

3.7.1 Prediction
JPEG-LS baseline is not suitable for images with sparse
histograms (prequantized images or images with less than 8
or 16 bits represented by 1 or 2 bytes, respectively). This is,
because predicted values of pixels do not actually occur in the
image, which causes code space to be wasted during the
entropy coding of prediction errors. To deal with such images,
part 2 defines an optional prediction value control mode
wherein it is ensured that a predicted value is always a symbol
that has actually occurred in the past. This is done by forming
the same prediction as JPEG baseline using the MED predictor,
but by adjusting the predictor to a value that has been seen
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before. A flag array is used to keep track of pixel values that treated in radix 255 representation, with each sample expressed
have occurred thus far. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
as 8-bit data. Probabilities of the MPS and the LPS are estimated by keeping occurrence counts. Multiplication and
division are avoided by approximate values stored in a look3.7.2 Context Formation
up table.
To better model prediction errors, part 2 uses an additional
gradient

3.7.6 Near-Lossless Mode

D4 = W W - W

(5)

where W and WW are the neighboring pixels as shown in
Fig. 1. D4 is quantized along with D1, D2, and D3 (defined
earlier in equation 1) just as in the baseline. D4 is however
quantized only to three regions. Context merging is done only
on the basis of Dx, D2, D3, and not D4. That is, contexts of type
(ql, q2, q3, q4) and ( - q l , - q2, - q3, q4) are merged to arrive a
total of 364 x 3 -- 1,092 contexts.

3.7.3 Bias Cancellation
In the bias-cancellation step of baseline JPEG-LS, prediction
errors within each context are centered around-0.5 instead of
0. As explained, this was done because the prediction error
mapping technique and Rice-Golomb coding used in the
baseline algorithm assign shorter code words to negative
errors as opposed to a positive error of the same magnitude.
However, if arithmetic coding is used then there is no such
imbalance and bias cancellation is used to center the
prediction error distribution in each context around zero.
This is exactly the bias cancellation mechanism proposed in
CALIC.

3.7.4 Alphabet Extension
If arithmetic coding is used, alphabet extension is clearly not
required. Hence, in the arithmetic coding mode, the coder
does not switch to run-mode on encountering the all-zeroes
context. However, in addition to this change, part 2 also
specifies some small changes to the run-length coding mode
of the original baseline algorithm. For example, when the
underlying alphabet is binary, part 2 eliminates the redundant
encoding of sample values that terminated a run, as required
by the baseline.

3.7.5 Arithmetic Coding
Even though the base-line algorithm has an alphabet extension
mechanism for low-entropy images, performance can be significantly improved by the use of arithmetic coding. Hence,
the biggest difference between IPEG-LS and IPEG-LS part 2 is
in the entropy coding stage. Part 2 uses a binary arithmetic
coder for encoding prediction errors that are binarized by a
Golomb code. The Golomb code tree is produced on the basis
of an activity class of the context computed from its current
average prediction error magnitude. Twelve activity levels are
defined. In the arithmetic coding procedure, numeric data are

The near-lossless mode is another area where part 2 differs
significantly from the baseline. Essentially, part 2 provides
mechanisms for a more versatile application of the nearlossless mode. The two main features enabled by Part 2 in the
near-lossless mode are
• Visual quantization. As mentioned before, near-lossless
compression can often lead to annoying artifacts at
larger values of k. Furthermore, the baseline does not
provide any graceful degradation mechanism between
step size of k and k + 1. Hence IPEG-LS part 2 defines a
new "visual quantization" mode. In this mode, the
quantization step size is allowed to be either k or k + 1
depending on the context. Contexts with a larger gradients use a step size of k + 1 and contexts with smaller
gradients use a step size of k. The user specifies a threshold
based on which this decision is made. The standard does
not specify how the threshold should be arrived at. It
only provides a syntax for its specification.
• Rate control. By allowing the user to change the quantization step size while encoding an image, part 2 essentially provides a rate-control mechanism whereby the
coder can keep track of the coded bytes, based on which
appropriate changes to the quantization step size can be
made. The encoder, for example, can compress the image
to less than a bounded size with a single sequential pass
over the image. Other uses of this feature are possible,
including region-of-interest lossless coding, etc.

3.7.7 Fixed-Length Coding
There is a possibility that a Golomb code will cause data
expansion and result in a compressed image larger than the
source image. To avoid such a case, an extension to the baseline
is defined where the encoder can switch to a fixed-length
coding technique by inserting an appropriate marker in the
bit-stream. Another marker is used to signal the end of fixedlength coding. The procedure for determining if data expansion is occurring and for selecting the size of the fLxed-length
representation is left entirely up to the implementation. The
standard does not make any recommendation.

3.7.8 Interband Correlations
Currently there is no mechanism for exploiting interband
correlations in ]PEG-LS baseline and ]PEG-LS part 2 .
The application is expected to decorrelate individual bands
prior to encoding by ]PEG-LS. The lack of informative or
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normative measures for exploiting interband correlations, in image can also be recovered at different spatial resolutions.
our opinion is the most serious shortcoming of the JPEG-LS These features are of great value for specific applications like
standard. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
teleradiology and the Web, and for applications in "networkcentric" computing in general. More details on these are
given in Chapter 4.2 (wavelets), Chapter 5.4 (wavelet image
4 JPEG2000 and the Integration of
coding), and Chapter 6.2 (wavelet video coding) of this
Lossless and Lossy Compression
book.
The above facts have caused an increasing popularity of the
In prediction-based lossless image compression techniques, subband approach for lossless image compression. Some of
image pixels are processed in some fixed and predetermined the early work done toward applying subband image coding
order. The intensity of each pixel is modeled as being depend- techniques for lossless image compression includes techniques
ent on the intensities values in a fixed and pre-determined such as S+P [15], CREW [23], and EBCOT [16]. The new
neighborhood set of previously visited pixels. As a result, such JPEG standard, ]PEG2000, specifies a lossless component that
techniques do not adapt well to the nonstationary nature of has brought subband based techniques to the mainstream of
image data. Furthermore, such techniques form predictions lossless image compression.
and model the prediction error solely on the basis of local
information. Hence, they usually do not capture "global
4.1 JPEG2000 Lossless Coding: The
patterns" that influence the intensity value of the current pixel
Reversible
Path
being processed. As a consequence, recent years have seen
techniques based on a predictive approach rapidly reach a JPEG2000 specifies two coding paths: an irreversible and a
point of diminishing returns. ]PEG-LS, the new lossless reversible path. The irreversible path can be used for lossy
standard provides testimony to this fact. Despite being compression only. The main components of this coding path
extremely simple, it provides compression performance that are described in Chapter 5.5. Lossless coding requires the use
is within a few percentages of more sophisticated techniques of the reversible path. Note, however, that the reversible path
such as CALIC [22] and universal context modeling (UCM) allows the embedding of both a lossy and lossless representa[19]. Experimentation suggests that an improvement of tion in the code stream. The entire codestream gives a lossless
significantly more than 10% on an average is unlikely to be compressed representation of the image. A lossy representaobtained by pushing the envelope on the current state-of-the- tion can be achieved by truncating the code stream at any
art predictive techniques like CALIC [9]. Furthermore, the given bit rate.
complexity costs incurred for obtaining these improvements
The main components of the reversible path are shown in
are enormous and usually not worth the marginal improve- Fig. 3. Most of the components of the two coding paths
ment in compression that is obtained.
(irreversible and reversible) (e.g., tiling, level offset, entropy
An alternative approach to lossless image compression coding, bitstream structuring, ROI coding, and so forth), are
that has emerged recently is based on subband (or wavelet) common and are described in Chapter 5.5. This section
decomposition. Subband decomposition provides a way to describes the components that have been introduced specificope with non-stationarity of image data by separating the cally to support lossless coding (i.e., the reversible color
information into several scales and exploiting correlations transform, the reversible discrete wavelet transform, and the
within each scale as well as across scales. A subband approach ranging operator).
also provides a better framework for capturing global patterns
in the image data. Finally, the wavelet transforms used in the
4.2 Reversible Color Transform
decomposition can be viewed as a prediction scheme (as in
[4, 15]) that is not restricted to a casual template but makes The first steps in both paths (tiling, level offset, and color
a prediction of the current pixel based on "past" and "future" transform) are optional and can be regarded as preprocessing
steps. The image may first be partitioned into rectangular and
pixels with respect to a spatial raster scan.
In addition to the above, there are other advantages non-overlapping tiles of equal size. If the sample values are
offered by a subband approach for lossless image compres- unsigned and represented with B bits, an offset o f - 2 s-x
sion. The most important of these is perhaps the natural is added leading to a signed representation in the range
integration of lossy and lossless compression that the [--2B-1,2 B-l] (i.e., to a symmetric distribution about 0). The
subband approach makes possible. By transmitting entropy- color component samples may be converted into luminance
coded subband coefficients in an appropriate manner, one and colour difference components via a reversible color
can produce an embedded bit stream that permits the transform (RCT). Note that the RCT can also be used for
decoder to extract a lossy reconstruction at the desired bit lossy coding. It thus allows the embedding of a lossy and a
rate. This enables progressive decoding of the image that can lossless representation of the image in a single codestream.
ultimately lead to lossless reconstruction [15, 16, 23]. The The RCT is a reversible integer-to-integer transform that
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TABLE 3 Reversible discrete wavelet transform analysis and
synthesis filters coefficients
Level
Offset

[. . . .

1

Irreversible I
Color Transform,
I . . . .

F

'
I

-

Index

-

Reversible
Color Transform

I

--

_I . . . .

0
+/-1
+/-2

Low-Pass
Analysis
Filter
Coefficient
6/8
6/8
-1/8

High-Pass
Analysis
Filter
Coefficient
1
-1/2

Low-Pass
Synthesis
Filter
Coefficient

High-Pass
Synthesis
Filter
Coefficient

1
1/2

6/8
-2/8
-1/8

1

Irreversible I'
DWT

Reversible
DWT

The forward DWT is based on separable wavelet filters,
which, in the reversible path, are reversible. The transform is
then referred to as RDWT (reversible discrete wavelet trans. . . . .
I . . . .
I
form). The use of the RDWT allows the embedding of both
Deadzone
I
Ranging
, Quantizer
lossless and lossy compression in a single compressed codeI
stream. The default RDWT is based on a lifting implementation of the spline 5/3 wavelet transform first introduced in [6]
with five levels of decomposition. The filter coefficients are
Regions
of Interest
provided in Table 3. Even with integer filters such as the 5/3
wavelet kernel, the precision required at the different levels
of decomposition for achieving a lossless representation may
rapidly become very large.
Block
Coder
A lifting implementation allows a convenient implementation of an integer-to-integer transform. A lifting operation
consists of a prediction step followed by an update step. In the
FIGURE 3 Components of the JPEG2000 reversible coding path. The prediction step, each odd sample is predicted as a linear comboxes in dotted lines correspond to the JPEG2000 lossy coding mode (see bination of the even samples. A prediction error is computed
Chapter 5.5).
by subtracting the predicted value from the odd sample. The
update step updates the even samples by adding to them a
actually approximates the irreversible component transform linear combination of the modified odd samples. To build the
integer-to-integer transform, quantizers are inserted after
(ICT) and is defined as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the calculation of the prediction and the update terms. For
example, in converting the 5/3 wavelet kernel into an integerto-integer transform, the two quantizers Q p - - - L - w J and
U -1
-1
0
G .
Qu = Lw 4-1/2J are inserted in the prediction and update
V
0
-1
1
B
steps. The forward transform hence computes

[1,42,41,4][R]

When the three image components are transformed via the
RCT, their original bit depth must be identical. After application of the RCT, the luminance component retains the same
bit depth, but the color difference components see their bit
depth increased by 1. This has to be taken into account when
choosing the range parameters (see Section 4.4) for the
chrominance components.

4.3 Reversible Discrete Wavelet Transform
Each tile component is decomposed with a forward DWT into
a set of L = 2 t resolution levels using a dyadic decomposition.
A detailed and complete presentation of filter banks and
wavelets theoretic and implementation aspects is beyond the
scope of this chapter. The reader is referred to Chapter 4.2 in
this book and to [18] for additional insight on these issues.

y(2n + 1 ) - x(2n + 1 ) - [ x(2n) + x(2n2+ 2)J
(6)
+ y(2n + 1) + 2 /
y(2n) -- x(2n) + Ly(2n - 1)
4
J
The inverse transform reconstructs the original samples by
computing
x ( 2 n ) - y ( 2 n ) - [y(2n - 1) + y(2n + 1) + 2 /
4
J

+ x(2n + 2)/

x(2n + 1) -- y(2n + 1 ) t_

2

1

(7)
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The choice of the lifted integer-to-integer 5/3 wavelet kernel For example, if features like embedded quantization, regionwas driven by requirements of low implementation com- of-interest decoding, and integration of lossy and lossless
plexity and lossless encoding capability. Note however that, compression are important, ]PEG2000 would be the choice.
JPEG2000 part 2, allows arbitrary filter specifications in the However, the computational and memory requirements
of a wavelet-based approach are typically very high. Such
co&stream. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
techniques are not suitable for printers and other applications
where additional memory adds to the fixed cost of the
4.4 Ranging
product.
In the reversible path, there is no explicit quantization. The
Hence, we expect all three ]PEG lossless standards to be
integer transformed coefficients are supplied directly to the used in practice, because together they cover the range of
block entropy coder described in Chapter 5.5. A nominal applications that require lossless image compression. Given
range for these integer sample values may be determined from this fact, we also do not expect any significant improvements
the original bit depth B and from the gains of the wavelet in the state of the art of lossless image compression over these
transform kernels. As in the irreversible path, one can also add three established standards. Our statement is supported by the
G extra guard bits to accommodate excursions beyond the fact that the last few years have not seen any algorithm that
nominal range bounds. The number of bits required to repre- can compete with the three standards in terms of pricesent the subband coefficients yi(j) of a subband i is hence performance tradeoffs. There have been many extremely
given by Mi = B - 1 d-G + Xi where Xi is an extra term to complex algorithms proposed but the improvements they
account for the nominal gains of the analysis kernels for the provide over, say, ]PEG-LS arithmetic have been less than 0.1
different bands. The quantity Mi can thus be expressed bits per pixel. Of course, there will always be niche applisimilarly as in the irreversible path as Mi : ei + G - 1 .
cations where a custom designed lossless compression techHowever, whereas in the irreversible path the parameter ei nique may significantly out-perform the three standards.
represents the quantization step exponent, in the reversible However, such applications are not common and even for
path, Ei is called the ranging parameter and must be chosen so these, the improvements often turn out to be surprisingly
that a sufficient number of bits is available to represent the below expectations.
subband coefficient magnitudes. A reasonable policy for the
encoder is to set ei = B + Xi.
Although there is no explicit quantization, the embedded 6 Additional Information
bitstreams corresponding to individual code blocks Bi c a n be
truncated prior to decoding. This can be regarded as quantiz- A free implementation of the Huffman based original JPEG
ing a sample Yi(j) in the block Bi with a scalar deadzone lossless algorithm, written by the PVRG group at Stanford, is
quantizer of step size A i ( j ) : 2pi(/). Here Pi(j) represents available from havefun.stanford.edu:/pub/jpeg/JPEGvl.2.1.
the least significant bit of yi(j) that is truncated, and hence set tar.Z. The PVRG code is designed for research and experito zero.
mentation rather than production use, but it is easy to
understand. There is also a lossless-JPEG-only implementation
available from Cornell (ftp.cs.cornell.edu:/pub/multimed/
ljpg.tar.Z). Neither the PVRG nor Cornell codecs are being
5 Discussion
actively maintained. They are both written in the C language
The current situation leaves us with three different lossless and can be ported to a variety of operating systems including
image compression standards. This leads to the legitimate variants of UNIX and the different Microsoft platforms.
The ]PEG committee maintains a Web site at www.jpeg.org
question - - which one is the best? If one were just to look
at compression performance for single-band images then where the ]PEG-LS standard documents are available. Another
one could rank them as follows: (a) ]PEG-LS arithmetic site maintained by Hewlett-Packard at www.hpl.hp.com/loco/
coding, (b) ]PEG arithmetic coding, (c) ]PEG-LS baseline, contains an example decoder, which is a public-domain
(d) ]PEG2000, and (e) ]PEG Huffman coding. So if com- executable of their ]PEG-LS implementation for Win95/NT,
pression is the only issue, ]PEG-LS arithmetic coding version HP-UX, and SunOS. This site also contains literature on
is the best. However, if a hardware implementation is needed, LOCO-I, the algorithm on which ]PEG-LS baseline is largely
JPEG-LS gives poor throughput performance as it is not based.
Further information on the different parts of the
parallelizable given its very sequential context modelling
component. The arithmetic coding version of the old ]PEG ]PEG2000 standard can be found at www.jpeg.org/jpeg2000/
algorithm, however, can give almost the same performance index.html. This Web site provide links to sites from
at a much higher throughput. This same situation does not which various official standard and other documents can
hold in a software implementation. So the best algorithm be downloaded. It also provides links to sites from which
really depends on the application which is is being used for. software implementations of the standard can be downloaded.
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[11] W. B. Pennebaker and J. L. Mitchell, "An overview of the basic
Some software implementations are available at http://jpeg
principles of the Q-Coder adaptive binary arithmetic coder,"
2000.epfl.ch,
http://www.ee.unsw.edu.au/taubman/kakadu,
IBM
]. Res. Devel. 32 717-726 (1988).
and http://www.ece.ubc.ca/mdadams/jasper/. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[12] W. B. Pennebaker and J. L. Mitchell, IPEG Still Image Data
Compression Standard (Van Nostrand Reinhold, New York,
1993).
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1 Introduction
Multispectral images are a particular class of images that
require specialized coding algorithms. In multispectral images,
the same spatial region is captured multiple times using
different imaging modalities. These modalities often consist of
measurements at different optical wavelengths (hence the
name multispectral), but the same term is sometimes used
when the separate image planes are captured from completely
different imaging systems. Multispectral images are threedimensional data sets in which the third (spectral) dimension
is qualitatively different from the other two. Because of this,
a straightforward extension of two-dimensional image compression algorithms is generally not appropriate. Also, unlike
most two-dimensional images, multispectral data sets are
often not meant to be viewed by humans. Remotely sensed
multispectral images, for example, often undergo electronic
computer analysis. As a result, the quality of decompressed
images may be judged by a different criterion than for twodimensional images.
The most common example of multispectral images are
conventional RGB color images, which contain three spectral
image planes. The image planes represent the red, green, and
blue color channels, which all lie in the visible range of the
optical band. These three spectral images can be combined to
produce a full color image for viewing on a display. However,
most printing systems use four colors, typically cyan, magenta,
yellow and black (CMYK) to produce a continuous range of

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

colors. More recently, many high fidelity printing systems
have begun to use more than four colors to increase the
printer gamut, or range of printable colors. This is particularly
common in photographic printing systems.
In fact, three colors are not sufficient to specify the
appearance of an object under varying illuminants and
viewing conditions. To accurately predict the perceived color
of a physical surface, we must know the reflectance of the
surface as a function of wavelength. Typically, spectral
reflectance is measured at 31 wavelengths ranging from 400
to 700nanometers; however, experiments indicate that the
spectral reflectances of most physical materials can be
accurately represented with 8 or fewer spectral basis functions
[16]. Therefore, some high fidelity image capture systems
collect and store more than three spectral measurements at
each spatial location or pixel in the image [16]. For example,
the VASARI imaging system developed at the National Gallery
in London employs a seven-channel multispectral camera to
capture paintings [23]. Also, a system proposed by Komiya
et al. uses a multispectral capture and transmission system to
accurately reproduce skin tones in telemedicine [17]. At this
time, color image representations with more than four bands
are used primarily in very high quality and high cost systems,
often for specialized applications. However, such multispectral
representations may become more common as the cost of
hardware decreases and image quality requirements increase.
Another common class of multispectral data is remotely
sensed imagery. Remote sensing consists of capturing image
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data from a remote location. The sensing platform is usually
an aircraft or satellite, and the scene being imaged is usually
the earth's surface. Since the sensor and the target are so far
apart, each pixel in the image can correspond to tens or even
hundreds of square meters on the ground. Data gathered from
remote sensing platforms is normally not meant primarily for
human viewing. Instead, the images are analyzed electronically to determine factors such as land use patterns, local
geography, and ground cover classifications. Surface features
in remotely sensed imagery can be difficult to distinguish with
only a few bands of data. In particular, a larger number of
spectral bands are necessary if a single data set is to be used
for multiple purposes. For instance, a geographical survey may
require different spectral bands than a crop study. Older
systems, like the French SPOT or American thematic mapper,
use only a handful of spectral bands. More modern systems,
however, can incorporate hundreds of spectral bands into a
single image [27]. Compression is important for this class
of images both to minimize transmission bandwidth from
the sensing platform to a ground station and to archive the
captured images.
Some medical images include multiple image planes.
Although the image planes may not actually correspond to
separate frequency bands, they are often still referred to as
multispectral images. For example, magnetic resonance imaging (MRI) can simultaneously measure multiple characteristics of the medium being imaged [13]. Alternatively,
multispectral medical images can be formed from different
medical imaging modalities such as MRI, CT, and x-ray. These
multimodal images are useful for identifying and diagnosing
medical disorders.
Most multispectral compression algorithms assume that the
multispectral data can be represented as a two-dimensional
image with vector-valued pixels. Each pixel then consists of
one sample from each image plane (spectral band). This
representation requires all spectral bands to be sampled at the
same resolution and over the same spatial extent. Most
multispectral compression schemes also assume the spectral
bands are perfectly registered, so each pixel component
corresponds to the same exact location in the scene. For
instance, in a perfectly registered multispectral image, a scene
feature that covers only a single image pixel will cover exactly
the same pixel in all spectral bands. In actual physical systems,
registration can be a difficult task, and misregistration can
severely degrade the resulting compression ratio or decompressed image quality. Also, although the image planes may be
resampled to have pixel values at the same spatial locations,
the underlying images may not be of the same resolution.
As with monochrome image compression, multispectral
image compression algorithms fall into two general categories:
lossless and lossy. In lossless compression schemes, the
decoded image is identical to the original. This gives perfect
fidelity but limits the achievable compression ratio. For many
applications, the required compression ratio is larger than can
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be achieved with lossless compression, so lossy algorithms are
used. Lossy algorithms typically obtain much higher compression ratios but introduce distortions in the decompressed
image. Popular approaches for lossy image coding are covered
in Chapters 5.2-5.5 of this volume, while lossless image coding
is discussed in Chapters 5.1 and 5.6. Lossy compression
algorithms attempt to introduce errors in such a way as to
minimize the degradation in output image quality for a
given compression ratio. In fact, the rate distortion curve gives
the minimum bitrate (and hence maximum compression)
required to achieve a given distortion. If the allowed distortion
is taken to be zero, the resulting maximum compression is
the limit for lossless coding. The limit obtained from the
theoretical rate distortion curve can be useful for evaluating
the effectiveness of a given algorithm. While the bound is
usually computed with respect to mean squared error (MSE)
distortion, MSE is not a good measure of quality for all
applications.
Most two-dimensional image coding algorithms attempt
to transform the image data so that the transformed data
samples are largely uncorrelated. The samples can then be
quantized independently and entropy coded. At the decoder,
the quantized samples are recovered and inverse transformed
to produce the reconstructed image. The optimal linear
transformation for decorrelating the data is the well-known
Karhunen-Loeve (KL) transform. Since the KL transformation
is data dependent, it requires considerable computation and
must be encoded along with the data so it is available at the
decoder. As a result, frequency transforms such as the discrete
cosine transform (used in ]PEG) or a wavelet transform (used
in JPEG2000) are used to approximate the KL transform along
the spatial dimensions. In fact, it can be shown that frequency
transforms approximate the KL transform when the image is a
stationary 2D random process. This is generally a reasonable
assumption since, over a large ensemble of images, statistical
image properties should not vary significantly with spatial
position. A large number of frequency transforms can be
shown to approach the optimal KL transform as the image size
approaches infinity, but in practice, the discrete cosine and
wavelet transforms approach this optimal point much more
quickly than many other transforms, so they are preferred in
actual compression systems.
Multispectral images complicate this scenario. The third
(spectral) dimension is qualitatively different from the spatial
dimensions, and it generally cannot be modeled as stationary.
The correlation between adjacent spectral bands, for example,
can vary widely depending on which spectral bands are
being considered. In a remotely sensed image, for instance,
two adjacent infrared spectral bands might have consistently
higher correlation than adjacent bands in the visible range.
The correlation is thus dependent on absolute position in the
spectral dimension, which violates stationarity. This means
that simple frequency transforms along the spectral dimension
are generally not effective. Moreover, we will see that most
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Spatial-spectral transform: In this method, a spatial
multispectral compression methods work by treating each
transform (i.e., block DCT or wavelet transform) is first
spectral band differently. This can be done by computing
applied. Then the spectral components of each spatiala KL or similar transform across the spectral bands, using
prediction filters which vary for each spectral band, or
frequency band are decorrelated using a different KL
applying vector quantization or clustering methods which
transform. So for example, a different KL transform is
used for each coefficient of the DCT transform or each
are trained for the statistical variation among bands. For
photographic images, some techniques take explicit advantage
band of the wavelet transform. This method is useful
of human visual system characteristics to determine the
when the different spectral components have different
spatial-frequency content. For instance, an infrared band
relationship between spectral components. Compression
algorithms using the multispectral high-definition color
may have lower spatial resolution than a visible band of
description (MCD) are an example of this [19].
the same multispectral image. In this case, the separate
KL transforms result in better compression.
Multispectral image compression algorithms can be roughly
Complex spatial-spectral transform: If, in addition, the
categorized by how they exploit the redundancies along the
image planes are not registered, the frequency transforms
spatial and spectral dimensions. The simplest method for
compressing multispectral data is to decompose the multimust be complex to retain phase information between
spectral image into a set of monochrome images, and then to
planes. A spatial shift in one image plane relative to
separately compress each image using conventional image
another (i.e., misregistration) corresponds to a phase
compression methods. Other multispectral compression
shift in the frequency domain. In order to retain this
techniques concentrate solely on the spectral redundancy.
information, frequency components must be stored as
However, the best compression methods exploit redundancies
complex numbers. This method differs from the spatialin both the spatial and spectral dimensions.
spectral method in that the transforms must be complex
In [37], Tretter and Bouman categorized transform-based
valued. This complex spatial-spectral transform has the
multispectral coders into three classes. These classes are
advantage that it can remove the effect of misregistration
important because they describe both the general structure
between the spectral bands. However, because it requires
of the coder and the assumptions behind its design.
the use of a DFT (instead of DCT), or a complex wavelet
Figure 1 illustrates the structure of these three basic coding
transform, it is more complicated to implement. If a real
methods. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
spatial-spectral transform is used to compress an image
that has misregistered planes, much of the redundancy
• Spectral-spatial transform: In this method, a KL-transbetween image planes will be missed. The transform is
form is first applied across the spectral components to
unable to follow a scene feature as it shifts in location
decorrelate them. Then each decorrelated component is
from one image plane to another, so the feature is
compressed separately using a transform based image
essentially treated as a separate feature in each plane and
coding method. The image coding method can be based
is coded multiple times. As a result, the image will not
on either block DCTs (see Chapter 5.5 in this volume) or
compress well.
a wavelet transform (Chapter 5.4). This methods is
asymptotically optimal if all image planes are properly
A fourth option that has recently been proposed by de
registered and have the same spatial resolution.
Queiroz tries to jointly decorrelate spectrally while increasing
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FIGURE 1 Threebasic classes of transform coders for multispectral image compression, a) Spectral-spatialmethod:
requires that all image planes be registered and of the same resolution; b) spatial-spectral method: requires that all
image planes be registered but not necessarilyof the same resolution; c) complex spatial-spectral method: does not
require registration or planes of the same resolution.

Handbook of Image and Video Processing

750

in-plane spatial correlation [5]. This approach can yield normally computed in the frequency domain, since visual
improved performance over the separable approaches in weighting of frequency coefficients is more natural than
Fig. 1. In addition to transform-based coders, some research- weightings in the spatial domain. Weighting can also be
ers have proposed techniques based on vector quantization, applied across spectral bands to take advantage of human
predictive systems, or joint spatial-spectral clustering.
visual characteristics, as in Mase et al. [24].
In the following sections, we will discuss a variety of
Some images are used for purposes other than viewing.
methods for both lossy and loss-less multispectral image Medical images may be used for diagnosis, and satellite photos
coding. The most appropriate coding method will depend are sometimes analyzed to classify surface regions or identify
on the application and system constraints. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
objects. For these images, other error metrics may be more
appropriate since the measure of image quality is quite
different. We will discuss this topic further with respect to
2 Lossy Compression
multispectral images later in this chapter.
Many researchers have worked on the problem of compressing
multispectral images. In the area of lossy compression, most of
the work has concentrated on remotely sensed data and RGB
color images rather than medical imagery or photographic
images with more than three spectral bands. For diagnostic
and legal reasons, medical images are often compressed
losslessly, and the high fidelity systems that use multispectral
photographic data are still relatively rare.
Suppose we represent a multispectral image by fk(n), where

2.1 RGB Color Images

Lossy compression of RGB color images deserves special
mention. These images are by far the most common type of
multispectral image, and a considerable body of research has
been devoted to development of appropriate coding techniques. Color images in uncompressed form typically consist of
red, green, and blue color planes, where the data in each plane
has undergone a nonlinear gamma correction to make it
appropriate for viewing on a CRT monitor [34]. Typical CRT
n = (nl, n2), nl ~ { 0 . . . M - 1},
monitors have a nonlinear response, so doubling the value
of a pixel (the frame buffer value), for instance, will increase
n2 E { 0 . - . N - 1}, and k ~ { 0 . . . K - 1}.
the luminance of the displayed pixel, but the luminance will
not double. The nonlinear response approximates a power
In this notation, n represents the two spatial dimensions and
function, so digital color images are usually prewarped using
k is the spectral band number. In the development below,
the inverse power function to make the image display
we will denote spectral band k by fk,
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and f(n) will represent
properly. Different color imaging systems can have different
a single vector-valued pixel at spatial location n = (nl, n2).
definitions of red, green, and blue, different gamma curves,
Lossy compression algorithms attempt to introduce errors
and different assumed viewing conditions. In recent years,
in such a way as to minimize the degradation in output image
however, many commercial systems are moving to the sRGB
quality for a given compression ratio. To do this, algorithm
standard to provide better color consistency across devices and
designers must first decide on an appropriate measure of
applications [2]. Before compression, color images are usually
output image quality. Quality is often measured by defining
transformed from RGB to a luminance-chrominance reprean error metric relating the decompressed image to the
sentation. Each pixel vector fin) is transformed via a reversible
original. The most popular error metric is the simple mean
transformation to an equivalent luminance-chrominance
squared error (MSE) between the original image and the
vector g(n).
decompressed image. Although this metric does not necessarily correlate well with image quality, it is easy to compute and
RGB to
mathematically tractable to minimize when designing a coding
Lure(n) zyxwvutsrqpo
]
algorithm. If a decompressed two-dimensional M x N image f(n)-- JR(n)
luminanceg(n) = Chrl(n)
G(n)
f(n) is compared with the original image f(n), the mean
Chr2(n)
B(n)
chrominance
squared error is defined as

1

M-1 N-1

MSE- E

E

2

[f(nl, nz)-f(nl,

n2)].

nl=O n2--O

For photographic images, quality is usually equated with
visual quality as perceived by a human observer. The error
metrics used thus often incorporate a human visual model.
One popular choice is to use a visually weighted MSE between
the original image and the decompressed image. This is

Two common luminance-chrominance color spaces used
are YCrCb, a digital form of the YUV format used in NTSC
color television, and CIELab [34]. YCrCb is obtained from
sRGB via a simple linear transformation, while CIELab
requires nonlinear computations and is normally computed
using lookup tables.
The purpose of the transformation is to decorrelate the
spectral bands visually so they can be treated separately. This
processing is of the form shown in Fig. l a, where the KL
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(a)

(b)

(c)

FIGURE 2 Detail illustrating JPEG compression artifacts (75 dpi). a) Original image data, b) ]PEG compressed 30:1
using chrominance subsampling, c) ]PEG compressed 30:1 using no chrominance subsampling.

transform is replaced by a color transformation that reduces
visual correlation across planes. After transformation, the
three new image planes are normally compressed independently using a two-dimensional coding algorithm such as
the ones described earlier in this chapter. The luminance
channel Y (or L) is visually more important than the two
chrominance channels, so the chrominance images are often
subsampled by a factor of 2 in each dimension before compression [34]. Perhaps the most common color image compression algorithm uses the YCrCb (sometimes still referred
to as YUV) color space in conjunction with chrominance
subsampling and standard JPEG compression on each image
plane. Many color devices refer to this entire scheme as JPEG
even though the standard does not specify color space or
subsampling. Most JPEG images viewed across the World
Wide Web by browsers have been compressed in this way.
Figure 2 illustrates the artifacts introduced by JPEG compression. Figure 2a shows a detail from an original uncompressed
image, Fig. 2b illustrates the decompressed image region after
30:1 JPEG compression with chrominance subsampling, and
Fig. 2c illustrates the decompressed image after 30:1 JPEG
compression with no chrominance subsampling. Figures 2b
and 2c both show typical JPEG compression artifacts; the
reconstructed images have blocking artifacts in the smooth
regions such as the back of the hand, and both images show
ringing artifacts along the edges. However, the artifacts are
much more visible in Fig. 2c, which was compressed without
chrominance subsampling. Since the chrominance components are retained at full resolution, a larger percentage of
the compressed data stream is required to represent the
chrominance information, so fewer bits are available for
luminance. The additional artifacts introduced by using fewer
bits for luminance are more visible than the artifacts caused by
chrominance subsampling, so Fig. 2c has more visible artifacts
than Fig. 2b.
One interesting approach to color image storage and
compression is to use color palettization, which uses a
simple vector quantization scheme to reduce image size
(vector quantization is covered in detail in Chapter 5.3). In
this approach, a limited palette of representative colors

(usually no more than 256 colors) is stored as a lookup
table, and each pixel in the image is replaced by an index into
the table that indicates the best palette color to use to
approximate that pixel. Palettization was first designed not for
compression, but to match the capabilities of display
monitors. Some display devices can only display a limited
number of colors at a time, due to either a limited internal
memory size or to characteristics of the display itself. As a
result, images had to be palettized before display.

f ( n ) - - I R(n)
G(n)J
B(n)

Map to
Nearest

Palette index £

Palette Color

Palettization collapses the multispectral image into a single
image plane, which can be further compressed if desired. Both
lossy and lossless compression schemes for palettized images
have been developed. The well-known GIF format, which is
often used for images transmitted over the World Wide Web,
is one example of this sort of image. As a compression
technique, palettization is most useful for non-photographic
images, such as synthetically generated images, which often
only use a limited number of colors to begin with.

zy

2.2 Remotely Sensed Multispectral Images

Remotely sensed multispectral images have been in use for
a long time. The Landsat 1 system, for example, was first
launched in 1972. Aircraft based systems have been in use
even longer. Satellite and aircraft platforms can gather an
extremely large amount of data in a short period of time, and
remotely sensed data is often archived so changes in the earth's
surface can be tracked over long periods of time. As a result,
compression has been of considerable interest since the earliest
days of remote sensing, when the main purpose of compression was to reduce storage requirements and processing time
[12, 25]. Although processing and data storage facilities are
becoming increasingly more powerful and affordable, recent
remote sensing systems continue to stress state of the art
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technology. Compression is particularly important for spaceborne systems where transmission bandwidth reduction is
a necessity [12, 38]. Reviews of compression approaches for
remotely sensed images can be found in [32, 40].
The simplest type of lossy compression for multispectral
images, known as spectral editing, consists of not transmitting
all spectral bands. Some sort of algorithm is used to determine
which bands are of lesser importance, and those bands are not
sent. Since this amounts to simply throwing away some of
the data, such a technique is obviously undesirable. For one
thing, the choice of bands to eliminate is strongly dependent
on the information desired from the image. Since a variety of
researchers may want to extract entirely different information
from the same image, all of the bands may be needed at one
time or another. As a result, a number of researchers have
proposed more sophisticated ways to combine the spectral
bands and reduce the spectral dimensionality while retaining
as much of the information as possible.
As in two-dimensional image compression, many algorithms attempt to first transform the image data such that the
transformed data samples are largely uncorrelated. For
multispectral images, the spectral bands are often modeled
as a series of correlated random fields. If each spectral band fk
is a two-dimensional stationary random field, frequency
transforms are appropriate across the spatial dimensions.
However, redundancies between spectral bands are usually
removed differently. A variety of schemes use a KL or similar
transformation across spectral bands followed by a twodimensional frequency transform like DCT or wavelets across
the two spatial dimensions [1, 7, 8, 9, 36, 37]. These spectralspatial transform methods are of the general form shown
in Fig. la) and have been shown to be asymptotically optimal
for a MSE distortion metric as the size of the data set goes to
infinity when the following three assumptions hold [37].

(ii) The spectral components are perfectly registered with
one another.
(iii) The spectral components have similar frequency
distributions (for instance, are of the same resolution
as one another).
If (iii) does not hold, a separate KL spectral transform must be
used at every spatial frequency. Algorithms of this sort have
been proposed by several researchers [1, 37, 39]. If assumption
(ii) does not apply either, a complex frequency transform
must be used to preserve phase information if the algorithm is
to remain asymptotically optimal [37]. However, the computational complexity involved makes this approach difficult, so
it is generally preferable to add more preprocessing to better
register the spectral bands. Some recent algorithms also get
improved performance by adapting the KL transform spatially
based on local data characteristics [8, 9, 36].
Figure 3 shows the result of applying two different coding
algorithms to a thematic mapper multispectral data set. The
data set consists of bands 1, 4, and 7 from a thematic mapper
image. Figure 3a shows a region from the original uncompressed data. The image is shown in pseudo-color, with band
1 being mapped to red, band 4 to green, and band 7 to blue.
Figure 3b shows the reconstructed data after 30:1 compression
using an algorithm from [37] that uses a single KL transform
followed by a two-dimensional frequency subband transform
across the two spatial dimensions (RSS algorithm), and 3c
shows the reconstructed data after 30:1 compression using a
similar algorithm that first applies the frequency transform
and then computes a separate KL transform for each
frequency subband (RSM algorithm). For this imaging
device, band 7 is of lower resolution than the other bands,
so assumption (iii) does not hold for this data set. As a result,
we expect the RSM algorithm to outperform the RSS
algorithm on this data set. Comparing Figs. 3b and 3c, we
can see that 3c has slightly fewer visual artifacts than 3b. The
mean squared error produced by the RSM algorithm was
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(i) The spectral components can be modeled as a
stationary Gaussian random field.

(a)

(b)

(c)

FIGURE 3 Detail illustrating transform-based compression on Thematic Mapper data (100dpi). a) Original image
data in pseudo-color, b) compressed 30:1 using RSS algorithm (single KL transform), c) compressed 30:1 using RSM
algorithm (multiple KL transforms). The RSM algorithm givesbetter compression for this result, with a mean squared
error of 27.44 vs. the RSS algorithm at 28.65.
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27.44 for this image, compared with a mean squared error of
28.65 for the RSS algorithm. As expected, the RSM algorithm
outperforms the RSS algorithm on this data set both in visual
quality and mean squared error.
In recent years there has been a great deal of interest in
embedded wavelet image coders based on either zerotree or set
partitioning encoding structures [33, 31]. Given the effectiveness of these methods, it is natural to extend them to the
multispectral coding application. In [1] and [6], the zerotree
and set partitioning methods were extended to multispectral
images and found to perform well. These algorithms used
either KL transforms or VQ methods to handle the spectral
dimension of the data.
Rather than decorrelating the data samples by using a
reversible transformation, some approaches use linear prediction to remove redundancy. The predictive algorithms are
often used in conjunction with data transformations in one or
more dimensions [12, 20]. For instance, spectral redundancy
may be removed using prediction, while spatial redundancies
are removed via a decorrelating transformation.
Correlation in the data can also be accounted for by using
clustering or vector quantization (VQ) approaches, often
coupled with prediction. A number of predictive VQ and
clustering techniques have been proposed [4, 11, 12, 38].
As with predictive algorithms, VQ methods can be combined
with decorrelating data transformations [1, 39].
Finally, some compression algorithms have been devised
specifically for multispectral images, where the authors
assumed the images would be subjected to machine classification. These approaches, which are not strongly tied to twodimensional image compression algorithms, use parametric
modeling to approximate the relationships between spectral
bands [22]. Classification accuracy is used to measure the
effectiveness of these algorithms.
Typical remotely sensed images contain many regions with
differing statistics. For example, surface terrains corresponding to urban structures, agricultural fields, water, and forest
can all be expected to have very different statistics. Therefore,
it is natural to design multispectral image coders which
segment images into homogeneous regions. In this case, each
segmented regions can be coded with an algorithm which is
optimized for its corresponding data. For example, Lee used a
quadtree structure to optimally segment multispectral images
according to a rate-distortion criteria [21]. Other researchers
have taken the approach of segmenting the multispectral
image using spectral and/or spatial features and then applied
specialized coders to each segmented region [10, 26]. A related
approach used segmentation to prioritize image regions, so
that additional information could be sent to refine high
priority regions [29].
Two popular approaches for lossy compression of remotely
sensed multispectral images have emerged in recent years. One
approach is based on predictive VQ, while the other consists
of a decorrelating KL transform across spectral bands in
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conjunction with frequency transforms in the spatial dimensions. We discuss a representative algorithm of each type in
more detail below to help expand upon and illustrate the main
ideas involved in each approach.
Gupta and Gersho propose a feature predictive vector
quantization approach to the compression of multispectral
images [11]. Vector quantization is a powerful compression
technique, known to be capable of achieving theoretically
optimal coding performance. However, straightforward VQ
suffers from high encoding complexity, particularly as vector
dimension increases. Thus, Gupta and Gersho couple VQ with
prediction to keep the vector dimension manageable while
still accounting for all of the redundancies in the data. In
particular, VQ is used to take advantage of spatial correlations, while spectral correlations are removed using prediction. The authors propose several algorithm variants, but
we only discuss one of them here.
Gupta and Gersho begin by partitioning each spectral band
k into P × P nonoverlapping blocks, which will each be coded
separately. Suppose bk(m) is one such set of blocks, with
m = (ml, m2),
m2 E { 0 . - - P -

ml E {0-.. P - 1},
1}, and k ~ { 0 - . . K -

1}.

Figure 4 illustrates the operation of the algorithm for the
two types of spectral blocks bk and bj in this set of blocks.
A small subset L of the K spectral bands is chosen as feature
bands. The number of feature bands will be chosen based on
the total number of spectral bands and the correlations among
them. Vector quantization is used to code each feature band
separately, as illustrated for block bk in the figure. Each feature
band is coded using a separate VQ codebook. Each of the K - L
non-feature bands is then predicted from one of the coded
feature bands. The prediction is subtracted from the actual
data values to get an error block ej for each non-feature band.
If the energy (squared norm) of the error block exceeds a
predefined threshold T, the error block is coded using yet
another VQ codebook. This procedure is illustrated for block
b) in Fig. 4. A binary indicator flag I) is set for each non-feature
band to indicate whether or not the error block was coded.

Ij--

{1

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
Ilejll 2 > T
0 else

To decode, simply add any decoded error blocks to the
predicted block for non-feature bands. Feature bands are
decoded directly using the appropriate VQ codebook. Gupta
and Gersho also derive optimal predictors Pj for their
algorithm and discuss how to design the various codebooks
from training images. See [ 11 ] for details.
One example of a transform-based compression system is
proposed by Saghri, Tescher, and Reagan in [30]. Their
algorithm uses the KL transform to decorrelate the data
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FIGURE 4 Gupta and Gersho's feature predictive vector quantization scheme encodes each spectral block separately,
where feature blocks are used to predict non-feature blocks, thus removing both spatial and spectral redundancy.
spectrally, followed by ]PEG compression on each of the
transformed bands. Like Gupta and Gersho, they begin by
partitioning each spectral band into nonoverlapping blocks,
which will be coded separately. A separate KL transform is
computed for each spatial block, so different regions of the
image will undergo different transformations. This approach
allows the scheme to adapt to varying terrain in the scene,
producing better compression results.

Figure 5 illustrates the algorithm for a single image block.
In this example, the image consists of three highly correlated
spectral bands. The KL transform concentrates much of the
energy into a single band, improving overall coding efficiency.
Saghri, Tescher, and Reagan have designed their algorithm for
use on board an imaging platform, so they must consider a
variety of practical details in their paper. The KL transform is
generally a real valued transform, so they use quantization to
Overhead Bits

,

!
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KL Transform
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_
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Image Block
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Uncorrelated
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Output
Bitstream

FIGURE 5 Saghri, Tescher, and Reagan have devised an algorithm that uses the KL transform to decorrelate image
blocks across spectral bands, followedby ]PEG to remove spatial redundancies. The KL transform concentrates much of
the energy into a single band, improving coding efficiency. Note that the KL transform is data dependent, so the
transformation matrix must be sent to the decoder as overhead bits.
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reduce the required overhead bits. Also, JPEG expects data of specialized applications where metamerism is to be avoided.
only 8 bits per pixel, so in order to use standard JPEG blocks, Many of the proposed compression algorithms for multithey scale and quantize the transformed bands (eigenimages) spectral photographic images leverage strongly from RGB
to 8 bits per pixel. This mapping is also sent to the decoder as compression techniques, and they are often general enough to
overhead. The spatial block size is chosen to give good apply to both RGB images and images with larger numbers
compression performance while keeping the number of of spectral bands. Imai and Berns combine a low resolution
overhead bits small.
multispectral image with a high resolution monochrome
The authors also discuss practical ways to select the JPEG image [14]. The monochrome image contains lightness
parameters to get the best results. They use custom information, while color information is obtained from the
quantization tables and devise several possible schemes for lower resolution multispectral image. Since human viewers are
selecting the appropriate quality factor for each transformed most sensitive to high frequencies in lightness, these images
band.
can be combined to give a high resolution color image with
Saghri, Tescher, and Reagan have found that their system little or no visible degradation resulting from the lower
can give about 40:1 compression ratios with visually lossless resolution of the multispectral data. In this way, the approach
quality for test images containing eleven spectral bands. They of Imai and Berns is analogous to the chrominance subgive both measured distortion and classification accuracy sampling often done during RGB color image coding. Mase
results for the decompressed data to support this conclusion. et al. and de Queiroz both propose algorithms that follow
They also examine the sensitivity of the algorithm to various a spectral transformation by individual compression of the
physical system characteristics. They found that the coding transformed spatial planes [5, 24]. These are analogous to
results were sensitive to band misregistration, but were robust a color transformation followed by separate compression of
to changes in the dynamic range of the data, dead/saturated color planes, which is often used for RGB data.
pixels, and calibration and preprocessing of the data. More
Other researchers have tried to develop multispectral
details can be found in the paper [30].
representations and compression schemes that are at least
Most coding schemes for remotely sensed multispectral somewhat compatible with the standard RGB representations,
images are designed for a MSE distortion metric, but many albeit with extra metameric components. Konig and Praefcke
authors also consider the effect on scene classification accuracy describe several such algorithms based on the multispectral
[12, 30, 37]. For fairly modest compression ratios, MSE is high definition color description (MCD) [19].
often a good indicator of classification accuracy. System issues
As with remotely sensed multispectral data, multispectral
in the design of compression for remotely sensed images are photographs can also be compressed using vector quantizadiscussed in some detail in [40]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
tion or predictive algorithms. Several researchers use VQ-like
clustering algorithms to compress multispectral photographs
2.3 Multispectral Medical and Photographic [44, 15]. Konig proposes a compression algorithm that uses
both spatial and spectral prediction [18]. His algorithm also
Images
subsamples each spectral band according to the MTF of the
Relatively little work has been done on lossy compression for human eye at that wavelength, similar to chrominance
multispectral medical images and photographic images with subsampling.
more than three spectral bands. Medical images are usually
compressed losslessly for legal and diagnostic reasons,
although preliminary findings indicate that moderate degrees 3 Lossless Compression
of lossy compression may not affect diagnostic accuracy. Since
most diagnosis is performed visually, visual quality of Because of the difference in goals, the best way of exploiting
decompressed images correlates well with diagnostic accuracy. spatial and spectral redundancies for lossy and lossless comHu, Wang, and Cahill propose linear prediction algorithms for pression is usually quite different. The decorrelating transthe lossy compression of multispectral MR images [13]. They forms used for lossy compression usually cannot be used for
compare MSE and visual quality of their algorithm versus lossless compression as they often require floating point
several other common compression schemes and report computations which result in loss in data when implemented
preliminary results indicating that diagnostic accuracy is not with finite precision arithmetic. This is especially true for
affected by compression ratios up to 25:1. They do note that "optimal" transforms like the KL transform and the DCT
their results rely on the spectral bands being well registered, so transform. Also, techniques based on vector quantization are
a preprocessing step may be necessary in some cases to register clearly of little utility for lossless compression. Furthermore,
the planes before coding to get good results.
irrespective of the transform used, there is often a significant
Multispectral photographic images with more than three amount of redundancy that remains in the data after
spectral bands are still relatively rare, although these images decorrelation, the modeling and capturing of which constituhave recently been receiving increased attention, especially for tes a crucial step in lossless compression.
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There are essentially two main approaches used for lossless performance were demonstrated, one major limitation of this
image compression. The first is the traditional DPCM approach is the fact that it is two-pass. An optimal ordering
approach based on prediction followed by context modeling and corresponding prediction coefficients are first computed
of prediction errors. The second and more recent approach is by making an entire pass through the data set. This problem
based on reversible integer wavelet transforms followed by can be alleviated to some degree by computing an optimal
context modeling and coding of transform coefficients. For ordering for different types of images. Another limitation of
a detailed description of these techniques and specific the approach is that it re-orders entire bands. That is, it makes
algorithms that employ these approaches, the reader is the assumption that spectral relationships do not vary
referred to accompanying chapters in this volume on lossless spatially. The optimal spectral ordering and prediction
image compression (Chapter 5.1) and wavelet-based coding coefficients will change spatially depending on the character(Chapter 5.4). In the rest of this section, we focus on istics of the objects being imaged.
how techniques based on each of these two approaches can
In the remainder of this sub-section, for clarity of
be extended to provide lossless compression of multi- exposition, we assume that the image in question has been
spectral data. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
appropriately re-ordered, if necessary, and simply use the
previous band as the reference band for encoding the current
band. However, before we proceed, there is one further
3.1 Predictive Techniques
potential complication that needs to be addressed. The
While extending a predictive technique to exploit inter-band
different bands in a multi-spectral image may be represented
correlations, the following new issues arise:
one pixel at a time (pixel interleaved), one row at a time (line
• Band ordering. In what order does one encode the interleaved), or an entire band at a time (band sequential).
different spectral bands. This is related to the problem of Since the coder needs to utilize at least one band (the reference
determining which band(s) are the best to use as band) in order to make compression gains on other bands,
reference band(s) for predicting and modeling intensity buffering strategy and requirements would vary with the
different representations and should be taken into account
values in a given band.
• Inter-band prediction. How to best incorporate additional before adopting a specific compression technique. We assume
information available from pixels located in previously this to be the case in the remainder of this sub,section and
discuss prediction and error modeling techniques for lossless
encoded spectral bands to improve prediction?
• Inter-band error modeling. How to exploit information compression of multispectral images, irrespective of the band
available from prediction errors incurred at pixel loca- ordering and pixel interleaving employed.
tions in previously encoded spectral bands to better
model and encode the current prediction error?
3.1.2 Inter-band Prediction
We examine typical approaches that have been taken to
address these questions in the rest of this sub-section.

3.1.1 Band Ordering
In [41], Wang et al. analyzed correlations between the seven
bands of LANDSAT TM images, and proposed an order, based
on heuristics, to code the bands that result in the best
compression. According to their studies, bands 2, 4, and 6
should first be encoded by traditional intra-band linear
predictors optimized within individual bands. Then pixels
in band 5 are predicted using neighboring pixels in band 5
as well as those in bands 2, 4, and 6. Finally, bands 1, 3, and
7 are coded using pixels in the local neighborhood as well as
selected pixels from bands 2, 4, 5, and 6.
If we restrict the number of reference bands that can be used
to predict pixels in any given band, then Tate [35] showed
that the problem of computing an optimal ordering can be
formulated in graph theoretic terms, admitting an O(N 2)
solution for an N-band image. He also observed that using a
single reference band is sufficient in practice as compression
performance does not improve significantly with additional
bands. Although significant improvements in compression

Let Y denote the current band and X the reference band. In
order to exploit inter-band correlations, it is easy to generalize
a DPCM-like predictor from two-dimensional to threedimensional sources. Namely, we predict the current pixel
Y[i, j] to be

Y[i, j] -- ~
a,bEN1

O~,bY[i- a , j - b] + ~

O'a,,b,X[i- a ' , j - b'],

a',b' EN2

(1)
where N1 and N2 are appropriately chosen neighborhoods that
are causal with respect to the scan and the band interleaving
being employed. The coefficients Oa,b and O'd,b, can be optimized by standard techniques to minimize [[Y- Y[[ over
a given multispectral image. In [28] Roger and Cavenor performed a detailed study on AVIRIS 1 images with different

1Airborne Visible InfraRed Imaging Spectrometer. AVIRIS is a world
class instrument in the realm of earth remote sensing. It delivers calibrated
images in 224 contiguous spectral bands with wavelengths from 400 to
2,500 nanometers (nm).

5.7 Multispectral Image Coding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
neighborhood sets and found that a 3rd order spatial-spectral
predictor based on the immediate two neighbors Y[i, j - 1],
Y [ i - 1, j] and the corresponding pixel X[i, j] in the reference
band is sufficient and larger neighborhoods provide very
marginal improvements in prediction efficiency.
Since the characteristics of multispectral images often vary
spatially, optimizing prediction coefficients over the entire
image can be ineffective. Hence, Roger and Cavenor [28]
compute optimal predictors for each row of the image and
transmits them as side information. The motivation for
adapting predictor coefficients a row at a time has to do with
the fact that an AVIRIS image is acquired in a line interleaved
manner and a real time compression technique would have to
operate under such constraints. However, for offline compression, say for archival purposes, this may not be the best
strategy as one would expect spectral relationships to change
significantly across the width of an image. A better approach
to adapt prediction coefficients would be to partition the
image into blocks, and compute optimal predictors on a
block-by-block basis.
Computing an optimal least-square multispectral predictor
for different image segments does not always improve coding
efficiency despite the high computational costs involved. This
is because frequently changing prediction coefficients incur
too much side information (high model cost) especially for
color images which have only 3 or 4 bands. In view of this, Wu
et al. [42, 43] propose an adaptive inter-band predictor that
exploits relationships between local gradients among adjacent
spectral bands. Local gradients are an important piece of
information that can help resolve uncertainty in high activity
regions of an image, and hence improve prediction efficiency.
The gradient at the pixel being currently coded is known in the
reference band but missing in the current band. Hence, the
local waveform shape in the reference band can be projected to
the current band to obtain a reasonably accurate prediction,
particularly in the presence of strong edges. Although there are
several ways in which one can interpolate the current pixel on
the basis of local gradients in the reference band, in practice
the following difference based inter-band interpolation, works
well.
Y[i - 1,j] + (X[i, j] - X[i - 1, j]) + Y[i, j + (X[i, j] - X[i, j Y[i, j] -

1]

1])
(2)

Wu et al. also observed that performing inter-band
prediction in an unconditional manner does not always give
significant improvements over intra-band prediction and
sometimes leads to a degradation in compression performance. This is due to the fact that correlation between bands
varies significantly in different regions of the image depending
on the objects present in that specific region. Thus it is
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difficult to find an inter-band predictor that works well across
the entire image. Hence, they propose a switched inter/intra
band predictor that performs inter-band prediction only if
the correlation in the current window is strong enough;
otherwise intra-band prediction is used. More specifically,
they examine the correlation Cor(Xw, Yw) between the current
and reference band in a local window w. If Cor(X,,, Y,,) is high
then inter-band prediction is performed else intra-band
prediction is used. Since computing Cor(X,,, Y,,) for each
pixel can be computationally expensive they give simple
heuristics to approximate this correlation. They report
that switched inter-/intraband prediction gives significant
improvement over optimal predictors using inter or intra
band prediction alone. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

3.1.3 Error Modeling and Coding
If the residual image consisting of prediction errors is treated
as an source with independent identically distributed (i.i.d.)
output, then it can be efficiently coded using any of the
standard variable length entropy coding techniques, like
Huffman coding or arithmetic coding. Unfortunately, even
after applying the most sophisticated prediction techniques,
the residual image generally has ample structure which violates
the i.i.d, assumption. Hence, in order to encode prediction
errors efficiently we need a model that captures the structure
that remains after prediction. This step is often referred to
as error modeling. The error modeling techniques employed
by most lossless compression schemes proposed in the literature, can be captured within a context modeling framework.
In this approach, the prediction error at each pixel is encoded
with respect to a conditioning state or context, which is arrived
at from the values of previously encoded neighboring pixels.
Viewed in this framework, the role of the error model is
essentially to provide estimates of the conditional probability
of the prediction error, given the context in which it occurs.
This can be done by estimating the probability density function by maintaining counts of symbol occurrences within
each context or by estimating the parameters of an assumed
probability density function. The accompanying chapter on
lossless image compression (Chapter 5.1) gives more details
on error modeling techniques. Here we look at examples
of how each of these two approaches have been used for
compression of multispectral images.
An example of the first approach used for multispectral
image compression is provided in [28] where Roger and
Cavenor investigate two different variations. First they assume
prediction errors in a row belong to a single geometric
probability mass function (pmf) and determine the optimal
Rice-Golomb code by an exhaustive search over the parameter
set. In the second technique they compute the variance of
prediction errors for each row and based on this utilize one
of eight pre-designed Huffman codes. An example of the
second approach is provided by Tate [35] who quantizes the
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prediction error in the corresponding location in the reference 3.3 Near-lossless Compression
band and uses this as a conditioning state for arithmetic
coding. Since this involves estimating the pmf in each Recent studies on AVIRIS data have indicated that the
conditioning state, only a small number of states (4 to 8) presence of sensor noise limits the amount of compression
are used. An example of a hybrid approach is given by Wu that can be obtained by any lossless compression scheme. This
and Memon [42] who propose an elaborate context forma- is supported by the fact that the best results reported in
tion scheme that includes gradients, prediction errors and the literature on compression of AVIRIS data seem to be in the
quantized pixel intensities from the current and reference range of 5-6 bits per pixel. Increased compression can be
band. They estimate the variance of prediction error within obtained with lossy compression techniques which have been
each context and based on this estimate they select between shown to provide very high compression ratios with little or
one of eight different conditioning states for arithmetic no loss in visual fidelity. Lossy compression, however, may not
coding. In each state they estimate the pmf of prediction be desirable in many circumstances due to the uncertainty
of the effects caused by lossy compression on subsequent
errors by keeping occurrence counts of prediction errors.
Another simple technique for exploiting relationships scientific analysis that is performed with the image data. One
between prediction errors in adjacent bands that can be used compromise then is to use a bounded distortion (or nearlyin conjunction with any of the above error modeling lossless) technique which guarantees that each pixel in the
techniques, follows from the observation that prediction reconstructed image is within +k of the original.
Extension of a lossless predictive coding technique to a near
errors in neighboring bands are correlated and just taking a
lossless
one can be done in a straight forward manner by
simple difference between the prediction error in the current
prediction
error quantization according to the specified pixel
and reference band can lead to a significant reduction in the
value
tolerance.
In order for the predictor at the receiver to
variance of the prediction error signal. This in turn leads to a
track
the
predictor
at the encoder, the reconstructed values of
reduction in bit rate produced by a variable length code like a
the
image
need
then
to be used to generate the prediction at
Huffman or an arithmetic code. The approach can be further
both
the
encoder
and
the receiver. More specifically, the
improved by conditioning the differencing operation based on
following
uniform
quantization
procedure leads us to a nearstatistics gathered from contexts. However, it should be noted
lossless
compression
technique.
that the prediction errors would still contain enough structure
to benefit from one of the error modeling and coding
techniques described above. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Q[x] - 12k + 1] (2k + 1),
(3)

Ix+k]

3.2 Reversible Transform Based Techniques

where x is the prediction error, k is the maximum
An alternative approach to lossless image compression, that reconstruction error allowed in any given pixel and [.J
has emerged recently is based on subband decomposition. denotes the integer part of the argument. At the encoder, a
There are several advantages offered by a subband approach label l is generated according to
for lossless image compression. The most important of which
is perhaps the natural integration of lossy and lossless
l-- 2 k + 1 "
(4)
compression that becomes possible. By transmitting entropy
coded subband coefficients in an appropriate manner, one can
produce an embedded bit stream that permits the decoder to This label is encoded, and at the decoder the prediction error
extract a lossy reconstruction at a desired bit-rate. This enables is reconstructed according to
progressive decoding of the image that can ultimately lead to
lossless reconstruction. The image can also be recovered at
-- l x (2k + 1).
(5)
different spatial resolutions. These features are of great value
for specific applications in remote sensing and "networkNear-lossless compression techniques can yield significantly
centric" computing in general. Although quite a few subband
higher compression ratios as compared to lossless compresbased lossless image compression have been proposed in
sion. For example, 4-1 near-lossless compression can usually
recent literature, there has been very little work on extending
lead to reduction in bit rates by about 1 to 1.3 bits per pixel.
them to multispectral images. Bilgin, Zweig and Marcellin [3]
extend the well-known Zerotree algorithm for compression
of multispectral data. They perform a 3D dyadic subband 4 Conclusion
decomposition of the image and encode transform coefficients
by using a zerotree structure extended to three dimensions. In applications such as remote sensing, multispectral images
They report an improvement of 15% to 20% over the best 2D were first used to store the multiple images corresponding to
each band in a optical spectrum. More recently, multispectral
lossless image compression technique. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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algorithm. IEEE Transactions on Geoscience and Remote Sensing,
images have come to refer to any image formed by multiple
38(1):416-428, January 2000.
spatially registered scalar images, independent of the specific
[7]
B. R. Epstein, R. Hingorani, J. M. Shapiro, and M. Czigler.
manner in which the individual images were obtained. This
Multispectral KLT-wavelet data compression for Landsat
broader definition encompasses many emerging technologies
Thematic Mapper images. In Proceedings of Data Compression
such as multimodal medical images and high fidelity color
Conference, 200-208, Snowbird, Utah, Mar. 1992.
images. As these new sources of multispectral data become
[8] G. Fernandez and C. M. Wittenbrink. Coding of spectrally
more common, the need for high performance multispectral
homogeneous regions in multispectral image compression.
compression methods will increase.
In Proc. IEEE Int. Conf. Image Processing II, 923-926, Lausanne,
In this chapter, we have described some of the current
Switzerland, Sept. 1996.
[9] M. Finelli, G. Gelli, and G. Poggi. Multispectral-image coding by
methods for both lossless and lossy coding of multispectral
spectral classification. In Proc. IEEE Int. Conf. Image Processing
images. Effective methods for multispectral compression
II,
605-608, Lausanne, Switzerland, Sept. 1996.
exploit the redundancy across spectral bands while also incor[10]
G.
Gelli and G. Poggi. Compression of multispectral images by
porating more conventional image coding methods based on
spectral
classification and transform coding. IEEE Transactions
spatial dependencies of the image data. Importantly, spatial
on Image Processing, 8(4):476-489, April 1999.
and spectral redundancy differ fundamentally in that spectral
[11] S. Gupta and A. Gersho. Feature predictive vector quantization
redundancies generally depend on the specific choices and
of multispectral images. IEEE Trans. on Geoscience and Remote
ordering of bands and are not subject to the normal assumSensing, 30(3):491-501, May 1992.
ptions of stationarity used in the spatial dimension.
[12] A. Habibi and A. S. Samulon. Bandwidth compression of
We described some typical examples of lossy image coding
multispectral data. In Proc. SPIE Conf. on Efficient Transmission
methods. These methods use either a Karhunen-Loeve (KL)
of Pictorial Information, 23-35, 1975. vol. 66.
transform or prediction to decorrelate data along the [13] J.-H. Hu, Y. Wang, and P. T. Cahill. Multispectral code excited
linear prediction coding and its application in magnetic
spectral dimension. The resulting decorrelated images can
resonance images. I E E E Trans. on Image Processing,
then be coded using more conventional image compression
6(11):1555-1566, Nov. 1997.
methods. Alternatively, some more recent approaches use
[14]
F. H. Imai and R. S. Berns. High-resolution multi-spectral
joint spatial-spectral compression, often based on spatialimage archives: A hybrid approach. In Proc. Sixth Color Imaging
spectral clustering technologies. Lossless multispectral image
Conference: Color Science, Systems, and Applications, 224-227,
coding necessitates the use of prediction methods because
Scottsdale, Arizona, Nov. 1998.
general transformations result in undesired quantization error.
[15] M. Jovovic. Space-color quantization of multispectral images in
For both the lossy and lossless compression, adaptation to the
hierarchy of scales. In Proc. International Conference on Image
spectral dependencies is essential to achieve the best coding
Processing, 914-917, Thessaloniki, Greece, Oct. 2001.
performance. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[16] T. Keusen. Multispectral color system with an encoding format
compatible with the conventional tristimulus model. Journal of
Imaging Science and Technology, 40(6):510-515, November/
December 1996.
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1 Introduction
The objective of postprocessing is to improve the quality of
the images produced in the decoder of a lossy image compression system. Such systems produce high compression
ratios; however, to do so they also discard information, which
is deemed not important, and thus introduce distortion to the
original image.
The distortions produced by lossy compression algorithms
can be categorized into two classes. First, all lossy compression
algorithms produce what is called "ringing" artifacts. This is
nothing more than a Gibbs type of oscillations around sharpintensity transitions in the image. These artifacts appear
at high compression ratios in all transform-based codecs
due to the low-pass nature of such systems, see for example
Section 3.2 and [22] for the "classic" and the ]PEG 2000
systems, respectively. These systems are by far the most
popular compression systems. Second, the classic ]PEG
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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compression algorithm at high compression ratios produces
what is called "blocking" artifact. This artifact originates
from the independent quantization of the block discrete cosine
transform (DCT) coefficients, which is used in the classic
]PEG algorithm.
Since image compression is an important technologic
problem, there has been a significant effort to improve via
postprocessing the image produced by lossy image codecs.
Consequently, there have been many techniques developed
to ameliorate "ringing" and "blocking" artifacts in compressed images. A survey of these techniques is beyond the scope
of this tutorial chapter. However, generally speaking, such
efforts can be classified broadly into two categories. First,
filtering-based techniques, where the immediate objective is
to ameliorate these artifacts based on certain assumptions
and prior knowledge about the original image that is not
supposed to have such artifacts. The second category consists
of recovery-based techniques, of which the objective is to
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recover the original image rather than ameliorate the compression artifact. In recovery-based methods, the amelioration
of the compression artifact is a "side benefit" that stems
naturally from recovering the original image which is artifact
free.
Traditionally, the fields of signal recovery and compression
have developed separately because the problems that they
examine seem very different and the techniques used seem
unrelated. However, there is a growing consent that the two
fields are quite related. Indeed, in signal recovery, one
attempts to reconstruct the best possible replica of a signal
from limited information. Similarly, the decoder of a lossy
compressed image bit stream is faced with exactly the same
problem. In addition to compression artifacts, errors can also
occur due to the transmission channel. Therefore, signal
recovery techniques need to be used in the receiver to
reconstruct the best possible bit stream and thus "conceal" the
channel errors. Although the channel error "concealment"
problem is very similar, in this chapter we will focus only on
recovery algorithms that ameliorate compression artifacts.
This chapter, presents in a tutorial manner, the second
category of techniques for compressed image postprocessing.
This choice reflects our expertise rather than our opinion
about the relative importance of the two categaries of
techniques; for more details on filtering based techniques
and the error concealment problem see for example [23].
In what follows, we will present two general methodologies
that have been applied successfully by a number of researchers
to recovery-based postprocessing of compressed images. The
choice of these techniques reflects their generality and the fact
that they have been used widely to many other image recovery
problems. More specifically, we will present the projections
onto convex sets (POCS) and the maximum a posteriori
(MAP) methodologies. In Section 2, we present the basic
theory of the POCS methodology, and in Section 3 the details
of the application of POCS to the compressed image
postprocessing problem. In Section 4, the application of the
MAP methodology is presented, and finally in Section 5, we
present our conclusions. Concluding the introduction of this
chapter, we want to point out that even in the context of
the POCS and MAP methodologies for postprocessing of
compressed images, this chapter is not intended to be a survey.
Thus, the choice of the material presented here was mainly
based on our view of its value as representative of this area.

2 Basic Theory of Projections onto
Convex Sets
We begin with a few key concepts related to a convex set.
In a vector space, a set is said to be convex if every point
on the line segment connecting any two points in the set
is also in the set. Thus, for a convex set C the following

holds true: Let Xl, x 2 E C and 0 < / z _< 1, then x - # x 1-~(1 - ~ ) x 2 E C. Or, equivalently, a set C is convex if
X-

/d,X1 +

(1 - / / , ) x 2 E C

(1)

for all X 1 , X 2 E C and 0</z_< 1.
Consider a set C that is closed and convex in a Hilbert
space H (e.g., the Euclidean space Rn). The following holds
true: For each point x 6 H, there exits a unique point x* in
C that is closest to x. In short, zyxwvutsrqponmlkjihgfedcbaZYXWVUT

ilK- x*li - myeC
i n l i x - yil,

(2)

and x* ~ C. Thus, Equation (2) defines a rule that assigns
to every x ~ H its unique nearest neighbor in the set C,
which we shall call the projection of x onto C. This rule is
completely determined by the set C and is called the projector
or projection operator onto C, which we shall denote by Pc.
That is, for every x ~ H its projection Pcx onto C is
defined by [ I x - P c x l [ - minllx - yl[.
y~C

Following the definition of the projector Pc onto a closed
convex set C, we now introduce an extension of Pc called
a relaxed projector. For each constant 2 in the range of (0, 2),
we define an operator Tc as

Tc - I + 2(Pc - I),

(3)

where I is the identify operator on H. That is, for each x E H,
the operator Tc acts in the following fashion

Tcx - x + 2 ( P c x - x) - (1 - i ) x + 2Pcx.

(4)

The constant 2 is called the relaxation parameter of To
Clearly, when the constant 2 = 1, Tc is simply the projector
Pc. As illustrated in Fig. 1, when 2 ~ (0, 1) the point Tcx
lies in-between the point x and its projection Pcx. As a
result, the point Tcx lies outside the set. On the other

Tcx
'//when ~ < 1
FIGURE 1 Geometric interpretation of the operator Pc: when 2 varies from
0 to 2, Tcx traces out the line segment from the point x to the point
x + 2 ( P c x - x).
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hand, when 2 e (1, 2), the point Tcx lies farther away from and the known constraints are described in the form of closed
the point x than the projection Pcx does. These properties convex sets in this space. Without loss of generality, assume
of a relaxed projector are useful for speeding up the con- that there are a total of m such sets C1, C2, . . . , Cm available.
Each set is usually associated with a single constraint,
vergence of projection-type algorithms.
To the best of our knowledge the fundamental theory although sometimes it is convenient to include multiple
of POCS was developed in the 1960s by Gubin et al. [1], constraints in a single set. Then, the intersection of all
Bregman [2], Halperin [3], and Opial [4]. In turn, these these sets, say C o - ~im=aCi, will contain all the possible
researchers built on von Neumann's 1950s work on alternating solutions to the problem because each solution satisfies all
orthogonal projections [5]. This theory was later introduced the available information about the unknown. To find such
to the image processing community by Youla's influential a solution, we apply the iterative POCS algorithms.
work in [6] and [7]. Since then, it has found many
The key to the successful application of the POCS
applications in various signal and image problems [8,9].
method is the definition of the appropriate constraint sets
Assume that C1, C2, . . . , Cm denote m closed convex sets C1, C2,..., Cm to describe the available information. This is
in a Hilbert space H, and Co denotes their intersection the creative part of the problem. The computation of the
set Co -["]im=l Ci. For each i - 1, 2, ..-, m, let Pi denote the projection Pi may be technically challenging but can usually
projection operator onto the set Ci, and Ti denote the corres- be achieved, especially when the sets are defined in an
ponding relaxed projector Ti = I + )~i(Pi- I) for /~i E (0,2). amenable form. Interested readers are referred to [9] for
Then we have the following: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
various types of constraint sets and application examples.
Theorem 1 (Fundamental Theorem of POCS): Assume that For extensions of this theory to non-convex sets, inconsistent
Co is nonempty. Then for every /~i E (0,2), i : 1,2, - . . , m ,
sets, and parallel projections the interested reader is referred
the sequence {Xn} generated by
to [10-15].
Xn+l

--

Tm Tm- l " "

T1 In

(s)

with an arbitrary starting point x0 E H will converge weakly
to a point of Co.
In a Hilbert space H, a sequence {Xn} is said to converge
weakly to a point x* if the inner product (xn, y) converges to (x*, y) for every y E H. In a finite-dimensional
vector space H, as is always the case when we perform
computer implementations, weak convergence is equivalent to strong convergence, i.e., the more familiar form
of lim ][xn - x* [[ = 0.

3 Projections onto Convex Sets-Based
Image Recovery from Compressed Data
3.1 Overview of the Methodology

In this Section we apply the POCS method to solving
the problem of image recovery from compressed image data.
In image compression, a source image is first converted to
n---~ o o
a series of digital symbols and then sent to the receiver (or
The above theorem was first proved by Gubin, Polyak, stored in a storage medium). The receiver then tries to
and Raik in 1967 [ 1]. Later in 1982, Youla and Webb provided recover the source image that produced the received digital
an alternative proof [7]. Youla's approach is based on an symbols. Unfortunately, this process is noninvertible (we
important result by Opial in the fixed-point theory of non- deal here with lossy compression), in that the original
expansive operators [4], which is closely followed in [9].
source image can no longer be recovered exactly from the
The iterative algorithm in (5) is generally known as the received digital symbols (owing to the use of quantization
convex projection algorithm or simply the POCS algorithm. for compression efficiency).
In particular, when the projector Pi is used instead of Ti for
To recover the source image from the compressed data,
each set, the POCS algorithm in (5) reduces to
we will define two types of constraints for this problem:
The first type is defined directly from the available compressed
(6) data, and the other type is defined in the form of prior
Xn+l = PmPm-1 "'" P1Xn.
knowledge about the source image. The latter is introduced
The algorithm in (6) is better known as the alternating to complement the available data such that the recovered
projections, or successive projections algorithm, and is most image will not only faithfully reproduce the received data
frequently used in the literature.
at the receiver, but also be free of undesirable artifacts caused
In its most general form, the POCS method for solving by the compression process (i.e., quantization). While this
a practical problem has the following framework: We want framework is applicable to almost every known compresto recover or determine an unknown quantity about which sion scheme, for clarity we will focus below on a block
some information is known in the form of constraints. DCT-based compression scheme (popularized by JPEG and
The unknown quantity is treated as a vector in a Hilbert space, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
MPEG).
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S. The set of quantized DCT coefficients {/?(u, v)} are
further encoded using a lossless encoding algorithm
such as Huffman encoding. As stated earlier, we shall
ignore this step since the Huffman decoding at the
receiver identically reproduces the coefficients of
Equation (8);
6. At the receiver, after Huffman decoding, the received
coefficients are "dequantized" by the operation

3.2 The JPEG Discrete Cosine
Transform Algorithm
The JPEG DCT encoding/decoding scheme is shown in Fig. 2.
The entropy encoding (decoding) process is ignored in this
discussion since it is an information lossless process. The
following steps are involved:

1. The image to be encoded is partitioned into contiguous
8 x 8-pixel square blocks;
2. Each block is transformed by the DCT given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F(u, v) --/3(u, v)Q(u, v),
F(u,v) =

C(u)C(v)LLf(j,k)cos[.(2J+_71)u~.;
4

j=0 k=o
cos

[.(2k16

round

+ 1)vrr]

3'

rF(u,

(8)

where round is short for rounding to the nearest integer.
The rounding step is information loss),;

Original
image

f(x, y)

. •Segment into
7

Channel

8×8 blocks

q

for u=0, 1, . . . , 7; v=0, 1, . . . , f 7, and for
each block;
1
7. The dequantized coefficients |/3(u, v)[| for each block
t
are used to construct a subimage tha{ is one block of
the reconstructed image. The subimage is obtained via
the inverse block DCT (BDCT)

(7)

where C(u) = 0 for u = 0, and C(u) = 1 otherwise,
and likewise for C(v). Note that the DCT produces
an array of 64 coefficients F(u, v),u--0, 1 , . . . , 7 ; v--0,1, -..,7;
3. The DCT coefficients are normalized using a userdefined normalization array Q(u, v), which is the same
for all blocks. The elements in the normalization array
determine the quantization step size; Larger values
correspond to larger quantization steps. The human
visual system (HVS) contrast sensitivity function can be
used as a guide in determining the elements of Q(u, v).
Thus, components in F(u, v) that are important from
a perceptual point of view would be weighted by
the corresponding components in Q(u, v) in a fashion
that would enhance that particular component with
respect to others;
4. The normalized and quantized DCT value is given by

Entropy decoding[
and
[
dequantization I

(9)

1

E C(u)C(v)F(u, v)cos (2j -"k )uyr

f(j, k) - ~ u=0 v=0

1-

(10)
(2k + 1)v~]
cos
16
'

for j--0, 1, . . . , 7; k - 0 , 1, ..-, 7. The blocks are then
reassembled in their respective order and the entire
image is thus available for display.
As we can see, in both the encoding and decoding
processes, the image is processed on a block-by-block basis.
The existing correlation among the neighboring blocks is
never taken into consideration in either of the two processes.
Hence, the decoded image exhibits discontinuities at the
block boundaries, which are known as blocking artifacts.
As an example, Fig. 3A shows the 512 × 512 gray-scale
"Lena" image, of which only the center 256 × 256 section
is shown for clarity; Fig. 3B shows the same image
when compressed using the JPEG algorithm at 0.24 bits
per pixel (bpp). The blocking artifacts are clearly visible in
this image.

f(i,j) Forward DCT
transform

DCT
~-II Inverse
transform

(uv, I Ouantize
I
and

Channel

~ entropy coding ]

Combine
8x8 blocks

Reconstructed
image

FIGURE 2 The JPEGdiscrete consine transform encoding and decoding process.
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(B)

FIGURE 3 Exampleof compression artifacts: (A) original Lena image and (B) ]PEG compressed image at 0.24 bits per pixel.

3.3 Vector Notation
For simplicity, in the rest of the chapter we treat an N x N
digital image as an N 2 x 1 vector f by scanning either along
rows or columns. This is called lexicographic ordering (by row
or column) and the resulting vector can be viewed as a vector
in the Euclidean space RN2.
Similarly, the corresponding BDCT coefficients of f,
obtained using Equation (7), can be arranged as a vector F in
R N2. Thus, the BDCT functions as a linear mapping
from RN2to R N2. Let B denote the corresponding matrix
of this transformation. That is,
F--Bf.

(11)

Due to the unitary property of the two-dimensional (2D)
DCT transform for each block, the BDCT matrix is also
unitary and the inverse transform satisfies B -a --B T. Then the
inverse DBCT can be written as
f =BTF.

(12)

As already stated, in JPEG coding, each DCT coefficient
is quantized according to Equation (8). This quantization
process can be described mathematically by an operator,
say Q, from R N2 to R N2 such that
~' - Q[F].

(13)

Using this notation, the whole process from the original
image f to the compressed data F can be conveniently
written as
F - Q [Bf].

(14)

zyx

In the following, we let T denote the concatenation of B and
Q for additional simplicity. Then, Equation (14) can be
rewritten as

~ " - i~[f].

(15)

With the above notation, the image decoding problem can
be stated as the following: Given the data F, find an f that
satisfies Equation (15). A seemingly straightforward approach
would be to solve for f from Equation (15) by directly
inverting 2?. Unfortunately, due to the many-to-one nature of
Q, T is also a many-to-one mapping. Therefore, Equation (15)
is not readily invertible. In general, there are many images
that satisfy Equation (15). This is the basis of the projection
method that we describe below.

3.4 Constraint Set Based on
Transform Coefficients
From Equation (15) we can define a fundamental constraint
set as follows:
C ~ - { f 6 R N2" i~[f]- ~'].

(16)

In other words, set C~ consists of all possible images that
can identically reproduce the received compressed data.
Equivalently, C~ can be written as
C~ - {f ~ R N2" (Q[Bf]),-/~,,, n ~ I},

(17)
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where I is the index set of all BDCT coefficients, and fin
denotes the nth component of the vector F. Clearly, C T
effectively defines all the received information (i.e., all the
quantized BDCT coefficients) about the unknown source
image.
In general, C~ is not a closed set in RN2 owing to the fact
that the quantization intervals associated with the coefficients
fin are not closed. Instead, we use the closure of this set
by adding the end points to these quantization intervals.
The resulting set is then defined as follows:
CT --

f

~ R N2 .

max , n ~ I } ,
F min < (Bf)n< Fn

operator Qc such that Qcf yields the difference between
neighboring columns at the block boundaries of f.
For example, for the case of N = 512 and 8 x 8 blocks,
f8 - f9
f16 -- f17

Qcf =

•

(21)

f504 -- f505
Therefore the norm of Qcf

(18)

1

Qcf: I ,,fsi fi+l,,21

(22)
where F min, F maX are the end points of the quantization
ki=l
interval determined from the knowledge of fin.
It is easy to show that CT is convex. The projection onto
is a measure of the total variation in image intensity between
CT can be derived as follows: Consider a vector g ~ CT.
the boundary columns of adjacent blocks. For clarity, the
Since BDCT is unitary, for any point f ~ CT we have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
operator Qc is illustrated in Fig. 4.
Accordingly, we introduce the following constraint set
(19)
IIg - f II2 = 1[Bg - Bf -- E [(Bg)"-(Bf)n] 2"
n6I
Cc = {f ~ R N2" [IQcfll < E},
(23)

II

Thus, Ilg-

f ll is minimized when f satisfies the following:

(Bf)n=

F min

if (Bg)n< F min

FmaX

if (Bg)n> FmaX

(Bg)n

otherwise.

(20)

for each n. Therefore, the projection of g is computed as
PTg = BTF, where the components of F are determined
according to Equation (20).

3.5 Constraints Based on Prior Knowledge
As stated earlier, during the encoding process a source image
is first divided into nonoverlapping blocks, which are then
transformed and quantized independently. This creates
artificial discontinuities across neighboring blocks in the
resulting image, referred to as blocking artifacts. Consequently, we need to introduce prior knowledge into the
decoding process to restore the continuity in the image.
That is, we need to enforce some degree of smoothness across
neighboring blocks. As in all POCS algorithms, this prior
knowledge must be described in the form of a constraint
set, which is the creative part of a POCS method. While
there might be a number of possibilities, one particularly
effective technique is to directly bound the total variation
across the block boundaries of the image.
Below we describe the variation separately for image
columns and rows at the block boundaries. For convenience,
we denote the vectors formed by the different columns of
an N x N image f as {fl,f2, . . . , fN}. We introduce a linear

where E is a scalar upper bound that defines the allowable
amount of total variation of the boundary columns. The
choice of E is discussed later in the recovery algorithm section.
It is easy to demonstrate that the set Cc is closed and convex.
The projection Pcg of a vector g ~ Cc onto Cc is computed
as follows: Let {gl,g2, " ' ' , g N } denote the column vectors
of g. Then the column vectors {g~,g~, .-.,g~v} of Pcg are
given by

g~ =

otg i + (1 -- a)gi+ 1

for i -- 8, 16,24, ...

(1 -- ot)gi_ 1 + otg i

for i = 9, 17,25, ...

gi
f8 f9

(24)

otherwise,
f16 f17 f24 f25

.................

J

FIGURE 4 Reducing blocking artifacts by enforcing continuity between
neighboring columns at block boundaries.
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where the subscript a is a reminder that it is a constraint
where o~ is a constant computed as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
upon the amplitude of the image. This set is closed and
convex. The projection of a vector g onto Ca is given by
1 1+
(25) g* = Pag with its components defined by

Clearly, ~1 < ot < 1 for g ~ Ca.
Note that the projection in Equation (24) is remarkably
simple. It modifies only the columns at the block boundaries,
and leaves the rest of the columns unchanged.
The projection in Equation (24) is derived as follows:
We seek f ~ Cc such that J i g - f[I is minimized. Toward this
goal, we construct the Lagrange functional

O,
g* (i, j) -

255,

g(i, j),

if g(i, j) < 0
if g(i, j) > 255,

(31)

otherwise.

Let us now summarize the various constraint sets introduced
above:

• CT, the constraint set on DCT coefficients, with projector

iif

](f) _

_ g[[2+ A [[[Qcf[[ 2 - E2].

(26)

With {fl,f2, " ",fN}, {gl,g2, "" ",gN} denoting the columns
of f and g, respectively, the Lagrange functional becomes

](f)-

Z

l[f, - g,[I

j=l

+'~

]]f8.i- f8.i+1]] 2 - E2 ,
i=1

(27)
where [xJ denote the largest integer no larger than x.
Setting the partial derivatives NO/ i f ) - 0, we obtain

(28)
--

g8.i+1 -- ~,(fs.i -- f8.i+l)

=

0

for i-- 1, 2, . . - , L(N - 1)/8J, and fj - g j - O for the rest of the
columns j.
From Equation (28) we can easily obtain
f8.i -- cgg8.i -t- (1 -- c0g8.i+1, and
(29)
f8-i+ 1 - - (1 -- or)g8, i + otg8.i+l,
1+2 The constant oe is then solved from the
where a - zX1+22"
constraint that [[Qcf]]2= E 2.
In a similar fashion, a set Cr (subscript r is for row) and
projector Pr, that captures the intensity variations between
the neighboring rows of adjacent blocks can be defined.
For brevity, the details are omitted here.
Besides the sets previously defined, another useful set is
the set that captures the information about the range of the
pixel values of an image. For example, for an 8-bit N x N
gray-scale image, this set is defined by

C a - { f ~ R N2 " O < f(i, j) < 255, 1 < i , j < N ] ,

Using these convex sets, a POCS-based recovery algorithm can
be defined in the decoder to reconstruct the compressed
images.

3.6 Recovery Algorithm

f 8 . i - g8.i + 2(f8.i- f8.i+1) -- 0
f8.i+l

PT;
• Co the constraint set on the total variation at the column
boundaries, with projector Pc;
• Cr, the constraint set on the total variation at the row
boundaries, with projector Pr;
• Ca, the constraint set on the allowable range of pixel
amplitudes of the image, with projector Pa.

(30)

The perceptive reader might have conjectured that by reducing
the discontinuity across the block boundary, new discontinuities might be introduced in the columns (rows) adjacent
to the original boundary columns (rows). That is, as the
discontinuities at the block boundaries are ameliorated by
projections, secondary discontinuities might be produced
that "propagate" away from the boundary. The solution to
this problem is to also define continuity constraints similar
to Cc (Cr) for pairs of adjacent columns (rows) that are away
from the block boundaries. These constraints are repeated
until all eight columns (rows) are ameliorated. We use the
symbol-Pc(Pr) to denote the composition projector that
sequentially reduces both the blocking artifacts at the
boundary columns (rows) and the induced column (row)
discontinuities within the block.
With /5c and /~r defined as above, the POCS recovery
algorithm can be described as follows:
^

^

• Set f 0 - f, where f is the JPEG reconstructed image by the
inverse BDCT matrix, i.e., f - Br~';
• For k = 1, 2 , . . - , compute fk from
fk -- PaPcPrPrfk-1 ;

(32)

• Continue the iteration until [[fk -- fk-l [[ is less than
some prescribe threshold value.
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To be complete, recall that the definition of the constraint
set Cc involves the constant upper bound E. In our experiments [16], it was determined from the IPEG reconstructed
image t" in the following fashion: with [fl,f2, "'',fN]
]
t
denoting the columns of f,
1

ljSj

•

(33)
E=7k=l

29.58 dB. Thus, the image recovered by the POCS algorithm is
also closer to the original source image.
Finally, it was found in our experiments that the POCS
algorithm converged very quickly, typically requiring less than
ten iterations. A detailed analysis on the computational cost
of this algorithm can be found in [17], which concludes that
for 512 x 512 images with 8 x 8 DCT blocks, the POCS
algorithm typically requires 10 to 17 times the computations
of a conventional JPEG decoder without any postprocessing.

i=1

3.7 Adaptive Processing
This is the average variation between pairs of adjacent
columns that are inside the coding blocks. Of course, one
may further reduce this upper bound so that a smoother
image can be recovered. In a similar fashion, the upper bound
for the constraint set Cr can be determined from pairs of
adjacent rows in t'.
As an application example, Fig. 5 shows the recovered image
using this algorithm from the compressed data shown earlier
in Fig. 3B. As can be seen, blocking artifacts have been
greatly suppressed in this image. As an objective distance
measure between a recovered image g and the original source
image f, the peak signal-to-noise ratio (PSNR) was used.
For N x N images with [0, 255] gray-level range, PSNR
is defined as

While the constraint set Cc defined in Equation (23) effectively suppresses discontinuities between neighboring blocks,
the image pixels at the block boundaries are processed in
a uniform fashion by the projection in Equation (24).
In practice, it might be more desirable to use spatially
adaptive processing for the following reasons. First, the
statistics of a natural image are typically nonstationary in
the spatial domain, and it would be beneficial to exploit the
local statistics of the image by a processing algorithm. Second,
due to the frequency masking effect, compression artifacts
in an image are not perceived uniformly by the HVS. For
example, blocking artifacts in a smooth region are typically
more visible than that in a texture (or edge) region in an
image (e.g., Fig. 3). Thus, it becomes challenging to further
incorporate this prior knowledge into the POCS recovery
algorithm.
Toward this end, we modify the definition of the constraint
set Cc as follows:

zyxwvutsrqponm
2552 X N 2

PSNR-- 101°gl° II
II"g-f"2 •

(34)

The PSNR of the POCS recovered image in Fig. 5 is 30.30 dB.
In contrast, the PSNR of the JPEG image in Fig. 3B is

R N2° I[WQcf[[ 5_ E},

CWC- { f E

(35)

where W is a diagonal matrix applied to the difference
term Qcf at the block boundaries. For a 512 × 512 image
and 8 x 8 DCT blocks, Qcf is a (512.63)x 1 vector, and
correspondingly, W -- diag(w2, w2, " " , w512.63),where diagonal elements wi, i=1,2, ...,512.63 are defined according
to the local statistics of the image. Consequently, the
quantity [[WQcf[[ corresponds to a weighted version of the
between-block variation adjusted by the image statistics.
To better understand how the weights wi in W are defined,
let's first examine the projection onto the new set Cwc. It is
straightforward to show that Cwc is both convex and
closed. For convenience, assume 512 x 512 images and 8 x 8
DCT blocks. Furthermore, we rewrite the diagonal matrix
W in a block form as

W -FIGURE 5 Projection onto covex sets recovery of the compressed Lena
image, peak signal-to-noise ratio = 30.30 dB.

wl

0

0

w2

.

.

•

o

0

0

...

0

...

.

0

.

.

°
''"

W63

(36)
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where each sub-matrix Wk, k--1, 2 , - . - , 63, is written in the
form

-Wlk

o

0

w2k

0
(37)

Wk~

0

0

W~12 _

That is, the diagonal elements in Wk are related to those in
W by the relation
k__

W512.(k_l)+j

for j -- 1, 2, . . . , 512.

'

Thus, the difference between the neighboring pixels at the
boundaries will be reduced more in areas where the weighting
factors wk (i.e., wi) are large than in areas where they are
small. In particular, consider the following two extreme
cases: when wk--cx~, the corresponding neighboring pixels
after projection will become simply their average, which
corresponds to maximal smoothing; on the other hand, when
wk - 0 , the corresponding pixels will remain unchanged, hence
no smoothing occurs.

3.8 Choice of Weight Factors in W
for Adaptive Processing

(38)

As discussed above, the choice of the weight factors in W
should reflect the local statistics of the image and the
perceptual properties of the HVS. For an image the intensity
Accordingly, the weighted variation term ][~VQcf[] can be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
at pixel location (i, j) can be modeled as a random variable
written as IIW0cfllIlwk(fs-k- f8k+l)ll , with {f~,f2, with m e a n # i , j and variance a 2. The mean serves as a measure
Lk=l
l,J"
of the local brightness, and the variance serves as a measure
• " , fN} denoting the column vectors of f.
Consider an image vector g ~ G. Its projection Pwcg onto of the local detail at location (i, j).
Thus, from the operation of the projector Pwo the weights
Cw~ is derived as follows: We seek f E Cw~ such that IIg- f ll is
should
be a decreasing function of the local variance a2j.
minimized, for which we construct the Lagrange functional
An example of such a function is

12

/(f) -

Ilf -

gll2-1-2[llWQcf[12-E2].

(39)
1

Omitting the derivation details, we can write the columns
{g~, g~, . - . , g~} of the resulting projection Pwcg as
,

1

1

1

1

g8.k -- ~ (g8.k + g8.k+l) + ~(1 + 22W[Wk)-1(g8.k -- g8.k+l)
,

g8.k+l -- ~ (gS.k + g8.k+l) -- ~(1 + 22W[Wk)-1(g8.k -- g8.k+l),

(4o)
for k = l , 2 , •.-,63; and the rest of the columns of g
remain unchanged. The constant 2 is determined from the
condition that IIWQ g, II- , which we will further discuss
below in detail.
The spatially adaptive nature of the projector Pwc can be
readily seen from Equation (40). Indeed, the matrix term
(1 + 2~W~Wk) -1 can be written as

w(i, j) - - ~ ,
1 +ai,j

where 1 is added to the denominator to avoid mathematical anomalies when a.t,y
2 - 0 . A range-compressed form
of this function is given by

w(i, j ) - In 1 + 1 + 1ai,j]

• • •

0

l+2;~(wk) 2

0

.-.

ai,j3"

(44)

0

(41)

0

(43)
"

In our experiments [17], we noticed that the blocking
artifacts were more visible in bright than in dark areas when
the image was viewed on a monitor• A function which
captures this property is

w(i, j) -- In 1 + 1 +
l+2~(W~) 2

(42)

1
1-'[-2/]'(wk12) 2 -

We acknowledge that an exact form for the weight factors
is difficult to determine as it is likely dependent on the
medium and viewing conditions under which the images are
presented. Nevertheless, the functions given above were
found to yield improved results for image recovery from
compressed data.
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3.9 Determination of Constant 2 in
the Projector Pw~

As stated previously, the constant 2 is solved from the
condition [[WQcg* [[ - E , or equivalently, [[WQcg* [[~ E 2.
From Equation (40) we obtain

zyxwvutsrqp

g*8.k-- g*8.k+1 -- ( 1 + 22W~Wk)-1(g8-k -- gS.k+l)•
Thus, we have

Qcg* - (1 + 2),wTw)-IQcg.

(45)

(46)

Letting di, i--1,2, ...,512.63, denote the components
of the vector Qcg, we can write the condition [[WQcg*I[i--E 2 as

5•3

w~d~

- E 2.

(47)

i=1 (1 + 22w2) 2 -

Clearly, Equation (47) can have many roots in 2. Thus,
the immediate question that arises is which of these
roots corresponds to the actual projection in Equation (40).
It has been shown that [17] Equation (47) has one and
only one root 2* that is positive, and that it is this positive root
that gives the projection in Equation (40).
The next question is how to find this positive root 2*.
Clearly, numeric methods have to be applied. In particular,
if we let ~ ( 2 ) =

512.63

~

i=1

w~/d2

(1+22w~i)2- E 2, it can be further shown

[17] that the iterates generated by the Newton's method
2k+l

-- 2k -- dP(2k)/dPt(2k),

k = O, 1,2, . . .

(48)

with 2 0 - 0 will always converge to the positive root 2* in
t h e following m a n n e r : ,~k+X >,~k and [,~k+l -- '~*[< ['~k -- '~* ]"
In experiments, we found that the algorithm in (47) converged
rather quickly. Typically only a few iterations would yield
adequate accuracy.

3.10 The Recovery Algorithm
So far we have focused on the set Cwo which is modified
from the original set Cc such that it enforces spatially adaptive
continuity between the neighboring columns of adjacent
blocks in an image. Similarly, we can define a set Cwr for the
neighboring rows of adjacent blocks. Furthermore, these
constraints can also be extended to pairs of adjacent columns
(rows) that are away from the block boundaries in order to
suppress any secondary discontinuities that might arise from
the projections. These constraints are repeated until all eight

FIGURE 6 Projection onto complex sets recovery of the compressed Lena
image using adaptive processing, peak signal-to-noise ratio = 30.43 dB.

columns (rows) are considered. Having defined all these new
constraint sets, they are substituted into the POCS recovery
algorithm previously defined in Equation (32).
As an example, we show in Fig. 6 the recovered image using
these spatially adaptive constraint sets from the same
compressed data shown earlier in Fig. 3B. Compared to the
previous result in Fig. 6, most of the high-frequency features
such as textures and edges of the image are notably better
preserved in Fig. 5. In addition, the PSNR of this image is
30.43 dB, which is also slightly higher than that of the image in
Fig. 6. In our experiments, Equation (43) was used for
determining the weight factors, for which the local image
mean and variance were estimated directly from the
compressed data. Interested readers are referred to [17]
for more details.

4 Maximum A Posteriori Estimation for
Postprocessing of Compressed Images
Let us denote by vector g and f the observed and the unknown
image is treated as a deterministic quantity, the maximum
likelihood (ML) is commonly used to obtain an estimate of it.
In this case, the probability density function or likelihood
function p(g/f) is formed. The ML estimator of f is obtained
by maximizing either the likelihood, that is, fML =
argrnax{p(g/f, 0)}, or the log likelihood function, that is,
fML ~ argmax{log[p(g/f, 0)]}. The implicit assumption here
is that the funknown parameters 0 ?? The ML estimator
has been used extensively and has many desirable properties
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(see, for example, [93] for more details). Its main shortcoming, however, is that it is based exclusively on the
observation-unknowns relationship and does not allow for
the incorporation of prior knowledge about the unknowns
which are treated as deterministic parameters.
Frequently in many problems of interest there arise
situations where from the observations g alone one cannot
define precisely the unknowns. In other words, the
observations-to-unknowns relation is one-to-many. This is
also the case in the problem of inferring the original image
from the compressed data. In other words, due to quantization
as explained previously, there is an infinite number of images
not necessarily similar in appearance that all satisfy the
compressed data.
To ameliorate this difficulty, in MAP estimation f is
modeled to be a sample of a random field. Prior knowledge
about them is assumed in the form of the prior PDF
p(f), which is assumed known. The MAP estimator is
obtained by maximizing the posterior according to fMAP =
argmax{p(f/g)]. Since the posterior is not known, Bayes rule
f
.
.
.
p(g/f)p(f)
•
f is used and the posterior lS written as P(f/g) =~--'D~z Since
the denominator of the posterior does not depefi~)on f the
MAP estimator is found as
fMAP -- arg mfax{p(f/g)} -- arg mfax{p(g/f)p(f )1.

(49)

alternatively, if the observations are assumed to be the
reconstructed image they are given by
g -- B T Q [Bf];

(52)

where B and Q represent the BDCT transform and the
quantization operators, respectively.
The MAP formulation requires the definition of the
likelihood p(g/f). Various definitions have been used for
that. In [19], the BDCT coefficients are used as observations g
and the likelihood is defined as
_ [1

if

g-Q[Bf]

i

if

g # Q[Bf]

P(g/f)

0

(53)

Since
l°gP(g/f)- J

0

if
if

/ -oo

g-Q[Bf]
g#Q[Bf]

(54)

the MAP estimator in Equation (50) can be written as the
constrained optimization problem
fMAP

-

-

arg min 1-- log(p(f)) }

(ss)

fECT "

where C T is the set of images that compress to g, [i.e., this set
is identical to the set defined in Equation (18)].

If the log is used
fMAP -- arg mfax{log(p(g/f)) + log(p(f ))}.

(5o)

4.2 Definition of Image Prior
Crucial to the success of the recovery algorithm is the
Thus, to find the MAP estimator ones needs the following:
definition of the prior p(f) on the recovered image f. In [19],
(a) to define the likelihood function, that is, the probabilistic
a non-Gaussian Markov random field (MRF) model was used.
relationship between the observations and the unknowns; and
Such models have been shown to successfully model both
(b) to define a prior on the unknowns to introduce desired
the smooth regions and discontinuities present in images.
a priori properties to the estimate of the unknowns. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A Gibbs distribution is used to explicitly describe the
distribution of MRFs. A Gibbs distribution is a distribution
that can be expressed in the form

1 (

4.1 Definition of Likelihood
Using the same notation as for the POCS methodology the
original N x N digital image f that needs to be estimated is
an N 2 × 1 vector in an R N2 Euclidean space by scanning
either along rows or columns. The observation can be either
assumed to be the transmitted BDCT coefficients or the image
reconstructed by them. If the observations g are assumed to
be the BDCT coefficients they are given by
g -- Q [Bf];

(51)

p(f) -- ~ exp - Z

Vc(f)

)

(56)

cEC

where Z is a normalizing constant, Vc(f) is any function of
a local group of points c and C is the set of all such local
groups. More specifically the model used in this work has
the form

p(f)

-

1¢xp(1 E
cEC

)

p (dyf) ,

(57)
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As a result of the choice of the image model, this results in
a convex (but not quadratic) constrained optimization, which
can be solved using iterative techniques. Since the set CT is
convex, the "gradient projection" algorithm is known to
u 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
converge to the constrained minimum of this problem
[Mpertsekas]. Such an algorithm is given by

u)

FIGURE 7 Huber
function.

fk+l -

~k + akrk

~k+l _

pT(fk+l) '

(61)

-T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
T
where the index k denotes the iteration, the operator PT
the projector onto the set CT given in Equation (20), the
minimax function Pc() superimposed on quadratic

vector r k the gradient with respect to f of the objective
function )-~ceCVc(f), and the scalar ak is the step along the
where 2 is a positive scalar, dc is a difference operator at gradient. The gradient of the Huber function can be computed
in a closed form in [19]. The choice of the step size is based
location c, and PT(') is a function given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
on a quadratic approximation of the nonquadratic function
u 2,
lul < T,
in (60).
(58)
The standard Lena image compressed at 0.2644 bpp by
pT(U) -- T 2 + 2 T ( l u l - T), lul > T.
the JPEG algorithm was used to demonstrate this algorithm.
The function Pc() superimposed on a quadratic is shown in The result of JPEG decompression of this image is shown
in Fig. 8A. The result of postprocessing this image is with the
Fig. 7.
MAP
algorithm previously presented shown in Fig. 7B. The
The difference operator dc is defined as
number of iterations needed to sufficiently reduce the artifacts
is dependent on the severity of the degradation. More
[dTf]ceC = [fm,n- fk, l] with k, I~ Nm,n and 1 < m, n < N,
iterations are required for convergence with more severe
(59)
degradation. Notice that the blocking effects have been
with Nm,n the nearest eight neighbors of pixel (m,n) and N removed in the postprocessed image. This can be most easily
the dimension of the image. Since pr(~) is convex, this parti- seen in the shoulder and background regions. Notice that
cular form of the MRF results in a convex optimization while the discontinuities due to the blocking effects have been
problem when used in MAP estimation. Therefore, such MAP smoothed the sharp discontinuities in the original image such
estimates will be unique and can be computed efficiently. as along the hat brim have been preserved.
The function pT(~) is known as the Huber minimax function
[20] and for that reason this statistical model is called the
Huber Markov random field (HMRF) model. The use of PT(u) 5 Conclusions
in the prior does not penalize large differences as heavily
as a quadratic function used in a Gaussian model. Thus, the In this chapter, we presented two methodologies that have
generation of edges is "encouraged" more than in a Gaussian been used for recovery-based postprocessing of compressed
MRF model. Note also that the Gaussian model is a special images. Since the purpose of this chapter was tutorial rather
case of the HMRF model.
than a review, the methodologies presented here by no means
exhaust the topic. However, they are representative of the
work
in this field. Other projection-based recovery methods
4.3 Image Reconstruction Algorithm
have used different smoothness constraint sets to capture
The MAP estimate can now be written as
both local and global smoothness properties of images.
Recovery methods based on Bayesian methodologies have
also been applied to this problem. For example, in [25] the
f ~ n P - argmin{
E l e c t cec Vc(f)}
hierarchial Bayesian methodology has been applied for
(6o) obtaining estimates of both the original image and the hyper
parameters required to determine the utilized image and noise
-- argmin{ y ~
E p T ( f m , n--fk, l)}.
models. A review of the postprocessing of compressed images
fECT l<m,n<N k, lENm,n
problem is presented in [26].
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(A)

(B)

FIGURE 8 A: Compressed Lena at 0.2644 bpp, and B: postprocessed with T = 1.
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1 Introduction
The subject of video coding is of fundamental importance
to many areas in engineering and the natural and perceptual
sciences. Video engineering is quickly becoming a largely
digital discipline although analog TV transmission is still by
far the mainstay around the world. Digital transmission
of television signals via satellites is commonplace, and
widespread HDTV terrestrial transmission began in 2000
and is targeted to become the default transmission standard in
the United States by 2006. Video compression is an absolute
requirement for the growth and success for the low bandwidth
transmission and storage of digital video signals. Video
encoding is used wherever digital video communications,
storage, processing, acquisition, and reproduction occur.
The transmission of high quality multimedia information
over high speed computer networks is a central problem in
the design of quality of services (QoS) for digital transmission providers. The Motion Pictures Expert Group (MPEG)
finalized four well known encoding standards, MPEG-1,
MPEG-2, MPEG-4, and MPEG-7. MPEG-1 and MPEG-2
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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define methods for the transmission of digital video information for multimedia and television formats. The MPEG-4
standard, which was adopted in 1999, specifically addresses the
transmission of very low bit rate video by introducing the
notion of media objects which are made up of audio, visual, or
audiovisual content. It is targeted to satisfy the needs of
audiovisual content authors, service providers, and end users.
The MPEG-7 standard, which was adopted in 2001, defines
audiovisual content storage and retrieval services (Sections 9.1
and 9.2 discuss video storage and retrieval). An aspect central
to each of the MPEG standards are the video encoding and
decoding algorithms that make digital video applications
practical. The MPEG standards are discussed in Sections 6.4
and 6.5.
Video compression not only reduces the storage requirements or transmission bandwidth of digital video applications, but also affects many system performance tradeoffs.
The design and selection of a video encoder therefore is not
only based on its ability to compress information. Issues such
as bit rate versus distortion criteria, algorithm complexity,
transmission channel characteristics, algorithm symmetry
777
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versus asymmetry, video source statistics, fixed versus variable information or distortion measure is usually evaluated using
rate coding, and standards compatibility should be considered the mean square error (MSE), mean absolute error (MAE)
in order to make good encoder design decisions.
criteria, or peak signal-to-reconstruction noise (PSNR),
The growth of digital video applications and technology
1
M
N
in the last few years has been explosive, and video
MSE = M N E E [I(i,j) - ~(i,j)]2
compression is playing a central role in this success. Yet,
i=1 j=l
the video coding discipline is relatively young and certainly
will evolve and change significantly over the next few years.
1
M
N
For instance, perceptual based video encoding research is still
relatively young and promises to be able to significantly
influence the future course of the discipline. Research in
video coding has great vitality and the body of work is
PSNR -- 20 log10 M S E 1 / 2 ,
significant. It is apparent that this relevant and important
topic will have an immense affect on the future of digital
for image I and its reconstructed image I, pixel indices
video technologies. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 < i < M and 1 < j < N, image size N x M pixels, and n bits
per pixel. The MSE, MAE, and PSNR as described here are
2 Introduction to Video Compression
global measures and do not necessarily give a good indication
of the reconstructed image quality. In the final analysis, the
Video or visual communications require significant amounts
human observer determines the quality of the reconstructed
of information transmission. Video compression as considimage and video quality. The concept of distortion versus
ered here, involves the bit rate reduction of the digital video
coding efficiency is one of the most fundamental tradeoffs in
signal carrying visual information. Traditional video based
the technical evaluation of video encoders. The topic of
compression like other information compression techniques,
perceptual quality assessment of compressed images and video
focuses on eliminating redundancy and unimportant elements
is discussed in Section 8.2.
of the source. The degree to which the encoder reduces the
Video signals contain information in three dimensions.
bit rate is called its zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
coding efficiency, or equivalently its inverse
These dimensions are modeled as spatial and temporal
is termed the compression ratio, i.e.,
domains for video encoding purposes. Digital video compression methods generally seek to minimize information
coding efficiency = (compression ratio) -1
(1) redundancy independently in each domain. The major
-- encoded bit rate/decoded bit rate.
international video compression standards (MPEG-1,
MPEG-2, MPEG-4, H.261, H.262, and H.263) use this
Compression can be a lossless or lossy operation. Due to the approach. Figure 1 schematically depicts a generalized video
immense volume of video information, lossy operations are a compression system that implements the spatial and temporal
key" element used in video compression algorithms. The loss of encoding of a digital image sequence. Each image in the
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sequence Ik is defined as in Eq. (2). The spatial encoder
operates on image blocks, typically on the order of 8 × 8
pixels each. The temporal encoder generally operates on
16 × 16 pixel image blocks. The system is designed for two
modes of operation, the intraframe mode and the interframe
mode.
The single layer feedback structure of this generalized
model is representative of the encoders that are recommended
by the International Standards Organization (ISO) and International Telecommunications Union (ITU) video coding
standards MPEG-1, MPEG-2/H.262, MPEG-4, and H.261 [1,
2, 3, 4]. The feedback loop is used in the Interframe mode
of operation and generates a prediction error between the
image blocks of the current frame and the current prediction
frame. The prediction is generated by the motion compensator.
The motion estimation unit creates motion vectors for each
16 x 16 block. The motion vectors and previously reconstructed frame are fed to the motion compensator to create
the prediction.
The intraframe mode spatially encodes an entire current
frame on a periodic basis, such as every 15 frames, to ensure
that systematic errors do not continuously propagate.
Intraframe mode will also be used to spatially encode a
block whenever the Interframe encoding mode cannot meet its
performance threshold. The intraframe versus interframe
mode selection algorithm is not included in this diagram. It
is responsible for controlling the selection of the encoding
functions, data flows, and output data streams for each mode.
The intraframe encoding mode does not receive any input
from the feedback loop. Ik is spatially encoded, and
subsequently encoded by the VLC forming Ike, which is
transmitted to the decoder. The receiver decodes Ike producing
the reconstructed image sub-block Ik. During the interframe
coding mode, the current frame prediction Pk is subtracted
from the current frame input Ik to form the current prediction
error Ek. The prediction error is then spatially and VLC
encoded to form Eke and is transmitted along with the VLC
encoded motion vectors MVk. The decoder can reconstruct
the current frame Ik using the previously reconstructed frame
Ik-l(stored in the decoder), the current frame motion vectors,
and the prediction error. The motions vectors MVk operate
on Ik-1 to generate the current prediction frame Pk.
The encoded prediction error Eke is decoded to produce the
reconstructed prediction error Ek. The prediction error is
added to the prediction to form the current frame Ik. The
functional elements of the generalized model are described
here in detail.
• Spatial operator ~ This element is generally a unitary
two dimensional linear transform, but in principle can
be any unitary operator that can distribute most of the
signal energy into a small number of coefficients, i.e.,
decorrelate the signal data. Spatial transformations are
successively applied to small image blocks in order to

take advantage of the high degree of data correlation in adjacent image pixels. The most widely used
spatial operator for image and video coding is the discrete
cosine transform (DCT). It is applied to 8 x 8 pixel
image blocks, and is well suited for image transformations because it uses real computations with fast
implementations, provides excellent decorrelation of
signal components, and avoids generation of spurious
components between the edges of adjacent image blocks.
QuantizerThe spatial or transform operator is
applied to the input in order to arrange the signal into
a more suitable format for subsequent lossy and lossless
coding operations. The quantizer operates on the transform generated coefficients. This is a lossy operation
that can result in a significant reduction in the bit rate.
The quantization method used in this kind of video
encoder is usually scalar and non-uniform. The scalar
quantizer simplifies the complexity of the operation
as compared to vector quantization (VQ). The nonuniform quantization interval is sized according to the
distribution of the transform coefficients in order to
minimize the bit rate and the distortion created by
the quantization process. Alternatively, the quantization
interval size can be adjusted based on the performance of
the human visual system (HVS). The Joint Pictures Expert
Group (JPEG) standard includes two (luminance and
color difference) HVS sensitivity weighted quantization
matrices in its "Examples and Guidelines" annex. JPEG
coding is discussed in Sections 5.5 and 5.6.
Variable length coding m The lossless variable length
coding (VLC) is used to effectively exploit the
"symbolic" redundancies contained in each block of
quantized transform coefficients. This step is termed
"entropy coding" to designate that the encoder is
designed to minimize the source entropy. The VLC is
applied to a serial bit stream that is generated by
scanning the transform coefficient block. The scanning
pattern should be chosen with the objective of maximizing the performance of the VLC. The MPEG encoder
for instance, describes a zigzag scanning pattern that
is intended to maximize transform zero coefficient run
lengths. The H.261 VLC is designed to encode these run
lengths using a variable length Huffman code.
The feedback loop sequentially reconstructs the encoded
spatial and prediction error frames and stores the results
in order to create a prediction for the current image subblock. The elements required to do this are the inverse
quantizer, inverse spatial operator, delayed frame memory,
motion estimator, and motion compensator.

• zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
Inverse operators m The inverse operators Q-1 and T -1
are applied to the encoded current frame Ike or the
current prediction error Eke in order to reconstruct and
store the encoded frame for the motion estimator and
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motion compensator to generate the next prediction
frame,
• Delayed frame memory m Both current and previous
frames must be available to the motion estimator and
motion compensator to generate a prediction frame.
The number of previous frames stored in memory can
vary based upon the requirements of the encoding
algorithm. MPEG-1 defines a B-frame which is a
bidirectional encoding that requires that motion prediction be performed in both the forward and backward
directions. This necessitates storage of multiple frames in
memory,
• Motion estimation n The temporal encoding aspect of
this system relies on the assumption that rigid body
motion is responsible for the differences between two
or more successive flames. The objective of the motion
estimator is to estimate the rigid body motion between
two frames. The motion estimator operates on all current
frame 16 x 16 image blocks and generates the pixel
displacement or motion vector for each block. The
technique used to generate motion vectors is called
block-matching motion estimation and is discussed further
in Section 5.4. The method uses the current frame Ik and
the previous reconstructed flame Ik-1 as input. Each
block in the previous frame is assumed to have a
displacement that can be found by searching for it in the
current flame. The search is usually constrained to be
within a reasonable neighborhood so as to minimize
the complexity of the operation. Search matching is
usually based on a minimum MSE or MAE criteria,
When a match is found, the pixel displacement is
used to encode the particular block. If a search does not
meet a minimum MSE or MAE threshold criteria,
the motion compensator will indicate that the
current block is to be spatially encoded using Intraframe
mode.
• Motion compensation m The motion compensator
makes use of the current frame motion estimates MVk
and the previously reconstructed frame Ik-1 to generate
the current frame prediction Pk. The current frame
prediction is constructed by placing the previous frame
blocks into the current frame according to the motion
estimate pixel displacement. The motion compensator
uses the threshold criteria to decide which blocks will be
encoded as prediction error blocks using motion vectors
and which blocks will only be spatially encoded.
The generalized model does not address some video
compression system details such as the bit-stream syntax
(which supports different application requirements), or the
specifics of the encoding algorithms. These issues are
dependent upon the video compression system design,
Alternative video encoding models have also been the
focus of current research. Three-dimensional (3D) video
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information can be compressed directly using VQ or 3D

wavelet encoding models. VQ encodes a 3D block of pixels as a
codebook index that denotes its "closest or nearest neighbor"
in the minimum squared or absolute error sense. However, the
VQ codebook size grows on the order as the number of
possible inputs. Searching the codebook space for the nearest
neighbor is generally very computationally complex, but
structured search techniques can provide good bit rates,
quality, and computational performance. Tree-structured VQ
(TSVQ) [14] reduces the search complexity from codebook
size N to log N, with a corresponding loss in average
distortion. The simplicity of the VQ decoder (it only requires
a simple table lookup for the transmitted codebook index),
and its bit rate-distortion performance make it an attractive
alternative for specialized applications. The complexity of the
codebook search generally limits the use of VQ in real-time
applications. VQ quantizers have also been proposed for
Interframe, variable bit rate, and subband video compression
methods [5].
Three dimensional wavelet encoding is a topic of recent
interest. This video encoding method is based on the discrete
wavelet transform methods discussed in Section 5.4. The
wavelet transform decomposes a bandwidth limited signal
into a multiresolution representation. The multiresolution
decomposition makes the wavelet transform an excellent
signal analysis tool because signal characteristics can be viewed
in a variety of time-frequency or space-frequency scales.
The wavelet transform is implemented in practice via the use
of multiresolution or subband filterbanks [6]. The wavelet
filterbank is well suited for video encoding because of its
ability to adapt to the multiresolution characteristics of
video signals. Wavelet transform encodings are naturally
hierarchic in their time-frequency representation and
easily adaptable for progressive transmission [7]. They have
also been shown to possess excellent bit rate-distortion
characteristics.
Direct three dimensional video compression systems
suffer from a major drawback for real-time encoding and
transmission. In order to encode a sequence of images in one
operation, the sequence must be buffbred. This introduces
a buffering and computational delay that can be very
noticeable in the case of real-time video communications.
Video compression techniques treating visual information in accordance with human visual system models have
recently been introduced. These methods are termed
"second-generation or object-based," and attempt to achieve
very large compression ratios by imitating the operations of
the HVS. The HVS model has also been incorporated
into more traditional video compression techniques by
reflecting visual perception into various aspects of the
coding algorithm. HVS weightings have been designed for
the DCT AC coefficients quantizer used in the MPEG
encoder. A discussion of these techniques can be found in
Section 6.3.
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The National Television Systems Committee (NTSC) transDigital video compression is currently enjoying tremendous growth in part due to the great advances in VLSI, ASIC, mission standard used for television broadcasts in the United
and microcomputer technology in the last decade. The real- States has the following parameter values,
time nature of video communications necessitates the use
of general purpose and specialized high performance
FR -- 29.97 fps
hardware devices. In the near future, advances in design and
manufacturing technologies will create hardware devices that
NL -- 525 lines
will allow greater adaptability, interactivity, and interoperRH -- 340 lines.
ability of video applications. For instance, MPEG-7 has
defined format free operations for the storage and retrieval
of audio-visual information that is being used by digital
This yields an analog video system bandwidth Bw of 4.2
cable TV vendors for "on demand" delivery of digital video
MHz
for the NTSC broadcast system. In order to transmit a
content. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
color digital video signal, the digital pixel format must be
defined. The digital color pixel is made of three components:
3 Video Compression Application
One luminance (Y) component occupying 8 bits, and two
color difference components (U and V) each requiring 8 bits.
Requirements
The NTSC picture frame has 720 x 480 x 2 total luminance
A wide variety of digital video applications currently exist. and color pixels. In order to transmit this information for an
They range from simple low resolution and bandwidth NTSC broadcast system at 29.97 frames per second, the
applications (multimedia, PicturePhone) to very high resolu- following bandwidth is required,
tion and bandwidth (HDTV) demands. This section will
present requirements of current and future digital video
Digital BW ~ 1/2 bitrate - 1/2(29.97 fps) x (24 bits/pixel)
applications and the demands they place on the video
x (720 x 480 x 2 pixels/frame)
compression system.
= 249 MHz.
To demonstrate the importance of video compression, the
transmission of digital video television signals is presented.
The bandwidth required by a digital television signal is
approximately one-half the number of picture elements This represents an increase of approximately 59 times the
(pixels) displayed per second. The analog video monitor required NTSC system bandwidth, and about 41 times the
pixel size in the vertical dimension is the distance between full transmission channel bandwidth (6 MHz) for current
scanning lines, and the horizontal dimension is the distance NTSC signals. HDTV picture resolution requires up to three
the scanning spot moves during 1/2 cycle of the highest video times more raw bandwidth than this example! (Two
signal transmission frequency. The video signal bandwidth is transmission channels totaling 12 MHz are allocated for
terrestrial HDTV transmissions.) It is clear from this example
given by Eq. (3),
that terrestrial television broadcast systems have to use digital
transmission and digital video compression to achieve
Bw -- (cycles/frame)(FR)
the overall bit rate reduction and image quality required for
= (cycles/line)(ND(FR)
HDTV signals.
The example not only points out the significant system
(3)
(0.5)(aspect ratio)(FR)(ND(RH)
bandwidth requirements for digital video information, but
0.84
also indirectly brings up the issue of digital video quality
= (0.8)(FR)(NL)(RH)
requirements. The tradeoff between bit rate and quality or
distortion is a fundamental issue facing the design of video
compression systems. To this end, it is important to fully
where
characterize an application's video communications requireBw -- video signal system bandwidth
ments before designing or selecting an appropriate video
FR = number of frames transmitted per second (fps)
compression system. Factors that should be considered in the
NL = number of scanning lines per frame
design and selection of a video compression system include
RH = horizontal resolution (lines), proportional to pixel
the following items:
resolution
The NTSC picture aspect ratio is 4/3, the constant 0.5 is the
ratio of the number of cycles to the number of lines, and the
factor 0.84 is the fraction of the horizontal scanning interval
that is devoted to signal transmission.

• Video characteristics m Video parameters such as the
dynamic range, source statistics, pixel resolution, and
noise content can affect the performance of the
compression system.
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Transmission r e q u i r e m e n t s - Transmission bit rate
video fidelity) required by the application. Otherwise,
requirements determine the power of the compression
any aspect of the system may not meet specifications.
system. Very high transmission bandwidth, storage
For example, if the bit rate specification is exceeded in
capacity, or quality requirements may necessitate lossless
order to support a lower MSE, a larger than expected
compression. Conversely, extremely low bit rate requiretransmission error rate may cause a catastrophic system
ments may dictate compression systems that trade-off
failure.
image quality for a large compression ratio. Progressive
Standards requirements m Video encoder compattransmission is a key issue for selection of the compresibility with existing and future standards is an important
sion system. It is generally used when the transmission
consideration if the digital video system is required
bandwidth exceeds the compressed video bandwidth.
to inter-operate with existing and/or future systems.
Progressive coding refers to a multi-resolution, hierA good example is that of a desktop videoconferencing
archic, or subband encoding of the video information.
application supporting a number of legacy video
It allows for transmission and reconstruction of each
compression standards. This requires support of
resolution independently from low to high resolution.
the older video encoding standards on new equipment
Channel errors affect system performance and the quality
designed for a newer incompatible standard. Videoconof the reconstructed video. Channel errors can affect
ferencing equipment not supporting the old standards
the bit stream randomly or in burst fashion. The channel
would not be capable or as capable to work in
error characteristics can have different effects on
environments supporting older standards.
different encoders, and can range from local to global
These factors are displayed in Table 1 to demonstrate
anomalies. In general, transmission error correction
video compression system requirements for some common
codes (ECC) are used to mitigate the effect of channel
video communications applications. The video compression
errors, but awareness and knowledge of this issue is
system designer as a minimum should consider these factors
important.
in making a determination about the choice of video encoding
• Compression system characteristics and performance
algorithms and technology to implement.
The nature of video applications makes many
demands on the video compression system. Interactive
video applications such as videoconferencing demand 4 Digital Video Signals and Formats
that the video compression systems have symmetric
capabilities. That is, each participant in the interactive Video compression techniques make use of signal models
video session must have the same video encoding in order to be able to utilize the body of digital signal
and decoding capabilities, and that the system perfor- analysis/processing theory and techniques that have been
mance requirements must be met by both the encoder developed over the past fifty or so years. The design of a video
and decoder. On the other hand, television broadcast compression system as represented by the generalized model
video has significantly greater performance requirements introduced in Section 2, requires knowledge of the signal
at the transmitter because it has the responsibility of characteristics, and the digital processes that are used to
providing real-time high quality compressed video that create the digital video signal. It is also highly desirable to
meets the transmission channel capacity. Digital video understand video display systems, and the behavior of the
system implementation requirements can vary signifi- HVS.
cantly. Desktop televideo conferencing can be implemented using software encoding and decoding or may
4.1 Sampling of Analog Video Signals
require specialized hardware and transmission capabilities to provide high quality performance. The character- Digital video information is generated by sampling the
istics of the application will dictate the suitability of the intensity of the original continuous analog video signal
video compression algorithm for particular system I(x, y, t) in three dimensions. The spatial component of the
implementations. The importance of the encoder and video signal is sampled in the horizontal and vertical
system implementation decision cannot be overstated, dimensions (x, y), and the temporal component is sampled
system architectures and performance capabilities are in the time dimension (t). This generates a series of digital
changing at a rapid pace and the choice of the best images or image sequence I(i, j, k). Video signals that contain
solution requires careful analysis of the all possible colorized information are usually decomposed into three
parameters (YCrCb, YUV, RGB, etc.) whose intensities are
system and encoder alternatives.
• Rate-Distortion requirements m The rate-distortion likewise sampled in three dimensions. The sampling process
requirement is a basic consideration in the selection of inherently quantizes the video signal due to the digital word
the video encoder. The video encoder must be able to precision used to represent the intensity values. Therefore
provide the bit rate(s) and video fidelity (or range of the original analog signal can never be reproduced exactly,
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TABLE 1 Digital video application requirements
Application

Bit rate Req.

Distortion Req.

Transmission R e q .

Computational Req.

Network video on demand

1.5 Mbps
10 M b p s

High
medium

Internet
100 Mbps lan

Video phone

64 Kbps

High distortion

ISDN p x 64

Desktop multimedia video
CDROM

1.5 Mbps

High distortion
to medium

PC channel

Desktop LAN videoconference

10 M b p s

Medium distortion

Desktop WAN videoconference

1.5 Mbps

High distortion

Fast ethernet
100 Mbps
Ethernet

Desktop dial-up
videoconference
Digital satellite television
HDTV

64 Kbps

Very high distortion

POTS and internet

10 Mbps
20 Mbps

Low distortion
Low distortion

DVD

20 Mbps

Low distortion

Fixed service satellites
12 MHz
terrestrial link
PC channel

MPEG-1
MPEG- 1zyxwvutsrqponmlkjihgfedcbaZYXWV
MPEG-2/4
MPEG-2/4
MPEG-7
H.261
H.261 encoder
h.261 decoder
MPEG-1
MPEG- 1 decoder
MPEG-2
MPEG-7
Hardware decoders
MPEG-2/4,
H.261
MPEG-1,
Hardware decoders
MPEG-4,
H.263
Software decoder
MPEG-4,
H.263
MPEG-2decoder
MPEG-2
MPEG-2 decoder
MPEG-2

but for all intents and purposes, a high-quality digital video
representation can be reproduced with arbitrary closeness
to the original analog video signal. The topic of video
sampling and interpolation is discussed in Section 7.2.
An important result of sampling theory is the Nyquist
sampling theorem. This theorem defines the conditions under
which sampled analog signals can be "perfectly" reconstructed. If these conditions are not met, the resulting digital
signal will contain aliased components which introduce
artifacts into the reconstruction. The Nyquist conditions
are depicted graphically for the one dimensional case in Fig. 2.
The one dimensional signal l is sampled at rate fs. It is
band limited (as are all real world signals) in the frequency
domain with an upper frequency bound of fB. According to
the Nyquist sampling theorem, if a bandlimited signal is
sampled, the resulting Fourier spectrum is made up of the
original signal spectrum ] L ]plus replicates of the original
spectrum spaced at integer multiples of the sampling
frequency fs. Diagram (a) in Fig. 2 depicts the magnitude I L ]
of the Fourier spectrum for l. The magnitude of the
Fourier spectrum [ Ls I for the sampled signal ls is shown for
two cases. Diagram (b) presents the case where the original
signal l can be reconstructed by recovering the central spectral
island. Diagram (c) displays the case where the Nyquist
sampling criteria has not been met and spectral overlap
occurs. The spectral overlap is termed aliasing and occurs
when f~<2fs. When f~>2fs, the original signal can be
reconstructed by using a low pass digital filter whose pass
band is designed to recover I L I. These relationships provide
a basic framework for the analysis and design of digital signal
processing systems.

MPEG-2 decoder

StandardsReq.

MPEG-2

Two-dimensional or spatial sampling is a simple extension
of the one-dimensional case. The Nyquist criteria has to be
obeyed in both dimensions, i.e., the sampling rate in the
horizontal direction must be two times greater than the upper
frequency bound in the horizontal direction, and the sampling rate in the vertical direction must be two times greater
than the upper frequency bound in the vertical direction.
In practice, spatial sampling grids are square so that an equal
number of samples per unit length in each direction are
collected. Charge coupled devices (CCD) are typically used
to spatially sample analog imagery and video. The sampling
grid spacing of these devices is more than sufficient to meet
the Nyquist criteria for most resolution and application
requirements. The electrical characteristics of CCDs have a
greater affect on the image or video quality than its sampling
grid size.
Temporal sampling of video signals is accomplished
by capturing a spatial or image frame in the time dimension.
The temporal samples are captured at a uniform rate of about
60 fields per second for NTSC television and 24 fps for a
motion film recording. These sampling rates are significantly
less than the spatial sampling rate. The maximum temporal
frequency that can be reconstructed according to the Nyquist
frequency criteria is 30 Hz in the case of television broadcast. Therefore any rapid intensity change (caused for instance
by a moving edge) between two successive frames will cause
aliasing because the harmonic frequency content of such a
step-like function exceeds the Nyquist frequency. Temporal
aliasing of this kind can be greatly mitigated in CCDs by the
use of low pass temporal filtering to remove the high
frequency content. Photoconductor storage tubes are used for
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(c) Magnitude of Fourier Spectrum for sampled input Is, with fs < 2fB
FIGURE 2 Nyquist sampling theorem.

recording broadcast television signals. They are analog
scanning devices whose electrical characteristics filter the
high frequency temporal content and minimize temporal
aliasing. Indeed, motion picture film also introduces low pass
filtering when capturing image frames. The exposure speed
and the response speed of the photo chemical film combine
to mitigate high frequency content and temporal aliasing.
These factors cannot completely stop temporal aliasing, so
intelligent use of video recording devices is still warranted,
e.g., the main reason movie camera panning is done very
slowly is to minimize temporal aliasing.
In many cases where fast motions or moving edges are
not well resolved due to temporal aliasing, the human visual
system will interpolate such motion and provide its own
perceived reconstruction. The HVS is very tolerant of
temporal aliasing by using its own knowledge of natural
motion to provide motion estimation and compensation to
the image sequences generated by temporal sampling.
The combination of temporal filtering in sampling systems

and the mechanisms of human visual perception, reduce
the affects of temporal aliasing such that temporal under
sampling (sub-Nyquist sampling) is acceptable in the generation of typical image sequences intended for general
purpose use.

4.2 Digital Video Formats
Sampling is the process used to create the image sequences
used for video and digital video applications. Spatial sampling
and quantization of a natural video signal digitizes the
image plane into a two dimensional set of digital pixels that
define a digital image. Temporal sampling of a natural video
signal creates a sequence image frames typically used for
motion pictures and television. The combination of spatial
and temporal sampling creates a sequence of digital images
termed digital video. As described earlier, the digital video
signal intensity is defined as I(i, j, k), where 0 _< i _< M,
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TABLE 2 Digital composite television parameters

TABLE 4

SIF, CIF, and QCIF digital video formats

Description

NTSC

PAL

Description

SIF NTSC/PAL

CIF

QCIF

Analog video bandwidth (MHz)
Aspect ratio, hor Size/vert Size
Frames per second
Lines per second
Interlace ratio, fields:frames
Subcarrier frequency (MHz)
Sampling frequency (MHz)
Samples per active line
Bit rate (Mbps)

4.2
4/3
29.97
525
2:1
3.58
14.4
757
114.5

5.0
4/3
25
625
2:1
4.43
17.7
939
141.9

Horizontal resolution
(Y) pixels
Vertical resolution
(Y) pixels
Horizontal resolution
(Cr, Cb) pixels
Vertical resolution
(Cr, Cb) pixels
Bits per pixel (bpp)
Interlace fields:frames
Frame rate (fps)

352

360(352)

180(176)

240/288

288

144

176

180(176)

90(88)

120/144

144

72

8
1:1
30

8
1:1
30, 15,

Aspect ratio hor
Size/vert Size
Bit rate (Y) Mbps
@ 30 fps
Bitrate (U, V) Mbps
@ 30 fps

4:3

4:3

8
1:1
30, 15,
10, 7.5
4:3

20.3

24.9

6.2

10.1

12.4

3.1

0 < j < N are the horizontal and vertical spatial coordinates,
and 0 _< k is the temporal coordinate.
The standard digital video formats introduced here are
used in the broadcast for both analog and digital television, as
well as computer video applications. Composite television
signal digital broadcasting formats are included here due to
their use in video compression standards, digital broadcasting,
and standards format conversion applications. Knowledge of
these digital video formats provides background for understanding the international video compression standards
developed by the International Telecommunications Union
(ITU) and the International Standards Organization (ISO).
These standards contain specific recommendations for use of
the digital video formats described here.
Composite television digital video formats are used for
the digital broadcasting, SMPTE digital recording, and
conversion of television broadcasting formats. Table 2
contains both analog and digital system parameters for the
National Television Systems Committee (NTSC), and phase
alternating lines (PAL) composite broadcast formats.
Component television signal digital video formats have
been defined by the International Consultative Committee
for Radio (CCIR) Recommendation 601. It is based on
component video with one luminance (Y) and two color
difference signals (Cr and CB). The raw bit rate for the CCIR
601 format is 162 Mbps. Table 3 contains important systems
TABLE 3

Digital video component television parameters for

10, 7.5

parameters of the CCIR 601 digital video studio component
recommendation for both NTSC and PAL/SECAM (sequentiel

couleur avec memoire).
The ITU Specialist Group (SGXV) has recommended
three formats that are used in the ITU H.261, H.263, and
ISO MPEG video compression standards. They are the
standard input format (SIF), common interchange format
(CIF), and the low bit rate version of CIF called quarter
CIF (QCIF). Together, these formats describe a comprehensive
set of digital video formats that are widely used in current
digital video applications. CIF and QCIF support the
NTSC and PAL video formats using the same parameters.
The SIF format defines different vertical resolution values
for NTSC and PAL. The CIF and QCIF formats also support
the H.261 modified parameters. The modified parameters are
integer multiples of 8 in order to support the 8 x 8 pixel
two-dimensional DCT operation. Table 4 lists this set of digital
video standard formats. The modified H.261 parameters are
listed in parenthesis.

CCIR 601
Description
Luminance channel
Analog video bandwidth (MHz)
Sampling frequency (MHz)
Samples per active line
Bit rate (Mbps)
Two color difference channels
Analog video bandwidth (MHz)
Sampling frequency (MHz)
Samples per active line
Bit rate (Mbps)

NTSC

PAL/SECAM

5.5
13.5
710
108

5.5
13.5
716
108

2.2
6.75
355
54

2.2
6.75
358
54

5 Video Compression Techniques
Video compression systems are generally comprised of
two modes that reduce information redundancy in the spatial
and the temporal domains. Spatial compression and quantization operates on a single image block, making use of the
local image characteristics to reduce the bit rate. The spatial
encoder also includes a variable length coder (VLC) inserted
after the quantization stage. The VLC stage generates a lossless
encoding of the quantized image block. Lossless coding is
discussed in Section 5.1. Temporal domain compression
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makes use of optical flow models (generally in the form of nature of the original image so that the resulting coefficient
block-matching motion estimation methods) to identify and matrix can be scanned in a manner such that the resulting
source or sequence of symbols contains significantly less
mitigate temporal redundancy.
This section presents an overview of some widely accepted information content.
Two useful information sources are used in modeling
encoding techniques used in video compression systems.
Entropy encoders are lossless encoders that are used in the video encoders; the discrete memoryless source (DMS), and
variable length coding (VLC) stage of a video compression Markov sources. VLC coding is based on the DMS model, and
system. They are best used for information sources that are the predictive coders are based on the Markov source
memoryless (sources in which each value is independently models. The DMS is simply a source in which each symbol
generated), and try to minimize the bit rate by assigning is generated independently. The symbols are statistically
variable length codes for the input values according to the independent and the source is completely defined by its
input probability density function (pdf). Predictive coders symbols/events and the set of probabilities for the occurrence
are suited to information sources that have memory, i.e., for each symbol, i.e., E = {el, e2,...,e~} and the set {p(el),
a source in which each value has a statistical dependency on p(e2) ..... p(en)}, where n is the number of symbols in the
some number of previous and/or adjacent values. Predictive alphabet. It is useful to introduce the concept of entropy at
coders can produce a new source pdf with significantly this point. Entropy is defined as the average information
less statistical variation and entropy than the original. The content of the information source. The information content
transformed source can then be fed to a VLC to reduce the of a single event or symbol is defined as,
bit rate. Entropy and predictive coding are good examples
1
for presenting the basic concepts of statistical coding theory.
I(ei)
=
logpt,)~,,ei,.
(4)
Block transformations are the major technique for representing spatial information in a format that is highly
conducive to quantization and VLC encoding. Block trans- The base of the logarithm is determined by the number of
forms can provide a coding gain by packing most of the states used to represent the information source. Digital
block energy into a fewer number of coefficients. The information sources use base 2 in order to define the
quantization stage of the video encoder is the central factor information content using the number of bits per symbol or
in determining the rate-distortion characteristics of a video bit rate. The entropy of a digital source is further defined as
compression system. It quantizes the block transform the average information content of the source, i.e.,
coefficients according to the bit rate and distortion specifications. Motion compensation takes advantage of the significant information redundancy in the temporal domain by H ( E ) _ £ p ( e i ) l o g 2 1 = - £ p(ei) log 2p(ei) bits/symbol.
i=1
p(ei)
i--1
creating current frame predictions based upon block matching
(51
motion estimates between the current and previous image
frames. Motion compensation generally achieves a significant
This relationship suggests that the average number of
increase in the video coding efficiency over pure spatial
bits per symbol required to represent the information content
encoding. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of the source is the entropy. The noiseless source coding
theorem states that a source can be encoded with an average
5.1 Entropy and Predictive Coding
number of bits per source symbol that is arbitrarily close to
Entropy coding is an excellent starting point in the the source entropy. So called entropy encoders seek to find
discussion of coding techniques because it makes use of codes that perform close to the entropy of the source.
many of the basic concepts introduced in the discipline of Huffman and arithmetic encoders are examples of entropy
information theory or statistical communications theory [8]. encoders.
Modified Huffman coding [9] is commonly used in the
The discussion of VLG and predictive coders requires the
use of information source models to lay the statistical image and video compression standards. It produces good
foundation for the development of this class of encoder. An performing variable length codes without significant compuinformation source can be viewed as a process that generates a tational complexity. The traditional Huffman algorithm is
sequence of symbols from a finite alphabet. Video sources are a two step process that first creates a table of source symbol
generated from a sequence of image blocks that are generated probabilities, and then constructs codewords whose lengths
from a "pixel" alphabet. The number of possible pixels that grow according to the decreasing probability of a symbol's
can be generated is 2 n, when n is the number of bits per pixel. occurrence. Modified versions of the traditional algorithm
The order in which the image symbols are generated depends are used in the current generation of image and video
on how the image block is arranged or scanned into a encoders. The H.261 encoder uses two sets of static Huffman
sequence of symbols. Spatial encoders transform the statistical co&words (one each for AC and DC DCT coefficients). A set
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of 32 codewords is used for encoding the AC coefficients. operates on 8 x 8 image blocks, and is used in the H.261,
The zigzag scanned coefficients are classified according to the H.263, and MPEG standards. Block transforms make use of
zero coefficient run-length and first nonzero coefficient value. the high degree of correlation between adjacent image pixels
A simple table lookup is all that is then required to assign to provide energy compaction or coding gain in the
transformed domain. The block transform coding gain GTC is
the codeword for each classified pair.
Markov and random field source models (discussed in defined as the logarithmic ratio of the arithmetic and
Section 4.3) are well suited to describing the source chara- geometric means of the transformed block variances, i.e.,
cteristics of natural images. A Markov source has memory
of some number of preceding or adjacent events. In a
1 N-1
natural image block, the value of the current pixel is
i=0
dependent on the values of some the surrounding pixels
Grc -- lOloglo .
~/N '
(6)
because they are part of the same object, texture, contour,
etc. This can be modeled as an m-th order Markov source,
k i=0
in which the probability of source symbol ei depends on
the last m source symbols. This dependence is expressed as
where the transformed image block is divided into N
the probability of occurrence of event ei conditioned on the
subbands, and a 2 is the variance of each subband i, for
occurrence of the last m events, i.e., p(eilei-l,ei-2 . . . . ,
0 < i < N - 1. Grc also measures the gain of block transform
el-m). The Markov source is made up of all possible n m
coding over PCM coding. The coding gain generated by a
states, where n is the number of symbols in the alphabet.
block transform is realized by packing most the original signal
Each state contains a set of up to n conditional
energy content into a small number of transform coefficients.
probabilities for the possible transitions between the
This results in a lossless representation of the original signal
current symbol and the next symbol. The differential
that is more suitable for quantization. That is, there may
pulse code modulation (DPCM) predictive coder makes
be many transform coefficients containing little or no energy
use of the Markov source model. DPCM is used in the
that can be completely eliminated. Spatial transforms should
MPEG-1 and H.261 standards to encode the set of quanalso be orthonormal, i.e., generate uncorrelated coefficients,
tized DC coefficients generated by the discrete cosine
so that simple scalar quantization can be used to quantize
transforms.
the coefficients independently.
The DPCM predictive encoder modifies the use of the
The Karhunen-Lodve transform (KLT) creates uncorrelated
Markov source model considerably in order to reduce its
coefficients, and is optimal in the energy packing sense. But
complexity. It does not rely on the actual Markov source
the KLT is not widely used in practice. It requires the
statistics at all, and simply creates a linear weighting of the last
calculation of the image block covariance matrix so that its
m symbols (m-th order) to predict the next state. This
unitary orthonormal eigenvector matrix can be used to
significantly reduces the complexity of using Markov source
generate the KLT coefficients. This calculation (for which no
prediction at the expense of an increase in the bit rate. DPCM
fast algorithms exist), and the transmission of the eigenencodes the differential signal d between the actual value and
vector matrix is required for every transformed image block.
the predicted value, i.e., d - e - ~', where the prediction ~, is a
The DCT is the most widely used block transform for
linear weighting of m previous values. The resulting
digital image and video encoding. It is an orthonormal
differential signal d generally has reduced entropy as
transform, and has been found to perform close to the KLT
compared to the original source. DPCM is used in conjunc[ 11 ] for first-order Markov sources. The DCT is defined on an
tion with a VLC encoder to reduce the bit rate. The simplicity
8 x 8 array of pixels,
and entropy reduction capability of DPCM makes it a good
choice for use in real-time compression systems. Third order
predictors ( m = 3 ) have been shown to provide good
1
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i=0 j=O

(7)

5.2 Block Transform Coding--The Discrete
Cosine Transform
Block transform coding is widely used in image and video
compression systems. The transforms used in video encoders
are unitary, which means that the transform operation has
an inverse operation that uniquely reconstructs the original
input. The discrete cosine transform (DCT), successively

and the inverse IDCT is defined as,
7 7

= Cu<,

F(u,

u=0 v=0

)cos

-

1

. cos

i6

]

(8)
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f(i)

f(i)

>i

(a) Original Sequence

(b) DFT Reconstruction

l, rrffllTr**rrf
(c) DCT Reconstruction

FIGURE 3 Reconstructionperiodicity of DFT vs DCT.
with

Cu = ~2 f o r u - 0 ,

Cu - 1

Cv = ~

Cv - 1 otherwise

for v - 0,

otherwise

where i and j are the horizontal and vertical indices of the
8 x 8 spatial array, and u and v are the horizontal and vertical
indices of the 8 x 8 coefficient array. The DCT is the chosen
method for image transforms for a couple of important
reasons. The DCT has fast O(nlogn) implementations using
real calculations. It is even simpler to compute than the DFT
because it does not require the use of complex numbers.
The second reason for its success is that the reconstructed
input of the inverse DCT (IDCT) tends not to produce any
significant discontinuities at the block edges. Finite discrete
transforms create a reconstructed signal that is periodic.
Periodicity in the reconstructed signal can produce discontinuities at the periodic edges of the signal or pixel block.
The DCT is not as susceptible to this behavior as the
discrete Fourier transform (DFT). Since the cosine function
is real and even, i.e., cos(x)= cos(-x), and the input F(u, v)
is real, the IDCT generates a function that is even and
periodic in 2n, where n is the length of the original sequence.

(a) Original

On the other hand, the IDFT produces a reconstruction that is periodic in n, but and necessarily even. This
phenomenon is illustrated in Fig. 3 for the one dimensional
signal f(i).
The original finite sequence f(i) depicted in part (a) is
transformed and reconstructed in (b) using the DFT-IDFT
transform pairs, and in (c) using the DCT-IDCT transform
pairs. The periodicity of the IDFT in (b) is five samples long,
and illustrates the discontinuity introduced by the discrete
transform. The periodicity of the IDCT in (c) is 10 samples
long, due to the evenness of the DCT operation. Discontinuities introduced by the DCT are generally less severe than
the DFT. The importance of this property of the DCT is that
reconstruction errors and blocking artifacts are less severe in
comparison to the DFT. Blocking artifacts are visually striking
and occur due to the loss of high frequency components that
are either quantized or eliminated from the DCT coefficient
array. The DCT minimizes blocking artifacts as compared to
the DFT because it doesn't introduce the same level of
reconstruction discontinuities at the block edges. Figure 4
depicts blocking artifacts introduced by gross quantization of
the DCT coefficients.
This section ends with an example of the energy
packing capability of the DCT. Figure 5 depicts the DCT
transform operation. The original 8 × 8 image sub-block from
the Lena image is displayed in part (a), and the DCT
transformed coefficient array is displayed in part (b).
The original image sub-block in (a) contains large values
in every position is not very suitable for spatial compression in
this format. The coefficient matrix (b) concentrates most of
the signal energy in the top left quadrant. The signal frequency
coordinates (u, v ) = (0, 0) start at the upper left position. The
DC component equals 1255 and contains the vast majority of
the signal energy by itself. This dynamic range and
concentration of energy should yield a significant reduction
in non-zero values and bit rate after the coefficients are
quantized.

(b) Reconstructed

FIGURE 4 Severeblocking artifacts introduced by gross quantization of DCT coefficients.
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(a) Original Lena 8×8 image sub-block
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(b) DCT Coefficients
FIGURE 5 8 x 8 discrete cosine transform.

5.3 Quantization
The quantization stage of the video encoder creates a
lossy representation of the input. The input as discussed
earlier should be conditioned with a particular method of
quantization in mind. And vice versa, the quantizer should be
well matched to the characteristics of the input in order to
meet or exceed the rate-distortion performance requirements.
As always is the case, the quantizer has an effect on system
performance that must be taken under consideration. Simple
scalar versus vector quantization implementations can have
significant system performance implications.
Scalar and Vector represent the two major types of
quantizers. These can be further classified as memoryless or
containing memory, and symmetric or nonsymmetric. Scalar
quantizers control the values taken by a single variable. The
quantizer defined by the MPEG-1 encoder scales the DCT
transform coefficients. Vector quantizers operate on multiple
variables, i.e., a vector of variables, and become very complex

as the number of variables increases. This discussion will
introduce the reader to the basic scalar and vector quantizer
concepts that are relevant to image and video encoding.
The uniform scalar quantizer is the most fundamental scalar
quantizer. It possesses a nonlinear staircase input-output
characteristic that divides the input range into output levels of
equal size. In order for the quantizer to effectively reduce the
bit rate, the number of output values should be much less that
the number of input values. The reconstruction values are
chosen to be at the midpoint of the output levels. This choice
is expected to minimize the reconstruction MSE when the
quantization errors are uniformly distributed. The quantizers
specified in the H.261, H.263, MPEG-1, and MPEG-2 video
coders are nearly uniform. They have constant step sizes
except for the larger dead zone area (the input range for which
the output is zero).
Non-uniform quantization is typically used for nonuniform input distributions, such as natural image sources.
The scalar quantizer that produces the minimum MSE for
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a non-uniform input distribution will have non-uniform
steps. As compared to the uniform quantizer, the nonuniform quantizer has increasingly better MSE performance as
the number of quantization steps increases. The Lloyd-Max
[12] is a scalar quantizer design that utilizes the input
distribution to minimize the MSE for a given number of
output levels. The Lloyd-Max places the reconstruction levels
at the centroids of the adjacent input quantization steps.
This minimizes the total absolute error within each quantization step based upon the input distribution.
Vector quantizers (discussed in Section 5.3) decompose the
input into a length n vector. An image for instance, can be
divided into M x N blocks of n pixels each, or the image
block can be transformed into a block of transform
coefficients. The resulting vector is created by scanning the
two dimensional block elements into a vector of length n.
A vector X is quantized by choosing a codebook vector
representation X that is its "closest match." The closest match
selection can be made by minimizing an error measure,
i.e., choose X - Xi such that the MSE over all codebook
vectors is minimized,
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5.4 Motion Compensation and Estimation

Motion compensation [15] is a technique created in the 1960s
which is used to increase the efficiency of video encoders.
Motion compensated video encoders are implemented in
three stages. The first stage estimates objective motion
(motion estimation) between the previously reconstructed
frame and the current frame. The second stage creates the
current frame prediction (motion compensation) using the
motion estimates and the previously reconstructed frame.
The final stage differentially encodes the prediction and the
actual current frame as the prediction error. Therefore, the
receiver reconstructs the current image only using the VLC
encoded motion estimates and the spatially and VLC
encoded prediction error.
Motion estimation and compensation are common techniques used to encode the temporal aspect of a video signal.
As discussed earlier, block based motion compensation and
motion estimation techniques used in video compression
systems are capable of the largest reduction in the raw signal
bit rate. Typical implementations generally out-perform
pure spatial encodings by a factor of three or more. The
interframe redundancy contained in the temporal dimension
of
a digital image sequence accounts for the impressive signal
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
)~j)2. (9)
Xi " min MSE(X, Xi) -- m/in--1 £ ( Xj -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
compression capability that can be achieved by video
i
" n j= 1
encoders. Interframe redundancy can be simply modeled as
static backgrounds and moving foregrounds to illustrate
The index i of the vector Xi denotes the codebook entry that is the potential temporal compression that can be realized.
used by the receiver to decode the vector. Obviously the Over a short period of time, image sequences can be described
complexity of the decoder is much simpler than the encoder. as a static background with moving objects in the foreground.
The size of the codebook dictates both the coding efficiency If the background does not change between two frames,
and reconstruction quality. The raw bit rate of a vector their difference is zero, and the two background frames can
quantizer is,
essentially be encoded as one. Therefore the compression
ratio increase is proportional to two times the spatial
compression achieved in the first frame. In general, unchanbitratevo -- l°g2 m bits/pixel,
(10) ging or static backgrounds can realize additive coding
n
gains, i.e.,
--~

where log2 m is the number of bits required to transmit the
index i of the codebook vector Xi. The codebook construction includes two important issues that are pertinent to the
performance of the video coder. The set of vectors that are
included in the codebook determine the bit rate and distortion
characteristics of the reconstructed image sequence. The
codebook size and structure determines the search complexity
to find the minimum error solution for Eq. (9). Two
important VQ codebook designs are the Linde-Buzo-Gray
(LBG) [13] and tree search VQ (TSVQ) [14]. The LBG
design is based on the Lloyd-Max scalar quantizer algorithm.
It is widely used because the system parameters can be
generated via the use of an input "training set" instead of the
true source statistics. The TSVQ design reduces VQ codebook
search time by using m-ary tree structures and searching
techniques.

Static Back ground Coding Gain o(
N • (Spatial Compression Ratio of Background Frame)
(11)
where N is the number of static background flames being
encoded. Static backgrounds occupy a great deal of the image
area, and are typical of both natural and animated image
sequences. Some variation in the background always occurs
due to random and systematic fluctuations. This tends to
reduce the achievable background coding gain.
Moving foregrounds are modeled as non-rotational rigid
objects that move independent of the background. Moving
objects can be detected by matching the foreground object
between two frames. A perfect match results in zero difference
between the two frames. In theory, moving foregrounds
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can also achieve additive coding gain. In practice, moving
objects are subject to occlusion, rotational and non-rigid
motion, and illumination variations that reduce the achievable
coding gain. Motion compensation systems that make use of
motion estimation methods leverage both background and
foreground coding gain. They provide pure interframe
differential encoding when two backgrounds are static, i.e.,
the computed motion vector is (0,0). And the motion
estimate computed in the case of moving foregrounds
generates the minimum distortion prediction.
Motion estimation is an interframe prediction process
falling in two general categories; pel-recursive algorithms
[16] and block-matching algorithms (BMA) [17]. The pelrecursive methods are very complex and inaccurate, which
restrict their use in video encoders. Natural digital image
sequences generally display ambiguous object motions that
adversely affect the convergence properties of pel-recursive
algorithms. This has led to the introduction of block-matChing
motion estimation which is tailored for encoding image
sequences. Block-matching motion estimation assumes that
the objective motion being predicted is rigid and nonrotational. The block size of the BMA for the MPEG, H.261,
and H.263 encoders is defined as 16 x 16 luminance pixels.
MPEG-2 also supports 16 x 8 pixel blocks.
BMAs predict the motion of a block of pixels between
two flames in an image sequence. The prediction generates a
pixel displacement or motion vector whose size is constrained
by the search neighborhood. The search neighborhood
determines the complexity of the algorithm. The search for
the best prediction ends when the best block match is
determined within the search neighborhood. The best match
can be chosen as the minimum MSE, which for a full search is
computed for each block in the search neighborhood, i.e.,

Search Neighborhood
nA

I k-l (i+x,j+y)

y-,-

/MV (re=x, n=y)
Best Match in
Frame k - l
.............................

t ........................................

x

m

Ik (i, j)

FIGURE 6

Best match motion estimate.

video encoder does not use the motion estimate, and encodes
the block using the spatial encoder.
The search space size determines the complexity of the
motion estimation algorithm. Full search methods are costly
and are not generally implemented in real-time video
encoders. Fast searching techniques can considerably reduce
computational complexity while maintaining good accuracy.
These algorithms reduce the search process to a few sequential
steps in which each subsequent search direction is based
on the results of the current step. The procedures are designed
to find local optimal solutions and cannot guarantee selection
Best MatchMsE -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- mm,
i nn-~
1 Z
M Z
N [Ik(i'J) -- Ik-l(i + m,j + n)] 2,
of the global optimal solution within the search neighbori=1 j = l
hood.
The logarithmic search [18] algorithm proceeds in the
(12)
direction of minimum distortion until the final optimal value
is found. Logarithmic searching has been implemented in
where k is the frame index, l is the temporal displacement some MPEG encoders. The three-step search [19] is a very
in frames, M is the number of pixels in the horizontal simple technique that proceeds along a best match path in
direction and N is the number of pixels in the vertical three steps in which the search neighborhood is reduced for
direction of the image block, i and j are the pixel indices each successive step. Figure 7 depicts the three-step search
within the image block, and m and n are the indices of the algorithm.
search neighborhood in the horizontal and vertical directions.
A 14 x 14 pixel search neighborhood is depicted. The search
Therefore the best match motion vector estimate MV(m = x, area sizes for each step are chosen so that the total search
n=y) is the pixel displacement between the block Ik(i,j) in neighborhood can be covered in finding the local minimum.
flame k, and the best matched block Ik-l(i + x,j + y) in the The search areas are square. The length of the sides of the
displaced flame k - l. The best match is depicted in Fig. 6.
search area for step 1 are chosen to be larger than or equal to 1/2
In cases where the block motion is not uniform or if the the length of the range of the search neighborhood (in this
scene changes, the motion estimate may in fact increase the example the search area is 8 x 8). The length of the sides are
bit rate over the corresponding spatial encoding of the block. successively reduced by 1/2 after each of the first two steps are
In the case where the motion estimate is not effective, the completed. Nine points for each step are compared using the
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but only the syntax and semantics of the bit stream, and the
video generation at the receiver. It does not accommodate
interlaced video, and only supports CIF quality format at 25
or 30 fps.
4
Activity for MPEG-2 was started in 1991. It was targeted
3
for higher bit rates, broadcast video, and a variety of consumer
2
and telecommunications video and audio applications. The
syntax and technical contents of the standard were frozen in
1
1993. It is composed of four parts: Systems, Video, Audio, and
0
Conformance Testing. MPEG-2 was also recommended by
-1
the ITU as H.262.
-2
The MPEG-4 project is targeted to enable content
developers and users to achieve various forms of interactivity
-3
with the audio-visual content of a scene, and to mix synthetic
-4
and natural audio and video information in a seamless way.
-5
)--.
MPEG-4 technology comprises two major parts; a set of
-6
coding tools for audiovisual objects, and a syntactic language
-7
to describe both the coding tools and the coded objects. From
a technical viewpoint, the most notable departure from
-7 -6 -5 -4 -3 - 2 - 1
0 1 2 3 4 5 6 7
traditional coding standards is the ability for a receiver to
FIGURE 7 Three-stepsearch algorithm pictorial.
download the description of the syntax used to represent the
audio-visual information. The visual information is not
matching criteria. These consist of the central point and eight restricted to have the format of conventional video, i.e., it
equally spaced points along the perimeter of the search area. may not necessarily be frame-based, but can incorporate audio
The search area for step 1 is centered on the search and/or video foreground and background objects, which can
neighborhood. The search proceeds in by centering the produce significant improvements in both encoder efficiency
search area for the next step over the best match from the and functionality.
MPEG-7 is formally named "Multimedia Content Descripprevious step. The overall best match is the pixel displacement
chosen to minimize the matching criteria in step 3. The total tion Interface," and is a common way of describing multinumber of required comparisons for the three-step algorithm media content data that is used to access and interpret content
is 25. That represents an 87% reduction in complexity by a computer program. Since much of the value of
versus the full search method for a 14 × 14 pixel search multimedia content can be derived from its accessibility,
MPEG-7 strives to define common data access methods to
neighborhood.
maximize the value of multimedia information regardless of
the technologies encompassed by the source and destination,
or the specific applications using its services. In order to meet
6 Video Encoding Standards and H.261
these requirements MPEG-7 has created a hierarchic frameThe major internationally recognized video compression work that can handle many levels of description. In addition
standards have been developed by the International Standar- other types of descriptive data are defined, such as, coding
dization Organization (ISO), the International Electrotechnical formats, data access conditions, parental ratings, relevant
Commission (IEC), and the International Telecommunications links, and the overall context. MPEG-7 is made up of three
Union (ITU) standards organizations. The Moving Pictures main elements that include description tools, storage and
Experts Group (MPEG) is a working group operating within transmission system tools, and a language to define the
ISO and IEC. Since starting its activity in 1988, MPEG MPEG-7 syntax. These elements provide the flexibility to meet
has produced ISO/IEC 11172 (MPEG-1, 1992), ISO/IEC 13818 the stated requirements.
Work on the latest MPEG standard began in 2000. It
(MPEG-2, 1994), ISO/IEC 14496 (MPEG-4, 1999), and
was
started as an extension to MPEG-7 and is known as
ISO/IEC 15938 (MPEG-7, 2001).
MPEG-21
(ISO/IEC 21000). It is focused on defining the
The MPEG-1 specification was motivated by T1 transmiscommon
content
and user access model addressing the vast
sion speeds, the CD-ROM, and the multimedia capabilities
proliferation
of
new
and old multimedia distribution and
of the desktop computer. It is intended for video coding up
reception
technologies.
MPEG-21 specifically looks to define
to the rate of 1.5 Mbps, and is composed of five sections:
the
technology
needed
to
support users to exchange, access,
System Configurations, Video Coding, Audio Coding,
Compliance Testing, and Software for MPEG-1 Coding. The consume, trade, and otherwise manipulate Digital items in
standard does not specify the actual video coding process, an efficient, transparent and interoperable way. Digital items
:k
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are defined to be the fundamental unit of distribution modified run length and Huffman coder. Motion compensaand transaction, i.e., content (Web page, picture, movie, etc.). tion is optional. Motion estimation is only defined in the
The precursor to the MPEG video encoding standards forward direction because H.261 is limited to real-time
development is the H.261 encoder which contains many videophone and videoconferencing. The recommendation
video of the coding methods and techniques later adopted by does not specify the motion estimation algorithm or the
MPEG. The ITU Recommendation H.261 was adopted in conditions for the use of intraframe versus interframe
1990, and specifies a video encoding standard for videocon- encoding.
ferencing and videophone services for transmission over
The video multiplex coder creates a H.261 bit stream that is
integrated services digital network (ISDN) at p x 64 kbps, based on the data hierarchy described below. The transmission
p -- 1 ..... 30. H.261 describes the video compression methods buffer is chosen not to exceed the maximum coding delay of
that were later adopted by the MPEG standards and is 150 msec, and is used to regulate the transmission bit rate
presented in the following section. The ITU Experts Group for via the coding controller. The transmission coder embeds an
Very Low Bit-Rate Video Telephony (LBC) has produced the error correction code (ECC) into the video bit stream that
H.263 Recommendation for Public Switched Telephone provides error resilience, error concealment, and video
Networks (PSTN), which was finalized in December 1995 synchronization.
[19]. It is and extended version of H.261 supporting biH.261 supports most of the internationally accepted digital
directional motion compensation and sub-QCIF formats. video formats. These include, CCIR 601, SIF, CIF, and QCIF.
The encoder is based on hybrid DPCM/DCT coding and These formats are defined for both NTSC and PAL broadcast
improvements targeted to generate bit rates of less than signals. The CIF and QCIF formats were adopted in 1984
64 Kbps. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
by H.261 in order to support 525-1ine NTSC and 625-1ine
PAL/SECAM video formats. The CIF and QCIF operating
parameters can be found in Table 4. The raw data rate for 30
6.1 The H.261 Video Encoder
fps CIF is 37.3 Mbps and 9.35 Mbps for QCIF. CIF is defined
The H.261 recommendation [4] is targeted at the videophone for use in channels in which p _ 6 so that the required
and videoconferencing application market running on compression ratio for 30 fps is less than 98:1. CIF and QCIF
connection based ISDN at p x 64 kbps, p = 1..... 30. formats support frame rates of 30, 15, 10, and 7.5 fps, which
It explicitly defines the encoded bit stream syntax and decoder, allows the H.261 encoder to achieve greater coding efficiency
while leaving the encoder design to be compatible with the by skipping the encoding and transmission of whole frames.
decoder specification. The video encoder is required to carry H.261 allows 0, 1, 2, 3 or more frames to be skipped between
a delay of less than 150 msec so that it can operate in real-time transmitted flames.
bi-directional videoconferencing applications. H.261 is part
H.261 specifies a set of encoder protocols and decoder
of a group of related ITU recommendations that define visual operations that every compatible system must follow. The
telephony systems. This group includes:
H.261 video multiplex defines the data structure hierarchy that
the decoder can interpret unambiguously. The video data
1. H.221 - - Defines the flame structure for an audiovisual
hierarchy defined in H.261 is depicted in Fig. 9. They are the
channel supporting 64-1920 Kbps.
picture layer, group of block (GOB) layer, macroblock (MB)
2. H . 2 3 0 - Defines frame control signals for audiovisual
layer, and the basic (8 x 8) block layer. Each layer is built from
systems.
the previous or lower layers, and contains its associated data
3. H . 2 4 2 - Defines audiovisual communications protocol
payload, and header that describes the parameters used to
for channels supporting up to 2 Mbps.
generate the bit stream. The basic 8 x 8 block is used in
4. H.261 - - Defines the video encoder/decoder for
intraframe DCT encoding. The macroblock is the smallest
audiovisual services at p x 64 Kbps.
unit for selecting intraframe or interframe encoding modes. It
5. H.320 ~ Defines narrow-band audiovisual terminal
is made up of four adjacent 8 x 8 luminance blocks and two
equipment for p x 64 Kbps transmission.
subsampled 8 x 8 color difference blocks (CB and CR as
The H.261 encoder block diagrams are depicted in Fig. 8 (a) defined in Table 4) corresponding to the luminance blocks.
and (b). An H.261 source coder implementation is depicted in The GOB is made up of 176 x 48 pixels (33 macroblocks) and
(c). The source coder implements the video encoding is used to construct the 352 x 288 pixel CIF or 176 x 144 pixel
algorithm that includes the spatial encoder, the quantizer, QCIF picture layer.
the temporal prediction encoder, and the VLC. The spatial
The headers for the GOB and picture layers contain start
encoder is defined to use the two dimensional 8 x 8 pixel codes so that the decoder can re-synchronize when errors
block DCT and a nearly uniform scalar quantizer using occur. They also contain other relevant information required
a possible 31 step sizes to scale the AC and interframe DC to reconstruct the image sequence. The following parameters
coefficients. The resulting quantized coefficient matrix is used in the headers of the data hierarchy complete the
zigzag scanned into a vector that is VLC coded using a hybrid H.261 video multiplex.
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Picture Layer
• Picture start code (PSC), 20-bit synchronization pattern
(0000 0000 0000 0001 0000).
• Temporal reference (TR), 5-bit input frame number.
• Type information (PTYPE), indicates source format,
CIF=I QCIF=0, and other controls.
• User-inserted bits.

GOB Layer
• Group of blocks start code (GBSC), 16-bit synchronization code (0000 0000 0000 0001).
• Group number (GN), 4-bit address representing the
12 GOBs per CIF frame.

• Quantizer information (GQUANT), indicates one of 31
quantizer step sizes to be used in a GOB unless
overridden by macroblock MQUANT parameter.
• User-inserted bits.

Macroblock Layer
• Macroblock address (MBA), is the position of a macroblock within a GOB.
• Type information (MTYPE), for one of 10 encoding
modes used for the macroblock. This includes permutations of intraframe, interframe, motion compensation
(MC), and loop filtering (LF). A pre-specified VLC
is used to encode these modes.
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• Quantizer (MQUANT), 5-bit normalized quantizer step block transmission criteria are not specified although the ITU
has published reference models [21, 22] that make particular
size from 1-31.
• Motion vector data (MVD), up to 11-bit VLC describing implementation recommendations. The coding algorithm
used in the ITU-T Reference Model 8 (RM8) [22] is
the differential displacement.
• Coded block pattern (CBP), up to 9-bit VLC indicating summarized in three steps, and is followed by an explanation
of its important encoding elements.
the location of the encoded blocks in the macroblock. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Block Layer
• Transform coefficients (TCOEFF), are zigzag scanned
and can be 8-bits fixed or up to 13-bit VLC.
• End of block (EOB), symbol.
The H.261 bit stream also specifies transmission synchronization and error code correction using a BCH code [20] that
is capable of correcting 2-bit errors in every 511-bit block.
It inserts 18 parity bits for every 493 data bits. A synchronization bit is added to every codeword to be able to detect
the BCH codeword boundaries. The transmission synchronization and encoding also operates on the audio and control
information specified by the ITU H.320 Recommendation.
The H.261 video compression algorithm depicted in
Fig. 7 (c) is specified to operate in intraframe and interframe
encoding modes. The intraframe mode provides spatial
encoding of the 8 x 8 block, and uses the two-dimensional
DCT. Interframe mode encodes the prediction error, with
motion compensation being optional. The prediction error is
optionally DCT encoded. Both modes provide options that
affect the performance and video quality of the system.
The motion estimate method, mode selection criteria, and

1. The motion estimator creates a displacement vector
for each macroblock. The motion estimator generally
operates on the 16 x 16 pixel luminance macroblock.
The displacement vector is an integer value between
4-15, which is the maximum size of the search
neighborhood. The motion estimate is scaled by a
factor of 2 and applied to the CR and CB component
macroblocks.
2. The compression mode for each macroblock is selected
using a minimum error criteria that is based upon the
displaced macroblock difference (DMD),

DMD(i, j, k) - b(i, j, k) - b(i - d l, j

-

d2,

k - 1)

(13)

where b is a 16 x 16 macroblock, i and j are its spatial pixel
indices, k is the frame index, and dl and d2 are the pixel
displacements of the macroblock in the previous frame.
The displacements range f r o m - 1 5 _<dl, d2 _<+ 15. When d~
and d2 are set to zero, the DMD becomes the macroblock
difference (MD). The compression mode determines the
operational encoder elements that are used for the current
frame. The H.261 compression modes are depicted in Table 5.
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TABLE 5

H.261 Macroblock video compression modes

. . . . . . . . . . . . . . .

Mode
Intra
Intra
Inter
Inter
Inter +MC
Inter +MC
Inter +MC
Inter + M C + L F
Inter + M C + L F
Inter + M C + L F

MQUANT

MVD

4
4
x/
~/

~/
~/
x/
~/
x/
x/

CBP

TCOEFF

4
4

4
4
4
4

~/
x/

~/
x/

x/
x/

x/
x/

3. The video multiplex coder processes each macroblock
to generate the H.261 video bitstream whose elements
are discussed above.
There are five basic MTYPE encoding mode decisions that are
carried out in step 2. These are,
•
•
•
•
•

Use intraframe or interframe mode?
Use motion compensation?
Use a coded block pattern (CBP)?
Use loop-filtering?
Change quantization step size MQUANT?

To select the macroblock compression mode, the variances
(VAR) of the input macroblock, the macroblock Difference
(MD) and the displaced macroblock difference (DMD) (as
determined by the best motion estimate) are compared as
follows,
1. If VAR(DBD) < VAR(MD) then interframe + motion
compensation (Inter + MC) coding is selected. In this
case, the motion vector data (MVD) is transmitted.
Table 5 indicates that there are three Inter + MC
modes that allow for the transmission of the prediction
error (DMD) with or without DCT encoding of some
or all of the four 8 x 8 basic blocks.
2. "VAR input" is defined as the variance of the input
macroblock. If VAR input < VAR(DMD) and VAR
input < VAR(MD) then the intraframe mode (Intra) is
selected. Intraframe mode uses DCT encoding of all four
8 x 8 basic blocks.
3. If VAR(MD) < VAR(DMD) then interframe mode
(Inter) is selected. This mode indicates that the
motion vector is zero, and that some or all of the
8 x 8 prediction error (MD) blocks can be DCT
encoded.
The transform coefficient coded block pattern (CBP) parameter is used to indicate whether a basic block is reconstructed using the corresponding basic block from the
previous flame, or if it is encoded and transmitted. In other
words, no basic block encoding is used when the block
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content does not change significantly. The CPB parameter
encodes 63 combinations of the four luminance blocks and
two color difference blocks using a variable length code.
The conditions for using CBP are not specified in the H.261
recommendation.
Motion compensated blocks can be chosen to be low pass
filtered before the prediction error is generated by the
feedback loop. This mode is denoted as Inter + MC + LF
in Table 5. The low pass filter is intended to reduce the
quantization noise in the feedback loop, as well as the
high frequency noise and artifacts introduced by the motion
compensator. H.261 defines loop filtering as optional and
recommends a separable two-dimensional spatial filter
design which is implemented by cascading two identical
one dimensional finite impulse response (FIR) filters. The
coefficients of the 1D filter are [1, 2, 1] for pixels inside the
block, and [0, 1 , 0] (no filtering) for pixels on the block
boundary.
The MQUANT parameter is controlled by the state of
the transmission buffer in order to prevent overflow or
underflow conditions. The dynamic range of the DCT
macroblock coefficients extends between [-2047 . . . . . 2047].
They are quantized to the range [-127 . . . . . 127] using
one of the 31 quantizer step sizes as determined by the
GQUANT parameter. The step size is an even integer in
the range of [2 ..... 62]. GQUANT can be overridden at the
Macroblock layer by MQUANT to clip or expand the range
prescribed by GQUANT so that the transmission buffer is
better utilized. The ITU-T RM8 liquid level control model
specifies the inspection of 64 Kbit transmission buffers after
encoding 11 macroblocks. The step size of the quantizer
should be increased (decreasing the bitrate) if the buffer is
full, and vice versa, the step size should be decreased
(increasing the bitrate) if the buffer is empty. The actual
design of the rate control algorithm is not specified.
The DCT macroblock coefficients are subjected to variable
thresholding before quantization. The threshold is designed
to increase the number of zero valued coefficients, which in
turn increases the number of the zero run-lengths and VLC
coding efficiency. The ITU-T Reference Model 8 provides an
example thresholding algorithm for the H.261 encoder. Nearly
uniform scalar quantization using a dead zone is applied after
the thresholding process. All the coefficients in the luminance
and chrominance Macroblocks are subjected to the same
quantizer except for the intraframe DC coefficient. The
intraframe DC coefficient is quantized using a uniform
scalar quantizer whose step size is 8. The quantizer decision
levels are not specified, but the reconstruction levels are
defined in H.261 as follows,
For case QUANT odd
REC_LEVEL = QUANT x (2 x COEFF_VALUE + 1),
for COEFF_LEVEL > 0,

797
6.1 Basic Concepts and Techniques of Video Coding and the H.261 Standard zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
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1 Introduction
MC-EZBC [1] is one of a family of motion-compensated
(MC) subband/wavelet coders that exploit temporal correlation but are fully embedded in quality/bit-rate, spatial
resolution, and frame rate. The name EZBC stands for
embedded zero-block coder. Figure 1 shows the basic structure of the MC-EZBC coder. This chapter will use this coder as
an example of the class of fully embedded subband/wavelet
transform (SWT) 1 coders that use an MC temporal filter
(MCTF).
In Fig. 1, the incoming data is operated on first by the
MCTF, followed by spatial subband/wavelet transform (SWT),
1More commonly called discrete wavelet (DWT).
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

and then an EZBC entropy coder. By using the MCTF,
this system does not suffer the drift problem exhibited by
hybrid coders that have feedback loops. The MCTF structure
is shown in Fig. 2 for a group of pictures (GOP) of size 16,
yielding 4 + 1 temporal levels or frame rates. Since the
complete motion-compensated (MC) temporal transform
comes before any of the spatial transform, this structure has
been labeled "t + 2D." Order matters here due to the nonlinear effects of the motion estimation/compensation on the
MCTF.
In MC-EZBC we have used the two-tap Haar filter in the
MCTF, but longer filters, such as the LeGall and Tabatabai 5/3
are currently of interest, and can offer a modest boost
in performance [8]. In [1] half-pixel accurate MCTF with
perfect reconstruction was realized and significant coding
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FIGURE 1

Basic structure of MC-EZBC.

resulting motion-compensated SWT should be optimal in
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
any sense [36], even though it is perfectly reconstructible
in the absence of quantization errors.
In the sequel, we first cover motion estimation including
detection of covered/uncovered pixels and the use of color
information in Section 2. This is followed in Section 3 by a
discussion of MC temporal filtering including the lifting
implementation for invertibility and directional IBLOCKs for
intraframe spatial coding. Section 4 introduces the use of
overlapped block motion compensation (OBMC) in the
context of MCTF coding. We then discuss scalable motion
vector coding in Section 5 as it has been found to be
necessary to keep efficiency high at low bit rates. Section 6
then presents the lossy entropy coder EZBC and provides
some comparison to JPEG 2000. Section 7 discusses the
problem of comparing scalable coders and introduces the
cross-check method. Scalable coders may need multiple
adaptations on the internet and that is presented in
Section 8. Section 9 then shows some visual results. Related
five-band temporal decomposition.
coders are touched upon in Section 10, and Conclusions
follow.
GOP

lllt!!lll

t-

t - LLL

t - LLLL
FIGURE 2

t - LLLH
Octave based

gain was observed. The use of half-pixel accurate motion
compensation has also achieved substantial coding gain
with respect to the use of pixel accuracy in MPEG2 [2] and
H.26L [3], where even 1/8 pixel accurate motion compensation can be utilized. Sub-pixel accurate motion compensation
is more useful for low spatial resolution video. There, the
spatial sample rate is near to or below the Nyquist rate, so
the power spectrum is often flatter, leading to the need for
increased motion-vector accuracy.
Both MPEG-2 and H.26L are hybrid coders and the Ohm
[4, 39] designed an invertible MCTF with half-pixel accuracy
by incorporating the spatial interpolation as part of the
temporal subband/wavelet filtering. More recently, lifting
implementations of subband/wavelet filters have been used
for MC temporal subband decomposition [5-7] to provide
invertibility for arbitrary interpolation schemes. In all
these approaches, the chosen spatial interpolation is incorporated into the perfect reconstruction subband/wavelet
decomposition, effectively making the MC temporal filter
somewhat spatial also. The use of a lifting implementation
makes this incorporation easy, even for any kind of motion
field. However, there is no reason to assume that the

2 Motion Estimation
A more detailed system diagram, focusing on the MCTF, is
shown in Fig. 3. The original frames in one GOP serve as
the input. The size of the GOP can vary, but usually is in the
range 8 to 64, the latter being about 1.1 seconds at 60 fps.
A large GOP is only efficient if the motion is largely coherent
over the corresponding time interval. On the other hand,
the algorithm-inherent transmission delay goes up with
GOP size. Next we provide details of the system blocks in
Fig. 3, starting with the first block motion estimation.
We can see in Fig. 2, that motion vectors are only
needed for successive pairs of input frames for the Haar
filter. In fact, the total number of motion vector estimations,
totaled down the temporal levels, equals the number of
frames [17]. Thus the set of motion vectors V~ in Fig. 4 is only
used for the prediction of motion vectors in the next lower
temporal level [8]. For example, we estimate the additional
motion vectors V~0 but do not code them. Only V~0 + V01
will be used as the starting point for the estimation of, V10
which then can be estimated in a reduced search. Namely if the
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mean absolute difference (MAD) weighted with a term
involving the motion vector coding rate,

level 0

MAD q- 2mvRmv,

!

level 1

i

and then choose whether to split or not based on this criteria.
In fact, this optimization can be combined with the motionvector mode determination [37] treated in Section 3.7.

level 2

2.1 Detection of Covered and
Uncovered Pixels

level 3

When we do motion estimation, we find the motion vector for
each pixel of the predicted frame. There are good matches and
bad matches based on their displaced frame differences
(DFD). If we have temporal filtering between two poorly
matched pixels, not only do we get a DFD with high energy,
but also we get a lower frame rate video with poor visual
quality. In the predicted frame, several pixels may choose the
same reference pixel (see Fig. 6). One of the reasons for this
multi-connection is the occlusion problem [9]. For two consecutive frames, if we let the second frame A be the reference,
those pixels in the first frame B, which will be covered or
unknown in the second frame, will be called to-be-covered
pixels. These to-be-covered pixels are most probably visible in
frame A's preceding flame. If we let frame A be the reference,
then those pixels in frame B, which are revealed and not
present in frame A, are named uncovered pixels. For them,

FIGURE 4 Motion estimation in a GOP with size 8 frames. While the V= are
estimated and coded, the V~ are estimated but not coded, and are just used
in the initial estimate at the next lower temporal level.

original HVSBM search range is /3xfl pixels, we start a
search from V~0 + V01 in a reduced range of fl/2 x 13/2 pixels.
Motion estimation is first done through hierarchic variablesize block matching (HVSBM), with block sizes varying from
64 x 64 down to 4 x 4 for each pair of frames as shown in
Fig. 5. Block matching is a good choice for practical applications and the range of block sizes can achieve a fairly
accurate motion field portrayal. The hierarchic aspect offers
a computational savings and tends to reduce "noise" in the
resulting motion vectors.
When deciding whether to split a motion block or not, it is
appropriate to augment the spatial error, often chosen as
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FIGURE 5 A 3 level HVSBM showing 3 subband levels.
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get a more stable motion field. For this color HVSBM [14], we
use original or sub-sampled U and V flames. The computation
time for color HVSBM is 1.5 times that of HVSBM running
on the luminance data alone. Each dimension of U and V is
half that of Y in the chosen 4 : 2 : 0 color space and we need
sub-pixel accuracy motion vectors, but we keep the full
accuracy for the U and V motion vectors, and saturate this
accuracy at one eighth pixel.
After we form the full motion vector quad-tree with bidirectional color HVSBM, we prune it back in the sense of
MV rate-error distortion optimization using a fixed 2.
We introduced an elementary type of scalable motion vector
coder [13] based on context-based adaptive binary arithmetic
coder (CABAC) [15] with respect to temporal, SNR and
resolution as will be described in the following.

flame B's immediately following flame most probably
contains their matched regions. Thus sometimes we will 3 MC Temporal Filtering
have to look in the opposite directions to get the match.
The motion estimation in MCTF coders is most often bi- The MCTF plays an essential role in motion compensated 3D
directional, using one previous reference frame and one future SWT coding. It will influence the coding efficiency and
reference frame. In MC-EZBC, after we form the full motion temporal scalability. Since MCTF is a kind of SWT, we can
vector quad-tree, if we detect there are more than 50% implement MCTF in the conventional (transversal) way or by
"unconnected" pixels with the algorithm in [10] in a given using the lifting scheme [20]. The lowpass and highpass
block, the block is classified as a REVERSE block and a good filtering in the conventional implementation can be looked at
match for it is searched for in the past frame. We also search as a parallel computation, but the lowpass and highpass
for good matches in the past frame for those blocks with high filtering in the lifting implementation of this transform is a
distortion after motion compensation from the future frame, serial computation. For integer-pixel accurate MCTF, these
and they are classified as PBLOCKs and IBLOCKs after two schemes are equivalent, but for sub-pixel accurate MCTF,
HVSBM. The better of the two matches is chosen as the the lifting scheme can provide some nice properties. In the
reference block for the PBLOCKs, and the block mode is following, we will compare these two schemes in sub-pixel
changed accordingly. When there is no good match, then accurate MCTF. Before that, we have to define connected
pixels in the case of sub-pixel motion vectors. When a motion
too
IBLOCK mode is chosen. When this matching results in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
many "unconnected" pixels, we decide to discontinue further displacement (dm, d,,) from the second frame B points to a
temporal analysis for that frame pair based on a threshold sub-pixel position in the first frame A, we can say B[m, n] is
value. A large number of "unconnected" pixels can be used to connected to A[m - t~m, n -- tt,], w h e r e t~ m and dn are defined
trigger the adaptive GOP size, meaning that the GOP as following. If (dm, dn) points to a sub-pixel position,
terminates with this frame. An alternative is to do another (din, dn) - ([dm], [dn]) where [[]] denotes the nearest integer
level of temporal decomposition, but at a reduced spatial function (nint). All the pixels in uncovered blocks will be
left for later.
resolution [ 10].
It is possible to have complete temporal frames that have
not been updated, called unconstrained or UMCTF in [11].
This corresponds to omitting the update step in the lifting implementation, i.e., leaving the temporal low frame
unchanged from the next higher level. This method can be
employed to reduce the delay of MCTF coders, but generally
suffers a penalty in PSNR [12], especially at high qualities
and bit rates.

2.2 Using Color Components for
Motion Estimation

3.1 Noninvertible Approach
This approach was proposed by Ohm [16] and extended by
Choi and Woods [17]. In this approach, the subband analysis
pair for connected pixels is

H[m, n] -- (B[m, n] - f~[m -

Lira-

m.n- Z] -

dm,

n

-- d n ] ) / ~ / - 2

am + am..- an + an]

(1)

(2)

In the MC-EZBC coder, we have begun using chrominance
+ A[m - am.n - Z ] )
data U and V in addition to the luminance data Y in order to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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•

m

m

A[m-d m, n - d n]
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MCTF to realize perfect reconstruction [5-7], as mentioned
above. In the following, we first take a look at this implementation for connected pixels. If motion vectors have
I"!
(-'!
sub-pixel accuracy, the lifting scheme gets H[m,n] in
the same way as the conventional method [17],
• zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(-dm'-dn) •

"integer pixel

•

A[m-d m, n - d n]

•

~..,..~"~"]'
O

,,

H[m, n] -

B[m-d-m + d m, n - dn+ dn]

,,'7"--..

B(H)

FIGURE 7 Sub-pixelaccurate MCTF (Choi and Woods' scheme).
The highpass coefficient comes from the filtering of B[m,n]
and the interpolated reference pixel A [ m - dm, n - dn]. Since
we want the lowpass coefficients to be at inte_ger pixel
positions, we do the lowpass filtering_between A [ m - dm,
n - dn]'S closest integer pixel A [ m - dm, n - d n ] and the
interpolated pixel [3[m - elm -+- dm, n - cln + dn]. Here we
use the inverse (reverse) of B[m,n]'s backward motion
vector as A[m-dm, n-dn]'S forward motion vector. In
general, this scheme is not invertible [ 18]. Since we need to use
H and L to reconstruct A, but H only contains the information of interpolated pixels in A, if this interpolation itself
is not invertible, we cannot reconstruct flame A exactly.
Unconnected pixels in B are processed like (1), and
unconnected (unreferred) pixels in A are processed as

L[m, n] = ~ A [ m ,

n].

A[m

- dm, n -- dn])/~/2.

(4)

For the lowpass filtering, there are two current ways to get the
forward motion vectors. One way in [7] used forward motion
estimation, thereby requiring two motion fields needed to
be transmitted. The other way, followed in [5] and [ 13] is
used here,

(dm, dn) O B[m, n]

A(L)

(B[m, n] -

L [m -

cl m , n

-

clm -1- dm, n
+ 4~A[m - Clm, n

Cln ] -- I q [ m -

-

I

~ln -+'- dn]

(5)

~ln].

At the decoder, by using L and H, we can do the same
interpolation on H and reconstruct A exactly if there is no
quantization error,

A [ m - ~lm, n - ~ln] -- (L[m - ~lm, n - ~ln]

-I-~[m

- clm -{- dm, n - 6ln -[- dn] ) /x/2.

(6)
After A is available, we can do the same interpolation on A
as the encoder, and reconstruct B exactly as

(3)

This open loop prediction is not good, but fortunately there
are not a lot of unconnected pixels present, at least at the
first few stages of temporal decomposition.

3.2 Invertible Half-Pixel Accurate MCTF
Hsiang, Woods, and Ohm [4, 39] designed an invertible halfpixel accurate MCTF. In this approach a composite block
is constructed by merging a pair of linked motion blocks
when the motion vector points to a half-pixel position. Then
the composite block is decomposed by a two-channel
subband analysis filter bank and the lowpass output and
the highpass output are put into the temporal low subband
and the temporal high subband respectively. So perfect
reconstruction can be realized. Effectively the desired spatial
interpolation has been incorporated into the subband/
wavelet temporal filter.

3.3 Lifting Implementation
The so-called lifting scheme is a new realization for SWT [20].
This implementation has been introduced into sub-pixel

B[m, n] -- ~/2H[m, n] + f~[m - dm, n -- dn].

(7)

So no matter how we interpolate those subpixels, if we
interpolate pixels in the same way at the encoder and the
decoder, we can realize perfect reconstruction. This should
come as no surprise by now, since we have put the desired
spatial interpolation into the guaranteed reconstructible lifting
filters. In (6), we see L and H are still necessary for the
reconstruction of A, and H still only contains the information
of interpolated pixels in A. But this interpolated information is
also available in L. So it is canceled out in (6). Thus the
interpolation algorithm has no influence on the perfect
reconstruction. Of course, there is still the question of which
interpolation is best to use.
Unconnected pixels in B are processed like (4), and
unconnected (unreferred) pixels in A are processed as in (3).

3.3.1 Sub-Pixel Interpolation
We saw that interpolated temporal highpass band /q was
used to_ update_ A. Then we have a question: can we make
L [ m - dm, n - d,] the same as (2)? To answer this question,
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• : integer pixel o : interpolated subpixel
we use A and B to represent L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L[m - ~lm, n - ~ln] -- I~[m - clm -Jr-dm, n - cln -{- dn]

•

o

o

o

•

0

0

0

0

0

0

0

0

0

0

+ Vr2A[m - [tm, n - ]ln]

= ([3[m - clm + dm, n - [tn + dn]
-A[m-dm,n-Cln])/~/2
+ ~A[m

(8)

- dm, n - dn]

= l-~ (2A[m - dm,n - ~tn] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0
0
0
0

-AIm- m,n- nl)
+ -~B[m

•

o

o

o

0

•

- dm + dm, n - iln + dn] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
FIGURE 8

where A [m - dm, n dn] results from two interpolations: the
first interpolation is using integer pixels in A to obtain interpolated subpixels, which as seen in (4) are stored in the integer
positions of H; the second interpolation happens in (5)
when we use integer pixels in H (subpixels of A in effect) to

Subpixel interpolation.

-

1

s--~'[-0.0110

0.0452

-0.1437

0.8950

0.2777

-0.0812

0.0233

-0.0053 ]

s--~'[-0.0053

0.0233

-0.0812

0.2777

0.8950

-0.1437

0.0452

-0.0110]

3
s--,'[-0.0105
4 L

0.0465

-0.1525

0.6165

0.6165

-0.1525

0.0465

-0.0105]

1

interpolate subpixels in H (integer pixels of A in effect). If we
can achieve
A[m

- ~tm, n - ~tn] -- A [ m

- clm, n - ~tn],

then

L [m - ~tm, n - ~tn] -- - ~1 ( A [ m - c l m , n-~tn]
+ B[m - ~tm -+- dm, n - d n

(9)
q- dn]),

which is the same as (2). Since the pixels in A [m - dm, n - dn]
undergo an interpolation from integer pixels to subpixels and
then from subpixels back to integer pixels, the necessary
condition is sinc function interpolation, and a constant
motion vector within the support region of the interpolation
filter. For different s at 1,4, ~, and 3/4,we can get three different
interpolation filters

f ( n + s) = E f ( m )
m

The FIR interpolation can be designed as separable and using
Hamming window. For relevant values of the shift s, our filter
has the following coefficients:

sin Jr(n + s - m)

~r(n+s-m)

,0<s

< 1.

(10)

With these filters, we can interpolate 1/4, ~, and 3/4 pixels. We
first interpolate subpixel at integer columns and integer rows,
where only 1D filtering of integer pixels is used. Then at each
subpixel column, we will use those already generated subpixels
to interpolate remaining subpixels (see Fig. 8). We can also
implement by each subpixel row.

3.4 Comparison of Different
Interpolation Filters
We use bilinear filter and our designed 8 tap FIR filters for
pixel accurate MC-EZBC. From the coding results on the
Mobile test sequence as seen in Fig. 9, we can see that the 8-tap
FIR filter gives better PSNR than bilinear filter.

3.5 Comparison of Integer-Pixel, 1/2 Pixel
and 1/4 Pixel Accuracy
Figure 10 shows the rate-distortion curves of MC-EZBC
on Mobile again with different motion accuracies. The
eighth pixel accurate case is omitted, but it would lie just
slightly above the 1/4 pixel accurate case. We can see that
the MCTF coding can benefit from quite an accurate motion
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MCTF

We have already seen that because of the covered and
uncovered pixels, for the temporal high frequency frame, we
need to use frames on either side as an additional reference, no
matter which frame we choose as reference. Ohm introduced
the idea of bidirectional MCTF in [16], where the temporal
high subband was in the position of the first frame, but the

motion estimation direction was backward. The unreferred
pixels in the first frame were then reasonably looked at as
to-be-covered pixels, but the determination of the uncovered
pixels in the second frame was done according to the scan
order. So this scheme has the problem of "accidentally"
classifying pixels as uncovered pixels. For the to-be-covered
pixels, forward MCP was utilized. Then DFDs based upon
the first frame's immediately preceding reconstructed frame
were substituted. These to-be-covered pixels were assumed
to have the same motion as their neighboring positions,
termed the "homogeneous motion" assumption [16], so the
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as a source of information about the true prediction scheme
finally employed. For simplicity, we limit the relevant
information for each block to be the two horizontal, two
vertical nearest neighbors and itself [22], and we assume
UNCONNECTED
(new)
stationarity of the image and block motion field.
We use a modified 2D bilinear window, whose performance
REVERSE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is only a little worse than the iterated optimal window design
B t'l
A t, H t
Bt,L t
(OWD) presented by Orchard and Sullivan in [23]. Each block
size
has its corresponding weighting window. Since a large
FIGURE 11 The block modes in high temporal frame for MC-EZBC.
block probably has a different motion vector from its small
Frame H
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t is temporallyaligned with A t, and L t is temporallyaligned with B t.
The IBLOCKemploys spatial interpolation/prediction.
neighbor, a shrinking scheme is introduced between the
different sized blocks, in order to reduce smoothing at a
displacements at the adjacent connected positions were used. motion discontinuity. We do OBMC for all the types of blocks
This might cause some problem, since there were different classified above, but we use a different weighting window for
IBLOCKs to emphasize the continuity between motion
motions around the covered pixels.
compensation and spatial interpolation/prediction.
To further optimize OBMC, we employ an iterative
3.7 Directional IBLOCKs
procedure and minimize mean absolute difference (MAD).
Since there are inevitable areas with occlusions and irregular Since bi-directional color HVSBM runs on both luminance
motion, we classify the pruned blocks into three categories (or and chrominance data, it follows naturally that the OBMC
modes) in MC-EZBC as shown in Fig. 11: DEFAULT blocks iterations should be applied to YUV simultaneously. We know
with motion vector between current frame A t and next frame U and V are sub-sampled frame data after the color space
B t, where we do the lifting predict step in A t and the update transform from RGB data, so the weighting windows used
step for "connected" blocks in B t. REVERSE blocks with for U and V are also sub-sampled versions of those used for
motion vector between A t and B t - l , where we do motion
r [24].
compensation from a corresponding block in B t-1. The
PBLOCK has a motion vector between A t and B t, we do a predict 4.1 Motion Compensated Temporal
step in A t, and omit an update step for "unconnected" pixels Filter with OBMC
in B t. This PBLOCK originates from multiply connected
pixels as well as from singly connected pixels with too large As shown in Fig. 11, we do OBMC in a lifting implementation
a prediction error, as determined by a threshold y - 0.5 for DEFAULT blocks, i.e., with the prediction and update
between the original block's variance and the motion- steps in normal order to reduce the noise in the area of good
motion. The specific equations for OBMC in our lifting
compensated block's MSE.
implementation
are as follows [24],
Since PBLOCKs are classified partially from DEFAULT
blocks with a threshold y = 0.5, they can include poorly
1
matched blocks between frames A t and B t. We regard such
H[m, n] -- - ~ B[m, n] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH
,,~ ~ hk[m, n]fi~[m - dmk , n - d n k ] ,
blocks of size 8 x 8 or 4 x 4 as potential candidates for
k
IBLOCKs. Similarly we also look for IBLOCK candidates
(11)
from the set of REVERSE blocks. In our coder, we detect
IBLOCKs from the candidates and do spatial interpolation/
prediction for them [21]. An interesting alternative approach
L[m - dm, n - cln] -- tTt[m - d m + am, n -- Cln + an]
is presented in [37], where the authors use Lagrange optimiza(12)
+ ~/2A[m - Clm, n -- Cln].
tion to jointly determine motion-vector block size and the
mode classification. They only use VSBM with no resolution
hierarchy for motion estimation though.
The OBMC approach treats the displacement vector
(dm, dn) as random, meaning that pixel B[m,n] in frame B
has motion vector (dmk, dnk) with probability hk[m,n] as
4 Overlapped Block Motion
determined by its corresponding probability weighting
Compensation
window. So the prediction is the weighted average of the self
and nearest neighbor predictions. As above, in these equations
In MC-EZBC, after IBLOCK detection, we apply overlapped (dm, dn) is the nearest integer to (din, dn). Although the form of
block motion compensation (OBMC) to the variable size the low temporal frame (12) seems the same as that without
blocks as shown in Fig. 3. In our OBMC framework, we view OBMC, actually OBMC affects both high and low temporal
data received by the decoder prior to the decoding of frame k frames. To see this, note that in this lifting implementation,
CONNECTED
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the H value in (11) is shifted and interpolated and then
becomes the H value in (12). Also, importantly, the low
temporal frames from OBMC are visually preferred and more
suitable for further stages of MCTF (i.e., much more nearly
block-artifact free).
For PBLOCK, there is only a prediction step (1) from a
future frame, and for REVERSE block, there is only a
prediction step (1) from a previous frame. The IBLOCK is
predicted with the weighted average of spatial prediction/
interpolation from spatial neighbors in the corresponding
frame. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5 Scalable Motion Vector Coding
After careful arrangement of the bitstream for motion vectors,
namely grouping the motion vectors in each temporal layer
with the frame data in that temporal level, temporal scalability
of motion vectors follows naturally. But the bitstream for
motion vectors was still not scalable with respect to SNR and
resolution. Here we describe a scalable motion vector coder
based on context-based adaptive binary arithmetic coder
(CABAC) [15] for MC-EZBC. A layered structure for motion
vector coding and alphabet general partition (AGP) of motion
vector symbols are employed for SNR and resolution
scalability of the motion vector bitstream [25]. With these
two features and the careful arrangement of the motion vector
bitstream in MC-EZBC, we can have elementary forms of
temporal, SNR and resolution scalability for motion vectors,
and improve significantly both visual and objective results for
low rates and low resolution with slight PSNR loss (about
0.05 dB) and unnoticeable visual loss at high rates. Initial
results on scalable motion vector coding for MC-EZBC were
obtained in [27].

5.1 Scan/Spatial Prediction for
Motion Vectors
As shown in Fig.12, now the motion vector m y in the current
block is predicted from its three nearest previously processed
spatial neighbors m v l , my2, and m y 3 similar to the approach
in [8]. The spatial prediction scheme can predict the motion
vector more efficiently as shown in our previous work. The
motion vectors in DEFAULT and PBLOCK are between
current and next frames (defined as normal motion vectors),
those in REVERSE blocks are between current and previous
frames (defined as reverse motion vectors). There are no
motion vectors in IBLOCKs, as they use spatial prediction/
interpolation only.
We found experimentally that the characteristics of normal
motion (forward) vectors and reverse ones are quite different.
So we predict and code the two sets of motion vectors
separately, which can often improve the prediction. Then
there are two loops for motion vector coding. The first loop is

FIGURE 12 Spatial prediction from three direct neighbors for the motion
vector in some block.

for normal motion vector coding, and the second loop is for
reverse motion vector coding.
For the motion vector m y in a target block, if there is at
least one motion vector in m v l , my2, and my3 with the same
type (normal or reverse) as that in this block, we predict from
the spatial neighbors. If there is no motion vector with the
same type in these three neighbors, we predict it from the
previous motion vector with the same type in quad-tree scan
order. We consistently use this combined spatial and scanorder prediction, and the prediction residual is coded by
CABAC [15].

5.2 Alphabet General Partition of Motion
Vector Symbols
In MC-EZBC, motion estimation is typically done at 1/8 pixel
accuracy. Although it can reduce MSE after motion compensation, the quarter and eighth pixel bits of motion vectors
are quite random due in part to the camera noise and
quantization noise. This is because the MSE after motion
compensation is already near the total noise variance after
quarter or eighth pixel accuracy motion compensation. We
can thus model the motion vector as follows (without loss of
generality we present the one-dimensional case although a
motion vector has two components)
rk = Sk q- nk

ttere rk the estimated k th motion vector, Sk is the true k th
motion vector, and n k is the noisy motion vector due to
the inaccuracies in the frame data. All of the three components
are at 1/8 pixel accuracy. Since the noises in frame data are
quite small, we believe they can only contaminate the quarter
pixel and eighth pixel accuracy of the estimated motion vector
during motion estimation. Here we divide the estimated
motion vector rk into two symbols,
rk m rkl -Jr-rk2
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where rkl is the major symbol at 1/2 pixel accuracy, and Yk2 is
As mentioned above, the normal and the reverse motion
the sub-symbol for quarter and eighth pixel accuracy. For vectors can have different characteristics. So we reserve up to
example, if the estimated motion vector rk =--1.625, then two representatives for the four children, one for normal
?'kl - - - - 1 . 5 and Fk2 ~ - - 0 . 1 2 5 . We predict the major symbol
motion vectors and the other for reverse motion vectors in the
with the above scheme in section and code the prediction four child blocks.
residual with CABAC, but code the sub-symbol simply as a
We use a sub-sample selection scheme from bottom-up to
binary number.
form the layered structure for motion vector coding. In each
Actually we do not need to code the sign for sub-symbols layer, we use the scan/spatial prediction as stated above.
because we can find the sign from the major symbol. The We also continue using the context model from layer to layer.
only exception is for those motion vectors in the range Since we simply choose the first normal and reverse motion
[-0.375, +0.375], for which the major symbol rkl -- 0. Then vector in quad-tree scan as the representative, the coded
we don't know the sign for sub-symbol rk2, so we need one number of motion vectors is the same as in non-layered
additional bit to indicate whether the sub-symbol is positive coding. Then we code the prediction residuals in larger blocks
or negative, in this case.
in the base layer of the motion vectors, with successively
At high bit rates and full resolution, we transmit all the smaller blocks as the enhancement layers. When coding
three parts of the motion-vector bitstream. At the decoder we enhancement layers, one should use all the information up to
receive the lossless motion vectors to reconstruct the frames. that layer, i.e., updated motion field and updated context
But at low bit rates, we can discard the sub-symbol and sign models from previous layers.
parts, and get more room for frame (SWT) data. Although the
This coarse layer structure for motion vector coding shows
motion vectors are lossy, this can be compensated by the good results [25]. As an alternative, the local gradient of the
increased accuracy of the frame data, and thus, the total compensated frame data has been used with success by Secker
performance can be improved. Also at low resolution, since in and Taubman [38]. If an image frame area is very smooth,
MC-EZBC the motion vectors will be scaled down, obviously then the difference among the motion vectors will not affect
we do not need the same accuracy for motion vectors as that the reconstructed frame's distortion very much. However,
in full resolution. So the sub-symbol and sign parts can also be if the area is full of texture, then a little difference among the
discarded, making more room for the SWT coefficients/data.
motion vectors may cause a large distortion. In [38] a local
One can develop an experimental R-D type model for average of the energy in the gradient is used to modulate the
scaling the motion vectors. We also plan to partition the portion of the total bit assignment going to the motion
motion vector symbols further, i.e., not only partition quarter vectors, determined over a triangular mesh, which are also
and eighth accuracy but also half or integer accuracy. Also, a coded with a lossless SWT coder.
context model can be introduced for the sub-symbols instead
as a substitute for simple binary coding. This may be necessary
6 The EZBC Coder
in fact if more levels of scalability for motion vector accuracy
are needed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
After MCTF analysis with OBMC, a set of high temporal
frames and typically one low temporal frame as shown in
Fig. 2 will be input to EZBC coder. The entropy coder EZBC
5.3 Layered Structure of Motion
then codes the flame data with scalability respect to SNR,
temporal and resolution, by interleaving the bitstreams of
Vector Coding
the spatial and temporal subbands. Please refer to [1] for
After one spatial resolution level down, the block size is
the details about the EZBC coder for fine scalable video
halved, i.e., 16 x 16, 8 x 8 and 4 x 4 blocks become 8 x 8,
compression. Unlike JPEG2000 and EBCOT [29] on which it
4 x 4 and 2 x 2 blocks, respectively. Thus, after one or two
was based, there is no rate-distortion optimized bit assignment
spatial levels down, we do not need the same number of
over code blocks, as the entire subbands are coded together.
motion vectors as at full resolution. Moreover, the motion
This results in a complexity advantage for EZBC.
vectors are also scaled down by a factor of 2 after each spatial
level downwards, since if two adjacent motion vectors differ by
less than 2 pixels at full resolution, then at half resolution they 6.1 Definitions
will differ by less than 1 pixel.
• c(i,j, t): integer part of subband/wavelet coefficients at
Assume four grouped blocks (children) in the quad-tree
position (i, j, t) after proper scaling
structure have similar motion vectors. We can replace the four
• QTk[l](i,j,t): quadtree representation of SWT coeffimotion vectors by one representative at one spatial level down.
cients for subband k, at quadtree level l, and spatiotemCurrently we just choose the first motion vector in quad-tree
poral position (i,j, t)
scan order as the representative for the four motion vectors in
- QTk[O](i,j, t) a [ck(i,j, t)[
the children.
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- QTk[l ](i,j, t) 6_ max{QTk[l -- 1](2i, 2j, t),
QTk[I - 1](2i, 2j + 1, t),
QTk[I - 1](2i + 1, 2j, t),
QTk[/- 1](2i + 1, 2j + 1, t)}
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code S~(i,j, t)
if (Sn(i,j, t) = O, (i,j, t) remains in LINk[/]
else
if(l = 0), then output sign bit of ck(i,j, t) and add
(i,j, t, l) to LSPk
else CodeDescendentNodes(i, j, t,/)

• m(i,j,t)" MSB (most significant bit) of quadtree
node (i,j,t)
3. CodeLSP {
• Dk: depth of the quadtree of subband k
for each pixel (i,j, t) in LSPk, code bit n of ]ck(i,j, t)l
• QTRk: collection of all quadtree roots of subband k
}
• Dmax: maxk {Dk } zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
total number of subbands
index of the current bitplane pass, corresponding to
quantization threshold 2 ~
• Sn(i,j,t): significance of quadtree node (i,j,t) against
threshold 2 n,

•

K:

4. CodeDescendentNodes (k, l, i, j, t) {
for each node (x, y, t) in {(2i, 2j, t), (2i, 2j + 1, t),
(2i + 1, 2j, t), (2i + 1, 2j + 1, t)} of quadtree
level l - 1 and subband k
output Sn(x, y, t)
if (Sn(x,y,t) = 0), add ( x , y , t , l - 1) to LINk[l-- 1]
! 1, n ~ m(i,j, t), I
S.(i,j, t) ~ { zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
else
!
I O, otherwise.
i f ( / = 1) output the sign bit of Ck(X, y, t) and add
(x, y, t) to LSPk
Node (or pixel or coeff.) is significant iff S~(i,j, t) = 1.
else CodeDescendentNodes(k, l - 1, x, y, t)
• LINk[l]: list of insignificant nodes from quadtree level l of
subband k
• LSPk: list of significant pixels from subband k
EZBC begins with establishment of the quadtree represen• CodeLIN(k,/): function for processing insignificant
tations of individual subbands. The value of each quad-tree
nodes in LINk[l]
node is just equal to the maximum magnitude of the
• CodeLSP(k): function for coefficient refinement
SWT coefficients in the block region corresponding to this
• CodeDescendentNodes(k, l, i,j, t): function for coding
node. In contrast with the conventional pixel-wise bitplane
significance of all descendent nodes of QTk[/]
coding algorithm, EZBC also needs to deal with bitplanes
(i,j,t), which just tested significant against the current
of nodes at individual quadtree levels. Nevertheless, only
threshold.
nodes in lists LIN and LSP need to be processed in each
bitplane coding pass.
1. Coder
The coding procedure in EZBC is similar to that of
SPECK [28] which also adopted the same quadtree splitting
l-- Dk }
QTRk,
LINk[l] -4),
method. The major difference lies in context modeling
otherwise,
schemes for coding decisions of quad tree splitting, which
LSPk = ok,
will be described in the next section. The other important
difference is that the lists in EZBC are all separately estan - - ] log2(max {Ick(i,j,t)l})J.
L
(k,i,j,t)
blished for different quadtree levels and subbands. Therefore,
all nodes in a list come from the same quadtree level and
subband. With context models also separately built for the
step 1: for l = 0 : Dmax
individual lists, different statistical characteristics of the
for k = 0 : K 1
individual quadtree levels and subbands can be more
codeLIN(k, l)
accurately modeled. The other added benefit of this modificaend
tion is the algorithm can be applied for resolution-scalable
for k = 0 : K 1
coding applications once a proper bitstream parsing method
codeLSP(k)
is performed.
end
end
n--+ n - 1 and return to step 1, stopping when target
6.2 Context Modeling
bitrate is reached.
To code the significance of the quadtree nodes, we include 8
neighbor nodes of the same quadtree level in the spatial
2. CodeLIN(k, l) {
context, as illustrated in Fig. 13. This spatial context has
for each (i, j, t) in LINk[ l]
•

n:
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Illustration of the context models of a quadtree node.

been widely adopted for coding of the significance of
SWT samples/coefficients. However, the information across
scale is given by the node of the parent subband at the
next lower quadtree level, as shown in Fig. 13. This choice
is based on the fact that at the same quadtree level the
dimension of the region a node corresponds to in the input
image is halved in the parent subband as a result of subsampling at the transform stage. The model selection of
the arithmetic coding is just based on a 9-bit string with
each bit indicating the significant status of nodes in this
context. To lower model cost, instead of including all
context s t a t e s (2 9 totally), we adopted a similar method to
EBCOT [29] for context reduction. The sign coding scheme
of EBCOT is also employed in our algorithm.
Coding comparisons of EZBC versus SPIHT, SPECK, and
JPEG2000 are contained in [19] and show a general slight
advantage in PSNR for EZBC in the coding of natural image
data. This is surprising since EZBC omits the rate-distortion
optimization of JPEG2000, and simply interleaves the bitstream passes from the various subbands. This amounts to
relying on the near orthogonality of the transform to produce
a near constant MSE in the data. An additional simplification with JPEG2000 is that EZBC revisits the pixels less
often, amounting to about a 50% savings for bit rates less
than about 1 bit per pixel as an image coder [26].

6.3 Scalability

level = 2

(

p

p,-1

(a)

tn.LLLL.s.LLLL p t-LLLL-s-LLHL pnt-LLLL-s-LLLH
__HeadI Body .Headi Body
ll

p

....

subscript: subband index
superscript: bit layer index
(b) Illustration of packetization for a bitstream
FIGURE 14

layer

The coded bitstream for a GOP in EZBC.

zyxwvuts

The layout of the bitstream for a GOP is shown in Fig. 14(a).
The 3D SWT coefficients are coded from the most significant
bit (MSB). The quantizer step size is halved after each bit
coding pass. The quality (or the quantizer step size) of the
video can be controlled by just dropping the corresponding
subbitstreams for the remaining bits of subband coefficients.
The bitstream is therefore scalable in SNR. Since the bitstream

itself is embedded, it can be truncated at any point to meet
desired video quality or rate constraint. Hence, it is also
scalable in coding rate.
In MC-EZBC, context models and lists are separately
established for individual subbands. Any subband can be
separately decoded from its corresponding subbitstream
once its dependent subband has been processed up to the
current bit coding pass. This restriction in the decoding order
is due to the fact that inter-subband models are employed
for context-based arithmetic coding. The resolution and
frame-rate scalabilities can be achieved by discarding the
subbitstreams for irrelevant spatial/temporal subbands. For
examples, the video can be reconstructed at half resolution
and at half frame rate by throwing away subbitstreams for
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s-LH, s-HL, s-HH, and t-H subbands. For ease of extraction not arisen in the past since the references were always
of subbitstreams without transcoding, the subbitstreams generated in the same way, using for example, standard
for individual subbands are packetized as illustrated in downsampling filters and frame skipping.
Fig. 14(b). The actual decoding/transmission order for indiviIn the cross-check as shown in Fig. 15, we compare two
dual subbands is not precise. We may, for instance, transmit scalable coders not only on their own reference, but also on
packets for all spatial low-frequency subbands first. Again, the other coder's reference. If one of the coders performs
the principle is that each subband has to be decoded after best on both references, then it is said to be the better coder.
While "coding" the natural reference (i.e., the scalable coders
its dependent subband.
For multiresolution coding, we adopt a single prediction own reference), we assume that the coding does not have
loop to reduce the temporal redundancy. Slight quality to be explicitly done, only the partial decoding or so-called
degradation from energy leakage may occur due to the fact pull function. While coding the other coder's reference
that the SWT is not shift-invariant. In contrast to the though, explicit coding must be performed. On that
multiple-loop scheme by [30], this choice is made with the reference, the coder is not scalable (most likely). If the
goal to optimize the coding performance for the full- scalable coder with the best performance also obtains that
resolution video. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
performance on its reference, then we say it has won the
test as a scalable coder. Otherwise, it could be best on the
other coder's reference, and be a better coder, but not a
6.4 Packetization
better scalable coder. Neither coder may win the test, and
As the last step of MC-EZBC, packetization realizes quality
that is perhaps the main difficulty with the cross-check
control. In our coding system with GOP structure, we try to
method! However, this tie outcome has not occurred as yet
realize constant quality both inside a GOP and across the
in our limited experiments with four common test clips, two
many GOPs of the video clip. Since we use a near orthonormal
of which are reported below.
transformation both in the spatial and temporal domains,
When we cross-check a scalable coder with a nonscalable
corresponding bit planes of different subbands have the same
one, the nonscalable one can win the test, but not as a
importance. In bit plane scanning, we proposed to interleave
scalable coder. If the scalable coder only ties with the
spatial subbands of all temporal subband frames of a GOP
nonscalable one, it has effectively won as a scalable coder.
and interleave their coding passes further [10] to realize
Below we use the cross-check method with the nonscalable
constant quality inside a GOP.
coder H.26L.
To realize constant quality across GOPs, we proposed a
Of course, there is always the question of the quality of the
two-step coding scheme for the long-term constant quality
reference videos. We assume that this is judged elsewhere and
problem [10, 13]. In this scheme, we first encode the entire
is not a part of the cross-check test. Nevertheless, it is very
sequence and stop the bit plane encoding at some bit
important that both references have passed subjective tests
plane, which will ensure the needed quality. Effectively, we
as to their suitability for use. Otherwise, there is not much
have just created an archive. Our strategy of bit allocation
sense in doing the cross-check in the first place. To ensure this
over GOPs is to make the bit plane coding of all the
in the experimental comparisons below, we used the low value
GOPs stop at the same bit plane and realize approximately
of ~,mv 6 in the MCTF output rather than 2my = 24 for the
constant quality. While this type of constant quality does
Lagrange multiplier in HVSBM tree pruning in MC-EZBC
not optimize the total average performance, it comes close,
[17]. At 2my = 6 we did not see any artifacts in the lower
and may well provide the visually better performance.
frame-rate videos. Since decreasing 2m~ will cost more motion
bits, at low bitrates and full frame rate we observe a
performance drop.
7 Comparing Scalable Coders
Note that we never compute PSNR with respect to the
Cross-Check Method
reference that was not coded in that trial. Such a comparison
would not make sense in our opinion. For each temporal level
Since MCTF coders, and in fact all scalable coders, produce
we get four results, by varying the two coders and the two
the low resolution and low frame rate video, they in effect
references, but always using the chosen reference for the PSNR
create their own references. 2 Since each scalable coder is
calculation. The following general comments can be made.
expected to generate different references, there is the problem
The MCTF low frame-rate reference will probably have less
of doing an objective (PSNR say) comparison. This is a
temporal aliasing and less sensor noise, possibly making it
new problem that arises in comparing scalable coders. It has
easier to code, but occasionally there will be some motion
artifacts. On the other hand, the conventional frame-skipped
2A reference is the "original" to be used for calculation of PSNR at these reference will have more temporal aliasing along with the full
lower resolutions and frame rates. It amounts to the coder output at infinite amount of camera or sensor noise, but no motion artifacts. It
bit rate, for these resolutions and frame rates.
may be harder to code.
=
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7.1 Cross-Check Experiments
We compare MC-EZBC to H.26L on lower flame-rate videos
at 15 Hz (t-L1) and 7.5 Hz (t-L2). We use 2my = 6 for the
MCTF. We treat H.26L as not scalable, even in flame rate.
So all various flame rates are encoded by this coder directly.
We extract lower flame-rate videos at 15Hz and 7.5 Hz from a
MC-EZBC bitstream at high bitrates and use them as the
references for both MC-EZBC and H.26L. Then we encode
these two lower flame-rate videos with H.26L at different QP
levels. We also use MC-EZBC and H.26L to encode lower
frame-rate videos generated by flame skipping. When we run
MC-EZBC on flame skipping t-L1 and t-L2 videos, we use
GOP size of 8 and 4, respectively, to match the lower flame
rate GOP sizes chosen for H.26L. The PSNR results are shown,
four to a plot, in Figs. 16 and 17. In these figures the left plot is
for 1/2 flame rate and the right plot is for 1/4 flame rate.
We can see scalable MC-EZBC is comparable to nonscalable
H.26L at medium and high bitrates in lower frame-rate video
Mobile, but not for Foreman. These results at lower flame rates
are consistent with those of the full flame rate. For Bus
and Foreman, in both MCTF low frame-rate videos and

1500
Mobile.

frame-skipping videos, H.26L has the higher PSNR performance. Two other clips tested, but not with PSNR shown here,
were Flower Garden, Bus, and Coastguard.
Interestingly, we find the PSNR performance for the MCTF
low frame-rate reference is never lower than that of the
frame-skipping reference, and almost always significantly
higher. We conclude that MCTF output is actually easier to
code than the decimated or frame-skipped sequences. Now the
H.26L coder is scalable in frame rate but not in quality like
MC-EZBC. Based on tests across the five video clips, it turned
out that, if the test were for frame-rate scalability only, then
H.26L wins the test for two out of these five test videos, with
MC-EZBC winning the test on the other three. Interestingly
though, H.26L could have even better performance on the
MCTF reference outputs. Conversely, if the test is for both
frame-rate and quality scalability, then there is no way that
H.26L wins the test, because it is not eligible. An FGS
extension of H.26L or of H.264 could be used for that test
though.
For full frame-rate sequences where MC-EZBC was either
better or worse than H.26L, the same ranking was observed at
lower frame-rate videos either coming from MCTF or frame
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3D scalable data strucure [31].

skipping. We also found MCTF output was easier to code than
the decimated sequences. This may give MCTF referenced
coders an edge.

8 Multiple Adaptations
So far we have presented scalable coding as a method for
compressing the video once at the source and placing it onto
a video server, from which various qualities, bit rates, spatial
resolutions, and frame rates can be extracted. The individual
spatiotemporal subbands are stored in embedded form, and
the context modeling is based on lower resolution data.
A useful abstraction of the packetized data is the 3D data
structure shown in Fig. 18 (borrowed from [31]), where each
packet is termed an atom. The three dimensions are called
tiers, and in our case would correspond to bitrate, resolution,
and flame rate. So this is the data structure present at the
video server, but in this figure, quantized down to a small
number of atoms for display purposes. Because of the context

dependence of the arithmetic coding, there is a dependency
here, with each atom depending on its lower resolution atoms.
We can scan the cube in various directions, always in
increasing order in each dimension to satisfy the context
dependencies, to perform the required scalabilities, as also
indicated with a different notation in Section 6.3. This is the
so-called "pull function" of scalable coders, which creates the
actual (one-dimensional) bitstream to be sent out over the
channel or network link.
In a network application though, we may have to adapt
the data further inside the network, where by adapt we mean
reduce one or more of the dimensions: bitrate, spatial
resolution, and/or frame rate. Adaptation may be required
multiple times inside a network, due to the use of multicast and
broadcast to serve a number of users, with their heterogeneous
set of displays and compute capability. Another motivation
is the need to respond to congestion and packet loss inside the
network. The real practical case would combine these two. For
a non-scalable coder, one would have to adapt the data
by employing transcoding, with its attendant computational
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M o b i l e CIF

Each GOP will then have a header that contains information
as to how many temporal and spatial layers are included.
[ ,-~ once transcoding [
..~
.......~,~,twice transcodin~l
Further, each spatiotemporal layer is proceeded by a length
38
field. When an adaptation is made on a GOP, not only should
appropriate parts of the bitstream be removed, but the
36
information in the header and length fields must be updated
appropriately to enable correct decoding. Since we downsize
~ 34
the description file to seven quality layers to save on bits for
Z
the resource description file, at the following adaptations we
r~ 32
cannot access the bitstreams at the fractional bitplane level.
Figure 19a shows the PSNR performance after a second
30
adaptation (transcoding) for the Mobile clip. We see the
dashed curve (a second adaptation) is nearly coincident with
28
the solid curve (first adaptation). The data in these curves
is at the indicated rate points, which are 7 + 1 in number.
i
26
Figure 19b shows a similar performance for the coastguard
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clip, where slightly more loss is evident but mostly under 0.5
dB. For any fully embedded coder, the loss at the indicated
rate points is solely due to the overhead of carrying the
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adaptations. Visually there is no apparent degradation of
either clip after two adaptations. Further adaptations should
suffer no further loss, since the header information is the
same. In fact further adaptations would truncate the resource
description file, deleting unneeded parts, and of course,
reducing the slight overhead it causes.
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load and quality loss. A transcoding solution would also
require the network node processors to understand the coding
algorithm used. In contrast, a scalable coder merely sheds
unneeded atoms, making data adaptation much easier. In
order to do this, some additional small amount of information
has to be packetized and transmitted with the coded data,
to indicate the locations in the bitstream where the various
spatiotemporal subbands are located (Fig. 14(b)). Such
adaptations would not be performed in the network itself,
but on a content delivery network (CDN) superimposed on
the underlying network.
Below we give some illustrative results using MC-EZBC
with a 5 x 6 x 7 scalability structure, meaning 5 temporal or
flame-rate layers, six spatial resolution layers, and seven
bitrate or quality layers, all rate controlled on a GOP basis.

Here, we show some visual results for MC-EZBC coding of
the Foreman clip in CIF resolution at frame rates of 30 fps
and 15 fps.
Visual improvement can be significant, as seen in the
Fig. 20a and b, which show comparisons for full frame rate,
with OBMC (20a) and without OBMC (20b). We see a clear
decrease in blocking. The results after one adaptation to half
frame rate are shown in Figs. 21a-b.

10 Other Improvements and
Related Coders
In [32] two proposals are presented for further improvement of this interframe codec. They involve spatial transition filtering at block edges where there is a motion mode
change and an approach to optimize the quantization error
difference between DEFAULT, prediction, and intra blocks.
These non-default blocks will have a higher quantization
error on decoding from the already decoded DEFAULT
blocks. There is also the possibility of applying a reconstruction or de-blocking filter in the decoder.
The MC-EZBC coder performs the temporal transform
first followed by the spatial transform and is denoted t + 2D.
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FIGURE 20 (a) Frame 141 in Foreman OBMC, IBLOCK and color HVSBM
at rate 512 Kbps @ 30 fps. (b) Frame 141 in Foreman OBMC and IBLOCK at
rate 512 Kbps @ 30 fps (see color insert).

Another class of interframe SWT coders, denoted 2D + t,
performs the spatial transform first, followed by motion
compensation of the subbands, often involving a complete to
overcomplete SWT. A good example coder form this category
is [33], whose performance is reportedly similar to that of
MC-EZBC. Another t + 2D coder with performance similar
to MC-EZBC is contained in [34]. A full presentation of
these and other interframe/wavelet coders is contained in the
recent special issue [35].

Figure 21 (a) Frame 43 in Foreman OBMC, IBLOCK and color HVSBM
(corresponding to original frame 86) at rate 256 Kbps @ 15 fps, half the
original frame rate. (b) Frame 43 in Foreman OBMC and IBLOCK, but WITH
old YUV HVSBM (corresponding to original frame 86) at rate 256 Kbps @ 15
fps, half the original frame rate (see color insert).

Of course, the trick is to do this with very little loss in performance over that of a state-of-art coder at each comparison
point. The classic hybrid coders are not capable of doing
this well, due to the coder state implied by their internal
temporal DPCM loop. The newer class of MCTF coders have
an inherent advantage in this respect, and compare very well
to the best non-scalable coders. Many important design issues
were reviewed in the context of the popular MC-EZBC video
coder.
Finally we should mention a possibility of using the MCTF
in such coders to preprocess the data prior to encoding, as
well as postprocess the data at decoding. Due to the high
accuracy of the MCTF motion compensation, such filtering
can be very beneficial to reduce sensor and other noise in

zyxwvutsrqp

11 Conclusions
In this chapter we have considered highly scalable video
coders producing embedded bit streams that can be adapted
to produce reduced bit rates, resolutions, and frame rates.
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1 Introduction
The rapid advent of digital multimedia technologies and the
phenomenal growth of the Internet has created numerous
networked multimedia applications such as Video on Demand
(VoD), WebTV and video conferencing. The diversity of
digital video content available on the Internet has grown
explosively in the past few years. To conserve the storage space
and communication bandwidth, most digital video content is
represented in some kind of compressed format. There are
many varieties of video formats which complicates the
communication of video information between provider and
viewer.
Generally, the following three conditions must be satisfied
in order for a client to view a video over the Internet:
• The communication channel between the client device
and the service provider must have sufficient bandwidth
to support the bit rate of the compressed video.
• The client device must be able to decode the received
compressed video bit stream.
• The client device must have the capability to display the
decoded video.
It has become increasingly challenging to meet these
conditions due to the diversity and heterogeneity of the
Internet, both in terms of client device and network
connection bandwidth. On the client side, new classes of
pervasive computing devices such as personal digital assistants
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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(PDAs), third generation (3G) mobile phones, and wearable
computers are available that allow users to access multimedia
information over the Internet. Different devices usually have
different characteristics in terms of display capability, processing horsepower, storage capacity, and network access. For
instance, a 3G mobile phone often has a smaller display screen,
memory size, and limited processing power, compared with a
desktop or laptop computer. Network connections are also
highly diverse, ranging from several kilobits per second up to
gigabits per second. Moreover, the bandwidth of a
given connection may undergo dynamic changes over time.
Consequently, to support universal multimedia access, the
compressed video bit stream has to be manipulated dynamically to adapt to various client devices and network
connections.
Various scalable video coding schemes have been proposed
to support video communication over heterogeneous networks. The main idea of scalable video coding is to encode
the video as one base layer and a few enhancement layers so
that lower bit rates, spatial resolutions, and/or temporal
resolutions could be obtained by simply truncating certain
layers from the original bit stream. Several existing video
coding standards such as MPEG-2/4, H.263 support scalable
video coding. More details on scalable video coding can
be found in Chapters 6.2, 6.4, 6.5, and the references therein.
One problem of scalable video coding is that it does not
support interoperability between different video coding
formats. Consequently, a device that can only decode a
819

820

Handbook of Image and Video Processing

single video coding format may not be able to access those
videos coded in other formats. In addition, scalable video
coding usually suffers from lower coding efficiency, compared
with single-layer video coding solutions. Since large numbers
of video streams coded without scalability are available, such
as digital video devices (DVDs), alternative technologies are
needed to support universal access to those videos.
Video transcoding, where video is converted from one
compressed format to another compressed format for
adaptation of channel bandwidth or receiver or both, is
another technique proposed to adaptively deliver video
streams across heterogeneous networks. In general, video
transcoding can be used for bit rate reduction, spatial
resolution and/or temporal resolution reduction as well as
for video coding format conversion. Quite a bit of research has
been done on video transcoding due to its wide range of
applications. Early research work on video transcoding mainly
focused on bit rate reduction to adapt the compressed video to
available channel bandwidth [1-4]. Owing to the coexistence
of multiple video coding standards as well as the emergence of
new classes of devices with limited display and processing
power, heterogeneous video transcoding, where the video
coding format, spatial resolution, and/or temporal resolution
might all be changed, has also been investigated recently [5, 6].
Lately, error-resilience video transcoding has gained a
significant amount of attention with the introduction of
wireless video applications over various wireless networks
[7, 8]. Figure 1 illustrates these common video transcoding
operations.
In all video transcoding applications, it is possible to use a
cascaded pixel-domain approach that decodes the incoming
video stream, performs certain processing (if any), and
reencodes the processed signal subject to any new constraints.
However, this straightforward approach has a rather high
computational complexity and the quest for more efficient

techniques is the major driving force behind most video
transcoding research activities. Certainly, any gains in
efficiency should have negligible impact on the visual quality
of the transcoded video. Since most current video coding
standards are block-based video coding schemes that use the
discrete cosine transform (DCT) and motion estimation and
compensation (more details can be found in Chapter 6.1), we
will concentrate on block-based video transcoding techniques
in this chapter. Considering that the chrominance components can usually be handled similarly as the luminance
components, we will only discuss the processing techniques
done on the luminance components of the video.
The rest of this chapter is organized as follows. In Section 2,
video transcoding techniques for bit rate reduction and
corresponding architectures are reviewed. Section 3 reviews
progress made in heterogeneous video transcoding, including
spatial resolution reduction, motion vector reestimation after
spatial and/or temporal resolution reduction, and macroblock coding-type decision. In Section 4, we discuss bit rate
control techniques in video transcoding. Section 5 briefly
discusses recent research activities on error resilient video
transcoding for wireless video. Finally, we conclude the
chapter in Section 6.

zyxwv

2 Video Transcoding for Bit Rate
Reduction
Video transcoding for bit rate reduction has been studied
intensively due to its wide range of applications including
television broadcast and video streaming over the Internet.
The most straightforward way to achieve this is to decode the
incoming video bit stream and fully reencode the reconstructed video at the new bit rate as illustrated in Fig. 2. While
this approach can achieve the best video transcoding results,
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FIGURE 1 Illustration of common video transcoding applications. The source video is encoded at 6 Mb/s in
MPEG-2 format. In one application, the source video is transcoded to another MPEG-2 bit stream with a lower bit
rate of 1.5 Mb/s. In the other application, the source video is transcoded to a MPEG-4 bit stream with lower bit rate,
spatial resolution, and/or temporal resolution due to the limited wireless channel bandwidth and the PDAs processing
and displaycapabilities. Error resilient video transcoding may also be necessaryin the second application to account for
the high bit error rate of the wireless channel.
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FIGURE2 Diagramof the cascadedpixel domain video transcoder. Rl(n) is the incomingvideo bit stream and R2(n)
is the output stream with lower bit rate.
its high computational complexity prevents it from being a
practical solution. It is the video transcoder's aim to
significantly reduce the complexity, while still maintaining
acceptable quality, by exploiting the information contained in
the incoming video bit stream such as motion vectors.
In the following, we first analyze the video transcoding of
both intracoded flames and intercoded frames based on Fig. 2.
In the analysis, we assume that the picture coding type does
not change after transcoding. For instance, an intracoded
frame will be transcoded into another intracoded frame. Then,
we review and evaluate several fast video transcoding
architectures proposed over the past few years for bit rate
reduction. Finally, we will briefly discuss the recent advances
in DCT-domain inverse-motion compensation used in DCT
domain video transcoding architectures.

The transcoding distortion for intracoded frame consists of
the following three components [3]"
1. Some nonzero AC coefficients of the input frame
become zero after coarse requantization.
2. The quantization error for those nonzero coefficients.
3. The requantization error.
While the former two are well-known causes of distortions,
the third one is not obvious. In certain cases, requantization can lead to an additional error, which would not be
introduced had the original DCT coefficients been quantized
with the same coarser quantization step size. This is illustrated
in Fig. 3, which shows how requantization can lead to higher

[

2.1 Transcoding of Intra-Coded Frame

Q1

Q1

Q1 y

Q1x

Q1

Intracoded pictures are transcoded by coarsely encoding
the decoded picture denoted by x(n). Thus, from Fig. 2, we
have
R2(n) -- Q2[DCT(x(n))],

(1)

where x(n) is given by

x(n) -- IDCT[Qll(RI(n))]

(2)

I

Substituting (2) to (1) gives the transcoding equation (3) for
intracoded frames:

Q2y - Q2x

R2(n) -- Q2[DCT[IDCT[Qll(RI(n))]]] Q2[Q71(Rl(n))]
(3)

Q2

-

-

y
= Q12

x
Q12
Q2

FIGURE 3 Requantizationof DCT
coefficients (adapted from [3]).
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distortion than that produced by quantizing the original DCT Substituting (4) into (5) gives the transcoding equation (6) for
coefficients using the same quantization step size.
inter-coded frames:
In Fig. 3, the reconstructed levels of the DCT coefficients X,
Y, quantized with a quantizer step size of Q1, are Q1X and Q1 Y,
R2(n) - Q2[DCT[IDCT[Q11(R1(n))] + M C l [ X ( n - 1)] zyxwvutsrqponmlk
respectively. If the coarser quantization step size Q2 were used,
MC2[y ( n - 1 ) ] ] ]
both would be reconstructed to the same level Q 2 x = Q2Y.
= q2[q~-l(Rl(n) q- D C T [ M C I ( X ( n - 1))
However, if X, Y are first quantized with Q1 and then
quantized with Q2, the reconstructed level of Y will be the
- MC20,(n - 1))]].
(6)
same as that of direct coarser quantization with Q2 (i.e.,
Q2Y= Q12Y), whereas in the case of X, the reconstruction
Note that (6) implies that, for transcoding an intercoded
value will be different from that of direct coarser quantizaframe, the transcoding error of the previous anchor picture
tion (i.e., Q2X~ Q12x). Therefore, the requantization error
has to be added to the incoming DCT coefficients and then
of Y is zero, whereas that of X is not.
coarsely quantized. Otherwise, the transcoding error in
Whenever the coarse quantization interval contains entirely the intercoded frames will be accumulated until the next
the corresponding finer one, the direct coarse quantization intracoded frame is met. This error accumulation is known as
and requantization distortions are equal. On the other hand,
drift. In MPEG bit streams, intracoded frames can terminate
if the finer interval overlaps between two different coarser
the drift within a group of picture (GOP) structure. However,
intervals, then the requantization distortion is larger in the
this refreshing by intracoded frames is not always available in
case where the reconstruction value of the first quantization other video streams. For instance, in H.263, the insertion of
and the original coefficient fall into different coarser intracoded frames is not specified explicitly. Furthermore, in
quantization intervals. Werner [9] analyzed the requantization relatively complicated video sequences, the drift can be
problem theoretically and designed the quantizer Q2 to reduce significant even with a small number of intercoded frames
the overall requantization distortion by up to 1.3db, involved. In the following, various fast video transcoding
compared with the quantizer used in the MPEG-2 reference architectures will be discussed and the drift in each transcoder
coder TMS. In [10], a selective requantization method was will be investigated.
proposed to reduce the requantization errors in video
transcoding by avoiding critical ratios of the two cascaded 2.3 Fast Video Transcoding Architectures
quantizations that either lead to larger transcoding errors or
Several different architectures for video transcoding have been
require a higher bit budget. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
proposed. A simple architecture uses open-loop transcoding as shown in Fig. 4, where the incoming bit rate is
2.2. Transcoding of Inter-Coded Frame
downscaled by truncating the high-frequency DCT coefficients
In Fig. 2, the incoming intercoded frame is first reconstructed or performing a requantization process [ 1].
Since the transcoding is done in the coded domain, a
at the decoder by motion compensation, for example,
very simple and fast transcoder is possible. However, since
the transcoding error associated with the anchor picture is
x ( n ) -- I D C T [ Q l l ( R I ( n ) ) ] - - k
M C l [ X ( n - 1)].
(4)
not added to the subsequent intercoded frames, the open-loop
transcoding produces an increasing distortion caused by the
drift, which can degrade the video quality dramatically.
At the encoder side, we have
Drift-free transcoding is made possible by using a decoder to
decode the incoming video and the using an encoder
R2(n) -- Q2[DCT[x(n) - MC2[y(n - 1)]]]
(5)
to reencode the decoded signal at a lower bit rate as shown
-
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FIGURE 4 Fast pixel domain open-loop transcoder.
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in Fig. 2. However, its high computational complexity makes
it difficult to be used in real-time applications. Since an
incoming video bit stream arriving at the transcoder already
carries much useful information such as the picture type,
motion vectors, quantization step size, bit-allocation statistics,
and so forth, it is possible to reduce the complexity of the
video transcoder by reusing some of the available information.
By reusing the motion vectors and macroblock coding mode
decision information contained in the incoming video bit
stream, a simplified architecture with less computational
cost can be obtained [2-4]. By reusing motion vectors (i.e.,
MC1 =MC2 =MC) equation (6) becomes

3. Transcode the bit stream with Q 1 - 5 into another one
with Q 2 - 1 0 , using the drift free fast pixel domain
transcoder shown in Fig. 5.

Clearly, the transcoding errors are accumulated in the openloop video transcoder, causing a serious video-quality drift
problem with more than 6-db PSNR degradation in the last
frame. By contrast, the difference between that obtained by
method 1 and that by method 3 is about 0.7 db for all frames.
In the fast pixel domain transcoder shown in Fig. 5, the
coded quantization errors of the second-stage quantization
are decoded into the pixel domain through inverse DCT
transformation and then stored in the frame memory as pixel
values. The motion compensation operation is performed in
the pixel domain and then transformed into the DCT domain
for the prediction operation. The whole process required one
IDCT transform, one DCT transform, and one motion
compensation. By keeping everything in the DCT domain,
the computation for IDCT/DCT can be avoided, which
leads to the DCT domain transcoding architecture shown
in Fig. 7. In addition, for most video sequences, the DCT block
is quite sparse hence the data volume to be processed can be
significantly reduced while achieving the same functionality.
The efficiency of this transcoder mainly depends on the
computational complexity of DCT domain inverse motion
compensation. In the next subsection, we will discuss the
problem of DCT domain inverse motion compensation and
briefly review several fast algorithms proposed in the last few
years.

zyxwvutsrqponm
zyxwvutsrqp

R2(n) -- Q2[Q11(Ri(n)) +
-

MC2(y(n

-

DCT[MCl(X(n

-

1))

1))]]

-- qa[q~-X(Rm(n)) +

DCT[MC(x(n

-

1) -

y(n

-

1))]],
(7)

which leads to a simplified architecture depicted in Fig. 5.
In this architecture, the transcoding error associated with the
reference picture is compensated back to the predictive picture
so that the error drift problem is eliminated. This operation
is call inverse motion compensation as shown in Fig. 5.
This simplified architecture can save motion estimation,
one frame memory and one IDCT operation compared to
that shown in Fig. 2. The performance of different video
transcoding architectures is depicted in Fig. 6 in which the
mobile sequence was encoded using H.263 with the fixed
quantization step size of Q1 = 5. Figure 6 shows the PSNR
(peak signal-to-noise ratio) value of each frame, obtained by
the following three methods, respectively.
1. Encode the original mobile sequence using H.263 with
fixed quantization step size of Q1 = 10.
2. Transcode the bit stream with Q1 = 5 into another one
with Q2 = 10, using the open-loop transcoder shown
in Fig. 4.

2.4 D C T D o m a i n I n v e r s e M o t i o n
Compensation
Inverse motion compensation is a necessary step in most video
transcoding applications in order to convert the intercoded
frames to intracoded frames or to compensate the transcoding
errors in the anchor frames back to the prediction error frames
for drift-free video transcoding. Since the data are organized
R2(n)

Rl(n)
rI

Q2

IQ2

DCT

+

K

MC
---~-~

FM
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FIGURE 5 Fastpixel domain video transcoder.
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Performance of different video transcoding architectures (mobile sequence, Q1 -- 5, Q2 = 10).

Rl(n)

.-I

IQ

]

"-

[

100

R2(n)

IQ2

.~o=o=

rk.l.)

FM
FIGURE 7

I_.
I-"

Fast DCT domain video transcoder.

block-by-block in the DCT domain, inverse motion compensation in the DCT domain is more complex than its
counterpart in the spatial domain and hence becomes the
bottleneck of DCT domain video transcoding algorithms.
The general setup of DCT domain inverse motion compensation is illustrated in Fig. 8, where ~ is the current block of
interest, Xl, x2, x3 and x4 are the reference blocks from which

is derived. In the spatial domain, ~ can be expressed as a
superposition of the appropriate windowed and shifted
versions of Xa, x2, x3 and x4 as follows:
4

fC -- E
i=1

qilxiqi2

(8)

zyxwvutsrqp
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Reference blocks

Current block

FIGURE 8 Illustrationof DCT domain inverse motion compensation.

where qij, i = 1 , - . . , 4 , j = 1,2 are sparse 8 x 8 matrices
of zeros and ones that perform windowing and shifting
operations. For example, for i - - 1,

qll-

(01 )
0

0

, q12-

(00)

iw 0 '

(9)

where Ih and Iw are identity matrices of dimension h x h and
w x w, respectively. The values h and w are determined by the
motion vector corresponding to ~. By using the linear and
distributive properties of the DCT, we can write the DCT
domain inverse motion compensation as
4

£-

~

QilXiQi2

(10)

i=1

where )~, Xi, Qil and Qi2 are the DCT's of £c, Xi, qil and qi2,
respectively. Note that Qil and Qi2 are constant and hence can
be precomputed and stored in memory [11]. Obviously, the
objective of DCT domain inverse motion compensation is to
compute the DCT coefficients of ~ directly from the DCTs
ofxi, i = 1 . . . . 4.
Brute-force computation of (10) in the case where the
reference block ~ is not aligned in any direction with the block
structure requires eight floating-point matrix multiplications
and three matrix additions. Several algorithms have been
proposed to reduce the computational complexity of the DCT
domain inverse motion compensation. In [12], Merhav and
Bhaskaran proposed to factorize the constant matrices Qij
into a series of relatively sparse matrices instead of fully
precomputing them. As a result, some of the matrix multiplications in (10) can be replaced by simple addition and
permutation operations such that computational complexity
can be reduced. In [3], the authors approximated the elements
of Qij by binary numbers so that all multiplications can be
implemented by basic integer operations such as shift and add.
In general, motion compensation is done on a macroblock
basis, meaning that all blocks in the same macroblock have
the same motion vector. Based on this observation, Song and
Yeo [13] presented a fast algorithm for DCT inverse-motion
compensation by exploiting the shared information among the

blocks within the same macroblock instead of constructing the
DCT domain values of each target block independently like the
previous two methods. However, this method does not apply
to the case where one macroblock has multiple motion
vectors. For instance, MPEG-4 and H.264 support four
motion vectors per macroblock. While all three methods
adopted the two-dimensional (2D) procedure shown in Fig. 8,
Acharya and Smith [14] developed a separable implementation diagram in which the 2D problem was decomposed into
two separate one-dimensional (1D) problems. They showed
that the decomposition is more efficient than computing the
combined operation.
In [15], the authors approached the problem of (10) from a
different angle by analyzing the statistical properties of nature
image/video data. The proposed algorithm first estimates
the local bandwidth of the target block to be reconstructed
from the reference blocks by modeling a natural image as a
2D separable Markov random field. The algorithm can reduce
the processing time by avoiding the computations of those
DCT coefficients outside the estimated local bandwidth.
Note that the DCT coefficients inside the estimated local
bandwidth can be computed by using other fast algorithms
such as the ones discussed above. No significant distortion
is introduced by the algorithm as shown in the experimental
results in [ 15].

zyxwv

3 Heterogeneous Video Transcoding
Heterogeneous video transcoding has become increasingly
important for supporting universal multimedia access due to
the fact that multiple video coding standards coexist and
a wide range of new devices with different characteristics
have been developed for networked multimedia applications.
In heterogeneous video transcoding, the incoming video bit
stream may be subject to coding format conversion and spatial
and/or temporal resolution reduction to satisfy the constraints
imposed by the video communication channel and/or receiving devices. As such, the decoder and encoder loops in the
heterogeneous video transcoder could not be combined to
simplify the transcoder, as in the fast video transcoding architectures described in Section 2. Instead of simply cascading the
video decoder and encoder, various efficient video transcoding
techniques have been proposed in the literature by taking
advantage of the information extracted from the incoming
video bit stream (e.g., motion vectors, macroblock coding
types as well as bit allocation statistics) to help reduce the
computational complexity of the encoder. For instance, the
motion vectors extracted from the input video can be reused
or used to derive new motion vectors in the video encoder
such that full-scale motion estimation, which comprises more
than 60% of the encoding complexity, can be avoided [5].
Figure 9 shows a typical video transcoding architecture
in which an input MPEG-2 video is transcoded to a MPEG-4
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FIGURE 9 Pixel domain video transcoding architecture to transcode MPEG2 videos to MPEG4 bit streams with
spatial and/or temporal resolution reduction.

MVs
MPEG2
estimation
bitstream zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Lo)_

DCT-domain -'~
rLdownsamplingy ~--

IQ y
MVs ~ (

DCT-domain
down-scale decoder"

DCTdomainMc )

(

-'~
FM y-~,

i(

MPEG4
bitstream

DCT domain
MPEG4 encoder

VLD
IQ
MC
FM
MV

:
:
:
:
:

~

~

variable length decoding
inverse quantization
motion compensation
frame memory
motion vector

FIGURE 10 DCT domain video transcoder to transcode MPEG-2videos to MPEG-4bit streams with spatial and/or
temporal resolution reduction.

video bit stream for wireless video applications. It first decodes
the incoming MPEG-2 bit stream to the pixel domain by
performing variable length decoding (VLD), inverse quantization (IQ), IDCT, and motion compensation (MC); then
downscales the decoded video by a factor of two in both the
horizontal and vertical directions in the pixel domain; and
finally reencodes the downscaled video into an outgoing
MPEG4 video bit stream. Note that the MC is performed
using the original motion vectors. The motion vectors
extracted from the incoming bit stream are used to speed up
the motion estimation process in the MPEG-4 encoder.
If both the input and output video coding formats use the
DCT, then DCT domain video transcoding architectures,
where all operations are performed in the DCT domain to
avoid DCT/IDCT process, can be used. Significant effort
has been applied toward developing efficient DCT domain
video transcoding architectures and algorithms, such as DCT
domain spatial resolution reduction and DCT domain motion
compensation. For example, in [16] a fast and memoryefficient DCT domain video transcoding architecture as
illustrated in Fig. 10, where the input video is directly decoded

to a lower resolution video by a so-called DCT domain
downscale video decoder. In Fig. 10, the DCT domain MC is
basically the same problem as the DCT domain inverse
motion compensation (IMC) discussed in Section 2. Thus, fast
algorithms for DCT domain IMC also apply to DCT domain
MC. Compared with the pixel domain approach shown in
Fig. 9, this transcoder can save more than 50% of required
memory, since there is no buffer needed for the original highresolution video frame. In addition, the computational cost is
reduced by more than 70%. However, the video quality
achieved by both approaches is hardly distinguishable at target
bit rates of 384 kb/s and 256 kb/s according to the
experimental results reported in [16].
In the following, we will review some recent progress
made in heterogeneous video transcoding techniques, which
include motion vector estimation, video down-sampling as
well as macroblock coding type decision in the encoder. In the
following discussion, we will assume the input video is downsampled by two in both the horizontal and vertical resolutions.
The techniques are extended to arbitrary scaling factors in
[17-18].
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FIGURE 11 Illustration of motion vector (MV) mapping.

3.1 Motion Vector Estimation for Spatial
Resolution Reduction
To avoid full-scale motion estimation in the encoder, the
motion vectors extracted from the incoming video bit stream
can be used to derive new motion vector(s) for the downsampled outgoing video sequence. Due to the down-sampling
in spatial resolution, one macroblock in the outgoing video
corresponds to four macroblocks in the original video
sequence. Each intercoded macroblock in the original video
is assumed to have one motion vector. Thus, there will be
four motion vectors associated with each 16 x 16 macroblock
in the lower spatial resolution picture as shown in Fig. 11.
If the outgoing video bit stream supports four 8 x 8 motion
vectors in each 16 x 16 macroblock (such as MPEG-4), the
input motion vectors of the original video can be used directly
for each 8 x 8 block in the lower spatial resolution video
with appropriate scaling by two. However, it is sometimes
inefficient to use four motion vectors in each macroblock
since more bits must be used to code four motion vectors.
In the case where each 16 x 16 macroblock has one motion
vector in the outgoing video, various techniques have been
investigated to derive the output motion vector from the
four input motion vectors. Three methods of deriving a new
motion vector from the four input motion vectors are studied
in [5]: the median value, the majority, and the mean value of
the four input motion vectors. They showed that the median
value gives the best results. The median vector is defined as
one of the four input motion vectors that has the least
Euclidean distance from all, for example,
4

-- argmin{ Z
vkEV

j=l
j:/:k

][Vk -- Wj[[}

(11)

where V = {1,'1, V2, V3, V4} and 19, j = 1. . . . . 4 are the incoming
motion vectors and ff is the candidate motion vector for
the downscaled video. Note that the magnitude of the
estimated vector v should be downscaled by a factor of
two and those intracoded or skipped macroblocks in the
incoming bit stream are usually viewed as predicted macroblocks with zero-valued motion vectors. Instead of simply
averaging the four input motion vectors, it has been proposed
[19] to estimate the new motion vector by using the
weighted average of the four incoming motion vectors,
where the weights correspond to the block activity. The
proposed method produces higher video quality than
the simple averaging method. However, the comparison
between the median value method and the proposed method
was not given in [19].
To further improve the output video quality, it has also
been suggested to refine, within a small searching area, the
motion vector derived from the four input vectors. The
experimental results from [5] show that a refinement within
0.5 pixel range delivers satisfactory results. Nevertheless, the
authors in [20] present an adaptive motion vector refinement
algorithm called variable step-size search, where the search
area is adapted to the motion vector magnitude itself. The
algorithm achieves better video quality at the expense of
higher computational cost.

3.2 Motion Vector Estimation for Temporal
Resolution Reduction
To achieve higher bit rate reduction or to adapt to the
processing power of the receiving device, the video transcoder
may have to reduce the temporal resolution of the incoming
video by dropping some of the encoded frames. For instance,
a mobile terminal may only be capable of decoding and
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FIGURE 12 Motion vector reestimation. A new motion vector MV from frame n to frame n-2 will be derived from the
incoming motion vectors MV1 and MV2 since the frame n-1 is dropped.

displaying 10 frames per second while most DVD videos are
encoded at 30 frames per second.
As discussed earlier, motion vectors from the original video
bit stream are usually reused or used to derive the new motion
vectors for the outgoing bit stream in bit rate reduction and
spatial resolution reduction video transcoders. For temporal
resolution reduction, the problem is similar in that it is
necessary to derive the motion vectors from the current
frame to the previous nonskipped frame by using the motion
vectors extracted from the skipped video flame(s). Figure 12
illustrates a situation where a frame is dropped. One way to
obtain MV without performing full-scale motion estimation is
to use the summation of MV1 and MV2. However, since the
corresponding area of MV2 in frame n-1 is usually not aligned
with macroblock boundary, MV2 is not available from the
incoming bit stream. So the problem is boiled down to
estimate MV2 from its four neighboring motion vectors
obtained from the incoming bit stream. One method is to use
bilinear interpolation from the four neighboring MVs.
Another method is the forward dominant vector selection
(FDVS) algorithm proposed in [21]. It selects the motion
vector of the macroblock that has the largest overlapping
portion with the area pointed at by the incoming motion
vector MV1 in frame n - 1. For instance, in Fig. 12, the FDVS
would select the motion vector of MB1 as MV2 since the
macroblock MB 1 has the largest overlapping area with the area
A1. The FDVS usually yields much better video performance
than the bilinear interpolation scheme [21]. However, when
the overlapping areas among the four macroblocks are very
close, the motion vector selected by FDVS may not be optimal.
On the basis of this observation, the authors in [20] proposed
a so-called activity-dominant vector selection (ADVS)
algorithm by utilizing the activity of each macroblock
to determine which motion vector should be selected. The
activity information of a macroblock can be represented by
the number of nonzero DCT coefficients. From the simulation
results reported in [20], the ADVS algorithm is superior to the
FDVS method, especially in high-motion video sequences.

3.3 Spatial Resolution Reduction
In pixel domain video transcoding with spatial resolution
reduction (Fig. 9), two methods can be used to perform spatial

resolution reduction. The first one is pixel-averaging method
in which every 2 x 2-pixel block is represented by a single
pixel of their average value. The second is the subsampling
method that applies low-pass filtering to the original image,
then down-samples the low-pass filtered image by dropping
every alternative pixel in both horizontal and vertical
directions [22]. The first method is simpler to implement
while the second usually gives better performance in video
quality if a proper low-pass filter is used. With the popularity
of DCT domain video transcoding techniques, DCT domain
algorithms for spatial resolution reduction have also been
studied. By utilizing the linear, distributive, and unity
properties of the DCT transform, it is always possible to
find a counterpart in the DCT domain for any given pixel
domain linear operation [12, 23, 24]. Since most of the signal
energy is concentrated at the lower frequency band in the
DCT domain, the authors in [16] proposed to perform spatial
resolution reduction by only decoding the top-left 4 x 4 DCT
coefficients of each 8 x 8 block in the incoming bit stream.
Then every four 4 x 4 DCT blocks are transformed into one
8 x 8 DCT block in the DCT domain as shown in Fig. 13.
To show this, let T and T4 denote the 8 × 8 and 4 x 4 DCT
operator matrices, respectively. Then we have

B -- TbT t -- [TL TR]

[bxb3b462][
T#

1

= -~ [ TL

TR ] Tt4B3 T 4

Tt4B4 T 4

TtR

= I(TLTt4I[BI(TLTt4)t q- B2(TRTt4) t]
2

+-~1 (TRTt4I[B3(TLTt4)t + B4(TRTt4)t ]
4x4

4x4

8x8
B1

B2

4x4

4x4

B3

B4

FIGURE 13 Convertfour 4 x 4 subblocks to one 8 x 8 block.

(12)
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where b, bl, b2, b3, b4 are the pixel-domain representations connections. In video transcoding, the performance of bit
of the DCT blocks B, B1, B2, B3, B4 (shown in Fig. 13), rate adaptation heavily depends on the bit rate control
respectively; TL, TR are 8 x 4 matrices denoting the first and technique used in the video transcoder. Therefore, bit rate
last four columns of the eight-point DCT kernel T, respecti- control is one of the key components in a video transcoder. In
vely, and t denotes the matrix transpose. Let C -- TL Tt4 + TR Tt4 the following, we discuss the difference between the problem
and D--TLTt4 - TRTt4, then we have TLTt4 = C +2 D and of bit rate control in video transcoding and that in video
TRTt4 = C~D. Hence, (12) can be re-written as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
encoding.
Generally speaking, bit rate control is a budget constrained
1
bit allocation problem. A stand-alone video encoder usually
B ---{[C(B1 4- B3) 4- D(B1 - B3)](C 4- D) t
8
relies on a preanalyzed rate-distortion (R-D) model to solve
4- [C(B2 4- B4) 4- D(B2 - B4)](C - D) t }
the bit allocation problem. The R-D model determines the
(13) relationship between the number of produced bits and the
1
= -8 [X(C 4- D) t 4- Y ( C - D) t] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
quantization step size. Various R-D models have been
proposed
in the literature based on information theory and
1
= ~[(X 4- y ) c t 4 - ( X - Y)D t]
the characteristics of the human vision system [30-34], such
as the TMN8 and TMN10 models developed in the H.263
standard. Since the R-D model is usually derived from
with
extensive experimental data, it may not match the R-D
characteristics
of any particular video sequence. The mismatch
X - C(B1 4- B3) 4- D(B1 - B3)
(14)
may produce large bit rate control error in video encoding.
X -- C(B2 4- B4) 4- D(B2 - B4)
(15) To reduce the mismatch, most bit rate control techniques
update the R-D model by using the actual bit usage
It can be shown that more than 50% of the elements in the information in the previous frame or macroblock and then
matrices C and D are zeros, hence (14)-(15) can be computed apply the updated R-D model to the current frame or
very efficiently [28].
macroblock. However, if the statistical properties of the
current frame or macroblock are significantly different from
3.4 Macroblock Coding Type Decision
the previous one, the mismatch problem still exists. For
example, during a scene change, the current frame may be
In video transcoding with spatial resolution reduction, every
completely different from the previous one. Thus, the R-D
four macroblocks in the incoming bit stream will collapse
to one macroblock in the outgoing bit stream as shown in model based on the statistics of the previous frame may not fit
the current frame at all.
Figure 11. Since the four incoming macroblocks may have
Although the bit rate control techniques used in video
different coding types, a new macroblock coding type has to
encoding
can be directly used in video transcoding, the bit
be designated to the output macroblock in the output bit
allocation
and rate control in video transcoding are different
stream. One way is to derive a new macroblock coding type
from
that
in
video encoding. The input of video transcoding is
by comparing the coding complexity of different coding
a
preencoded
video bit stream that contains much informatypes as in a stand-alone video encoder. However, the cost of
tion
such
as
bit
usage of each macroblock, macroblock coding
carrying out a new macroblock coding type decision is
types,
and
motion
vectors. The bit usage information
rather high [5, 29]. Another method is to select a macroblock
extracted
from
the
input
bit stream can be reused by the
coding type from the four incoming macroblock coding
video
transcoder
to
build
an R-D model that matches the
types. For instance, we can use most of the input macroactual
statistics
of
the
video
frame or macroblock being
block coding types. In other words, if three of the four
encoded
so
that
more
accurate
bit
allocation and rate control
input macroblocks are intercoded, then the output macrocan
be
achieved
[35-37].
In
[35],
the authors proposed an
block will be intercoded. The intracoded input macroblock
accurate
bit
allocation
and
rate
control
algorithm for video
will be considered as the intercoded one but with zero-valued
transcoding
by
exploiting
the
approximate
relationship
motion vectors. Experimental results reported in [5] show
between
the
number
of
VLC
code
words
and
the
number
that the video quality degradation in the second method is
of
produced
bits
for
encoding
those
VLC
code
words.
Since
less than 0.2 db, compared with the one achieved by the first
both
the
number
of
VLC
code
words
and
the
number
method.
of produced bits are already available in the incoming bit
stream, an accurate bit allocation model can be derived
4 Bit Rate Control in Video Transcoding from the information contained in the incoming bit stream.
The proposed rate control scheme can adaptively allocate bits
One important application of video transcoding is to adapt to each macroblock in a frame and make the total bits of
the bit rate of precoded video bit streams to various network a frame meet the target bits budget. Compared to TMN-8,
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the proposed technique can allocate the bit budget more combined AIR-FCS method gave superior transcoding
efficiently to the macroblocks in a frame to produce better performances over error-prone GPRS channels relative to
video quality. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
nonresilient video streams.

5 Error-Resilient Video Transcoding
With the emergence of various advanced wireless networks
such as 3G cellular systems, wireless video has become
increasingly popular and is attracting great interest [38-40].
Transmitting coded video stream over wireless channels is
even more challenging than over wired channels since wireless
channels usually have lower bandwidth and higher bit error
rates than wired channels.
Error-resilient video transcoding increases the error resilience of a video stream to produce acceptable video quality at
the receiver side. For example, the authors in [8] proposed an
error-resilient transcoding technique that is built on three
fundamental blocks:
1. Increase the spatial resilience by reducing the number of
macroblocks per slice and enhance the temporal
resilience by increasing the proportion of intracoded
macroblocks in each flame. The amount of resilience is
tailored to the content of the video and the prevailing
error conditions, as characterized by bit error rate.
2. Derive an analytic model that characterizes how the bit
errors propagate in a video that is compressed using
motion-compensated encoding and subjected to bit
errors.
3. Compute the optimal bit allocation between spatial
resilience, temporal resilience, and video signal itself so
that an optimal resilience will be injected into the video
stream.

6 Concluding Remarks
Besides the transcoding techniques discussed in this chapter,
other video transcoding techniques have also been proposed
and developed for various applications. These include content-based transcoding [41, 42], joint transcoding of multiple
video streams [43], transcoding for fast forward and reverse
playback [44], and other more exotic schemes.
In summary, most video transcoding research activities
have been focusing on the following two issues:
1. Reduce the computational cost of video transcoding for
real-time operations. Due to the high data volume and
computational complexity of video decoding and
encoding, efficient algorithms are needed for real-time
video transcoding.
2. Develop efficient bit rate control algorithms to achieve
better video quality by exploiting the information
extracted from the input bit stream and the properties
of the HVS.
While a large number of video transcoding techniques have
been developed, the two problems above are still not fully
solved, especially the second issue. For any given target bit
rate, various transcoding techniques can be used to achieve the
target bit rate. For example, we can choose to increase the
quantization step size, or reduce the spatial/temporal resolution, drop the chromatic components, etc. Yet, there is a lack
of a unified video transcoding strategy that can automatically
determine which transcoding technique to be used to achieve
the best visual quality to the end users. This requires developing utility functions that can gauge a user's satisfaction of a
coded video [45, 46]. Although great progress has been
made in video quality assessment recently (see Chapters 8.2
through 8.4), further study is still needed toward developing
algorithms that measure and compare transcoded video
quality across spatiotemporal scales in a perceptually consistent way.

In [7], the authors presented a novel fully comprehensive
mobile video communication system that exploits the useful
rate management features of the video transcoders and
combines them with error resilience for transmissions of
coded video streams over general packet radio service (GPRS)
mobile access networks. The error-resilient video transcoding
operation takes place in a video proxy, which not only
performs bit rate adaptation but also increases error resilience.
In the proposed system, two resilience schemes are used, References
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1 MPEG-1 Video Coding Standard
1.1 Introduction
1.1.1 Background and Structure of MPEG-1
Standards Activities
The development of digital video technology in the 1980s has
made it possible to use digital video compression in various
kinds of applications. The effort to develop standards for
coded representation of moving pictures, audio, and their
combination is carried out in the Moving Picture Experts
Group (MPEG). MPEG is a group formed under the auspices
of the International Organization for Standardization (ISO)
and the International Electrotechnical Commission (IEC). It
operates in the framework of the Joint ISO/IEC Technical
Committee 1 (]TC 1) on Information Technology, which
was formally Working Group 11 (WG11) of Sub-Committee
29 (SC29). The premise is to set the standard for coding
moving pictures and the associated audio for digital storage
media at about 1.5 Mbit/s so that a movie can be compressed
and stored in a VCD (video compact disc). The resultant
standard is the international standard for moving picture
compression, ISO/IEC 11172 or MPEG- 1 (Moving Picture
Experts Group-Phase 1). MPEG-1 standards consist of
5 parts, including: systems ( 11172-1), video (11172-2), audio
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

(11172-3), conformance testing (11172-4), and software
simulation (11172-5). In this chapter, we will focus only on
the video part.
The activity of the MPEG committee started in 1988 based
on the work of ISO ]PEG (Joint Photographic Experts Group)
[1] and ITU-T (formerly CCITT) Recommendation H.261:
"Video Codec for Audiovisual Services at p ×64 kbits/s" [2].
Thus, the MPEG-1 standard has much in common with the
JPEG and H.261 standards. The MPEG development methodology is similar to that of H.261 and is divided into three
phases: requirements, competition, and convergence [3].
The purpose of the requirements phase is to precisely set the
focus of the effort and determine the rule for the competition
phase. The document of this phase is a "Proposal Package
Description" [4] and a test methodology [5]. The next step is
the competition phase in which the goal is to obtain state of
the art technology from the best of academic and industrial
research. The criteria are based on the technical merits and the
trade-off between video quality and the cost of implementation [5]. After the competition phase, various ideas and
techniques are integrated into one solution in the convergence
phase. The solution results in a simulation model, which
implements a reference encoder and a decoder. The simulation model is used to carry out simulations to optimize the
performance of the coding scheme [6]. A series of fully
833
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documented experiments called core experiments are then
carried out. The MPEG committee reached the Committee
Draft (CD) status in September 1990 and the Committee Draft
(CD 11172) was approved in December 1991. International
Standard (IS) 11172 for the first three parts was established in
November 1992. The IS for the last two parts was finalized in
November 1994.

speed using existing hardware technologies and the decoder
can be implemented in low cost.
Since MPEG-1 video coding algorithm was developed based
on H.261, in the following sections, we will focus only on
those parts which are different from H.261.

zyxwvutsrqp
1.2 MPEG-1 Video Coding vs. H.261

1.1.2 MPEG-1 Target Applications and
Requirements
The MPEG standard is a generic standard, which means that
it is not limited to a particular application. A variety of
digital storage media applications of MPEG-1 have been
proposed based on the assumptions that acceptable video
and audio quality can be obtained for a total bandwidth
of about 1.5 Mbits/s. Typical storage media for these
applications include VCD, DAT (digital audio tape), Winchester-type computer disks, and writable optical disks. The
target applications are asymmetric applications where
the compression process is performed once and the decompression process is required often. Examples of the asymmetric applications include VCD, video on demand, and video
games. In these asymmetric applications, the encoding delay
is not a concern. The encoders are needed only in small
quantities while the decoders are needed in large volumes.
Thus, the encoder complexity is not a concern while the
decoder complexity needs to be low in order to result in lowcost decoders.
The requirements for compressed video in digital storage
media mandate several important features of the MPEG-1
compression algorithm. The important features include
normal playback, frame-based random access and editing of
video, reverse playback, fast forward/reverse play, encoding
high-resolution still flames, robustness to uncorrectable
errors, etc. The applications also require MPEG-1 to support
flexible picture-sizes and frame-rates. Another requirement is
that the encoding process can be performed in reasonable

1.2.1 Bi-Directional Motion Compensated
Prediction
In H.261, only the previous video frame is used as the
reference frame for the motion compensated prediction
(forward prediction). MPEG-1 allows the future frame to be
used as the reference frame for the motion compensated
prediction (backward prediction), which can provide
better prediction. For example, as shown in Fig. 1, if there
are moving objects, and if only the forward prediction is used,
there will be uncovered areas (such as the block behind the car
in frame N) for which we may not be able to find a good
matching block from the previous reference picture (frame
N - l ) . On the other hand, the backward prediction can
properly predict these uncovered areas since they are available
in the future reference picture, i.e., frame N + 1 in this
example. Also shown in the figure, if there are objects moving
into the picture (the airplane in the figure), these new objects
cannot be predicted from the previous picture, but can be
predicted from the future picture. In fact, all the information
in the second picture is available from the first and the third
picture. Another major advantage of the B-pictures is the
denoising capability. In practical situations, the pixel values of
an object may not be same, due to various noise effects from
lighting changes, shadows, sampling effects, and other noises.
Bi-directional prediction could reduce the noise effects due to
averaging, or simply due to the fact that there is an extra
choice which could provide a better matching.
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FIGURE 1 A video sequence showingthe benefits of bi-directional prediction.

Frame N + 1
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1.2.2 Motion Compensated Prediction with
Half-Pixel Accuracy
The motion estimation in H.261 is restricted to only integerpixel accuracy. However, a moving object often moves to
a position which is not on the pixel grid but between the
pixels. MPEG-1 allows half-pixel accuracy motion vectors.
By estimating the displacement at a finer resolution, we can
expect improved prediction and, thus, better performance
than motion estimation with integer pixel accuracy. As
shown in Fig. 2, since there is no pixel value at the halfpixel locations, interpolation is required to produce the pixel
values at the half-pixel positions. Bi-linear interpolation is
used in MPEG-1 for its simplicity. As in H.261, the motion
estimation is performed only on luminance blocks. The
resulting motion vector is scaled by 2 and applied to the
chrominance blocks. Motion vectors are differentially
encoded with respect to the motion vector in the preceding
adjacent macroblock. The reason is that the motion
vectors of adjacent regions are highly correlated, as it is
quite common to have relatively uniform motion over areas
of the picture.

1.3 MPEG-1 Video Structure
1.3.1 Source Input Format (SIF)
The typical MPEG-1 input format is the source input format
(SIF). SIF is derived from ITU-R BT 601, formerly CCIR601,
a worldwide standard for digital TV studio. ITU-R BT
601 specifies the Y Cb Cr color coordinate where Y is the
luminance component (black and white information), and
Cb and Cr are two color difference signals (chrominance
components). A luminance sampling frequency of 13.5 MHz
was adopted. There are several Y Cb Cr sampling formats,
such as 4:4:4, 4:2:2, 4:1:1, and 4:2:0. In 4:4:4, the sampling
rates for Y, Cb, and Cr are the same. In 4:2:2, the sampling
rates of Cb and Cr are half of that of Y. In 4:1:1 and 4:2:0, the
sampling rates of Cb and Cr are one quarter of that of Y.
The positions of Y Cb Cr samples for 4:4:4, 4:2:2, 4:1:1, and
4:2:0 are shown in Fig. 3.
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Converting an analog TV signal to digital video with the
13.5 MHz sampling rate of ITU-R BT 601 results in 720 active
pixels per line (576 active lines for PAL and 480 active lines for
NTSC). This results in a 720 x 480 resolution for NTSC and a
720 x 576 resolution for PAL. With 4:2:2, the uncompressed
bit-rate for transmitting ITU-R BT 601 at 30 frames/s is then
about 166 Mbits/s. Since it is difficult to compress an ITU-R
BT 601 video to 1.5 Mb/s with good video quality, in MPEG-1,
typically the source video resolution is decimated to a quarter
of the ITU-R BT 601 resolution by filtering and sub-sampling.
The resultant format is called SIF, which has a 360 x 240
resolution for NTSC and a 360 x 288 resolution for PAL.
Since in the video coding algorithm, the block-size of 16 x 16
is used for motion compensated prediction, the number of
pixels in both the horizontal and the vertical dimensions
should be multiples of 16. Thus, the four left-most and four
right-most pixels are discarded to give a 352 x 240 resolution
for NTSC systems (30 frames/s) and a 352 x 288 resolution
for PAL systems (25 frames/s). The chrominance signals have
half of the above resolutions in both the horizontal and
vertical dimensions (4:2:0, 176 x 120 for NTSC and 176 x 144
for PAL). The uncompressed bit rate for SIF (NTSC) at
30 frames/s is about 30.4 Mbits/s.

1.3.2 Group of Pictures (GOPs) and
I - B - P Pictures
In MPEG, each video sequence is divided into one or more
groups of pictures (GOPs). There are four types of pictures
defined in MPEG-I: I-, P-, B-, and D-pictures of which the
first three are shown in Fig. 4. Each GOP is composed of one
or more pictures; one of these pictures must be an I-picture.
Usually, the spacing between two anchor frames (I- or
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FIGURE2 Half-pixelmotion estimation.
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P-pictures) is referred to as M, and the spacing between two
successive 1-pictures is referred to as N. In Fig. 4, M = 3 and
N = 9. However, it should be noted that a GOP does not need
to use a periodical structure.
I-pictures (intra-coded pictures) are coded independently
with no reference to other pictures. 1-pictures provide random
access points in the compressed video data, since the I-pictures
can be decoded independently without referencing to other
pictures. With I-pictures, an MPEG bit stream is more
editable. Also, error propagation due to transmission errors in
previous pictures will be terminated by an 1-picture since the
I-picture does not reference to the previous pictures. Since Ipictures use only transform coding without motion compensated predictive coding, it provides only moderate compression.
P-pictures (predictive-coded pictures) are coded using the
forward motion-compensated prediction similar to that in
H.261 from the preceding I- or P-picture. P-pictures provide
more compression than the I-pictures by virtue of motioncompensated prediction. They also serve as references for
B-pictures and future P-pictures. Transmission errors in the
1-pictures and P-pictures can propagate to the succeeding
pictures since the I-pictures and P-pictures are used to predict
the succeeding pictures.
B-pictures (bi-directional predicted pictures) allow macroblocks to be coded using bi-directional motion-compensated
prediction from both the past and future reference I- or
P-pictures. In the B-pictures, each bi-directional motioncompensated macroblock can have two motion vectors: a
forward motion vector which references to a best matching
block in the previous I- or P-pictures, and a backward motion
vector which references to a best matching block in the next Ior P-pictures as shown in Fig. 5. The motion compensated
prediction can be formed by the average of the two referenced
motion compensated blocks. By averaging between the past
and the future reference blocks, the effect of noise can be
decreased. B-pictures provide the best compression compared

to I- and P-pictures. I- and P-pictures are used as reference
pictures for predicting B-pictures. To keep the structure
simple, the B-pictures are not used as reference pictures.
Hence, B-pictures do not propagate errors.
D-pictures (dc-pictures) are low-resolution pictures
obtained by decoding only the dc coefficient of the discrete
cosine transform (DCT) coefficients of each macroblock. They
are not used in combination with I-, P-, or B-pictures. Dpictures are rarely used, but are defined to allow fast searches
on sequential digital storage media.
The trade-off of having frequent B-pictures is that it
decreases the correlation between the previous I- or P-picture
and the next reference P- or I-picture. It also causes coding
delay and increases the encoder complexity. With the example
shown in Figs. 4 and 6, at the encoder, if the order of the
incoming pictures is 1, 2, 3, 4, 5, 6, 7 . . . . . the order of coding
the pictures at the encoder will be: 1, 4, 2, 3, 7, 5, 6, . . . . At the
decoder, the order of the decoded pictures will also be 1, 4, 2,
3, 7, 5, 6, . . . . However, the display order after the decoder
should be 1, 2, 3, 4, 5, 6, 7. Thus, frame memories have to
be used to put the pictures in the correct order. This picture
re-ordering causes delay. The computation and extra memory
requirement of bi-directional motion estimation, and the
picture re-ordering frame memories increase the encoder
complexity.
Encoder Input:
1I 2B 3B 4P 5B 6B 7P 8B 9B 10I llB 12B 13P 14B 15B 16P
GOP1

GOP2

Decoder Input:
1I 4 P 2 B 3 B 7 P 5 B 6 B 1018B9B 13PllB 12B 16P14B 15B
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GOP2

CLOSED

OPEN

FIGURE 6 Frame reordering.

Backward motion vector
~

Best matching macroblock

Forward motion vector

Current B-picture
~Best

matching macroblock

Past reference picture
FIGURE 5 Bi-directional motion estimation.
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In Fig. 6, two types of GOPs are shown. GOP1 can be two motion vectors for bi-directionally predicted (or averdecoded without referencing other GOPs. It is called a Closed- aged) macroblocks. P-pictures can have intra- and forwardGOP. In GOP2, to decode the eighth B- and ninth B-pictures, predicted macroblocks. B-pictures can have all four types of
the seventh P-picture in GOP1 is needed. GOP2 is called an macroblocks. The first and last macroblocks in a slice must
Open GOP which means the decoding of this GOP needs to always be coded. A macroblock is designated as a skipped
macroblock when its motion vector is zero and all the
reference other GOPs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
quantized DCT coefficients are zero. Skipped macroblocks are
not allowed in I-pictures. Non intracoded macroblocks in P1.3.3 Slice, Macroblock, and Block Structures
and B-pictures can be skipped. For a skipped macroblock, the
An MPEG picture consists of slices. A slice consists of a decoder just copies the pixel values of the macroblock from
contiguous sequence of macroblocks in a raster scan order the previous picture.
(from left to right and from top to bottom). In an MPEG
coded bit stream, each slice starts with a slice header which is a
1.4 Summary of the Major Differences
clear codeword (a clear codeword is a unique bit pattern
between
MPEG-1 Video and H.261
which can be identified without decoding the variable length
codes in the bit stream). Due to the clear codeword slice
As compared to H.261, MPEG-1 video differs in the following
header, slices are the lowest level of units which can be
aspects:
accessed in an MPEG coded bit stream without decoding the
•
MPEG-1 uses bi-directional motion compensated predicvariable-length codes. Slices are important in the handling of
tive coding with half-pixel accuracy while H.261 has no
channel errors. If a bit-stream contains a bit error, the error
bi-directional prediction (B-pictures) and the motion
may cause error propagation due to the variable length coding.
vectors are always in integer-pixel accuracy.
The decoder can regain synchronization at the start of the next
• MPEG-1 supports the maximum motion vector range of
slice. Having more slices in a bit stream allows better error-512 to 4-511.5 pixels for half-pixel motion vectors and
termination, but the overhead will increase.
-1024 to +1023 for integer-pixel motion vectors while
A macroblock consists of a 16 x 16 block of luminance
H.261 has a maximum range of only 4-15 pixels.
samples and two 8 × 8 blocks of corresponding chrominance
•
MPEG-1 uses visually weighted quantization based on
samples as shown in Fig. 7. A macroblock thus consists of four
the fact that the human eye is more sensitive to
8 × 8 Y-blocks, one 8 x 8 Cb block, and one 8 x 8 Cr block.
quantization errors related to low spatial frequencies
Each coded macroblock contains motion-compensated
than to high spatial frequencies. MPEG-1 defines a
prediction information (coded motion vectors and the
default 64-element quantization matrix, but also allows
prediction errors). There are four types of macroblocks:
custom matrices appropriate for different applications.
intra, forward-predicted, backward-predicted, and averaged
H.261 has only one quantizer for the intra DC coefficient
macroblocks. The motion information consists of one motion
and 31 quantizers for all other coefficients.
vector for forward- and backward-predicted macroblocks and

SLICE 1
SLICE 2
SLICE 3
Cb Chrominance
SLICE 1

SLICE 14
SLICE 15

SLICE 2
SLICE 3
Y LUMINANCE

SLICE 1
SLICE 2
SLICE 3
Cr Chrominance

SLICE 14
SLICE 15

SLICE 14
SLICE 15
FIGURE 7

Macroblock and slice structures.
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TABLE 1 MPEG-1 constrained parameter set

Parameter

Constraint

Horizontal size
Vertical size
Total no. of macroblocks/picture
Total no. of macroblocks/second
Picture rate
Bit rate
Decoder buffer

<720 pels
<576 pels
<396
<396 x 2 5 - 330 x 30
<30 frames/s
< 1.86 Mbits/s
<376832 bits
m

strategy, the quantization decision levels, the motion estimation schemes, and coding modes for each macroblock are not
specified. This allows future technology improvement and
product differentiation. In order to have a reference MPEG-1
video quality, simulation models were developed in MPEG-1.
A simulation model contains a specific reference implementation of the MPEG-1 encoder and decoder including all the
details which are not specified in the standard. The final
version of the MPEG-1 simulation model is "Simulation
Model 3" (SM3) [7]. In SM3, the motion estimation
technique uses one forward and/or one backward motion
vector per macroblock with half-pixel accuracy. A two-step
search scheme which consists of a full search in the range of
+ / - seven pixels with the integer pixel precision, followed by
a search in eight neighboring half-pixel positions, is used. The
decision of the coding mode for each macroblock (whether or
not it will use motion compensated prediction and intra-intercoding), the quantizer decision levels, and the rate control
algorithm are all specified in the simulation model.

• H.261 only specifies two source formats: CIF (common
intermediate format, 352 x 288 pixels) and QCIF (quarter CIF, 176 x 144 pixels). In MPEG-1, the typical source
format is SIF (352 x 240 for NTSC, and 352 x 288 for
PAL). However, the users can specify other formats. The
picture size can be as large as 4k x 4k pixels. There are
certain parameters in the bit streams that are left flexible,
such as the number of lines per picture (less than 4096),
the number of pels per line (less than 4096), picture rate
(24, 25, and 30 frames/s), and fourteen choices of pel
aspect ratios. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.6 MPEG-1 Video Bit Stream Structures
•
In MPEG-1, I-, P-, and B-pictures are organized as a
As shown in Fig. 8, there are six layers in the MPEG-1 video
flexible group of pictures (GOPs).
bit stream: the video sequence, group of pictures, picture,
• MPEG-1 uses a flexible slice structure instead of group of
slice, macroblock, and block layers.
blocks (GOBs) as defined in H.261.
• A video sequence layer consists of a sequence header, one
•
MPEG-1 has D-pictures to allow the fast-search option.
or more groups of pictures, and an end-of-sequence
• In order to allow cost effective implementation of user
code. It contains the setting of the following parameters:
terminals, MPEG-1 defines a constrained parameter set
the picture size (horizontal and vertical sizes), pel aspect
which lays down specific constraints, as listed in Table 1.
ratio, picture rate, bit rate, the minimum decoder buffer
size (video buffer verifier size), constraint parameters flag
1.5 Simulation Model
(this flag is set only when the picture size, picture rate,
decoder buffer size, bit rate, and motion parameters
Similar to H.261, MPEG- 1 specifies only the syntax and the desatisfy the constraints bound in Table 1), the control for
coder. Many detailed coding options such as the rate control zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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•

•

•

•

•

the loading of 64 8-bit values for intra and non-intra
quantization tables, and the user data.
The GOP layer consists of a set of pictures that are in
a continuous display order. It contains the setting of
the following parameters: the time code which gives the
hours-minutes-seconds time interval from the start of
the sequence, the closed GOP flag which indicates
whether the decoding operation needs pictures from
the previous GOP for motion compensation, the broken
link flag which indicated whether the previous GOP can
be used to decode the current GOP, and the user data.
The picture layer acts as a primary coding unit. It
contains the setting of the following parameters: the
temporal reference which is the picture number in
the sequence and is used to determine the display order,
the picture types (I/P/B/D), the decoder buffer initial
occupancy which gives the number of bits that must be
in the compressed video buffer before the idealized
decoder model defined by MPEG decodes the picture (it
is used to prevent the decoder buffer overflow and
underflow), the forward motion vector resolution and
range for P- and B-pictures, the backward motion vector
resolution and range for B-pictures, and the user data.
The slice layer acts as a resynchronization unit. It
contains the slice vertical position where the slice starts,
and the quantizer scale that is used in the coding of the
current slice.
The macroblock layer acts as a motion compensation
unit. It contains the setting of the following parameters:
the optional stuffing bits, the macroblock address increment, the macroblock type, quantizer scale, motion
vector, and the coded block pattern which defines the
coding patterns of the six blocks in the macroblock.
The block layer is the lowest layer of the video sequence
and consists of coded 8 x 8 DCT coefficients. When a
macroblock is encoded in the intra-mode, the DC
coefficient is encoded similar to that in JPEG (the DC
coefficient of the current macroblock is predicted from
the DC coefficient of the previous macroblock). At the
beginning of each slice, predictions for DC coefficients
for luminance and chrominance blocks are reset to 1024.
The differential DC values are categorized according to
their absolute values and the category information is
encoded using VLC (variable length code). The category
information indicates the number of additional bits
following the VLC to represent the prediction residual.
The AC coefficients are encoded similar to that in H.261
using a VLC to represent the zero-run-length and the
value of the non zero coefficient. When a macroblock is
encoded in non intra modes, both the DC and AC
coefficients are encoded similar to that in H.261.

Above the video sequence layer, there is a system layer in
which the video sequence is packetized. The video and audio
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bit streams are then multiplexed into an integrated data
stream. These are defined in the Systems part. zyxwvutsrqponmlkjihgfed

1.7 Summary
MPEG-1 is mainly for storage media applications. Due to the
use of B-picture, it may result in long end-to-end delay. The
MPEG-1 encoder is much more expensive than the decoder
due to the large search range, the half-pixel accuracy in
motion estimation, and the use of the bi-directional motion
estimation. The MPEG-1 syntax can support a variety of
frame-rates and formats for various storage media applications. Similar to other video coding standards, MPEG-1 does
not specify every coding option (motion estimation, rate
control, coding modes, quantization, pre-processing,
post-processing, etc.). This allows continuing technology
improvement and product differentiation.

2 MPEG-2 Video Coding Standard
2.1 Introduction
2.1.1 Background and Structure of MPEG-2
Standards Activities
The MPEG-2 standard represents the continuing efforts of
the MPEG committee to develop generic video and audio
coding standards after their development of MPEG-1. The
idea of this second phase of MPEG work came from the
fact that MPEG-1 is optimized for applications at about 1.5
Mb/s with input source in SIF, which is a relatively lowresolution progressive format. Many higher quality higher bit
rate applications require a higher resolution digital video
source such as ITU-R BT 601, which is an interlaced format.
New techniques can be developed to code the interlaced
video better.
The MPEG-2 committee started working in late 1990 after
the completion of the technical work of MPEG-1. The
competitive tests of video algorithms were held in November
1991, followed by the collaborative phase. The Committee
Draft (CD) for the video part was achieved in November 1993.
The MPEG-2 standard (ISO/IEC 13818) [8] consists of nine
parts. The first five parts are organized in the same fashion as
MPEG-I: systems, video, audio, conformance testing, and
simulation software technical report. The first three parts of
MPEG-2 reached International Standard (IS) status in
November 1994. Parts 4 and 5 were approved in March
1996. Part 6 of the MPEG-2 standard specifies a full set of
Digital Storage Media Control Commands (DSM-CC). Part 7
is the specification of Advanced Audio Coding (AAC). Part 8
was originally planned to be the coding of 10-bit video but was
discontinued. Part 9 is the specification of real-time interface
(RTI) to transport stream decoders which may be utilized for
adaptation to all appropriate networks carrying MPEG-2
transport streams. Part 10 is the specification of conformance
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testing part of DSM-CC. Part 6 and Part 9 have already been the cost of the system. To meet this need, MPEG-2 classified
approved as International Standards in July 1996. Like the the groups of features for important applications into profiles.
MPEG-1 video standard, MPEG-2 video coding standard A profile is defined as a specific subset of the MPEG-2 bitspecifies only the bit stream syntax and the semantics of the stream syntax and functionality to support a class of
decoding process. Many encoding options were left unspeci- applications (e.g., low-delay video conferencing applications,
fied to encourage continuing technology improvement and or storage media applications). Within each profile, levels are
product differentiation.
defined to support applications which have different quality
MPEG-3, which was originally intended for HDTV requirements (e.g., different resolutions). Levels are specified
(high definition digital television) at higher bit-rates, was as a set of restrictions on some of the parameters (or their
merged with MPEG-2. Hence there is no MPEG-3. MPEG-2 combination) such as sampling rates, frame resolutions, and
video coding standard (ISO/IEC 13818-2) was also adopted bit rates in a profile. Applications are implemented in the
by ITU-T as ITU-T Recommendation H.262 [9]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
allowed range of values of a particular profile at a particular
level.
Table 2 shows the combination of profiles and levels that
2.1.2 Target Applications and Requirements
are defined in MPEG-2. MPEG-2 defines seven distinct
MPEG-2 is primarily targeted at coding high-quality video at profiles: simple, main, snr scalable, spatially scalable, high,
4-15 Mb/s for video on demand (VOD), digital broadcast 4:2:2, and multiview. The last two profiles were developed
television, and Digital Storage Media such as DVD (digital after the final approval of MPEG-2 video in November 1994.
versatile disc). It is also used for coding HDTV, cable/ Simple profile is defined for low-delay video conferencing
satellite digital TV, video services over various networks, applications using only I- and P-pictures. Main profile is the
2-way communications, and other high-quality digital video most important and widely used profile for general highquality digital video applications such as VOD, DVD, digital
applications.
The requirements from MPEG-2 applications mandate TV, and HDTV. SNR (signal-to-noise ratio) scalable profile
several important features of the compression algorithm. supports multiple grades of video quality. Spatially scalable
Regarding picture quality, MPEG-2 needs to be able to profile supports multiple grades of resolutions. High profile
provide good NTSC quality video at a bit rate of about 4-6 supports multiple grades of quality, resolution, and chroma
Mbits/s and transparent NTSC quality video at a bit rate of formats. Four levels are defined within the profiles: low
about 8-10 Mbits/s. It also needs to provide the capability of (for SIF resolution pictures), main (for ITU-R BT 601 resolurandom access and quick channel-switching by means of I- tion pictures), high-1440 (for European HDTV resolution
pictures in GOPs. Low-delay mode is specified for delay- pictures), and high (for North America HDTV resolution
sensitive visual communications applications. MPEG-2 has pictures). The 11 combinations of profiles and levels in Table
scalable coding modes in order to support multiple grades of 2 define the MPEG-2 conformance points which cover most
video quality, spatial resolutions, and flame-rates for various practical MPEG-2 target applications. The numbers in each
applications. Error resilience options include intramotion conformance point indicate the maximum bound of the paravector, data partitioning, and scalable coding. Compatibility meters. The number in the first line indicates the luminance
with the existing MPEG-1 video standard is another promi- rate in samples/s. The number in the second line indicates bit
nent feature provided by MPEG-2. For example, MPEG-2 rate in bits/s. Each conformance point is a subset of the
decoders should be able to decode MPEG-1 bit streams. If conformance point at the right or above. For example, a main
scalable coding is used, the base layer of MPEG-2 signals can profile main level decoder should also decode simple profile
be decoded by a MPEG-1 decoder. Finally, it should allow main level and main profile low level bit streams. Among
reasonable complexity encoders and low-cost decoders be the defined profiles and levels, main profile at main level
built with mature technology. Since MPEG-2 video is based (MP@ML) is used for digital television broadcast in ITU-R BT
heavily on MPEG-1, in the following sections, we will focus 601 resolution and DVD video. The main profile at high level
only on those features which are different from MPEG-1 (MP@HL) is used for HDTV. The 4:2:2 profile at main level
(422P@ML) is defined for professional video production
video.
environments, which supports a higher bit-rate of up to
50 Mbit/s with 4:2:2 color subsampling, and higher precision
2.2 MPEG-2 Profiles and Levels
in DCT coding. Although the high profile supports 4:2:2 also,
MPEG-2 standard is designed to cover a wide range of a high profile codec needs to support SNR scalable profile and
applications. However, features needed for some applications spatially scalable profile. This makes the high profile codec
may not be needed for other applications. If we put all the expensive. The 4:2:2 profile does not need to support the
features into one single standard, it may result in an overly scalabilities and thus will be much cheaper to implement.
expensive system for many applications. It is desirable for an Multiview profile is defined to support the efficient encoding
for the applications involving two video sequences from
application to implement only the necessary features to lower zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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TABLE 2 Profiles and levels
Profile
Level
High
1920 x 1152
(60 frames/s)
High- 1440
1440 x 1152
(60 frames/s)
Main
720 x 576
(30 frames/s)
Low
352 x 288
(30 frames/s)

Simple
4:2:0

Main
4:2:0

High 4:2:0
or 4:2:2

Spatially Scalable
4:2:0

SNR Scalable
4:2:0

100 Mbit/s
for 3 layers

62.7 Ms/s
80 Mbits/s

10.4 Ms/s
15 Mbit/s

10.4 Ms/s
15 Mbit/s
3.04 Ms/s
4 Mbit/s

80 Mbits/s
for 3 layers

47 Ms/s
60 Mbit/s
for 3 layers

47 Ms/s
60 Mbit/s

20 Mbit/s
for 3 layers

10.4 Ms/s
15 Mbit/s
for 2 layers
3.04 Ms/s
4 Mbit/s
for 2 layers

two cameras shooting the same scene with a small angle
x • Luminance samples
between them. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x

2.3 MPEG-2 Video Input Resolutions and
Formats
Although the main concern of the MPEG-2 committee is to
support the ITU-R BT 601 resolution which is the digital
TV resolution, MPEG-2 allows a m a x i m u m picture size of
16k x 16k pixels. It also supports the frame rates of 23.976, 24,
25, 29.97, 30, 50, 59.94 and 60 Hz as in MPEG-1. MPEG-2 is
suitable for coding the progressive video format as well as the
interlaced video format. As for the color subsampling formats,
MPEG-2 supports 4:2:0, 4:2:2, and 4:4:4. MPEG-2 uses the
4:2:0 format as in MPEG-1 except that there is a difference
in the positions of the chrominance samples as shown in
Figs. 9(a) and 9(b).
In MPEG-1, a slice can cross macroblock row boundaries.
Therefore, a single slice in MPEG-1 can be defined to cover the
entire picture. On the other hand, slices in MPEG-2 begin and
end in the same horizontal row of macroblocks. There are two
types of slice structure in MPEG-2: the general and the
restricted slice structures. In the general slice structure,
MPEG-2 slices need not cover the entire picture. Thus, only
the regions enclosed in the slices are encoded. In the restricted
slice structure, every macroblock in the picture shall be
enclosed in a slice.

2.4 MPEG-2 Video Coding Standard
Compared to MPEG-1
2.4.1 Interlaced vs. Progressive Video
Figure 10 shows the progressive and interlaced video scan. In
the interlaced video, each displayed frame consists of two
interlaced fields. For example, frame 1 consists of field 1 and
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FIGURE 9 The position of luminance and chrominance samples for 4:2:0
format in (a) MPEG-1 (b) MPEG-2.
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FIGURE 10 (a) Progressive scan. (b) Interlaced scan.
field 2, with the scanning lines in field 1 located between the
lines of field 2. On the contrary, the progressive video has all
the lines of a picture displayed in one frame. There are no
fields or half pictures as with the interlaced scan. Thus,
progressive video requires a higher picture rate than the
frame rate of an interlaced video, to avoid a flickery display.
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The main disadvantage of the Interlaced format is that when
there are object movements, the moving object may appear
distorted when we merge two fields into a frame. For example,
Fig. 10 shows a moving ball. In the interlaced format, since the
moving ball will be at different locations in the two fields,
when we put the two fields into a frame, the ball will look
distorted. Using MPEG-1 to encode the distorted objects in
the frames of the interlaced video will not produce the optimal
results.
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2.4.2 Interlaced Video Coding
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FIGURE 11 Interlaced video format.

Figure 11 shows the interlaced video format. As explained
earlier, an interlaced frame is composed of two fields. From
the figure, the top field (Field 1) occurs earlier in time than the
bottom field (Field 2). Both fields together form a frame. In
MPEG-2, Pictures are coded as I-, P-, and B-pictures like in
MPEG-1. To optimally encode the interlaced video, MPEG-2
can encode a picture either as a field picture or a frame
picture. In the field picture mode, the two fields in the frame
are encoded separately. If the first field in a picture is an Ipicture, the second field in the picture can be either I- or
P-pictures as the second field can use the first field as a
reference picture. However, if the first field in a picture is a Por B-field picture, the second field has to be the same type of
picture. In a frame-picture, two fields are interleaved into a
picture and coded together as one picture. In MPEG-2, a video
sequence is a collection of frame pictures and field pictures.
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FIGURE 12 Three types of motion compensated prediction.
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2.4.2.1 Frame-based
and
Field-based
Motion
Compensated Prediction. In MPEG-2, an interlaced

picture can be encoded as a frame picture or as field pictures.
MPEG-2 defines two different motion compensated prediction types: frame-based and field-based motion compensated
prediction. Frame-based prediction forms a prediction based
on the reference frames. Field based prediction is made based
on reference fields. For the simple profile where the bidirectional prediction cannot be used, MPEG-2 introduced a
dual-prime motion compensated prediction to efficiently
explore the temporal redundancies between fields. Figure 12
shows the three types of motion compensated predictions.
Note that all motion vectors in MPEG-2 are specified with a
half-pixel resolution.
Frame predictions in frame pictures: in the frame-based
prediction for frame-pictures, as shown in Fig. 12(a), the
whole interlaced frame is considered as a single picture. It uses
the same motion compensated predictive coding method used
in MPEG-1. Each 16 × 16 macroblock can have only one
motion vector for each forward or backward prediction. Two
motion vectors are allowed in the case of the bi-directional
prediction.
Field prediction in frame-pictures: the field-based prediction in frame pictures considers each frame picture as two
separate field pictures. Separate predictions are formed for

FIGURE 13 Blocks for frame-/field-based prediction.

each 16 x 8 block of the macroblock as shown in Fig. 13. Thus,
the field-based prediction in a frame picture needs two sets of
motion vectors. A total of four motion vectors are allowed in
the case of bi-directional prediction. Each field-prediction
may select either the field 1 or the field 2 of the reference
frame.

Field prediction in field pictures: in field-based prediction
for field pictures, the prediction is formed from the two
most recently decoded fields. The predictions are made
from reference fields, independently for each field, with each
field considered as an independent picture. The block size of
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prediction is 16 x 16; however, it should be noted that the
16 x 16 block in the field picture corresponds to a 16 × 32
pixel-area in the frame picture. Field-based prediction in field
picture needs only one motion vector for each forward- or
backward-prediction. Two motion vectors are allowed in the
case of the bi-directional prediction.
16 x 8 prediction in field pictures: two motion vectors are
used for each macroblock. The first motion vector is applied
to the 16 x 8 block in field 1 and the second motion vector is
applied to the 16 x 8 block in field 2. A total of four motion
vectors are allowed in the case of bi-directional prediction.
Dual-prime motion compensated prediction can be used
only in P-pictures. Once the motion vector "v" for a
macroblock in a field of given parity (field 1 or field 2) is
known relative to a reference field of the same parity, it is
extrapolated or interpolated to obtain a prediction of the
motion vector for the opposite parity reference field. In
addition, a small correction is also made to the vertical
component of the motion vectors to reflect the vertical shift
between lines of the field 1 and field 2. These derived motion
vectors are denoted dvl and dv2 (represented by dash lines) in
Fig. 12(c). Next, a small refinement differential motion vector,
called "dmv," is added. The choice of dmv values ( - 1, 0, + 1)
is determined by the encoder. The motion vector "v" and its
corresponding "dmv" value are included in the bit-stream so
that the decoder can also derive dvl and dv2. In calculating
the pixel values of the prediction, the motion compensated
predictions from the two reference fields are averaged which
tends to reduce the noise in the data.
Dual-prime prediction is mainly for low-delay coding
applications such as videophone and video conferencing. For
low-delay coding using simple profile, B-pictures should not
be used. Without using bi-directional prediction, dual-prime
prediction is developed for P-pictures to provide a better
prediction than the forward prediction.

2.4.2.2 Frame]Field D C T . MPEG-2 has two DCT
modes: frame-based and field-based DCT as shown in
Fig. 14. In the frame-based DCT mode, a 16 × 16-pixel
macroblock is divided into four 8 × 8 DCT blocks. This mode
is suitable for the blocks in the background or in a still
image that have little motion because these blocks have high
correlation between pixel values from adjacent scan lines.
In the field-based DCT mode, a macroblock is divided into
four DCT blocks where the pixels from the same field
are grouped together into one block. This mode is suitable
for the blocks that have motion because as explained,
motion causes distortion and may introduce high-frequency
noises into the interlaced frame.
2.4.2.3 A l t e r n a t e Scan. MPEG-2 defines two different
zigzag scanning orders: zigzag and alternate scans as shown
in Fig. 15. The zigzag scan used in MPEG-1 is suitable for
progressive images where the frequency components have
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Progressive/Interlaced scan.

equal importance in each horizontal and vertical direction. In
MPEG-2, an alternate scan is introduced based on the fact that
interlaced images tend to have higher frequency components
in the vertical direction. Thus, the scanning order weighs more
on the higher vertical frequencies than the same horizontal
frequencies. In MPEG-2, the selection between these two
zigzag scan orders can be made on a picture basis.

2.4.3 Quantization
In MPEG-2, for intra DC coefficients, 8-11 bits of precision is
allowed after quantization, while in MPEG-1, only 8-bit precision is allowed. In MPEG-2, intra AC coefficients and all non
intra DC and AC coefficients can be quantized to [-2048,
2047], while in MPEG-1, the range is [-256, 255]. The finer
quantization can reduce the quantization error to improve the
reconstructed video quality.

2.5 Scalable Coding
Scalable coding is also called layered coding. In scalable
coding, the video is coded in a base layer and several
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enhancement layers. If only the base layer is decoded, basic 2.5.2 Spatial Scalability
video quality can be obtained. If the enhancement layers are With spatial scalability, the applications can support users
also decoded, enhanced video quality (e.g., higher signal-to- with different resolution terminals. For example, the compatnoise ratio, higher resolution, higher flame rate) can be ibility between SDTV (standard definition TV) and HDTV can
achieved. Scalable coding is useful for transmission over noisy be achieved with the SDTV being coded as the base layer. With
channel since the more important layers (e.g., the base layer) the enhancement layer, the overall bit stream can provide the
can be better protected and sent over a channel with better HDTV resolution. The input to the base layer usually is
error performance. Scalable coding is also used in video created by downsampling the original video to create a lowtransport over variable bit rate channels. When the channel resolution video for providing the basic spatial resolution. The
bandwidth is reduced, the less important enhancement layers choice of video formats such as frame sizes, frame rates, or
may not be transmitted. It is also useful for progressive chrominance formats is flexible in each layer.
transmission which means the users can get rough representaA block diagram of the two-layer spatial scalable encoder
tions of the video fast with the base layer and then the video and decoder is shown in Figs. 17(a) and (b), respectively. In
quality will be refined as more enhancement data arrive. the base layer, the input video signal is downsampled by
Progress transmission is useful for database browsing and spatial decimation. To generate a prediction for the enhanceimage transmission over the Internet.
ment layer video signal input, the decoded lower layer video
MPEG-2 supports three types of scalability modes: SNR signal is upsampled by spatial interpolation and is weighted
(signal-to-noise ratio), spatial, and temporal scalability. and combined with the motion-compensated prediction from
Different scalable modes can be combined into hybrid the enhancement layer. The selection of weights is done on a
coding schemes such as hybrid spatial-temporal and hybrid macroblock basis and the selection information is sent as a
spatial-SNR scalability. In a basic MPEG-2 scalability mode, part of the enhancement layer bit stream.
there can be two layers of video: lower and enhancement
The base and enhancement layer coded bit streams are then
layers. The hybrid scalability allows up to three layers. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
transmitted over the channel. At the decoder, the lower layer

2.5.1 SNR Scalability
MPEG-2 SNR scalability provides two different video quality
from a single video source while maintaining the same spatial
and temporal resolutions. A block diagram of the two-layer
SNR scalable encoder and decoder is shown in Figs. 16(a)
and (b), respectively. In the base layer, the DCT coefficients
are coarsely quantized and the coded bit stream is transmitted
with moderate quality at a lower bit rate. In the enhancement
layer, the difference between the nonquantized DCT coefficients and the coarsely quantized DCT coefficients from the
lower layer is encoded with finer quantization step-sizes. By
doing this, the moderate video quality can be achieved by
decoding only the lower layer bit streams while the higher
video quality can be achieved by decoding both layers.
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layer coded
bitstreamout

bit streams are decoded to obtain the lower resolution video.
The lower-resolution video is interpolated and then weighted
and added to the motion compensated prediction from the
enhancement layer. In the MPEG-2 video standard, the spatial
interpolator is defined as a linear interpolation or a simple
averaging for missing samples.

2.5.3 Temporal Scalability
The temporal scalability is designed for video services which
require different temporal resolutions or frame rates. The
target applications include video over wireless channel where
the video frame rate may need to be dropped when the
channel condition is poor. It is also intended for stereoscopic
video and coding of future HDTV formats in which the
baseline is to make the migration from the lower temporal
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FIGURE 16 (a) SNR scalable encoder. (b) SNR scalable decoder.
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FIGURE 17 (a) Spatial scalable encoder. (b) Spatial scalable decoder.
resolution systems to the higher temporal resolution systems
possible. In temporal scalable coding, the base layer is coded at
a lower flame rate. The decoded base layer pictures provide
motion compensated predictions for encoding the enhancement layer.

2.5.4 Hybrid Scalability
Two different scalable modes from the three scalability types,
SNR, spatial, and temporal, can be combined into hybrid
scalable coding schemes. Thus, it results in three combinations: hybrid of SNR and spatial, hybrid of spatial and
temporal, and hybrid of SNR and temporal. Hybrid scalability
supports up to three layers: the base layer, enhancement layer
1, and enhancement layer 2. The first combination, hybrid of
SNR and Spatial scalabilities, is targeted at applications such as
HDTV/SDTV or SDTV/videophone at two different quality
levels. The second combination, hybrid spatial and temporal
scalability, can be used for applications such as high temporal
resolution progressive HDTV with basic interlaced HDTV
and SDTV. The last combination, hybrid SNR and temporal
scalable mode, can be used for applications such as enhanced
progressive HDTV with basic progressive HDTV at two
different quality levels.

2.6 Data Partitioning
Data partitioning is designed to provide more robust
transmission in an error-prone environment. Data partitioning splits the block of 64 quantized transform coefficients into
partitions. The lower partitions contain more critical information such as low frequency DCT coefficients. To provide more
robust transmission, the lower partitions should be better
protected or transmitted with a high priority channel with low
probability of error while the upper partitions can be
transmitted with a lower priority. This scheme has not been
formally standardized in MPEG-2 but was specified in the
information annex of the MPEG-2 DIS document [7]. One
thing to note is that the partitioned data is not backward

compatible with other MPEG-2 bit streams. Therefore, it
requires a decoder which supports the decoding of datapartitioning. Using the scalable coding and data partitioning
may result in mismatch of reconstructed pictures in the
encoder and the decoder and thus cause drift in video quality.
In MPEG-2, since there are I-pictures which can terminate
error propagation, depending on the application requirements, it may not be a severe problem.

2.7 Other Tools for Error-Resilience
The effect of bit errors in MPEG-2 coded sequences varies
depending on the location of the errors in the bit stream.
Errors occurring in the sequence header, picture header,
and slice header can make it impossible for the decoder to
decode the sequence, the picture, or the slice. Errors in the
slice data that contains important information such as
macroblock header, DCT coefficients, and motion vectors
can cause the decoder to lose synchronization or cause spatial
and temporal error propagation. There are several techniques
to reduce the effects of errors besides the scalable coding.
These include concealment motion vectors, the slice
structure, and temporal localization by the use of intra
pictures/slices/macroblocks.
The basic idea of concealment motion vector is to transmit
motion vectors with the intra-macroblocks. Since the intramacroblocks are used for future predictions, they may cause
severe video quality degradations if they are lost or corrupted
by transmission errors. With a concealment motion vector, a
decoder can use the best-matching block indicated by the
concealment motion vector to replace the corrupted intramacroblock. This improves the concealment performance of
the decoder.
In MPEG, each slice starts with a slice header which is a
unique pattern that can be found without decoding the
variable length codes. These slice headers represent possible
re-synchronization markers after a transmission error. A small
slice size, i.e., a small number of macroblocks in a slice, can be
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Sequence
chosen to increase the frequency of synchronization points,
Header
thus reducing the effects of the spatial propagation of each
error in a picture. However, this can lead to a reduction in
~ Sequence Sequence~_~"Extension~ GOP L I Extension~
Header Extensionj-[ &User
Headerj-[ &User
coding efficiency as the slice header overhead information is
increased.
The temporal localization is used to minimize the extent
~Picture ]__.~PictureCodingd_~Extension~Picture ~[Sequence ]
of error propagation from picture to picture in a video
Header j ~ Extension J r L &User J-~ data jr~ End
sequence, e.g., by using intra-coding modes. For the temporal
FIGURE18 MPEG-2data structureand syntax.
error propagation in an MPEG video sequence, the error
from an I- or a P-picture will stop propagating when the next
error-flee I picture occurs. Therefore, increasing the number
of I-pictures/slices/macroblocks in the coded sequence can
If the sequence header is not followed by the sequence
reduce the distortion caused by the temporal error propaga- extension, the MPEG-1 bit stream syntax is used. Otherwise,
tion. However, more I-pictures/slices/macroblocks will the MPEG-2 syntax is used which accommodates more
result in reduction of coding efficiency and it is more likely features but at the expense of higher complexity. The sequence
that errors will occur in the I-pictures which will cause extension includes a profile/level indication, a progressive/
error propagation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
interlaced indicator, a display extension including choices of
chroma formats and horizontal/vertical display sizes, and
2.8 Test Model
choices of scalable modes. The GOP header is located next in
the bit stream syntax with at least one picture following each
Similar to other video coding standards such as H.261 and
GOP header. The picture header is always followed by the
MPEG-1, MPEG-2 only specifies the syntax and the decoder.
picture coding extension, the optional extension and user data
Many detailed coding options are not specified. In order to
fields, and picture data. The picture coding extension includes
have a reference MPEG-2 video quality, test models were
several important parameters such as the indication of intradeveloped in MPEG-2. The final test model of MPEG-2 is
DC precision, picture structures (choices of the first/second
called "Test Model 5" (TM5) [10]. TM5 was defined only for
fields or frame pictures), intra VLC format, alternate scan,
main profile experiments. The motion compensated predicchoices of updated quantization matrix, picture display size,
tion techniques involve frame, field, dual-prime prediction
display size of the base layer in the case of the spatial scalability
and have forward and backward motion vectors as in
extension, and indicator of the forward/backward reference
MPEG-1. The dual-prime was kept in main profile but
picture in the base layer in the case of the temporal scalability
restricted to P-pictures with no intervening B-pictures. Twoextension. The picture data consists of slices, macroblocks,
step search, which consists of an integer pixel full search
and data for the coded DCT blocks. MPEG-2 defines six layers
followed by a half-pixel search, is used for motion estimation.
as MPEG-1. However, the specification of some data elements
The mode decision (intra/inter-coding) is also specified.
is different. The details of MPEG-2 syntax specification are
Main profile was restricted to only two quantization matrices:
documented in [8].
the default table specified in MPEG-1 and the nonlinear
quantizer tables. The traditional zigzag scan is used for
inter-coding while the alternate scan is used for intra-coding. 2.10 Summary
The rate control algorithm in TMN5 consists of three layers
MPEG-2 is mainly targeted at general high quality video
operating at the GOP, the picture, and the macroblock
applications at bit rates greater than 2 Mbit/s. It is suitable for
levels. A bit-allocation per picture is determined at the GOP
coding both progressive and interlaced video. MPEG-2 uses
layer and updated based on the buffer fullness and the
frame/field adaptive motion compensated predictive coding
complexity of the pictures.
and DCT. Dual prime motion compensation for P-pictures is
used for low-delay applications with no intervening B-picture.
2.9 MPEG-2 Video and System Bit Stream
In addition to the default quantization table, MPEG-2 defines
Structures
a nonlinear quantization table with increased accuracy for
A high-level structure of the MPEG-2 video bit stream is small values. Alternate scan and new VLC tables are defined
shown in Fig. 18. Every MPEG-2 sequence starts with a for DCT coefficient coding. MPEG-2 also supports compatsequence header and ends with an end-of-sequence. MPEG-2 ibility and scalability with the MPEG-1 standard. MPEG-2
syntax is a superset of the MPEG-1 syntax. The MPEG-2 bit syntax is a superset of MPEG-1 syntax and can support a
stream is based on the basic structure of MPEG-1 (refer to variety of rates and formats for various applications. Similar
Fig. 8). There are two bit stream syntax allowed: ISO/IEC to other video coding standards, MPEG-2 defines only
11172-2 video sequence syntax or ISO/IEC 13818-2 (MPEG-2) syntax and semantics. It does not specify every encoding
options (preprocessing, motion estimation, quantizer, rate
video sequence syntax.
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quality control, and other coding options) and decoding
options (post processing and error concealment) to allow
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1 Introduction
The last two decades have witnessed an increasing number of
digital video applications in many areas, including communications, education, medicine and entertainment. Such video
applications improve interpersonal communication, promote
faster understanding of complex ideas, provide increased
access capabilities to information, and allow higher levels of
interactivity with the video.
The vast amount of digital data that is associated with video
applications and the complex interactions between the different types of video data make the representation, exchange,
storage, access, and manipulation of this data a challenging
task. To provide interoperability between different video
applications and promote further use of video data, there is a
need to standardize the representation of, and access to,
this data. There had already been significant work in the fields
of efficient representation of video by means of compression,
storage, and transmission [1-4]. However, the new generation
of highly interactive video applications requires that the users
be able to access and manipulate video data very efficiently
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

and interactively. Realizing that a single standard may not be
able to address all of these requirements, Working Group 11 of
the ISO/IEC JTC1/SC29 technical committee, also known as
the Moving Picture Experts Group (MPEG), recently developed two new standards: MPEG-4, which standardizes a
content-based coded representation of multimedia data, and
MPEG-7, which standardizes a multimedia content description interface.
MPEG-4, and in particular Part 10 (better known as H.264/
AVC [5]), which is the result of a joint project between MPEG
and the Video Coding Experts Group (VCEG) of the ITU-T,
offers high compression and error-resilience performance
levels, making the representation of video much more efficient
and robust. MPEG-4 also enables content-based access and
provides functionalities such as scalability and hybrid coding
of natural and synthetic video [6]. On the other hand,
MPEG-7 enables effective and efficient content-based access
and manipulation of video data and provides functionalities
that are complementary to those of the MPEG-4 standard.
In what follows, we provide a technical description of the
two video parts of the MPEG-4 standard, followed by
849
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a discussion of some MPEG-4 video applications. Next, we entire technical content of the first version of the standard,
present a technical description as well as a discussion of some became an International Standard in 2000. After these two
applications of the video part of the MPEG-7 standard. We versions, more parts were developed, and new tools and
conclude this chapter with the authors' assessment of the profiles were introduced. But perhaps most important was the
future impact of such standards on the fast-evolving digital development of Part 10, better known as H.264 or Advanced
video industry. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Video Coding (AVC), which substantially improves MPEG-4's
video compression efficiency.
2 Terminology
The MPEG-4 standard addresses system issues such as the
multiplexing and composition of audiovisual data in the
In this section, we describe some of the terminology used in Systems part [7], the decoding of the visual data in Part 2 [8]
this chapter. More information on the terminology can be also and Part 10 [9], and the decoding of the audio data in the
found in Chapters 6.1 and 6.4. Throughout this chapter, we Audio part [10]. In this chapter, we will focus on the visual
will use the term picture for a frame or a field that is coded or parts of the standard, i.e., MPEG-4 Part 2 (MPEG-4 Video)
processed as a distinct unit for compression or other proces- and Part 10 (H.264/AVC).
sing. A picture consists of a number of arrays of samples.
Typically, there are three such arrays, one for each of the 3.1 MPEG-4 Part 2
axes of the color space used in the picture. For example, the
color axes may be Y (also called luma and representing MPEG-4 Part 2, officially known as ISO/IEC 14496-2 [8],
monochrome brightness), Cb (the color deviation from standardizes an efficient object-based representation of video.
monochrome towards pure Blue), and Cr (the color deviation Such representation is achieved by defining visual objects and
encoding them into separate bitstream segments [6,7]. While
from monochrome towards pure Red).
MPEG-4
Part 2 defines only the bitstream syntax and the
Each sample consists of the intensity of light along the
decoding
process, the precise definitions of some compliant
dimension of one color space axis in one elementally small
encoding
algorithms
are presented in two verification models:
area of a sampling grid. When using a Y, Cb, Cr color space,
one
for
natural
video
coding [11 ], and the other for synthetic
the resolution (the size of the array in width and height) of the
and
natural
hybrid
video
coding (SNHC) [12].
Cb and Cr arrays is typically lower (i.e., the array width and
MPEG-4
Part
2
allows
four
different types of coding tools:
height are smaller) than for the corresponding Y array for the
Video
object
coding
for
the
coding
of natural and/or synthetic
same picture. Note that the term sample is used here for
generated,
rectangular
or
arbitrarily
shaped video objects,
precision, rather than the widely used term pixel. The former
mesh
object
coding
for
the
coding
of
visual
objects represented
is simply an integer value associated with a spatial location
with
mesh
structures,
model-based
coding
for
the coding of a
and a single axis of the color space, whereas the latter is a
synthetic
representation
and
animation
of
the
human
face and
point in the image that has a color associated with it (the color
still
texture
coding
for
the
wavelet
coding
of still
body,
and
typically being specified in terms of three or more color
textures.
space axes). Therefore, a discrete cosine transform (DCT), for
In the following sections, we first describe the object-based
instance, cannot be computed using pixels, but can be compurepresentation
and each of the MPEG-4 Part 2 coding tools.
ted using luma samples or chroma samples. The term pixel is
Next,
we
discuss
the scalability and the error resilience tools,
particularly problematic when the resolution of the picture
followed
by
a
presentation
of the MPEG-4 Part 2 profiles.
is not the same for all of the axes of the color space, resulting
in a lack of a clearly-specified color at the location of each
3.1.1 Object-based Representation
sample.
A frame contains two fields. A field consists of half of the The object-based representation in MPEG-4 Part 2 is based on
samples in a frame, based on the lines (i.e., the rows of the the concept of the audiovisual object (AVO). An AVO consists
arrays) in which the samples are found in each array. A top of a visual object component, an audio object component, or a
field consists of the even-numbered lines of samples in a frame combination of these components. The characteristics of the
(counting line 0 as the top line of the frame) and a bottom audio and visual components of the individual AVOs can vary,
field consists of the odd-numbered lines of samples. Typically, such that the audio component can be (a) synthetic or natural
fields are only discussed in the context of interlaced video, in or (b) mono, stereo, or multichannel (e.g., surround sound),
which the two fields of each frame are sampled at different and the visual component can be natural or synthetic. Some
examples of AVOs include object-based representations of a
instants in time.
person recorded by a video camera, a sound clip recorded with
a microphone, and a three-dimensional (3D) image with text
3 MPEG-4: Technical Description
overlay.
MPEG-4 supports the composition of a set of audiovisual
MPEG-4 version 1 became an International Standard in 1999.
The second version of the standard, which also includes the objects into a scene, also referred to as an audiovisual scene.

6.5 MPEG-4, H.264/A VC, and MPEG-7
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FIGURE 1 An audiovisual scene.
To allow interactivity with individual AVOs within a scene, it is
essential to transmit the information that describes each
AVO's spatial and temporal coordinates. This information is
referred to as the scene description information and is
transmitted as a separate stream and multiplexed with AVO
elementary bitstreams so that the scene can be composed at
the user's end. This functionality makes it possible to change
the composition of AVOs without having to change the
content of AVOs.
An example of an audiovisual scene, which is composed of
natural and synthetic audio and visual objects, is presented in
Fig. 1. AVOs can be organized in a hierarchic fashion.
Elementary AVOs, such as the blue head and the associated
voice, can be combined together to form a compound AVO,
(i.e., a talking head). It is possible to change the position of the
AVOs, delete them or make them visible, or manipulate them
in a number of ways depending on their characteristics. For
example, a visual object can be zoomed and rotated by the
user. Even more, the quality, spatial resolution, and temporal
resolution of the individual AVOs can be modified. For
example, in a mobile video telephony application, the user can
request a higher frame rate and/or spatial resolution for the
talking person than those of the background objects.

as segmentation, is not standardized in MPEG-4. However,
automatic and semi-automatic tools [13] and techniques such
as chroma keying [14], although not always effective, can be
used for video object segmentation.
As illustrated in Fig. 2, a basic VOP encoder consists mainly
of two blocks: a DCT-based motion-compensated hybrid
video texture coder, and a shape coder. Similar to 1 MPEG-1
and MPEG-2, MPEG-4 supports intra coded (I-), temporally
predicted (P-), and bidirectionally predicted (B-) VOPs, all of
which are illustrated in Fig. 3. Except for I-VOPs, motion
estimation and compensation are applied. Next, the difference
between the motion compensated data and the original data
is DCT transformed, quantized, and then variable length
coded (VLC). Motion information is also encoded using
VLCs. Since the shape of a VOP may not change significantly between consecutive VOPs, predictive coding is used
to reduce temporal redundancies. Thus, motion estimation
and compensation are also applied to the shape of the
VOP. Finally, the motion, texture, and shape information is
multiplexed with the headers to form the coded VOP
bitstream. At the decoder end, the VOP is reconstructed
by combining motion, texture, and shape data decoded from
the bitstream.

3.1.2.1 Motion Vector Coding. Motion vectors (MVs)
are predicted using a spatial neighborhood of three MVs
and the resulting prediction error is variable length coded.
Motion vectors are transmitted only for P-VOPs and B-VOPs.
MPEG-4 Part 2 uses a variety of motion compensation techniques, such as the use of unrestricted MVs (motion vectors
that are allowed to point outside the coded area of a reference
VOP), and the use of four MVs per macroblock. In addition,
version 2 of MPEG-4 Part 2 supports global motion compensation and quarter-sample motion vector accuracy.
3.1.2.2 Texture Coding. Intra blocks, as well as motion
compensation prediction error blocks, are texture coded.
Similar to MPEG-1, MPEG-2 (described in Chapter 6.4) and
H.263, DCT based coding is employed to reduce spatial
redundancies. That is, each VOP is divided into macroblocks
as illustrated in Fig. 4. Each macroblock consists of a 16 x 16
array of luma samples and two corresponding 8 x 8 arrays of
chroma samples. These arrays are partitioned into 8 x 8
blocks for DCT processing. DCT coding is applied to the four
8 x 8 luma and two 8 x 8 chroma blocks of each macroblock.
If a macroblock lies on the boundary of an arbitrarily shaped
VOP, then the samples that are outside the VOP are padded
before DCT coding. As an alternative, a shape-adaptive DCT
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3.1.2 Video Object Coding
A video object (VO) is an arbitrarily shaped video segment
that has a semantic meaning. A 2D snapshot of a video object
at a particular time instant is called a video object plane
(VOP). A VOP is defined by its texture (luma and chroma
values) and its shape. MPEG-4 Part 2 allows object-based
access to the video objects, as well as temporal instances of the
video objects (i.e., VOPs). To enable access to an arbitrarily
shaped object, a separation of the object from the background
and the other objects must be performed. This process, known

1When the VOP is a rectangularly shaped video frame, MPEG-4 video
coding becomes quite similar to that specified in MPEG-1,MPEG-2 [1, 2] and
H.263 [3]. In fact, an MPEG-4-compliant decoder must be able to decode all
the bitstreams generated by H.263 baseline compliant encoders.
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FIGURE 2 A basic block diagram of an MPEG-4 Part 2 video encoder.

coder can be used for coding boundary macroblocks of intra
VOPs. This generally results in higher compression performance, at the expense of an increased implementation
complexity. Macroblocks that are completely inside the VOP
are DCT transformed as in MPEG-1/2 and H.263. DCT
transformation of the blocks is followed by quantization,
I-VOP

B-VOP

B-VOP

P-VOP

zig-zag coefficient scanning, and variable length coding.
Adaptive DC/AC prediction methods and alternate scan
techniques can be employed for efficient coding of the
DCT coefficients of intrablocks.

3.1.2.3 Shape Coding. BesidesH.263+ [4] , which provides
some limited shape coding support via its chroma-keying
coding technique, MPEG-4 Parts 2 and 10 are the only other
video coding standards that support shape coding. As opposed
Bounding
box
i

p__-

Inside
block I
Forward
prediction
FIGURE 3

~

~

Backward
prediction

Prediction types for a video object plane (VOP).

~

Boundary
blocks

~-~
4 1 1 Outside block

FIGURE 4 A video object plane enclosed in a rectangular bounding box and
divided into macroblocks.
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FIGURE 5 Binary alpha plane.

to H.263+, MPEG-4 Part 2 adopted a bitmap-based shape
coding method because of its ability to clearly distinguish
between shape and texture information while retaining high
compression performance and reasonable complexity.
In bitmap-based shape coding, the shape and transparency
of a VOP are defined by their binary or grayscale (respectively)
alpha planes. A binary alpha plane indicates whether or not a
sample belongs to a VOP. A grayscale alpha plane indicates
the transparency of each sample within a VOP. Transparency
of samples can take values from 0 (transparent) to 255
(opaque). If all of the samples in a VOP block are indicated to
be opaque or transparent, then no additional transparency
information is transmitted for that block.
MPEG-4 Part 2 provides tools for both lossless and lossy
coding of binary and gray-scale alpha planes. Furthermore,
both intra and inter shape coding are supported. Binary alpha
planes are divided into 16 x 16 blocks as illustrated in Fig. 5.
The blocks that are inside the VOP are signaled as opaque
blocks and the blocks that are outside the VOP are signaled as
transparent blocks. The samples in boundary blocks (i.e.,
blocks that contain both samples inside and outside the VOP)
are scanned in a raster scan order and coded using contextbased arithmetic coding. Grayscale alpha planes, which
represent transparency information, are divided into 16 x 16
blocks and coded the same way as the texture in the luma
blocks.
In intra shape coding using binary alpha planes, a context is
computed for each sample using ten neighboring samples
(shown in Fig. 6A) and the equation C = Y~k Ck2k, where k is
Pixels of the
current block

the sample index, Ckis "0" for transparent samples and "1" for
opaque samples. If the context samples fall outside the current
block, then samples from neighboring blocks are used to build
the context. The computed context is then used to access the
table of probabilities. The selected probability is used to
determine the appropriate code space for arithmetic coding.
For each boundary block, the arithmetic encoding process is
also applied to the transposed version of the block. The
representation that results in the least coding bits can be
selected by the encoder to be conveyed in the bitstream.
In inter shape coding using binary alpha planes, the shape of
the current block is first predicted from the shape of the
temporally previous VOP by performing motion estimation
and compensation using integer sample accuracy. The shape
motion vector is then coded predictively. Next, the difference
between the current and the predicted shape block is
arithmetically coded. The context for an inter coded shape
block is computed using a template of nine samples from both
the current and temporally previous VOP shape blocks, as
shown in Fig. 6(b).
In both intra and inter shape coding, lossy coding of the
binary shape is achieved by either not transmitting the
difference between the current and the predicted shape block
or subsampling the binary alpha plane by a factor of two or
four prior to arithmetic encoding. To reduce the blocky
appearance of the decoded shape caused by lossy coding, an
upsampling filter is employed during the reconstruction.
In MPEG-4 Part 2, sprite coding
is used for representation of video objects that are static
throughout a video scene or are modified such that their
changes can be approximated by warping the original object
planes [8,15]. Sprites may typically be used for transmitting
the background in video sequences. As shown in the example
of Fig. 7, a sprite may consist of a panoramic image of the
background, including the samples that are occluded by other
video objects. Such a representation can increase coding
efficiency, since the background image is coded only once in
the beginning of the video segment, and the camera motion,
such as panning and zooming, can be represented by only a
few global motion parameters.

3.1.2.4 Sprite Coding.
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FIGURE 6 Template samples that form the context of an arithmetic coder for (a) intra and (b) inter coded shape
blocks.
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FIGURE7 Spritecodingof a video sequence (courtesyof Dr. ThomasSikora,TechnicalUniversityof Berlin, [6]). VO,
video object. (See color insert.)

3.1.3 Mesh Object Coding
A mesh is a tessellation (partitioning) of an image into
polygonal patches. Mesh representations have been successfully used in computer graphics for efficient modeling and
rendering of 3D objects. In order to benefit from functionalities provided by such representations, MPEG-4 Part 2
supports two-dimensional (2D) and 3D mesh representations
of natural and synthetic visual objects, and still texture objects,
with triangular patches [8, 16]. The vertices of the triangular
mesh elements are called node points, and they can be used to
track the motion of a video object, as depicted in Fig. 8.
Motion compensation is performed by spatially piecewise
warping of the texture maps that correspond to the triangular
patches. Mesh modeling can efficiently represent continuous
motion, resulting in less blocking artifacts at low bit rates as
compared to the block-based modeling. It also enables objectbased retrieval of video objects by providing accurate object
trajectory information and syntax for vertex-based object
shape representation.

transmission of the parameters that describe the behavior of
a human being, rather than transmission of the video frames.
MPEG-4 Part 2 supports the coding of two types of models: a
face object model, which is a synthetic representation of the
human face with 3D polygon meshes that can be animated to
have visual manifestations of speech and facial expressions,
and a body object model, which is a virtual human body model
represented with 3D polygon meshes that can be rendered to
simulate body movements [8, 17, 18].

3.1.4.1 Face Animation.

It is required that every MPEG4 Part 2 decoder that supports face object decoding have a
default face model, which can be replaced by downloading a
new face model. Either model can be customized to have
a different visual appearance by transmitting facial definition
parameters (FDPs). FDPs can determine the shape (i.e., head
geometry) and texture of the face model.
A face object consists of a collection of nodes, also called
feature points, which are used to animate synthetic faces. The
animation is controlled by face animation parameters (FAPs)
that manipulate the displacements of feature points and angles
3.1.4 Model-based Coding
of face features and expressions. The standard defines a set of
Model-based representation enables very-low bit rate video 68 low-level animations, such as head and eye rotations, as
coding applications by providing the syntax for the well as motion of a total of 82 feature points for the jaw, lips,
eye, eyebrow, cheek, tongue, hair, teeth, nose, and ear. These
feature points are shown in Fig. 9. High level expressions, such
as joy, sadness, fear, surprise, and mouth movements are
defined by sets of low-level expressions. For example, the joy
expression is defined by relaxed eyebrows, and an open mouth
with the mouth corners pulled back toward ears. Fig. 10
illustrates several video scenes that are constructed using FAPs.
The FAPs are coded by applying quantization followed by
arithmetic coding. The quantization is performed by taking
into consideration the limited movements of the facial
FIGURE 8 Mesh representation of a video object with triangular patches features. Alternatively, DCT coding can be applied to a
vector of 16 temporal instances of the FAP. This solution
(courtesy of Dr. Murat Tekalp, Universityof Rochester, [6]).
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tongue

teeth

to zero, then all wavelet coefficients with the same orientation
and the same spatial location at finer wavelet scales are also
likely to be quantized to zero. Two different zero-tree scanning
methods are used to achieve spatial and quality (signal-tonoise ratio [SNR]) scalability. After DPCM coding of the
coefficients of the lowest frequency subband, and zero-tree
scanning of the remaining subbands, the resulting data is
coded using an adaptive arithmetic coder.

3.1.6 Scalability

• Featurepoints
FIGURE 9 Featurepoints used for animation.

improves compression efficiency at the expense of a higher
delay.
Body animation was standardized in version 2 of MPEG-4 Part 2. Similar to the case of a
face object, two sets of parameters are defined for a body
object: body definition parameters (BDPs), which define the
body through its dimensions, surface and texture, and body
animation parameters (BAPs), which define the posture and
animation of a given body model.

3.1.4.2 B o d y Animation.

In addition to the video coding tools discussed so far, MPEG-4
Part 2 provides scalability tools that allow organization of the
bitstream into base and enhancement layers. The enhancement layers are transmitted and decoded depending on the bit
rate, display resolution, network throughput, and decoder
complexity constraints. Temporal, spatial, quality, complexity,
and object-based scalabilities are supported in MPEG-4 Part 2.
The first three types of scalability were discussed in Chapter
6.3. Complexity scalability is the scaling of the processing tasks
in such a way that the reconstruction quality of the bitstream
is adaptable to the processing power of the decoder. Objectbased scalability allows the addition or removal of video
objects, as well as the prioritization of the objects within a
scene. Using this functionality, it is possible to represent the
objects of interest with higher spatial and/or temporal
resolution, while allocating less bandwidth and computational
resources to the objects that are less important. All of these
forms of scalability allow prioritized transmission of data,
thereby also improving the bitstream's error resilience.
A special case of MPEG-4 Part 2 scalability support, which
allows encoding of a base layer and up to eleven enhancement
layers, is known as fine granularity scalability (FGS). In FGS
coding, the DCT coefficients in the enhancement layers are
coded using bit-plane coding instead of the traditional runlevel coding [21 ]. As a result, the FGS coded streams allow for
smoother transitions between different quality levels, thereby
adapting better to varying network conditions [6, 17, 21].
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3.1.5 Still Texture Coding
The block diagram of an MPEG-4 Part 2 still texture coder
is shown in Fig. 11. As illustrated in this figure, the texture
is first decomposed using a 2D separable wavelet transform, employing a Daubechies biorthogonal filter bank [8].
The discrete wavelet transform is performed using either
integer or floating point operations. For coding of an
arbitrarily shaped texture, a shape-adaptive wavelet transform can be used.
The DPCM coding method is applied to the coefficient
values of the lowest frequency subband. A multi-scale zerotree coding method [20] is applied to the coefficients of the
remaining subbands. Zero-tree modeling is used for encoding
the location of non-zero wavelet coefficients by taking
advantage of the fact that, if a wavelet coefficient is quantized

Joy

Sadness

Surprise

FIGURE 10 Examples of face expressions coded with facial animation
parameters (courtesyof Dr. Joern Ostermann, Universityof Hannover, [19]).

3.1.7 Error Resilience
To ensure robust operation over error-prone channels,
MPEG-4 Part 2 offers a suite of error-resilience tools that
can be divided into three groups: resynchronization, data
partitioning, and data recovery [8, 22]. Resynchronization is
enabled by the MPEG-4 Part 2 syntax, which supports a video
packet structure that contains resynchronization markers and
information such as macroblock number and quantizer in the
header. All of these are necessary to restart the decoding
operation in case an error is encountered. Data partitioning
allows the separation between the motion and texture data,
along with additional resynchronization markers in the
bitstream to improve the ability to localize the errors. This
technique provides enhanced concealment capabilities. For
example, if texture information is lost, motion information
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FIGURE 11 Blockdiagram of the still texture coder.
can be used to conceal the errors. Data recovery is supported the implementation of an MPEG-4 Part 2 decoder that
in MPEG-4 Part 2 by reversible variable-length codes for supports the full syntax is often impractical. Therefore, the
DCT coefficients and a technique known as new prediction standard defines a number of subsets of the syntax, referred to
(NEWPRED). Reversible variable length codes for DCT as profiles, each of which targets a specific group of
coefficients can be decoded in forward and backward applications. For instance, the simple profile targets lowdirections. Thus, if part of a bitstream cannot be decoded in complexity and low-delay applications such as mobile video
the forward direction due to errors, some of the coefficient communications, whereas the main profile is intended
values can be recovered by decoding the coefficient part of the primarily for interactive broadcast and digital video device
bitstream in the backward direction. NEWPRED, which is a (DVD) applications. A complete list of the MPEG-4 Part 2
method intended for real-time encoding applications, makes version 1 and version 2 profiles is given in Table 1. The
use of an upstream channel from decoder to encoder, where subsequent versions added more profiles to the ones defined
the encoder dynamically replaces the reference pictures in version 1 and version 2, increasing the total number of
according to the error conditions and feedback received profiles in MPEG-4 Part 2 to approximately 20. Examples of
from the decoder [6]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
new profiles include the advanced simple profile targeting more
efficient coding of ordinary rectangular video, the simple
studio profile targeting studio editing applications and
3.1.8 MPEG-4 Part 2 Profiles
supporting 4: 4:4 and 4 : 2 : 2 chroma sampling, and the fine
Since the MPEG-4 Part 2 syntax is designed to be generic, and granularity scalability profile targeting webcasting and wireless
includes many tools to enable a variety of video applications, communication applications.

TABLE 1 MPEG-4 Part 2 visual profiles. The index (2) marks profiles that are available in version 2 of MPEG-4 Part 2. The rest of the
profiles shown are available in both version 1 and 2 of MPEG-4 Part 2.
Profile Group

Profiles for natural
video content

Profile Name
Simple
Simple scalable
Core
Main
N-bit
Advanced real-time simple (2)
Core scalable(2)
Advanced coding efficiency(2)

Supported Functionalities
Error-resilient coding of rectangular video objects
Simple profile + frame-based temporal and spatial scalability
Simple profile + coding of arbitrarily shaped objects
Core profile + interlaced video coding + transparency coding
+ sprite coding
Core profile + coding video objects with sample-depths
between 4 and 12 bits
Improved error resilient coding of rectangular video with low buffering delay
Core profile + temporal and spatial scalability of arbitrarily shaped objects
Coding of rectangular and arbitrarily shaped objects with improved
coding efficiency

Basic coding of simple face animation
Spatially scalable coding of still texture objects
Simple face animation + spatial and quality scalability
+ mesh-based representation of still texture objects
Coding of arbitrarily shaped objects + temporal scalability
+ face object coding + mesh coding of animated still texture objects
Advanced scalable texture (2)
Scalable coding of arbitrarily shaped texture, shape,
wavelet tiling, and error resilience
Advanced c o r e (2)
Core visual profile + advanced scalable texture visual profile
Simple face and body animation (2) Simple face animation profile + body animation

Simple face animation
Scalable texture
Profiles for synthetic and Simple basic animated
synthetic/natural/hybrid two-dimensional texture
Hybrid
video content
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3.2 MPEG-4 Part 10: H.264/AVC
MPEG-4 Part 10: H.264/AVC was developed by a partnership
project known as the Joint Video Team (JVT) between the
ISO, IEC, and ITU-T, and it became an International
Standard in 2003. One of the key goals in the development
of H.264/AVC was to address the needs of the many different
video applications and delivery networks that would be used
to carry the coded video data. To facilitate this, the standard is
conceptually divided into a Video Coding Layer (VCL) and a
Network Abstraction Layer (NAL). The VCL defines a
decoding process that can provide an efficient representation
of the video, while the NAL provides appropriate header and
system information for each particular network or storage
media. The NAL enables network friendliness by mapping
VCL data to a variety of transport layers such as RTP/IP,
MPEG-2 systems, and H.323. A more detailed description of
the NAL concepts and the error resilience properties of H.264/
AVC are provided in [23] and [24]. In this chapter, we provide
an overview of the H.264/AVC video coding tools that
comprise the VCL.

3.2.1 H.264/AVC Video Coding Layer:
Technical Overview
Even though H.264/AVC, similar to the preceding standards,
defines only the bitstream syntax and video decoding process,
here we discuss both the encoding and the decoding process
for completeness. H.264/AVC employs a hybrid block-based

Output
Video
Picture

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

video compression technique, similar to those defined in
earlier video coding standards, which is based on combining
inter picture prediction to exploit temporal redundancy and
transform-based coding of the prediction errors to exploit the
spatial redundancy. A generalized block diagram of an H.264/
AVC encoder is provided in Fig. 12. While it is based on the
same hybrid coding framework, H.264/AVC features a
number of significant components that distinguish it from
its predecessors. These features include spatial directional
prediction; an advanced motion-compensation model utilizing variable block size prediction, quarter-sample accuratemotion compensation, multiple reference picture prediction,
and weighted prediction; an in-loop deblocking filter; a small
block-size integer transform and two context-adaptive entropy
coding modes.
A number of special features are provided to enable more
flexible use or to provide resilience against losses or errors in
the video data. The sequence and picture header information
are placed into structures known as parameter sets, which can
be transmitted in a highly flexible fashion to either help reduce
bit rate overhead or add resilience against header data losses.
Pictures are composed of slices that can be highly flexible in
shape, and each slice of a picture is coded completely
independently of the other slices in the same picture to
enable enhanced loss/error resilience. Further loss/error
resilience is enabled by providing capabilities for data
partitioning (DP) of the slice data and allowing redundant
picture (RP) slice representations to be sent. Robustness
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FIGURE 13 Exampleof slice groups.
against variable network delay is provided by allowing
arbitrary slice order (ASO) in the compressed bitstream. A
new type of coded slices known as synchronization slices for
intra (SI) or inter (SP) coding is supported that enables
efficient switching between streams or switching between
different parts of the same stream (e.g., to change the server bit
rate of pre-encoded streaming video, for trick-mode playback 2
or loss/error robustness).

partitioned into one or more slices, where each slice consists of
an integer number of macroblocks in raster scan order within
its slice group. Thus, if a single slice is lost and the remaining
slices are successfully reconstructed, several macroblocks that
are adjacent to the corrupted macroblocks are available to
assist error concealment.
In contrast with previous standards in which the picture
type (I, P, or B) determined the macroblock prediction modes
available, it is the slice type in H.264/AVC that determines
which prediction modes are available for the macroblocks. For
example, I slices contain only intra predicted macroblocks,
and P slices can contain inter predicted (motion-compensated) macroblocks in addition to the types allowed in I slices.
Slices of different types can be mixed within a single picture.

3.2.1.2 Spatial Directional lntra Prediction.

The
compression performance of a block-based video codec
depends fundamentally on the effective use of prediction of
sample blocks to minimize the residual prediction error.
H.264/AVC provides a very powerful and flexible model for
the prediction of each block of samples from previously
encoded and reconstructed sample values. This includes
spatial directional prediction within the same picture (intra
prediction), and flexible multiple reference picture motion
compensation from a set of previously reconstructed and
stored pictures (inter prediction). As stated above, the
prediction modes that are available are dependent upon the
type of each slice (intra, predictive, or bipredictive, for I, P,
and B slices, respectively).
Intra prediction requires data from only within the current
picture. Unlike the previous video standards, in which
prediction of intra coded blocks was achieved by predicting
only the DC value or a single row or column of transform
coefficients from the above or left block, H.264/AVC uses
spatial directional prediction, in which individual sample
values are predicted based on neighboring sample values that
have already been decoded and fully reconstructed. Two
different modes are supported: 4 × 4 and 16 × 16. In the 4 × 4
intra coding mode, each 4 × 4 luma block within a macroblock
can use a different prediction mode. There are nine possible
modes: DC and eight directional prediction modes. For
example, in the horizontal prediction mode, the prediction is
formed by copying the samples immediately to the left of the
block across the rows of the block. As illustrated in Fig. 14,

zyxwvutsrqpo

3.2.1.1 Slices and Slice Groups.

As in previous standards, pictures in H.264/AVC are partitioned into macroblocks, which are the fundamental coding unit, each
consisting of a 16 × 16 block of luma samples and two
corresponding 8 x 8 blocks of chroma samples. Also, each
picture can be divided into a number of independently
decodable slices, where a slice consists of one or more
macroblocks. The partitioning of the picture into slices is
much more flexible in H.264/AVC than in previous standards.
In previous standards, the shape of a slice was often highly
constrained and the macroblocks within the same slice were
always consecutive in the raster-scan order of the picture or of
a rectangle within the picture. However, in H.264/AVC, the
allocation of macroblocks into slices is made completely
flexible, through the specification of slice groups and macroblock allocation maps in the picture parameter set. Through
this feature, informally known as flexible macroblock ordering
(FMO), a single slice may contain all of the data necessary
for decoding a number of macroblocks that are scattered
throughout the picture, which can be useful for recovery from
errors due to packet loss [23]. An example is given in Fig. 13,
which illustrates one method of allocating each macroblock in
a picture to one of three slice groups. In this example, the
bitstream data for every third macroblock in raster scan order
is contained within the same slice group. A macroblock
allocation map is specified that categorizes each macroblock of
the picture into a distinct slice group. Each slice group is
2Trick-mode playbackincludes capabilities such as fast forward and reverse,
slow forward and reverse,jumping from section to section, and other forms of
unusual navigation through a coded video stream.

Horizontal

Vertical

Diagonal-Down-Right

FIGURE 14 Intra prediction in H.264/AVC.
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FIGURE 15 Illustration of macroblock partitioning into blocks of different sizes (dimensions shown are in units of
luma samples).

diagonal modes operate similarly, with the prediction of each seven different block sizes, as illustrated in Fig. 15. Each
sample based on a weighting of the previously reconstructed macroblock can be partitioned in one of the four ways
samples adjacent to the predicted block.
illustrated in the top row of the figure. If the 8 x 8 partitionThe 16 x 16 intra prediction mode operates similarly, ing is chosen, each 8 x 8 block can be further partitioned in
except that the entire luma macroblock is predicted at once, one of the four ways shown in the bottom row of the figure.
based on the samples above and to the left of the macroblock.
M1 motion vectors in H.264/AVC are transmitted with
Also, in this mode there are only 4 modes available for quarter-luma sample accuracy, providing improved opportuprediction: DC, vertical, horizontal and planar. The 16 x 16 nities for prediction compared to most previous standards,
intra mode is most useful in relatively smooth picture areas. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
which allowed only half-sample accurate motion compensation. For motion vectors at fractional-sample locations, the
3.2.1.3 Enhanced Motion-Compensation Prediction sample values are interpolated from the reference picture
Model. Motion-compensated prediction (inter prediction) samples at integer-sample locations. Luma component
in H.264/AVC, similar to that in the previous standards, is predictions at half-sample locations are interpolated using a
primarily based on the translational block-based motion 6-tap finite impulse response (FIR) filter. Predictions at
model, in which blocks of samples from previously recon- quarter-sample luma locations are computed via a bilinear
structed reference pictures are used to predict current blocks interpolation of the values for two neighboring integer- and
through transmission of motion vectors. However, the half-sample locations. Chroma fractional-sample location
motion-compensation model defined in H.264/AVC [25, 26] values are computed by linear interpolation between
is more powerful and flexible than those defined in earlier integer-location values.
standards, and provides a much larger number of options in
H.264/AVC provides great flexibility in terms of which
the search for block matches to minimize the residual error. pictures can be used as references to generate motionThe H.264/AVC motion model includes seven partition sizes compensated predictions for subsequent coded pictures. This
for motion compensation, quarter-sample accurate motion is achieved through a flexible multiple reference picture buffer.
vectors, a generalized multiple reference picture buffer, and In earlier standards, the availability of reference pictures was
weighted prediction. For an encoder to take full advantage of generally fixed and limited to a single temporally previous
the larger number of prediction options, the prediction picture for predicting P pictures, and two pictures m one
selection in H.264/AVC is more computationally intense temporally previous and one temporally subsequent - - for
than in some earlier standards that have simpler models, such predicting B pictures. However, in H.264/AVC, a multipleas MPEG-2.
reference picture buffer is available and it may contain up to
Previous standards typically allowed motion compensation 16 reference frames or 32 reference fields (depending on
block sizes of only 16 x 16 or possibly 8 x 8 luma samples. In the profile, level, and picture resolution specified for the
H.264/AVC, the partitioning of each macroblock into blocks bitstream). The assignment and removal of pictures entering
for motion compensation is much more flexible, allowing and exiting the buffer can be explicitly controlled by the
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FIGURE 16 Multiplereferencepicture prediction in H.264/AVC.

encoder by transmitting buffer control commands as side- Weighted prediction can provide substantial coding gains in
information in the slice header, or the buffer can operate on a scenes containing fades or cross fades, which are very difficult
first-in, first-out basis in decoding order. The motion- to code efficiently with previous video standards that do not
compensated predictions for each macroblock can be derived include this feature.
from one or more of the reference pictures within the buffer
by including reference picture selection syntax elements in 3.2.1.4 In-Loop Deblocking Filter. Block-based predicconjunction with the motion vectors. With the generalized tion and transform coding, including quantization of
multiple reference picture buffer, the temporal constraints that transform coefficients, can lead to visible and subjectively
are imposed on reference picture usage are greatly relaxed. For objectionable changes in intensity at coded block boundaries,
example, as illustrated in Fig. 16, it is possible that a reference referred to as blocking artifacts. In previous video codecs, such
picture used in a P slice is located temporally subsequent to as MPEG-2, the visibility of these artifacts could optionally be
the current picture, or that both references for predicting a reduced to improve subjective quality by applying a deblockmacroblock in a B slice are located in the same temporal ing filter after decoding and prior to display. The goal of such
direction (either forward or backward in temporal order). To a filter is to reduce the visibility of subjectively annoying
convey the generality, the terms forward and backward artifacts while avoiding excessive smoothing that would result
prediction are not used in H.264/AVC. Instead the terms in loss of detail in the image. However, because the process
List 0 prediction and List 1 prediction are used, reflecting the was optional for decoders and was not normatively specified
organization of pictures in the reference buffer into two in these standards, the filtering was required to take place
(possibly overlapping) lists of pictures without regard to outside of the motion-compensation loop, and large blocking
temporal order. In addition, with the generalized multiple artifacts would still exist in reference pictures that would be
reference picture buffer, pictures coded using B slices can be used for predicting subsequent pictures. This reduced the
referenced for the prediction of other pictures, if desired by effectiveness of the motion-compensation process and allowed
blocking artifacts to be propagated into the interior of
the encoder [25].
In P slices, each motion-compensated luma prediction subsequent motion-compensated blocks, causing the subseblock is derived by quarter-sample interpolation of a quent picture predictions to be less effective and making the
prediction from a single block within the set of reference removal of the artifacts by filtering more challenging.
To improve upon this, H.264/AVC defines a normative
pictures. In B slices, an additional option is provided, allowing
each prediction block to be derived from a pair of locations deblocking filtering process. This process is performed
within the set of reference pictures. By default, the final identically in both the encoder and decoder to maintain an
prediction in a bipredictive block is computed using a sample- identical set of reference pictures. This filtering leads to both
wise ordinary average of the two interpolated reference blocks. objective and subjective improvements in quality, shown in
However, H.264/AVC also includes a weighted prediction Fig. 17, due to the improved prediction and the reduction in
feature, in which each prediction block can be assigned a visible blocking artifacts. Note that the second version of the
relative weighting value rather than using an ordinary average ITU-T H.263 standard also included an in-loop deblocking
value, and an offset can be added to the prediction. These filter as an optional feature, but this feature was not supported
parameters can either be transmitted explicitly by the encoder, in the most widely deployed baseline profile of that standard,
or computed implicitly, based on a time-related relationship and the design had problems with inverse-transform rounding
between the current picture and the reference picture(s). error effects.

6.5 MPEG-4, H.264/AVC, and MPEG-7

zyxwvutsrq
zy
861

N

N

.....i;;~

(a)

(b)

FIGURE 17 A decoded frame of the sequence Foreman (a) without the in-loop deblocking filtering applied and
(b) with the in-loop deblocking filtering (the original sequence Foremanis courtesyof SiemensAG) (see color insert).
The deblocking filter defined in H.264/AVC operates on the
4 x 4 block transform grid. Both luma and chroma samples
are filtered. The filter is highly adaptive to remove as many
artifacts as possible without excessive smoothing. For the line
of samples across each horizontal or vertical block edge (such
as that illustrated in Fig. 18), a filtering strength parameter is
determined based on the coding parameters on both sides of
the edge. When the coding parameters indicate that large
artifacts are more likely to be generated (e.g., intra prediction
or coding of non-zero transform coefficients), larger strength
values are assigned. This results in stronger filtering being
applied. Additionally, sample values (i.e., ao-a3 and bo-b3 in
Fig. 18) along each line of samples to be (potentially) filtered
are checked against several conditions that are based on the
quantization step size used on either side of the edge in order
to distinguish between discontinuities that are introduced by
quantization, and those that are true edges that should not be
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3.2.1.5 Transform, Quantization, a n d Scanning. As in
earlier standards, H.264/AVC uses block transform coding to
efficiently represent the prediction residual signal. However,
unlike previous standards, the H.264/AVC transform is
primarily based on blocks of 4 × 4 samples, instead of 8 x 8
blocks. Furthermore, instead of performing an approximation
of the floating-point DCT (i.e., by specifying that each
implementation must choose its own approximation of the
ideal IDCT equations), the transform employed has properties
similar to that of the 4 x 4 DCT, but it is completely specified
in integer operations. This eliminates the problem of mismatch between the inverse transforms performed in the
encoder and decoder, enabling an exact specification of
the decoded sample values and significantly reducing the
complexity of the IDCT computations. In particular, the
IDCT can be computed easily using only 16-bit fixed-point
computations (including intermediate values), which would
have been very difficult for the IDCT defined in all previous
standards. Additionally, the basis functions of the transform
are extended by using additional second-stage transforms
that are applied to the 2 x 2 chroma DC coefficients of
a macroblock, and the 4 x 4 luma DC coefficients of a
macroblock predicted in the 16 × 16 intra mode.
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filtered to avoid loss of detail [26]. For instance, in the
example shown in Fig. 18, a significant lack of smoothness can
be detected between the sample values on each side of the
block edge. When the quantization step size is large, this lack
of smoothness is considered an undesirable artifact and it is
filtered. When the quantization step size is small, the lack of
smoothness is considered to be the result of actual details in
the scene being depicted by the video and it is not altered.

a.:l

FIGURE 18 Example of an edge profile. Notations ao, al, a2, a3, and bo, bl,
b2, b3 stand for sample values on each side of the edge.
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Scalar quantization is applied to the transform coefficients
[27], but without as wide a dead-zone as used in all other
video standards. The 52 quantization parameter values are
designed so that the quantization step size increases by
approximately 12.2% for each increment of one in the quantization parameter (such that the step size exactly doubles if
the quantization parameter is increased by 6). As in earlier
standards, each block of quantized coefficients is zig-zagscanned for ordering the quantized coefficient representations
in the entropy coding process. The decoder performs an
approximate inversion of the quantization process by multiplying the quantized coefficient values by the step size that was
used in their quantization. This inverse quantization process is
referred to as scaling in the H.264/AVC standard, since it
consists essentially of just a multiplication by a scale factor. In
slice types other than SP/SI, the decoder then performs an
inverse transform of the scaled coefficients and adds this
approximate residual block to the spatial-domain prediction
block to form the final picture reconstruction prior to the
deblocking filter process.
In SP and SI synchronization slices, the decoder performs
an additional forward transform on the prediction block and
then quantizes the transform-domain sum of the prediction
and the scaled residual coefficients. This additional forward
transform and quantization operation can be used by the
encoder to discard any differences between the details of
the prediction values obtained when using somewhat different
reference pictures in the prediction process (for example,
differences arising from the reference pictures being from
an encoding of the same video content at a different bit rate).
The reconstructed result in this case is then formed by an
inverse transform of the quantized transform-domain sum,
rather than the ordinary case where the reconstructed result is
the sum of a spatial-domain prediction and a spatial-domain
scaled residual.
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For improved coding efficiency, a more complex contextadaptive binary arithmetic coding (CABAC) method can be
used [28]. When CABAC is in use, scans of transform
coefficients and other syntax elements of the macroblock level
and below (such as reference picture indices and motion
vector values) are encoded differently. In this method, each
symbol is binarized (i.e., converted to a binary code), and then
the value of each bin (bit of the binary code) is arithmetically
coded. To adapt the coding to non-stationary symbol
statistics, context modeling is used to select one of several
probability models for each bin, based on the statistics of
previously coded symbols. The use of arithmetic coding allows
for a non-integer number of bits to be used to code each
symbol, which is highly beneficial in the case of very skewed
probability distributions. Probability models are updated
following the coding of each bit, and this high degree of
adaptivity improves the coding efficiency even more than the
ability to use a fractional number of bits for each symbol. Due
to its bit-serial nature, the CABAC method entails greater
computational complexity than the VLC-based method.

3.2.1.7 Frame~Field Adaptive

Coding. H.264/AVC
includes tools for efficiently handling the special properties
of interlaced video, since the two fields that compose an
interlaced flame are captured at different instances of time. In
areas of high motion, this can lead to less statistical correlation between adjacent rows within the flame, and greater
correlation within individual fields, making field coding
(where lines from only a single field compose a macroblock)
a more efficient option. In addition to regular flame coding
in which lines from both fields are included in each macroblock, H.264/AVC provides two options for special handling
of interlaced video: field picture coding and macroblockadaptive field/flame coding (MB-AFF).
Field coding provides the option of coding pictures
containing lines from only a single video field (i.e., a picture
3.2.1.6 Entropy Coding. Two methods of entropy composed of only top field lines or only bottom field lines).
coding are specified in H.264/AVC. The simpler variable- Depending on the characteristics of the frame, an encoder can
length coding method is supported in all profiles. In both choose to code each input picture as two field pictures, or
cases, many syntax elements except for the quantized trans- as a complete frame picture. In the case of field coding,
form coefficients are coded using a regular, infinite-extent an alternate zig-zag coefficient scan pattern is used, and
variable-length codeword set. Here, the same set of Exp- individual reference fields are selected for motion compenGolomb codewords is used for each syntax element, but the sated prediction. Thus, frame/field adaptivity can occur at the
mapping of codewords to decoded values is selected to fit the picture level. Field coding is most effective when there is
significant motion throughout the video scene for interlaced
syntax element.
In the simpler entropy coding method, scans of quantized input video, as in the case of camera panning.
On the other hand, in MB-AFF coding, the adaptivity
coefficients are coded using a context-adaptive variable-length
coding (CAVLC) scheme. In this method, one of a number between frame and field coding occurs at a level known as the
of variable-length coding tables is selected for each symbol, macroblockpair level. A macroblock pair consists of a region of
depending on the contextual information. This includes the frame that has a height of 32 luma samples and width of
statistics from previously coded neighboring blocks, as 16 luma samples and contains two macroblocks. This coding
well as statistics from previously coded data for the current method is most useful when there is significant motion in
some parts of an interlaced video flame and little or no
block.
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TABLE 2 H.264/AVC profiles
Supported Functionalities

(a)

I slices
P slices
B slices
SI and SP slices
In-loop deblocking filter
CAVLC entropy decoding
CABAC entropy decoding
Weighted prediction
Field pictures
MB-AFF
Multiple slice groups
Arbitrary slice order
Redundant pictures
Data partitioning

(b)

FIGURE 19 Illustration of macroblock pairs.

motion in other parts. For regions with little or no motion,
frame coding is typically used for macroblock pairs. In this
mode, each macroblock consists of 16 consecutive luma rows
from the frame, thus lines from both fields are mixed in the
same macroblock. In moving regions, field macroblock pair
coding can be used to separate each macroblock pair into two
macroblocks that each include rows from only a single field.
Frame and field macroblock pairs are illustrated in Fig. 19.
The unshaded rows compose the first (or top) macroblock in
each pair, and the shaded rows compose the second (or
bottom) macroblock. Figure 19(a) shows a frame macroblock pair, in which samples from both fields are combined in
each coded macroblock. Figure 19(b) shows a field macroblock pair, in which all of the samples in each of the two
macroblocks are derived from a single field. With MB-AFF
coding, the internal macroblock coding remains largely the
same as in ordinary frame coding or field coding. However,
the spatial relationships that are used for motion vector
prediction and other context determination become significantly more complicated in order to handle the low-level
switching between field and frame based operation.

Profile Name
Baseline

Main

Extended

X
X
-__
X
X
~
m
~
~
X
X
X
~

X
X
X
m
X
X
X
X
X
X
-~
~
~

X
X
X
X
X
X
X
X
X
X
X
X
X

Notation X denotes available functionalities.

coding tools, such as CABAC entropy coding and B slices, that
can improve coding efficiency over that provided by the
baseline profile, at the cost of higher complexity. A third
profile, called the extended profile, is intended for use in
streaming and use in error-prone transmission environments,
such as wireless networks. The key features that are supported
by each of the profiles of H.264/AVC mentioned above are
shown 3 in Table 2.

3.3 MPEG-4 Compression Performance
In this section, we first present experimental results that
compare the coding performance of frame-based coding to
object-based coding using an MPEG-4 Part 2 codec on some
progressive-scan video content. Next, the coding efficiency of
H.264/AVC is compared to that of the prior standards. 4

zyxwvutsr

3.2.2 Profiles
Similar to other standards, H.264/AVC defines a set of profiles
that each support only a subset of the entire syntax of the
standard and are designed to target specific application areas.
The baseline profile targets applications not requiring interlace
support, and requiring moderate computational complexity,
such as videoconferencing. This profile also provides robustness for use on unreliable channels, where some of the video
data may be lost or corrupted. The main profile targets
applications such as broadcast of standard-definition (SD) and
high-definition (HD) video on more reliable channels, and
storage on optical media. This profile includes more advanced

3.3.1 MPEG-4 Part 2

While MPEG-4 Part 2 also yields significantly improved
coding efficiency over the previous coding standards

3Additionally, the JVT has recently finalized work on new profiles of
the H.264/AVC standard, which are called the fidelity range extensions. These
expand the scope of this standard to include enhanced compression
capabilities as well as specialized and professional domain applications that
require alternative chroma resolution (such as monochrome, 4:2:2, or 4 : 4 : 4
chroma sampling) or increased sample accuracy (more than 8 bits per
sample). The new profiles are referred to as the high family of profiles m
specifically they are the high, high 10, high 4:2 : 2 and high 4 : 4 : 4 profiles.
4For space reasons, for each comparison we provide an individual example
rather than presenting test results obtained from a large body of experimental
data. A proper evaluation of typical or average performance for a given
application would require an expanded analysis.
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(e.g., 20-30% bit rate savings over MPEG-2 [29]), its main
advantage is its object-based representation, which enables
many desired functionalities and can yield substantial savings
in bit rate savings for some low-complexity video sequences.
Here, we present an example that illustrates such a coding
efficiency advantage.
The simulations were performed by encoding the color
sequence Bream at CIF resolution (352 x 288 luma samples/
frame) at 10 frames per second (fps) using a constant quantization parameter of 10. The sequence shows a moderate
motion scene with a fish swimming and changing directions.
We used the MPEG-4 Part 2 reference codec for encoding.
The video sequence was coded (a) in frame-based mode (b)
in object-based mode at 10 fps. In the frame-based mode,
the codec achieved a 56:1 compression ratio with relatively
high reconstruction quality (34.4 dB). If the quantizer step
size were larger, it would be possible to achieve up to a 200:1
compression ratio for this sequence, while still keeping the
reconstruction quality above 30 dB. In the object-based mode,
where the background and foreground (fish) objects are
encoded separately, a compression ratio of 80:1 is obtained.
Since the background object did not vary with time, the
number of bits spent for its representation was very small.
Here, it is also possible to employ sprite coding by encoding
the background as a static sprite.
The peak signal-to-noise ratio (PSNR) versus rate performance of the frame-based and object-based coders for the
video sequence Bream is presented in Fig. 20. As shown in the
figure, for this sequence, the PSNR-bit rate tradeoffs of objectbased coding are better than those of flame-based coding, This
is mainly due to the constant background, which is coded only
once in the object-based coding case. However, for scenes with
complex and fast varying shapes, since a considerable amount
of bits would be spent for shape coding, frame-based coding
would achieve better compression levels, but at the cost of a
limited object-based access capability.

3 . 3 . 2 M P E G - 4 Part 10: H . 2 6 4 / A V C

Next, the coding performance of H.264/AVC is compared
with that of MPEG-2, H.263 and MPEG-4 Part 2. The results
were generated using encoders for each standard that were
similarly optimized for rate-distortion performance using
Lagrangian coder control. The use of the same efficient ratedistortion optimization method, which is described in [29],
allows for a fair comparison of encoders that are compliant
with the corresponding standards. Here, we provide one set of
results comparing the standards in two key application areas:
low-latency video communications and entertainment-quality
broadband video.
In the video communications test, we compare the ratedistortion performance of an H.263 baseline profile encoder,
which is the most widely deployed conformance point for
such applications, with an MPEG-4 simple profile encoder
and an H.264/AVC baseline profile encoder. The ratedistortion curves generated by encoding the color sequence
Foreman at CIF resolution (352 x 288 luma samples/frame) at
a rate of 15 fps are shown in Fig. 21. As shown in the figure,
the H.264/AVC encoder provides significant improvements in
coding efficiency. More specifically, H.264/AVC coding yields
bit rate savings of approximately 55% over H.263 baseline
profile and approximately 35% over MPEG-4 Part 2 simple
profile.
A second comparison addresses broadband entertainmentquality applications, where higher resolution content is encoded
and larger amounts of latency are tolerated. In this comparison, the H.264/AVC main profile is compared with the
widely implemented MPEG-2 main profile. Rate-distortion
curves for the interlaced sequence Entertainment (720 x 576)
are given in Fig. 22. In this plot, we can see that H.264/AVC
can yield similar levels of objective quality at approximately
half the bit rate for this sequence. In addition to these
objective rate-distortion results, extensive subjective testing
conducted for the MPEG verification tests of H.264/AVC have
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FIGURE 20 Peak signal-to-noise ratio performance for the Bream video sequence using different profiles of the
MPEG-4 Part 2 video coder.
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Comparison
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main

profile and MPEG-2

confirmed that similar subjective quality can be achieved with
H.264/AVC at approximately half the bit rate of MPEG-2
encoding [30].

3.4 MPEG-4: Video Applications
Although early industry adoption of MPEG-4 Part 2 was
significantly slowed down by initial licensing terms that were

main

profile using the sequence

Entertainment.

considered unattractive for some applications, many companies now commercialize a variety of MPEG-4 Part 2 software
and hardware products. By far, the most popular implementations of MPEG-4 Part 2 are compliant with just the simple
profile (SP), and most of these implementations enable video
playback in mobile and embedded consumer devices (e.g.,
cellular phones, personal digital assistants [PDAs], digital
cameras, digital camcorders, and personal video recorders).
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The MPEG-4 Part 2 advanced simple profile (ASP), which low level features such as color [32], texture [33], shape [34],
permits significantly better video quality than that of SP, has and motion [35], combinations of low level features and high
been primarily used in professional video markets, particularly level features that capture the structure and semantics of the
in surveillance cameras and higher quality video coding video data have been employed in the existing content-based
systems. The availability of two reference software implemen- access and manipulation (CBAM) systems [36, 37]. As they
tations published by the MPEG standards committee and arise from different applications, these systems make use of
additional sustained efforts to continue providing open source various feature representations. For instance, the low level
software for MPEG-4 Part 2 may also facilitate the wide feature shape may be represented using Fourier descriptors,
region-based representations, etc. Therefore, data accessibility
adoption of the standard [31 ].
MPEG-4 Part 10 (H.264/AVC) has rapidly gained support and interoperability between these CBAM systems are quite
from a wide variety of industry groups worldwide. In the video limited.
MPEG-7, which became an International Standard in 2001,
conferencing industry for example, where video codecs are
generally implemented in software, companies such as UB and is officially known as ISO/IEC 15938-3 [38], addresses the
Video have developed H.264/AVC baseline-compliant soft- above problems by providing a unified framework for
ware codecs that are being already used in many of the multimedia content representation. Unlike its predecessors,
popular video conferencing products. Later on, UB Video and which focused mainly on compression, MPEG-7 describes
other companies such as VideoLocus (now part of LSI Logic) content by standardizing a multimedia content description
have demonstrated software/hardware products that are interface. MPEG-7 addresses system issues such as the
compliant with the H.264/AVC main profile. Some of these multiplexing and composition of audiovisual data in the
products are currently being deployed in the broadcast systems part [39], the decoding of the visual data in the visual
market. Companies such as Apple Computer, Ahead, Poly- part [38], and the decoding of the audio data in the audio part
com, Tandberg, Sony, MainConcept, VideoSoft, KDDI, and [40]. Other MPEG-7 components are described in [41-45]. In
others have demonstrated H.264/AVC software products that this chapter, we will focus on the visual parts of the standard.
MPEG-7 standardizes a set of visual descriptors (Ds), a set
address a wide market space, from real-time mobile and video
conferencing applications to broadcast-quality SD video- of description schemes (DSs) and a description definition
coding applications. Also in the broadcast domain, Apple language (DDL). In this chapter, we provide an overview of
Computer and Modulus Video have demonstrated H.264/ these MPEG-7 video content description tools. MPEG-7 does
AVC real-time software decoding and real-time hardware not standardize the tools that are used to generate the
encoding (respectively) of HD video. Other companies, 5 such description (e.g., segmentation tools, feature extraction tools)
as Scientific Atlanta, Tandberg, Envivio, Modulus Video, and the tools that use the description (e.g., video content
W&W Communications, Harmonic, DG2L (to mention a few) recognition tools). However, the precise definitions of some
have demonstrated hardware H.264/AVC encoders and compliant tools for generating the descriptions are presented
decoders for various broadcast and streaming of sub-SD and in the experimentation model [43, 44].
SD video. Additionally, the WT is finalizing a reference
software implementation that is publicly available to aid
4.1 Video Content Description
industry deployment and conformance testing efforts. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
MPEG-7 supports the description of an audiovisual scene such
as that illustrated in Fig. 1. The scene description information
at the scene and object levels is expressed in terms of color,
4 MPEG-7: Technical Description
texture, shape, motion, localization, events and relationships
Digital video compression and coding standards such as between objects via a set of standardized descriptors,
MPEG-4 enable the efficient representation of video data, combinations of such descriptors in description schemes and
which fuels a rapid increase in the creation and availability of a description definition language. The MPEG-7 descriptions
video content. The increased availability of video content can be represented in text format (XML), binary format
creates the need for the efficient search and retrieval of such (binary format for Metadata, i.e., BiM), or a mixture of the
data. Numerous text-based methods have been applied to the text and binary formats. The transport of the MPEG-7
access and manipulation of video content, where keywords are descriptions, which can be delivered separately from, or jointly
associated with each visual component. Unfortunately, the with, the audiovisual content that they describe, can take place
vocabulary is often restricted, similarity-based retrieval cannot using various delivery systems, such as MPEG-2 transport
be performed, and human assistance in describing the content streams, Internet protocol (IP), or MPEG-4 streams [56]. The
and entering the description in the database is required. In delivery of the MPEG-7 description is outside the scope of the
order to overcome the limitations of the text-based methods, standard.
Audiovisual scenes in an MPEG-7 compliant system are
5Severalother companieshave announced upcomingH.264/AVCproducts. reconstructed and presented by an MPEG-7 terminal at the
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Block diagram

receiver's end. As shown in Fig. 23, an MPEG-7 terminal
receives MPEG-7 descriptions from a network or a storage
device, demultiplexes the descriptions to retrieve elementary
streams, identifies consecutive and individually accessible
portions of data known as access units, parses the access
units and finally performs the reconstruction of the MPEG-7
description. An MPEG-7 terminal also manages upstream data
transfer from the terminal to the transmitter or server.
Typically, such data involves queries formulated by the end
user or requests for specific information. Once the MPEG-7
descriptions have been reconstructed, they are used by an
application separately from, or together with the elementary
streams.

4.2 Video Descriptors
For a given video content, a set of features can be extracted.
A feature is defined as a distinctive characteristic of the
content. In order to compare several features, a meaningful
representation of each feature (descriptor) and its instantiation for a given data set (descriptor value) are needed. Fig. 24
illustrates the relationship between data, features and descriptors. Using feature extraction, one projects the input video

~

of an MPEG-7

terminal.

content space onto the feature space. The result of the
projection is a set of features [fl, j~ . . . . . fi . . . . . fN] associated
with any item of the video content, where N is the total
number of features that are extracted. Then, each feature j~ of
the feature vector can be represented by several descriptors.
For instance, the shape feature may be represented by
geometric descriptors or region-based shape descriptors.
Those of these descriptors that are standardized in MPEG-7
(i.e., they belong to the standardized descriptor space) are
illustrated in Fig. 25.
The projection from the video data space onto the feature
space, which is not standardized in MPEG-7, is not unique
since different applications may require different features for
describing the same video content. The projection from the
feature space onto the descriptor space, which is standardized
in MPEG-7, is also not unique since several descriptors may be
assigned to the same feature. More specifically, several shape
descriptors are assigned, for instance, to describe the low-level
feature shape. This is motivated by various application
requirements, that would make use of the entire region
shape of the display in our audiovisual scene of Fig. 1, or of
the boundary shape of the same display in another application.
Because there is no mapping from the descriptor space to the

space
AV content space
(data)

Feature space

MPEG-7
descriptor space

ifl, q,..

FIGURE

24

The relationship
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data, features,

and descriptors.
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FIGURE 25 Summaryof MPEG-7 descriptors.
video content space, the reconstruction of the content using
the descriptors is not required. This allows the defining of
descriptors that are very compact.
The extraction and usage of MPEG-7 descriptions, which
are outside the scope of the standard, are specified in [43, 44].
The usage of MPEG-7 descriptions (i.e., matching), may
include feature-to-region, region-to-region, region-to-image,
or image-to-image matching. In feature-to-region matching,
a texture descriptor instance of a query texture would be
compared to a texture descriptor instance associated with the
podium in Fig. 1. In region-to-region matching, a texture
descriptor instance corresponding to a region in another
scene would be compared to a texture descriptor instance of
the podium in Fig. 1. To make possible all of these types of
comparisons, different types of matching are provided for
different descriptors in [43, 44].
4.2.1

Color Descriptors

MPEG-7 standardizes the following descriptors of the low
level feature color: color space, scalable color, dominant color,
color layout, color structure and group-of-frames/group-ofpictures color. Most of the MPEG-7 color descriptors make
use of local or global measures of color occurrences that are
further assembled in the form of histograms or other
structures. Although the color descriptors presented next
seem quite similar, they differ in the selection of a color space
where each descriptor is computed, in the level of compactness
achieved by each descriptor, and in the performance obtained

in various MPEG-7 applications. As such, these MPEG-7 color
descriptors offer high flexibility for diverse design conditions
and types of video content.
Standardized MPEG-7 descriptors for Color Spaces include
the hue-saturation-value (HSV), red-green-blue (RGB), and
YCbCr (luma-chroma) color spaces, and the MPEG-7 defined
hue-min-max-dif (HMMD) color space. The latter color space
makes use of a hue component (the same as in the HSV
color space), a minimum, maximum, and difference components. The minimum component, which is obtained by
computing the minimum of the red (R), green (G), and
blue (B) components, yields an indication of the amount of
black in the color. The maximum component, which is
obtained by computing the maximum of the R, G, B
components, yields an indication of the amount of white in
the color. The difference component, which is computed by
subtracting the minimum component from the maximum
component, gives an indication of how much gray the
color contains.
The scalable color descriptor (SCD), which describes the
local (region-based) or global (image-based) color distribution in an image, is a color histogram in the HSV color space.
The histogram values are non-uniformly quantized coarsely
(around 16 bits/histogram) or finely (up to 1,000 bits/
histogram) depending on the application. The color histogram
is then encoded using a Haar transform [38, 46].
The dominant color descriptor (DCD) describes the local or
global spatial color distribution feature in any MPEG-7
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FIGURE 26 Exampleof color layout similarity.
standardized color space. The descriptor specifies the representative colors, their percentages in a region, the spatial
coherency of the color, and the color variance. This descriptor
is more compact than the scalable color descriptor and more
computationally efficient as it does not require a histogram
computation.
The color layout descriptor (CLD) describes the spatial
distribution of color in an arbitrarily shaped region. This
descriptor, which utilizes the YCbCr color space, is computed
by dividing an image into 8 x 8 blocks, computing the average
of the colors in each block, applying an 8 x 8 discrete cosine
transform to each block, and quantizing (for each block) a few
low frequency coefficients that are selected by zig-zag
scanning. An example of color layout similarity is illustrated
Fig. 26. Although the two images are different semantically,
their spatial distributions of colors in arbitrarily shaped
regions are quite similar.
The color structure descriptor (CSD) is obtained by counting
the occurrences of a particular color in the image in the huemin-max-dif color space, and constructing a histogram. The
color occurrences are counted within a window sliding over
the image. Although the size of the window depends on the
image size, the number of samples in the window is
maintained constant by subsampling the image and the
window simultaneously [38].
The group-of-frames/group-of-pictures color descriptor,
which describes the color of a collection of images, is an
extension of the scalable color descriptor. Consequently, it is
computed in the HSV color space. The descriptor consists of
the average, median and intersection histograms of groups of
images, which are computed using the individual image
histograms.

4.2.2 Texture Descriptors
The MPEG-7 texture descriptors aim at capturing the general
characteristics of textures in order to describe texture
similarity. An example of such texture similarity is illustrated
in Fig. 27. The images in Fig. 27(a), which are similar with
each other, are irregular textures in the sense that the
distribution of texture patterns over the image is not uniform.
By contrast, the images in Fig. 27(b), which are also similar
with each other, are regular textures. MPEG-7 standardizes
three texture descriptors, each of which can describe well the
textures in Fig. 27. Because the perception of textures and
texture similarity are scale dependent, it is important that the
MPEG-7 texture descriptors capture such dependency as well
as invariance properties, while maintaining a reasonable
representation efficiency.
The homogeneous texture descriptor describes the directionality, coarseness, and regularity of patterns in texture images.
To obtain this descriptor, the frequency space is first
partitioned into 30 channels, which have six divisions that
are equal to 30 degrees in the angular direction and five octave
divisions in the radial directions. A Radon transform followed
by a Fourier transform is applied to the image. Second, to
capture the texture scale and orientation, the result of the first
step is filtered in the frequency domain using a bank of
orientation and scale sensitive filters. Two-dimensional Gabor
functions are used to filter the individual feature channels.
Third, the energy of every feature channel (i.e., the log-scaled
sum of the squared transform coefficients), the energy
deviation, the mean and standard deviation of each of the
filtered outputs are computed in the frequency domain. The
resulting descriptor captures the statistical characteristics of a
texture image accurately.
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FIGURE 27 Examplesof texture similarity.
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The texture browsing descriptor provides a coarser description of the texture than that obtained using the homogeneous
texture descriptor. The computation of the two descriptors is
quite similar, however, to achieve a higher compactness that
is required for browsing applications, the texture browsing
descriptor makes use of only two dominant texture orientations that are extracted from a filtered image. Based on these
orientations, six levels of directionality, four levels of
coarseness, and four levels of directionality are obtained
[38, 46].
The non-homogeneous texture descriptor (Edge Histogram
descriptor) captures the spatial distribution of edges within an
image. This descriptor is computed by dividing the image into
16 non-overlapping blocks of equal size, extracting the edge
information and classifying a block as an edge oriented at 0
degrees (horizontal), 90 degrees (vertical), 45 degrees (first
diagonal), 135 degrees (second diagonal), or a non-directional
edge. Using this classification information, a 5-bin histogram
is obtained for each block of the image. The histogram is
non-uniformly quantized, yielding a very compact descriptor,
which in addition is also scale invariant.

(a)

(b)

FIGURE 28 Examples of region-based and contour-based similarity.

The region-based (Angular Radial Transform) Shape descriptor is obtained using a method that utilizes region-based
invariant moments for shape description. For each shape, the
method computes the Angular Radial Transform (ART)
coefficients on a unit disk in polar coordinates. These
coefficients are given by

zyxwv
zyxwvutsr

4.2.3 Shape Descriptors
The MPEG-7 shape descriptors allow description of shape
objects in terms of region or boundary characteristics. For
instance, in our audiovisual scene of Fig. 1, the desk, display,
and bream objects would be best described using a regionbased shape descriptor, whereas the funny character would be
best described using a boundary-based shape descriptor. As
shown in Fig. 28(a), objects that are similar in terms of the
regions covered may be dissimilar in terms of their
boundaries. As shown in Fig. 28(b), objects that are similar
in terms of their contours may have slightly (or sometimes
completely) different covered regions. It is desirable to discriminate between these cases regardless of various transforms
(e.g., rotation as shown in Fig. 28B, translation), and shape
distortions applied to the subject shapes, segmentation, and
feature extraction noise. Even more, in addition to describing
region and contour-based shapes in two dimensions, it is
desirable to capture the geometric characteristics of 3D
objects.

nmfo2 fO 1Vn*m(19, O)f(p, 0) pdpdO

(1)

where Vn,m(P, O) is the ART basis function of order n and m,
and f(p, O) is an image intensity function in polar coordinates.
The basis functions, which are separable along the radial and
angular directions are given by

1
Vn,m(P, O) -- -~ exp(jm0)R,(,o),

(2)

where Rn(p) - 1 for n - 0, and R,(p) = 2cos(zrnp) for n # 0.
Twelve angular (0 _< m _< 11) and three radial (0 5_ n _< 2)
functions are used, whose real parts are illustrated in Fig. 29
[38]. In this figure, the angular and radial indices m and n are
represented on the horizontal and vertical axes (respectively),
the origins are in the centers of each image and the bright
areas indicate higher values of the functions. The imaginary
parts have similar shapes to their corresponding real parts and
also have different phases. The coefficients of the ART basis
functions are next quantized to ensure the compactness of the
descriptor.
The contour-based shape descriptor is based on the
curvature scale-space (CCS) representation of contours [47].
To obtain a CSS representation, N equidistant points are first

~ 7

.M
... mMmi mm
mm
Mm
........m
.... ...m
mm
FIGURE 29 The real parts of the angular radial transform basis functions.
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selected on the shape boundary starting from an arbitrary
point and two series X and Y are formed by grouping the x
and y coordinates (respectively). Second, the shape boundary
is filtered repeatedly using a lowpass filter and the series of
coordinate points X and Y, until it becomes convex. This
filtering step requires that the computation of a curvature
function of each point of the boundary that was previously
selected, computation of the zero crossings of the curvature
function, comparison of these zero crossings with those
obtained in a previous iteration, and ordering of the zero
crossings set, be performed iteratively until there are no more
zero crossings. Because the zero crossings of the contour
curvature function separate the convex and concave parts of
the contour, the absence of zero crossings in the end of the
filtering stage indicates that the contour has become convex.
Third, by representing graphically the index of each zero
crossing during the filtering process and the number of filter
passes, a CSS graph is obtained. The peaks are identified in
this image, ordered, transformed using a non-linear transform
and quantized, yielding a very compact descriptor.
The 2D/3D shape descriptor describes the shape characteristics of a 3D object in two dimensions. By using a finite
number of shapes that are 2D views from different viewing
angles of the 3D object, this descriptor makes possible a
characterization of the object even when the three dimensional
information may not be available. Multiple pairs of such 2D
views (one from each object) are needed for similarity
evaluation of two 3D objects.
The 3D shape (shape spectrum) descriptor describes the
shape of three dimensional objects using the shape spectrum
of a surface. The shape spectrum is defined as the histogram of
a shape index, where the shape index is a measure of the local
convexity of a surface.

property of the motion descriptors is simplicity and efficient
computability. Another desired property is compactness, given
that motion properties can be described at block, sample and
subsample levels.
The motion activity descriptor is a global measure of rhythm
(also known as pace) in a video sequence. Examples of highactivity and low-activity content include sports and videoconferencing sequences, respectively. This descriptor measures
the intensity of motion based on standard deviations of
motion vector magnitudes. The standard deviations are
quantized into five activity values. Optionally, the direction
of motion, spatial distribution of motion activity, and the
temporal distribution of motion activity can be computed as
well and included in the descriptor [38, 46].
The motion trajectory descriptor complements the motion
activity descriptor in the sense that, the former has a temporal
nature, whereas the latter has (most often) a spatial nature. As
illustrated in the example of Fig. 30, objects A and B have
similar yet not identical trajectories, trajectoryA and trajectoryB, respectively, over the span of N frames of a video
sequence. To obtain a good approximation of the trajectory of
an object moving spatially and temporally, several keypoints
are used, which are computed using first order or second
order interpolation models. The interpolation models describe
the path of the object between keypoints.
The camera motion descriptor describes the global motion
in a video sequence. Sometimes, the global motion parameters
are provided by the camera. More often than not, such
parameters are estimated iteratively using camera motion
models. Such models may be generic, from which particular
cases of panning, tracking, tilting, booming, zooming, dollying
and rolling type of motion are obtained. Using the camera
motion descriptor, similar pan sequences can be identified
(for instance), in a database of documentary movie sequences.
The warping parameters descriptor also describes the global
motion, however with reference to a mosaic or a sprite such as
that illustrated in Fig. 7.
The above motion descriptors characterize motion in terms
of generic properties at the video sequence or video segment

zyxwvutsrqp

4.2.4 Motion Descriptors

MPEG-7 standardizes four descriptors to represent the motion
characteristics in video sequences. Given that the computation
of motion fields and optical flow are expensive, a desired
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FIGURE 30 Exampleof motion trajectory similarity.
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FIGURE 31 Block diagram of a MPEG-7 description scheme.

level. To allow the description of object motion, the

hierarchies, organization by classification, and user interaction
by user preferences and media usage. These components
include basic elements such as data types, constructs for
linking media files, localizing content and describing time,
places, and organization. In practice, subsets of relevant DSs
are selected from the MPEG-7 library of standardized
description schemes and combined for specific applications
in order to achieve a rich description of the audiovisual
content [42, 46]. For instance, in a browsing and navigation
application, a hierarchic summary description scheme such
as that illustrated in Fig. 32 may be used. The DS contains
links to the audiovisual content at the level of segments and
frames. The DS can also describe multiple summaries of the
same audiovisual content, in order to provide different levels
of detail. For example, in a sports video sequence, one
HighlightSummary DS may contain the selection of score
segments, whereas the other HighlightSummary may contain
the arbiter interventions. At the HighlightSegment level, the
keyframes corresponding to each of the two classes of
highlights would be included.

parametric motion descriptor makes use of a 2D parametric

zyxwvutsrqp

motion (affine, perspective, or quadratic) model [38, 46].
Particular cases of translational, rotational, or other types of
motion are obtained using the generic model and make
possible the identification of objects that have, for instance,
similar rotation motion.

4.2.5 Localization Descriptors

MPEG-7 standardizes two localization descriptors: the region
locator and the spatio-temporal locator. The former descriptor
specifies the localization of a region within an image using a
representation of a box or a polygon. The latter descriptor
specifies the localization of a region in terms of spatial and
temporal coordinates.

4.3 Video Description Scheme
An MPEG-7 description scheme (DS), also known as a
multimedia description scheme (MDS), is a metadata
structure for describing audiovisual content. A description scheme may contain descriptors and other description
schemes. As illustrated in Fig. 31, an MPEG-7 description
scheme contains components that provide functionalities for
content management in terms of creation, production, coding,
storage of media, description of structural and semantic
aspects of the content, navigation using summaries and

4.4 Description Definition Language
The description definition language (DDL) is the language
used to specify the syntax of the descriptors and description
schemes. The DDL also allows the MPEG-7 standardized
descriptors and description schemes to be combined, refined
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FIGURE 32 Example of a hierarchic summary description scheme.
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and extended for specialized applications. For wide interoper- conferencing and video over IP markets, and to MPEG-2 in
ability, the DDL is based on the W3C XML Schema Language the broadcast and streaming (especially HDTV) markets.
and it is described in [41] and [45]. Because the XML Schema H.264/AVC has demonstrated very high compression perforlanguage has not been designed specifically for audiovisual mance, making it the first serious competitor for video codecs
content, in addition to the XML Schema structural compo- that are not compliant with MPEG and ITU-T standards, such
nents and data types, the DDL also contains MPEG-7-specific as Microsoft's Windows Media 9 and RealNetworks Realextensions: array and matrix data types, types references, and Video. However, H.264/AVC's imminent wide adoption
built-in derived data types [41]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(demonstrated by the fast-growing number of H.264/AVC
products) is also the result of licensing terms that have
4.5 MPEG-7: Video Applications
recently been established by the MPEG LA and Via Licensing
organizations and that are appropriate for an increasing
Since MPEG-7 became an International Standard, some
number of applications. For example, MPEG LA has already
MPEG-7 conforming video applications have emerged in
negotiated a successful licensing agreement with a group of
industry. They include IBM's Annotation Tool, IBM's
Japanese broadcasting companies for the adoption of H.264/
Automatic Labeling Tool, and Ricoh's MovieTool. The IBM
AVC in their TV applications, and its efforts have also led to
MPEG-7 Annotation Tool (VideoAnnEx) [48] assists in the
the provisional inclusion of H.264/AVC in the emerging
annotation of video sequences using MPEG-7 metadata. The
HD-DVD standard, which is expected to be widely supported
IBM MPEG-7 Video Labeling tool [49] is an end-to-end
by next-generation HD video playback devices.
MPEG-7 automatic system that performs shot detection,
Even if H.264/AVC becomes more widely deployed in the
multimodal feature extraction, statistical modeling and
digital video market, some other parts of the much larger
semantic concept detection. The Ricoh MovieTool [50]
MPEG-4 standard will remain primarily of academic interest
allows the creation of standardized MPEG-7 video content
for some time. MPEG-4 Part 2 was developed based on an
descriptions either automatically during playback or manually
object-based representation that has not been very practical
by editing the XML file.
simply because the segmentation of video content into
arbitrarily-shaped, meaningful video objects remains a very
5 Conclusions
difficult, and often practically impossible, task. Fortunately,
emerging technologies such as cameras equipped with depth
In this chapter, we have presented a detailed technical sensors that can capture 3D video and segmented objects [51]
description and a brief discussion of some video applications may increase the availability of object-based video content,
of the visual parts of the two new MPEG standards: MPEG-4 making MPEG-4 Part 2's object-based coding functionality
and MPEG-7. MPEG-4, through Part 2 and especially Part 10 attractive in some applications.
(H.264/AVC), enables compliant encoders to achieve high
By comparison to MPEG-4, MPEG-7 has had a milder
compression levels. MPEG-4 also features object-based, impact on the digital video industry so far. MPEG-7 holds the
scalability, and error-resilience functionalities that enable potential of enabling wide interoperability and efficient access
both the efficient and robust representation of video data. and manipulation of video content. However, the similarly
MPEG-7 does not address the coding efficiency problem, but difficult task of extracting low-level and high-level representait also makes use of similar object-based representation and tions from rich video content seems to have stymied the
modeling tools to provide complementary functionalities. standard's wider applicability to date. For both low-level and
MPEG-7 can facilitate, and even enable, the object-based high-level representations, automatic extraction is desirable
access and manipulation of video data by providing a given the large amount of available video content. However,
standardized description interface.
not only automatic spatial and temporal segmentation of
Despite some successes, both MPEG-4 Part 2 and MPEG-7 natural video content remains a challenge, but even more so
have not yet been as widely adopted in the digital video automatic or semi-automatic extraction of structure and
market as some had hoped. First, MPEG-4 Part 2 has not semantics.
offered a compelling coding efficiency advantage. Second, the
The most experienced image processing researchers agreed
initial MPEG-4 Part 2 licensing terms of MPEG LA, which at ICIP 1998 (during the 50th anniversary of the IEEE Signal
were considered unattractive for some applications, initially Processing Society) that we, unfortunately, know little about
helped dampen enthusiasm towards the wide adoption of segmentation of, and extraction of structure and semantics
MPEG-4 Part 2. It would take several years after the 1999 from, natural video content. As we learn more about these
approval of MPEG-4 Part 2 (in fact nearly up to the time topics through extensive research work such as [56-58], the
that MPEG-4 Part 10 a.k.a.H.264/AVC was standardized) adoption of MPEG-4 and MPEG-7 could grow, facilitating
before MPEG-4 started to become attractive for widespread and often enabling the efficient representation, access, and
interoperable use as an alternative to H.263 in the video manipulation of video data.
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1 Introduction
Digital video capture and playback has become a standard
feature in many handheld consumer electronic products.
Figure 1, illustrates some of the popular, handheld, portable
digital multimedia products such as digital still cameras
(DSCs), 3G cellular phones, digital camcorders, and personal
digital assistants (PDAs). This feature allows the user to
capture short video clips in a popular file format such as Apple
QuickTime, Microsoft ASF, or MPEG mp4. These captured
videos can then be instantly viewed, can be shared via e-mail,
or used for later viewing on desktops or laptops. Cellular
phones, traditionally designed for voice and data transmission,
are becoming increasingly popular and are now providing
options to capture still images and video clips and thus
enabling applications such as video messaging, video-phoning,
video conferencing, or mobile video broadcasting. The 3G
cellular phone, for example, allows users to capture the
exciting moments as video messages and share them with
friends or loved ones via 3G MMS (multimedia message
service). It is also now possible to downloaded and watch
televised news, movies, or the satellite or terrestrial live
television broadcasting on some mobile phones. Video
camcorders that have traditionally used analog format to
record to magnetic tape are now being replaced by digital
format and can record to tape, optical disk, removable
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memory cards, and recently even hard-disk drives. Inexpensive
removable memory cards and advanced video compression
technology make it possible to recorder a huge amount video
in digital format, which is easy for editing, encryption, storage
and information sharing.
The tremendous amount of memory and bandwidth
requirements of raw video necessitates the need for efficient
compression techniques making video compression technology an integral part of these consumer products. To enable
interoperability, most products use standards-based video
compression techniques. The ISO MPEG-1 [1], MPEG-2 [2],
MPEG-4 [3] and the ITU H.261 [4], H.263 [5], and H.264 [6]
are some of the popular international video compression
standards. The essential underlying technology in each of
these video compression standards is very similar [i.e., motion
compensation, discrete cosine transform (DCT), quantization, emropy coding, and deblocking (post or in-loop)] [34].
The standards differ in the applications they address. Each
standard is tuned to perform optimally for a particular application in terms of bit rates and computational requirements:
MPEG-1 for CD-ROM, MPEG-2 for DVB (digital video
broadcasting) and DVD (digital video device), H.263 for
videophones, H.261 for videoconferencing, and MPEG-4 for
wireless and Internet. H.264, the most recent video compression standard jointly developed by MPEG and ITU-T,
provides up to 50% more bit-rate reduction at the same
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FIGURE 1 Embeddedvideo codec aplication in handheld and portable multimediaproducts (see color insert).
quality of other existing standards. It will most likely be
used in wide variety of applications due to this significant
advancement in compression technology.
In the handheld products discussed above, the video
functionality is provided along with other multimedia features
that include speech, audio, and graphics. The consumer price
points that these products need to meet call for a high level
of integration in the silicon solutions used to power these
products. These silicon solutions thus need to be able support
these multimedia functionalities in a highly integrated and
cost-effective manner. In addition, most of these products are
battery operated and need to be compact. The long battery life
demands and the portable nature of these products require the
engines that power these products to be extremely energy
efficient. In addition, with the ever-increasing image ar~l video
resolutions, and the complexity of the compression technologies, these silicon solutions need to be extremely high
performance.
In the past few years, the rapid progress made in the very
large scale integration (VLSI) technology has dramatically
changed the embedded world. Today's high-performance,
programmable signal processing chips can comfortably satisfy
the high computational and memory bandwidth requirement
of video processing while continuing to satisfy the low-power
requirements and stringent cost pressures. Although it was
hard to implement a cost-effective embedded video codec on

programmable processors 5 years ago, it is fairly common now
to realize high-quality video capture and playback along with
other multimedia functionality on a low-cost digital signal
processor (DSP) [35]. The programmable nature of the
embedded solution makes it economical to support multiple
audio/visual formats or add upgrades and new applications
with rapid time-to-market.
However, implementing a good-quality, embedded video
codec on these, highly integrated, low-cost, high-performance,
low-power, programmable processors requires many algorithmic and engineering trade-offs. This chapter describes some
of these trade-offs.
The rest of chapter is organized as follows: Section 2
presents an overview of the popular block-based video coding
technique. Section 3 addresses the embedded video codec
design requirements and constraints. An example embedded
video codec development flow is presented in Section 4,
followed by a summary in Section 5.

2 Block-based Video Coding
The essential technology in the MPEG (MPEG1, MPEG2, and
MPEG4) and ITU-T (H.261, H.263, H.264) video coding standards is a block-based, predictive, differential video coding
scheme. As mentioned in Section 1, the fundamental coding
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(loop-filter) is also applied on the reconstructed macroblock
to reduce the blocking coding artifacts [36].
On the decoder side, all the necessary information for
picture reconstruction, including motion vectors and DCT
coefficients, are retrieved from encoded video bit stream
by using variable-length decoding (VLD) technique. Inverse
quantization and inverse transform are then used to reconstruct the residual macroblock. A similar motion compensation
technique as on the encoder side is also performed in
the decoder to obtain the motion-compensated macroblocks.
The final reconstructed macroblock is formed by adding the
residual and motion-compensated macroblock together and
clipping all the pixels to [0:255] range. In the case of H.264,
analogous to the encoder side, the loop filter is applied to the
reconstructed macroblock at the decoder also.
This macroblock-based coding technique requires only a
small amount of fast data memory, thus makes the video
coding implementation friendly to programmable multimedia
processors. In these processors, the high-speed internal
memory size is usually very limited due to the low cost and
low-power requirements. In addition, the basic algorithms
involved video coding such as motion compensation, transform, and quantization offer a high level of parallelism, which
enables the effective real-time implementation on multimedia
chips. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

techniques involved are motion-compensated prediction,
transform (4 x 4 integer transform for H.264, and 8 x 8 DCT
for the rest of the standards), quantization (Q), entropy
coding, and loop-filtering (for H.264 only). In the block-based
video coding [21], the sequence of pictures to be encoded
is divided into several group of pictures (GOPs). A GOP
normally contains an intracoded picture (1-picture) followed
by several predictive-coded pictures [P- and B-pictures (bidirectional picture)]. The I-picture is independently encoded
without any relation to the previous pictures (hence the name
intracoded), whereas in an intercoded P-picture or B-picture,
the current picture is predicted from other reference pictures,
and the difference between the current picture and the
predicted picture is encoded. A P-picture (predictive picture)
can only reference the reference pictures in the past, where as
a B-picture (bidirectional picture) can predict from reference
pictures both in the past and in the future.
To encode a picture, it is first decomposed into a set of
macroblocks. A macroblock contains a 16 x 16-luminance
area and the corresponding chrominance areas of two
chrominance components (for 4:2:0 chroma-format, a macroblock contains a 16 x 16 luminance block and an 8 x 8
chrominance block from each of the chrominance components). As shown in Fig. 2, on the encoder side, motion
vectors are estimated for each intercoded macroblock then
the motion-compensated prediction is used to reduce the
temporal redundancy. The prediction errors are further
compressed by using a transform technique, such as DCT,
to remove spatial correlation. The transform coefficients
are then quantized in an irreversible manner that discards
the less important information. The motion vectors associated
with intercoded macroblocks are differentially predicted.
Finally, the differential vectors are combined with the quantized transform information, and are encoded by using
an entropy coding technique such as variable-length coding
(VLC). In the case of H.264, an in-loop de-blocking filter
Rate control

macroblock ..¢-rx
~'

3 Embedded Video Codec Design
Requirements and Constraints
As discussed above, low cost and low-power consumption
are two key requirements in designing a programmable
multimedia engine used for handheld applications. To keep
the chip cost compellingly low, the on-chip memory size
of these multimedia chips needs to be small. Typically, the
on-chip program and data memory sizes are in the order of
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thousand bytes (e.g., 64 Kbytes, 128 Kbytes, or at best 192
Kbytes). Due to low-power consumption requirements, the
clock rate of processors cannot be too high, which restricts
the processing power [usually measured in millions instruction per second (MIPS)] and memory bandwidth of these
chips. Sophisticated power management logic is also incorporated into these chips to manage power consumption at the
lowest possible level.
In developing an embedded video codec, due to the limited memory and processing resources of the chip, particular
attention should be paid to code size, code efficiency,
and memory allocation. Code should be written in a way
that the entire codec could fit into the on-chip program
memory. For devices with on-chip instruction cache, the cache
miss rate should be minimized. There is usually a trade-off
between the code size and code efficiency. For example, for
an iteration loop with several conditional cases, there are
two different ways to write the code. One possible way is
to keep a single execution loop that contains all the
conditional cases. In this case, the code size is small but the
code is less efficient because the in-loop conditional checks
consume extra cycles. The other way is to use multiple loops
with each loop dealing with a single case of processing. Here
the code size is larger but the code executes faster because the
conditional checks are now moved outside the loop. Other
similar trade-offs should be made between the code size and
code efficiency on the basis of the on-chip program memory
or cache size.
Memory allocation is another key factor that has significant
impact on code efficiency. Since the on-chip data memory or
data cache is extremely limited, only a small amount of data
can be buffered on chip. One common strategy is to allocate
the most frequently accessed data to on-chip data memory
while leaving the less frequently accessed data on off-chip
memory. The on-chip data include the static tables used
for VLC and VLD, motion vectors, DCT coefficients, reference
blocks used for motion compensation, and reconstructed
macroblocks. Off-chip memory is used to store less frequently used data such as decoded pictures. To minimize
intermediate memory requirements, a memory-overlapping
technique is often applied to reuse memory space that is freed
up by the proceeding function blocks. To minimize the time
and processor resources spent in data transfers from external
memory to processor internal memory, these transfers are
usually accomplished by an on chip direct memory access
(DMA) controller. Attempts to directly access the off-chip
data via general-purpose memory interface will significantly
decrease the codec performance because such types of memory
access are usually much slower.
For handheld multimedia applications, a cost-effective
video codec should keep the program size, on-chip data size,
and computational complexity in a reasonable range. To do
this, compromises between the coding quality and complexity
must be made in the embedded video codec design.

Handbook of Image and Video Processing

Developing a good embedded video codec is about finding
a good trade-off between the coding quality and computational complexity. The best possible video coding quality is
usually achievable only for non-real-time applications such as
off-line video content productions for digital video broadcasting and DVD production. In these applications, the cost
of the video encoder is not a critical issue. In these non-realtime applications, the video content can be encoded using
sophisticated and computationally intensive video encoding
algorithms. The encoder can even use brute force, exhaustive
search methods to make more optimal decisions on things
such as mode selection and motion estimation. However,
for the embedded video encoders running on handheld
devices because the memory and MIPS are quite limited,
only lightweight algorithms can be used to achieve the
target speed at the cost of certain quality loss. An embedded video encoder design is thus about achieving optimal
video quality for a given memory/MIPS budget and encoding
speed requirement.
Some of the most challenging parts of encoder implementation are motion estimation, mode decision, rate control, and
rate-distortion (R-D) optimization. These tools have a significant impact on coding quality and speed. Motion estimation
generates the motion vectors for the current macroblock so
as to reduce the temporal redundancy with the motioncompensated prediction. The mode decision stage is responsible for choosing the best mode for the current macroblock
from the all the possible modes supported the standard.
Rate control ensures a video sequence is encoded at the target
bit rate. R-D optimization optimizes the video compression by
jointly considering the quality degradation and number of bits
used. It can be combined with motion estimation, mode
decision, and rate control to provide significant quality
enhancement in video coding.
Of the encoding tools, motion estimation is usually
the most time-consuming part of the encoder in terms of
memory access and computation. The complexity of motion
estimation depends on the extent of the search range and
the number of vectors to be estimated for each macroblock.
Search range also determines the size of reference blocks that
need to be loaded from off-chip memory to on-chip internal
data memory of the processor. In embedded video codecs,
it is not realistic to use a full-search, block-matching algorithm to estimate motion vectors for prediction because of
the extensive memory and computational requirements of
this algorithm. Instead, a fast, lightweight motion estimation
algorithm is preferable to achieve a good trade-off between
encoding speed and video quality.
For sequences with small motion or small picture resolutions, the N-step (e.g., N = 3 , 4) search motion estimation
algorithm [11, 12] or diamond search algorithm [13] is widely
used. Typical search ranges of (-16, 15) horizontally and
vertically are used. The N-step search reduces computational
complexity by a factor about 30 to 40, but still provides good
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coding efficiency when compared with that of a full search.
However, the reference block size used in N-step search is
still a function of search range, and N-step search is also not
suited for sequences with large motion or large picture sizes.
Other categories of fast motion estimation algorithms that
overcome the shortcomings of the N-step search algorithm
are described in [14, 15]. These use two steps to estimate
the motion vectors. First, an initial vector is determined
from candidate vectors of its neighboring temporal and
spatial blocks, the candidate with the smallest prediction
error is chosen as the initial vector. In the second step, a
vector refinement with a small search range is carried out
around the initial vector to obtain the final vector for the
block. This type of fast motion estimation algorithm [15] can
provide a factor about 100:1 speedup, usually with a quality
loss of about 0.3 to 0.6 dB. Since the algorithm uses a fixed
number of candidate vectors and refinement search range
is of fixed size, the memory requirements and the computational complexity of the algorithm are constant. In addition,
due to its self-adjustable nature to motion transitions, the
algorithm adapts to the motion in the video sequence and
hence is equally efficient for sequences with slow or fast
motion, which makes the algorithm work well for a wide
range of sequences.
In developing an embedded video encoder, the mode
decision process needs to be simplified as well. Instead
of supporting all the features allowed by the video standard,
the encoder may drop some less critical features up front.
Doing so will sacrifice some video quality but can dramatically
reduce the coding complexity. To minimize the quality
loss for a given complexity, careful investigation should
be conducted to test the quality impact and estimate the
complexity of individual modes so that the least important
modes can be dropped in the encoder design. For example,
in H.264 baseline profile [6] up to 16 motion vectors per
macroblock and 16 reference frames can be used. Searching
through all these vectors and then selecting a motion mode
with least prediction error would require huge amount of
processing power. To avoid this, one may first consider
dropping all the vectors of block size below 8 x 8 and limiting
the maximum number of reference frames to two, because
study [16] shows that the quality impact of such a simplification is marginal but complexity reduction is substantial.
Another consideration is to identify the less useful features on the basis of the characteristics of the applications.
Dropping those features may not affect the coding efficiency but can ease the computational burden quite a bit.
For example, one may skip H.264 features like the slice group
map, reference frame reordering, and reference frame marking
process from the encoder side in the mobile digital video
broadcasting with H.264 [6].
Rate control is another tool that impacts video quality
significantly. Rate-control algorithms are needed to do framelevel bit allocation according to the target bit rate and frame
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rate and to compute the quantization scale for macroblocks. The macroblock-level quantization scale computation
is expensive because it can require 32-bit multiply and integer
division. For constant bit rate (CBR) applications, additional
control needs to be added to the algorithm to guarantee
that there is no buffer underflow or overflow at anytime [2, 3].
Special rate-control strategies are usually applied to enhance
the coding quality at certain special video situations such
as scene cuts, fades, and dissolves. For a wireless video
application in which there is normally only one I-frame at
the beginning in an entire transmission session, the ratecontrol algorithm must provide intramacroblock refreshment to ensure error recovery. More critically, for two-way
video applications like video-phony, the rate control may
need to support the functionality such as fast I-frame update
(if there are burst errors in wireless transmission [20]) or
run-time modification of bit rate, frame rate, and picture size
(fading channel [21 ]).
Because of the limited MIPS in the embedded systems,
some computationally intensive featureslike the rate-control
strategy dealing with scene changes or local complexity
measurement [22] to utilize the properties of human visual
systems improving visual qualitymust be dropped from the
rate-control algorithm. Instead of macroblock-based quantization scale computation, sometimes the quantization scale
adjustment may be performed at slice level or even at picture
level to save on computation. Nevertheless, the rate control
of an embedded video encoder still needs to hit the target bit
rate with satisfactory accuracy and support some advanced
features such as intrarefreshment and run-time modification
of bit rate, frame rate, and picture size for wireless video
applications.
R-D optimization [23] has proven to be the most efficient
encoding optimization tool that significantly improves the
video quality [16]. However, it requires multiple passes of
encoding to calculate the R-D cost of different modes.
Due to its extremely high complexity, it is very hard to
apply the R-D optimization to an embedded video encoder.
However, some lightweight R-D optimization concepts,
such as joint motion text coding, might be implemented in
an embedded system to achieve some additional quality
improvements.
Unlike the encoder implementation, which uses algorithms
such as motion estimation, mode decision, rate control, and
R-D optimization that need careful tradeoffs in design, the
decoder implementation is more or less fixed. A decoder
compliant to a certain profile of standard must support all
the features that the profile specifies. A standard compliant
decoder has no freedom to drop any normative feature from
implementation. However, for error-prone applications like
wireless video, error detection and error concealment must
be implemented on the decoder side. There is no standardized
way to perform error detection and concealment: The quality
and complexity tradeoff should be made in the design.
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Error detection [25] is to ensure no decoder crash in
• Modularity and application programming interface
any circumstances, even if audio/speech bit streams are fed
(API) definition
into the video decoder. Errors in the bit stream can be
• Reference software development in Golden C
detected by checking events such as decoded syntactic element
•
Platform-specific development and porting
has illegal value, the motion vectors are outside the predefined
• Kernel optimization and integration
range, and the number of DCT coefficients decoded exceeds
• Concurrent processing
the block size [26]. The more conditional checks that are
• Overall optimization
put into the decoder, the more robust the decoder will be.
• Stress and conformance testing
However, the conditional checks are expensive instructions
on programmable devices; thus, too many checks will surely
decrease the decoder speed. A good trade-off is to implement
4.1 Understanding the Chip Architecture
only the essential conditional error checks into the decoder
to minimize the overhead for error detection. Such a trade-off To achieve the maximum performance, it is very important
requires careful study and extensive testing of the decoder.
to first understand the chip architecture. The main factors
The video coding standards provide error-resilience tools that should be taken into consideration are processor archito ensure error recovery once the error is detected. For tecture, memory map, memory access types, instruction set,
example, in MPEG-4 [24] error-resilience tools like resyn- and any coprocessors supporting the main processor. The chip
chronization marks, data partitioning (DP), and reversible architecture determines the functional partitioning, memory
variable-length coding (RVLC) are specified. These tools allow allocation and data flow of the codec.
the decoder to resume decoding at the next resynchronization
Texas Instruments TMS320C6X [9] and TMS320C5X [10]
point and perform decent error concealment for impaired DSPs are two typical examples of embedded multimedia
slices by using the preserved motion vectors (DP) or recover processors that are finding many applications in consumer
partial text data by decoding the packets backward (RVLC).
electronic equipment. As shown in Fig. 3, the TMS320C6X
Error concealment is used to repair the lost and corrupted devices are based on VelociTI, an advanced very long
macroblocks of a decoded picture after the errors are detected. instruction word (VLIW) architecture. The C6000 DSP core
In the past decade, several error-concealment techniques has eight highly orthogonal functional units, including
have been investigated and developed. The error concealment two multipliers and six arithmetic units, and 32 generalcan be done in the DCT coefficient domain [27], in the purpose registers of 32-bit length, providing the compiler
spatiotemporal domain [29-31], or by using the recursive and assembly optimizer with many execution resources. Eight
block matching on the decoder side [28].
32-bit RISC-like instructions are fetched by the computerHowever, due to the high complexity of those algo- processing unit (CPU) each cycle. VelociTI's instruction
rithms, most of them have not found practical use in the packing features allow these eight instructions to be executed
handheld video products. Instead, the most common way to in parallel, in serial, or in parallel/serial combinations.
do error concealment is by memory copy, which replaces the All instructions operate on registers and can execute
erroneous macroblocks of the current decoded picture with conditionally. Its memory maps consist of internal memory,
the colocated macroblocks of previously decoded pictures. internal peripherals, and external memory. The internal
If there are more MIPS left for the decoder, more advanced program memory can be mapped into the CPU address
error concealment algorithms can be used. For example, space or operate as a cache. The internal and external
instead of simple memory copy, an erroneous macroblock can data memory can be accessed by the CPU or via DMA,
be concealed by motion compensation using the motion reading or writing in 8-bit bytes, 16-bit half-words or 32-bit
vectors of its neighboring macroblocks. Just like error words.
detection, the designer must decide what kind of error
The TMS320C54X DSP architecture is different from that
concealment algorithm to apply, by jointly considering the of TM320C6X. C54X was primarily designed for speech
computational and memory requirements of the algorithm applications. It includes hardware acceleration for common
speech functions such as Viterbi accelerator and single-cycle
and the bit error rate of the application. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
instructions for FIR filter. Unlike TMS320C6X in which
the architecture is highly pipelined, C54X architecture mainly
executes instructions in a sequential manner. The C54X
4 Embedded Video Codec Design Flow
instruction sets enable extremely small code size for DSP
functions, allowing the DSPs to take maximum advantage
Typically, the following steps are involved in a good embedded
of on-chip RAM. The internal memory can be accessed
video codec development:
by CPU in 16-bit or in 32-bit, but not in 8-bit byte.
• Understanding the chip architecture
There are no conditional instructions on the C54X. As shown
• Understanding the codec algorithms
in Fig. 4 the other key features of the architecture include
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the following:

40-bit adder and two 40-bit accumulators support
crucial parallel instructions that execute in only one
instruction cycle.
• A second 40-bit adder available at output of the multiplier allows nonpipelined multiply accumulator (MAC)
operation as well as dual addition and multiplication in
parallel.
• Single-cycle normalization and exponential encoding
support floating-point arithmetic that is useful in voice
coding.
• A 17 × 17 multiplier allows 16-bit signed or unsigned
multiplication, with rounding and saturation control m all
in one instruction cycle.
• Eight auxiliary registers and a software stack enable an
advanced fixed-point DSP C compiler.
•

A

Different chip architectures lead to different programming styles. To achieve the desired performance, the code
should be developed in a way that fits the architecture of target
device. On TM320C6X, where the CPU can execute up to
eight instructions per cycle, the code should be written in a
parallel fashion with least amount of memory dependency,
so that as many instructions as possible can be scheduled in
parallel by the compiler. For iteration loops that contain

small amount of instructions inside, it is necessary to unroll
the loop. The loop unrolling expands the small loops so that
enough number of instructions available to execute in parallel
thus utilizes full resources of the C6X architecture.
Since the TM320C54X CPU normally executes only one
instruction per cycle, the code can be written in sequential
fashion. But attention should be paid to the conditional
operations and memory accesses. Because there is no
conditional instruction on C54X, the local branches are
expensive and thus should be minimized. Best effort should
be made to avoid having local branches in inner iteration
loops. Moreover, video coding mostly uses 8-bit byte per pixel
storage formatmfor example in motion compensation the
reference blocks are stored in 8-bit per pixel. In this case,
two reference pixels (two bytes) have to be combined
and loaded into C54X accumulator as one 16-bit word,
then unpacked as two bytes at run-time for processing.
The codec designer should carefully consider such restrictions
of the chip architecture when developing the code to get
the most performance out of the chip.

4.2 Understanding the Codec Algorithms
Developing an efficient embedded video codec requires
not only the knowledge of the chip architecture, but also
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FIGURE4 Blockdiagram of TMS320C54X.

deep understanding of the codec algorithms. Although the
major coding tools used in the video standards are essentially very similar at high level, they could be significantly
different at a more detailed level. Inside each a video coding algorithm, it is important to understand the dynamic
range and semantics of each syntactic element to define
the appropriate data type for the element and implement

appropriate error detection on the decoder side. For each of
the coding tools such as transform, quantization, VLC/VLD,
and motion compensation, one needs to understand not only
the algorithmic detail, but also the implementation details
such as input/output data accuracy, memory requirement,
memory dependency, and any potential parallelism in
implementation.

6.6 Embedded Video Codecs
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Different chip architectures may lead to different implementation for a same coding tool. For example, the most
efficient realization of 8 x 8 DCT transform on TM320C6X
is to implement it as fast "butterfly" structure [33], whereas
on TM320C54X the fastest execution of the same DCT
transform is to implement it as "direct matrix multiply."
This is due to the fact, that on C6X there are only two multiply
and two memory access units among the eight parallel
function units, and hence these become the bottleneck
for "direct matrix multiply" type implementation of DCT.
A butterfly structure on the other hand, reduces the number
of multiplication and memory accesses and hence makes it
fully suitable for implementation on C6X. On TMS320C54X,
there are instructions that can execute two memory accesses,
one multiplication, and one addition in a single cycle. These
accelerated instructions make the DCT implementation with
direct matrix multiply most efficient on C54X.

vector field, which could be used for implementing different
error-concealment or video stabilization strategies based on
the application. In most applications, a video codec is normally
integrated with audio/speech codec to realize audio/visual
application. Hence, it is important the make the video codec
modular so that the video system interface can be tailored
to integrate easily with the audio encoding and playback.
The high-level APIs should be defined to enable such
required functionalities easily. We can broadly classify the
low-level kernels, into three categories: encoder specific,
decoder specific, and encoder/decoder shared common
kernels. It is important to identify the common set of the
encoder and decoder functional blocks to minimize the code
size, enable reuse, and reduce the development efforts.
We describe below an example embedded video codec
implementation and the associated high-level APIs and lowlevel kernels. There are four high-level APIs in this example.

zyxwvutsr

4.3 Modularity and Applied Programming
Interfaces Definitions
Another key concern in developing embedded video codecs
is to make the implementation reusable and portable
across multiple platforms. One way to accomplish this is to
make the codec modular and structured. To enable this, we
need to develop APIs for the various components of the
software. Figure 5 shows two kinds of APIs/high-level APIs
and low-level kernels that are defined in an example video
codec implementation.
Different applications may have different requirements
in the actual instantiation of the video codec based on the
use scenario. For example, a video encoder might be required
to support run-time modification of bit rate, frame rate,
and picture size in the rate-control algorithm. It may
also be required to support fast I-picture update whenever
it is requested by decoder or to support the conditional
intramacroblock refreshment for error-prone applications.
Similarly, a decoder might be required to return the decoded

FIGURE 5

1. VideoEncodelnit(EncodelnitlnputPars, EncodelnitOutputPars)
Video encoder initialization, including encoder memory allocation, sequence-, picture-level coding parameters initialization, and coprocessor (if any) parameters
initialization.
2. VideoEncodePic(EncodePiclnputPars, EncodePicOutputPars)
Encode one picture. The input parameters may
include the initial quantization scale, target number of
bits for the picture, memory location of reference
pictures, original picture and reconstructed picture,
and memory location of output bit stream. The output
might include coding status, number of bits generated
by picture, bit stream, and final quantization scale of
the picture.
3. VideoDecodeInit(DecodeInitInputPars, DecodeInitOutputPars)
Video decoder initialization, including decoder memory location, and coprocessor (if any) parameters
initialization.

The relationship between the high-level APls and low-level kernels in embedded video codec.
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VideoDecodePic(DecodePiclnputPars, DecodePicOutputPars)
Decode one picture. The input parameters may include
memory location of reference pictures and reconstructed picture, memory location of input bit stream, and
output picture format. The output may include the
decoding status, number of bits used by the decoded
picture, motion vector field, and so forth.

.

The high-level APIs call the low-level kernels to realize
the encoding/decoding functionality. The encoder specific
low-level kernels include:
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The common low-level kernels shared by encoders and
decoders are as follows:
1.
2.
3.
4.

Inverse quantization of DCT coefficients
Inverse transform
Motion compensation
Macroblocks reconstruction: Adding prediction blocks
and IDCT output together and clipping results to
[0:225] range
5. Loop-filter (for H.264 only)
6. Boundary macroblock padding: Prepad the reference
picture boundaries for unrestricted motion compensation (for MPEG4, H.263, H.264 only)
7. Data reorganization (e.g., YUYV interleaved to YUV
separated)

Encoder memory allocation: Centralized memory allocation on the encoder side.
Encoder high-level parameters initialization: InitializaTo share the common low-level kernels, the encoder and
tion of parameters such as picture size, target bit-rate, decoder must have common picture storage format.
and so forth.
Encoder coprocessor initialization: Initialization of the 4.4 Reference Codec Software Development
coprocessors.
in Golden C
Rate control: Bit allocation to each macroblock according to bit stream buffer status and macroblock content. One of the key recommended steps in developing an embedMotion estimation: Estimation of the motion vectors ded video codec is to first develop a platform-independent
for a macroblock.
video codec implementation in what is called as Golden C.
Mode decision: Selecting the best coding mode The C programming language is usually the language of
(e.g., intra/inter, I/4MV) for the current macroblock.
choice for embedded video codec development. The goal of
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Forward transform: for example, 8 x 8 DCT transform. this implementation is to be platform independent but serve
8. Forward quantization of DCT coefficients.
as an efficient reference for the final platform-specific
9. Sequence level header encoding.
implementation. One of the key uses of this is that we can
10. Picture level header encoding.
always refer back to this implementation to ensure compliance
11. Slice level header encoding.
of the final implementation to the standard. Other advantages
12. Macroblock overhead encoding: Encoding macroblock include the ability to quickly be able to target this Golden C
and block type such as intra, inter, codec, skipped, and implementation to various platforms and various applications
so forth.
as needed.
For most of the popular video coding standards, the trend
13. Motion vector encoding.
14. VLC of DCT coefficients.
is for the standards bodies to provide a public domain
reference software implementation of the standard. However,
15. Intra (AC/DC) prediction.
this reference code is usually meant to be instructional about
16. Encoder utility routines for bit stream handling.
the standard and is not written to be an efficient implemenThe decoder-specific, low-level kernels are defined as below
tation of the standard, particularly from an embedded
(error detection is normally implemented in kernels 1 to 6)
system implementation point of view. Therefore, in creating
an efficient and optimal implementation of a standard, it is
1. Sequence level header decoding
recommended to implement the entire codec in Golden C
2. Picture level header decoding
3. Slice level header decoding
from scratch, taking the standards based public domain codec
4. Macroblock overhead decoding: Decode MTYPE as the functional reference code.
(macroblock type), CBP (coded block pattern), and so
If both the encoder and decoder need to be developed, it
is recommended to first start with the decoder implementaforth
tion. For the decoder, there is a conformance bit stream test
5. Motion vector decoding
6. Variable length decoding of DCT coefficients
suite available for exercising all the features required by
standard. The decoding of all the conformance bit streams
7. Inverse intra (AC/DC) prediction
will guarantee a standard-compliant implementation of
8. Decoder utility routines for bit stream handling
9. Error concealment: To conceal corrupted or lost macro- decoder. Once the compliant decoder is in place, the encoder
blocks by using certain error concealment scheme such can then be built up by reusing the common lowlevel kernels, developing the encoder counterparts of the
as the memory copy
.

.

.
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,
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decoder-specific kernels, and finally adding the encoder
specific motion estimation, mode decision, and rate-control
algorithms. In this way, the most parts of code are similar for
both the encoder and decoder, making the debugging of the
codec much easier.
Some of the recommended programming rules for the
Golden C implementation are as follows:
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3. Data transfer between on-chip and off-chip memory:
Data transfer routines that are used for data transfer
between on-chip and off-chip memory should be
replaced by the actual DMA utility routines.
4. Run-time support library: Functions such as "printf"
should be removed because of the large code size of
these functions.
5. System support routines: The hardware system initialization routines and other system support routines
should be integrated into the project when compiling
the code on the hardware device.

1. No usage of dynamic memory allocation such as
"malloc()." All the memory allocation should the
centralized and performed in the codec initialization
API. Certain memory overlapping may be used to
The platform-specific C-code should compile and run
minimize the "on-chip" memory requirement.
2. Picture buffers should always be located in the on both the device simulation platforms like PC/UNIX and
on "off-chip" memory external memory. No direct the target device hardware system. It is suggested to keep
memory access to the picture buffer should be assumed. Golden-C part of code for items 1, 3, and 4, and to turn on
Dedicated block writing/reading routines should be item 5 only when code is complied for hardware device.
implemented to perform data transfers between the Compiler directives should be used to switch between the
picture buffer and "on-chip" data buffer. The typical Golden C implementation and the platform-specific impleoperations are writing or reading bit stream to and mentation for related routines. Keeping the platform-specific
from off-chip memory, loading the original macro- software executable on PC/UNIX simulators makes it easy
blocks and reference blocks from the picture buffer, and to introduce future changes to the code since these changes
writing out reconstructed macroblocks to the picture can be first debugged using the more advanced development
buffer. The dedicated data transfer routines will be tools on PC/UNIX device simulators and then later ported
replaced by the DMA routines when the code is ported on the device hardware platform.
on hardware board.
3. Except for static tables such as VLC/VLD Huffman
4.6 Kernel Optimization and Integration
tables, no global variables should be used. Using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
global variables makes code migration from one codec
At this point in the flow, the platform-specific implementation
to other difficult.
running on the device is still not optimized in terms of
4. No big arrays (larger than 128 bytes) should be opened
performance. It mainly serves as a functional reference for
inside the local functions. Big local data arrays could
next stage of kernel-level optimization on the target device.
cause stack overflow problem.
The final optimized version of codec is normally a hybrid
version, with high-level control logic in C and low-level
4.5 Platform-Specific Development and
kernels in assembly or other coprocessor languages. All the
encoder/decoder-specific and common low-level kernels are
Porting
candidates to be optimized. The kernel optimization is usually
Starting from the Golden C implementation, the platformthe most time-consuming stage in embedded video codec
specific implementation is then developed by taking the
development.
hardware architecture of target platform into account. The
The chip architecture determines the specific kernels
platform-specific implementation is designed to be able to
to be optimized. For devices such as TMS320C6X, in which
compile and run on the target device and to produce the bita highly efficient C-compiler is available, C-level kernel
exact results as the Golden C implementation. Certain modifioptimization with loop unrolling and intrinsic operators
cations need to be introduced to the Golden C code to form
can already provide about 90% of performance optimization
the platform-specific implementation. The major changes are for highly pipelined kernels such as sum of absolute
as follows:
differences computation in motion estimation and block
1. Memory map: The codec initialization API to do interpolation in motion compensation. Only highly intermemory allocation for the on-chip and off-chip data dependent kernels such as VLC/VLD need to be carefully
buffers need to be modified according to the actual scheduled and optimized in linear or hand assembly. On
memory map of the chip.
the platforms like TMS320C54X, however, the C-compiler can
2. Memory addressing: Some platforms such as TM320C5x achieve only about 50% of performance optimization on
may not support 8-bit byte memory accesses. Hence, the well-designed C-code. Thus, assembly optimization for
the related routines should be rewritten to avoid all kernels is the only way to achieve the best possible
unsupported memory access type.
performance for the codec.

888

Handbook of Image and Video Processing

It is more challenging to carry out kernel optimization on
platforms with multiple processors. The multimedia chips that
support video functionality often consist of several processors,
with hard-wired blocks for some of the computationally
intensive function.
Memory access can also consume significant amount of
cycles. Sometimes the memory access is very expensive if
the clock rate is high. Therefore, it is important to minimize
the number of memory accesses. For a device like TM320C6X
with single-cycle, 32-bit, 16-bit, and 8-bit, memory access,
it would be more efficient to modify the kernels to combine
16-bit or 8-bit memory access into 32-bit memory access.
Sometimes, it is advantageous to restructure the kernels
to reduce the number memory accesses. For example,
combining VLD and inverse quantization kernel into one
on the decoder side can cut the memory access cycles by half
of the number that would be needed if those two kernels were
implemented separately. Avoid or minimize the memory
bank conflicts in these memory accesses.
Another optimization step is to minimize the DMA transfer
overhead. For some platforms, there is significant overhead
caused by issuing DMA requests. Hence, the number of
DMA requests per macroblock should be kept as low as
possible. If there is enough on-chip data memory on the
device, the common strategy is to combine data of several
macroblocks into one group and use DMA engine to move
the data piece by piece instead of macroblock by macroblock
to minimize the number of DMA transfers.
Once the kernel is optimized, integrate the kernels into
the codec one by one. Because there is a standalone C reference function available for each kernel, this methodology is
advantageous for debugging the optimized kernels and localizing the bugs if there are problems in the integration phase.

independently, then some of the tasks can be run concurrently
to further improve the codec performance.
Figure 6 illustrates one case of concurrent processing on
the video decoder side. In this case, there are two processing
units on the chip, the CPU (e.g., TMS320C6X core) and the
DMA. DMA can run without intervention of CPU once it is
set up and kicked off by the CPU. As shown in Fig. 6, after the
motion vectors are decoded for the current macroblock, the
location of reference blocks in SDRAM is known. The CPU
can set up the DMA and issue the DMA request to load the
reference blocks for the motion compensation. While the CPU
is performing the VLD, inverse quantization, and IDCT, the
DMA is loading the reference blocks from SDRAM to on-chip
data memory in the background (see block B of Fig. 6). After
the motion compensation and the reconstruction of the
current macroblock, another DMA request can be issued to
write the reconstructed macroblock from on-chip memory to
SDRAM. Here the CPU is doing the macroblock overhead and
vector decoding for the next macroblock, while the DMA is
writing out the current reconstructed macroblock (see block
a of Fig. 6). Hence, with the concurrent processing between
the CPU and DMA, the decoder performance is improved
because the data transfer between on-chip and off-chip
memory is hidden behind the processor tasks.
The more processing units a chip has, the more complicated
the concurrent processing will be. If a device has several
processing units (e.g., on TMS320DM270 [8] there are C54X,
iMX, VLCD/QIQ, DMA and ARM7--five processing units),
the concurrent scheduling becomes complex because it needs
to resolve the resource conflicts between tasks running on
the different processing units. The concurrent scheduling
normally involves the following steps:

zyxwvut
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4.7 Concurrent Processing

Once the kernel optimization and integration is done, the
next performance optimization step is concurrent processing.
If there are multiple processors on the chip that can run

1. Benchmarking the entire codec; getting accurate cycle
count measurement for all the kernels.
2. Partitioning the encoding and decoding processes into
taskswone task may contain several steps of processing
(kernels).
3. Drawing the dependency (processing unit and memory buffer usage, timing dependency) diagram of tasks

SDRAM

DMA

Writing out the reconstructed
macroblockusing DMAs

Loading ref. blocks for motion
compensation using DMAs

CPU
MBoverhead~
decoding

Motionvector ~
decoding

request~

VLDof ~
DCT coeff,

IQ+IDCT ~

Motion
compensation

FIGURE 6 Exampleof concurrent processing between direct memoryaccess and computer processing unit for video decoding.
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and repeating step 2 to resolve the resource conflicts.
Computing the cycle counts for each task according
to kernel benchmark.
4. Drawing the concurrent scheduling diagram according
the task cycle count, timing, and resource usage.
5. Modifying the code according to the scheduling diagram
to realize the concurrent processing.

4.8 Overall Optimization
After the concurrent processing is done, the final tuning of
the code can further increase the codec performance. The
overall optimization is mainly for the embedded video codec
running on a device with multiple processors. The main idea
is to measure the loading of each processor, identify which
processor is the bottleneck, and then consciously move some
kernels from one processor to another to balance the loading
among different processors. If a kernel is must be moved to
a different processor to balance processor loading, optimization for the particular kernel will need to be redone according
to the architecture of the new processing unit.
A typical example of such a multiple processor chip
is TMS320DM270. The TMS320DM270 programmable DSPbased solution from Texas Instruments is a highly integrated
video and imaging engine offering excellent performance,

leading edge process technology, and flexibility for next generation portable media products. The DM270 (see Fig. 7),
which contains the TMS320C54XTM DSP, the ARM7TDMI ®
RISC processor, imaging peripherals, and video and
imaging coprocessors, is a highly integrated, programmable
platform for the DSC and other multimedia applications
including portable multimedia jukeboxes, camera phones,
DVD players, televisions, and digital video recorders. DM270's
programmability comes from a DSP-based imaging coprocessor that enables manufacturers to implement their own
proprietary image processing algorithms in software. The
interface is flexible enough to support various types of CCD
and CMOS sensors, signal-conditioning circuits, power management, SDRAM, shutter, and iris and autofocus motor
controls.
The programmable DM270 supports a variety of video,
imaging, audio, and voice compression standards, including,
but not limited to JPEG, motion-JPEG, MPEG-1, MPEG-2,
MPEG-4, H.263, H.264, DivX, Windows Media Video
(WMV), as well as audio standards such as MP3, Advanced
Audio Coding (AAC) and Windows Media Audio (WMA).
Supported voice standards include G.711, G.723.1, and
G.726. The DM270 system-on-a-chip (SoC) has the ability
to run various operating systems, including Nucleus, Linux,
ulTRON, VxWorks.

Monitor
LCD

FIGURE 7

Diagram of TMS320DM270.
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The DM270 architecture represents the cutting-edge encoding. The encoder also needs to be tested with video
trend for the programmable multimedia chip design, sequences of varying levels of scene complexity from lowwith the most critical parts of the imaging/video function motion to high motion and low spatial detail to high spatial
blocks in hardware and the less critical parts in software. detail. The standards bodies also usually provide a set of
This architecture provides customers with both the high standard video sequences to test the video codec. It is also
performance and flexibility. The DM270 DSP-subsystem, important to test the codec under varying lighting conditions.
The testing of an embedded video decoder is more
on which imaging/video function is realized, is made of the
C54X DSP, IMX accelerator, VLCD/QIQ coprocessor, DMA complicated. For the functional tests, the conformance bit
controller plus the dedicated on-chip memory buffers. The stream test suite can be used to verify whether the decoder
VLCD/QIQ coprocessor supports VLC/VLD/Q/IQ of DCT- output on the device is identical to the anchor sequences
coefficients for MPEG1, MPEG2, MPEG4, H.261, and H.263. corresponding to these bit streams. For robustness tests, the
The imaging processing accelerator iMX is designed for decoder can be tested with long bit streams. However, for
speedup of high-pipelined image/video processing functions, the error-protection part of tests, a significant amount of
such as motion estimation, motion compensation, and DCT time will have to be spent. The decoder is required to be
functional under all circumstances. The decoder is not
transform.
For the MPEG4 simple profile [3] decoder implementa- supposed to crash even if the decoder is fed with "garbage"
tion on DM270, for example, kernels are running on different bit streams. A common way to develop the robust errorprocessors. The iMX is used for all the parallel operations protection scheme is to take a compliant bit stream that excises
like motion compensation, inverse DCT transform, macro- all major coding features, corrupt the data byte by byte so
block reconstruction, data reorganization, and so forth. The that error type and position are known in advance, and input
VLCD/QIQ coprocessor performs the MPEG4 VLD and the corrupted data into the decoder to see if it crashes. If it
inverse quantization, while the C54X DSP is responsible for does crash, knowing the error type and position is helpful
the VOL, VOP, slice and macroblock header decoding, and for finding the crash reason and fixing the problem.
other high-level control code.
In implementing an MPEG-4 codec on DM270, no assembly
optimization will be needed for quantization, inverse quanti- 5 Summary
zation, or VLC/VLD of the DCT coefficients. Simple register
setup for the QIQ/VLCD engine will do the job as there Digital video capture and playback has become a standard
are dedicated coprocessors for these functions, although for feature for many handheld consumer electronic products
kernels like motion estimation, motion compensation with such cas digital still cameras, camera phones, camcorders,
high-level of parallelism, iMX coprocessor should be the used. and PDAs. Video compression is used in these products for
The rest of the kernels are optimization on C54X in assembly accommodating the limited storage and transmission requirements. Video compression standards (MPEG/ITU-T) are
language.
With the overall optimization done, the DM270 is able popular as they guarantee interoperability among products.
to provide simultaneous playback of 30 frames per second The block-based nature of these standards makes them
for MPEG-4 simple profile at VGA (640 x 480) resolution implementation friendly to embedded video solutions on
programmable multimedia chips. The programmable nature
simultaneously with AAC-LC audio decoder. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of embedded solutions provides a cost-effective way to
support multiple audio/visual formats or add upgrades and
4.9 Stress and Conformance Testing
new applications with rapid time-to-market. Due to the
After the codec optimization is done, extensive testing should limited memory size and processing power of programmable
be carried out before the code is released to market. Code multimedia chips used in consumer appliances, the embedded
testing under unusual conditions may uncover some deep video codec design needs to make good trade-off between
systemmlevel bugs rarely seen under normal circumstance. quality and complexity. Particularly, efforts should be made
The code testing may prove to be a very time-consuming to develop lightweight algorithms for motion estimation,
mode decision, rate control, error detection, and error
process for embedded video codec development.
For an embedded video encoder, the testing is to make concealment. Understanding of the chip architecture and
sure that the encoder generates the standard compliant bit the codec algorithm is the key to designing the most efficient
streams with market-acceptable quality for target applications. embedded video codec. Characteristics of chip architecture
It would be helpful to test the encoder with field trial and codec algorithm determine the code partitioning, data
sequences to verify the coding quality, effectiveness of the flow, and memory allocation of the codec. A good tradedesigned encoder functionality, and the robustness of the off between code size and code efficiency, minimization of
code. The encoder also needs to run stressing tests to make memory access, memory bank conflicts, cache miss
sure that it does not crash after a long time of continuous rate and DMA transfer overhead, and balanced processor
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1 Image Capture
Image capture takes us from the continuous-parameter real
world in which we live to the discrete-parameter, amplitude
quantized domain of the digital devices that comprise an
electronic imaging system. The process of converting from a
continuous-parameter image to one that is discrete-parameter
i.e., consists of an array of numbers, is referred to as sampling.
The meaning of the term scanning is somewhat less precise.
Its common usage refers to the notion of sequential
acquisition of data through some type of electro-mechanical
motion. It is also used to refer to the process of converting a
two-dimensional signal to a signal that is one-dimensional.
The process of quantizing an image that is continuous in
amplitude to one that takes on values from a finite set is called
quantization. Examples illustrating the effect of quantization
may be found in Chapter 1.1.

1.1 Representations for the Sampled Image
Sampling a continuous-space image
space image

gc(X,y) yields a discrete-

gd(m, n) = gc(mX, nY),
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

(1)
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903
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where the subscripts c, d denote, respectively, continuousspace and discrete-space, and X is the spacing between sample
points, also called the pitch. However, it is also convenient to
represent the sampling process using the 2D Dirac delta
function ~(x,y). In particular, we have from the siring
property of the delta function that multiplication of go(x, y) by
a delta function centered at the fixed point (x0, Y0) followed by
integration will yield the sample value gc(xo, Yo), i.e.,

gc(Xo, to) - f f

provided

gc(x, y ) ~ ( x - xo, r - to) , i x & ,

(2)

gc(X,y) is continuous at (Xo,Yo). It follows that

gc(x, y ) ~ ( x - xo, y - yo) - gc(xo, yo)~(x - xo, y - yo),

(3)

that is, multiplication of an impulse centered at (Xo,)Io) by the
continous-space image gc(X,y) is equivalent to multiplication
of the impulse by the constant gc(Xo,)10). It will also be useful
to note from the sifting property that zyxwvutsrqponmlkjihgfedcbaZYXW
gc(x, r ) * ~(x - xo, r - t o ) = gc(X - xo, r - t o ) ,

(4)
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(b)

FIGURE 1 High resolution drum scanner (a) scanner with cover open, and (b) closeup view showing screw-mounted
" C " carriage with light source on inside arm, and detector optics on outside arm. (See color insert.)

that is, convolution of a continous-space function with an
impulse located at (Xo,Y0) shifts the function to (x0, Y0).
To get all the samples of the image, we define the comb
function
combx, y(X, y) -- E
m

~

3(x - mX, y - nY).

(5)

1l

Then we define the continuous-parameter sampled image,
denoted with the subscript s, as

gs(x, y) = gc(X,y)combx, r(X, y),
= ~
m

~ gd(m, n)~(x - reX, y - nY).

(6)
(7)

n

We see from (7) that the continuous- and discrete-space
representations for the sampled image contain the same
information about its sample values. In the sequel, we shall
only use the subscripts c and d when necessary to provide
additional clarity. In general, we can distinguish between
functions that are continuous-space and those that are
discrete-space on the basis of their arguments. We will usually
denote continuous-space independent variables by (x, y) and
discrete-space independent variables by (m, n).

1.2 Image Capture Technologies
There are two fundamental aspects of image capture. The first
is the raster of points in two-or three-dimensional space where
samples are taken. The second is the effect of the system
aperture, which causes the data samples to consist of an
average of the image or scene within a neighborhood of the
nominal sampling point.

Devices for image capture may be divided into two classes,
according to the mechanism by which the samples are
acquired. The first class utilizes a flying spot mechanism for
data acquisition. Examples of such mechanisms include an
electron beam, as is used in an analog video camera, the
electromechanical scan resulting from rotation of a drum and
movement of a screw, as can be found in graphic arts drum
scanners (see Fig. 1), diffractive optical beam formation, as is
used in supermarket point-of-sale scanners, and phased array
beam formation, as is used with radar. With all these systems,
the spot trajectory and read times determine the sampling
raster, whereas the aperture effects are governed by the shape
of the illuminating and read spots and the dwell time, i.e., the
time interval during which the read spot output signal is
averaged to form a sample value. Although none of the
examples cited above operate in this manner, flying spot
scanners can also function in a passive mode. In this case,
there is no write spot; and the read spot detects radiation
emanating naturally from the scene. Air- and space-borne
systems for remote sensing of the earth's surface are examples
of passively scanning systems.
The second class of image capture devices utilizes a focal
plane mosaic, which consists of an array of detector sites. The
scene is imaged onto the surface of the array; and each
detector integrates the radiation gathered from the active area
of its surface. This gives rise to the aperture effect. The spatial
arrangement of the detectors determines the sampling raster.
Focal plane array technologies include charge coupled devices
(CCDs), charge injection devices (CIDs), and CMOS devices.
These technologies are widely used in digital still and video
cameras. Some systems comprise a hybrid of the flying spot
and focal plane mosaic architectures. The flatbed scanner
which uses a mechanical means to move a one-dimensional
array of detectors across the surface of the document being
scanned is a good example.

zyxwvutsr
zyxwvutsrq
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1.3 General Model for the Image Capture
Process

Despite the diversity of technologies and architectures for,
image capture devices, it is possible to cast the sampling
process for all of these systems within a common framework.
We will illustrate this fact for two examples. The first example
is that of a flying spot scanner. Since this device acquires data
time-sequentially, i.e., one sample at a time, we can represent
the scanned signal as a function of the single time parameter t.
Accordingly, the operation of this device is described by
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FIGURE 2

f Pi[~- Xs(t), 17--Us(t)]
--(20

Pr[~ -- Xs(t), rl -- ys(t)] g(~, rl) d~dri.

(8)

Here s(t) is the continuous-time signal generated at the
detector output, prior to A/D conversion; pi(x, y) and pr(x, y)
are the illuminating and read spots, respectively; [x,(t), y,(t)] is
the trajectory of these spots across the image as a function of
time; and g(x,y) is the image to be sampled. What this
equation shows is that at any time t, the detector output is
given by an integral over the entire image g(x, y), weighted by
the spatially varying intensity of the illuminating spot and the
spatially varying sensitivity of the detector (read spot), which
are both centered at the trajectory coordinates [x,(t), y,(t)] at
that time. The final step in the sampling process is to sample
the detector output at an appropriate set of times, yielding
sd(k) = S(tk), where again the subscript d denotes the fact that
sd(k) is a discrete-time signal, and tk is the sequence of
sampling times, which are not necessarily uniformly spaced.
The scanning trajectory [Xs(t), y,(t)] and the set of sampling
times tk combine to determine the set of spatial points (Xk, Yk)
at which samples are acquired. We shall represent each such
sampling point by a 2D Dirac delta function 8 ( x - Xk, y - Yk),
and the entire set of sampling points by the sampling function

q(x,

y) -- Z

k

8(x - Xk, y --

Yk).

(9)

Because the image is not time-varying, the order in which the
samples are acquired is immaterial to the characteristics of the
sampled 2D signal.
Since the illuminating and read spot functions have the
same arguments, they may be combined as a single function p ( x , y ) = p i ( - x , - y ) p r ( - x , - y )
which accounts for all
aperture effects due to the flying spot scanning process. We
have reflected the coordinates simply for mathematic
convenience. In addition, the averaging effect of the aperture
may be represented as a 2D convolution of the continuousparameter image g(x,y) with the aperture function; so the

Focal plane array geometry.

continous-parameter representation of the sampled image is
thus given by
g,(x, r) - q(x,

r)[p(x, r) * g(x, r)].

(10)

With the appropriate choice of sampling times tk for s(t) in (8)
and sampling points (Xk, Yk) for q(x,y) in (10), these two
representations for the sampled image are completely
equivalent.
The second example that we wish to consider is that of a
2D focal plane array illustrated in Fig. 2. Here each sample is
obtained by integrating over the active area of the corresponding detector; so we have

mX+a/2 nY+b/2

gd(m, n) -

f

]" g(~,rl)d~drl,

(11)

mX-a/2 nY+b/2

zyxwvuts
where as before the spacing between sample points is X x Y
and the size of the active area of each detector is a x b. The
averaging effect of the active area of the detector can again be
accounted for by convolution with an appropriately chosen
aperture function, in this case

p(x, y) = rect(x/a, y/b),

(12)

where rect(x, y) is defined to be 1 if Ix] < 1/2 and ]y] < 1/2, and
0, otherwise. The sampling function is given by

q(x, y) = combx, y(x, y).

(13)

With p(x, y) given by (12) and q(x,y) given by (13), (10) is
completely equivalent to (11).
To summarize, the sampling process for a broad group of
image capture devices may be modeled as a convolution with
an appropriately chosen aperture function p(x, y) followed by
multiplication by an appropriate sampling function q(x, y).
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2 Fourier Analysis of Image Capture
Fourier analysis sheds a great deal of light on the effect of the
sampling process. However, before we get to that, it will be
helpful to first define the different spectral representations that
we will be using.

2.1 Spectral Representations for Discrete and
Continuous-Space Signals

Handbook of Image and Video Processing

So sampling a continuous-space function on a lattice with
interval (X, Y) causes the CSFT of that function to be
replicated in the frequency domain on a lattice with interval
(1/X, 1/Y), and scaled overall by 1/XY.
To relate this result to the DSFT of ga(m, n), we take the
CSFT of (7) directly. Interchanging the summation over the
terms in the comb function with the Fourier integral, and
using the sifting property (2), we obtain

Gs(u, v)- E Z gd(m'n)e-i2zc(umX+vnY)"
m n

(21)

For continuous-space images, the appropriate spectral representation is the continuous-space Fourier transform (CSFT).
Comparing this to (16), we see that (21) can be put in the
The forward and inverse versions of this transform are given
form of the DSFT of ga(m, n) with an appropriate change of
respectively by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
frequency variables. Thus

Gc(u, v) -- # gc(x, y)e-i2zr(ux+vy)dxdy.

(14)

Gs(u, v) - Ga(u/U, v/V),

(22)

where/d = 1/X and V = 1/ Y are the sampling frequencies in
the horizontal and vertical directions in units of cydes/unit
distance. Thus we see that there is a simple and direct relation
The units of frequency for (u, v) are cycles/unit distance. For between the CSFT of the continuous-space representation of
discrete-space images, we use the discrete-space Fourier the sampled image and the DSFT of the discrete-space
representation of that image combining (20) and (22), we
transform (DSFT) defined as
obtain
Ga(U, V) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- E Zga(m, n) e-i2~r(Um+Vn).
(16)
(23)
¢,(u, v) - u v ~ ~ ¢ ( ( u - k)U, (v - or).
m
11
gc(x, y) -

0.5

gd(m, n) -- f
-0.5

f f G~(u, v)ei2Zr(ux+vy)dudv.

(15)

k

0.5

f

Gd(U, V)ei2Jr(Vm+vn)dUdV.

(17)

-0.5

l

2.2 The General Image Capture Model
Revisited

The units of frequency for (U, V) are cycles/pixel. Again, we
shall use the subscripts c and d only where needed for clarity.
In Section 1.1, we defined both continous-parameter and
discrete-parameter representations for the sampled signal.
To examine the spectral form of the continuous-parameter
representation (6), we first note that

We are now ready to examine our general model for image
capture from a frequency domain perspective. Taking the
CSFT of (10) and using the convolution and product
theorems, we obtain

CSFT 1

So we see that the spectrum of the sampled image is obtained
by multiplying the spectrum of the continuous-space image by
the CSFT P(u, v) of the aperture function p(x, y), and then
convolving with the CSFT Q(u, v) of the sampling function
q(x, y). Let us denote the effect of multiplication by the CSFT
of the aperture with a tilde

combx, g(x,y) < > xycomb½,b(u,

v).

(18)

Then by the convolution theorem, we have that the CSFT of
(6) is given by
1

Gs(u, v) -- Gc(u, v) • X--~combl, l(U, v).

(19)

It follows directly from the definition of the comb function (5)
and the convolution property of the impulse (4) that
¢(u,

,,) -

1
-k-i

¢(u
k

l

-

k

,, -

l

(20)

Gs(u, v) = Q(u, v) • [P(u, v)G(u, v)].

G(u, v) - P(u, v)G(u, v).
For the special case where
have from (20) that

Gs(u, v) - bll; ~

(25)

q(x,y)-combx, y(x,y), we then

E
k

(24)

C_,(u - kIA, v - ll,;).
l

(26)
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Using the product theorem and the scaling property, we
obtain in the spatial domain

zyxw

g(x, y) -- sinc(x/X, y/Y) • gs(X, y),
which using (7) can be expressed as

u..

g(x, y) -- ~

Gsq

m

-

mX, y - n Y),

(30)

1l

where sinc(x,y)=--sin(nx)sin(ny). This is the WhitakerKotelnikov-Shannon sampling expansion, which shows that
we can reconstruct an appropriately bandlimited image by
interpolating between samples with a sinc function. This result
is commonly known as the 2D sampling theorem.
When the Nyquist condition is not satisfied, any frequency
component in the continuous-parameter image that lies
outside the region

FIGURE 3 Spectrumof sampled image.
Figure 3 illustrates this result. Let us first assume that there
is no aperture effect; so P(u, v ) = 1 and G(u, v) =_ G(u, v). We
see that a sufficient condition for the spectral replications to
not overlap is that

G(u, v) :7/:0 only if ]u] < L//2 and Iv] < 12/2.

Z g(mX' n Y ) s i n c ( x

(29)

(27)

~2u, v(u,v) - {(u, v) • lul < U/2, Ivl < ~2/2},

This is referred to as the Nyquist condition. Since 1/X=lg
and 1 / Y = V , this condition has the interpretation that we
must sample at least twice per cycle of the highest horizontal
and vertical frequencies found in the image. Provided the
Nyquist condition is satisfied, we see that G(u, v) may be
recovered from Gs(u, v) by multiplication with a scaled 2D rect
function.

(31)

will fold back into flu, v, thus mimicking a lower frequency.
Figure 4 illustrates this for the case of a simple 2D sinusoid.
This phenomenon is known as aliasing. In images reconstructed from undersampled data, it manifests itself as moire
patterns and staircasing or "jaggies" along straight edges.
Figure 5 illustrates the effect of undersampling a real image.
At the top of Fig. 5a, we see a jagged edge along the crest of the
dune. In addition, close inspection of the ripples in the sand
reveals what appear to be fine lines oriented at 90 ° to the

zyxwvutsrqpo
1

G(u, v) -- ~-~ rect(u/b/, v/F)Gs(u, v).

(28)

(a)

(b)

(c)

(d)

(e)

(f)

i

FIGURE 4 Effect of undersampling a 2D sinusoid: (a) original sinewave with DC offset to make it non-negative,
(b) sampled sinewave (a), (c) reconstruction obtaining by bandlimiting (b) to Nyquist limit, (d)-(f) spectra of
(a)-(c), respectively. Square in (e) indicates frequencies below Nyquist limit.
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(a)

(b)

FIGURE 5 Effect of undersampling an image of a sand dune: (a) undersampled image, and (b) the magnitude of
its Fourier transform.

ripples. Both these artifacts are due to undersampling. In
Fig. 5b, we see that the energy in the Fourier transform
oriented along a fine line at about 75 ° from the positive U axis
has folded back, creating short diagonal line segments in the
second and fourth quadrants. This spectral component
corresponds to the edge of the crest. In addition, the more
diffuse cloud of energy oriented at 45 ° to the positive U axis
has folded back, creating clouds in the upper left and lower
right corners of the spectrum. This spectral component
corresponds to the ripples in the sand.
The Nyquist condition may be stated more generally in a
necessary and sufficient form: If and only if the support of
G(u, v) does not exceed an area of size b/V, g(x, y) may be
reconstructed from its samples taken on a rectangular lattice at
interval (1//2, 1/V). The interpolating function will be the
inverse CSFT of the indicator function for the support region,
scaled by 1/blV.
Now let's consider the effect of the aperture indicated by
(25). If the CSFT P(u, v) of the aperture rolls off at frequencies
outside flu, v, the aperture will attenuate any frequencies in the
continuous-parameter image g(x,y) outside flu, v, thereby
suppressing aliasing. This desirable effect is known as prescan
bandlimitation or antialiasing. On the other hand, if P(u, v)
rolls off, i.e., [P(u, v)] < 1, for frequencies (u, v) ~ f~u,v, then
the aperture will have the undesired effect of attenuating
frequencies in g(x, y) that are not undersampled. Typically, it
is the higher frequencies in the image that are attenuated in
this manner, resulting in an image that looks soft or slightly
blurred after reconstruction using (28) or (30). Provided
[P(u, v)] >0 for all frequencies (u, v) ~ f2u, v, this effect may be
compensated by replacing (28) with
!

Of course, at frequencies within flu, v where [P(u, v)[ is small,
this reconstruction procedure will amplify any noise present
in the sampled data.

2.3 Sampling with Nonrectangular Lattices
We saw in the preceding section that sampling an image on a
rectangular lattice with interval X × Y causes replication of the
image spectrum on a reciprocal lattice that is also rectangular,
and which has interval I/X x I/Y. To prevent aliasing, these
replications must be spaced far enough apart to prevent
overlap. For an image bandlimited to a circular bandregion
with highest frequency W, we must have I / X > 2 W and
1/Y> 2W. The minimum sampling density is given by
1
dR

- - ~

XY

"--

4W 2

samples/unit area.

(33)

Figure 3 shows a situation where the sampling in the vertical
direction slightly exceeds the Nyquist rate. However, even if
the sampling were at the Nyquist rate, the spectral replications
would not completely cover the frequency domain. This
suggests that it may be possible to use a different lattice that
will more tightly pack the spectra in the frequency domain,
resulting in a spreading of samples on the reciprocal lattice in
the spatial domain, and hence a lower sampling density.
It is well known that the lattice which most tightly packs
circles is hexagonal. Figure 6 shows the corresponding spatial
lattice. Each sample point has 6 equidistant neighbors which
are all separated from it by angles of 60 ° . To determine the
reciprocal lattice for this sampling structure, we represent it
using two interlaced rectangular lattices with the same period,
as indicated in Fig. 6; so

zyxwvutsrq

G(u, v) -- ---:-- rect(u/bl, v/V) [P(u, 'V)] -1 Gs(u, y).
UV

(32)

q(x, y) - combx, y(x, y) + combx, y(x - X/2, y - Y/2),

(34)
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FIGURE 6 Hexagonal sampling lattice represented as superposition of two
interleaved rectangular lattices.
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where X=I/(2W) and Y = 1/(~#3W). To determine the
corresponding reciprocal lattice, we calculate the CSFT of
(34), using the shifting property of the Fourier transform to
yield
1
1
Q(u, v) --~--~ combl,_~(u, v) -Fx--~ comb~,_~(u, v)e-irc(xu+Yv),

1

---=XyE~
k

(1 +

e_i~c(m+n))(
k
8 u-~,v-

l) .

l

(35)
Because
(1 +

e-i~(m+n)) -- { 0,2'

m + n even,
m + n odd,

FIGURE 7 Spectrum of image sampled on a hexagonal lattice.

3.1 Downsampling and Decimation

To decrease the sampling rate of a digital image f(m,
integer factors of C x D, we can downsample it using

g+(m,n) -- f(Cm, Dn).

(39)

So we simply discard all but every C-th sample in the m
direction and all but every D-th sample in the n direction.
To understand the effect of this operation, we derive an
expression for the DSFT of g+(m,n) in terms of that of
f(m, n). By definition (16),

GI,(U, V) -- Z Z f(Cm'Dn)e-i2~(Um+vn)

(36)

the reciprocal lattice is also hexagonal. So the spectrum

n) by

m

(40)

n

With a change of indices of summation, we can write

Gs(U,v) -- ldV Z Z (1 + e-in(m+n))G(u-- kid, v --lV),
k I

G~(U,V) - ~ ~ sc(m)sD(n)f(m,n)e-i2zr(Um/c+vn/D),(41)
m

n

(37)
where
of the sampled image appears as shown in Fig. 7. Here,

bl = 1/X and F - 1/Y, as before. Now the sampling density is
2 _ 4x/~W2 '
a/~ = x - F -

(38)

The savings is du/dR=4'3/2=0.866, or 13.4%.
The hexagonal lattice is only one example of a nonrectangular lattice. Such lattices can be treated in a more
general context of lattice theory. This framework is developed
in Chapter 7.2.

3 Sampling Rate Conversion
In some instances, it is desirable to change the sampling rate of
a digital image. This section addresses the procedures for
doing this, and the effect of sampling rate changes.

sc(m)-- [ 1, m/C is an integer,

[ 0,

(42).

else.

Since sc(m) is periodic with period c, it can be expressed as
a discrete Fourier series. Within one period, sC(m) consists
of a single impulse; so the Fourier coefficients all have value
unity. Thus we can write
1 C-1

sc(m) - ~ ~

e -i2zr(mk/C).

(43)

k=O

Substituting this into (41), and interchanging orders of
summation, we obtain

1

~ I DZ
-1

Z

~n

f(m, n)e-i2rc[(U-k)m/C+(V-l)n/D],

G,I, ( g , V) --~--~ k=0 l=0 m

(44)
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FIGURE 8 Effect of downsampling by factor 2 x 2 on DSFT of image,
(a) before downsampling, (b) after downsampling.

Here we have dropped the down-arrow subscript to denote
the fact that we are not just downsampling, but rather are
filtering first.

3.2 Upsampling and Interpolation
which may be recognized as
1 c - 1 D-1

G, ( u , v ) - -C--6

F ( ( u - k)/C, ( v - O/D).

(45)

k=O 1=0
So we see that downsampling the image causes the DSFT to be
expanded by a factor of C in the U direction and a factor of D
in the V direction. This is a consequence of the fact that the
image has contracted by these same factors in the spatial
domain. The DSFT G(U, V) is comprised of a summation of
CD replications of the expanded DSFT F(U/C, V/D) shifted by
unit intervals in both the U and V directions. Figure 8 illustrates he overall result. Here the downsampling has resulted in
overlap of the spectral replications of F(U/C, V/D), thus
resulting in aliasing.
The most important consequence of downsampling is the
potential for additional aliasing, which will occur if F(U,
V) ¢ 0 for any IuI >_ 1/(2C) or Ivl _> l/(2D). To prevent this,
we can prefilter f(m, n) prior to downsampling with a filter
having frequency response

H(U, V) -- CD rect(CU, DV).

(46)

The impulse response corresponding to this filter is

h(m, n) = sinc(m/C, n/D),

(47)

Because of the large negative sidelobes and slow roll-off of the
filter, it can result in undesirable ringing at edges when it is
truncated to finite extent. This is known as the Gibb's
phenomenon. It can be avoided by tapering the filter with a
window function. In practice, it is common to simply average
the image samples within each C × D cell, or to use a Gaussian
filter. The combination of a filter followed by a downsampler
is called a decimator. Figure 9 shows the block diagram of
such a system. Its net effect is

To understand how we increase the sampling rate of an
image f(m, n) by integer factors C in the m direction and D in
the n direction, it is helpful to start with an upsampler which
inserts C - 1 zeros between each sample in the m direction
and D - 1 zeros between each sample in the n direction

tim, n),

m/C and n/D are integers,

0,

else.

gt(m,n) --

(49).

We again seek an expression for the DSFT of g.t(m, n) in terms
of that off(m, n). Applying the definition of the DSFT, we can
write

Gt(U, V) -- E ~ sc(m)sv(n)f(m/C, n/D)e -i2zr(Um+Un),
m n

(50)
which after a change of variable becomes

Gt(U, V) -- Z Z f(m' n)e-i2Jr(UCm+UDn)'
m

= F(CU, DV).

k

E l ( k , l)h(Cm - k, D n - l).
l

(52)

Thus upsampling contracts the spectrum by a factor of C in
the U direction and D in the V direction. There is no aliasing,
because no information has been lost. The DSFT Gt(U, V) is
periodic with period 1/C x 1/D. To generate an image that is
oversampled by a factor of C x D, we need to filter out all but
the baseband replication, again using the ideal low pass filter
of (46). The combination of an upsampler followed by a filter
is called an interpolator. Figure 10 shows the block diagram of
such a system. Its net effect is given by

g(m, n) -- E E f(k' l)h(m - Ck, n - Dl).
k l

~[ H(U, V)
g(m, n) -- ~

(51)

n

(48)
FIGURE 10 Interpolator.

g(m,n)

(53)
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For the special case of the ideal lowpass filter,
g(m, n) -- E

E f(k' I)sinc(m/C

k

903

(54)

- k, n / D - l).

!

In the frequency domain, the interpolator is described by

G(U, V) -- H(U,

V)F(CU,

D V).

(55)

zyxwvutsrqp

For reasons similar to those discussed in the context of
decimation as well as undesirably large computational
requirements, the sinc filter is not widely used for image
interpolation. In the following section, we examine some
alternative approaches.

(a)

(b)

FIGURE 11 Interpolation by pixel replication: (a) original image, (b) image
interpolated 4 x. (See color insert.)

4 Image Interpolation
Both decimation and interpolation are fundamental image
processing operations. As the resolution of desktop printers
grows, interpolation is increasingly needed to scale images up
to the resolution of the printer prior to halftoning, which is
discussed in detail in Chapter 8.1. In addition to the quality of
the interpolated image, the effort required to compute it is a
very important consideration in these applications. We will
use the theory developed in the preceding section as the basis
for describing a variety of methods that can be used for image
interpolation. We shall assume that the image is to be enlarged
by integer factors C x D, where for convenience, we assume
that both C and D are even. We begin with several methods
that can be modeled as an upsampler followed by a linear
filter, as shown in Fig. 10.

i ,/"

o.~

At the lowest level of computational complexity, we have pixel
replication also known as nearest neighbor interpolation or zeroorder interpolation, which is widely used in many applications.
In this case,

\i~

"/

I"

tl

0.4

..
/"
0,~/

l~

I

,/i

f(Lm/c],

L,/DI)

(56)

where [.] denotes rounding to the nearest integer. The
corresponding filter in the interpolator structure shown in
Fig. 10 is given by

ho(m,n)- [ 1/(CD),
! O,

-C/2 <_m < C/2, - D / 2 <_n < D/2,

i/,
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FIGURE 12 Magnitude of frequency response of linear filters for 4x
interpolation.
in Fig. 11. Looking at (55) and the frequency response
e iyr(U+V)

Ho(U, V) -- ~
g(m, n) --

\,!

li/

0~

-0.5

4.1 Linear Filtering Approaches

\', i

i,/

[sin0rUC)l Vs'mOrVD)l
L ~
J L sin0rV) J

(58)

of the filter, we see that this is a consequence of the fact that
the filter does not effectively block the replications of F(CU,
DV) outside the region ~I/C,1/D(U, V), as shown in Fig. 12.
To obtain a smoother result, we can linearly interpolate
between adjacent samples. The extension of this idea to 2D,
called bilinear interpolation, is described by

g(m, n) =otflf ([m/CJ, [n/DJ) + (1 - o O f l f ( [ m / C ] , In~DJ)

else,
(57)

where the subscript denotes the order of the interpolation.
Pixel replication yields images that appear blocky, as shown

+ a(1 -

~)f(Lm/CJ,In~D]) + (1 - a)(1 - fl)f

([m/Cl,
(59)
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FIGURE13 Interpolationby 4x via bilinear interpolation. (Seecolor insert.)
where o t -

[m/C1 -

-/(1

hl(m,n)

to the way in which edges and textures are rendered. In recent
years, there has been a great deal of interest in techniques for
improving the quality of interpolated images by basing the
interpolation on some type of image model [3-26]. These
works use a variety of underlying interpolation methods:
bilinear [7, 10, 12, 17, 22], cubic splines [6, 8, 17], directional
filtering [3, 4, 5, 8], and least-squares fit to a model [7, 10].
To account for local image structure, these methods can be
modified by changing the weights that are applied to the lowresolution image samples in the neighborhood of the desired
high-resolution sample, or the values of the samples themselves. Another approach is to locally preprocess the lowresolution image with a distance warping function that moves
more important image samples closer to the point of the
desired high-resolution sample value [17, 25]. Some of the
methods are based on statistical estimation [9, 15, 22].
A number of them use wavelets [11, 18, 19, 24]. Other
frameworks include the theory of optimal recovery [26] and a
binary decision tree [16]. Both these latter two methods rely
on classification of local neighborhoods into one of a set of
possible structures.
The methods cited here exploit a variety of local image
features, such as the gradient [3, 25] or similar measure of
local change [17], nature of contours or level sets [5, 23, 24],
edge map [6, 12, 14], autccorrelation [22], or rate of decay of
wavelet coefficients [18]. When estimation of model parameters across scales (from low resolution to high resolution) is
required, it can be based solely on the assumed model
structure [18, 22], or it can done within a training framework
[16, 26]. Some of the methods are iterative, employing
projections onto convex sets (POCS) or similar algorithms
[12, 14, 20-23, 26]. Methods [15, 21] that have been primarily
developed for interpolation of a high-resolution image from
multiple frames of low resolution data can also be considered
with the methods discussed here by assuming that there is only
one low resolution frame available. In order to illustrate the
kind of performance that can be achieved with methods of this
type, we will briefly describe two approaches that have been
reported in the literature, and show some experimental results.

m/C and f l -

F./D1 -

-Im/CI)(1 -In/DI),

I O,

n/D. In this case,

Iml < C and [nl < D

else

=h0(m, n) • ho(-m, - n)

(60)

It follows directly from (60) that

Hi(U, V) --]Ho(U, V)] 2,

(61)

which provides better suppression of the non-baseband replications of F(U, V), as shown in Fig. 12. As can be seen in
Fig. 13, bilinear interpolation yields an image that is free
of the blockiness produced by pixel replication. However,
the interpolated image has an overall appearance that is
somewhat soft.
Both these strategies are examples of B-spline interpolation,
which can be generalized to arbitrary order K. The corresponding frequency response is given by

HK(U, V) = [Ho(U, V)] K.

(62)

The choice K = 3 is popular, since it yields a good tradeoff
between smoothness of the interpolation and locality of
dependence on the underlying data. For further discussion of
image interpolation using splines, the reader is directed to [1]
and [2]. The latter reference, in particular, discusses the design
of an optimal prefilter for minimizing loss of information
when splines are used for image reduction.

4.2 Model-based Approaches
In many applications, spline interpolation does not yield
images that are sufficiently sharp. This problem can be traced

4.2.1 Edge-Directed Interpolation
Figure 14 shows the framework within which the edgedirected interpolation algorithm operates. We will only sketch
the highlights of the procedure here. For further details, the
reader is directed to [12]. A subpixel edge estimation technique is used to generate a high resolution edge map from the
low resolution image, and then the high resolution edge map
is used to guide the interpolation of the low resolution image
to the final high resolution version. Figure 15 shows the
structure of the edge-directed interpolation algorithm itself.
It consists of two phases: rendering and data correction.
Rendering is based on a modified form of bilinear interpolation of the low resolution image data. An implicit assumption

7.1 Image Scanning, Sampling, and Interpolation
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underlying bilinear interpolation is that the low resolution
data consists of point samples from the high resolution image.
However, most sensors generate low resolution data by
averaging the light incident at the focal plane over the unit
cell corresponding to the low resolution sampling lattice. We
iteratively compensate for this effect by feeding the interpolated image back through the sensor model and using
the disparity between the resulting estimated sensor data and
the true sensor data to correct the mesh values on which the
bilinear interpolation is based. Reference [9] also embodies a
sensor model.
To estimate the subpixel edge map shown in Fig. 14, we
filter the low resolution image with a simple rectangular
center-on-surround-off (COSO) filter with a constant positive
center region embedded within a constant negative surround
region. The relative heights are chosen to yield zero DC
response. The filter coefficients are given by

hCOSO(m,n ) -

hc,

Iml, lnl _< N~,

h$)

Nc < Iml _< N~ and Inl ± N~,
(63)
N~ < Inl _< N, and Iml _< N,,

0,

otherwise.

This filter mimics the point spread function for the Laplacianof-Gaussian (LOG) given by [27]
2
hL°G(m, n) -- -~
[1 -- (m 2 + t12)120"2]e-(m2+n2)/2cr2.

as shown in Fig. 16. For a detailed treatment of the Laplacianof-Guassian filter and its use, the reader is directed to
Chapter 4.11.
The COSO filter results in a good approximation to the
edge map generated with a true LoG filter, but requires only 9
additions/subtractions and 2 multiplies per output point when
recursively implemented with row and column buffers. To
determine the high resolution edge map, we linearly interpolate the COSO filter output between points on the low
resolution lattice to estimate zero-crossing positions on the
high resolution lattice. Figure 17 shows a subpixel edge map
estimated using the COSO filter followed by piecewise linear
interpolation, using the original low resolution image shown
in Fig. 11. The interpolation factor was 4x. For comparison,
we show a subpixel edge map obtained by upsampling the
low-resolution edge map, followed by filtering with a LoG
filter, and detection of zero crossings. The COSO edge map
does not contain the fine detail that can be seen in the LoG
edge map. However, it does show the major edges corresponding to significant gray value changes in the original image.
Now let us turn our attention to Fig. 15. The essential
feature of the rendering step is that we modify bilinear interpolation on a pixel by pixel basis to prevent interpolation
across edges. To illustrate the approach, let's consider
interpolation at the high resolution pixel m in Fig. 18. We
first determine whether or not any of the low resolution

1.5
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•

COSO

/~-hm, o
,,...a

=
~D
eo

Original
image

°,,-i

~ Edge-directed
interpolation

l
Subpixel edge
estimator

x

1

,,....a

Enlagred
image

k2

0 -----=~~-~7~

¢

] ......71-

-4

0

2

4

6
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FIGURE 17 High resolution edge map interpolated 4x using rectangular, center-on-surroundoff (COSO) filter
followed by piecewise linear interpolation of zero crossings (left) and high resolution edge map interpolated 4x using
a Laplacian of Gaussian (LOG) filter after upsampling by 4x. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 18 Computation of replacement values for the low resolution corner pixels to be used when bilinearly
interpolating the image value at high resolution pixel m, The cases shown are: (a) replacement of one pixel, and
(b) replacement of two adjacent pixels.

corner pixels a, b, c, and d are separated from m by edges. For
all those pixels that are, we compute replacement values
according to a heuristic procedure that depends on the
number and geometry of the pixels to be replaced. Figure 18a
shows the situation where a single corner pixel Ub is to be
replaced. In this case, we linearly interpolate to the midpoint i
of the line U a - uc, and then extrapolate along the line u a - i to
yield the replacement value Ub. If two corner pixels are to be
replaced, they can be either adjacent or not adjacent. Figure
18b shows the case where two adjacent pixels ua and Ub must
be replaced. In this case, we check to see if any edges cross the
lines e - c and f - d. If none does, we linearly extrapolate along
the lines u ¢ - uc and u f - ua to generate the replacement values
Ub and ua, respectively. If an edge crosses e - c , we simply let
~b=Uc. The cases where two non-adjacent pixels are to be
replaced or where three pixels are to be replaced are treated
similarly. The final case to be considered is that which occurs
when the pixel m to be interpolated is separated from all four
corner pixels a, b, c, and d by edges. This case would only
occur in regions of high spatial activity. In such areas, we
assume that it is not possible to obtain a meaningful estimate
of the high resolution edge map from just the four low

resolution corner pixels; so the high resolution image will be
rendered with unmodified bilinear interpolation. It is interesting to note that the process of bilinear interpolation, except
across edges is very closely related to aniosotropic diffusion
which is studied in detail in Chapter 4.12.
To describe the iterative correction procedure, we let l be
the iteration index, and denote the true sensor data by z(m, n),
the preprocessed sensor data by x(m, n), the corrected sensor
data by u(t)(m, n), the edge-directed rendering step by the
operator T~, the interpolated image by y(1)(m, n), the sensor
model by the operator S, and the estimated sensor data by
v(1)(m, n). The sensor model 8 is a simple block average of the
high resolution pixels in the unit cell for each pixel in the low
resolution lattice.
With this notation, we may formally describe the procedure
depicted in Fig. 15 by the following equations

n)],

(65)

v(l)(m, n) -- S[y(/)(rn, n)],

(66)

y(°(m, n) - 7Z[u(O(m,

u(l+l)(m, n) --

u(t)(m, n) ~- ~(v(/)(m, n) -- x(m, n)),

(67)
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insert.)

(b)

Image interpolated by 4x using edge-directed interpolation with (a) 0 and (b) 10 iterations. (See color

where ~. is a constant that controls the gain of the correction
process. The iteration is started with the initial condition
u°(m,n)=x(m,n). Equations (65)-(67) represent a classic
successive approximation procedure [28]. We can think of
v(1)(m, n ) - x(m, n) as the closed loop error when an image is
interpolated and then decimated as it passes through the
sensor model. If we have convergence in the iterative loop,
i.e., if u(l+l)(m, n) = u(l)(m, n), this implies that v(l)(m, n) =
x(m, n). Hence the closed loop error is zero. Convergence of
the iteration can be proved under mild restrictions on the
location of edges [ 14].
Figure 19 shows the results of 4x interpolation using the
edge directed interpolation algorithm after iterations 0 and 10.
We see that edge-directed interpolation yields a much sharper
result than bilinear interpolation. While some of the aliasing
artifacts that occur with pixel replication can be seen in the
edge-directed interpolation result, they are not nearly as
prominent. The result after iteration 0 shows the effect of the
edge-directed rendering alone, without data correction to
account for the sensor model. While this image is sharper than
that produced by bilinear interpolation, it lacks some of the
crispness of the image resulting after 10 iterations of the
algorithm.
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4.2.2 Tree-based Resolution

Interpolated
hnagc

TBRS by a factor of 2.

Synthesis

Tree-based resolution synthesis (TBRS) [16] works by first
performing a fast local classification of a window around the
pixel being interpolated, and then applying an interpolation
filter designed for the selected class, as illustrated in Fig. 20.
The idea behind TBRS is to use a regression tree as a piecewise
linear approximation to the conditional mean estimator of
the high-resolution image given the low-resolution image.
Intuitively, having the different regions of linear operation
allows for separate filtering of distinct behaviors like edges
of different orientation and smoother gradient transitions.

An overview of the TBRS algorithm appears in Fig. 21. Note
that before TBRS can be executed, we must already have
generated the parameters for the regression tree by training on
sample images. This training procedure requires considerable
computation, but it only needs to be performed once. The
resulting predictor may be used effectively on images that were
not used in the training.
As illustrated in Fig. 20, we generate an C x C block of highresolution pixels for every pixel in the low-resolution source
image by filtering the corresponding W x W window of pixels
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in the low resolution image, with the filter coefficients selected
based on a classification. We have used W = 5. Thinking of the
desired high-resolution pixels as an C2-dimensional random
vector X and the corresponding low-resolution pixels as the
realization of a W2-dimensional random vector Z, our
approach is to use a regression tree which approximates^the
conditional mean estimator of X[Z, so that the vector X of
interpolated pixels satisfies

zyxwvutsrqp
zy
"-7

f C - E[XIZ].

(68)

It is well known that the conditional mean estimator minimizes the expected mean-squared error [29]. Here we will use
capital letters to represent random quantities, and lowercase
letters for their realizations. A closed-form expression for the
true conditional mean estimator would be difficult to obtain
for the present context. However, the regression tree T that we
use provides a convenient and flexible piecewise linear
approximation, with the M different linear regions being
polygonal subsets which comprise a partition of the sample
space Z of low-resolution vectors Z. These polygonal subsets,
or classes, correspond to visually distinct behaviors like edges
of different orientation.
With the main ideas in place, we return to Fig. 20 for a
better look. To interpolate the shaded pixel in the lowresolution image, we first procure the vector z by stacking the
pixels in the 5 x 5 window centered there. Then we obtain
interpolated pixels as

£c -- Ajz + fib

J

'l

4

Ao'~olIAI'~II~IA4'~4
j=2

j
A5, 135

A6,~ 6

II J=3

FIGURE 22 Binary tree structure used in TBRS.

(69)

where Aj and flj are, respectively, the L 2 x W 2 matrix and
2
L.-dimensional
vector comprising the interpolation filter for
class j, and j is the index of the class obtained as

j-

CT(Z),

(70)

where CT : Z ~ {0 . . . . . M - 1} is a function which embodies
the classifying action of T. To evaluate CT(Z), we begin at the
top and traverse down the tree T as illustrated in Fig. 22,
making a decision to go right or left at each nonterminal node
(circle), and taking the index j of the terminal node (square)
which z lands in. Each decision has the form,

etm(Z - Urn)~ O,

(71)

where m is the index of the node, em and Um are W2dimensional vectors, and a superscript t denotes taking the
transpose. This decision determines whether z is on one side
of a hyperplane or the other, with Um being a point in the
hyperplane and with em specifying its orientation. By convention, we go left if the quantity on the left-hand side is
negative, and we go right otherwise.

FIGURE 23 Interpolation by 4x via TBRS. (See color insert.)

In order to complete the design of the TBRS algorithm, we
must obtain numeric values for the integer number M>_ 1
of terminal nodes in the tree; the decision rules {(em, Um) }m=O
U-2
for the nonterminal nodes (assuming that M > 1); and the
M-1 for the terminal nodes. To
interpolation filters {(Am, ~m)}m-0
compute these parameters, a training procedure is used which
is based on that given by Gelfand, Ravishankar, and Delp [30],
suitably modified for the design of a regression tree rather
than a classification tree. The training vector pairs are assumed
to be independent realizations of (X, Z). Training vector pairs
are extracted from low and high resolution renderings of the
same image. For further details regarding the design process,
the reader is directed to Ref. [16]. Figure 23 shows the flower
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Conference on Acoustics, Speech, and Signal Processing, San
image interpolated by 4x using tree-based resolution synthFrancisco, CA, Mar. 23-26, 1992, III- 165-III- 168.
esis. Comparing this image with those shown in Fig. 19, which
[5] B. Ayazifar and J. S. Lim, "Pel-adaptive model-based interpolawere generated via edge-directed interpolation, we see that
tion of spatially subsampled images," Proc. 1992 International
TBRS yields higher quality than edge-directed interpolation
Conference on Acoustics, Speech, and Signal Processing, San
after 0 iterations, and quality that is comparable to that of
Francisco, CA, Mar. 23-26, 1992, III- 181-III- 184.
edge-directed interpolation after 10 iterations. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[6] K. Xue, A. Winans, and E. Walowit, "An edge-restricted_spatial
interpolation algorithm," ]. Electtronic Imaging, 1, 2, Apr. 1992.
[7] F. G. B. De Natale, G. S. Desoli, D. D. Guisto, and G. Vernazza,
"A spline-like scheme for least-squares bilinear interpolation,"
5 Conclusion
Proc. 1993 International Conference on Acoustics, Speech, and
Signal Processing, Minneapolis, MN, Apr. 27-30, 1993, V-141Most systems for image capture may be categorized into one
V-144.
of two classes: flying spot scanners and focal plane arrays. Both
[8] S. W. Lee and J, K. Paik, "Image interpolation using adaptive
these classes of systems may be modeled as a convolution with
fast B-spline filtering," Proc: 1993 International Conference on
an aperture function, followed by multiplication by a sampling
Acoustics, Speech, and Signal Processing, Minneapolis, MN,
function. In the frequency domain, the spectrum of the
Apr. 27-30, 1993, V-177-V-180.
continuous-parameter image is multiplied by the Fourier
[9] R. R. Schultz and R. L. Stevenson, "A Bayesian approach to
transform of the aperture function, resulting in attentuation of
image expansion for improved definition," IEEE Transactions on
the higher frequencies in the image. This modified spectrum is
Image Processing, 3, 233-242, May 1994.
then replicated on a lattice of points that is reciprocal to the [10] K. Jensen and D. Anastassiou, "Subpixel edge localization and
sampling lattice. If the sampling frequency is sufficiently high,
the interpolation of still images," IEEE Trans. Image Processing,
the replications will not overlap; and the original image may
4, 285-295, Mar. 1995.
be reconstructed from its samples. Otherwise, the overlap of [ 11] S. G. Chang, Z. Cvetkovic, and M. Vetterli, "Resolution
the spectral replications with the baseband term may cause
enhancement of images using wavelet transform extrema
aliasing artifacts to appear in the image.
extrapolation," Proc. 1995 IEEE International Conference on
Acoustics, Speech, and Signal Processing, 4, 2379-2382, 1995.
In many image processing-applications, including printing
of digital images, it is necessary to resize the image. This process [12] J. P. Allebach and P. W. Wong, "Edge-directed interpolation," Proc, 1996 IEEE International Conference on Image
may be analyzed within the framework of multirate signal
Processing, Lausanne, Switzerland, Sep. 16-19, 1996, III-707processing. Decimation, which consists of low pass filtering
III-710.
followed by downsampling, results in expansion and replica[13] S. Carrato, G. Ramponi, and S. Marsi "A simple edge-sensitive
tion of the spectrum of the original digital image. Interpolation,
image interpolation filter," Proc. 1996 IEEE International
which consists of upsampling following by low pass filtering,
Conference on Image Processing, Lausanne, Switzerland,
causes the spectrum of the original digital image to contract; so
Sep. 16-19, 1996, III- 711-III- 714.
that it occupies only a portion of the baseband spectral region.
[14] P. W. Wong and J. P. Allebach, "Convergence of an iterative
With this approach, the interpolated image is a linear function
edge directed image interpolation algorithm," Proc. of the 1997
of the sampled data. Linear interpolation may blur edges and
IEEE International Symposium on Circuits and Systems, Hong
Kong, June 9-12, 1997, 2, 1173-1176.
fine detail in the image. A variety of nonlinear approaches have
[15] R. C. Hardie, K. J. Barnard, and E. E. Armstrong, "Joint map
been proposed that yield improved rendering of edges and
registration and high-resolution image estimation using a
detail in the image.
sequence of undersampled images," IEEE Transactions on
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1 Introduction
This chapter is concerned with the sampled representation of
time-varying imagery, often referred to as video. Time-varying
imagery must be sampled in at least one dimension for the
purposes of transmission, storage, processing or display.
Examples are one-dimensional temporal sampling in motionpicture film, two-dimensional vertical-temporal scanning in
the case of analog television, and three-dimensional
horizontal-vertical-temporal sampling in digital video. In
some cases a single sampling structure is used throughout
an entire video processing or communication system. This is
the case in standard analog television broadcasting where the
signal is acquired, transmitted and, displayed using the same
scanning standard from end to end. However, it is becoming
increasingly more common to have different sampling
structures used in the acquisition, processing, transmission,
and display components of the system. In addition, the
number of different sampling structures in use throughout the
world is increasing. Thus, sampling structure conversion for
video system is an important problem.
The initial acquisition and scanning is particularly critical
because it determines what information is contained in the
original data. The acquisition process can be modeled as a
continuous space-time prefiltering followed by ideal sampling
on a given sampling structure. The sampling structure
determines the amount of spatio-temporal information that
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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the sampled signal can carry, while the prefiltering serves to
limit the amount of aliasing. At the final stage of the system,
the desired display characteristics are closely related to the
properties of the human visual system. The goal of the display
is to convert the sampled signal to a continuous time-varying
image that, when presented to the viewer, approximates the
original continuous scene as closely as possible. In particular,
the effects caused by sampling should be sufficiently
attenuated so as to lie below the threshold of perceptibility.
This chapter has three main sections. First the sampling
lattice, the basic tool in the analysis of spatiotemporal
sampling, is introduced. The issues involved in the sampling
and reconstruction of continuous time-varying imagery are
then addressed. Finally, methods for the conversion of image
sequences between different sampling structures are presented.

2 Spatiotemporal Sampling Structures
A continuous time-varying image fc(X, y, t) is a function of
two spatial dimensions x and y and time t, usually observed
in a rectangular spatial window W over some time interval T.
The spatiotemporal region W x T is denoted WT. The spatial
window is of dimension pw x ph where pw is the picture width
and ph is the picture height. Since the absolute physical size of
an image depends on the display device used, and the
sampling density for a particular video signal may be variable,
911
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we choose to adopt the picture height ph as the basic unit of
spatial distance, as is common in the broadcast video industry.
The ratio ofpw/ph is called the aspect ratio, the most common
values being 4/3 for standard TV and 16/9 for HDTV. The
image f~ can be sampled in one, two or three dimensions. It is
almost always sampled in at least the temporal dimension,
producing an image sequence. An example of an image
sampled only in the temporal dimension is motion picture
film. Analog video is typically sampled in the vertical and
temporal dimensions while digital video is sampled in all three
dimensions. The subset of R 3 on which the sampled image
is defined is called the sampling structure ~; it is contained
in WT.
The mathematic structure most useful in describing
sampling of time-varying images is the lattice. A discussion
of lattices from the point of view of video sampling can be
found in [1] and [2]. Some of the main properties are
summarized here. A lattice A in D dimensions ia a discrete
set of points that can be expressed as the set of all linear
combinations with integer coefficients of D linearly independent vectors in ~D (called basis vectors),
A -- {n11,'1 -+""""-+- nDVDlni E 7/},

(1)

where 7/is the set of integers. For our purposes, D will be 1, 2
or 3 dimensions. The matrix V = [Vl Iv2 [... [Vo] whose
columns are the basis vectors vi is called a sampling matrix
and we write A = LAT(V). The basis or sampling matrix for a
given lattice is not unique however, since LAT(V)= LAT(VE)
where E is any unimodular ([&tEl = 1) integer matrix.
Figure 1 shows an example of a lattice in two dimensions, with
basis vectors 1"1 = [2X, 0] T and v2 = [X, y]r. The sampling
matrix in this case is

A unit cell of a lattice A is a set 79 C ~D such that copies of
79 centered on each lattice point tile the whole space without overlap: (79 + Sl) M ( ~ + s2) --fl for Sl,S2 E A, sl ~ s2,

•

E

v2

•

and U s E A ( P - - ~ $ ) = ~ D. The volume of a unit cell is
d ( A ) = IdetVI, which is independent of the particular
choice of sampling matrix. We can imagine that there is a
region congruent to 7:' of volume d(A) associated with each
sample in A, so that d(A) is the reciprocal of the sampling
density. The unit cell of a lattice is not unique. In Fig. 1, the
shaded hexagonal region centered at the origin is a unit cell, of
area d(A) -- 2XY. The shaded parallelogram in the upper right
is also a possible unit cell.
Most sampling structures of interest for time-varying
imagery can be constructed using a lattice. In the case of 3D
sampling, the sampling structure can be the intersection of
WT with a lattice, or in a few cases, with the union of two or
more shifted lattices. The latter case occurs relatively
infrequently (although there are several practical situations
where it is used) and so the discussion here is limited to
sampling on lattices. The theory of sampling on the union of
shifted lattices (cosets) can be found in [1]. In the case of one
or two-dimensional (partial) sampling (D--1 or 2), the
sampling structure can be constructed as the Cartesian
product of a D-dimensional lattice and a continuous ( 3 - D)
dimensional space. For one-dimensional temporal sampling,
the 1D lattice is A t - {nT[n ~7Z} where T is the frame
period. The sampling structure is then W x At -- {(x, t)[x E
142, t E At}. For two-dimensional vertical-temporal sampling
(scanning) using a 2D lattice Art, the sampling structure
is WT N (7-[ x Art ) where 7-( is a one-dimensional subspace
of ~3 parallel to the scanning lines. In video systems, the
scanning spot is moving down as it scans from left to right,
and of course is moving forward in time. Thus 7-/has both
a vertical and temporal tilt, but this effect is minor and can
usually be ignored; we assume that 7-/is the line y = 0, t = 0.
Many digital video signals are obtained by three-dimensional
subsampling of signals that have initially been sampled with
one or two-dimensional sampling as above. Although the
sampling structure is space limited, the analysis is often
simplified if the sampling structure is assumed to be of infinite
spatial extent, with the image either set to zero outside of WT
or replicated periodically in some way.
Much insight into the effect of sampling time-varying
images on a lattice can be achieved by studying the problem in
the frequency domain. To do this, we introduce the Fourier
transform for signals defined on different domains. For a
continuous signal fc the Fourier transform is given by

zyxwvut

•

Fdu, V, W) - .[././f~(x, y, t) exp[-j2zr(ux + v,v + wt)]dx dy dt

g ~ ffl

(2)
or more compactly, setting u = (u, v, w) and s = (x, y, t),

FIGURE 1 Example of a lattice in two dimensions with two possible
unit cells.

Fc(u) -- fwrf~(s)exp(-j2yru • s)ds,

U E ~3.

(3)
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The variables u and v are horizontal and vertical spatial
frequencies in cycles/picture height (c/ph) and w is temporal
frequency in Hz.
Similarly, a discrete signal f(s), s ~ A has a lattice Fourier
transform (or discrete space-time Fourier transform)

F(u) - Z f ( s ) e x p ( - j 2 a ' u . s),

u 6 IR3.

lattice AR in Fig. 2(a) and a hexagonal lattice AH in Fig. 2(b).
These correspond to progressive scanning and interlaced
scanning respectively in video systems. Possible sampling
matrices for the two lattices are zyxwvutsrqponmlkjihgfedcbaZYXWVU

[Y0 T0] and

(4)

Y T0]"

T/2

(7)

sEA

Both lattices have the same sampling density, with
With this non-normalized definition, both s and u have the d ( A R ) - d ( A H ) - YT. Figure 3 shows the reciprocal lattices
same units as in Eq. (3). As with the 1D discrete-time Fourier A~ and A h with several possible unit cells.
transform, the lattice Fourier transform is periodic. If k is an
element o f ~ 3 such that k. s ~ 7/for all $ ff A, then F(u + k) =
3 Sampling and Reconstruction of
F(u). It can be shown that { k ] k - s E Z f o r a l l s 6 A } is a
Continuous Time-Varying Imagery
lattice called the reciprocal lattice A*, and that if V is a
sampling matrix for A, then A* = LAT((VT)-I). Thus F(u)
The process for sampling a time-varying image can be
is completely specified by its values in a unit call of A*.
For partially sampled signals, a mixed Fourier transform is approximated by the system shown in Fig. 4. The light
required. For the examples of temporal and vertical-temporal arriving on the sensor is collected and weighted in space and
time by the sensor aperture a(s) to give the output
sampling mentioned previously, these Fourier transforms are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

F(u, w) - fw E f ( x ' nT) exp[-j2rc(u • x + wnT)]dx
and

Z

f (s) -- fca($),

f(x,y, t)exp[-j2rr(ux + vy + wt)]dx.

(y,t)EAyt

(6)
These Fourier transforms are periodic in the temporal
frequency domain (with periodicity l/T) and in the verticaltemporal frequency domain (with periodicity lattice Ay*t)
respectively.
The terminology is illustrated with two examples that will
be discussed in more detail later in this chapter. Figure 2
shows two vertical-temporal sampling lattices: a rectangular

(a)

fo

+ s')a(s')dJ

(8)

where it is assumed here that the sensor aperture is space and
time invariant. The resulting signal fc~(S) is then sampled in an
ideal fashion on the sampling structure ~,

n

V( u, v, w) - f~

fca(S) --

(5)

t

$

E ~.

(9)

By defining h~(s)-a(-s), it is seen that the aperture
weighting is a linear shift-invariant filtering operation, i.e.,
the convolution of L(s) with ha(s)

(10)

fca($) -- fR3fc($ -- $')ha($')dst"

Thus, if fc(S) has a Fourier transform Fc(u), then Fca(U)-Fc(u)Ha(u), where Ha(u) is the Fourier transform of the

T

(b)

FIGURE 2 Two-dimensionalvertical-temporal lattices. (a) Rectangularlattice AR. (b) Hexagonallattice An.

t

914 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

1/Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1/Y

'

/

I --Ii

I

e,, ~ , /

* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

/
-

w

,,..-

/T

1

(a)

w

(b)

FIGURE 3 Reciprocallattices of the two-dimensionalvertical-temporal lattices of Fig. 2 with several possible unit
cells. (a) Rectangularlattice A~ (b) Hexagonallattice A~.

re(S)

Linear shiftinvariant filter

fca (s)

f(s)

Ideal sampling
on

ha

FIGURE 4 System for sampling a time-varying image.

aperture impulse response. In typical acquisition systems,
the sampling aperture can be modelled as a rectangular or
Gaussian function.
If the sampling structure is a lattice A, then the effect in the
frequency domain of the sampling operation is given by [1]

F(u) =

1

d(A)

~

Fca(U+ k),

(11)

in other words, the continuous signal spectrum Fca(U) is
replicated on the points of the reciprocal lattice. The terms in
the sum of Eq. (11) other than for k = 0 are referred to as
spectral repeats. There are two main consequences of the
sampling process. The first is that these spectral repeats, if not
removed by the display/viewer system, may be visible in the
form of flicker, line structure or dot patterns. The second is
that if the regions of support of F~a(U) and Fca(U"-[-k) have
non-zero intersection for some values k ~ A*, we have
aliasing; a frequency ua in this intersection can represent
both the frequencies ua and u a - k in the original signal. Thus,
to avoid aliasing, the spectrum Fca(u) should be confined to a
unit cell of A*; this can accomplished to some extent by the
sampling aperture ha. Aliasing is particularly problematic
because once introduced it is difficult to remove, since there is
more than one acceptable interpretation of the observed data.
Aliasing is a familiar effect that tends to be localized to those
regions of the image with high frequency details. It can be seen

as moir6 patterns in such periodic-like patterns as fishnets
and venetian blinds, and as staircase-like effects on highcontrast oblique edges. The aliasing is particularly visible
and annoying when these patterns are moving. Aliasing is
controlled by selecting a sufficiently dense sampling structure
and through the prefiltering effect of the sampling aperture.
If the support of Fca(u) is confined to a unit cell P* of A*,
then it is possible to reconstruct f~a exactly from the samples.
In this case, we have

Fca(U)-

d(A)F(u) if u ~ 79*
0
if u ¢ 79*

(12)

and it follows that
fca(S) -- E f ( d ) t ( s - d)

(13)

s'EA

where

t(s) = d(A) fp, exp(j2Jru- s)du

(14)

is the impulse response of an ideal lowpass filter (with
sampled input and continuous output) having passband P*.
This is the multidimensional version of the familiar sampling
theorem.

7.2 Video Sampling and Interpolation

zyxwvutsrqp
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/T)
F(U,W)----~1 ~°° Fca( -u,w-]I=-oo

(15)

fca(S) - ~ f ( s ' ) d ( s - s')

zyxwvut

sampling respectively, we obtain

In practical systems, the reconstruction is achieved by

s'EA

and

1

where d(s) is the display aperture, which generally bears little
resemblance to the ideal t(s) of Eq. (14). The display aperture is
usually separable in space and time, cl(s)= cls(x, y)dt(t), where
ds(x, y) may be Gaussian or rectangular, and tit(t) may be
exponential or rectangular, depending on the type of display
system. In fact, a large part of the reconstruction filtering is
often left to the spatiotemporal response of the human visual
system. The main requirement is that the first temporal
frequency repeat at zero spatial frequency (at 1/T for
progressive scanning and 2/T for interlaced scanning, Fig. 2)
be at least 50 Hz for large area flicker to be acceptably low.
If the display aperture is the ideal lowpass filter specified by
Eq. (14), then the optimal sampling aperture is also an ideal
lowpass filter with passband T'*; neither of these are realizable
in practice. If the actual aperture of a given display device
operating on a lattice A is given, it is possible to determine the
optimal sampling aperture according to a weighted-squarederror criterion [3]. This optimal sampling aperture, which will
not be an ideal lowpass filter, is similarly not physically
realizable, but it could at least form the design objective rather
than the inappropriate ideal lowpass filter.
If sampling is performed in only one or two dimensions, the
spectrum is replicated in the corresponding frequency dimensions. For the two cases of temporal and vertical-temporal
V

(a)

F(u, v, w) -- d(Ayt----~~ Fca(U,(v, w) + k).
keA~,t

(16)

(17)

Consider first the case of pure temporal sampling, as in
motion-picture film. The main parameters in this case are the
sampling period T and the temporal aperture. As shown in
Eq. (16), the signal spectrum is replicated in temporal
frequency at multiples if liT. In analogy with one-dimensional
signals, one might think that the time-varying image should
be bandlimited in temporal frequency to l12T before
sampling. However, this is not the case. To illustrate,
consider the spectrum of an image undergoing translation
with constant velocity v. This can model the local behavior
in a large class of time-varying imagery. The assumption
where fco(X) -fc(X, 0).
implies that fc(X, t) -fco(X-Vt),
A straightforward analysis [4] shows that Fc(u,w)=
Fco(U)~(u. r + w), where 5(.) is the Dirac delta function.
Thus, the spectrum of the time-varying image is not spread
throughout spatiotemporal frequency space but rather it is
concentrated around the plane u - v + w = 0. When this
translating image is sampled in the temporal dimension,
these planes are parallel to each other and do not intersect,
i.e., there is no aliasing, even if the temporal bandwidth far
exceeds 1/2T. This is most easily illustrated in two dimensions.
Consider the case of vertical motion only. Figure 5 shows the

vT

zyxwvutsrqp
(b)

v

,xNd
(c)
FIGURE 5 Vertical-temporal projection of the spectrum of temporally sample time-varying image with vertical
motion of velocity v. (a) v = 0 . (b) v = 1/2TB. (c) v = 1/TB.
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vertical-temporal projection of the spectrum of the sampled respectively. A three-dimensional view of these two sampling
image for different velocities v. Assume that the image is lattices is shown in Fig. 7. It can be observed how the odd
vertically bandlimited to B c/ph. It follows that when the numbered horizontal lines in each frame from the progressive
vertical velocity reaches 1/2TB picture heights per second (ph/ lattice (y/Y odd) in Fig. 7(a) have been delayed temporally by
s), the spectrum will extend out to the temporal frequency of T/2 for the interlaced lattice of Fig. 7(b).
1/2T as shown in Fig. 5(b). At twice that velocity (1/TB), it
Table 1 shows the parameters for a number of commonly
would extend to a temporal frequency of 1/T which might used sampling structures covering a broad range of applicasuggest severe aliasing. However, as seen in Fig. 5(c), there is tions from low-resolution QCIF used in videophone to
no spectral overlap. To reconstruct the continuous signal HDTV and digitized IMAX film (the popular large-format
correctly however, a vertical-temporal filtering adapted to the film, about 70 mm by 52 mm, used by Imax Corporation).
velocity is required. Bandlimiting the signal to a temporal Note that of these, only HDTV and IMAX formats have X = Y
frequency of 1/2T before sampling would effectively cut the (i.e., square pixels). It is frequently required to convert a timevertical resolution in half for this velocity. Note that the varying image sampled on one such structure to another.
velocities mentioned above are not really very high. To An input image sequence f(x) sampled on lattice A1 is to be
consider some typical numbers, if T-- 1/24 s, as in film, and converted to the output sequence fo(X) sampled on the
B = 500 c/ph (corresponding to 1,000 scanning lines) the lattice A2. This is illustrated in Fig. 8. The continuous signal
velocity 1/2TB is about 1/42 ph/s. It should be noted that if f~(x) is acquired on the lattice A1 using a physical camera
the viewer is tracking the vertical movement, the spectrum of modelled as in Fig. 4 with impulse response ha(x) to yield
the image on the retina will be far less tilted, again arguing f(x). It is desired to estimate the signal fo(x) that would have
against sharp temporal bandlimiting. (This is in fact a kind been obtained if fc(x) was sampled on the lattice A2 with an
of motion-compensated filtering by the visual system.) The ideal or theoretical camera having impulse response hoa(X).
temporal camera aperture can roughly be modeled as the Note that since this camera is theoretical, the impulse response
integration offc for a period Ta _< T. The choice of the value of hoa(X) does not have to be realizable with any particular
the parameter Ta is a compromise between motion blur and technology. It can be optimized to give the best displayed
signal-to-noise ratio.
image on A2 [3]. A system 7-/, which can be linear or
Similar arguments can be made in the case of the two most nonlinear, is then required to estimate fo(X) from f(x).
popular vertical-temporal scanning structures, progressive
Besides converting between different standards, sampling
scanning and interlaced scanning. Referring to Fig. 6, the structure conversion can also be incorporated into the acquisivertical temporal spectrum of a vertically translating image tion or display portions of an imaging system to compensate
at the same three velocities (assuming that 1/Y= 2B) is shown for the difficulty in performing adequate prefiltering with the
for these two scanning structures. For progressive scanning camera aperture, or adequate postfiltering with the display
there continues to be no spectral overlap, while for interlaced aperture. Specifically, the time-varying image can initially be
scanning the spectral overlap can be severe at certain velocities sampled at a higher density than required, using the camera
(e.g., 1/TB as in Fig. 6(f)). This is a strong advantage aperture as prefilter, and then downsampled to the desired
for progressive scanning. Another disadvantage of interlaced structure using digital prefiltering, which offers much more
scanning is that each field is spatially undersampled and flexibility. Similarly, the image can be upsampled for the
pure spatial processing or interpolation is very difficult. An display device using digital filtering, so that the subsequent
illustration in three dimensions of some of these ideas can be display aperture has a less critical task to perform.
found in [5]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.1 Frame-Rate Conversion
4 Sampling Structure Conversion
There are numerous spatiotemporal sampling structures
used for the digital representation of time-varying imagery.
However, the vast majority of those in use fall into one of two
categories corresponding to progressive or interlaced scanning
with aligned horizontal sampling. This corresponds to
sampling matrices of the form
X
0

0
Y

0
0

0

0

T

X
0

0
Y

0
0

0

T/2

T

E I E
or

J

Consider first the case of pure frame-rate conversion. This
applies when both the input and the output sampling structures are separable in space and time with the same spatial
sampling structure, and where spatial aliasing is assumed to be
negligible. The temporal sampling period is to be changed
from T1 to T2. This situation corresponds to input and output
sampling lattices

A1 --

ivllv1201 ivllvx201
0

v22

0

0

0

T1

,

A2 --

0

v22

0

0

0

T2

.
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FIGURE 7 Three-dimensional view of spatiotemporal sampling lattices. (a) Progressive. (b) Interlaced.

TABLE 1 Parameters of several common spatiotemporal sampling structures. P indicates progressive scanning and I indicates interlaced
scanning
System

X

Y

QCIF

17---6pw = 1 - ~ ph

CIF

35---2PW = 2--64 ph

ITU-R-601 (30)

72----0PW= 5--~ ph

ITU-R-601 (25)

72----0PW= 5--~ ph

57----6ph

HDTV-P

1 pw= 1
1280
7-~ ph

HDTV-I

1 p w = 1 ph
1920
1080

IMAX

4096 pw = 3--0-~ ph

1

1

1

1

1

1

T

Structure

Aspect
ratio

P

4" 3

P

4" 3

I

4" 3

2---5s

I

4" 3

1
--720 ph

1
--60 s

P

16" 9

- -1

- -1s

I

16.9

P

1.364

1

1

14---4ph

1

1--0 s

1

1

28---8ph

1

1--~s

1

1

48----0ph

1

29.9--------7s

1

1

1080

1

ph

30

1

1

300---2ph

2--4 s
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FIGURE 8 Acquisition models for the observed signal f(x) on A1 and the desired output signal fo(x)

on A2.
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Pure Temporal Interpolation

The most straightforward approach is pure temporal
interpolation, where a temporal resampling is performed
independently at each spatial location x. A typical application
for this is increasing the frame rate in motion picture film
from 24 frames/s to 48 or 60 frames/s, giving significantly
better motion rendition. Using linear filtering, the interpolated image sequence is given by

fo(x, nT2)- Z f ( x , mT1)h(nT2 - mT1).

(19)

m

If the temporal spectrum of the underlying continuous timevarying image satisfies the Nyquist criterion, the output points
can be computed by ideal sinc interpolation:

sin(rrt/ T1)
h(t) =
.
rot~T1

(20)

However, aside from the fact that this filter is unrealizable,
it is unlikely, and in fact undesirable according to the discussion of Section 3, for the temporal spectrum to satisfy the
Nyquist criterion. Thus high order interpolation kernels
that approximate Eq. (20) are not found to be useful and
are rarely used. Instead, simple low-order interpolation
kernels are frequently applied. Examples are zero-order and
linear (straight-line) interpolation kernels given by

h(t)-

1

if 0 < t < T1

0 otherwise

(21)

projection to go from 24 to 48 frames/s. These simple
interpolators work well if there is little or no motion, but as
the amount of motion increases they will not adequately
remove spectral repeats causing effects such as jerkiness, and
they may also remove useful information, introducing
blurring. The problems with pure temporal interpolation
can easily be illustrated for the image corresponding to
Fig. 5(c) for the case of doubling the frame rate, i.e., T2 = T1/2.
Using a one-dimensional temporal lowpass filter with cutoff
at about 1/2T1 removes the desired high vertical frequencies
in the baseband signal above B/2 (motion blur) and leaves
undesirable aliasing at high vertical frequencies, as shown
in Fig. 9(a).

Motion-Compensated Interpolation
It is clear that to correctly deal with situation such as in
Fig. 4(c), it is necessary to adapt the interpolation to the local
orientation of the spectrum, and thus to the velocity, as
suggested in Fig. 9(b). This is called motion-compensated
interpolation. An auxiliary motion analysis process determines
information about local motion in the image and attempts to
track the trajectory of scene points over time. Specifically,
suppose we wish to estimate the signal value at position x at
time nT2 from neighboring frames at times mT1. We can
assume that the scene point imaged at position x at time nT2
was imaged at position c(mT1 ;x, nT2) at time roT1 [6]. If we
know c exactly, we can compute

fo(x, nT2)- Zf(c(mT1; x, nT2), mT1)h(nT2- roT1). (23)
m

and

h(t)-

1-ltl/T1

ifO< It] < T1

0

otherwise

(22)

respectively. Note that Eq. (22) defines a non-casual filter and
that in practice a delay of T1 must be introduced. Zero-order
hold is also called frame repeat and is the method used in film

Since we assume that f(x, t) is very slowly varying along the
motion trajectory, a simple filter such as the linear
interpolator of Eq. (22) would probably do very well. Of
course, we do not know c(mT1; x, nT2) so we must estimate it.
Furthermore, since the position (c(mTl; x, nT2), mT1) probably does not lie on the input lattice A1, f(c(mTl; x, nT2),
mTl) must be spatially interpolated from its neighbors.

N
(a)

'K.

N

"

(b)

FIGURE 9 Frequencydomain interpretation of 2 : 1 temporal interpolation of an image with vertical velocity 1/TB.
(a) Pure temporal interpolation. (b) Motion-compensated interpolation.
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If spatial aliasing is low as we have assumed, this interpolation
can be done well (see chapter 7.1).
If a two-point temporal interpolation is used, we only need
to find the correspondence between the point at (x, nT2) and
points in the frames at times ITI and (l + 1)T1 where lT1 <_ritz
and (l + 1)T1 > n T2. This is specified by the backward and
forward displacements

rib(x, nT2) -- x -- c(IT1; x, nT2)

(24)

dr(x, nT2) - c((l + 1)T1; x, nT2) - x

(25)

•

~ x ,~

I

I

I

1T1 nT2 (l+ 1)T1
respectively. The interpolated value is then given by

t

FIGURE 10 Example of motion-compensated temporal interpolation
including occlusionhandling.

fo(x, nT2) -- f (x - db(x, nT2), lT1)h(nT2 - IT1)
+ f ( x + dr(x, nT2), (l + 1)T1)h(nT2 - (l + 1)T1).
(26)
There are a number of key design issues in this process. The
main one relates to the complexity and precision of the
motion estimator. Since the image at time nT2 is not available,
the trajectory must be estimated from the existing frames
at times roT1, and often just from lT1 and (l+l)T1 as
defined above. In the latter case, the forward and backward
displacements will be collinear. We can assume that better
motion estimators will lead to better motion-compensated
interpolation. However, the tradeoff between complexity
and performance must be optimized for each particular
application. For example, block-based motion estimation (say
one motion vector per 16 x 16 block) with accuracy rounded
to the nearest pixel location will give very good results in
large moving areas with moderate detail, giving significant
overall improvement for most sequences. However, areas with
complex motion and higher detail may continue to show quite
visible artifacts, and more accurate motion estimates would be
required to get good performance in these areas. Better
motion estimates could be achieved with smaller blocks,
parametric motion models, or dense motion estimates, for
example. Motion estimation is treated in detail in Chapter
3.10. Some specific considerations related to estimating
trajectories passing through points in between frames in the
input sequence can be found in [6].
If the motion estimation method used sometimes yields
unreliable motion vectors, it may be advantageous to be able
to fall back to pure temporal interpolation. A test can be
performed to determine whether pure temporal interpolation or motion-compensated interpolation is expected
to yield better results, for example by comparing
[fix, (l+ 1 ) T 1 ) - f ( x , /T1)[ with f ( x + d f ( x , nT2), (l+ a)T1)f i x - r i b ( x , riTz),/T1)[ either at a single point or over a small
window. Then the interpolated value can either be computed

by the method suspected to be better, or by an appropriate
weighted combination of the two.
Occlusions pose a particular problem, since the pixel to
be interpolated may be visible only in the previous frame
(newly covered area) or in the subsequent frame (newly
exposed area). In particular, if [f(x+df(x, nT2), ( / + I ) T a ) f(x- db)(X, nT2),/T1)[ is relatively large, this may signal that x
lies in an occlusion area. In this case, we may wish to use zeroorder hold interpolation based on either the frame at lT1 or at
(l+ 1)TI, according to some local analysis. Figure 10 depicts
the motion-compensated interpolation of a frame midway
between lT1 and (l+ 1)T1 including occlusion processing,
where we assume that a single object is moving upward.

4.2 Spatiotemporal Sampling Structure
Conversion

zy

In this section, we consider the case where both the spatial and
the temporal sampling structures are changed, and when one
or both of the input and output sampling structures is not
separable in space and time (usually because of interlace). If
the input sampling structure A1 is separable in space and time
(as in Eq. (18)) and spatial aliasing is minimal, then the
methods of the previous section can be combined with pure
spatial interpolation. If we want to interpolate a sample at
a time roT1, we can use any suitable spatial interpolation.
To interpolate at a sample at a time t that is not a multiple of
T1, the methods of the previous section can be applied.
The difficulties in spatiotemporal interpolation mainly
arise when the input sampling structure A1 is not separable
in space and time, which is generally the case of interlace.
This encompasses both interlaced-to-interlaced conversion,
such as in conversion between NTSC and PAL television
systems, and interlaced-to-progressive conversion (also
called deinterlacing). The reason this introduces problems
is that individual fields are undersampled, contrary to the

zyxwvutsrq
zyxwvutsrq
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assumption in all the previously discussed methods. Furthermore, as we have seen, there may also be significant aliasing in
the spatiotemporal frequency domain due to vertical motion.
Thus, a great deal of the research on spatiotemporal interpolation has been addressing these problems due to interlace,
and a wide variety of techniques have been proposed, many of
them very empirical in nature.

Deinterlacing
Deinterlacing generally refers to a 2" 1 interpolation from
an interlaced grid to a progressive grid with sampling lattices

Ex 0 01
0
0

Y
Y/2

0
T

EX0 01

and

0
0

Y
0

0
T/2

respectively (see Fig. 11). Both input and output lattices
consist of fields at time instants roT~2. However, because each
input field is vertically undersampled, spatial interpolation
alone is inadequate. Similarly, because of possible spatiotemporal aliasing and difficulties with motion estimation,
motion-compensated interpolation alone is inadequate. Thus,
the most successful methods use a nonlinear combination of
spatially and temporally interpolated values, according to local
measures of which is most reliable. For example, in Fig. 11,
sample A might best be reconstructed using spatial interpolation, sample B with pure temporal interpolation and sample C
with motion-compensated temporal interpolation. Another
sample like D may be reconstructed using a combination of
spatial and motion-compensated temporal interpolation. See
[7] for a detailed presentation and discussion of a wide variety
of deinterlacing methods. It is shown there that some adaptive
motion-compensated methods can give reasonably good
deinterlacing results on a wide variety of moving and fixed
imagery.
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FIGURE 11 Input and output sampling structures for deinterlacing.

5 Conclusion

This chapter has provided an overview of the basic theory
related to sampling and interpolation of time-varying imagery.
In contrast to other types of signals, it has been shown that it is
not desirable to limit the spectrum of the continuous signal to
a fixed three-dimensional frequency band prior to sampling,
since this leads to excessive loss of spatial resolution. It is
sufficient to ensure that the replicated spectra due to sampling
do not overlap. However, optimal reconstruction requires the
use of motion-compensated temporal interpolation.
The interlaced scanning structure that is widely used in
video systems has a fundamental problem whereby aliasing in
the presence of vertical motion is inevitable. This makes
operations such as motion estimation, coding and so on more
difficult to accomplish. Thus, it is likely that interlaced scanning will gradually disappear as camera technology improves
and the full spatial resolution desired can be obtained with
frame rates of 50-60 Hz and above.
Spatiotemporal interpolation will remain an important
technology to convert between the wide variety of scanning
standards in both new and archival material. Research will
continue into robust, low-complexity methods for motioncompensated temporal interpolation that can be incorporated
into any receiver. Further work is also required to fully exploit
the model of Fig. 8 or similar models in the video sampling
structure conversion problem in ways similar to what has been
done for still images [8].
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1 Introduction and Printing Technologies
The rapidly decreasing cost and increasing power of modern
day computing devices have contributed to the prevalent use
of digital images in recent years. Image processing systems that
have found applications in everyday life include digital
photography, electronic publishing, on-line museum, electronic catalog shopping, home surveillance, image rich souvenirs,
and so on. A typical end-to-end image processing system
typically includes input devices, processing devices, and
output devices. Output devices are very important in imaging
systems because they allow the image data to be presented to
the user in a human observable form. Popular imaging output
devices include image printers, video displays, liquid crystal
displays, projection devices, and many others.
In practical applications, quantities in digital images are
usually quantized to 8 bits. Specifically, we use 8 bits to represent the image pixel intensity (graylevel) for monochrome
(grayscale) images, and use 24 bits to represent the combined
red, green and blue intensity levels for color images (i.e., 8 bits
for each color plane). Hence we have 256 graylevels for monochrome images and 16 million colors for color images. It has
been demonstrated in practice that such a representation is
normally sufficient to be considered "continuous tone."
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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Many image output devices share characteristics that lead to
two common problems requiring image processing solutions.
The first one is that many devices are only capable of
rendering a small number of output levels. Example include
many printers that can only print at two levels (on-off) for
each primary color, and liquid crystal displays that typically
can display 16 graylevels. This means that an image must be
converted from its "continuous-tone" representation to one
that matches the characteristics of the printers or displays.
There are several printing technologies that are suitable for
producing hardcopies of images. They include laser printing,
inkjet printing, dye sublimation, thermal wax transfer, liquid
toner laser transfer, offset printing, and so on. Among these,
laser and inkjet printing are perhaps the most popular because
of their relatively low cost, high performance, high quality,
and excellent availability. Traditional laser and inkjet printers
can only print at two levels for each primary color. To print a
monochrome image, we first generate a halftone that consists
of black and white pixels. Then we put black toners on the
paper corresponding to the black pixel locations, and use the
white paper background to represent the white pixels. This
problem of rendering images in two levels is called half-toning.
In color printing, we generally use cyan (C), magenta (M),
and yellow (Y) as the three primary colors. We mix dots of
925
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these three colors to give an impression of other colors.
Putting all three colors at the same pixel location produces
black output, which is called composite black. It is observed in
practice that composite black is usually a bit dull in appearance. As a result, many color printers are designed to use four
toners, namely, cyan, magenta, yellow, and black (K). For
these four-toner printers, we have several ways to obtain black
output; we can either mix CMY together, or we can use the
black toner, or we can mix CMYK together in some proportion. Choices of these are generally dependent on
the specific printer design.
Recent advances in both laser and inkjet printing technology have led to the appearance of printers that can print
multiple (e.g., 4, 8, or 16) levels per pixel. This opens up a new
dimension of image halftoning. The corresponding problem to
rendering at multiple levels is called multitoning.
Many low-cost displays, while being able to handle
"continuous tones," have limited-sized video buffers that
necessitate only a subset of the 2 24 colors to be used. As a
result we need to choose the subset of colors (called a color
palette) to be displayed, and perform the mapping from the
original image to the chosen color palette. This problem is
called color quantization.
Image security has become an important problem in recent
years. There has been significant research looking into the
problems of watermarking and information embedding for
halftone images. These problems are interesting both in the
embedding of information, as well as in attacks to the
information embedding algorithms.
Since quantization is a core component of both halftoning
and color quantization, we first discuss in Section 2 the basics
of scalar quantization. The design of optimum scalar
quantizers is presented. In Section 3, we discuss the main
approaches of halftoning, and show examples of various types
of popular halftoning algorithms. The interplay between
halftoning and compression is also considered. In Section 4,
we discuss color quantization methods that enable images to
be displayed in devices with a limited video buffer. Section 5
discusses recent advances in watermarking and information
embedding in halftones.

2 Scalar Quantization
2.1 Quantization Basics
The function of scalar quantizers is to convert a quantity to a
finite precision representation (such as converting real
numbers to integers in digital computing). We can represent
scalar quantization as
y = Q(x)
where Q(.) is the quantization function. Mathematically, a
K-level scalar quantizer is specified by the K + 1 decision levels

Q(x)
y4

y3

y2

yl
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I

I

I

I

I

do

dl

d2

d3

d4

FIGURE 1

x

Input/output characteristics of a scalar quantizer.

(do, dl . . . . . dK) and the K output levels (yl,)'2 . . . . . YK). Each
region from di-1 to di is referred to as a quantization bin.
Specifically, we can specify a quantization function as

Q(u) = yi

if di-1 <_ u < di;

i = 1, 2 . . . . K.

An example of the input/output characteristics of a scalar
quantizer is shown in Fig. 1.
Define the quantizer error e(u) by
e(u) = Q(u) - u.
This quantity is of crucial importance in describing the
characteristics of a scalar quantizer as well as in many design
problems associated with quantizers. Let px(x) be the
probability density function of a random variable X. We can
write the expected nth-power (the nth order moment) of the
quantization error as

M~ = E(X ~) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

= f(e(x)lnpx(X)
(Yi -- x)npx(x) dx

-i=1

(1)

i-1

Of particular importance in practice is the second order
moment, which is usually called the mean squared quantizer
error (MSQE). The MSQE is often used in the design of
optimum quantizers. In the next section, we will examine such
a design.
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2.2 Optimum Quantization

convergence is achieved. The nice feature about the Lloyd
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

The problem of finding an optimum scalar quantizer was first
solved by Lloyd in the mid-1950s [1]. Since Lloyd did not
publish his results until 1982, the first optimum scalar
quantizer design in the open literature was published by
Max [2]. Hence, optimum scalar quantizers are usually
referred to as Lloyd-Max quantizers.
If X has dynamic range (a, fl), we set do = ~ and dK = fl
in order to be able to generate an output for all possible
values that X can take on. To determine the optimum
quantizer, we first differentiate (1) for n = 2 with respect to di
(i = 1, 2 . . . . . K - 1) to obtain
Oli - Xi) 2 -- (Yi+I -- Xi) 2 -- 0,

which is equivalent to

xi --

Yi + Yi+l

2

i -- 1, 2 . . . . . K - 1.

(2)

Equation (2) is a necessary condition for optimum scalar
quantizers. It says that any decision level between two
consecutive quantization bins is the mid-point of the two
adjacent output levels. This is usually referred to as the mid-

point condition.
Second, we differentiate (1) for n - 2 with respect to Yi
(i = 1, 2 . . . . . K) to obtain

fdd di (Yi - X ) p X ( X ) d x -- O,
i-1
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algorithm is that it works either if one is given a probability
density function, or if one is given a set of samples in a
signal. In the latter case, one replaces probabilistic averages
(expect values) by sample averages. Furthermore, the Lloyd
algorithm always converges in practice. The Lloyd algorithm
has also been extended for designing vector quantizers [3].
For further details on quantization, the reader is referred to
the text [4].

2.3 Distortion Criteria and Image
Quantization
There are three common problems that require quantization
of either the image pixels values or some transformations of
the pixels. They are halftoning, color quantization, and image
compression. Image compression will be treated in a different
chapter of this book. Here we only consider the problem of
image quantization in the context of halftoning and color
quantization.
Generally, we formulate the problem as follows: Given an
image f(nl, n2) of size N1 by N2, where each pixel takes on
values in the range {0, 1. . . . . . . . . D - 1}, we want to quantize
each image pixel to K output levels (K < D) so that a
distortion criteria is minimized. As an example, we have K = 2
if we want to halftone the image so that it can be printed using
a binary laser or inkjet printer. In this case, the two output
levels are 0 and D, respectively. Suppose we use the mean
squared error criterion

i - - 1 , 2 . . . . . K,

D(x, y) -- E ( f ( n l '

n2) -- b(nl, n2)) 2

g/1,/'/2

which gives

Yi =

f

where b(nl, n2) is the quantized output. Since the output
levels are fixed, the mid-point condition in optimum scalar
a, x p x ( x ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
&
quantizers gives

d" 1
di

px(x) dx

b(nl, n2) - Q(f(nl, n2)) - { D
0

i-1

= E[X[di-1 < X < di]

i -- 1, 2 . . . . . K.

if f(nl, n2) > D/2
otherwise.

(3)

This is another necessary condition for optimum scalar
quantizers. It says that the optimum output level at any
quantization bin should be the conditional expectation
(centroid) of X within that bin. This is the centroid condition
for optimum quantizers.
The Lloyd algorithm for optimum quantizer design uses
both the mid-point condition and the centroid condition.
Essentially one starts with a set of quantizer boundaries, and
use the centroid condition to find the optimum output levels
based on the quantizer boundaries. From the new output
levels, one uses the mid-point condition to determine a new
set of quantizer boundaries. These two steps are repeated until

This is constant thresholding of the image where the threshold
is the mid-point of the dynamic range. Using the boats image
in Fig. 2 as an example, we show in Fig. 3 the result of constant
thresholding.
Although the quantizer is optimum with respect to the
mean squared error distortion criterion, the resulting output
quality is rather poor. This is due to the fact that mean squared
error does not reflect the characteristics of human perception
on images. A much better error criterion, often used in image
processing applications, is the visual mean squared error
criterion
-- E[(V(nl, n2) * (b(nl, n 2 ) -

f(nl,

n2))) 2]

(4)
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FIGURE 2

FIGURE 3 Boats image thresholded to two levels using a constant threshold
for each primary color plane.

Original boats image.

where • denotes convolution, E(.) is the expectation
(averaging) operator, and v(nl, n2) is the impulse response
of a filter that approximates the spectral response of the
human visual system. Notice that a neighborhood operation is
involved in the visual mean squared error due to the convolution operation. This is consistent with the notion of
halftoning that the human perception system filters (mixes) the
dots in halftone images to give an impression of graylevel.

Before we go into the specifics of halftoning algorithms, we
comment that the shape of a basic output unit from a real life
printer is a very important factor to the ultimate quality of the
output. Normally in image processing, we use rectangular
grids and hence each pixel is considered to have a rectangular
shape. In printing, the shape of each output pixel (printing
dot) is not rectangular in shape. Furthermore, the dot shapes
between laser and inkjet printers have very different characteristics. Inkjet dots can be well represented by a round shape
that has an area coverage larger than the rectangular pixel size.
Halftoning considerations using this oversized round dot
model can be found in [5]. Output dot shapes of laser printers
is round but the intensity transition from the edge to the
center of the dot is more gradual. If we cut a cross section
across a laser printer dot and draw the intensity profile, we
have a curve that resembles a bell shape. More detailed
discussions of laser dot shapes can be found in [6].
For simplicity, we describe in the following sections
halftoning algorithms for monochrome images (black and
white halftoning). Halftoning of color images can be done on
a plane by plane basis. We give examples of color halftones
using such an approach. Readers who are interested in planedependent halftoning, where the color planes are halftoned
jointly, is referred to the literature [7, 8].

zyxwvut

3 Halftoning
Halftoning is a process where a continuous tone image of,
say 256 levels, is converted into an output image of 2 levels so
that the original and the halftone images appear similar when
observed from a distance. The corresponding problem of
generating output images of multiple levels is called multitoning. The main application of halftoning and multitoning
is printing and in displaying images with limited bit-depth
displays such as liquid crystal displays. Since the techniques
for multi-toning are straightforward extensions of halftoning
(rendering at two levels), we will only focus on halftoning
in the rest of this section.
The three popular haltoning techniques are ordered dithering, error diffusion, and optimization techniques. Generally,
ordered dithering requires the lowest computational complexity, while optimization techniques are the most computationally intensive. On the other hand, well-designed optimization
techniques tend to generate halftones of the best quality. All
these three halftoning techniques will be described in this
chapter.

3.1 Ordered Dithering
Consider an image f(nl, n2) of size N1 by 5/2 with pixel values
in the range {0, 1. . . . . D - 1}. We want to generate a halftone
b(nl, n2) using ordered dithering. In this method, we use an
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will give halftones where the dots tend to be clustered within

"l z

b (n 1, n2)
f (nl, n2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 x 4 cells. On the other hand, the matrix

4
132
36
164
12
140
44
172

a (n 1 mod M 1, n 2 mod M2)

113
51
14
39
138
196
221
204

80
0
3
26
171
254
237
213

96
1
7
63
154
246
229
188

105
88
72
121
146
163
179
130

142
88
72
121
146
163
179
130

175
254
242
217
84
0
5
32

96
1
7
63
154
246
229
188

142
88
72
121
146
163
179
130

236
68
196
100
228
76
204
108

60
188
20
148
52
180
28
156

220
124
252
84
212
116
244
92

8
136
40
168
0
128
32
160

224
72
200
104
232
64
192
96

48
176
24
152
56
184
16
144

208
112
240
88
216
120
248
80

(6)

size M 1 by M 2

tends to generate halftones where the dots are dispersed. A
very popular class of dispersed dither matrices is called Bayer
FIGURE 4 Pixel-by-pixel operation of ordered dithering. Here the values of
dither [9], which has been shown to have certain optimality
the dither matrix elements correspond to images with 8-bit intensity
properties. Examples of clustered and dispersed halftones as
representation.
well as their power spectra are shown in Figs. 5 and 6. It is
evident from both the halftones and their spectra that these
halftones exhibit strong periodicity induced by the size of the
array a(nl, n2) of size M1 by M2, typically called a dither
dither matrices.
matrix, where the elements are threshold levels. Each element
The major advantage of ordered dithering is its simplicity.
of the dither matrix is an integer that takes value in the range
To generate an output halftone pixel, only one thresholding or
{0, 1. . . . . D - 1 } . To generate the output, we perform an
comparison operation is needed. As a result, ordered dithering
element-by-element thresholding of the image pixels using the
is very popular in low cost printing applications. Experimental
elements of the dither matrix as shown in Fig. 4.
evidence has shown that it is generally preferred to use
In most applications, we have M1 << NI and M2 << N2.
dispersed halftones in inkjet printers for improved smoothThat is, the size of the dither matrix is much smaller than
ness, and clustered dot halftones in laser printers for better
the image size. Thus we periodically replicate a(nl, n2) to give
stability.
a'(nl, n2) = a(nl mod Ma, n2 mod M2) so that the entire image
Traditionally, ordered dithering uses dither matrices of size
is covered. Then the halftoning operation can be represented
between 8 x 8 to about 32 x 32. Recently, a class of ordered
mathematically as
dither called blue noise dithering has been proposed that uses
dither matrices of large sizes (e.g., 128 x 128 or larger) to
generate halftones that are of higher quality than those of
b(nl, n2) - Qa(nl,n2)(f(nl, n2)) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
traditional ordered dithering with small dither matrices. These
_ J 1
if f(nl, n2) >__a(nl mod M1, n2 mod M2)
blue noise dither matrices are typically designed using iterative
! 0 otherwise.
methods [ 10].
Here the output "1" represents a white pixel (do not print a
dot) and "0" represents a black pixel (print a dot).
It is evident that the actual values of the dither matrix
elements will have a great influence on the quality of the
output halftone. It can be easily verified that the following
8 x 8 matrix

113
51
14
39
138
196
221
204

80
0
3
26
171
254
237
213

96
1
7
63
154
246
229
188

105
88
72
121
146
163
179
130

142
200
225
208
117
57
20
45

175
254
242
217
84
0
5
32

159
250
233
192
101
2
10
67

150
167
183
134
109
92
76
125

(5)

3.2 Error Diffusion
Error diffusion [11] is an excellent method for generating high
quality halftones that are particularly suitable for low to
medium resolution devices. A block diagram showing an error
diffusion system is given in Fig. 7. It turns out [12] that
error diffusion is the two-dimension equivalent of sigma-delta
modulation (also called delta-sigma modulation) [13], which
was developed for performing high resolution analog-todigital conversion using a one-bit quantizer embedded in a
feedback loop.
To apply the error diffusion algorithm in producing a
halftone b(nl, n2), we need to scan the input image f(na, nz) in
some fashion. One of the most popular strategies is raster
scanning, where we scan the image row by row from the top
to the bottom, and within each row from the left to the right.
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(a)

(b)

FIGURE 5 Boats image (a) halftoned using clustered dot dither at 150 dots per inch, and (b) the halftone power spectrum.

(a)

(b)

FIGURE 6 Boats image (a) halftoned using Bayer dither [9] at 150 dots per inch, and (b) the halftone power spectrum.

In the signal processing literature, u(nl, n2) is called either the

At each pixel location, we perform the operations

state variable of the system or the modified input.
u(nl, n2) = f ( n l , n 2 ) - E

h(ml, m2)e(nl - ml, n2 - m2) (7)

ml, m2

b(nx, n2) - Q(u(nx, n2)) -

e(nl,

n2)

-

-

b(nl, n2) -

u(nl,

1
0

if u(nl, n2) > 0.5
otherwise.

n2) - Q(U(nl, n2)) -

u(nl,

(8)

Notice that we need to buffer the binary quantizer error
values e(nx, n2) because of the convolution operation in (7).
The extent of the buffer required is dependent on the support
of the error diffusion kernel h(ml, m2). The filter h(mx, m2)
generally has a low pass characteristic, and the coefficients
often satisfy

n2)
(9)

h(ml, m2) - 1.
(ml ,m2)

zyxwvutsrqpon

zyxwvutsrqponmlkjihgfed
~
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?'_
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m
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h(ml, m2)
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This kernel consists of four coefficients, and hence the
complexity of the error diffusion algorithm is quite mild.
Two other popular error diffusion kernels are proposed by
Jarvis, Judice and Ninke [14] and Stucki [15]. A FloydSteinberg error diffused halftone and its power spectrum is
shown in Fig. 9.
Using (7) and (9), we can write
b(nl, n2) - f ( n l , n2) q-- Z

g(ml, m2)e(nl - ml, n2 - m2)

ml ,m2

FIGURE 7 A block diagram of the error diffusion system.

(10t
where

(0, o) - ~ ,
g(ml, m2) "-- a(ml, m2) - h(ml, m2),
7/16
and 3(ml, m2) is the Kronecker delta. Using the Floyd
Steinberg filter kernel as an example, we have
3/16

5/16

1/16

FIGURE 8 The Floyd-Steinberg error diffusion filter coefficients.

A very popular kernel suggested by Floyd and Steinberg
[11] is shown in Fig. 8, with
h(O, 1 ) = 7/16,

h ( 1 , - 1 ) = 3/16,

h(1, O) = 5/16,

h(1, 1 ) = 1/16.

(a)

g(ml, m2) =

1
-7/16
-3/16
--5/16
--1/16
0

(ml, m2) = (0, O)
(ml, m2) -- (0, 1)
(ml, m2) = ( 1 , - 1 )
(ml, m2) = (1, O)
(ml, m2) = (1, 1)
otherwise.

A nice interpretation of (10) is that the output is the sum of
the input and a filtered version of the quantizer noise.
To calculate the power spectral density of b(nl, n2), we need
to calculate its autocorrelation function. This calculation

(b)

FIGURE 9 Boats image (a) halftoned using Floyd-Steinberg error diffusion [11] at 150 dots per inch, and (b) the
halftone power spectrum.
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requires the autocorrelation function of e(nl, n2) and the cross
correlation function E[f (nl, n2)e(nl + ml, n2 + m2)], both as
function of the statistical properties of the input image
f(nl, n2). This turns out to be a very difficult task because of
the nonlinear nature of the system induced by the binary
quantizer. A general solution for the two-dimensional case
is still an open problem, although solutions to the onedimensional case (sigma-delta modulation) have already been
found [16, 17].
Despite the difficulty in an exact mathematic analysis of
error diffusion, we can compute the spectrum of error diffused
halftones empirically. An example of such a power spectrum is
shown in Fig. 9. It is of interest to note that the noise of
error diffusion is primarily in the high frequency region,
which agrees with the intuition that the quantization noise in
a high quality halftone should be mostly located in the high
frequency region.
Although Floyd-Steinberg error diffusion generally
produces high quality output, it also generates undesirable
artifacts such as "worms" and undesirable patterns. Consequently there has been a large number of reports in the
literature focusing on the improvement of error diffusion.
These techniques can generally be categorized into two classes.
The first class of techniques focuses on "breaking up" the
undesirable output patterns' of error diffusion. This includes
using alternative scanning strategies [18, 19] and injecting
random noises into the error diffusion system [18, 20].
Another class of techniques attempts to optimize the error
diffusion filter with respect to a distortion criterion. To this
end, one can use the frequency weighted mean squared error
in (4). Substituting (10) into (4), we have

function. Here, any specific method for minimizing E[dOC(nl,n2), b(nl, n2))] will give rise to a halftoning
algorithm.
Suppose we consider the frequency weighted squared error
d(f(nl, n2), b(nl, n2)) -- (v(nl, n2) • (b(nl, n2) - x(nl, n2))) 2.
One way to find a halftone is to use a greedy minimization
approach as follows: We scan the image f(nl, n2) in raster
scan fashion. At each pixel location (nl, n2), we determine
the binary output pixel as
b(nl, n2) =

arg min (v(nl, n2) * (b(nl, n2) - x(nl, n2))) 2.
b(nl,n2)~{O,1}

Since there are only two possible values of b(nl, n2) for
each (nl, n2), we can compute d(f(nl, n2), b(nl, n2)) for both
values, and then pick the one that results in a smaller
distortion. As long as v(nl, n2) has a causal support with
respect to the scanning strategy, this minimization procedure
can be performed very easily.
In general, greedy minimization does not generate output
halftones of satisfactory quality. Since the greedy approach
performs the minimization on a pixel by pixel basis with
respect to a scanning strategy, there is no guarantee that it
actually minimizes the overall average distortion. That is, any
decision made by the greedy approach at a local pixel location
will affect the local distortion of "future" pixels. Experimental
results comparing greedy minimization and more sophisticated techniques indeed show that greedy minimization is far
from optimal [24].
One method for generating halftones of excellent quality is
E -- E[(V(nl, n2) * g(nl, n2) * e(nl, n2))2].
direct binary search (DBS) [25]. The DBS algorithm goes
through the image in multiple passes. In the kth pass, one uses
It is evident that C is a function of h(nl, n2). Hence at least
the output halftone of the previous pass bk-l(nl, n2) and the
in principle, we can find an optimum error diffusion kernel
original continuous tone image f(nl, nz) to obtain an
h(nl, n2) to minimize E.
improved output halftone bk(nl, n2). In the first pass, one
As discussed earlier, error diffusion is a highly non-linear
needs an initial halftone b0(nl, n2) that can be generated, for
system where e(nl, n2) depends on f(nl, n2) and the structure
example, using greedy optimization. In each pass over the
of the feedback loop in a very complicated way. This makes
image, the DBS algorithm attempts to improve the quality of
the optimization problem very difficult. In the literature, there
the output using the following strategy: At each pixel location
are reports in solving this optimization problem either by
(nl, n2), one considers possible improvement to the output
making certain assumptions on the quantizer noise [21], using
halftone by flipping (inverting) the current halftone pixel or
the LMS algorithm in adaptive signal processing to solve the
by swapping the current halftone pixel with one of its eight
optimization problem [22], or using an iterative optimization
neighbors. The halftone pixel bk(nl, n2) at location (nl, n2) is
approach [23]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
chosen to be the one that results in the smallest distortion
among the 10 possibilities (center pixel unchanged, center
3.3 Optimization Halftoning Techniques
pixel inverted, center pixel swapped with one of its neighbors).
Consider a distortion criterion d(f(nl, n2), b(nl, n2)) between Efficient methods for implementing the DBS algorithm have
a continuous tone image f(nx, n2) and a halftone b(nx, n2). been suggested [25].
Other excellent methods for optimization based halftoning
Given a specific f(nl, n2), we can find b(nl, n2) that minimizes
include
tree coding [24], least square solution [26], combined
the average distortion E[d(f(nl, n2), b(nl, n2))]. There are
many methods for finding a signal to minimize a certain cost halftoning-compression [27] and many others. Figure 10

8.1 Image Quantization, Half-toning, and Printing

(a)

zyxwvuts
933

(b)
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FIGURE 10 Boatsimage (a) half-tonedusing a tree coding algorithm [24] at 150 dots per inch, and (b) the halftone
power spectrum.
shows a halftone generated using the tree coding algorithm
[24] and the corresponding halftone power spectrum.

3.4 Halftoning and Compression
The interplay between halftoning and compression is an
interesting and important topic [28]. This is important for
both storage purposes (e.g., memory insider a printer) and for
communications reasons (e.g., remote printing, fax). Consider
a color page of US letter size (8.5 inches by 11 inches).
Assuming a print area of 8 by 10 inches, a printer of 600 dots
per inch resolution, and binary printing at 3 bits per pixel (i.e.,
2 levels per color plane), we need 10.8 Mbytes to store the
halftone of just one page. It is obvious why compression is an
important issue. There are two general categories of solutions
related to compression and halftoning.
The first category of techniques attempt to directly
compress the halftones. Using the remote printing example,
the continuous tone image is halftoned and then compressed
at the source. The bit stream is transmitted. At the receiver,
the bit stream is decoded and the resulting halftone is finally
printed. Examples of work toward this area include lossless
compression of halftones [29], lossy compression of halftones
[30-32], joint halftoner-compression design [27, 33], and
entropy constrained halftoning [24, 34].
Another category of solutions focuses on the optimization
of continuous tone image compression taking into account
the characteristics of halftoning. In the remote printing
example, a continuous image is compressed at the source,
and the compressed bit stream is transmitted. At the receiver,
the bit stream is decompressed. In this case, the receiver

needs to halftone the decoded image before sending it for
printing. Examples of work in this area include optimized
subband coders [35] and optimized ]PEG coder [36], both
designed with respect to the spectral characteristics of
halftoning.

4 Color Quantization
Consider the problem of displaying a color image f(nl, n2)
where each pixel is represented by K bits (e.g., K = 24), i.e.,
assuming 3 primary color planes with K/3 bits precision for
each primary color. Suppose the display is only capable of
handling L bits (L < K) or 2L different colors. This restriction
is usually due to memory size constraint in the video display
buffer. To display an image using such a device, we convert
f(nl, n2) to an image C(nl, n2) where each pixel c(nl, n2) is
described by an L-bit index. In practice, we construct a lookup-table that maps each index to an RGB color pixel value.
The problem of color quantization is to design the color
palette (hence the look-up table), and to determine how each
pixel is to be mapped to the colors in the palette.
Although this problem may appear to be similar to
halftoning, there are significant differences. First, the
number of levels used in printing is small (usually between 2
and 16), whereas in color displays, we can usually have 256
different colors or more. Second, the colors (typically CMY or
CMYK) of the inks and toners for color printing is fixed once
a printer design is completed. In display, we can choose the
optimum colors for displaying an image. This collection of
colors is called a color palette. Third, the primary colors in
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printing are image independent. On the other hand, the color
palette in color quantization is often image dependent.
A very simple color quantization method is uniform
quantization. For example, we can assign 3 bits each to the
red and green channels, and 2 bits to the blue channel. We
then use a uniform quantizer for each color channel. It is
perhaps obvious that this method will generally give poor
output results. In the rest of this section, we consider color
quantization methods that can produce far better results.

representation using a 5-bit uniform quantizer for each color
channel. Hence there are 32,768 colors after this step.
From the color histogram, one finds a rectangular box that
tightly encloses the available colors within the image. The idea
of the median cut algorithm is to partition the box recursively
until we have 256 rectangular boxes. At each step of the
algorithm, we choose the box that encloses the largest number
of pixels to be partitioned. To perform the partition of a box,
Heckbert proposed to make a cut along the coordinate that
spans the largest range. The specific cut is made at the median
point so that approximately equal number of pixels fall into
each half of the sub-divided boxes. This procedure is
recursively applied until we have 256 boxes.

zyxwvut

4.1 Color Palette Design
There are many ways to design a color palette. The problem is
similar to the optimum quantizer design problem. There are
several quantization techniques, including sequential scalar
quantization and vector quantization, that can be applied for
designing color palettes [37-39]. A very popular method for
designing image dependent palettes is the median cut
algorithm. It is a relatively simple algorithm both conceptually
and computationally. At the same time, it produces very good
results.
The median cut algorithm was originally reported in a thesis
in 1980. It was subsequently published in a paper in 1982 [40].
The philosophy behind the algorithm is that each color within
the color palette is used for representing approximately the
same number of pixels in the original image f(nl, n2).
Consider a 24-bit image f(nl, n2). We first compute the
color histogram of the image. For a 24-bit image, there can be
a maximum of 16 million different colors. A histogram with
that many entries could be difficult to handle. Hence Heckbert
proposed to "pre-quantize" the original image into a 15-bit

4.2 Error Diffusion Approach
Once a color palette is designed, the next step is to map each
color pixel to one of the colors in the color palette. Nearest
neighbor mapping is a straightforward approach, where we
map each color pixel to the nearest color in the color palette.
This is equivalent to fixed vector quantization using the color
palette as the code book. It turns out that this approach
generally produces output images where false contouring is
quite visible, particularly when the size of the color palette is
small (e.g., 256).
A better approach is to apply error diffusion for generating
the output image. Here we use a system as shown in Fig. 7,
except that we replace the one bit quantizer by a vector
quantizer with the color palette as the code book. Experimental results have shown that this approach generates output
images that are significantly better than nearest neighbor

zyxwvutsrq

(a)

(b)

FIGURE 11 Boatsimagecolor quantized to 256 colors using the median cut algorithm [40] with (a) nearest neighbor
mapping, and (b) error diffusion.
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FIGURE 12 An illustration of the idea of binary watermarking.

mapping. Figure 11(a) and (b) show color quantized images
using the median cut algorithm with nearest neighbor
mapping and error diffusion, respectively. False contouring
is quite obvious using the nearest neighbor mapping
approach.

pixel
extraction
-

5 Halftone Watermarking and Embedding
Early work on the embedding of information into binary
images can be traced to visual cryptography. Shamir [41]
suggests a method that embeds a watermark into two binary
images (the carriers). The requirement is that the resolution of
the watermark should be no more than one half the resolution
of the carriers. Each pixel of the binary secret image (the
watermark) is broken up into two collection of subpixels, and
each collection is printed as shown in the left and the center
images, respectively, in Fig. 12. When each of these prints
are viewed independently, the black and white pixels appear to
be randomly positioned. When the two prints are superimposed on each other, the human observer will see the union
of the two sets of pixels as shown in the right image of
Fig. 12, and the secret image appears.
There has been consideration of embedding one halftone
into another halftone. The embedding of lower a bit-depth
halftone into a higher bit-depth halftone of the same image,
as well as embedding a monochrome halftone into a color
halftone of the same image, have been reported [42]. More
recently, an algorithm has been proposed to embed a halftone
a(nl, n2) of a continuous tone image f(nl, n2) into a halftone
of a second continuous tone image g(nl, n2) [43], resulting in
a composite halftone b(nl, n2). The method uses a multiresolution error diffusion algorithm [22] with a suitably
generated random key to embed a(nl, n2) into b(nl, n2) while
b(nl, n2) is being generated from g(nl, n2). Figure 13 is an
example showing the composite halftone b(nl, n2) that
appears to be the halftone of only the boat image g(nl, n2).
However, when a user extracts a subset of pixels from b(nl, n2)
using an appropriate key, the halftone a(nl, n2) of the mandrill
image appears. It can be shown that the method is secure in
the sense that if user does not have the correct key, the

l

.~.

N
FIGURE 13 An example showing a halftone of mandrill embedded into a
halftone of the boat image [43].

probability of extracting a recognizable portion of the image is
on the order of 2 -117.
Information embedding and watermarking halftones is a
very interesting problem. The interested readers are refereed
to [28] for further information.

6 Conclusion
We have discussed in this chapter the basics of scalar
quantization, halftoning, color quantization, halftone watermarking and embedding. We reviewed some constraints
imposed by printers and displays, which motivate the
problems of halftoning and color quantization. The basics of
optimum scalar quantization and its application to image
quantization are presented. In halftoning we described and
compared the common approaches of halftoning. Examples
are given for several representative halftoning algorithms. We
described and showed examples of the median cut algorithm
for color quantization. We also described and showed
examples of halftone watermarking and embedding. The
readers who are interested in further probing into these areas
are referred to the bibliography as well as the references
therein.
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1 Introduction
Recent advances in digital imaging technology, computational speed, storage capacity, and networking have resulted
in the proliferation of digital images, both still and video.
As the digital images are captured, stored, transmitted, and
displayed in different devices, there is a need to maintain
image quality. In this chapter we examine objective criteria
for the evaluation of image quality that are based on models
of visual perception.
An image is a two- (or three-) dimensional reproduction of
the real world with an additional dimension for moving
images. In this chapter we are only interested in images that
are intended to be seen by humans. Such images could include
a number of different imaging modalities, e.g., infrared, x-ray
images, CAT scans, etc., as long as the ultimate destination is
the human eye. The tasks could vary from looking at a
photograph or watching a movie to reading text and trying to
detect a target or a medical condition. However, the problem
of image quality changes fundamentally when the ultimate
user or interpreter of an image is not the human eye. For
example, a typical quality metric for a range I image is a
1The values of a range image represent the distances from a point or planar
surface to each point on the surface of an object or collection of objects.
Copyright © 2005 by ElsevierAcademicPress.
All rights of reproduction in any form reserved.
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maximum (percent) deviation from the true value. On the
other hand, the human eye's sensitivity to luminance
variations depends on a number of factors, including light
level, spatial frequency, and signal content.
Even though we use the term image quality, we are
primarily interested in image fidelity, i.e., how close an image
is to a given original or reference image. The development
of objective metrics for evaluating image quality without
a reference image is quite different and has been the topic
of recent research that is covered in Chapter 8.3. Also, we are
not considering image enhancement (see Chapters 3.1-3.4)
which can improve the quality of an image by modifying
it, e.g., by increasing the contrast or changing the colors.
In the following sections, we will examine objective criteria
for image quality that are based on models of the human
visual system (HVS). Mean squared error based metrics (such
as peak signal to noise ratio) are still widely used
for performance evaluation, and despite their well-known
limitations, they can be quite helpful if used carefully.
However, they fail when one compares different kinds of
artifacts [1] (e.g., artifacts of block-based vs. subband or
wavelet coders).
The perceptual metrics we will discuss were developed for
different applications. Even though each metric was influenced
by the particular application it was developed for, some of the
metrics have general applicability. Such metrics are more
elaborate and computationally intensive. We will take a closer
939
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FIGURE 1 Perceptual metric. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

look at the metrics developed by Daly [2], Lubin [3], and
Teo and Heeger [4]. We also examine metrics that were
designed for specific applications, e.g., compression, halftoning, printing, and displays. These metrics are simpler and
computationally efficient. Our main focus in this second
category will be on metrics for image compression,
Even though storage capacity and transmission bandwidth
have been increasing, so have the demand for and the
resolution of digital images. Thus, there is an ever increasing
need for image compression. In order to achieve high
compression ratios, image compression techniques make use
of the properties of the human visual system. The amount
of compression that can be attained with lossless compression techniques is limited, typically to a factor of two (see
Chapters 5.1 and 5.6). Most of the traditional lossy
compression techniques make implicit use of the HVS
characteristics to achieve much higher compression ratios
(by a factor of 8 and higher) without significantly sacrificing
image quality. (Chapters 5.2-5.5, 5.7, and 6.1-6.6 discuss lossy
compression techniques for still image and video compression.) Recently, however, a number of algorithms have
appeared that make use of explicit perceptual models
[5-13]. The idea is to make the distortions introduced by
the compression scheme invisible to the eye, i.e., perceptually
lossless. Typically, the signal is analyzed into components
(e.g., spatial and/or temporal subbands), and the role of the
perceptual model is to provide the maximum amount
of distortion that can be introduced to each component
without resulting in any perceived distortion. This is usually
referred to as the just noticeable distortion or ]ND level,
We will look closely at the metrics developed by Safranek

front
end

and Johnston for subband coders [5], by Watson for
DCT coders [6], and by Watson et al. for wavelet-based
coders [14].
Most of the existing models for image quality and
compression deal with the threshold of perception. In an
increasing number of applications, however, there is a need
to achieve very high compression ratios, and in such cases,
a certain amount of perceived distortion is unavoidable.
In suprathreshold image compression, i.e., when the coding
distortions exceed the threshold of visibility, there is a need to
derive quantitative objective measures of perceived distortion.
In general, it is easier to obtain models for the perceptually
transparent case; it is much more difficult to quantify
perceived distortion, especially across different types of
artifacts.
The perceptual models we examine are based on properties
of the visual system and measurements of the eye characteristics, e.g., the contrast sensitivity function (CSF), light
adaptation, masking, etc. However, some models, especially
those that are designed for specific applications, can be
obtained empirically (experimentally). The disadvantage of
such models is that it is very difficult to adapt them to
different conditions.
All of the metrics we examine share a similar basic structure,
which includes a calibration stage, linear filters tuned
to different spatial frequencies and orientations, contrast
sensitivity adjustments, and nonlinear mechanisms that
account for masking. A final stage involves error pooling to
obtain, either a single number that describes image quality, or
a map of distortions or detection probabilities. Simpler
(linear) models like the SQRI (square root integral) model
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contrast
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FIGURE 2 Perceptualcoder.
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Light level adaptation is caused primarily by the retina
[15] have been quite successful but are limited to specific
applications. Similarly, simple linear models of the HVS and is referred to as the amplitude nonlinearity of the visual
system. Imperfect optics coupled with neural interactions
have been very successful in image halftoning [16-20, 74].
The advantage of objective quality metrics is that they produce a non-uniform frequency response that is called the
are relatively easy to use. However, they are no substitute contrast sensitivity function. Sensitivity variation due to signal
for subjective evaluations which are accepted to be the content is due to post-receptor neural circuitry and gives
most effective and reliable, albeit quite cumbersome and rise to masking (also referred to as texture masking).
expensive, way to assess image quality. A significant effort has Adaptation of neural state to an input signal gives rise to
been dedicated for the development of subjective tests for temporal masking. The next several sections will provide an
image quality. A considerable part of this effort has come from introduction to each of these phenomena.
IPO, the Center for Research on User-System Interaction,
in the Netherlands. Some recent contributions can be found in
2.1.1 Amplitude Nonlinearity
[21, 22]. There has also been standards activity on subjective
It
is well known that the perception of lightness is a nonlinear
evaluation of image quality [23]. The study of the topic
function
of luminance. Consider the following experiment:
of subjective evaluation of image quality is beyond the scope
create a series of images consisting of a background of
of this chapter.
In the following sections, we review the fundamentals uniform intensity, I, each with a square of a different intensity,
of human perception and image quality, and consider I + 31 inserted into its center. Show these to an observer in
different metrics for image quality based on models of order of increasing 31. Ask the observer to determine the
point at which they can first detect the square. Then, repeat
human perception. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
this experiment for a large number of different values of
background intensity. For a wide range of background
intensities, the ratio of the threshold value 81 divided by I is
2 Fundamentals of Human Perception
a constant. This equation

and Image Quality

In this section we will introduce some of the concepts
from the psychophysics of human perception that apply to
image and video quality metrics. A more in-depth coverage of
this topic can be found in [25] and Chapter 4.1.

2.1 Psychophysics of Vision
The psychophysics of vision is a vast topic full of interesting experiments and illusions. The HVS models that are used
for quality measurement are based on the lower order
processing of the visual system, i.e., the modeling of the
function of the optics, retina, lateral geniculate nucleus, and
striate cortex. Higher level processing, such as attentive
vision, Gestalt, and figure/ground effects are, either too local
in their effect, or not understood well enough to be effectively
utilized.
The approach taken by most visual quality models is to
determine how the lower level physiology of the visual
system limits visual sensitivity. In general these models
incorporate four types of processes that introduce sensitivity
variations: light level, spatial frequency, signal content, and in
the case of video, temporal variation. These limits are then
converted to masking thresholds which determine the level of
distortion to which an image can be exposed to before
the alteration is apparent to a human observer. If the
magnitude of the distortion is less than the masking threshold
(also called the just noticeable distortion or ]ND level),
the original and distorted image will be indistinguishable.

M
--=k
I

(1)

is called Weber's Law. The value for k is roughly 0.33.
Most implementations of this aspect of visual sensitivity
treat it as a point process using the value of a single pixel
for the central square and the average of the surrounding
pixels for the background. Various instantiations of the
amplitude nonlinearity include [3, 25-28].

2.1.2 Contrast Sensitivity Function
The human visual system's contrast sensitivity function
(also called the modulation transfer function) provides a
characterization of its frequency response. The contrast
sensitivity function can be thought of as a bandpass filter.
There have been several different classes of experiments used
to determine its characteristics which are described in detail in
[24, Chapter 12] and Chapter 4.1.
One of these methods involves the measurement of visibility thresholds of sine-wave gratings in a manner analogous
to the experiment described in the previous section. For a
fixed frequency, a set of stimuli consisting of sine waves of
varying amplitudes are constructed. These stimuli are
presented to an observer and the detection threshold for
that frequency is determined. This procedure is repeated for a
large number of grating frequencies. The resulting curve
is called the contrast sensitivity function and is illustrated in
Fig. 3.
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image of a sand beach. Take a random noise process whose
variance just exceeds the amplitude and contrast sensitivity
o ~..~
thresholds for the flat field image. Add this noise field to both
".= 100
images. By definition, the noise will be detectable in the flat
=
©
field image. However, it will not be detectable in the beach
image. The presence of the multitude of frequency components in the beach image hides or masks the presence of the
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noise field.
Contrast masking refers to the reduction in visibility of one
I
I I I, i l l l l
I
I 1 llllll
I.. l 1 I
image component caused by the presence of another image
0.1
1
10
component with similar spatial location and frequency
Spatial frequency (Cycles/degree)
content. As will be discussed further in a later section,
the
HVS can be thought of as a spatial frequency filter-bank
FIGURE 3 Spatialcontrast sensitivityfunction (reprinted with permission
from reference [63], p. 269).
with octave spacing of subbands in radial frequency, and
angular bands of roughly 30 degree spacing. The presence of
a signal component in one of these subbands will raise
the detection threshold for other signal components in the
Note that these experiments used sine-wave gratings at a same subband [29-31] and Chapter 4.1.
single orientation. To fully characterize the contrast sensitivity
The base masking threshold for each spatial frequency
function, the experiments would need to be repeated with band is determined by a combination of the amplitude
gratings at various orientations. This has been accomplished nonlinearity and the contrast sensitivity function. For the
and the results show that the HVS is not perfectly isotropic. DC band (which corresponds to flat field images), this is the
However, for the purposes of general quality measurement, it entire masking threshold. For the other bands, the amount by
is close enough to isotropic that that assumption is normally which the masking threshold is elevated is a nonlinear
used.
function of the energy in that band. Up to a point the
It should also be noted that the spatial frequencies are masking threshold remains constant. Once that threshold is
in units of cycles per degree of visual angle. This implies exceeded, the masking threshold rises with signal energy as
that the visibility of details at a particular frequency is a shown in Fig. 4.
function of viewing distance. As an observer moves away from
an image, a fixed-size feature in the image takes up fewer
degrees of visual angle. This action moves it to the right on the 2.1.4 Temporal Masking
contrast sensitivity curve, possibly requiring it to have greater Temporal masking of time varying stimuli is extremely
contrast to remain visible.
important in determining the quality of a video signal.
On the other hand, moving closer to an image can This effect is complicated by the fact that the perception of a
allow previously imperceivable details to rise above the moving object depends heavily on whether or not the object is
visibility threshold. Given these observations, it is clear that being tracked by the eye. Since the purpose of the metrics
the minimum viewing distance is where distortion is we will be discussing is to provide a quality measure for the
maximally detectable. Therefore, quality metrics need to entire image sequence, we will assume the worst case, i.e., all
specify a minimum viewing distance and evaluate its objects in a scene that can be tracked will be. There are two
distortion metric at that point. Several "standard" minimum major forms of temporal masking that have been utilized in
viewing distances have been established for subjective the literature; scene change and the temporal contrast
quality measurement and have generally been used with sensitivity function.
objective models as well. These are six times image height
In video, a scene change occurs when there is an abrupt
for standard definition television and three times image height change in the content of the entire image. This large change
for high definition television.
in the overall visual field induces a dramatic increase in the
masking levels for period of up to 100 ms after the scene
change [32-35].
2.1.3 Contrast Masking
The temporal contrast sensitivity function can be thought
In the previous two sections we have dealt with stimuli that of as an extension to the spatial contrast sensitivity function.
are either constant or contain a single frequency. In general, Experiments similar to those used to measure the spatial
this is not characteristic of natural scenes. They have a wide sensitivity function have been performed by Kelly [36-38]. In
range of frequency content over many different scales. this case the stimulus was a uniform disk whose intensity was
Consider for a moment the following thought experiment: varied sinusoidally in time. For a given temporal frequency,
Consider two images, a constant intensity field and an subjects were asked to adjust the amplitude of the sine
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wave so that it was just at the the threshold of visibility.
The results of these experiments are shown in Fig. 5. They
show that distortion with a period of 4 to 8 Hz is most visible.
Combining these results with those from the spatial contrast
sensitivity function provides a means of visualizing the
HVS spatio-temporal transfer function. This surface is
illustrated in Fig. 6.

to the human visual system. Usually one of the images is
the reference which is considered to be "original, .... perfect,"
or "uncorrupted." The second image has been modified or
distorted in some sense. It is very difficult to evaluate
the quality of an image without a reference. Thus, a more
appropriate term would be image "fidelity" or "integrity," or
alternatively, image "distortion" [39]. However, for historic
reasons we adopt the term image quality.

3 Visual Models for Image Quality
and Compression
In this section, we consider various metrics for image quality
based on models of the human visual system. First, we will
consider perceptual metrics that are intended for general
applicability. Such metrics are quite elaborate, computationally intensive, and require careful calibration and parameter
selection. Then, we will consider metrics that are designed
specifically for image compression. Such metrics are simpler,
more efficient computationally, and sometimes are designed
with specific compression algorithms in mind. For example,
they could apply to specific viewing conditions and display
devices, and may be intended for specific classes of coders
(e.g., block-based or wavelet coders). Finally, we briefly
consider perceptual metrics for other applications, e.g.,
halftoning, displays, and printing.

3.1 Basics of Perceptual Image
Quality Metrics
The goal of a perceptual metric for image quality is to
determine the differences between two images that are visible
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An accurate model of the display device is an essential part
of any image quality metric (e.g., [20]), as the human visual
system can only see what the display can reproduce. In some
cases, when the perceptual model is obtained empirically
(e.g., [5]), the effects of the display are incorporated in the
model. The obvious disadvantage of this approach is that
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when the display changes, a new set of the model parameters
must be obtained (e.g., [8]). The study of display models
is beyond the scope of this chapter.
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In addition to the two digital images, an image quality
metric requires a few other parameters, e.g., viewing distance,
image size, display parameters, etc. The output is a number
that represents the probability that a human eye can detect
a difference in the two images or a number that quantifies
the perceptual dissimilarity between the two images. Alternatively, the output of an image quality metric could be a map
of detection probabilities or perceptual dissimilarity values.
The very first stage of an image quality metric is calibration.

Calibration
The array of numbers that represents an image may have come
from a number of different devices and could have gone
through different transformations (conversion to densities,
gamma correction, etc.) before it is displayed for observation
by a human eye. Many quality metrics require that the input
image values be converted to physical luminances 2 before
they enter the HVS model. Alternatively, the quality metric
could be designed for a specific set of conditions, and thus,
all of the calibration could be incorporated in the model,
but then, the model would have to be rederived for each
new set of conditions.

Registration
Registration, i.e., the point-by-point correspondence between
two images, is necessary for any quality metric to make any
sense. Otherwise, we could arbitrarily modify the value of a
metric by arbitrarily shifting one of the images. The shift does
not change the images but changes the value of the metric.
2In video practice, the term luminance is sometimes, incorrectly, used to
denote a nonlinear transformation of luminance [40, p. 24]

A number of different quality metrics have been proposed
that are based on models of the low-level processing of
the HVS, such as the optics, the retina, the lateral geniculate
nucleus, and the striate cortex [2]. Such metrics are quite
general and are intended for a variety of image processing
applications such as compression, halftoning, display evaluation, etc.
We discuss the following models in detail: the "Visible
Differences Predictor" by Daly [2], the model proposed by
Lubin [3], and the "Perceptual Image Distortion" metric
by Teo and Heeger [4]. All such models have a similar basic
structure, shown in Fig. 1. The front end includes the
calibration, display model, and registration.
3.2.1 F r e q u e n c y A n a l y s i s
The frequency analysis comprises a hierarchy of filters that
decompose the image into several components or channels
(usually called subbands) with different spatial frequencies
and orientations. Some examples of such decompositions are
shown in Fig. 16. The range of each axis is from -us/2
to us/2 cycles per degree, where us is the sampling frequency.
Figure 16(a) shows the cortex transform that was proposed by
Watson [41]. The cortex transform consists of two classes
of filters applied sequentially which decompose the image, first
into different radial frequency bands, and then into different
orientation bands. A variation of the cortex transform
was used by Daly [2] and is shown in Fig. 16(b). One of the
differences is that Daly used six orientation bands to
better approximate the orientation selectivity of the human
visual system. The radial filters of both decompositions have
octave bandwidths.
A similar decomposition was used by Lubin [3]. He used
the Laplacian pyramid of Burt and Adelson [42] to decompose
the image into seven radial frequency bands, and the steerable
filters of Freeman and Adelson [43] to decompose each
pyramid level into four different orientations. Finally, Teo and
Heeger [4] adopted the steerable pyramid transform by
Simoncelli et al. [44] which also has octave radial bandwidths
and six orientation bands. In an earlier paper [45] they
considered a hexagonally sampled quadrature mirror filter
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transform, and concluded that its orientation selectivity display device (in pixels per inch). Mternatively, one can
specify the viewing distance in image heights and the image
was not adequate for matching the HVS data.
Both Daly and Lubin convert the filtered images to units height in pixels (assuming the same horizontal and vertical
of contrast. Daly [2] proposes two alternatives: local contrast, display resolution). In either case, one must derive the
which uses the value of the baseband at any given location to "display visual resolution" in pixels per degree [14].
divide the values of all the other bands, and global contrast,
Since the contrast sensitivity function has a band-pass
which divides all subbands by the average value of the input characteristic (e.g., see [2]), if we assume a single fixed viewing
image. Lubin [3] converts to local contrast by dividing distance, the metric may show a degradation in image quality
each point in each level of the Laplacian pyramid by the as we move away from the image. To avoid this, one can
corresponding point obtained from the Gaussian pyramid two assume a range of viewing distances [2], or a minimum
levels down in resolution. The conversion to contrast is viewing distance. This will result in a flattening of the CSF.
necessary for general models to account for contrast variations This flattening is commonly assumed in image halftoning
that are not visible. As we will see below, this is not necessary applications [16, 20] because it is the low-pass characteristic of
for specific applications such as image compression, where the eye that is critical for halftoning.
the contrast of the original and coded image remains basically
unchanged.
In the remainder of this paper, we will use f ( n ) to denote 3.2.3 Luminance Masking
the value (intensity, grayscale, etc.) of an image pixel Most of the perceptual models assume that the input
at location n. Usually the image pixels are arranged in a image values have been converted to physical luminances.
Cartesian grid and n = (na, nz). The value of the k-th image The human visual system's sensitivity to variations in
subband at location n will be denoted by b(k, n). The subband luminance depends on (is a nonlinear function of) the local
indexing k = (kl, k2) could be in Cartesian or polar or even mean luminance. Some authors call this "light adaptation."
scalar coordinates. The same notation will be used to denote Others prefer the term "luminance masking" (e.g., [6]),
the k-th coefficient of the n-th DCT block (both Cartesian which groups it together with the other types of masking we
coordinate systems). This notation underscores the similarity will see below. It is called masking because the luminance of
between the two transformations, even though we tradition- the original image signal masks the variations in the distortion
ally display the subband decomposition as a collection of signal. Thus, one approach to account for light adaptation
subbands and the DCT as a collection of block transforms: or luminance masking is by including a modification of the
A regrouping of coefficients in the blocks of the DCT results in base sensitivities. The luminance masking adjustment is a
a representation very similar to a subband decomposition. function of the local luminance (or gray level). A common
A more careful discussion of the relationship between the simplification is to assume that it is independent of the
DCT, subband, and wavelet decompositions can be found in subband index k.
Chapter 5.4. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An alternative way to account for light adaptation is by
including a nonlinear transformation before the frequency
analysis. Commonly used transformations include conversion
3.2.2 Baseline Contrast Sensitivity
to density (log) and various power laws (e.g., cube root).
(Base Sensitivity)
Daly [2] includes a simple point-by-point amplitude nonliThe baseline contrast sensitivity determines the amount of nearity that lies between these two. Daly even allows for an
energy in each subband that is required in order to detect adaptation to absolute luminance levels. However, this is a
the target in an (arbitrary or) flat mid-gray image. As we second order effect.
discussed earlier, this is sometimes referred to as the just
For simplicity, and since most image compression algonoticeable difference or JND. We will use tb(k) to denote the rithms work on gray levels that are gamma-corrected 3
baseline sensitivity of the k-th band or DCT coefficient. Note luminances (or sometimes image densities), many applied
that the base sensitivity is independent of the location n.
models are calibrated for gamma-corrected input images
The base sensitivities can be obtained from the contrast [14]. In a well-calibrated display system, the gray levels
sensitivity function (CSF), as in [3], or can be derived empiri- represent relatively uniform steps in perceived lightness
cally and listed in a table, as in [5]. The base sensitivities are and the luminance masking component of the perceptual
then adjusted to account for variations in luminance and model does not have a significant effect (i.e., it is relatively flat
texture masking to obtain the overall sensitivity t(k, n). An as in [8]). The disadvantage of this approach is that it is
alternative approach, implemented in Daly's model [2], is difficult to account for variations in gamma correction.
to filter the image by the contrast sensitivity function before
the frequency decomposition.
3Gamma correction is a nonlinear transformation (power law) of image
The key parameters for the contrast sensitivity are the luminance to compensate for the displaycharacteristics, and at the same time,
viewing distance (in inches) and the resolution of the to obtain an efficient image representation [40, Chapter 6].

946 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.2.4 Contrast/Texture Masking
Masking is the reduction in the visibility of one image
component (the target) due to the presence of another
(the masker). It is strongest when both components have the
same or similar frequency, orientation, and location. Sometimes the term contrast masking is used to denote the case
where both the target and the masker have the same frequency
and orientation [45], and the term texture masking is used
to refer to the more general case.
As we saw in Section 2, several experiments can be
conducted to determine masking. For example, in the simplest
case, both the signal and the mask may consist of single,
possible different, frequencies. Alternatively, the two signals
could be noise fields with different bandwidths, and in
particular bandwidths that correspond to the components of
the frequency decomposition of the visual model at hand.
Most of the metrics model contrast masking only. Watson
[6] uses the following model for the contrast masking
adjustment:
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where N(n) is the neighborhood of the point n over
which the variance is calculated. In the Safranek-Johnston
model, the overall sensitivity threshold is the product of
three terms,

(5)

t(k, n) : vt(k, n) zl(k, n) tb(k),

where rt(k, n) is the texture masking adjustment, r/(k, n)
is the luminance masking adjustment, and tb(k) is the baseline
sensitivity threshold. The Safranek-Johnston texture adjustment does not differentiate between random and structured
texture. The contrast masking models used by Watson,
Daly, and Lubin are more effective [46]. As we will see
below, Teo and Heeger propose a more elaborate texture
model that accounts for contrast masking as well as masking that occurs when the orientations of the target and the
masker are different.

3.2.5 E r r o r P o o l i n g
r~(k, n) = max{ 1, [b(k, n)l~(k)t/(k, n) -w~(k)},

(2)

where tl(k,n) is the base sensitivity threshold adjusted
for luminance masking and we(k) is a number between 0
and 1. The overall sensitivity threshold t(k, n) is then equal
to re(k, n)tl(k, n). A typical empirical value is we(k)= 0.7
for k # 0 and w¢(O)--O. Note that in the case of the
DC coefficient, the contrast masking adjustment coincides
with the luminance masking adjustment, which is applied
separately. Lubin [3] uses a sigmoid 4 nonlinearity to account
for contrast masking. Daly uses a similar nonlinearity for
contrast masking [2]. He also allows for mutual masking
which uses both the original and the distorted image to
determine the degree of masking.
Safranek and Johnston [5] define as texture any deviation from a flat field within a subband and use the following
texture masking adjustment:

vt(k, n) =

max,

1,

WMTF(k)et(k,n)

]wt}
,

(3)

k

where et(k, n) is the "texture energy" of subband k at location n, WMTF(k) is a weighting factor for subband k determined empirically from the MTF of the HVS, and wt is a
constant equal to 0.15. The subband texture energy is given by

et(k, n) --

local variancemeN(n)(b(O, m)),
b(k, n) 2,

if k = 0
otherwise

(4)

4A sigmoid function starts out flat, its slope increases to a maximum, and
then decreases back to zero, i.e., it changes curvature like the letter S.

The final step of an image quality metric is to combine the
errors (normalized by the sensitivity thresholds, and therefore
expressed in JNDs), that have been computed for each spatial
frequency and orientation band and each spatial location,
into a single number for each pixel of the image, or a single
number for the whole image. Some metrics convert the JNDs
to detection probabilities. Daly [2] converts to probabilities
before error pooling, and then uses probability summation to
obtain a spatial map of detection probabilities for each point
of the image. Lubin [3] converts to probabilities after error
pooling. Watson [6] simply expresses the metric in JNDs.
An example of error pooling is the following Minkowski
metric,
b(k, n) -/~(k, n)
t(k, n)

Q

1/Q

J

(6)

where bk(n) and /~k(n) are the n-th element of the k-th
subband of the original and coded image, respectively, t(k, n)
is the corresponding sensitivity threshold, and M is the total
number of subbands. In this case, the errors are pooled
across frequency to obtain a distortion measure (expressed in
]NDs) for each spatial location. The value of Q varies from
2 (energy summation) to infinity (maximum error). Lubin [3]
uses Q -- 2.4. Teo and Heeger [4] use Q = 2. Watson [6] pools
over DCT blocks first to obtain a "perceptual error matrix,"
then pools across frequency to obtain a single valued
perceptual error metric. He considers different values of Q,
possibly different for each stage.
In order to be consistent with traditional error metrics,
van den Branden Lambrecht and Verscheure [47] suggest
expressing the perceptual metric in terms of "visual decibels."
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Thus, this model is tailored to a specific set of conditions,
and would require a lot more work to be adapted to a new
set of conditions.

(7)

3.3 Coder-Specific Models
where E is the value of the metric. In fact, Safranek
and Johnston [5], even though they did not define a We now look at models that have been developed specifiperceptual metric explicitly, also expressed the perceptual cally for image compression applications. While still based
on the properties of the HVS, these models adopt the
threshold of their coder as a PSNR in decibels. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
frequency decomposition of a given coder, which is chosen
to provide high compression efficiency as well as computa3.2.6 The Daly and Lubin Models
tional efficiency. They are considerably simpler than
Daly's model [2] was developed for the evaluation of the general models we saw above, as they only have to
high quality imaging systems. It is the most general and consider the properties of the HVS that are relevant for this
elaborate image quality metric. As we saw above, it accounts application. For example, as we saw above, since the contrast
for variations in sensitivity due to light level, spatial frequency of the original and coded image is basically the same, there
(CSF), and signal content (contrast masking).
is no need to account for local contrast variations.
Lubin's model [3] was developed for display evaluation. Another difference is that frequency decompositions used
It is also quite general and elaborate and accounts for for compression are usually critically sampled, which means
sensitivity variations due to spatial frequency and masking. that the number of samples of the original image and
In addition, it accounts for fixation depth and eccentricity of the frequency decomposition is the same. Critical sampling
the images in the visual field.
is advantageous for compression, but it is not necessary
We discussed most of the components of these models in the for image quality metrics with general applicability.
sections above. The main drawback of the metrics based on
The block diagram of a generic perceptually based coder
these models is that they are computationally intensive. is shown in Fig. 2. The frequency analysis decomposes the
Also, they are so elaborate and general that they are difficult image into several components (subbands, wavelets, etc.) which
to implement and to match to a given set of conditions.
are then quantized and entropy coded. The frequency analysis
and entropy coding are virtually lossless; the only losses occur at
the
quantization step. The perceptual masking model is based
3.2.7 The Teo and Heeger Model
on
the frequency analysis and regulates the quantization
As we saw above, the Teo and Heeger metric [4] uses the
parameters
to minimize the visibility of the errors.
steerable pyramid transform [44] which decomposes the
The visual models can be incorporated in a compressimage into several spatial frequency and orientation bands. 5
ion
scheme to minimize the visibility of the quantization
However, unlike the other two models we saw above, it
errors,
or they can be used independently to evaluate its
does not attempt to separate the base sensitivity and the other
performance.
While the coder-specific image quality
masking effects. Instead, Teo and Heeger propose a normalmetrics
are
quite
effective in predicting the performance of
ization model that explains baseline contrast sensitivity,
the
given
coder,
they
may not be as effective in predicting
contrast masking, as well as masking that occurs when
performance
across
different
coders [1, 48].
the orientations of the target and the masker are different.
The normalization model has the following form: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

R(k, n, i) - R(p, O, n, i) -- Ki

[b(p, O, n)]2
~b[b(/o ' ~, n)]2 -+- 0./2,

3.3.1 The Safranek-Johnston Perceptual Image
(8) Coder (PIC) and Metric

where R(k,n, i) is the normalized response of a sensor
corresponding to the transform coefficient b(p, O, n),
k = (p, 0) specifies the spatial frequency and orientation
of the band, n specifies the location, and i specifies one of
four different contrast discrimination bands characterized
by different scaling and saturation constants, Ki and ai 2,
respectively. The scaling and saturation constants Ki and ai 2
are chosen to fit the experimental data of Foley and Boynton.
5Amore detailed discussionof this model,with a differenttransform, can be
found in [45].

One of the first image coders to incorporate an elaborate
perceptual model was the Safranek-Johnston perceptual
subband image coder (PIC) [5]. It uses an empirically derived
perceptual masking model that was obtained for a given
CRT display and viewing conditions (six times image
height). The PIC coder has the basic structure shown in
Fig. 2. It uses a separable generalized quadrature mirror filter
(GQMF) bank for subband analysis/synthesis. The base band
is coded with DPCM while all other subbands are coded
with PCM. All subbands use uniform quantizers with
sophisticated entropy coding. The perceptual model specifies
the amount of noise that can be added to each subband of
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a given image so that the difference between the output image
and the original is just noticeable. The model contains
the following components: The base sensitivity determines
the noise sensitivity in each subband given a flat mid-gray
image and was obtained using subjective experiments.
The results are listed in a table. The second component is
a brightness adjustment. In general this would be a twodimensional lookup table (for each subband and gray value).
Safranek and Johnston made the reasonable simplification
that the brightness adjustment is the same for all subbands.
The final component is the texture masking adjustment
described in the previous subsection.
In contrast to the general models we saw above, the PIC
coder uses a decomposition into subbands of equal spacing
and bandwidth as shown in Fig. 16(d). This decomposition
is very efficient for compressing high quality images with a
lot of high-frequency content. It is also separable in Cartesian
coordinates, which makes it a lot more efficient computationally than the decompositions used in the general
models, which are separable in polar coordinates.
A simple metric based on the PIC coder can be defined as
follows:

(9)

where bk(n) and /~k(n) are the n-th element of the k-th
subband of the original and coded image, respectively,
t(k, n) is the corresponding perceptual threshold, and N
is the number of pixels in the image. A typical value for Q
is 2. If the error pooling is done over the subband index
k only, as in (6), we obtain a spatial map of perceptually
weighted errors. This map is downsampled by the number of
subbands in each dimension. A full resolution map can also
be obtained by doing the error pooling on the upsampled and
filtered subbands.
Figures 7-13 demonstrate the performance of the PIC
metric. Figure 7 shows an original 512 x 512 image. The grayscale resolution is 8 bits/pixel. Figure 8 shows the image coded
with the SPIHT coder [49] at 0.52 bits/pixel; the PSNR is
33.3 DB. Figure 8 shows the same image coded with the PIC
coder [5] at the same rate. The PSNR is considerably lower
at 29.4 DB. This is not surprising, as the SPIHT algorithm
is designed to minimize the mean-squared error (MSE)
and has no perceptual weighting. The PIC coder assumes a
viewing distance of six image heights or 17.6 inches.
Depending on the quality of reproduction (which is not
known at the time this chapter is written), at a close viewing
distance, the reader may see ringing near the edges of the PIC
image. On the other hand, the SPIHT image has considerable
blurring, especially on the wall near the left edge of the image.
However, if the reader holds the image at the intended

FIGURE 7 Original512 x 512 image.

viewing distance (approximately at arm's length), the ringing
disappears, and all that remains visible is the blurring of the
SPIHT image. Figures 10 and 11 show the corresponding
perceptual distortion maps provided by the PIC metric. The
resolution is 128 x 128 and the distortion increases with pixel
brightness. Observe that the distortion is considerably higher
for the SPIHT image. In particular, the metric picks up the

FIGURE 8 SPIHTcoder at 0.52 bits/pixel, PSNR = 33.3 DB.
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FIGURE 9

zyxwvuts

PIC coder at 0.52 bits/pixel, P S N R = 29.4 DB.

blurring on the wall on the left. The perceptual PSNR (pooled
over the whole image) is 46.8 DB for the SPIHT image and
49.5 DB for the PIC image, in contrast to the PSNR values.
Figure 12 shows the image coded with the standard JPEG
algorithm at 0.52 bits/pixel and Fig. 13 shows the PIC metric.
The PSNR is 30.5 DB and the perceptual PSNR is 47.9 DB. At
the intended viewing distance, the quality of the JPEG image is
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F I G U R E 11

PIC m e t r i c for PIC coder, p e r c e p t u a l PSNR = 49.5 DB.

higher than the SPIHT image and worse than the PIC image
as the metric indicates. Note that the quantization matrix
provides some perceptual weighting, which explains why
the SPIHT image is superior according to PSNR and
inferior according to perceptual PSNR.
For the PIC coder and metric we used a 4 x 4 subband
decomposition. We used the base sensitivity thresholds and
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FIGURE 13 PIC metric for JPEG coder, perceptual PSNR = 47.9 DB.

texture masking adjustment but no brightness adjustment,
i.e., we assumed that the gray levels represent relatively
uniform steps in perceived lightness. We are hoping this
turns out to be the case when the book is printed. Even
though the metric is matched to the PIC coder, we believe
that the above examples illustrate the power of image quality
metrics.
In [1, 48], various metrics were tested on different coders
over many coding rates and several images. It was found
that the PIC metric provides better correlation with subjective
evaluations than the MSE metric, the MTF weighted MSE,
and Watson's DCT-based and wavelet-based metrics that
we discuss below. However, as one may expect, each metric is
inherently biased towards the coder that is based on that
same metric. An example of this bias is demonstrated in
Figs. 14 and 15. Figure 14 shows an 8 bit/pixel 512 × 512
image coded with a perceptually weighted SPIHT coder [48],
and Fig. 15 shows the same image coded with the PIC coder,
both at 0.54 bits/pixel. The perceptual PSNR (pooled over
the whole image) is 51.6 DB for the perceptually-weighted
SPIHT image and 53.9 DB for the PIC image. Here, the
PIC metric fails to predict subjective quality, as human
observers always prefer the smoother SPIHT-coded image,
even though, upon closer look, one may argue that the PIC
coded image is closer to the original, which contains some
noise on the surface of the peppers. In this case, observers
prefer the smoother image, irrespective of what the original
may be. A similar observation can be made for images of faces,
where the elimination of wrinkles and other details may result
in preferable images.

FIGURE 14 Perceptuallyweighted SPIHT coder at 0.54 bits/pixel, perceptual
PSNR-- 51.6DB.

3.3.2 Watson's DCT-based Metric
Many current compression standards are based on a discrete
cosine transform (DCT) decomposition. Watson [6]
presented a model that computes the visibility thresholds
for the DCT coefficients, and thus provides a metric for
image quality. Watson's model was developed as a means to

zyxwvutsrqp
FIGURE 15 PIC coder at 0.54 bits/pixel, perceptual PSNR = 53.9 DB.
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A

(a) Cortex transform (Watson)

(d) Subband transform

(b) Cortex transform (Daly)

(e) Wavelet transform

A

A

.........................

(c) Lubin's transform

!..........

(f) DCT transform

FIGURE 16 The decompositionof the frequencyplane correspondingto various transforms. The range of each axis
is from -u,/2 to u,/2 cyclesper degree, where u, is the sampling frequency.

compute the perceptually optimal image dependent quantization matrix for DCT-based image coders like JPEG. It has
also been used to further optimize JPEG-compatible coders
[7, 9, 46]. The JPEG compression standard is discussed in
Chapter 5.5.
The DCT decomposition is similar to the subband
decomposition and is shown in Fig. 16(0. However,
the filters are quite different and the coding artifacts that
DCT-based coders produce are very different from those of

subband coders. The DCT decomposition is separable and
computationally efficient. Because of the popularity of DCTbased coders and computational efficiency of the DCT, we
will give a more detailed overview of Watson's DCT-based
perceptual model and its implementation, and how it can
be used to obtain a metric of image quality.
The first step in the implementation is to convert the original
reference and degraded images into a luminance/chrominance
color space. Here, we select the gamma-correlated YCrCb
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color space. The Y components are then partitioned into 8 x 8
pixel blocks and transformed to the frequency domain using
the forward DCT. Next, the perceptual thresholds are
computed from the DCT coefficients of the original image.
These thresholds are computed for each block of data from
the image. For each coefficient b(k, n), where k identifies the
DCT coefficient and n denotes the block within the reference
image, we will compute a threshold t(k, n) which accounts
for the contrast sensitivity, luminance masking, and contrast
masking.
The baseline contrast sensitivity thresholds tb(k) are
determined by the Peterson, Ahumada, Watson method
[50]. The threshold matrices for images with height 512
pixels and viewing distance equal to six image heights are
provided in Table 1. The key parameter here is the display
visual resolution (DVR) [14], which in this case is equal to 53.6
pixels/degree of visual angle. Thus, the same matrices could
be used for images with height 1024 pixels and viewing
distance equal to three images heights. These two cases
roughly correspond to the standard and high definition TV,
both of which have about the same display visual resolution.

TABLE 1 Perceptual threshold matrices for DCT-based coders (for
image height 512 pixels and viewing distance equal to six image
heights)
5
3
4
7
11
16
24
34

3
4
4
6
8
12
18
25

4
4
8
9
11
15
20
28

7
9
18
28
43
63
91
128

9
8
17
23
33
48
68
94

18
17
31
34
43
58
78
105

14
18
46
71
109
161
232
255

18
17
43
59
85
122
173
240

46
43
80
87
111
148
200
255

Y Channel Thresholds
7
11
6
8
9
11
14
16
16
26
20
28
26
34
33
42

16
12
15
20
28
41
46
54

24
18
20
26
34
46
63
71

34
25
28
33
42
54
71
95

Cr Channel Thresholds
28
43
63
23
33
48
34
43
58
55
63
77
63
98
108
77
108
154
98
128
174
126
157
204

91
68
78
98
128
174
239
255

128
94
105
126
157
204
255
255

232
173
200
249
255
255
255
255

255
240
255
255
255
255
255
255

Cb Channel Thresholds
71
59
87
142
160
196
249
255

109
85
111
160
251
255
255
255

161
122
148
196
255
255
255
255
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The quantization matrices can be obtained from the threshold
matrices by multiplying by 2. These baseline thresholds
are then modified to account, first for luminance masking,
and then for contrast masking, in order to obtain the overall
sensitivity thresholds.
Since luminance masking is a function of only the average
value of a region, it depends only on the DC coefficient
b(0, n) of each DCT block. The luminance-masked threshold is given by

tl(k n ) '

tb(k)(b(O, n)'~ av
\

b(O) /

(10) zyxwvutsr
'

where /~(0) is the DC coefficient corresponding to average
luminance of the display (1024 for an 8 bit image using a
JPEG compliant DCT implementation) and aT has a suggested
value of 0.649. This parameter controls the amount of
luminance masking that takes place. Setting it to zero turns
off luminance masking. Note that, since this is a power
law, the effect of non-unity display Gamma can be accounted
for by multiplying aT by the Gamma exponent.
The Watson model of contrast masking assumes that
the visibility reduction is confined to each coefficient in each
block. As we saw in Section 3.2.4, the contrast masking
adjustment r~(k,n) is a function of the coefficient b(k,n)
and the luminance-masked threshold tl(k, n),
v~(k, n) - max{ 1, Ib(k, n)[w~(k)tl(k, n)-w~(k)},

(11)

where we(k) has values between 0 and 1. The exponent may
be different for each frequency, but is typically set to a
constant in the neighborhood of 0.7. If we(k) is 0, no contrast
masking occurs and the contrast masking adjustment is equal
to 1. The overall sensitivity threshold is given by
t(k, n) - v~(k, n) tt(k, n).

(12)

At this point, for each coefficient in each block we have
a distortion visibility threshold. For each coefficient, we now
need to determine the amount of distortion in terms of
JND units. This is done by computing the error at each
location (the difference between the DCT coefficients in the
original and distorted images) weighted by the visibility
threshold

d(k, n) -

b(k, n) -/~(k, n)
t(k, n)

,

(13)

where b(k,n) and /~(k,n) correspond to the reference and
distorted images, respectively. Note that d ( k , n ) < 1 implies
the distortion at that location is not visible, while d(k, n) > 1
implies the distortion is visible.
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We now have an array of distortion visibilities. These
need to be combined into a single value denoting the quality
of the image. This combination process is performed in two
steps. First, error pooling is done spatially. Then the
pools of spatial errors are pooled across frequency. Both
pooling processes utilize the same probability summation
framework.

}I/Q~
p(k) -

~

n

Id(k, n)l Q'

(14)

From psychophysical experiments, a value of 4 has been
observed to be a good choice for Qs.
The matrix p(k) provides a measure of the degree of
visibility of artifacts at each frequency. In order to determine
a single valued metric for perceptual error, we need to
pool these visibility measurements. This is accomplished
using a procedure similar to the spatial pooling.

P-

}l/Qf

~ p ( k ) Q~

k

(15)

Qf again can have many values depending on if average
or worst case error is more important. Low values emphasize
average error, while setting Qf to infinity reduces
the summation to a maximum operator thus emphasizing
worst case error,
Alternative means of representing image quality is to use
a distortion map instead of a single number. A distortion
map can be computed by not performing the spatial error
pooling. By performing the frequency pooling on each block
independently, and treating the result as an image, the
distribution of error across the image is maintained. This
approach has the advantage of providing a visual indication of
quality. For example, using visibility maps it is easy to
distinguish between an image where the peak distortion
was confined to a single DCT block and one where that peak
level appears in a large percentage of blocks, but both would
have the same quality indicator if both the spatial and
frequency pooling were performed,
Quality measures for the chrominance channels can be
computed in a similar fashion turning off the luminance and
contrast masking portions of the model,
This metric has been shown to be very effective in
predicting the performance of block-based coders. However,
it is not as effective in predicting performance across different
coders. In [1, 48], it was found that the metric predictions
(they used Q f - Q s - 2) are not always consistent with
subjective evaluations when comparing different coders. It
was found that this metric is strongly biased towards the
JPEG algorithm. This is not surprising since both the metric
and JPEG are based on DCTs.
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3.3.3 W a t s o n ' s W a v e l e t M e t r i c
Many recent coders and the JPEG2000 standard [51-53] are
based on the discrete wavelet transform (DWT). Popular
examples are Shapiro's EZW algorithm [54], the SPIHT
algorithm [49], and EBCOT [55].Amore detailed description
of wavelet-based compression algorithms can be found in
Chapter 5.4. The DWT is a separable, hierarchic subband
decomposition. It has octave bandwidths in each dimension as
shown in Fig. 16(e). It is also computationally efficient.
Watson et al. [14] measured the baseline sensitivity
thresholds for the wavelet decomposition. They used the
linear-phase 9/7 biorthogonal filters [55], which are the
most commonly used in wavelet coders. Note that
the threshold values depend on the filterbank that is used
for the wavelet decomposition. Table 2 lists the baseline
sensitivity thresholds for these filters and display visual
resolution equal to 53.6 pixels/degree of visual angle (which
corresponds to images with height 512 pixels and viewing
distance equal to six image heights). In the table, the level
refers to the number of 2D filter stages used to obtain
the subband, and the orientation refers to the four possible
combinations of lowpass and highpass filters of the last
stage. For other DVRs, the reader is refered to reference [14].
Again, the quantization matrices can be obtained from the
thresholds by multiplying by 2. Note that we have assumed
that the chromatic channels have the same resolution as
the luminance channel. Due to the lower human sensitivity
to chromatic variations at high spatial frequencies, many
coders downsample the chromatic channels. In such cases,
the thresholds should be recomputed for appropriately
modified DVRs (see [14]). We assume a gamma-correlated
color space.
Here we should point out that, as expected, the thresholds
decrease with increasing level (i.e., with decreasing spatial
resolution) up to level 4, but increase after that. This can
be explained by the fact that the eye is a spatial bandpass
filter, but it gives rise to a paradox, namely that the
quantization noise may become more visible as the viewing
distance increases [57, 58]. In order to eliminate this
undesirable effect, several researchers have proposed "flattening" the eye response by setting the thresholds of the higher
levels at the minimum value [16, 17, 19, 20, 59].
These baseline thresholds should then be modified to
account, first for luminance masking, and then for contrast
masking, in order to obtain the overall sensitivity thresholds.
Even though [14] does not provide any detailed light
adaptation and texture masking models, models such as
those presented earlier in this chapter can be combined with
the baseline sensitivity thresholds to obtain a perceptual
image quality metric similar to the PIC and DCT-based
metrics we discussed above.
In [48], Chen et al. found that, as expected, this metric
is strongly biased towards coders that are based on the discrete
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TABLE 2 Perceptual threshold matrices for wavelet coders with linear-phase 9/7 biorthogonal filters (for image height 512 pixels and viewing
distance equal to six image heights)
Y Channel Thresholds
Level
Orientation
LL
HL/LH
HH

1
14.71
26.26
76.43

2
10.06
14.48
31.96

3
8.907
10.84
19.02

4
9.833
10.45
15.04

1
27.16
75.28
269.9

2
17.78
36.63
96.47

3
15.43
24.75
50.20

4
17.08
22.04
35.53

1
53.60
89.98
249.6

2
40.47
56.18
121.7

3
37.72
45.40
80.50

4
41.84
45.08
67.54

5
13.32
12.53
15.00

6
21.99
18.40
18.42

7
44.18
32.99
27.69

8
107.8
71.84
50.57

5
23.73
24.97
32.45

6
41.12
35.47
37.35

7
88.73
62.91
53.83

8
238.0
138.7
96.44

5
54.31
53.09
68.16

6
81.96
73.10
80.82

Cr Channel Thresholds
Level
Orientation
LL
HL/LH
HH

Cb Channel Thresholds
Level
Orientation
LL
HL/LH
HH

7
143.6
117.2
111.9

8
291.5
217.6
179.5

wavelet transform. This is not surprising since both the metric
[14], they used natural images to determine the thresholds.
and coders are based on the same frequency decomposition. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The criteria for choosing the test images included the
familiarity of subject matter, the subband energy distribution,
and the edge-detail content. Each image was decomposed
3.3.4 Other Models
with a 5-level Daubechies 9/7 wavelet transform into 16
A number of other perceptual models that share many of
subbands. An image subband series was then generated
the features of the ones we discussed above have been
by
quantizing each subband (one subband at a time) with a
proposed. We mention some of them briefly. Silverstein and
series
of quantization step sizes. The subjects were shown pairs
Klein [60] applied a DCT perceptual metric to a text-based
of images from this series, with one as reference at a fixed
scheme for image display. Westen et al. [61] proposed a metric
quantization step size and the other with increasingly higher
based on a multiple channel HVS model. Horowitz and
quantization step size until they perceived a difference.
Neuhoff [62] developed a coder based on an image indisThe initial reference image was the original unquantized
tinguishability criterion based on a cortex transform similar to
image. The reference image was then replaced with the
that of Watson [41]. Bekkat and Saadane [63] proposed an
image quantized at the new step size, and the test continued
intra-subband and inter-subband masking model based on
until all coefficients in that subband had been set to zero.
experiments with both noise and texture images, while
Thus, a series of minimum noticeable distortion step sizes
Winkler and Sfisstrunk [64] considered the visibility of noise
(MNDSS) were obtained for each subband. For each image,
in natural images. Finally, some metrics have been designed to
the results were averaged over all subjects. Their analysis
specific types of artifacts, e.g., blocking [65-67].
showed the following:
In all of the models in this section the threshold values
were determined by subjective experiments. Such experiments
• The quantization step sizes for a given subband should
are time consuming. In [68], Hahn and Mathews present
be a function of the standard deviation a of that
an analytical method for estimating the baseline contrast
subband. Based on the test data, they estimated that for
sensitivity values as well as the luminance and contrast
the first MNDSS ql the function takes the form:
masking correction factors.
ql = a . a b, where a = 30.7688 and b = 0.3477. They
found that the second and third MNDSS have the same
3.4 Suprathreshold Models
form with different constants a and b.
• For the first MNDSS, human sensitivity to noise is
Ramos and Hemami [69] performed a psychophysical experihighest in the smooth regions, followed by edge regions,
ment to quantify human visual sensitivities to suprathreshold
and lowest in texture regions. This indicates that the
distortion introduced by wavelet coefficient quantization.
threshold is image content dependent, and agrees with
In contrast to the subjective experiments that were conducted
well-established HVS masking effects.
by Safranek and Johnston [5], Watson [6], and Watson et al.
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Based on the energy of the subbands at a given scale,
they classified each scale as having horizontal or vertical
dominant orientation or as nonoriented, and found
that, for the first three MNDSS's, human sensitivity
to noise in the dominant orientation is higher. Again,
this indicates that the threshold is image content
dependent.
Although MSE is not a good indicator of visual
distortion in general, for the horizontal and vertical
orientation bands at a given scale, equal MSE implies
equal visual distortion. Since the MSE is a function of
both the subband standard deviation and quantization
step size, the step sizes should be selected so that the
two subbands produce equal MSE. Again, they showed
that these results hold for the first three MNDSS.
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the models do not have to be as complicated and can be
very successful.
A good example of such a model is Barten's SQRI
(square root integral) model [15] that was developed for the
evaluation of displays. It is a simple one dimensional filter
that has been very successful. However, it cannot be adapted
to more general and complex applications.
An other application area where simple linear models of
the HVS have proven to be quite successful is image halftoning [16-20]. A comprehensive review can be found in [74].
Finally, Qian and Kimia have proposed more complicated
multiscale models of the HVS for halftoning [75].

3.6 Video Quality Metrics

In the work described above [69] Ramos and Hemami
The basic principles we discussed above for still image
assumed that, one subband is quantized at a time. In [70, 71]
metrics can be extended to video. The basic structure of
Chandler and Hemami investigated the additivity of wavelet
the video quality metric is basically the same as that of
quantization distortions. Their test was similar to the one
Fig. 1. The frequency analysis decomposes the signal into
described above except that the stimuli also included a uniform
channels with different spatial frequencies, orientations, and
graylevel image and that both simple distortions (one subband
temporal frequencies. The baseline spatio-temporal contrast
was quantized) and compound distortions (two subbands were
sensitivities are incorporated into the metric and modified
quantized) were considered. Their results for unmasked (uniby the luminance and contrast masking adjustments, van den
form graylevel image) compound distortions are consistent
Branden Lambrecht and Verscheure [47] describe such a
with previous summation experiments with sinewave gratings
video quality metric. They use four spatial frequency bands
and Gabor patches. The Minkowski summation exponent Qf
with octave bandwidths, four orientation bands, and two
(as in (15)) was estimated to be around Qf = 4.0 for summatemporal frequency bands. They compute a global metric
tion in the orientation dimension and Qf = 5.3 for summation
that is a combination (Minkowski summation) over image
in the spatial-frequency dimension. For the masked (by
blocks whose spatial dimensions depend on the focus of
natural images) compound distortions, they found that
attention (size of the fovea) and temporal dimension depends
the summation exponents are considerably lower; Qf = 1.6
on the persistence of images on the retina. They also
for summation in the orientation dimension and Qf = 1.3 for
segment the image into uniform regions, regions of texture,
summation in the spatial-frequency dimension. Thus, they
and regions of contours, and compute distortion metrics for
showed that the additivity of distortions in different subbands
each region type. Lindh and van den Branden Lambrecht
is significantly greater when the distortions are masked by
[76] developed a similar metric that extends Teo and Heeger's
natural images. Their results also indicate that Qf should
still image metric [4]. In [77], Winkler examines the
decrease (approaching 1) as the distortions become increasingly suprathreshold [70]. Finally, they point out that the components of a video quality metric and compares different
masking abilities of image regions vary, and thus, the distor- choices for each component (spatio-temporal filters, color
space conversion, etc.), while in [78], he considers image
tion additivity should be determined on a per-region basis.
appeal attributes, such as sharpness and colorfulness, in an
Overall, as we move into the suprathreshold regime,
the sensitivities become increasingly depended on context, attempt to bridge the gap between image fidelity and image
quality. Rohaly et al. [79] compared various temporal pooling
so that no one solution applies to all situations.
strategies
using a software version of a commercial video
Image compression schemes based on the above observametric.
The
metric is based on the Lubin and Bergen
tions were proposed in [71-73]. The quantization step sizes
model
[3].
The
temporal pooling methods included an
were selected such that the quantization distortion exhibits
exponentially
weighted
Minkowski summation to model the
a specific RMS contrast, given the target bit rate or visual
recency
effect
described
in [22, 80].
distortion. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The above video quality metrics are examples of metrics
of general applicability like the still metrics we saw above.
Watson
[81, 82] proposed a coder-specific video quality
3.5 Other Applications
metric that is based on the discrete cosine transform (DCT).
We briefly mention image quality models that have been It is an extension of Watson's DCT-based still image metric
developed for other specific applications. In such cases [6] and is designed with computational efficiency in mind. For
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1 Introduction
Digital image signals are typically represented as twodimensional (2D) arrays of discrete signal samples. If we
rearrange the signal samples into a one-dimensional (1D)
vector, then every image becomes a single point in a highdimensional image space, whose dimension equals the number
of samples in the image signal. It has been pointed out that
the cluster of natural image signals occupies an extremely
tiny portion of such an image space [1, 2]. During its long
evolution and development processes, the human visual
system (HVS) has been extensively exposed to the natural
visual environment, and a variety of evidence has shown that
the HVS is highly adapted to extract useful information from
natural scenes [3]. An image-quality metric, which aims to
predict the quality evaluation behavior of the HVS, would
also need to be "adapted" to the properties of natural image
signals.
One distinct feature that makes natural image signals
different from a "typical" image randomly picked from the
image space is that they are highly s t r u c t u r e d - the signal
samples exhibit strong dependencies among themselves. These
dependencies carry important information about the structures of objects in the visual scene. An image-quality metric
that ignores such dependencies may fail to provide effective
predictions of image quality. We will use the Minkowski error
metric as an example. In the spatial domain, the Minkowski

Copyright © 2005 by Elsevier Academic Press.
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metric between a reference image x (assumed to have perfect
quality) and a distorted image y is defined as

Ep - -

]xi -- Yi [P

,

(1)

i=1

where xi and Yi are the i-th samples in images x and y,
respectively, N is the number of image samples, and p refers to
the degree of power and varies in the range of p ~ [1, cx)). In
Fig. 1, we show two distorted images generated from the same
original image. The first distorted image was obtained by
adding a constant number to all signal samples, and the
second was generated using the same method except that the
signs of the constant are randomly chosen to be positive or
negative. It can be easily shown that the Minkowski metrics
between the original image and both of the distorted images
are exactly the same, no matter what power p is used.
However, the visual quality of the two distorted images is
drastically different. Another example is shown in Fig. 2,
where image B was generated by adding independent white
Gaussian noise to the original texture image A. In image C, the
signal sample values remained the same as in image A, but the
spatial ordering of the samples has been changed (through
a sorting procedure). Image D was obtained from image B,
by following the same reordering procedure used to create
image C. Again, the Minkowski metrics between images A
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and B and images C and D are exactly the same, no matter
what power p is chosen. However, image D appears to be
significantly noisier than image B.
There are different ways to explain the apparent failure
of the Minkowski metric in these examples. One way is to
use a set of psychophysical features of human vision (see
the discussions about "Contrast Sensitivity Function" and
"Contrast Masking" in Chapter 8.2). Here, we provide a more
direct explanation based on the mathematic properties of the
Minkowski metric. Notice that an implicit assumption of the
Minkowski metric is that all signal samples are independent.
As a result, the ordering of the signal samples has no effect on
the overall distortion measurement. This is in sharp contrast
to the fact that natural image signals are highly structured;
indeed, the ordering and pattern of the signal samples carry
most of the visual information in the image. Consequently, a
"correct" image-quality measure would need to be able to
capture the structural information or sense the structural
changes in the image signals.
Figure 3 shows one potential solution to overcome this. The
idea is to apply an image transform prior to the Minkowski
metric, so that the signal samples in the transform domain
become independent (or at least decorrelated). An additional
requirement of the transform T is that it must be lossless or
"visually" lossless, in the sense that all the important visual
information is preserved after the transform (presumably,
there should exist an inverse transform that can reconstruct

zyxwvutsrqpon

FIGURE 1 Failure of the Minkowski metric for image quality prediction.
A: Original image; B: distorted image by adding a positive constant; C:
distorted image by adding the same constant, but with random sign. Images B
and C have the same Minkowski metric with respect to the image A, but
drastically different visual quality.
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FIGURE 2 Failure of the Minkowski metric for image quality prediction. A: Original texture image; B: distorted image by adding independent white Gaussian
noise; C: reordering of the pixels in image A (by sorting pixel intensity values); D: reordering of the pixels in image B, by following the same reordering used to
create image C. The Minkowski metrics between images A and B and images C and D are the same, but image D appears much noisier than image B.
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improve the performance of current image quality assessment
systems.
This chapter focuses on a different approach to image quality
T
I
T(y)
image y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
assessment: structural similarity-based methods [11 ]. Instead of
FIGURE 3 An image transform prior to an Minkowski metric may attempting to develop an ideal transform that can fully
potentially reduce the dependencies between signal samples, thus improve decouple signal dependencies as suggested in Fig. 3, these
an image quality metric.
methods replace the Minkowski error metric with different
measurements that are adapted to the structures of the
the image signals in the spatial domain). Since such a reference image signal. In the next section, we formulate
transform can decouple the dependencies between image structural similarity index algorithms and describe the intuisignal samples without losing important visual information, tion behind their design. We demonstrate how these algoone may say that the "structure" of the image signal is well rithms are applied to image quality assessment in Section 3.
In Section 4, we discuss an efficient approach to test the
captured by the transform domain representation.
The framework shown in Fig. 3 presents interesting an performance of image quality measures. This approach
analogy to the framework of perceptual image quality metrics effectively reveals the perceptual implications of the structural
presented in Chapter 8.2, in which, if all the processing stages similarity approach. Finally, concluding remarks are given in
before "error pooling" are combined into a single image Section 5.
transform, then the two frameworks can be made identical.
Interestingly, the framework presented there originates from a
substantially different m o t i v a t i o n - simulating the computa- 2 The Structural Similarity Index
tional aspects of the early stages of the HVS (see Chapter 4.1).
Such an analogy is sensible from the viewpoint of computa- The most fundamental principle underlying structural
tional neuroscience. In that context, it has been conjectured approaches to image quality assessment is that the HVS is
decades ago that the role of early biologic sensory systems is to highly adapted to extract structural information from the
remove redundancies in the sensory input, resulting in a set of visual scene, and therefore a measurement of structural
neural responses that are statistically independent, known as similarity (or distortion) should provide a good approximation to perceptual image quality. Depending on how structural
the "efficient coding" principle [3, 4].
The question that follows is then: Can the image transforms information and structural distortion are defined, there may be
(prior to the Minkowski error pooling stage) based on the different ways to develop image quality assessment algorithms.
current understanding of the HVS effectively decouple the The structural similarity (SSIM) index is a specific impledependencies between the input signal samples? Note that mentation from the perspective of image formation.
To understand the intuition of the SSIM index method, let
most recent models of early vision are based on multiscale,
bandpass, and oriented linear transforms. These transforms, us again examine the image space described in the last section.
loosely referred to as "wavelet transforms," can reduce the In Fig. 4, a reference image (original "Einstein" image) is
correlations between signal samples as compared with spatial represented as a vector in the image space. Any image
domain representations. However, empiric studies have shown distortion can be interpreted as adding a distortion vector to
that strong dependencies still exist between the intra- and the central reference image vector. In particular, the distortion
interchannel wavelet transform coefficients of natural images vectors with the same length define an equal-mean squared
(see Chapter 4.7). In fact, state-of-the-art wavelet image error (MSE) hypersphere in the image space. However, as
compression techniques achieve their success by exploiting shown in Fig. 4, images that reside on the same hypersphere
these strong dependencies (see Chapter 5.4). To further reduce may have dramatically different visual quality. This implies
such signal dependencies, nonlinear operations must be that the length of a distortion vector does not suffice as a
applied. In fact, it has been shown that adding certain useful image-quality measure, and that the directions of these
nonlinear gain control processes after the front end of linear vectors have more important perceptual meanings. Some
wavelet transforms can significantly reduce signal dependen- insights can be found from the perspective of image
cies [5-8]. The parameters of these gain control models may formation. Recall that the luminance of the surface of an
be tuned using psychophysical experimental data to account object being observed is the product of the illumination and
for visual masking effects [5, 6] (see Chapter 8.2 for a the reflectance, but the structures of the objects in the scene
description of visual masking). They may also be optimized to are independent of the illumination. Consequently, we wish to
maximize the statistical dependencies between the wavelet separate the influence of illumination from the remaining
coefficients obtained from a set of training natural images information that represents object structures. Intuitively, the
[7, 8]. Recent models have also been developed to jointly major impact of illumination change in the image is the
optimize statistical and perceptual dependencies [9, 10]. It variation of the average local luminance and contrast, and
remains to be seen the degree to which these models can such variation should not have a strong effect on perceived
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FIGURE 4 An image can be represented as a vector in the image space, whose dimension equals the number of pixels in the image. Images with the same mean
squared error (MSE) respect to the original image constitute a hypersphere in the image space, but images reside on the same hypersphere have dramatically
different visual quality. A: Original image; B: mean shifted image, MSE = 144; C: contrast stretched image, MSE-- 144; D: blurred image, MSE = 144; E: JPEGcompressed image, MSE = 142.

image quality. This is confirmed by Fig. 4, where the images
with only luminance or contrast changes have much better
quality than the other images with severe "structural"
distortions.
Figure 5 illustrates how luminance and contrast changes can
be separated from structural distortions in the image space.
Luminance changes can be characterized by moving along the
direction defined by Xl = x2 = . . . . xN, which is perpendicular to the hyperplane of ~N=Ix i - - O. Contrast changes are
defined by the direction x - £. In the image space, the two
vectors that determine luminance and contrast changes span a
2D subspace (a plane), which is adapted to the reference image
vector x. For example, in Fig. 4, the plane determined by the
reference image A contains not only the reference image itself,
but also images B and C. The remaining image distortion

corresponds to rotating such a plane by a certain angle, which
we interpret as the structural change in Fig. 5.
A system diagram of the SSIM index algorithm is shown
in Fig. 6. First, the luminance of each signal is estimated as
the mean intensity:
1 ~N
/Zx

-

-

-

X

-

-

) i Xi.

N ~i=1

(1)

The luminance comparison function/(x, y) is then a function
of ~x and lZr:

l(x, y) = l(,x,,y).

(e)
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Second, we remove the mean intensity from the signal.
The resulting signal x - / Z x corresponds to the projection of
vector x onto the hyperplane o f Y~N=I x i - 0, as illustrated
in Fig. 5. We use the standard deviation as an estimate of
the signal contrast. An unbiased estimate in discrete form
is given by

Third, the signal is normalized (divided) by its own standard
deviation, so that the two signals being compared have unit
standard deviation. The structure comparison s(x,y) is
conducted on these normalized signals:
s(x, y) -

X - /Zx , y -/zy )

s

~x

ax --

N-

1 .

/Zx) 2

(xi-

(3)

•

The contrast comparison c(x, y) is then the comparison of
ax and ay:
c(x, y) = c(lZx, lZy).

(4)
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Finally, the three components are combined to yield an overall
similarity measure:
S(x, y) = f(l(x, y), c(x, y), s(x, y)).

X

structural
change

..I Luminance
"1 Measurement

lm

(6)

An important point is that the three components are relatively
independent, which is physically sensible because the change
of luminance and/or contrast has little impact on the
structures of the objects in the scene.
To complete the definition of the similarity measure in
Eq. (6), we need to define the three functions/(x, y), c(x, y)
and s(x, y), as well as the combination function f(.). In
addition, we also would like the similarity measure to satisfy
the following conditions:

The luminance comparison is defined as

FIGURE 5 Seperationof luminance, contrast and structural changes from a
reference image x in the image space. This is an illustration in threedimensional space. In practice, the number of dimensions is equal to the
number of image pixels.

images
x, y

(5)

1. Symmetry: S(x,y) = S(y, x). When quantifying the
similarity between two signals, exchanging the order
of the input signals should not affect the resulting
measurement.
2. Boundedness: S(x, y) < 1. An upper bound can serve as
an indication of how close the two signals are to being
perfectly identical. Notice that signal-to-noise ratio type
of measurements is typically unbounded.
3. Unique maximum: S(x, y ) = 1 if and only if x = y. The
perfect score is achieved only when the signals being
compared are identical. In other words, the similarity
measure should quantify any variations that may exist
between the input signals.

contrast
change

f

.

~r

l(X, y ) - -

2>x#r + C1

2
/Z x + /Z 2 --1- C 1

,.I Luminance
"1 Comparison
Contrast
Measurement

,.[

Contrast H
Comparison

Combination ~similarity
measure

Structure
Comparison
FIGURE 6 Diagramof image similarity measurement system. (Adapted from [11].)

(7)

966 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where the constant C 1 is included to avoid instability when
/z2 + #y2 is very close to zero. One good choice is
C 1 = (K1L) 2,

(8)

where L is the dynamic range of the pixel values (255 for 8-bit
gray-scale images), and K1 << 1 is a small constant. Similar
considerations also apply to contrast comparison and
structure comparison as described later. Equation (7) is
easily seen to obey the three properties listed above.
Equation (7) is also connected with Weber's law, which has
been widely used to model light adaptation (also called
luminance masking) in the HVS (see Chapter 8.2). According
to Weber's law, the magnitude of a just-noticeable luminance
change AI is approximately proportional to the background
luminance I for a wide range of luminance values. In other
words, the HVS is sensitive to the relative rather than the
absolute luminance change. Letting R represent the ratio of
the luminance of the distorted signal relative to the reference
signal, then we can write /zy = Rlzx. Substituting this into
Eq. (7) gives
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measure to quantify structural similarity. In particular, the
correlation coefficient between x and y corresponds to the
cosine of the angle. Thus, we define the structure comparison
function as:
s(x,y) = 2Crxr + (23.

(12)

CrxCrr+ C3
As in the luminance and contrast measures, we introduce a
small constant in both denominator and numerator, axy can
be estimated as:
1

cr~ = N -

N

1~

i=1

(Xi- /£x)(Yi- /.Ly).

(13)

Notice that s(x,y) can take on negative values. As will be
shown in later examples, the negative structural similarity
values correspond to the cases that the local image structures
are inverted.
Finally, we combine the three comparisons of Eqs. (7), (10)
and (12). The result is a class of image similarity measures,
2R
which we collectively Structural SIMilarity (SSIM) Indices,
/(x, y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(9) between signals x and y:
1 + R 2 + C1/I~2"
i

If we assume C 1 is small enough (relative to/z 2) to be ignored,
then l(x, y) is a function only of R instead of AI = / z r -/Zx.
In this sense, it is qualitatively consistent with Weber's law.
In addition, it provides a quantitative measurement for the
cases when the luminance change is higher than the visibility
threshold, which is out of the application scope of Weber's
law.

SSIM(x, y) -- [/(x, y)]~. [c(x, y)]~- [s(x, y)]}'

(14)

where ct > 0, fl > 0 and y > 0 are parameters used to adjust
the relative importance of the three components. It is easy to
verify that this definition satisfies the three conditions given
above. In what follows, we set ct -- fl = y = 1 and (23 = (22/2.
This results in a specific SSIM index [11]:

The contrast comparison function takes a similar form:

c(x, y) -

SSIM(x, y) -(21ZxlZr'[- C1)(2o'x,y --[--C2)
2axay + C2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(~x + ~ 2 q_ C1)(t72 q_ 0"~ q-C2)"
(10)
;7 - - i
--'

(15)

Crx+cr; + c2

where (22 is a nonnegative constant

(22 = (K2L) 2

(1 1)

and K2 satisfies /(2 << 1. This definition again satisfies the
three properties listed above. An important feature of this
function is that with the same amount of Aa = a r - a x , this
measure is less sensitive to the case of high base contrast ax
than low base contrast. This is related to the contrast masking
feature of the HVS (see Chapter 8.2).
Structure comparison is conducted after luminance subtraction and contrast normalization. Geometrically, we can
associate the structures of the two images with the direction
of the two unit vectors ( x - tXx)/ax and ( x - izr)/ay, each
lying in the hyperplane Y'~N=IXi -- 0 as illustrated in Fig. 5. The
angle between the two vectors provides a simple and effective

The difference between the SSIM indices and previous error
metrics proposed for image quality assessment may be better
understood geometrically in a vector space of signal
components as in Fig. 7. Here, the signal components can
be either image pixel intensities or other extracted features
such as transformed linear coefficients. Figure 7 shows equaldistortion contours drawn around three different example
reference vectors, each of which could, for example, represent
the local content of one reference image. For the purpose of
illustration, we show only a 2D space, but in general the
dimensionality should match that of the signal components
being compared. Each contour represents a set of test signals
with equal distortion relative to the respective reference signal.
Figure 7A shows the result for a simple Minkowski metric.
Each contour has the same size and shape (a circle here, as we
are assuming p = 2). That is, perceptual distance corresponds
to Euclidean distance. Figure 7B shows a Minkowski metric in
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FIGURE 7 Equal-distorsioncontours in the image space for different quality measurement systems. A: Minkowski error measurement systems (assumingp = 2
in the illustration); B: component-weighted Minkowski error measurement systems; C: magnitude-weighted Minkowski error measurement systems;
D: magnitude- and component-weighted Minkowski error measurement systems; E: structural similarity index (SSIM) measurement system (with more
emphasis on structural comparison); F: SSIM measurement system (with more emphasis on contrast comparison). Each image is represented as a vector, whose
entries are image components. This is an illustration in two-dimensional space. In practice, the number of dimensions is equal to the number of image
components used for comparison (e.g., the number of pixels or transform coefficients). (From [11].)

which different signal components are weighted differently.
This could be, for example, weighting according to the
contrast sensitivity function, as is c o m m o n in many quality
assessment models. Here the contours are ellipses, but still are
all the same size. More advanced quality measurement models
may incorporate contrast-masking behaviors, which has the
effect of rescaling the equal-distortion contours according to
the signal magnitude, as shown in Fig. 7C. This may be viewed
as a simple type of adaptive distortion measure: It depends not
just on the difference between the signals, but also on the
signals themselves. Figure 7D shows a combination of contrast
masking (magnitude weighting) followed by component
weighting.
The SSIM index gives a different picture. In the hyperplane
o f EN=I xi -- 0, the SSIM index compare the vectors (x - #x)
and ( x - / ~ y ) with two independent quantities: the vector
lengths, and their angles. Thus, the contours will be aligned
with the axes of a polar coordinate system. Figures 7E and F

show two examples of this, computed with different exponents
(for fl and F). Again, this may be viewed as an adaptive
distortion measure, but unlike the other models being
compared, both the size and the shape of the contours are
adapted to the underlying signal.

3 Image-Quality Assessment Using a
Structural Similarity Index
The SSIM indices measure the structural similarity between
two image signals. If one of the image signals is regarded as of
perfect quality, then the SSIM index can be viewed as an
indication of the quality of the other image signal being
compared. When applying the SSIM index approach to largesize images, it is useful to compute it locally rather than
globally. The reason is manifold. First, statistical features of
images are usually spatially nonstationary. Second, image

968

zyxwvutsrqponm
Handbook of Image and Video Processing

distortions, which may- or may not depend on the local image
statistics, may also vary across space. Third, due to the nonuniform retinal sampling feature of the HVS (see Chapter 4.1),
at typical viewing distances, only a local area in the image can
be perceived with high resolution by the human observer at
one time instance. Finally, localized quality measurement can
provide a spatially varying quality map of the image, which
delivers more information about the quality degradation of
the image. Such a quality map can be used in different ways. It
can be employed to indicate the quality variations across the
image. It can also be used to control image quality for spacevariant image processing systems, e.g., region-of-interest
image coding and foveated image processing [12].
In early instantiations of the SSIM index approach [13, 14],
the local statistics lZx, ax and axr [Eqs. (1), (3) and (13)], are
computed within a local 8 × 8-square window. The window
moves pixel-by-pixel from the top-left corner to the bottomright corner of the image. At each step, the local statistics
and SSIM index are calculated within the local window.
One problem with this method is that the resulting SSIM
index map often exhibits undesirable "blocking" artifacts as
exemplified by Fig. 8C. Such kind of "artifacts" are not
desirable because it is created from the choice of the quality
measurement method (local square window), but not from

image distortions. In [11], a circular-symmetric Gaussian
weighting function w - { w i l l - 1 , 2 , . . . N } with unit sum
(Y~'~iN1 wi -- 1) is adopted. The estimates of local statistics, #x,
an and axr, are then modified accordingly:
N

zyxwvu
2)
(16)

ll~x -- E WiXi,
i=1

1/2

(17)

N

axr -- Z

w i ( x i - /Zx)(Yi- /zr).

(18)

i=1

With such a smoothed windowing approach, the quality
maps exhibit a locally isotropic property as demonstrated in
Fig. 8D.
Figure 9 shows the SSIM index maps of a set of sample
images with different types of distortions. The absolute error
map for each distorted image is also included for comparison.
The SSIM index and absolute error maps have been adjusted,
so that brighter always indicates better quality in terms of the
given quality/distortion measure. It can be seen that the
distorted images exhibit variable quality across space. For
example, in image B, the noise over the face region appears to
be much more significant than that in the texture regions.
However, the absolute error map (D) is completely independent of the underlying image structures. By contrast, the SSIM
index map (C) gives perceptually consistent prediction. In
image F, the bit allocation scheme of low bit-rate JPEG2000
compression leads to smooth representations of detailed
image structures. For example, the texture information of
the roof of the building as well as the trees is lost. This is very
well
indicated by the SSIM index map (G), but cannot be
A
B
predicted from the absolute error map (H). Some different
,~~~o~R~
~~
~ ~
types of distortions are caused by low bit-rate JPEG
e ............. .......:,, ...__...~.
. ....~ ~
~. ~
compression. In image J, the major distortions we observe
":~-~~~~~r'~
,~ ..... ; ~ ..... ~.,... ~ '.'~ ...
are the blocking effect in the sky and the artifacts around the
.~f,,, ~
.~:,***~:e.:~.* outer boundaries of the building. Again, the absolute error
|
~ _~ .......~,,,~-,Z~ ~ ~ "
~t'~
map (L) fails to provide useful prediction, and the SSIM index
P ..... ~:"~*f~ map (K) successfully predicts image-quality variations across
;"~.,.~ |
space. From these sample images, we see that an image-quality
,~-:,........":.....
oD
measure as simple as the SSIM index can adapt to various
, ~ ....~,
kinds of image distortions and provide perceptually consistent
quality predictions.
The final step of an image-quality measurement system is to
C
D
combine the quality map into one single quality score for the
FIGURE 8 The effect of local window shape on structural similarity index whole image. A convenient way is to use a weighted
(SSIM) index map. A: Original image; B: impulsive noise contaminated image;
summation. Let X and Y be the two images being compared,
C: SSIM index map using square windowing approach; D: SSIM index map
and SSIM(xj, yj) be the local SSIM index evaluated at the j-th
using smoothed windowing approach. In both SSIM index maps, brighter
local sample [i.e., SSIM(xj, yj) for all j's constitutes a SSIM
indicates better quality.
,.
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FIGURE 9 Sample distorted images and their quality/distortion maps (images are cropped 160 x 160 for visibility); (A, E, I) original images; (B) Gaussian
noise contaminated image; (F) JPEG2000 compressed image; (J) JPEG-compressed images; (C, G, K) structural similarity index (SSIM) index maps of the
distorted images, where brightness indicates the magnitude of the local SSIM index (squared for visibility); (D, H, L) absolute error maps of the distorted images,
where darkness indicates the absolute value of the local pixel difference. Note that in all quality/distortion maps (C, D, G, H, K, and L), brighter indicates better
quality in terms of the underlying quality/distortion measure.

index map as demonstrated in Fig. 9], then the SSIM index
between X and Y is defined as:
SSIM(X, Y)

-- y~jN=slWj(Kj, yj).

SSIM(xj, yj)

(19)

where Ns is the number of samples in the quality map, and
Wy(xj, yj) is the weight given to the j-th sample. If all the
samples in the quality map are equally weighted, then
Wj(xj, yj) = 1. This results in the mean SSIM (MSSIM)
measure used in [ 11 ].
There are two cases in which nonuniform weighting is
desirable. First, depending on the application, some prior
knowledge about the importance of different regions in
the image is available, and such an importance map can
be converted into a weighting function. For example,

object-based region-of-interest image-processing systems
often segment the objects in the scene and give different
objects different importance. In a foveated image-processing
system [12], the weighting function can be determined
according to the foveation feature of the HVS (i.e., the
visual resolution decreases gradually as a function of the
distance from the fixation point). Note that the weighting
function here is determined only by the spatial location j,
but independent of the local image content xj and yj. In the
second case, the image content also plays a role. It has been
observed that different image textures attract human fixations
with varying degrees, and therefore different weights can
be assigned. In [15], a variance-weighted weighting function
is used, where
w ( x , y) -

+

+ c2.

(20)

zyxwvutsr

970

Handbook of Image and Video Processing

It was observed that this weighting function is useful to
balance the extreme case that severe high-variance distortions
concentrate at some small areas in the image.

4 Validating Image-Quality Measures
Validation is an important step toward successful development of practical image-quality measurement systems. The
most standard form of validation is to compare objective
quality measures with ratings by human subjects on an
extensive database of images. Typically, the total number of
images in a database of reasonable size is in the order of
hundreds. Gathering reliable data in such a large-scale
subjective experiment is a very expensive task. To hold
down the number of subjective comparisons, the form of
image distortions is usually highly restricted. Therefore,
despite the substantial time involved in collecting psychophysical data in these experiments, there is no guarantee that
the test results on these restricted databases provide a
sufficient test for a "general-purpose" image-quality assessment algorithm.
In [15], an alternative approach was formulated to evaluate
the relative strength and weaknesses of image-quality measures
with a much smaller number of subjective comparisons.
The key idea is to conduct subject test on synthesized images
that best differentiate two candidate image-quality measures.
These synthesized images are obtained by a searching
procedure in the image space, rather than collecting a large
number of images with known types of distortions. In
previous work, the idea of synthesizing images for subjective
testing has been used by the "synthesis-by-analysis" methods
of assessing statistical texture models, in which the model is
used to generate a texture with statistics matching an original
texture, and a human subject then judges the similarity of

the two textures [16-20]. In the context of image-quality
assessment, a similar concept has also been used for
qualitatively demonstrating the performance [5, 11, 13] and
calibrating parameter settings [21]. These synthesis methods
provide a very powerful and efficient means to reveal the
strength and weaknesses of a model. They also provide the
added benefit that the resulting images may suggest improvements of the model.
Figure 10 shows the framework of the image synthesis-based
system for performance comparison of two image-quality
measures, which are denoted as MI and M2, respectively. For
each reference image and a given initial distortion level l, the
system generates two pairs of synthesized image stimuli. First,
the reference image is altered according to the given initial
distortion level l (e.g., white noise of a specified variance, af, is
added) to generate an initial distorted image. Second, the
quality of the initial image is calculated using the two given
measures M 1 and ME, respectively. Third, the system searches
for the best-/worst-quality images in terms of M2 while
constraining the value of MI to remain fixed. The result is a
pair of images that have the same M1 value, but potentially
very different M2 values. This procedure is also applied with
the roles of the two metrics reversed, to generate the best-/
worst-quality images in terms of M1 while constraining the
value of M2 to be fixed. Finally, subjects compare the quality
of the resulting two synthesized image pairs.
Figure 11 gives a more straightforward illustration of the
method in the image space, in which the initial image is a
common point of a level set of MI and a level set of M2. As
demonstrated in Fig. l lA, the goal of the image synthesis
system is to start from the initial image, and move (perhaps
iteratively) along the direction of increasing/decreasing the M2
measure while constrained on the M1 level set. Figure l lB
demonstrates the reverse procedure for searching the best/
worst M1 images along the M2 level set.
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FIGURE 10 Diagramof image synthesis-basedsystem for performance comparison of two image quality measures M1 and M2. (Adapted from [15].)
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Depending on the specific formulation and complexity of
the quality measures being compared, there may be various
methods of finding the best-/worst-quality image in terms
of one of the measures while constraining the other to be
fixed. Figure 12 illustrates a single step of a constrained
iterative gradient ascent/descent algorithm for optimization of
M2. Here, we denote the reference image X and the distorted
image at the n-th iteration Y, (with Y0 representing the initial
distorted image). We compute the gradient of the two quality
measures, evaluated at Y,:
Gl,n --

VyM1(X, Y)lY=Y,

G2.. - VyM2(X,Y)Iy=y.. (21)

We define a modified gradient direction, Gn, by projecting out
the component of G2,n that lies in the direction of Gl,n:
GTnG1 n
Gn -- G2, n - ~ G
2, I , , . ,
1,

(22)

A new distorted image is computed by moving in the direction
of this vector:
Y~n -- Yn + 2G,.

(23)

Finally, the gradient of M1 is evaluated at Y',, and an
appropriate amount of this vector is added to guarantee that
the new image has the correct value of MI"
Yn+l -- Y~, + vG~l,n s.t.

MI(X, Yn+l) -- MI(X, Yo).

(24)

For the case of MSE, the selection of v is straightforward,
but in general it might require a 1D (line) search. During
the iterations, the parameter 2 is used to control the speed
of convergence and v must be adjusted dynamically so that
the resulting vector does not deviate from the level set of M1.
The iteration continues until it satisfies certain convergence
condition (e.g., mean squared change in the distorted image

972

zyxwvutsrqponm
Handbook of Image and Video Processing

~;~yM2(X, Y)
-

Yn
........ ]'Y-~~I

-

M1 level set /

M1level set

,

j

x

"

\

"~"

\

zyxwvut
\

M1level set

,, ~ ,
',',l

M1level set

X

FIGURE 12 Illustrationof the n-th iteration of the gradient ascent/descent search procedure for optimizingM2 while constraining on the M1 level set. This
illustration is in two-dimensionalspace. In practice, the dimension equals the number of image pixels. (From [15].)
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FIGURE 13 Demonstrationof image stimulus synthesis for performance comparison of mean squared error and structural similarityindex.
in two consecutive iterations is less than some threshold).
If metric M2 is differentiable, then this procedure will converge to a local maximum/minimum of M2. In general,
however, to find the global maximum/minimum is difficult
(note that the dimension of the search space is equal to the
number of pixels in the image), unless the quality measure
satisfies certain properties (e.g., convexity or concavity).
In Figs. 13 and 14, we demonstrate comparison of MSE
against SSIM using the image synthesis-based approach. Note
that the gradient-based searching approach described in this
section requires calculating the gradients of both image quality
measures with respect to the image during each iteration.
Fortunately, both MSE and SSIM measures are simple enough,
such that their gradients can be computed explicitly [15].
Figure 13 shows the synthesized images for performance

comparison of MSE and SSIM, where the initial image is
obtained by adding white Gaussian noise (a~ = 1024) and
variance-weighted pooling as of Eq. (20) is used for the SSIM
measure. These synthesized images immediately reveal the
perceptual implications of both quality measures. In particular, MSE is blind in distinguishing between structural
distortions (D) (in fact, many local image structures in image
D are inverted, resulting in negative SSIM values) and
luminance/contrast changes (C), but perceptually, image C
has much better quality than image D. On the other hand,
although the best/worst MSE images for fixed SSIM (images
E and F) exhibit very different types of image distortions,
the best MSE image E does not appear to be obviously
better than the worst MSE image F. Similar comparisons
remain consistently across a wide variety of image types, as is
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FIGURE 14 Synthesized image stimuli for performance comparison of mean squared error and structural similarity index. (Adapted from [15].)

demonstrated in Fig. 14. Thus, we conclude that SSIM
performs much better than MSE in this test.

5 Concluding Remarks
This chapter introduces the basic ideas and algorithms of
structural approaches for image quality assessment. We have
attempted to describe the concepts, the SSIM index algorithm,
as well as the image synthesis-based performance evaluation
algorithm in the image space. We demonstrate that image
distortions along different directions in the image space have
different perceptual meanings. The structural approaches
attempt to separate the directions associated with structural
distortions from those with nonstructured distortions. This
separation gives a new coordinate system in the image space.
The new coordinate system is not fixed as in traditional image
decomposition frameworks (e.g., Fourier and wavelet types of
transforms), but adapted to the underlying image structures.
In terms of the construction of image quality assessment
systems, most traditional HVS-based methods are based on a
bottom-up philosophy, which attempts to simulate the
functions of the relevant components in the HVS and
combine them together, in the hope that the combined
system can predict the behavior of the overall HVS. The

effectiveness of these methods depends on how much the HVS
is understood and how accurately the simulation can be
implemented. By contrast, the structural approaches are
based on a top-down philosophy, which starts from the very
top levelmsimulating the hypothesized functionality of the
overall HVS. A top-down approach may lead to significantly
simplified algorithm, but relies on the goodness of the underlying hypothesis. In particular, the basic assumption made by
the structural approaches is that the HVS is highly adapted
to extract structural information from the visual scene, and
therefore structural distortion measure should give good
prediction of perceived image quality. Current experiments
have demonstrated very promising results.
Although the structural approaches are based on a
substantially different design principle, we view them as
complementary to, rather than opposed to, the traditional
HVS-based methods. Notice that the traditional approaches
often involve linear signal decompositions (e.g., the wavelet
transforms), followed by local nonlinear normalization
processes. These normalized transform coefficients may be
considered as specific representations of the image structures.
In this sense, the errors measured in normalized transform
coefficients implicitly suggest the structural changes between
the image signals being compared. On the other hand, the
adaptive coordinate system (as demonstrated in Figs. 5 and 7)
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2

1 Introduction
Digital image and video processing systems deal, in large part,
with signals that are meant for "human consumption." These
image and video signals are reproductions of visual information that typically come from the three-dimensional (3D)
environment. To design such systems to operate efficiently,
automatic visual quality assessment algorithms are needed that
can evaluate images and videos and report their quality
without human involvement. Researchers have approached
the problem of quality assessment from many directions, and
some state-of-the-art methods were described in Chapters 8.2
and 8.3.

Copyright © 2005 by Elsevier Academic Press.
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1.1 Full-Reference Quality Assessment
In the so-called full-reference (FR) quality assessment (QA)
paradigm, a reference image of perfect quality is assumed to
be available with respect to which a test (or distorted) image
could be evaluated for quality. In the FRQA literature,
researchers have tried to improve on the simple error measure,
the mean squared error (MSE) and the corresponding peak
signal-to-noise ratio (PSNR), as a measure of image quality,
since MSE (and PSNR) are widely known to correlate too poorly
with visual quality for most applications [3, 22]. Two broad
schools of thoughts could roughly be identified among
the researchers in FRQA: those who believe that modeling
the salient physiologic and psychological components of the
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FIGURE2 An information-theoretic setup for quantifyingvisual quality using a distortion channel model as well as
a human visual system (HVS) model. The HVS also acts as a channel that limits the flow of information from the
source to the receiver. Image quality could also be quantified using a relative comparison of the information in
the upper path of the figure and the information in the lower path.

2 Mathematic Preliminaries
In this section, we will present some mathematic preliminaries and notational issues that are necessary for the development of information fidelity-based QA methods presented
in this chapter. Specifically, we introduce vector Gaussian scale
mixture (GSM) models for modeling natural image sources.
We will also describe a simple, yet effective, channel model
and a simple HVS model. We will then briefly introduce
mutual information, and using the models presented in this
section, we present the information fidelity-based quality
assessment methods in Section 3.

2.1 The Source Model
Images and videos of the visual environment captured using
high-quality capture devices operating in the visual spectrum
are broadly classified as natural scenes. This differentiates
them from text, computer-generated graphics scenes, cartoons
and animations, paintings and drawings, random noise, or
images and videos captured from nonvisual stimuli such as
radar, sonar, x-rays, ultrasounds, and so forth. Natural scenes
constitute an extremely tiny subset of the set of all possible
images [4, 7]. Many researchers have discovered statistical
models that describe the salient features of this subspace
of natural images, and some of these models were reviewed
in Chapter 4.7. Recently, scale-space-orientation analysis
tools (loosely referred to as "wavelet" analysis in this chapter),
for example the steerable pyramid [14, 15], have been
successfully used for modeling natural images [1, 12, 19].
In these analysis methods, each subband of wavelet coefficients
represents image features having similar scale and orientation.
While wavelet analysis may usually be sufficient for approximately linearly decorrelating natural images, the nonlinear
redundancies present in them cannot be modeled using
any linear transform [13]. The GSM framework has been
shown to be suitable for describing such dependencies
between wavelet coefficients of natural images and their
marginal statistics [ 18, 19].
Thus, the model for natural images that we use in this
chapter is the GSM model in the wavelet domain, more
specifically a vector GSM model. We will describe the model
for only one subband of the wavelet decomposition at this
point, and later generalize the results for multiple subbands.

A GSM is a random field (RF) that can be expressed as a
product of two independent RFs [19]. That is, a GSM
C. = {Ci : i e I}, where I denotes the set of spatial indices for
the RF, can be expressed as:
(1)

{Si" Ui " i e I}

C- S.Lt-

where S = { S i : i e I }
is an RF of positive scalars and
b l - { U i ' i ~ I} is a Gaussian vector RF with mean zero and
covariance Cu. Ci and Ui are M dimensional vectors, and we
assume that for the RF b/, Ui is independent of L~, ¥i -¢: j.
In this chapter, we model each subband of a scale-spaceorientation wavelet decomposition (such as the steerable
pyramid [14]) of an image as a GSM. We partition the
subband coefficients into nonoverlapping blocks of M coefficients each, and model block i as the vector Ci. Thus image
blocks are assumed to be uncorrelated with each other, and
any linear correlations between wavelet coefficients are
modeled only through the covariance matrix Cu. Note that
a "blocking" approach for capturing linear dependence
between wavelet coefficients is not perfect, and blocks may
continue to have residual dependence among each other.
This means that the assumption of Ui being independent
of Uj, ¥i ¢: j would hold only approximately. The blocking
approach, however, works fine for QA purposes.
One could easily make the following observations regarding this model: C is normally distributed given S (with mean
zero, and covariance of Ci being S2Cu), that given Si, Ci are
independent of Sj for all j ~ i , and that given S, Ci are
conditionally independent of Cj,Vi ~ j [ 19]. These properties
of the GSM model make analytic treatment of information
fidelity possible.
Researchers have shown that the GSM model can capture
key statistical features of natural images: Linear dependencies
in natural images can be captured by the GSM framework
using a wavelet decomposition and the covariance matrix Cu,
the heavy-tailed marginal distributions of the wavelet
coefficients can be modeled by using an appropriate distribution for S, and the nonlinear dependencies between the
wavelet coefficients of natural images can be captured by
constraining the field S to be self-correlated [6, 19].
Researchers have explored models for describing the
statistical properties of the field S for natural images as well
--~
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-o
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[6, 19]. However, we will not delve into a discussion about
Moreover, changes in image contrast, such as those
these models since they are not used in the methods that resulting from variations in ambient lighting or contrastwe present in this chapter. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
enhancement operations, are not modeled as noise, since they
too could be incorporated into the attenuation field G.
For practical distortion types that could be described locally
2.2 The Distortion Model
as a combination of blur and noise, gi would be less than unity,
The purpose of a distortion model is to describe how the while they could be larger than unity for some "distortion
statistics of an image are disturbed by a generic distortion types" such as contrast enhancements.
operator. The distortion model that we have chosen provides
important functionality while being mathematically tractable
2.3 The Human Visual System Model
and computationally simple. It is a signal attenuation and
additive noise model in the wavelet domain:
A HVS model is only required in the second of the two
information fidelity-based QA methods that we will present
in this chapter, that is, the VIF measure. The HVS model that
(2)
D = GC + V - {giCi + Vi " i ~I}
we use is also described in the wavelet domain. Since HVS
models are the dual of NSS models [16], many aspects of
where C denotes the RF from a subband in the reference the HVS are already modeled in the NSS description, such as
signal, D = {Di'iE I} denotes the RF from the correspond- a scale-space-orientation channel decomposition, response
ing subband from the test (distorted) signal, ~ - {gi" i ~ I} is exponent, and masking effect modeling [11]. The components
a deterministic scalar gain field, and V = {Vi:i~ I} is a sta- that are missing include, among others, the optical point
tionary additive zero-mean Gaussian noise RF with variance spread function (PSF), luminance masking, the contrast
Cv=a~zI. The RF V is white and independent of S and b/. sensitivity function (CSF), and internal neural noise sources.
We constrain the field ~ to be slowly varying.
Incidentally, it is the modeling of these components that is
This model captures important, and complementary, heavily dependent on viewing configuration, display calibradistortion types: blur, additive noise, and global or local tion, and ambient lighting conditions.
contrast changes. The underlying premise in the choice of this
In this chapter, we approach the HVS as a "distortion
model is that in terms of their perceptual annoyance, distortion channel" that imposes limits on how much information could
types that are prevalent in real-world systems could roughly flow through it. Although one could model different compobe approximated locally as a combination of these distortions. nents of the HVS using psychophysical data, the purpose
The attenuation factors gi would capture the loss of of the HVS model in the information fidelity setup is to
signal energy in a subband due to blur distortion, and the quantify the uncertainty that the HVS adds to the signal
process V would capture the additive noise component that flows through it. As a matter of analytical and computaseparately. Figures 3 and 4 show some real-world distortions tional simplicity, and more important to ease the dependency
and the synthesized images from the corresponding distortion of the overall algorithm on viewing configuration information,
channel. The synthesized images were generated from the we lump all sources of HVS uncertainty into one additive
reference image and the estimated distortion channel for noise component that serves as a distortion baseline in comtwo types of channels: a signal attenuation with additive noise parison to which the distortion added by the distortion
channel and an additive noise-only channel. A good distortion channel could be evaluated. We call this lumped HVS
model is one where the distorted image and the synthesized distortion visual noise, and model it as a stationary, zero
image look equally perceptually annoying, and the goal of mean, additive white Gaussian noise model in the wavelet
the distortion model is not to model image artifacts, but the domain. Thus, we model the HVS noise in the wavelet domain
perceptual annoyance of the artifacts. Thus, even though the as stationary RFs...Af- {ffli'i E I}, and N " - {/V~ • i ~ I}
distortion model may not be able to capture distortions such where Ni and N~ are zero-mean uncorrelated multivariate
as ringing or blocking exactly, it may still be able to capture Gaussian with the same dimensionality as Ca:
their perceptual annoyance. Notice that the signal attenuation
and additive noise model can capture the effects of real-world
(3)
E = C + A/" (reference image)
distortions adequately in terms of the perceptual annoyance,
whereas the additive-only distortion model performs quite
(4)
Y = D + Aft (test image)
poorly. For distortion types that are significantly different
from blur and white noise, such as ]PEG compression at
very low bit rates (Fig. 3(E)), the model fails to reproduce where $ and Y denote the visual signal at the output of
the perceptual annoyance adequately (Fig. 3(F)), but it the HVS model from the reference and the test images in one
still performs much better than the additive only noise subband respectively, from which the brain extracts cognitive
information (Fig. 2). The RFs A/" and A/" are assumed to be
model shown in Figs. 5 and 6.
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FIGURE 3 Distorted images and their synthesized versions for the attenuation/additive noise distortion model. The
images have been synthesized using two-band image decompositions. A good distortion model should be able to
synthesize images whose perceptual annoyance is similar to the actual distortion. Note that the attenuation with
additive noise model adequately captures the perceptual annoyance of real-world distortions. For distortions that
deviate significantly from blur+noise, such as JPEG at low bit rates, the model's performance worsens, but is still better
than the additive-only noise model of Fig. 5.

i n d e p e n d e n t o f / 4 , 8, and ]2. We m o d e l the covariance of
N and N " as:

chapter. Readers are referred to [2] for a m o r e detailed
treatment.
The differential entropy of a c o n t i n u o u s r a n d o m variable X
with a density fiX) is defined as:

zyxwvutsrqponm
CN -- C N , -

GI

(5)

where a 2 is an HVS m o d e l p a r a m e t e r (variance of the visual
noise).

2.4 Differential Entropy and
Mutual Information

In this section, we will briefly review some definitions and
results from i n f o r m a t i o n theory that are used later in this

h(X)

-

ff(x)log2
f ( x ) dx
d

(6)

The conditional differential e n t r o p y of a variable X given Y
could similarly be defined:

h(X IY) - - g f ( x ,

r) log2f(xlr)

dxdy

(7)
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(d) Gaussian blur synthesized

:......... 2,. :N:~:

FIGURE 4 Distortedimages and their synthesizedversions for the attenuation/additive noise distortion model.
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For a normally distributed random vector X of dimensionality n, with mean/2 and covariance K, the differential
entropy can be shown to be:

(denoted as xN):

N

h(XN) - ~

-.

1

h(X) -- -~log2(2yre)n ]K[ bits

(8)

(11)

I(Xi; YIX i-1)

(12)

N

I(xN; Y ) - E

where [K[ denotes the determinant of K.
The mutual information between two random variables X
and Y with joint density f(x, y) is defined as:

h(Xi Ix i-1)

i=1

i=1
N

N

I(XN; y N ) _ E E I(Xi; Yi]Xi-l,

yj-1)

(13)

i=1 j = l

I(X; Y) -

f f (x,y) log 2 ~f d(x,x dy)y

f(x)fO')

(9)

From the definitions it could be easily shown that

The notion of mutual information and the above equalities
could easily be extended to conditional differential entropy
and conditional mutual information. Thus, for example, if
X and Y are conditionally independent given Z, then

I(X; YIZ) = O.
I(X; Y) -- h(X)- h(XIY) -- h(Y)- h(YlX)

(10)

In case X and Y are independent, then I(X; Y)= O.
From the definitions of differential entropy, mutual
information, and the chain rule for probability density
functions, it is easy to derive the following chain rules
for a collection of N random variables {X1, X2. . . . , XN}

3. Information Fidelity for Quality
Assessment of Natural Images
In this section, we will describe two recently proposed
methods for image QA based on the information fidelity
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FIGURE 5 Distorted images and their synthesized versions for the additive noise distortion model. Note that the
model fails to capture blurring adequately, and the synthesized images have a much different perceptual quality.
paradigm. Both of these methods quantify various aspects
of image information. Results are presented in Section 5.

3.1 The Information Fidelity Criterion
The IFC quantifies the information shared between a test and
the reference image. The reference image is assumed to pass
through a channel yielding the test image, and the mutual
information between the reference and the test images is
used for predicting visual _,quality.
Let ~N~_ {el, C2..... CN} denote N elements from C.
Let S N and / ~ be correspondingly defined. The mutual
information between the test and the reference wavelet
coefficients I(~N;/~N) quantifies the amount of information

shared between them. However, we are interested in the
quality of a particular reference-test image pair, and not the
average quality of the ensemble of images as they pass through
the distortion channel. 1 It is therefore reasonable to tune the
natural scene model to a specific reference image by treating
I ( c N ; [ ) N [sN--sN) instead of I ( ~ N ; / ~ ) , where sN denotes
a realization of S N for a particular reference image. The
realization sN could be thought of as 'model parameters' for
the associated reference image. The conditioning on S is
intuitively in line with divisive normalization models for the
1For some design applications where the distortion channel is being
designed to maximizevisual quality, it would make more sense to optimize the
design for the ensemble of images instead.
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FIGURE 6 Distorted images and their synthesized versions for the additive noise distortion model. Note that the
model fails to capture blurring adequately, and the synthesized images have a much different perceptual quality.
visual neurons [11 ], and lends the IFC to analytical tractability
as well. In this chapter we will denote I(cN;/~N[gN = ~ as
I(CN;ENI~ ). With the stated assumptions on C and the
distortion model, it can easily be shown that [11 ]"
1N M
(
I((~N;~]S/V)--~/~IZIOg 2 1 +
•

k=l

zyxwvutsr
g2S2 k]

(14)

where Xk are the eigenvalues of Cu.
Note that in the above treatment it is assumed that the
model parameters sN, G and cr2 are known. Details of practical
estimation of these parameters are given in Section 4.
In the development of the IFC, we have so far only dealt
with one subband. One could easily incorporate multiple
subbands by assuming that each subband is completely
independent of others in terms of the RFs as well as the
distortion model parameters. Thus, the IFC is given by:
IFC-

Z

3.2 Properties of Information
Fidelity Criterion

I(cN'J;LYv'JlsN'J)

(15)

j~subbands

where the summation is carried over the subbands of interest,
and ~N,j represent N) elements of the RF C) that describes
the coefficients from subband j, and so on.

The IFC has a number of interesting properties. One interesting feature of the IFC is that like the MSE, it does not
depend on model parameters such as those associated with
display device physics, data from visual psychology experiments, viewing configuration information, or stabilizing constants. The IFC does not require training data either. In the
implementation of the IFC, however, a number of simulation
parameters need to be introduced, such as those required
for model parameter estimation. We will discuss parameter
estimation in Section 4. Yet, the minimal reliance of the IFC
on parameters that could be "tuned" for performance, and
no reliance on psychovisual data or viewing geometry data,
is a desirable feature.

3.3 Similarities Between Information
Fidelity Criterion and Human Visual
System-Based Methods
Interestingly, it has been shown that the IFC is functionally
similar to HVS-based FRQA algorithms [ 11 ]. Figure 7 shows
an HVS-based FRQA method that computes the error signal
between the processed reference and test signals, and then
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FIGURE7 Informationfidelitycriterion using scalarGaussianscalemixture modelhas been shownto be functionally
equivalent to the HVS based full-referencequality assessmentmethod shown here [11].
processes the error signal before computing the final
perceptual distortion measure. A number of key similarities
with most HVS QA methods are immediately evident. These
include a scale-space-orientation channel decomposition,
response exponent, masking effect modeling, localized error
pooling, suprathreshold effect modeling and a final pooling
into a quality score. It has been shown that the method shown
in Fig. 7 is functionally equivalent to IFC using a scalar GSM
model. The differences between Fig. 7 and IFC have to do with
improved source and distortion modeling, and the interplay of
pooling and suprthreshold effect modeling. These have been
discussed in detail in [ 11 ].

3.4 The VisualInformationFidelityMeasure
The IFC presented in Section 3.3 did not take into consideration the fact that the visual system also limits the amount
of information that could be extracted from a visual signal
that passes through it. In this respect, it too is a "distortion channel." The visual information fidelity (VIF) measure
[9] attempts to quantify the loss of information to the
HVS channel relative to the amount of information lost from
the signal to the distortion channel for evaluating visual
quality.
Let ~2v_ {el, C2 ..... CN} denote N elements from C.
Let SN,/~v, /~2vand fin be correspondingly defined (figure 2).
Once again, in this section we will assume that the model
parameters sN, ~, ~2, and cr~ are known, and as before, we will
treat conditional mutual information quantities I(~N;/~N[sN )
and I(cN;/~NlsN) only.
It can be shown [9] that:

I(cN'iNlsN)---}.1/~1 ZMl o g 2
I(CN'FNIsN)---~

•

( 1 + s~kk'~

G]

(

~--~log 2 1 + .T--C2
k=i

where £k are the eigenvalues of Cu.

Cry + c r y ]

I(~N; /~N[SN) and I(~N;/~NIsN ) represent the information
that could ideally be extracted by the brain from a particular
subband of the reference and the test images respectively.
Therefore, I(~N;/~N[~) could be interpreted as the reference
image information. Intuitively, visual quality should relate
to the amount of image information that the brain could
extract from the test image relative to the amount of information that the brain could extract from the reference
image. For example, if the reference image information is
5.0 bits of information per pixel and the test image has 4.8 bits
per pixel, then relatively little information has been lost to
the distortion channel. In contrast, if the reference image
information were 10.0 bits per pixel, and the test image
still has 4.8 bits per pixel, then a relatively large amount of
information has been lost to the distortion channel, and
the visual quality of the test image should be inferior.
A simple ratio of the two information measures relates
quite well with visual quality [9]. It is easy to motivate the
suitability of this relationship between image information
and visual quality. When a human observer sees a distorted
image, he or she has an idea of the amount information that
he expects to receive in the image (modeled through the
known S field), and it is natural to expect the fraction of
the expected information that is actually received from
the distorted image to relate well with visual quality.
As before, the VIF could easily be extended to incorporate multiple subbands by assuming that each subband is
completely independent of others in terms of the RFs as well as
the distortion model parameters. Thus, the VIF is given by:
VIF = Y~j~subbands I(~N,j; ./~N,JIsN,J)

Zj~subbands l( cN'j;

"EN'jIsN'J)

(18)

(16)

(17)

where we sum over the subbands of interest, and ~N,j
represent N elements of the RF Cj that describes the coefficients from subband j, and so on.
The VIF given in (18) is computed for a collection of
wavelet coefficients that could either represent an entire
subband of an image, or a spatially localized set of subband
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coefficients. In the former case, the VIF is a single number that the fact that the "distortion" (in terms of a perceivable
quantifies the information fidelity for the entire image, difference with the reference image) is clearly visible. A VIF
whereas in the latter case, a sliding-window approach could value larger than unity indicates that the perceptual difference
be used to compute a quality map that could visually illustrate in fact constitutes improvement in visual quality. In contrast,
how the visual quality of the test image varies over space. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
both the blurred image and the JPEG-compressed image
have clearly visible distortions and poorer visual quality,
which is captured by a low VIF measure.
3.5 Properties of Visual Information Fidelity
Figure 9 illustrates spatial quality maps generated by
The VIF has a number of interesting features. First note that VIF. Figure 9(A) shows a reference image and Fig. 9(B)
VIF is bounded below by zero (such as when I(cN;/~NIsN) -- 0 the corresponding JPEG2000-compressed image in which the
and I(cN;/~NJsN) ~: 0), which indicates that all information distortions are clearly visible. Figure 9(C) shows the reference
about the reference image has been lost in the distortion image information map. The information map shows
channel. Second, if the test image is an exact copy of the the spread of statistical information in the reference image.
reference image, then VIF is exactly unity. Thus, for all The statistical information content of the image is low in
practical distortion types, VIF would lie in the interval [0, 1]. flat image regions, whereas in textured regions and regions
Third, and this is where VIF has a distinction over traditional containing strong edges, it is high. The quality map in
QA methods, a linear contrast enhancement of the reference Fig. 9(D) shows the proportion of the image information that
image that does not add noise would result in a VIF value has been lost to JPEG2000 compression. Note that due to the
larger than unity, signifying that the contrast-enhanced image nonlinear normalization in the denominator of VIF, the scalar
has a visual quality superior to the reference image! It is a VIF value for a reference/test pair is not the mean of the
common observation that contrast enhancement of images corresponding VIF map!
increases their perceptual quality unless quantization, clipping, or display nonlinearities add additional distortion.
3.6 Visual Information Fidelity and
Theoretically, contrast enhancement results in a higher SNR
Human
Visual System-Based Quality
at the output of the HVS neurons, which allows the brain to
have a greater ability to discriminate objects present in the Assessment Methods
visual signal. This increase in SNR and the resulting Note that VIF is basically IFC normalized by the reference
improvement in visual quality is captured by the VIF.
image information (except for the visual noise component),
While it is common experience that even linear point-wise and most of the discussion of the similarities and contrasts
contrast enhancement improves quality to a certain extent between IFC and HVS-based QA methods carries onto VIF
only, and that the quality starts deteriorating beyond a certain as well. The normalization by reference image information
enhancement factor, we believe that in the real world, the is something that is currently not implemented in HVS-based
perceived quality increases with contrast enhancement over QA methods, and its connections with the HVS needs
many orders of magnitude. Illumination increase in the further research.
environment (which leads to an increase in the contrast of
the light signals entering the eye as well, contrast being
the signal that is encoded by the retina and sent to the 4. Implementation Issues
brain) increases our perception of the quality of the perceived image over many orders of magnitude until the HVS To implement IFC or VIF a number of assumptions are
neurons are driven to saturation. The effect of limited needed about the source, distortion, and HVS models, as
piece-wise contrast improvement on a computer is therefore well as estimation methods for the different parameters.
more an artifact of limited machine precision and display We outline them in this section.
nonlinearities.
It is reasonable to envision extensions of the notion of
4.1 Assumptions about the Source Model
quantifying improvement in visual quality of images by
other image enhancement operations such as deblurring or Note that while we model natural image sources as being
denoising using a similar information-theoretic paradigm.
stochastic in nature, the QA algorithms need to operate on
Figure 8 shows a reference image and three of its distorted particular realizations of these sources. Mutual inforversions that come from three different types of distor- mation (and hence the IFC and VIF) can only be calculated
tion, all of which have been adjusted to have about the same between the RFs and not their realizations, that is, a particular
MSE with the reference image. The distortion types illus- reference and the test image under consideration. We will
trated in Fig. 8 are contrast stretch, Gaussian blur, and ]PEG assume ergodicity of the RFs and that reasonable estimates
compression. In comparison with the reference image, the for the statistics of the RFs can be obtained from their
contrast enhanced image has a better visual quality despite realizations. Mutual information is then quantified between
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(a) Reference image

(b) Contrast enhancement

(c) Blurred

(d) JPEG compressed

FIGURE 8 The visual information fidelity (VIF) has an interesting feature: it can capture the effects of linear contrast
enhancements on images, and quantify the improvement in visual quality. A VIF value greater than unity indicates this
improvement, while a VIF value less than unity signifies a loss of visual quality. (A) Reference Lena image (VIF= 1.0).
(B) Contrast-stretched Lena image (VIF--1.17). (C) Gaussian blur (VIF-- 0.05) and (D) JPEG-compressed
(VIF = 0.05).

the RFs having the same statistics as those obtained from
particular realizations.
The source model parameters that need to be estimated from the data consist of the field S. For the vector
GSM model, the maximum-likelihood estimate of s2i can be
found as follows [ 17]:
Si

M

=

1

N

7"7

4.2 Assumptions about the Distortion Model

zyxwvuts

(19)

Estimation of the covariance matrix C u is also straightforward from the reference image wavelet coefficients [17]:
(~u - ~ Y~. ~ T

In (19) and (20), i y~./N=l s2 is assumed to be unity without
loss of generality [ 17].

(20)

For the assumptions on the distortion channel to approximately hold, the parameters of the distortion channel are
estimated locally. A spatially localized block-window centered
at coefficient i could be used to estimate gi and 0.2 at i.
The value of the field ~ over the block centered at coefficient i,
which we denote as gi, and the variance of the RF ld, which
we denote a s 0 .2v,i, are fairly easy to estimate (by linear
regression) since both the input (the reference signal) as
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FIGURE 9

(a) Reference image

(b) J P E G 2 0 0 0 compressed

(c) Reference image info. map

(d) VIF map

Spatial maps showing how visual information fidelity (VIF) captures spatial information loss.

well as the output (the test signal) of the system (2) are
available:
(21)

g/-- Co-'~(C,D)Co-"~(C, C) -1
0 .2V, i

-

-

~oov(D,D)

-

gi~oov(C,

D)

parameter a 2 by running the algorithm over a range of values
and observing its performance. While the performance is
affected by the choice of a 2, the algorithm's overall
performance continues to be highly competitive with other
methods for a wide range of values. We will discuss the
dependence of the performance of VIF later in Section 5.

zyxwvuts
(22)

where the covariances are approximated by sample estimates
using sample points from the corresponding blocks centered
at coefficient i in the reference and the test signals.

4.3 Assumptions about the Human Visual
System Model

Recall that the HVS model is needed for VIF only, and IFC
does not use any HVS modeling. For VIF, the HVS model is
parameterized by only one parameter: the variance of visual
noise a~v. It is easy to hand-optimize the value of the

5 Results

In this section, we present results on the validation of IFC
and VIF and comparisons with PSNR and the well-known
Sarnoff model (Sarnoff JND-Metrix 8.0 [8]). The validation
is done using subjective quality scores obtained from a group
of human observers, and the performance of the QA algorithms is evaluated by comparing the quality predictions of the
algorithms against subjective scores. Since all images were not
the same size, the IFC in (15) was normalized by the number
of pixels to yield information in bits per pixel.

8.4 Information Theoretic Approaches to Image Quality Assessment

5.1 Subjective Experiments for Validation
For the data used for the results presented in this section,
20 to 28 human subjects were asked to assign each image
with a score indicating their assessment of the quality of
that image, defined as the extent to which the artifacts were
visible and annoying. Twenty-nine high-resolution 24-bits/
pixel RGB color images (typically 768 x 512) were distorted
using five distortion types: ]PEG2000, ]PEG, white noise
in the RGB components, Gaussian blur, and transmission
errors in the ]PEG2000 bit stream using a fast-fading Rayleigh
channel model. A database was derived from the 29 images
to yield a total of 779 distorted images, which, together
with the undistorted images, were then evaluated by human
subjects. The raw scores were processed to yield difference
mean opinion scores (DMOS) scores for validation and testing.

zyxwvu
zy
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model was estimated with an 18 × 18 sliding window. Only
the subbands at the finest level were used in the summation of
(15) and (18).

5.3 Calibration of the Objective Score
It is generally acceptable for a QA method to stably predict
subjective quality within a nonlinear mapping, since the
mapping can be compensated for easily. Moreover, since the
mapping is likely to depend on the subjective validation/
application scope and methodology, it is best to leave it to
the final application, and not to make it part of the QA
algorithm. Logistic functions are typically used for nonlinear
fitting in QA applications. For the results presented here,
a five-parameter nonlinearity (a logistic function with additive
linear term) was used on the logarithm of the IFC and VIF.
The mapping function used is given in (23), while the fitting
was done using numeric methods.

5.2 Simulation Details

Quality(x) - fillogistic(fl2, (x-/~3))

Some additional simulation details are as follows. Although
full-color images were distorted in the subjective evaluation,
the IFC and VIF algorithms operated on the luminance
component only. GSM vectors were constructed from
nonoverlapping 3 × 3 neighborhoods, and the distortion

1
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The fitting of the logistic curve for the methods tested
is shown in Fig. 10, while the quality predictions after
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Scatter plots for the objective quality criteria: PSNR, Sarnoff's JND-Metrix 8.0 [8], IFC, and VIF.
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TABLE 1 Validation scores for different quality assessment
methods
.....................................
Validation Against DMOS

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Model

CC

RMS

PSNR
JND-Metrix
IFC
VIF

0.826
0.901
0.918
0.949

9.087
6.992
6.403
5.083

The methods tested were peak signal-to-noise ratio (PSNR), Sarnoff's JNDMetrix 8.0 [8], information fidelity criterion (IFC) and visual information
fidelity (VIF). The methods were tested against DMOS from the subjective
study after a nonlinear mapping. The validation criteria are linear correlation
coefficient (CC) and root mean squared error (RMSE).

compensating for the mapping are shown in Fig. 11. Table 1
quantifies the performance of the various methods in terms
of well known validation quantities: the linear correlation coefficient between predicted quality and subjective
quality, and the root-mean-squared error (RMSE) between
them.

5.4 Discussion
It is evident from Table 1 and Figs. 10 and 11 that the IFC and
VIF are both able to predict image quality m u c h
more accurately than PSNR and Sarnoff's JND-Metrix 8.0.
VIF exhibits a superior performance relative to IFC. However
this performance comes at the cost of introducing a model
parameter a~. Figure 12 shows how the performance of
the VIF varies with a~. Note that while the performance of
VIF varies with a~, VIF is superior to PSNR for all range
of values shown in Fig. 12.

zyxwv

6 Conclusions and Future Work
In this chapter we presented a new framework for doing
full-reference image quality assessment based on information
fidelity, which is an information theoretic setup using
natural scene statistics. We explored the relationship between
image information and visual quality, and presented two
methods for full-reference image quality assessment. The
information fidelity criterion (IFC) quantified the information
shared between the reference and the distorted images, while
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1 Introduction
The amount of digital content, in the form of images
and video, has been increasing exponentially in recent years.
With increasing computing power and electronic storage
capacity, the potential for large digital image/video libraries is
growing rapidly. In particular, the World Wide Web has seen
an increased use of digital images and video, which form
the base of many entertainment, educational, and commercial
applications. As a result, it has become more and more
challenging for a user to search for the relevant information
among a large amount of digital images or video. Image
and video libraries therefore need to provide easy informational access and the retrieval information must be easy to
locate, manage and display.
As the size of accessible image and video collections
grows to thousands of hours, potential viewers will need
abstractions and technology that help them browse effectively
and efficiently. Text-based search algorithms offer some
assistance in finding specific images or segments among
large video collections. In most cases, however, these systems
output many irrelevant images or video segments to ensure
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

retrieval of pertinent information. Intelligent indexing systems
are essential for optimal retrieval of image and video data.
A typical content-based image/video retrieval system
includes three major aspects: feature extraction, high dimensional indexing and system design [24]. Among the three
aspects, high dimensional indexing is important for speed
performance; system design is critical for appearance performance; and feature extraction is the key to accuracy performance. The accuracy performance of a retrieval system is
very subjective and user-dependent. To a user, the similarity
between objects is often high-level or semantic. However,
features we can extract from objects are often low-level
features, as most of them are extracted directly from digital
representations of objects in the database. The gap between
low-level features and high-level semantics has been the
major obstacle to better retrieval performance.
In this chapter we explore the latest technologies in
image and video retrieval. We describe several methods for
extracting features that are used to measure image and video
similarity in multimedia databases. We also describe techniques to bridge the gap between low-level features and
high-level semantics.
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1.1 Content Categories
Most commercial and academic research in image and video
retrieval has focused on documentaries and broadcast news,
although some experimentation has been devoted to sports,
feature films, and stock footage. Documentary footage is
very informative and follows many standard video production procedures. Access to public broadcast material
is less stringent than private material since much of what
they produce is educational, rather than commercial. There are
three basic formats for documentary video: 1) factual, 2) historic, and 3) biographic. Broadcast news includes prerecorded and live footage from producers such as CNN
Headline News, ABC, NBC, and CBS. Most live news segments
present a variety of challenging editing styles and effects
that are not commonly used in pre-recorded segments.
There are many different types of feature films. Most
experiments test commercially successful films suitable for
all audiences. For sports, most researchers examine video
with recognizable formats and "plays" through the course of
the event, such as football, basketball, baseball, soccer, and
hockey.

1.2 Storage and Compression
In analysis of digital content, compression schemes offer
increased storage capacity by utilizing statistical characteristics
of images and video. Images and video are compressed and
stored as discrete cosine transform (DCT) coefficients and
motion vectors. One drawback to these compression schemes
is loss in quality. Bitstreams created by lossy compression
schemes, however, typically preserve some statistical information of the original video in an explicit manner. For example,
the DCT coefficients preserve colors, texture, and other spatial
domain characteristics, and motion vectors preserve object
motion, camera pan and zoom, and other temporal characteristics. Lossless schemes, such as run length encoding
(RLE) and Huffman coding, do not sacrifice quality but
provide lower compression ratios. Furthermore, bitstreams
created by lossless algorithms do not explicitly contain any
statistical information of the original video. Many algorithms
provide compression as high as 100 to 1, and often use DCT
and motion compensation for compression. The parameters
of the DCT may be used for video segmentation while the
motion compensation statistics may be used as a form of
optical flow, as discussed in Section 2.
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and video databases. In this chapter, features are described in
the following categories:
• Statistical Features--Features extracted from and image
or video sequence without regard to content are
described as statistical features. These include parameters
derived from such algorithms as image difference and
camera motion.
• Compressed Domain Features--A feature extracted from
a compressed image or video stream without regard to
content is described as a compressed domain feature.
• Content-Based Features~A feature derived for the
purpose of describing the actual content in an image or
video stream is a content-based feature.
In the sections that follow, we describe examples of each
feature and potential applications in image and video
databases.

2.1 Statistical Features
Certain features may be extracted directly from image pixels
without regard to the content. These features include such
analytical features as scene changes, motion flow and video
structure in the image domain, and sound discrimination in
the audio domain. In this section we describe techniques
for image difference and motion analysis as statistical features.
For more information on statistical image features, please
see Chapters 4.7 and 4.8. Here we discuss features that are
more related to video.

2.1.1 Image Difference
A difference measure between images serves as a feature
to measure similarity. We describe two fundamental methods
for image difference: absolute difference and histogram
difference. The absolute difference requires less computation,
but is generally more susceptible to noise and other imaging
artifacts, as described below.

Absolute Difference.

The image difference of two images
is defined as the sum of the absolute difference at each pixel.
The first image It is analyzed with a second image, It-T, at
a temporal distance T. The difference value is defined as,
M

D(t) - ~

[I(t_~)(i) - It(i)[

i=1

2 Image and Video Features
where M is the resolution, or number of pixels in the
A feature is defined as a descriptive parameter that is extracted image. This method for image difference is noisy and
from an image or video stream. Features may be used to extremely sensitive to camera motion and image degradation.
When applied to sub-regions of the image, D(t) is less noisy
interpret visual content, or as a measure for similarity in image zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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DH-B(t) -- E

]SB(~_l)(V) - HB~(V)]

v=l

DH-RCB(t) -FIGURE 1

(DH-R(t) + DH_G(t) + DH-B(t))

Left: original; Right: filtered (see color insert).

and may be used as a more reliable parameter for image
difference.
H/n W/n

Ds(t) - E E ]I(t-r)(i,j) - It(i,j)]
j=s i=s
Ds(t) is the sum of the absolute difference in a sub-region
of the image, where S represents the starting position for
a particular region and n, represents the number of subregions.
We may also apply some form of filtering to eliminate
excess noise in the image and subsequent difference. For
example, the image on the right in Fig. 1 represents the output
of a Gaussian filter on the original image on the left. For more
details on image enhancement, please refer to Chapter 3.

Histogram Difference.

A histogram difference is less
sensitive to subtle motion, and is an effective measure for
detecting similarity in images. By detecting significant changes
in the weighted color histogram of two images, we form a
more robust measure for image correspondence. The histogram difference may also be used in sub-regions to limit
distortion due to noise and motion.
N

DH(t) - E

]H(t-1)(v) - Ht(v)]

v=l

The difference value, DH(t), will rise during scene changes,
image noise, and camera or object motion. In the equation
below, N represents the number of bins in the histogram,
typically 256. Two adjacent images may be processed,
although this algorithm is less sensitive to error when
images separated by a spacing interval, D i. D i is typically on
the order of 5 to 10 frames for video encoded at standard
30 fps. An empirical threshold may be set to detect values of
DH(t) that correspond to scene changes. For inputs from
multiple categories of video, an adaptive threshold for Dn(t)
should be used.
N

DH-R(t) -- E

]He(t-1)(v) - HRt(V) I

v=l

N

DH-c(t) -- E
v=l

]Hc(t-1)(v) - HGt(v)]

If the histogram is actually three separate sets for RGB,
the difference may simply be summed. An alternative to
summing the separate histograms is to convert the
RGB histograms to a single color band, such as Munsell or
LUV color. Color representations in digital imagery are
discussed in Chapter 4.5.
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2.1.2 Video Segmentation
An important application of image difference in video is the
separation of visual scenes. A simple image difference
represents one of the more common methods for detection
of scene changes. The difference measures, D(t) and Dn(t),
may be used to determine the occurrence of a scene change.
By monitoring the difference of two images over some time
interval, a threshold may be set to detect significant differences
or changes in scenery. This method provides a useful tool
for detecting scene cuts, but is susceptible to errors during
transitions. A block-based approach may be used to reduce
errors in difference calculations. This method is still subject to
errors when subtle object or camera motion occurs.
The most fundamental scene change is the video cut. For
most cuts, the difference between image frames is so distinct
that accurate detection is not difficult. Cuts between similar
scenes, however, may be missed when using only static
properties such as image difference. Several research groups
have developed working techniques for detecting scene
changes through variations in image and histogram differencing. For more details on video segmentation technology,
please see Chapter 4.9.
A histogram difference is less sensitive to subtle motion,
and is an effective measure for detecting scene cuts and
gradual transitions. By detecting significant changes in the
weighted color histogram of each successive frame, video
sequences can be separated into scenes. This technique is
simple, and yet robust enough to maintain high levels of
accuracy. An illustration of histogram based segmentation is
shown in Fig. 2.
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Scene Change Categories. There are a variety of complex
scene changes used in video production, but the basic premise
is a change in visual content. The video cut, as well as other
scene change procedures are discussed below.
Fast CutmA sequence of video cuts, each very short in
duration, represents a fast cut. This technique heightens the
sense of action or excitement. To detect a fast cut, we may
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FIGURE 2 Histogramdifference, DH_RGB(t),for scene segmentation.

look for a sequence of scene changes that are in close
proximity.
Distance C u t - - A distance cut occurs when the camera cuts
from one perspective of a scene to another some distance
away. This shift in distance usually appears as a cut from a
wide shot to a close-up shot, or vice-versa.
Inter-cutting--When scenes change back and forth from
one subject to another, we say the subjects are inter-cut. This
concept is similar to the distance cut, but the images are
separate and not inclusive of the same scenes. Inter-cutting
is used to show a thought process between two or more
subjects.
Dissolves and FadesmDynamic imaging effects are often
used to change from one scene to another. A common effect
in all types of video is the fade. A fade occurs when a scene
changes over time from its original color scheme to a black
background. This procedure is commonly used as a transition
from one topic to another. Another dynamic effect is the
dissolve. Similar to the fade, this effect occurs when a scene
changes over time and morphs into a separate scene. This
transition is less intrusive and is used when subtle change is
needed.
Wipes and Blends--These effects are most often used in
news video. The actual format of each may change from one
show to the next. A wipe usually consists of the last frame of a
scene being folded like a page in a book. A blend may be
shown as pieces of two separate scenes combined in some
artistic manner. Like the fade and dissolve, wipes and blends
are usually used to transition to a separate topic. In featurefilms a wipe is often used to convey a change in time or
location.

Alternative Segmentation Technology.

An alternative
form of scene segmentation involves the use of traditional
edge detection characteristics. Edges in images are useful
information about the changes in background and object
distribution between scenes. An effective algorithm for
detecting cuts and gradual transitions was developed at
Cornell University using edge detection technology [22]. For

more details on edge detection technology, please see Chapters
4.10 and 4.11.
An analysis of the global motion of a video sequence may
also be used to detect changes in scenery. For example, when
the error in optical flow is high, this is usually attributed to its
inability to track a majority of the motion vectors from one
frame to the next. Such errors can be used to identify scene
changes. A motion-controlled temporal filter may also be
used to detect dissolves and fades, as well as separate video
sequences that contain long pans. The use of motion as a
statistical feature is discussed in the following section.
The methods for scene segmentation described in this section
may be used individually or combined for more robust
segmentation.
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2.1.3 Motion Analysis
Motion characteristics represent an important feature in
video indexing. One aspect is based on interpreting camera
motion [1, 17]. Many video scenes have dynamic camera
effects, but offer little in the description of a particular
segment. Static scenes, such as interviews and still poses,
contain essentially identical video frames. Knowing the precise
location of camera motion can also provide a method for
video parsing. Rather than simply parse a video by scenes,
one may also parse a video according to the type of motion.
An important kind of video characterization is defined not
just by the motion of the camera, but also by motion or action
of the objects being viewed.
An analysis of optical flow can be used to detect camera
and object motion. Most algorithms for computing optical
flow require extensive computation, and more often,
researchers are exploring methods to extract optical flow
from video compressed with some form of motion compensation. Section 3 describes the benefits of using compressed
video for optical flow and other image features.
Statistics from optical flow may also be used to detect
scene changes. Optical flow is computed from one frame to
the next. When the motion vectors for a frame are randomly
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distributed without coherency, this may suggest the presence
of a scene change. In this sense, the quality of the camera
motion estimate is used to segment video. Video segmentation
algorithms often yield false scene changes in the presence
of extreme camera or object motion. An analysis of optical
flow quality may also be used to avoid false detection of
scene changes.
Optical flow fields may be interpreted in many ways to
estimate the characteristics of motion in video. Two such
interpretations are the camera motion and object motion. For
more details on motion analysis, please see Chapter 3.8.

Camera Motion.

An affine model is used to approximate
the flow patterns consistent with all types of camera motion.
U(Xi, Yi) -- axi --[- byi '[- c
v(xi, Yi) -- dxi --[- eyi -Jr-f
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then the camera is panning in the direction of the dominant
vector.
If the above determinant is approximately 0, then (x0, y0)
does not exist and the camera is panning or static. If F or fi,
are large, the motion is panning in the direction of the
dominant vector. Otherwise, there is no significant motion
and the flow is static. We may eliminate fragmented motion
by averaging the results in a W frame window over time.
Examples of the camera motion analysis results are shown
in Fig. 3.

Object Motion. Object motion typically exhibits flow
fields in specific regions of an image, while camera motion
is characterized by flow throughout the entire image. The
global distribution of motion vectors distinguishes between
object and camera motion. The flow field is partitioned into a
grid as shown in Fig. 4. If the average velocity for the vectors
in a particular grid is high (typically> 2.5 pixels), then that
grid is designated as containing motion. When the number of
connected motion grids, Gin,

Affine parameters a, b, c, d, e, and f are calculated by
minimizing the least squares error of the motion vectors. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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We also compute average flow ~ and ft. Where ~ and fi,

N

fi

axi -+-byi -~- C
i-O

is high (typically Gm> 7), the flow is some form of camera
motion. Gm(i) represents the status of motion grid at position
i and M represents the number of neighbors. A motion grid
should consist of at least a 4 x 4 array of motion vectors. If Gm
is not high, but greater than some small value (typically
2 grids), the motion is isolated in a small region of the image
and the flow is probably caused by object motion. This result
is averaged over a frame window of width WA, just as with
camera motion, but the number of object motion regions
needed is typically on the order of 60%. This is 12 object
motion frames for a typical WA of 20 frames. Examples of the
object motion analysis results are shown in Fig. 4.

N

~ dxi -"t--eyi --P-f
i-o
Using the affine flow parameters and average flow, we
classify the flow pattern. To determine if a pattern is a zoom,
we first check if there is the convergence or divergence point
(Xo,Yo), where: u(xi,yi)= 0 and v(xi,yi)= 0. To solve for
(x0, Y0), the following relation must be true:
a
d

b -0
e

If the above relation is true, and (x0,Y0) is located inside
the image, then it must represent the focus of expansion. If
and fi, are large, then this is the focus of the flow and camera
is zooming. If (x0,y0) is outside the image, and or are large,

2.1.4 Alternative Statistical Features
Texture: Analysis of image texture is useful in the discrimination of low interest video from video containing complex
features. A low interest image may also contain uniform
texture, as well as, uniform color or low contrast. Perceptual
features for individual video frames were computed using
common textual features such as, coarseness, contrast,
directionality, and regularity. For more details on texture
analysis, please see Chapters 4.7 and 4.9.
Shape and Position: The shape and appearance of objects
may also be used as a feature for image correspondence. Color
and texture properties will often change from one image
to the next, making image difference and texture features
less useful. An example of this is shown in Fig. 5, where the
feature of interest is an anchorperson, but the color, texture
and position of the subjects is different for each image.
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FIGURE 3 Optical flow fields for a pan (top right), zoom (top left), and object motion (see color insert).
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FIGURE 4 Camera and object motion detection (see color insert).

FIGURE 5 Images with similar shapes (human face and torso) (see color insert).
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Commercial systems for shape based image correspondence format. Given large amounts of compressed materials
are discussed in section 7. For more details on shape analysis, (e.g., MPEG), how do we index and retrieve the content
rapidly? To deal with these materials, a straightforward
please see Chapter 4.6.
Audio Features: In addition to image features, certain audio approach is to decompress all the data, and utilize the same
features may be extracted from video to assist in the retrieval features as mentioned in previous section. Doing so, however,
task. Loud sounds, silence, and single frequency sound has some disadvantages. First, the decompression implies
markers may be detected analytically without actual knowl- extra computation. Secondly, the process of decompression
edge of the audio content. Loud sounds imply a heightened and re-compression, often referred to as "recoding", results in
state of emotion in video, and are easily detected by measuring further loss of image quality. Finally, since the size of
a number of audio attributes, such as signal amplitude or decompressed data is much larger than the compressed
power. Silent video may signify an area of less importance, form, most hardware and CPU cycles are needed to process
and can also be detected with straightforward analytical and store the data. The solution to these problems is to extract
estimates. A video producer will often use single frequency features directly from the compressed data. We call these the
sound markers, typically a 1000 Hz tone, to mark a particular compressed-domain features, and these features can be useful
point in the beginning of a video. This tone may be detected to for indexing and retrieval [1, 7, 19]. The question is how to
explore unique information available in the compressed
determine the exact point in which a video will start. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
domain. We start by introducing a number of commonly
used compressed-domain features:
The motion vectors that are available in all video data
2.1.5 Hierarchic Video Structure
compressed
using standards such H.261/H.263 and MPEG-1/2
Most video is produced with a particular format and
are
very
useful.
Analysis of motion vectors can be used to
structure. This structure may be taken into consideration
detect
scene
changes
and other special effects such as dissolve,
when analyzing particular video content. News segments are
fade
in
and
fade
out.
For example, if the motion vectors for
typically 30 minutes in duration and follow a rigid pattern
a
frame
are
randomly
distributed without coherency, that
from day to day. Commercials are also of fixed duration,
may
suggest
the
presence
of a scene change. Segmentation of a
making detection less difficult.
field
of
motion
vectors
into
regions of similar vectors can
Another key element in video is the use of the black frame.
be
used
to
detect
moving
objects
and track their positions.
In most broadcast video, a black frame is shown between
They
can
also
be
used
to
derive
camera
motion such as zoom
a transition of two segments. In news broadcast this usually
and
pan
[1,
17].
Essentially,
since
motion
vectors represent
occurs between a story and a commercial. By detecting the
a
low-resolution
optical
flow
in
the
video,
they
can be used
location of black frames in video, a hierarchic structure may be
to
extract
all
information
that
can
be
extracted
using the
created to determine transitions between segments. A black
optical
flow
method.
frame or any single intensity image may be detected
The percentage of each type of block in a picture is also a
by summing the total number of pixels in a particular color
good
indicator of scene changes, too. For a P frame, a large
space, Ps.
percentage of intra blocks implies a lot of new information for the current frame that cannot be predicted from the
M ] 0 (i
previous frame. Therefore, such a P-frame indicates the
Ps(t) beginning of a new scene right after a scene change. For a
i=1 / 1 otherwise
B frame, the ratio between the number of forward predicted
locks
and the number of backward predicted blocks can
In the detection of the black frame, Ihigh, the maximum
be
used
to conclude whether the scene change happens before
allowable pixel intensity is on the order of 20% of the
this
B-frame
or after this B-frame. If the number of forward
maximum color resolution (51 for a 256 bit image), and Ilow,
predicted
blocks
is larger than the number of backward
the minimum allowable pixel intensity, is 0. The separation of
predicted
blocks,
i.e., there is more correlation between
segments in video is crucial in retrieval systems, where a user
the
previous
frame
and the current B frame than there is
will most likely request a small segment of interest and not an
between
the
current
B frame and the following frames, then
entire full-length video. There are a number of ways to detect
one
can
conclude
that
the scene change happens after
this feature in video, the simplest being to detect a high
the
B-frame.
If
the
number
of forward predicted blocks is
number of pixels in an image that are within a given tolerance
smaller
than
the
number
of
backward predicted blocks,
of being a black pixel.
then one can conclude that the scene change happens before
the B frame.
2.2 Compressed Domain Features
The DCT (discrete cosine transform) provides a decomIn typical applications of multimedia databases, the materials, position of the original image in the frequency domain.
especially the images and video, are often in a compressed Therefore, DCT coefficients form a natural representation of

>/high[[/</low)
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texture in the original image. In addition to texture analysis,
DCT coefficients can also be used to match images and to
detect scene changes. If only the DC components are collected,
we have a low-resolution representation of the original image,
averaged over 8 x 8 blocks. This is very helpful because it
means much less data to manipulate, and it is found that for
some applications, DC components already contain sufficient
information. For color analysis, usually only the DC components are used to estimate the color histogram. For scene
change detection, usually only the DC components are used
to compare the content in two consecutive frames.
Not only can information be extracted from the compressed data for indexing and retrieval, the parameters in the
compression process that are not explicitly specified in the
bitstream can be very useful as well. One example is the bit
rate, i.e., the number of bits used for each picture. For intra
coded video (i.e., no motion compensation), the number of
bits per picture should remain roughly constant for a scene
segment and should change when the scene changes. For
example, a scene with simple color variation and texture
requires fewer bits per picture compared to a scene that
has detailed texture. For intercoding, the number of bits per
picture is proportional to the action between the current
picture and the previous picture. Therefore, if the number
of bits for a certain picture is high, we can often conclude that
there is a scene cut.
The compressed-domain approach does not solve all
problems, though. To identify useful features from compressed data is typically difficult because each compression
technique poses additional constrains, e.g., non-linear processing, rigid data structure syntax, and resolution reduction.
Another issue is that compressed-domain features depend
on the underlying compression standard. For different
compression standards, different feature extraction algorithms
have to be developed. Ultimately, we would like to have
new compression standards with maximal content accessibility. MPEG-4 and MPEG-7 already have considered this
aspect. In particular, MPEG-7 is a standard that goes
beyond the domain of "compression" and seeks efficient
"representation" of image and video content. In conclusion, the
compressed-domain approach provides significant advantages
but also brings new challenges.
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In this section we describe several methods to approximate
the actual content of an image or video. The desired
result has less to do with analytic features such as color, or
texture, and more with the actual objects within the image or
video.

2.3.1 Object Detection

Identifying significant objects that appear in the video frames is
one of the key components for video characterization. Several
working systems have generated reasonable results for the
detection of a particular object, such as human faces, text, or
automobile. These limited domain systems have much greater
accuracy than do broad domain systems that attempt to
identify any object in the image.

Human Subjects.

The "talking head" image is common
in interviews and news clips, and illustrates a clear example
of video production focussing on an individual of interest.
A human interacting within an environment is also a common
theme in video. The detection of a human subject is
particularly important in the analysis of news footage. An
anchorperson will often appear at the start and end of a
news broadcast, which is useful for detecting segment
boundaries. In sports, anchorpersons will often appear
between plays or commercials.
The detection of humans in video is possible using a
number of algorithms. Figure 6 shows examples of faces
detected using the neural network arbitration method [11].
Most techniques are dependent of scale, and rely heavily
on lighting conditions, limited occlusion, and limited facial
rotation. For more details on edge detection technology,
please see Chapter 10.6.

Captions and Graphics. Text and graphics are used in
a variety of ways to convey content to the viewer. They are

zyxwvutsrqp

2.3 Content-based Features
Section 2.1 described a number of image and video features
that can be extracted using well-known techniques in image
processing. Section 2.2 described how many of these features
are computed or approximated using encoded parameters
in image and video compression. Although in both cases
there is considerable understanding of the structure of the
video, the features in no way estimate the actual image or
video content.
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FIGURE 6 Recognitionof captions and faces [11] (see color insert).
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most commonly used in broadcast news, where information
must be absorbed in a short time. Examples of text and
graphics in video are discussed below.
Text in video provides significant information as to the
content of a scene. For example, statistical numbers and
titles are not usually spoken but are included in captions for
viewer inspection. Moreover, this information does not always
appear in closed captions so detection in the image is crucial
for identifying potentially important regions.
In news video, captions of the broadcasting company
are often shown at low opacity as a watermark in a corner
without obstructing the actual video. A ticker-tape is widely
used in broadcast news to display information such as the
weather, sports scores, or the stock market. In some broadcast
news, graphics such as weather forecasts are displayed in
a ticker-tape format with the news logo in the lower right
corner at full opacity. Captions that appear in the lower third
portion of a frame are almost always used to describe a
location, person of interest, title, or event in news video.
In Fig. 6, the anchorperson's location is listed.
Captions are used less frequently in video domains other
than broadcast news. In sports, a score or some information
about an ensuing play is often shown in a corner or border
at low opacity. Captions are sometimes used in documentaries
to describe a location, person of interest, title, or event. Almost
all commercials use some form of captions to describe
a product or institution, because their time is limited to
only a few minutes.
For feature films a producer may use text at the beginning
or end of a film for deliberate viewer comprehension, such
as character listings or credits. A producer may also start a film
with an introduction to the story being told. Throughout a
film, captions may be used to convey a change in time or
location, which would otherwise be difficult and time
consuming for a video producer to create. A producer
will seldom use fortuitous text in the actual video unless the
wording is noticeable and easy to read in a short time. A typical
text region can be characterized as a horizontal rectangular
structure of clustered sharp edges, because characters
usually form regions of high contrast against the background.
By detecting these properties, we can extract potentially
important regions from video frames that contain textual
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An appropriate binary threshold (Chapter 2) should be set for
extraction of vertical edge features. A smoothing filter, Fs, is
then used to eliminate extraneous fragments, and to connect
character sections that may have been detached.
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Individual regions must be identified though cluster detection (Chapter 2). A bounding box, BB, should be computed
for selection of text regions. We now select clusters with
bounding regions that satisfy constraints in cluster size, Cs,
cluster fill-factor, CFF, and horizontal-vertical aspect ratio.
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A sample set of parameters for the font size in Fig. 7 is listed
below:
• Cluster size >70 pixels
• Cluster fill factor >.45

; -"

HDF Filter
FIGURE 7

information. Most captions are high contrast text such as the
black and white chyron commonly found in news video.
Consistent detection of the same text region over a period of
time is probable since text regions remain at an exact position
for many video frames. This may also reduce the number
of false detections that occur when text regions move or fade
in and out between scenes.
A typical text region can be characterized as a horizontal
rectangular structure of clustered sharp edges, because
characters usually form regions of high contrast against
the background. By detecting these properties we can extract
regions from video frames that contain textual information. Figure 7 illustrates the process of text detection;
primarily, regions of horizontal titles and captions. We first
apply a global horizontal differential filter, FHD, t o the image.

Clustering

Text detection in video (see color insert).

Region Extraction
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• Horizontal-vertical aspect ratio >.75
•
•
•
•

Maximum
Minimum
Maximum
Minimum

cluster height = 50 pixels
cluster height = 10 pixels
cluster width = 150 pixels
cluster width = 15 pixels

A cluster's bounding region must have a small vertical-tohorizontal aspect ratio as well as satisfying various limits in
height and width. The fill factor of the region should be high
to insure dense clusters. The cluster size should also be
relatively large to avoid small fragments. Other controlling
parameters are listed below.
Finally, we examine the intensity histogram of each region
to test for high contrast. This is because certain textures
and shapes appear similar to text but exhibit low contrast
when examined in a bounded region.
For some fonts a generic optical character recognition
(OCR) package may accurately recognize video captions.
For most OCR systems, the input is an individual character.
This presents a problem in digital video since most of the
characters experience some degradation during recording,
digitization and compression. For a simple font, we can
search for blank spaces between characters and assume a fixed
width for each letter [ 13].
A graphic is usually a recognizable symbol, which may
contain text. Graphic illustrations or symbolic logos are
used to represent many institutions, locations, and organizations. They are used extensively in news video, where it is
important to describe the subject matter as efficiently as
possible. A logo representing the subject is often placed in a
corner next to an anchorperson during dialogue. Detection
of graphics is a useful method for finding changes in semantic
content. In this sense, its appearance may serve as a scene
break. Recognition of corner regions for graphics detection
may be possible through an extension of the scene change
technology. Histogram difference analysis, DHs(t), of isolated
image regions instead of the entire image can provide a simple
method for detecting corner graphics. An example of a
graphics logo detected with Dns(t) is shown in Fig. 8. In this
example, a change is detected in the upper corner, although no

N~
Frame t

Frame t+T

FIGURE 8 Graphics detection through sub-region histogram differencing
(see color insert).

scene change is detected.
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Articulated Objects.

A particular object is usually the
emphasis of a query in image and video retrieval. Recognition
of articulated objects poses a great challenge and represents
a significant step in content-based feature extraction.
Many working systems have demonstrated accurate recognition of animal objects, segmented objects, and rigid objects
such as planes or automobiles.
The recognition of a single object is only one potential use of
image-based recognition systems. Discrimination of synthetic
and natural backgrounds, or an animated or mechanical
motion would yield a significant improvement content based
feature extraction. For more information on object recognition, please see Chapters 4.6 and 4.7.

2.3.2 Audio and Language
An important element in video indexing creation is the audio
track. Audio is an enormous source for describing video
content. Words specific to the actual content, or "keywords"
can be extracted using a number of language processing
techniques [6, 16]. Keywords may be used to reduce indexing
and provide abstraction for video sequences. There are many
possibilities for language processing in video, but the audio
track must first exist as an ASCII document or speech
recognition is necessary.
Audio segmentation is needed to distinguish spoken
words from music, noise and silence. Further analysis through
speech recognition is necessary to align and translate
these words into text. Audio selection is made on a frame
by frame basis, so it is important to achieve the highest
possible accuracy. At a sampling rate of 8 Khz, one frame
corresponds to 267 samples of audio. Techniques in language
understanding are used for selecting the most significant
words and phrases.
In order to use the audio track, we must isolate each
individual word. To transcribe the content of the video
material, we recognize spoken words using a speech recognition system. Speaker-independent recognition systems have
made great strides as of late and offer promise for application
in video indexing [5]. Speech recognition works best when
closed-captioned data is available. Captions usually occur
in broadcast material, such as sitcoms, sports, and news.
Documentaries and movies may not necessarily contain
captions. Closed-captions have become more common in
video material throughout the United States since 1985
and most televisions provide standard caption display.
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where SD for each scene is on the order of 3 seconds or
2.3.3 Rule-based Features zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The features described in previous sections may be used
with rules that describe a particular type of video scene to
create an additional set of content-based features [15]. By
using examples from video production standards, we can
identify a small set of heuristic rules. In some cases these rules
involve the integration of image processing features with
audio and language features. Below is a description of three
rule-based features suitable for most types of video.
Introduction Scenes: The scenes prior to the introduction of
a person usually describe their accomplishments and often
precede scenes with large views of the person's face. A person's
name is generally spoken and then followed by supportive
material. Afterwards, the person's actual face is shown. If a
scene contains a proper name, and a large human face is
detected in the scenes that follow, we call this an introduction
scene. Characterization of this type is useful when searching
for a particular human subject because identification is more
reliable than using the image or audio features separately.
Introduction scenes must meet the following criteria:
Scen eIntroduction (i)
-- / 1,

/ 0,

(Face/- TRUE && W O R D / - PROPER_NAME)
(otherwise)

Adjacent Similar Scenes: The color histogram difference
measure gives us a simple routine for detecting similarity
between scenes. Scenes between successive shots of a human
face usually imply illustration of the subject. For example,
a video producer will often interleave shots of research
between shots of a scientist. Images that appear between two
similar scenes that are less than Tss seconds apart are
characterized as an adjacent similar scene. Scene(i) is an
adjacent similar scene if it meets the following criteria:

SceneAdjacent Similar(i)
1,

(Scene(/- T) - Scene(/+ T))

_

AND
(IScenestart(i- T ) - Scenestart(i q- W)] < Tss)
0,

(otherwise)

where Tss is on the order of 10 seconds or less.
Short Successive Scenes: Short successive shots often
introduce an important topic. By measuring the duration of
each scene, SD, we can detect these regions and identify short
successive sequences. A set of scenes is short successive if a
group of 5 or more scenes meet the following criteria:

1

Sceneshort Successive(i) -- { '
0,

less.

2.3.4 Embedded Video Features
A final solution for content-based feature extraction is the use
of known procedures for creating video. Video production
manuals provide insight into the procedures used during
video editing and creation. There are many documents that
describe the editing and production procedures for creating
video segments, but one of the most recent is published by
Pryluck [ 10].
One of the most common elements in video production is
the ability to convey climax or suspense. Producers use a
variety of different effects; ranging from camera positioning,
lighting, and special effects to convey this mood to an audience. Detection of procedures such as these are beyond the
realm of present image and language understanding technology. However, many of the important features described in
Sections 2, 3, and 4 were derived from research in the video
production industry.
Structural information as to the content of a video is a
useful tool for indexing video. For example, the type of
video being used (documentaries, news footage, movies and
sports) and its duration may offer suggestions to assist in
object recognition. In news footage, the anchorperson will
generally appear in the same pose and background at different
times. The exact locations of the anchorperson can then be
used to delineate story breaks. In documentaries, a person
of expertise will appear at various points throughout the story
when topical changes take place. There are also many visual
effects introduced during video editing and creation that
may provide information for video content. For example, in
documentaries the scenes prior to the introduction of a
person usually describe their accomplishments and often
precede scenes with large views of the person's face.
A producer will often create production notes that describe
in detail action and scenery of a video, scene by scene. If a
particular feature is needed for an application in image or
video databases, the description may have already been
documented during video production.
Another source of descriptive information may also
embedded in the video stream in the form of timecode and
geospatial (GPS/GIS) data. These features are useful in
indexing precise segments in video or a particular location
in spatial coordinates. Aeronautic and automobile surveillance
video will often contain GPS data that may be used as a source
for indexing.

SceneDuration(i- T) < SD && SceneDuration(i + T) < SD && '~ |
SceneDuration(/+ 2T) < SD¢YK¢~SceneDuration(/+ 3T) < SD...
(otherwise)

)

J
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3 From Low-Level Features to
High-Level Semantics

following sections, we will focus on applying these learning
algorithms on retrieval systems to improve the similarity
measure.

A feature is good if and only if similar objects are close to
each other in the feature space, and dissimilar objects are
far apart. However, the concept of "similar" or "dissimilar"
involves high-level semantics. The challenge therefore is to
transform, or "warp," the low-level feature space to
represent high-level semantic similarity/dissimilarity. A popular approach to finding the "warping" function is through
learning. Given a small amount of training data, the system
can automatically find the appropriate "warping" function to
transform the low-level feature space to represent high-level
semantics.
In learning, one must decide what to use as the ground
truth data, i.e., what one wants the "warping" function to be
optimized for. It turns out that there are two major forms
that are most often used: similarity/dissimilarity (SD) and
keyword annotations (KA). If we know that some objects
are similar to each other while others are not, the feature
space should be "warped" so that similar objects get closer,
and dissimilar objects get farther. If the training data has some
keyword annotated for each object, we want objects that
share the same keywords get closer while otherwise get
farther. Both SD and KA have their advantages and suitable
applications. SD is convenient for the user, and it does not
require any explanation why two objects are similar or not
(sometimes the reason is hard to be presented to the system
by the user). Therefore, SD is suitable for user optimized
learning, e.g., to learn what the user really means by giving
some examples. SD is almost exclusively used by relevance
feedback--a very hot research topic today. KA is good
for system maintainers to improve the general performance
of the retrieval system. Recent work in video retrieval has
shown an interesting shift from query by example (QBE) [24],
[25] to query by keywords (QBK). The reason is that it
allows users to specify queries with keywords, as they are
used to in text retrieval. Moreover, KA allows the knowledge
learned to be accumulated by simply adding more annotations, which is often not obvious when using SD. Therefore,
by adding more and more annotations, the system maintainer
can let the end-user feel that the system works better and
better. Both SD and KA have their constraints, too. For
example, SD is often too user-dependent and the knowledge
obtained is hard to accumulate, while KA is often limited by
a predefined small lexicon.
The learning process is determined not only by the form
of the training data, but also by their availability. Sometimes
all the training data are available before the learning, and
the process can be done in one batch. We often call this offline learning. If the training data are obtained gradually and
the learning is progressively refined, we call it on-line learning.
Both cases were widely studied in the literature. In the

3.1 Off-Line Learning
If all the training data is available at the very beginning,
learning can be done in one step. This kind of off-line learning
is often applied before the system is provided to users.
Most off-line learning systems handle keyword annotations
(KA). The keywords are often given as a predetermined set,
organized in different ways. For example, Basu et al. [26]
defined a lexicon as relatively independent keywords describing events, scenes and objects. Many authors prefer the tree
structure [27,28], as it is clean and easy to understand.
Naphade et al. [29] and Lee et al. [30] used graph structure,
which is appropriate if the relationship between keywords is
very complex.
Once the training data is given, a couple of learning
algorithms, parametric or non-parametric, can be used to
learn the concepts behind the keywords. As far as the authors
know, at least Gaussian mixture model (GMM) [26],
support vector machine (SVM) [31], hybrid neural network
[32], multi-nets [29], distance learning network [33] and
kernel regression [27] have been studied in the literature.
A common characteristic of these algorithms is that all of
them can model potentially any distribution of the data. This
is expected because we do not know how the objects that
share the same concept are distributed in the low-level feature
space. One assumption we can probably make is that in the
low-level feature space, if two objects are very close to each
other, they should be semantically similar, or be able to
infer some knowledge to each other. On the other hand, if two
objects are far from each other, the semantic link between
them should be weak. Notice that because of the locality of
the semantic inference, this assumption allows objects with
the same semantic meaning to lie in different places in the
feature space, which cannot be handled by simple methods
such as linear feature reweighing. If the above assumption
does not hold, probably none of the above learning algorithms will help improve the retrieval performance too much.
The only solution to this circumstance might be to find
better low-level features for the objects.
Different learning algorithms have different properties and
are good for different circumstances. Take the Gaussian
mixture model as an example. It assumes that the objects
having the same semantic meaning are clustered into groups.
The groups can lie at different places in the feature space,
but each of them follows a Gaussian distribution. If the above
assumptions are true, GMM is the best way to model the data:
it is simple, elegant, easy to solve with algorithms such as
expectation maximization (EM) [34] and sound in theoretical
point of view. However, the above assumptions are very
fragile: we do not know how many clusters the GMM will

9.1 Image and Video Indexing and Retrieval zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
have, and no real case will happen that each cluster is a
Gaussian distribution. Despite the constraints, GMM is still
very popular for its many advantages. Kernel regression (KR)
is another popular machine learning technique. Instead of
using a global model like GMM, KR assumes some local
inference (kernel function) around each training sample.
From the un-annotated object's point of view, to predict its
semantic meaning, an annotated object that is closer will have
a higher influence, and a farther one will have less. Therefore,
it will have similar semantic meanings to its close-by
neighbours. KR can model any distribution naturally, and
also has sound theory behind it. The limitation of KR is that
the kernel function is hard to select, and the number of
samples needed to achieve a reasonable prediction is often
high. Support vector machine (SVM) [35,36] is a recent
addition to the toolbox of machine learning algorithms that
has shown improved performance over standard techniques in
many domains. It has been one of the most favourite methods
among researchers today. The basic idea is to find the
hyperplane that has the maximum margin toward the sample
objects. Margin here means the distance the hyperplane
can move along its normal before hitting any sample
object. Intuitively, the greater the margin, the less the
possibility that any sample points will be misclassified. For
the same reason, if a sample object is far from the hyperplane,
it is less likely to be misclassified.
Although after applying the learning algorithm, the semantic model can be used to tell the similarity between any
two objects already, most systems require a fusion step. The
reason is that the performance of the statistically learned
models is largely determined by the size of the training data
set. Since often the training data is manually made, very
expensive and thus small, it is risky to believe that the
semantic model is good enough. In [27], semantic distance is
combined with low-level feature distance through a weighting
mechanism to give the final output, and the weight is
determined by the confidence of the semantic distance. In
[26], several GMM models are trained for each feature types,
and the final result is generated by fusing the outputs of all the
GMM models.
Keyword annotation is very expensive because it requires
a lot of manual work. Chang and Li [37] proposed to employ
another way of getting the ground truth data. They used
60,000 images as the original set and synthesize another set
by 24 transforms such as rotation, scaling, cropping, etc.
Obviously, images after the transforms should be similar to
the one before the transform. They discovered a perceptual
function called dynamic partial distance function (DPF).
Synthesizing new images by transforms and using them as
training data is not new. For example, people play this trick in
face recognition systems when the training image set has
very few images (e.g., only one). Despite the fact that
transforms may not be complete as a model of similarity,
this is a very convenient way of getting a lot of training data,
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and DPF seems to have reasonable performance as reported
in [37]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE

3.2 On-Line Learning
Compared to off-line learning, on-line learning does not
have the whole set of training data beforehand. The data are
often obtained during the process, which makes the learning
process a best effort one and highly dependent on the input
training data, even the order they come in. However, on-line
learning involves the interaction between the system and
the user. The system can then quickly modify its internal
model in order to output good results for each specific user.
As discussed in Section 1, similarity measure in information
retrieval systems is highly user-dependent. On-line learning's
adaptive property makes it very suitable for such applications. In retrieval systems, on-line learning is used in three
scenarios: relevance feedback, finding the query seed, and
enhancing the annotation efficiency.

3.2.1 Relevance Feedback
Widely used in text retrieval, relevance feedback was first
proposed by Rui et al. as an interactive tool in content-based
image retrieval [38]. Since then it has been proven to be a
powerful tool and has become a major focus of research in this
area. Relevance feedback often does not accumulate the
knowledge the system learned. That's because the end-user's
feedback is often unpredictable and inconsistent from user to
user, or even query to query. If the user who gives the feedback is trustworthy and consistent, feedback can be accumulated and added to the knowledge of the system, as was
suggested by Lee et al. [30].

3.2.2 Query Concept Learner
In a query by example system, it is often hard to initialise
the first query, because the user may not have a good example
to begin with. Having got used to text retrieval engines such as
Google, users may prefer to query the database by keyword.
Many systems with keyword annotations can provide such
kind of service. Chang et al. recently proposed the SVM active
learning system [39] and MEGA system [40], which can
be alternate solutions. SVM active learning and MEGA
have similar ideas but with different tools. They both want
to find a query-concept learner that learns query criteria
through an intelligent sampling process. No example is needed
as the initial query. Instead of browsing the database completely randomly, these two systems ask the user to provide
some feedback and try to quickly capture the concept in the
user's mind. The key to success is to maximally utilize the
user's feedback and quickly reduce the size of the space that
the user's concept lies in. Active learning is the answer.
Active learning is an interesting idea in the machine
learning literature. While in traditional machine learning
research, the learner typically works as a passive recipient
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of the data, active learning enables the learner to use its own segments. In this section we describe techniques for establishability to respond to collect data and to influence the world it ing correspondence between these features.
is trying to understand. A standard passive learner can be
think of as a student that sits and listens to a teacher, while
an active learner is a student that asks the teacher questions, 4.1 Feature-based Retrieval (Statistical
listens to the answers and asks further questions based on the and Compressed)
answer. Active learning has shown very promising results in
Correspondence between analytic features is established
reducing the number of samples required to finish a certain
with the difference measures described in Section 2. This is
task.
straightforward for image matching features, where a match is
In practice, the idea of active learning can be translated
based on the minimum absolute difference, D(t), or histogram
into a simple rule: if the system is allowed to propose samples
difference, Dn(t). In the case of features based on motion,
and get feedback, always propose those samples that the
texture and shape, the difference is based on the Euclidean
system is most confused of, or that can bring the greatest
distance between the parameters of the perspective feature.
information gain. Following the rule, SVM active learning
The difference measures may be applied to the entire image
becomes very straightforward. In SVM, objects far away from
or a sub-region of the image for better correspondence
the separating hyperplane are easy to classify. The most
between objects in the image. Regardless of the granularity in
confused objects are those that are close to the boundary.
applying difference measures, a key problem with color image
Therefore, during the feedback loop, the system will always
matching is that similar colors do not necessarily provide
propose the images closest to the SVM boundary for the user
similar content, as seen in Fig. 9.
to annotate. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Image correspondence is important for identifying scenes
that appear often in a video segment. The color histogram is not only useful for detecting scene changes, but
3.2.3 Efficient Annotation through
serves as an adequate method for image correspondence.
Active Learning
A
histogram from the first video frame of each scene is
Keyword annotation is a very expensive work, as it can only
stored
and compared with that of video flames in subsequent
be done manually. It is natural to look for methods that
scenes.
An analysis of the entire image requires less comcan improve the annotation efficiency. Active learning turns
putation
than sub-region differencing, but the image match
out to be also suitable for this job. In [27], Zhang and Chen
is
less
robust
to foreground objects. Global image matchproposed a framework for active learning during the
ing
is
particularly
useful with images of uniform color and
annotation. For each object in the database, they maintain
a list of probabilities, each indicating the probability of texture.
In news footage, an icon or logo is often used to symbolize
this object having one of the attributes. During training,
the subject of the video. This icon is usually placed in the
the learning algorithm samples objects in the database
upper-quarter of the image. Although the background of the
and presents them to the annotator. For each sampled
object, each probability is set to be one or zero depending image remains the same, changes in this icon represent
changes in content. By applying histogram differencing to
on whether or not the corresponding attribute is assigned
a small region in the image we can detect changes in news
by the annotator. For objects that have not been annotated, the learning algorithm estimates their probabilities icons. Processing sub-regions requires more computation, but
the resulting image match is usually more robust. Objects
with biased kernel regression. Knowledge gain is then defined
that appear away from the background are usually easier
to determine, among the objects that have not been annoto match with sub-region differencing. Sub-region differenctated, which one is the most uncertain to the system
ing is also more affective with images of complex color
of. The system then presents it as the next sample to the
and texture.
annotator.
Naphade et al. proposed a very similar work in [31].
However, they used a support vector machine to learn the
4.2 Content-based Retrieval
semantics. They have essentially the same method as Chang
et al.'s SVM active learning [39] to choose new samples for the The main problem in image in video indexing is that
users query content and most systems only match statistical
annotator to annotate.
features such as color and texture. Figure 10 illustrates two
images of essentially identical content, but almost no
similarities in color, shape, texture, or motion. In this case,
4 Retrieval Techniques
the motion of the players is similar, but the angle of camera
In Section 2, we described analytical and content-based will yield two separate forms of object motion from the
features which can be extracted from image and video original video sequence.
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FIGURE 9 Imageswith similar color.

FIGURE 10 Imageswith similar content (see color insert).

Content matching attempts to correlate actual objects with
a given query. The user is not limited to selections based on
similar color properties, but rather a collection based on
content. In this form of matching, the query may be an image
or text. The content features, such as caption and face
detection correspond to textual descriptions so a query need
not be an image.
A number of content-based image and video systems
are applicable to the features described in this chapter. In
the table below, we list several potential query applications
associated with content-based and statistical features.
Several working systems have demonstrated the potential
of content-based matching for identifying specific objects

and stories. Three of the more interesting systems are
discussed below.
Name-It, is a system for matching a human face to a
name in news video [12]. It approximates the likelihood of a
particular face belonging to a name in close proximity
within the transcript. Integrated language and image understanding technology make the automation of this system
possible.
Spot-It, is a topological system that attempts to identify
known characteristics in news video for indexing and
classification [8]. It has reasonable success in identifying
common video themes such as interviews, group discussions,
and conference room meetings.
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TABLE 1 Potential query applications
Query type

Associated feature

Pans or zooms in video
Action or moving objects
Important scenes

Camera motion
Object motion
Short sequences,
adjacent similar scenes,
introduction scenes
Face detection,
introduction scenes,
video text detection
Video text detection
GPS, video text detection
Color difference, texture
Audio and language analysis
Color difference
Face detection, scene changes,
black frames
Face dectection, scene changes,
black frames

Human subjects

Video captions
Subject location
Image scenery'
Name or description
Simple objects
Segment boundaries
Segment boundaries
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Text queries eliminate ambiguity in the query, and work
only with content based features. There is still a dependence
on content based feature extraction, but there is limited
uncertainty in the query. This type of the query may also
be used to match the title of the image or the transcript of
the video.

4.3.2 Presentation of Results
The presentation of a query result is an important part of
the image or visual query system. Presentations are usually
visual and textural in layout. Textual presentations provide
more specific information and are useful when presenting
large collections of data. Visual, or iconic, presentations
are more useful when the content of interest is easily recalled
from imagery. This is quite often the case in stock footage
video where there is no audio to describe the content. Section 7
describes current working systems for presentation of image
and video results.

4.3.3 Testing and Evaluation
Pictorial transcripts, a working system at AT&T Research
Laboratories has shown promising results in video summarization when closed-captions are used with statistical visual
attributes [14]. CNN video is digitized and displayed in an
HTML environment with text for audio and a static image for
every paragraph. More than 3000 hours of processed video can
be searched and browsed.

4.3 Considerations in Multimedia Databases
The retrieval of an image or video segment is often limited
in practical multimedia databases. There are many factors
to consider when creating an image or video database, such as
optimization for large databases, the type of query, the
presentation of results, and the measure of success.
Retrieval efficiency is an important concern for image
and video databases. Flat file systems are sufficient when the
size of a collection is moderate. However, a more robust
solution is necessary when image and video libraries grow
to several thousand units of data. Researchers have developed
tree structure optimization systems that greatly reduce
the search space by clustering image characteristics into
small subsets for later retrieval [21].

4.3.1 Queries: Image or Text
For most image and video retrieval systems, the query is
an image. When the comparison is based on analytic features,
the results can often be ambiguous, as shown in section 5.1.
Content-based features provide a more accurate match to the
given query, but the results are based on image processing
technology which is only capable of recognizing a small
number of objects.

In image and video databases, accuracy is based on the relevance of the output set of images or video to a particular
query. A user defines the level of quality, therefore, the
evaluation of an image or video retrieval system cannot be
based on traditional analytic measures. The accuracy of these
systems is purely subjective, which requires that some human
intervention take place during evaluation.
User studies or some form of subjective rating are essential
during the design and development of an image and video
database system. Researchers have successfully demonstrated the utility of user-studies in testing image and video
retrieval applications [3,4]. A subject is generally shown
a query and asked to rank the resulting image or video
segments on a scale. For example, in a video database the user
might be asked to rate the quality of selection on a scale
ranging from "high relevance" to "low relevance". An
example of a user-study interface for video retrieval is
shown in Fig. 11.

5 Video Access and Browsing
With the size of video collections growing to thousands of
hours, technology is needed to effectively browse segments
in a short time without losing the content of the video.
Simplistic browsing techniques, such as increased playback
speed and skipping video frames at fixed intervals, reduce
video viewing time. However, increased video rates eliminate
the majority of the audio information and distorts much
of the image information, and displaying video sections at
fixed intervals merely gives a random estimate of the overall
content. An ideal browser would display only the video pertaining to a segment's content, suppressing irrelevant data.
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FIGURE 11 Video retrieval user-study interface [3] (see color insert).

A multimedia abstraction ideally preserves and communicates the essential content of a video segment via a compact
representation. Examples of multimedia abstractions include
short text titles and single thumbnail images. Another commonly used abstraction presents an ordered set of representative, "thumbnail" images simultaneously on a computer
screen. Image statistics, such as histogram analysis and texture,
camera structure and scene changes are the dominant factors
in these systems. While these abstractions have proven useful
in various contexts, their static nature ignores video's temporal dimension.
In addition, these abstractions often concentrate exclusively
on the image content and neglect the audio information
carried in a video segment. Preliminary investigations suggest
that the opposite emphasis offers greater value. The video
skim, as illustrated in Figure 12, is one of the first systems to
integrate technology in image, language, and audio understanding for browsing and summarization [15]. Recently,
researchers have proposed browsing representations based on
information within the video. These systems rely on the
motion in a scene, placement of scenes breaks, but not on
integrated image and language understanding.
Although the video skimming work represents the one
of the first experiments in integrating language and image

understanding, there are a number of efforts that combine language and image understanding as of late. The
application of technology integration is different for
these systems, however, they all demonstrate the advantages
of using multiple modalities in video characterization and
summarization. Examples of these systems are discussed
below.
Browsing through clustering: This system was designed
to cluster image regions for browsing digital video [20]. It uses
many of the image statistics mentioned earlier, but it attempts
to process scene transitions rather than just process individual
frames.
High rate keyframe browsing: The Digital Library Research
Group at the University of Maryland, College Park,
has conducted a user study to test optimal frame rates for
keyframe based browsing [4]. They use many of the same
image analysis techniques mentioned earlier to extract
keyframes, and they quantify their research through studies
of a video slide show interface at various frame rates.
Video abstracts: The Movie Content Analysis (MoCA)
group in Mannheim, Germany has created a system for
movie abstraction based on the occurrence of image
statistics and audio frequency analysis to detect dialogue
scenes [9].
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6 The MPE G- 7 Standard
As pointed out earlier in this chapter, instead of trying to
extract relevant features, manually or automatically, from
original or compressed video, a better approach for content
retrieval should be to design a new standard in which such
features, often referred to as meta-data, are already available.
MPEG-7, an ongoing effort by the Moving Picture Experts
Group, is exactly working toward this goal, i.e., the standardization of meta-data for multimedia content indexing
and retrieval.
MPEG-7 is an activity that is triggered by the growth
of digital audiovisual information. The group strives to
define a "multimedia content description interface" to standardize the description of various types of multimedia
content, including still pictures, graphics, 3D models, audio,
speech, video, and composition information. It may also
deal with special cases such as facial expressions, personal
characteristics.
The goal of MPEG-7 is exactly the same as the focus of
this chapter, i.e., to enable efficient search and retrieval of
multimedia content. Once finalized, it will transform the
text-based search and retrieval (e.g., key'words) as is done
by most of the multimedia databases nowadays, into a
content-based approach, e.g., using color, motion, or shape
information. MPEG-7 can also be thought of as a solution
to describing multimedia content. If one looks at PDF
(portable document format) as a standard language to
describe text and graphic documents, then MPEG-7 will be

a standard description for all types of multimedia data,
including audio, images, and video.
Compared with earlier MPEG standards, MPEG-7
possesses some essential differences. For example, MEPG-1,
2 and 4 all focus on the representation of audiovisual data, but
MPEG-7 will focus on representing the "meta-data" (information about data). MPEG-7, however, may utilize the results
of previous MPEG standards, e.g., the shape information in
MPEG-4 or the motion vector field in MPEG-1/2.
Figure 13 shows the scope of the MPEG-7 standard.
Note that feature extraction is outside the scope of MPEG-7,
so is the search engine. This is owing to one approach
constantly taken by most of the standard activities, i.e., "to
standardize the minimum". Therefore, the analysis (feature
extraction) should not be standardized, so that after MPEG-7
is finalized, various analysis tools can still be further improved
over time. This also leaves room for competition among
vendors and researchers. This is similar to that MPEG-1 does
not specify motion estimation, and that MPEG-4 does
not specify segmentation algorithms. Likewise, the query
process (the search engine) should not be standardized. This
allows the design of search engines and query languages to
adapt to different application domains, and also leaves room
for further improvement and competition. Summarizing,
MPEG-7 takes the approach that standardizes only what
is necessary so that the description for the same content
may adapt to different users and different application
domains.
One goal of MPEG-7 is to provide a standardized method
for describing features of multimedia data. For images
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FIGURE 13 The scope of MPEG-7.

and video, colors or motion are example features that are
desirable in many applications. MPEG-7 will define a certain
set of descriptors to describe these features. For example,
the color histogram can be a very suitable descriptor for color
characteristics of an image, and motion vectors (as commonly
available in compressed video bitstreams) form a useful
descriptor for motion characteristics of a video clip. MPEG-7
also uses the concept of description scheme (DS) which
means a framework that defines the descriptors and their
relationships. Hence, the descriptors are the basic of a
description scheme. Description then implies an instantiation of a description scheme. MPEG-7 not only want to
standardize the description, it also wants the description to
be efficient. Therefore, MPEG-7 also considers compression
techniques to turn descriptions into coded descriptions.
Compression reduces the amount of data that need to be
stored or processed. Finally, MPEG-7 will define a description
definition language (DDL) that can be used to define, modify,
or combine descriptors and description schemes. Summarizing, MPEG-7 will standardize a set of descriptors and DS's,
a DDL, and methods for coding the descriptions.
MPEG-7 has a large variety of applications, such as digital
libraries, multimedia directory services, broadcast media
selection, multimedia authoring. Here are some examples.
With MPEG-7, the user can draw a few lines on a screen to
retrieve a set of images containing similar graphics. The user
can also describe movements and relations between a number
of objects to retrieve a list of video clips containing
these objects with the described temporal and spatial relations.
Also, for a given content, the user can describe actions and
then get a list of scenarios where similar.

good "solution"
application.

using multiple features for a specific
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1 Introduction
Video content can be accessed by using either a top-down
approach or a bottom-up approach [1-4]. The top-down
approach, i.e., video browsing, is useful when we need to get
an "essence" of the content. The bottom-up approach, i.e.,
video retrieval, is useful when we know exactly what we are
looking for in the content, as shown in Fig. 1. In video
summarization, what "essence" the summary should capture
depends on whether the content is scripted or not. Since
scripted content, such as news, drama, and movies, is carefully
structured as a sequence of semantic units, one can get its
essence by enabling a traversal through representative items
from these semantic units. Hence, Table of Contents (ToC)
based video browsing caters to summarization of scripted
content. For instance, a news video composed of a sequence
of stories can be summarized/browsed using a key-flame
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

representation for each of the shots in a story. However,
summarization of unscripted content, such as surveillance and
sports), requires a "highlights" extraction framework that only
captures remarkable events that constitute the summary.
Considerable progress has been made in multimodal
analysis, video representation, summarization, browsing and
retrieval, which are the five fundamental bases for accessing
video content. The first three bases focus on meta-data
generation and organization while the last two focus on metadata consumption. Multimodal analysis deals with the signal
processing part of the video system, including shot boundary
detection, key frame extraction, key object detection, audio
analysis, closed caption analysis, etc. Video representation is
concerned with the structure of the video. Again, it is useful to
have different representations for scripted and unscripted
content. An example of a video representation for scripted
content, is the tree structured key flame hierarchy [3, 5]. Built
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on top of the video representation, video summarization, either
based on ToC generation or highlights extraction, deals with
how to use the representation structure to provide the viewers
top-down access using the summary for video browsing.
Finally, video retrieval is concerned with retrieving specific
video objects. The relationship between these five bases is
illustrated in Fig. 1.
As seen in Fig. 1, video browsing and retrieval directly
support users' access to the video content. For accessing a
temporal medium, such as a video clip, summarization, browsing and retrieval are equally important. As mentioned earlier,
browsing enabled through summarization helps a user to
quickly grasp the global picture of the data, while retrieval
helps a user to find the results of a specific query.
An analogy explains this argument. How does a reader
efficiently access the content of a 1000-page book? Without
reading the whole book, he can first go to the book's Tableof-Contents (ToC) to find which chapters or sections suit his
needs. If he has specific questions (queries) in mind, such
as finding a term or a key word, he can go to the Index at the
end of the book and find the corresponding book sections
addressing that question. On the other hand, how does a
reader efficiently access the content of a 100-page magazine?
Without reading the whole magazine, he can either directly
go to the featured articles listed on the front page or use the
ToC to find which article suits his needs. In short, the book's
ToC helps a reader browse, and the book's index helps a
reader retrieve. Similarly, the magazine's featured articles
also help the reader browse through the highlights. All these
three aspects are equally important in helping users access
the content of the book or the magazine. For today's video
content, techniques are urgently needed for automatically (or
semi-automatically) constructing video ToC, video Highlights
and video Indices to facilitate summarization, browsing and
retrieval.
A great degree of power and flexibility can be achieved by
simultaneously designing the video access components (ToC,
Highlights and Index) using a unified framework. For a long
and continuous stream of data, such as video, a "back and
forth" mechanism between summarization and retrieval is
crucial.

2 Terminology
Before we go into the details of the discussion, it will be
beneficial to first introduce some important terms used in the
digital video research field.
• Scripted/unscripted content: A video that is carefully

•

•

•

•

•

produced according to a script or plan that is later
edited, compiled and distributed for consumption is
referred to as scripted content. News videos, dramas, and
movies are examples of scripted content. Video content
that is not scripted is then referred to as unscripted. In
unscripted content, such as surveillance video, the events
happen spontaneously. One can think of varying degrees
of "scripted-ness" and "unscripted-ness" from movie
content to surveillance content.
Video shot: is a consecutive sequence of flames recorded
from a single camera. It is the building block of video
streams.
Key frame: is the frame which represents the salient visual
content of a shot. Depending on the complexity of the
content of the shot, one or more key frames can be
extracted.
Video scene: is defined as a collection of semantically
related and temporally adjacent shots, depicting and
conveying a high-level concept or story. While shots are
marked by physical boundaries, scenes are marked by
semantic boundaries. 1
Video group: is an intermediate entity between the physical shots and semantic scenes and serves as the bridge
between the two. Examples of groups are temporally
adjacent shots [5] or visually similar shots [3].
Play and break: is the first level of semantic segmentation
in sports video and surveillance video. In sports video
(e.g., soccer, baseball, golf), a game is in play when the
ball is in the field and the game is going on; break, or out
of play, is the complement set, i.e., whenever "the ball

1Some of the early literature in video parsing misused the phrase scene
change detection for shot boundary detection. To avoid any later confusion,
we will use shot boundary detection to mean the detection of physical shot
boundaries while using scene boundary detection to mean the detection of

semantic scene boundaries.

9.2 A Unified Framework for Video Summarization, Browsing and Retrieval

video

-~

zyxwvu
1015

zyxwvutsrqponmlkjihgf

shot boundary detection
I

I

scene
I

i

i scene construction

i

group / flliN N
i

i grouping

I

/

I

shot

II
II

II
II

III
I

I

II

III Ill

I

I

I

I

I

I IIIll
i
i
key frame extraction
,
i
i
i

keyframe~

I

"( temporal features I

II

II

IIIII1111 IIIIII I!111III II
I

-( spatial features )
-t.

I

FIGURE 2 A hierarchic video representation for scripted content.

i HI~!t imll l~l .......!......I! HI l lml I

HighlightGroups

Grouping l

Ii ! i i1!....! i "[.,.i, l,i i1 liJl...... 2an~2]~at~;
Audion-visualmarkersassociation

l.,,l[ I,,ll 1,11....l,,.,ll ll,] [.~il'kl ..l..,il..I Audio-Visual
Keyaudio-visualobjectdetection [ ~ ~ ~ i : u a~l ~.u~io

1:1 !11~! ....!1

121=1
....I~:I I :f~[ ! I

Markers
Play/Break

Featureextraction& segmentation I )P(~"---~y~ r e ~ )
[..........................

Video with
] mudioTrack
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has completely crossed the goal line or touch line,
whether on the ground or in the air" or "the game has
been halted by the referee"[6]. In surveillance video, a
play is a period in which there is some activity in the
scene.
Audio marker: is a contiguous sequence of audio frames
representing a key audio class that is indicative of the
events of interest in the video. An example of an audio
marker for sports video can be the audience reaction
sound (cheering and applause) or commentator's excited
speech.
Video marker: is a contiguous sequence of video frames
containing a key video object that is indicative of
the events of interest in the video. An example of a
video marker for baseball videos is the video segment
containing the squatting catcher at the beginning of every
pitch.

• Highlight candidate: is a video segment that is likely to be
remarkable and can be identified using the video and
audio markers.
• Highlight group: is a cluster of highlight candidates.
In summary, scripted video data can be structured into a
hierarchy consisting of five levels: video, scene, group, shot,
and key frame, which increase in granularity from top to
bottom [4] (see Fig. 2). Similarly, the unscripted video data
can be structured into a hierarchy of four levels: play/break,
audio-visual markers, highlight candidates, highlight groups,
which increase in semantic level from bottom to top
(see Fig. 3).

3 Video Analysis
As can be seen from Fig. 1, multimodal analysis is the basis for
later video processing. It includes shot boundary detection
and key frame extraction for scripted content. For unscripted
content, it includes play~break segmentation, audio marker
detection, and visual marker detection.

3.1 Shot Boundary Detection
It is not efficient (sometimes not even possible) to process a
video clip as a whole. It is beneficial to first decompose the
video clip into shots and do the signal processing at the shot
level.
In general, automatic shot boundary detection techniques
can be classified into five categories: pixel-based, statisticsbased, transform-based, feature-based, and histogram-based.
Pixel-based approaches use pixel-wise intensity difference
to mark shot boundaries [1, 7]. However, they are highly
sensitive to noise. To overcome this problem, Kasturi and ]ain
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propose to use intensity statistics (mean and standard example of an audio marker, consisting of keywords such as
deviation) as shot boundary detection measures [8]. In "touchdown" or "fumble", has been reported in [29].
order to achieve faster processing, Arman, Hsu and Chiu
propose to use the compressed DCT coefficients (e.g., MPEG
data) as the boundary measure [9]. Other transform-based 3.5 Video Marker Detection
shot boundary detection approaches make use of motion Visual markers are key video objects that are indicative of
vectors, which are already embedded in the MPEG stream [10, the events of interest in unscripted content. Some examples
11]. Zabih et al. address the problem from another angle. Edge of useful and detectable visual markers are: "the squatting
features are first extracted from each frame. Shot boundaries baseball catcher pose" for baseball, "the goal post" for soccer
are then detected by finding sudden edge changes [12]. So far, etc. Kawashima et al. [30] detect bat-swings as visual markers
the histogram-based approach is the most popular. Instead of using visual features. Gong et al. [31] detect and track visual
using pixel intensities directly, the histogram-based approach markers such as the soccer court, the ball, the players, and the
uses histograms of the pixel intensities as the measure. Several motion patterns.
researchers claim that it achieves a good tradeoff between
accuracy and speed [1]. Representatives of this approach are
[1, 13-16]. More recent work has been based on clustering
4 Video Representation
and post-filtering [17], which achieves fairly high accuracy
without producing many false positives. Two comprehensive
Considering that each video frame is a 2D object and the
comparisons of shot boundary detection techniques are
temporal axis makes up the third dimension, a video stream
presented in [ 18, 19]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
spans a 3D space. Video representation is the mapping from
the 3D space to the 2D view screen. Different mapping functions characterize different video representation techniques.
3.2 Key Frame Extraction
After the shot boundaries are detected, corresponding key
frames can then be extracted. Simple approaches may just
extract the first and last frames of each shot as the key frames
[16]. More sophisticated key frame extraction techniques are
based on visual content complexity indicators [20], shot
activity indicators [21], and shot motion indicators [22, 23].
The following three analysis steps mainly cater to the
analysis of unscripted content.

3.3 Play/Break Segmentation
Since unscripted content has short periods of activity (plays)
between periods of inactivity (breaks), it is useful to first
segment the whole content into these units. This helps in
reducing the amount of content to be analyzed for subsequent
processing that looks for highlight segments within plays.
Play/break segmentation for sports, both in an unsupervised
and supervised manner using low-level features, has been
reported in [24]. Play/break segmentation in surveillance has
been reported using adaptive background subtraction techniques that identify periods of object activity from the whole
content [25].

3.4 Audio Marker Detection
Audio markers are key audio classes that are indicative of the
events of interest in unscripted content. In our previous work
on sports, audience reaction and commentator's excited speech
are classes that have been shown to be useful markers [26, 27].
Nepal et al. [28] detect basketball "goal" based on crowd
cheers from the audio signal using energy thresholds. Another

4.1 Video Representation for Scripted
Content
Using an analysis framework that can detect shots, key frames
and scenes, it is possible to come-up with the following
representations for scripted content.

4.1.1 Representation Based on Sequential Key
Frames
After obtaining shots and key frames, an obvious and simple
video representation is to sequentially lay out the key frames
of the video, from top to bottom and from left to right. This
simple technique works well when there are few key frames.
When the video clip is long, this technique does not scale,
since it does not capture the embedded information within the
video clip, except for time.

4.1.2 Representation Based on Groups
To obtain a more meaningful video representation when the
video is long, related shots are merged into groups [3, 5].
In [5], Zhang et al. divide the entire video stream into multiple
video segments, each of which contains an equal number of
consecutive shots. Each segment is further divided into subsegments; thus constructing a tree structured video representation. In [3], Zhong et al. proposed a cluster-based video
hierarchy, in which the shots are clustered based on their
visual content. This method again constructs a tree structured
video representation.

9.2 A Unified Framework for Video Summarization, Browsing and Retrieval zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC
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4.1.3 Representation Based on Scenes
To provide the user with better access to the video, the
construction of a video representation at the semantic level is
needed [2, 4]. It is not uncommon for a modern movie to
contain a few thousand shots and key frames. This is
evidenced in [32] ~ there are 300 shots in a 15-minute
video segment of the movie "Terminator 2 ~ Judgment Day"
and the movie lasts 139 minutes. Because of the large number
of key frames, a simple 1D sequential presentation of key
frames for the underlying video (or even a tree structured
layout at the group level) is almost meaningless. More
importantly, people watch the video by its semantic scenes
rather than the physical shots or key frames. While shot is the
building block of a video, it is scene that conveys the semantic
meaning of the video to the viewers. The discontinuity of
shots is overwhelmed by the continuity of a scene [2]. Video
ToC construction at the scene level is thus of fundamental
importance to video browsing and retrieval. In [2], a scene
transition graph (STG) of video representation is proposed
and constructed. The video sequence is first segmented into
shots. Shots are then clustered by using time-constrained
clustering. The STG is then constructed based on the time flow
of the clusters.

4.1.4 Representation Based on Video Mosaics
Instead of representing the video structure based on the
video-scene-group-shot-frame hierarchy as discussed above,
this approach takes a different perspective [33]. The mixed
information within a shot is decomposed into three
components:

• Extended spatial information: this captures the appearance of the entire background imaged in the shot, and is
represented in the form of a few mosaic images.
• Extended temporal information: this captures the motion
of independently moving objects in the form of their
trajectories.
• Geometric information: this captures the geometric
transformations that are induced by the motion of the
camera.

4.2 Video Representation for Unscripted
Content
Highlights extraction from unscripted content requires a
different representation from the one that supports browsing
of scripted content. This is because shot detection is known to
be unreliable for unscripted content. For example, in soccer
video, visual features are so similar over a long period of time
that almost all the frames within it, may be grouped as a single
shot. However, there might be multiple semantic units within
the same period such as attacks on the goal, counter attacks
in the mid-field, etc. Furthermore, the representation of

unscripted content should emphasize detection of remarkable
events to support highlights extraction while the representation for scripted content does not fully support the notion of
an event being remarkable compared to others.
For unscripted content, using an analysis framework that
can detect plays and specific audio and visual markers, it is
possible to come up with the following representations.

4.2.1 Representation Based on Play/Break
Segmentation
As mentioned earlier, play/break segmentation using low-level
features gives a segmentation of the content at the lowest
semantic level. By representing a key frame from each of the
detected play segments, one can enable the end user to select
just the play segments.

4.2.2 Representation Based on Audio-Visual
Markers
The detection of audio and visual markers enables a representation that is at a higher semantic level than play/break
representation is. Since the detected markers are indicative of
the events of interest, the user can use either or both of them
to browse the content based on this representation.

4.2.3 Representation Based on Highlight
Candidates
Association of an audio marker with a video marker enables
detection of highlight candidates which are at a higher
semantic level. Such a fusion of complementary cues from
audio and video helps eliminate false alarms in either of the
marker detectors. Segments in the vicinity of a video marker
and an associated audio marker give access to the highlight
candidates for the end-user. For instance, if the baseball
catcher pose (visual marker) is associated with an audience
reaction segment (audio marker) that follows it closely, the
corresponding segment is highly likely to be remarkable or
interesting.

4.2.4 Representation Based on Highlight Groups
Grouping of highlight candidates would give a finer resolution
representation of the highlight candidates. For example, golf
swings and putts share the same audio markers (audience
applause and cheering) and visual markers (golfers bending
to hit the ball). A representation based on highlight groups,
supports the task of retrieving finer events such as "golf swings
only" or "golf putts only".

5 Video Browsing and Retrieval
These two functionalities are the ultimate goals of a video
access system, and they are closely related to (and built on top
of) video representations. The representation techniques for

1018 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

scripted content discussed above are suitable for browsing candidates for a video Index. After constructing such a video
through ToC based summarization while the last can be used index, queries such as "find me a car moving like this", "find
in video retrieval. On the other hand, the representation me a conference room having that environment", etc. can be
techniques for unscripted content are suitable for browsing effectively supported.
through highlights based summarization. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5.1 Video Browsing Using ToC Based
Summary
For "Representation Based on Sequential Key Frames",
browsing is obviously sequential browsing, scanning from
the top-left key flame to the bottom-right key frame. For
"Representation Based on Groups", a hierarchic browsing is
supported [3, 5]. At the coarse level, only the main themes
are displayed. Once the user determines which theme he is
interested in, he can then go to the finer level of the theme.
This refinement process can go on until the leaf level. For the
STG representation, a major characteristic is its indication of
time flow embedded within the representation. By following
the time flow, the viewer can browse through the video clip.

5.2 Video Browsing Using Highlights Based
Summary
For "Representation Based on Play/Break Segmentation",
browsing is also sequential, enabling a scan of all the play
segments from the beginning of the video to the end.
"Representation Based on Audio-Visual Markers" supports
queries such as "find me video segments that contain the
soccer goal post in the left-half field", "find me video
segments that have the audience applause sound" or "find me
video segments that contain the squatting baseball catcher".
"Representation Based on Highlight Candidates" supports
queries such as "find me video segments where a golfer has
a good hit" or "find me video segments where there is a
soccer goal attempt". Note that "a golfer has a good hit" is
represented by the detection of the golfer hitting the ball
followed by the detection of applause from the audience.
Similarly, that "there is a soccer goal attempt" is represented
by the detection of the soccer goal post followed by the
detection of long and loud audience cheering. "Representation
Based on Highlight Groups" supports more detailed queries
than the previous representation. These queries include "find
me video segments where a golfer has a good swing ", "find
me video segments where a golfer has a good putt", or
"find me video segments where there is a good soccer corner
kick" etc.

5.3 Video Retrieval
As discussed in Section 1, the ToC, Highlights and Index are
all equally important for accessing the video content. Unlike
the other video representations, the mosaic representation
is especially suitable for video retrieval. Three components:
moving objects, backgrounds, and camera motions, are perfect

6 Proposed Framework
As we have reviewed in the previous sections, considerable
progress has been made in each of the areas of video
analysis, representation, browsing, and retrieval. However, so
far, the interaction among these components is still limited
and we still lack a unified framework to glue them together.
This is especially crucial for video, given that the video
medium is characteristically long and unstructured. In this
section, we will explore the synergy between video browsing
and retrieval.

6.1 Video Browsing
Among the many possible video representations, the "Scene
Based Representation" is probably the most effective for
meaningful video browsing [2, 4]. We have proposed a scenebased video ToC representation in [4]. In this representation,
a video clip is structured into the scene-group-shot-frame
hierarchy (see Fig. 2), which then serves as the basis for the
ToC construction. This ToC flees the viewer from doing
tedious "fast forward" and "rewind", and provides the viewer
with non-linear access to the video content. Figure 4 and Fig. 5
illustrate the browsing process, enabled by the video ToC.
Figure 4 shows a condensed ToC for a video clip, as we
normally have in a long book. By looking at the representative
frames and text annotation, the viewer can determine which
particular portion of the video clip he is interested in. Then,
the viewer can further expand the ToC into more detailed
levels, such as groups and shots. The expanded ToC is
illustrated in Fig. 5. Clicking on the "display" button will
display the specific portion that is of interest to the viewer,
without viewing the entire video.
The algorithm is described below. To learn details,
interested readers are referred to [34].
[Main procedure]
• Input: Video shot sequence, S = {shot 0 . . . . ,shot i}.
• Output: Video structure in terms of scene, group, and
shot.
• Procedure:
1. Initialization: assign shot 0 to group 0 and scene 0;
initialize the group counter numGroups = 1; initialize
the scene counter numScenes- 1.
2. If S is empty, quit; otherwise get the next shot. Denote
this shot as shot i.
3. Test if shot i can be merged to an existing group:
(a) Compute the similarities between the current shot
and existing groups: Call findGroupSim().

9.2 A Unified Framework for Video Summarization, Browsing and Retrieval
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Scene 2: d6ving to the building

Scene 3: approaching the building

Scene 4: at the building

FIGURE 4

The condensed ToC.
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The expanded ToC.
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(b) Find the m a x i m u m group similarity:

maxGroupSim i

-

max GroupSimi, g,
g

g -- 1. . . . . numGroups

(1)

where GroupSimi, g is the similarity between shot i
and group g. Let the group of the m a x i m u m
similarity be group gm~x.
(C) Test if this shot can be merged into an existing
group:
If maxGroupSim i > groupThreshold,

where group Threshold is a predefined threshold:
i. Merge shot i to group gmax.
ii. Update the video structure: Call
updateGroupScene( ).
iii. Goto Step 2.
otherwise:
i Create a new group containing a single shot i.
Let this group be group j.
ii Set numGroups -- numGroups + 1.
4. Test if shot i can be merged to an existing scene:
(a) Calculate the similarities between the current shot
i and existing scenes: Call findSceneSim().
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represent the whole group because all the shots in the
same group are visually similar and the most recent
shot
has the largest temporal attraction to the current
maxSceneSimi - max SceneSimi, s,
S
shot.
s
1 , . . . , numScenes
(2)
3. Return.
-

-

[findSceneSim]

where SceneSimi, s is the similarity between shot i
and scene s. Let the scene of the maximum
similarity be scene Sm~.
(c) Test if shot i can be merged into an existing scene:
If maxSceneSimi > sceneThreshold,
where sceneThreshold is a predefined threshold:
i. Merge shot i to scene Sm~x.
ii. Update the video structure: Call
updateScene().
otherwise:
i. Create a new scene containing a single shot i
and a single group j.
ii. Set numScenes- numScenes + 1.
5. Goto Step 2.

• Input: The current shot,
structure.
• Output: Similarity between
scenes.
• Procedure:
1. Denote the current shot
2. Calculate the similarity
scenes:

group structure and scene
the current shot and existing

as shot i.
between shot i and existing

1

SceneSimi, s = numGroups~

numGr°upss

~-~

Gr°upSimi'g

(4)

g

[findGroupSim]

where s is the index for scenes; numGroups is the
number of groups in scene s; and GroupSimi, g is
the similarity between current shot i and gth group
in scene s. That is, the similarity between the current
shot and a scene is the average of similarities between
the current shot and all the groups in the scene.
3. Return.

• Input: Current shot and group structure.
• Output: Similarity between current shot and existing
groups.
• Procedure:
1. Denote current shot as shot i.
2. Calculate the similarities between shot i and existing
groups:

[updateGroup Scene ]

(3)

• Input: Current shot, group structure, and scene structure.
• Output: An updated version of group structure and scene
structure.
• Procedure:

where ShotSimi, j is the similarity between shots i and j,
and g is the index for groups and gl~st is the last
(most recent) shot in group g. That is, the similarity
between current shot and a group is the similarity
between the current shot and the most recent shot
in the group. The most recent shot is chosen to

1. Denote current shot as shot i and the group having
the largest similarity to shot i as group gm~x. That is,
shot i belongs to group gm~x.
2. Define two shots, top and bottom, where top is the
second most recent shot in group gmax and bottom is
the most recent shot in group gmax (i.e., current shot).

GroupSimi, g = ShotSimi, gl,t,
g = 1, . . . , numGroups

after

before
top

bottom

I
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FIGURE 6

Merging scene 1 to scene 0.
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3. For any group g, if any of its shots (shot gj) satisfies
the following condition

(5)

top < shot gj < bottom

merge the scene that group g belongs to into the scene
that group gm~x belongs to. That is, if a scene contains
a shot which is interlaced with the current scene,
merge the two scenes. This is illustrated in Fig. 4
(shot / = s h o t 4, gmax = O, g = l , top=shot 1, and
bottom = s h o t 4).
4. Return.
[updateScene]
• Input: Current shot, group structure, and scene structure.
• Output: An updated version of scene structure.
• Procedure:
1. Denote current shot as shot i and the scene having the
largest similarity to shot i as scene Smax. That is, shot i
belongs to scene Sm~x.
2. Define two shots, top and bottom, where top is the
second most recent shot in scene Sm~x and bottom is
the current shot in scene Sm,x (i.e., current shot).
3. For any scene s, if any of its shots (shot sj) satisfies the
following condition
(6)

top < shot sj < bottom

merge scene s into scene Sm~x. That is, if a scene contains a shot which is interlaced with the current scene,
merge the two scenes.
4. Return.
Extensive experiments using real-world video clips have
been carried out. The results are summarized in Table 1 [4],
where "ds" (detected scenes) denotes the number of
scenes detected by the algorithm; "fn" (false negatives)
indicates the number of scenes missed by the algorithm; and
"fp" (false positives) indicates the number of scenes detected
by the algorithm, although they are considered scenes by
humans.
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Some observations can be summarized as follows:

• The proposed scene construction approach achieves
reasonably good results in most of the movie types.
• The approach achieves better performance in "slow"
movies than in "fast" movies. This follows since in the
"fast" movies, the visual content is normally more
complex and more difficult to capture. We are currently
integrating closed-captioning information into the framework to enhance the accuracy of the scene structure
construction.
• The proposed approach seldom misses a scene boundary,
but tends to over-segment the video. That is, "false
positives" outnumber "false negatives". This situation
is expected for most of the automated video analysis
approaches and has also been observed by other
researchers [2, 32].
A possible remedy to the drawbacks in the stated segmentation scheme can be eliminated by introducing the
audio component of video also into the scene change scheme
[35, 36]. This introduces the concept of a documentary scene,
which is inferred from the National Institute of Standards and
Technology (NIST) produced documentary videos. It uses an
audio-visual score value (which is a weighted combination of
an audio score and a video score) to divide the video into a set
of documentary scenes. The audio score and the visual score
are generated by procedures evolved out of the observations
that we make on the video data.
This scheme is illustrated in Fig. 7. Given a video, the
proposed approach first generates a visual pattern and an
audio pattern respectively based on similarity measures. It also
makes use of the similarity in image background of the video
frames for scene analysis [37]. The information collected from
visual, audio and background based scene analysis will be
integrated for audio-visual fusion. The scene change detector is composed of two main steps: adaptive scheme and
redundancy check. In the adaptive scheme, the audio-visual
score within an interval is first evaluated. This interval will be

r

.£

TABLE 1 Scene structure construction results
movie name

frames

shots

groups

ds

fn

fp

Moviel
Movie2
Movie3
Movie4
Movie5
Movie6
Movie7

21,717
27,951
14,293
35,817
18,362
23,260
35,154

133
186
86
195
77
390
329

16
25
12
28
10
79
46

5
7
6
10
6
24
14

0
0
1
1
0
1
1

0
1
1
2
0
10
2
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FIGURE 7 Proposedapproach for detecting documentary scenes.
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adaptively expanded or shrunk until a local maximum is
found. In redundancy check, we eliminate the redundant
scenes by a merging process.

proposed unified audio marker detection framework for
sports highlights extraction.

6.2.2 Visual Marker D e t e c t i o n

6.2 Video Highlights Extraction

In this section, we describe our proposed approach for
highlights extraction from "unscripted" content. We show the
framework's effectiveness in three different sports namely
soccer, baseball, and golf. Our proposed framework can be
summarized in Fig. 8. There are four major components in
Fig. 8. We describe them one by one in the following.

6.2.1 Audio Marker D e t e c t i o n
Broadcast sports content usually includes audience reactions
to the interesting moments of the games. Audience reaction
classes including applause, cheering, and commentator's
excited speech can serve as audio markers. We have developed
classification schemes that can achieve very high recognition
accuracy on these key audio classes [26]. Figure 9 shows our

As defined earlier, visual markers are key visual objects that are
indicative of the interesting segments. Figure 10 shows
examples of some visual markers for three different games.
For baseball games, we want to detect the pattern in which the
catcher squats waiting for the pitcher to pitch the ball; for golf
games, we want to detect the players bending to hit the
golf ball; for soccer, we want to detect the appearance of
the goal post. Correct detection of these key visual objects can
eliminate the majority of the video content that is not in the
vicinity of the interesting segments. For the goal of one general
framework for all three sports, we use the following processing
strategy: for the unknown sports content, we detect whether
there are baseball catchers, or golfers bending to hit the ball, or
soccer goal posts. The detection results can enable us to decide
which sport (baseball, golf, or soccer) it is.

zyxwvuts
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FIGURE 8 Proposed approach for sports highlights extraction.

FIGURE 9 Audio markers for sports highlights extraction.

Soccer video makers

Baseball video makers

Golf video makers

FIGURE 10 Examplesof visual markers for different sports.
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• If a contiguous sequence of visual markers overlaps
with a contiguous sequence of audio markers by a large
margin (e.g., the percentage of overlapping is greater
than 50% ), then we form a "highlight" segment spanning
from the beginning of the visual marker sequence to the
end of the audio visual marker sequence.
• Otherwise, we associate a visual marker sequence with
the nearest audio marker sequence that follows it if
the duration between the two is less than a duration
threshold (e.g., the average duration of a set of training
"highlights" clips from baseball games).
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The precision-recall curve of baseball catcher detection.

We use an object detection algorithm such as Viola and
Jones's [38] to detect these visual markers. We have collected
more than 8,000 thumbnail images for positive examples. We
have also collected more than 1,000 images of size 352 x 240
from various games for negative examples. The learned video
marker model is used to detect visual markers from all the
video frames in a test game. If a detection is declared for a
video frame, a binary number "1" is assigned to this frame.
Otherwise "0" is assigned.
We have used the following technique to eliminate some
false alarms in video marker detections: for every frame, we
look at a range of frames corresponding to 1 second (starting
from 14 frames before the current frame to 14 frames after the
current frame). If the number of frames that have a detection
declared, is above a threshold, then we declare this frame as a
frame that has detection. Otherwise, we declare this frame as
a false positive. By varying this threshold (a percentage of the
total number of frames in the range, in this case, 29), we can
compare the number of detections with those in the ground
truth set (marked by human viewers). We show the precisionrecall curve for baseball catcher detection in Fig. 11. We
have achieved, for example, around 80% precision for a recall
of 70%.

6.2.3 Audio-Visual Markers Negotiation for
Highlights Candidates Generation
Ideally each visual marker can be associated with one and only
one audio marker and vice versa. Thus they make a pair of
audio-visual markers indicating the occurrence of a highlight event in their vicinity. But, since many pairs might be
wrongly grouped due to false detections and misses, some
post-processing is needed to keep the error to a minimum. We
perform the following for associating an audio marker with
a video marker.

6.2.4 Finer-Resolution Highlights Recognition
and Verification
Highlight candidates, delimited by the audio markers and
visual markers, are quite diverse. For example, golf swings and
putts share the same audio markers (audience applause and
cheering) and visual markers (golfers bending to hit the ball).
Both of these two kinds of golf highlight events can be found
by the aforementioned audio-visual markers detection based
method. To support the task of retrieving finer events such as
"golf swings only" or "golf putts only", we have developed
techniques that model these events using low level audiovisual features. Furthermore, some of these candidates might
not be true highlights. We eliminate these false candidates
using a finer-level highlight classification method. For
example, for golf, we build models for golf swings, golf putts
and non-highlights (neither swings nor putts) and use these
models for highlights classification (swings or putts) and verification (highlights or non-highlights).
As an example, let us look at finer level highlight classification for a baseball game using low-level color features. The
diverse baseball highlight candidates found after the audio
markers and visual markers negotiation step are further
separated using the techniques described here. For baseball,
there are two major categories of highlight candidates, the
first being "balls or strikes" in which the batter does not
hit the ball, the second being "ball-hits" in which the ball is hit
to the field or audience. These two categories have different
color patterns. In the first category, the camera is fixed at
the pitch scene, so the variance of color distribution over time
is low. In the second category, in contrast, the camera first
shoots at the pitch scene, then it follows the ball to the field
or the audience, so the variance of color distribution over time
is higher.
We extract the 16-bin color histogram using the hue
component in the hue-saturation-value (HSV) color space
from every video frame of each of the highlight candidate
video clip. So every highlight candidate is represented by a
matrix of size L x 16 where L is the number of video frames.
Let us denote this matrix as the "color histogram matrix".
We use the following algorithm to do the finer-resolution
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TABLE 2 Results before and after the finer-resolution highlights
classification step
Video Length
Method
Number of highlight
candidates
Number of false alarms
Highlights length

interests may cover a wide range. Depending on his or her
knowledge and profession, the viewer may be interested in
semantic level labels (building, car, people), low level visual
540 minutes
features (color, texture, shape), or the camera motion effects
Finer-Resolution (pan, zoom, rotation). In the system described here, we supA-V Negotiation
Classification port the following three Index categories:

205

173

50
29.5 minutes

18
25.8 minutes

highlights classification:
• For every color histogram matrix, calculate the "cliplevel" mean vector (of length 16) and the "clip-level"
standard deviation (SD) vector (also of length 16) over
its rows.
• Cluster all the highlight candidate video clips based on
their "clip-level" SD vectors into 2 clusters. The cluster
algorithm we have used is the k-means algorithm.
• For each of the clusters, calculate the "cluster-level"
mean vector (of length 16) and the "cluster-level" SD
vector (also of length 16) over the rows of the all the
color histogram matrices within the duster.
• If the value at any color bin of the "clip-level" mean
vector is outside the 3or range of the "cluster-level"
mean vector where cr is the SD of the "cluster-level" SD
vector at the corresponding color bin, remove it from
the highlight candidate list.

• Visual Index
• Semantic Index
• Camera motion Index
For scripted content, frame clusters are first constructed to
provide indexing to support semantic level and visual featurebased queries. For unscripted content, since audio marker
detection and visual marker detection provide information
about the content such as whether an image frame has a soccer
goal post or whether a segment of audio has the applause
sound, we use images or audio segments with audio or video
object detection as the visual index.
For scripted content, our clustering algorithm is described
as follows:

1. Feature extraction: color and texture features are
extracted from each frame. The color feature is an
8 x 4 2D color histogram in HSV color space. The V
component is not used because of its sensitivity to
lighting conditions. The H component is quantized
finer than the S component due to the psychologic
observation that the human visual system is more
sensitive to hue than to saturation. For texture features,
the input image is fed into a wavelet filter bank and
is then decomposed into de-correlated sub-bands. Each
When testing on a 3-hour long baseball game, of all the 205
sub-band captures the feature of a given scale and
highlight candidates, we have removed 32 using the above
orientation from the original image. Specifically, we
algorithm. These 32 clips have been further confirmed to be
decompose an image into three wavelet levels; thus 10
false alarms by human viewers (see Table 2). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
sub-bands. For each sub-band, the standard deviation
of the wavelet coefficients is extracted. The 10 standard
deviations are used as the texture representation for the
6.3 Video Retrieval
image [39].
Video retrieval is concerned with how to return similar video
2. Global clustering: based on the features extracted from
clips (or scenes, shots, and frames) to a user given a video
each frame, the entire video clip is grouped into clusters.
query. There are two major categories of existing work. One is
A detailed description of the clustering process can be
to first extract key frames from the video data, then use image
found in [20]. Note that each cluster can contain frames
retrieval techniques to obtain the video data zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
indirectly.
from multiple shots and each shot can contain multiple
Although easy to implement, it has the obvious problem of
clusters. The cluster centroids are used as the visual
losing the temporal dimension. The other technique incorpoIndex and can be later labeled as a semantic Index (see
rates motion information (sometimes object tracking) into
section 6.3.). This procedure is illustrated in Fig. 12.
the retrieval process. Although this is a better technique,
After the above clustering process, the entire video clips
it requires the computationally expensive task of motion
analysis. If object trajectories are to be supported, then this are grouped into multiple clusters. Since color and texture
features are used in the clustering process, all the entries in
becomes more difficult.
Here we view video retrieval from a different angle. We a given cluster are visually similar. Therefore these clusters
seek to construct a video Index to suit various users' needs. naturally provide support for the visual queries.
For unscripted content, we group the video frames based on
However, constructing a video Index is far more complex than
the
key audio/visual marker detectors into clusters such as
constructing an index for books. For books, the form of
"frames
with a catcher", "frames with a bat-swing" and "clips
an index is fixed (e.g., key words). For videos, the viewer's
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6.4 A Unified Framework for
Summarization, Browsing and Retrieval
The above two subsections described video browsing (using
ToC generation and highlights extraction) and retrieval

es from shot y

clustercentroid

frames from shot z

frames from shot x

with cheering" etc. The video frames or audio clips are then
used as visual index or audio index (see Fig. 13).
In order to support semantic level queries, semantic labels
need to be provided for each cluster. There are two possible
approaches. One is based on the hidden markov model
(HMM) and the other is an annotation based approach. Since
the former approach also needs training samples, both
approaches are semi-automatic. To learn details of the first
approach, readers are referred to [17]. We will introduce the
second approach here. Instead of attempting to attack the
unsolved automatic image understanding problem, semiautomatic human assistance is used. We have built interactive
tools to display each cluster centroid frame to a human user,
who will label that flame. The label will then be propagated
through the whole cluster. Since only the cluster centroid
frame needs labeling, the interactive process is fast. For a
21,717 frame video clip (Moviel), about 20 minutes is needed.
After this labeling process, the clusters can support both visual
and semantic queries. The specific semantic labels for Movie l
are people, car, dog, tree, grass, road, building, house, etc.
To support camera motion queries, we have developed
techniques to detect camera motion in the MPEG compressed
domain [40]. The incoming MPEG stream does not need to be
fully decompressed. The motion vectors in the bit stream form
good estimates of camera motion effects. Hence, panning,
zooming, and rotation effects can be efficiently detected [40].

~Highligh l
~Candidates [
'2.~Audio-Visual]
[ [~.Markers I

sub-centroid

FIGURE 15

Sub-clusters.

techniques separately. In this section, we integrate them into
a unified framework to enable a user to go "back and forth"
between browsing and retrieval. Going from the Index to
the ToC or the Highlights, a user can get the context where
the indexed entity is located. Going from the ToC or the
Highlights to the Index, a user can pinpoint specific queries.
Figure 14 illustrates the unified framework.
An essential part of the unified framework is composed of
the weighted links. The links can be established between Index
entities and scenes, groups, shots, and key frames in the ToC
structure for scripted content and between Index entities and
finer-resolution highlights, highlight candidates, audio-visual
markers and plays/breaks.
For scripted content, as a first step, in this paper we focus
our attention on the links between Index entities and shots.
Shots are the building blocks of the ToC. Other links are
generalizable from the shot link. To link shots and the visual
Index, we propose the following techniques. As we mentioned
before, a cluster may contain frames from multiple shots.
The flames from a particular shot form a sub-cluster. This
sub-cluster's centroid is denoted as Csuband the centroid of the
whole cluster is denoted as c. This is illustrated in Fig. 15. Here
c is a representative of the whole cluster (and thus the visual
Index) and Csub is a representative of the flames from a given
shot in this cluster. We define the similarity between the
cluster centroid and sub-cluster centroid as the link weight
between Index entity c and that shot.

Wv(i, j) = similarity(C~ub, cj)

(7)
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where i and j are the indices for shots and clusters, respectively, and wv(i,j) denotes the link weight between shot
i and visual Index cluster cj.
After defining the link weights between shots and the visual
Index, and labeling each cluster, we can next establish the
link weights between shots and the semantic Index. Note that
multiple clusters may share the same semantic label. The link
weight between a shot and a semantic Index is defined as:

w=(i, k) -- m.ax(wv(i,j))

TABLE 3

(8)

]

ni
-- -Nii

(9)

where l is the index for the camera operation Index entities;
ni is the number of frames having that camera motion operation; and Ni is the number of frames in shot i.
For unscripted content, the link weight between plays/
breaks and the visual Index is defined as:
Wp/b(i, l ) -- mi

Mi

shot id

0

2

10

12

14

31

33

Ws
shot id
Wv
shot id
Wc

0.958
16
0.922
0
0.74

0.963
18
0.877
1
0.03

0.919
20
0.920
2
0.28

0.960
22
0.909
3
0.17

0.957
24
0.894
4
0.06

0.954
26
0.901
5
0.23

0.920
28
0.907
6
0.09

where l is the index for the audio/visual Index entities
(catcher, goal post, cheering etc.); mi is the number of flames
having that visual index detected and Mi is the number of
flames in play/break i.
We have carried out extensive tests using real-world video
clips. The video streams are MPEG compressed, with the
digitization rate equal to 30 frames/s. Table 3 summarizes
example results over the video clip Moviel. The first two rows
are an example of going from the semantic Index (e.g., car) to
the ToC (shots) The middle two rows are an example of going
from the visual Index to the ToC (shots) The last two rows are
going from the camera operation Index (panning) to the ToC
(shots).
For unscripted content (a baseball game), we show an
example of going from the visual Index (e.g., a video flame
with a catcher in Fig. 17) to the Highlights (segments with
catcher(s)) in Fig. 16. We show another example of going
from one highlight segment to the visual Index in Fig. 18.
Note that some flames without the catcher have also been

where k is the index for the semantic Index entities; and j
represents those clusters sharing the same semantic label k.
The link weight between shots and a camera motion Index
(e.g., panning) is defined as:

Wc(i, l )

From the semantic, visual, camera index to the ToC

(10)
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9.2 A Unified Framework for Video Summarization, Browsing and Retrieval
chosen because there are audio markers (audience cheering)
associated with them.
By just looking at each isolated Index alone, a user usually
cannot understand the context. By going from the Index to the
ToC or Highlights (as in Table 3 and Fig. 16), a user quickly
learns when and under which circumstances (e.g., within a
particular scene) that Index entity is happening. Table 3
summarizes how to go from the Index to the ToC to find the
context. We can also go from the ToC or the Highlights to the
Index to pinpoint a specific Index. Table 4 summarizes which
Index entities appeared in shot 33 of the video clip Movie l.

zyxwvu
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For a continuous and long medium such as video, a "back
and forth" mechanism between summarization and retrieval is
crucial. Video library users may have to see the summary of
the video first before they know what to retrieve. On the other
hand, after retrieving some video objects, the users will be
better able to browse the video in the correct direction. We
have carried out extensive subjective tests employing users
from various disciplines. Their feedback indicates that this
unified framework greatly facilitated their access to video
content, in home entertainment, sports and educational
applications.

TABLE 4 From the ToC (shots) to the index
Index

F e n c e Mail box

Weight

0.927

0.959

Human hand

Mirror

Steer wheel

0.918

0.959

0.916

7 Conclusions and Promising Research
Directions
In this chapter, we:
• Reviewed and discussed recent research progress in multimodal (audio-visual) analysis, representation, summarization, browsing and retrieval;
• Introduced the video ToC, the Highlights and the Index
and presented techniques for constructing them;
• Proposed a unified framework for video summarization,
browsing and retrieval; and proposed techniques for
establishing the link weights between the ToC, the
Highlights and the Index.

FIGURE 17 An image used as a visual index (catcher detected).

zyxwvuts
We should be aware that video is not just an audio-visual
medium. It contains additional text information and is thus
"true" multimedia. We need to further extend our investigation to the integration of closed-captioning into our algorithm

FIGURE 18 Interfacefor going from the highlights to the visual index.
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1 Introduction
Paul Baran from the RAND Corporation first proposed
the notion of a distributed communication network in 1964.
His aim was to develop a decentralized communication system that could survive the impact of a nuclear attack. This
proposal used a new approach to data communication based
on packet switching.
Construction of a communication network based on
packet switching was initiated by the Department of Defense
through the Advanced Research Projects Agency (ARPA).
This agency commissioned the ARPANET, later known as the
Internet, in 1969. The ARPANET was initially an experimental
communication network that consisted of four nodes: UCLA,
UCSB, SRI, and the University of Utah.
Throughout the 1970s, various protocols had been adopted
to facilitate services such as remote connection (telnet), file
transfer (ftp), electronic mail, and news distribution. Initially,
the ARPANET used the Network Control Protocol (NCP) for
network and transport services. In 1983, the now ubiquitous
TCP/IP protocol suite~transport control protocol (TCP) and
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

Internet protocol (IP) stack developed in the early 1970s by
Cerf and Khan for packet communication networksmhad
replaced NCP.
Evolution of the Internet was accelerated by the creation of
the NSFNET in 1986. In its infancy, the NSFNET used a backbone consisting of five supercomputer centers connected at 56
Kbps. The NSFNET backbone, managed by NSF and Merit
Corporation--a partnership formed by IBM and M C I - served in excess of 10,000 nodes in 1987.
To satisfy the increased demand on the Internet the
NSFNET backbone was upgraded to T-1 (1.544 Mbps) in 1988.
The Internet grew very rapidly to encompass over 100,000
nodes by 1989 connecting research universities and government organizations around the world. Management of the
NSFNET backbone was delegated to Advanced Network and
Services, Inc. (ANS)man independent non-profit organization
spun off from the partnership between Merit, IBM, and MCI.
Among the most important contributors to the proliferation of the Internet was the release of the World Wide
Web (WWW) in 1991. Tim Berners-Lee proposed the W W W
for the Corporation for Education and Research Networking
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(CERN)--the European center for nuclear research--in 1989.
The Web grew out of a need for physics researchers from
around the world to collaborate using a large and dynamic
collection of scientific documents.
The WWW provides a powerful framework for accessing linked documents throughout the Internet. The wealth
of information available over the WWW has attracted the
interest of commercial businesses and individual users alike.
Its enormous popularity is enhanced by the graphical interfaces available for browsing multimedia information over
the Internet.
The NSFNET backbone was upgraded to T-3 (44.736 Mbps)
in 1991. Efforts to incorporate multimedia services were
advanced with the introduction of the Multicast Backbone
(MBONE) in 1992. The MBONE network intended to
serve multicast real-time traffic over the Internet. It provided
users with the capability to transmit audio and video multicast streams.
The enormous popularity of the WWW grew to over
10 million nodes by the mid 1990s. The NSF decommissioned
the NSFNET and delegated commercial traffic to private backbones in 1995. The same year, the NSF has restructured its

Distance Learning

data networking architecture by providing the very high speed
Backbone Network Service (vBNS) through a partnership with
MCI Worldcom. In 1999, the vBNS was upgraded from OC12 (622 Mbps) to OC-48 (2.5 Gpbs).
The NSF efforts to improve the communication network
backbone were coupled with two related initiatives: nextgeneration Internet (NGI) and Internet 2. In 1996, President
Clinton introduced the NGI initiative in an effort to provide
a faster and higher capacity Internet. This initiative was
continued by the large-scale networking (LSN) coordinating
group in an effort to advance networking technologies and
services.
Internet 2 is an independent project coordinated by
academic institutions whose goal is to accelerate the development of the Internet. This goal is addressed by deploying
advanced network applications and technologies. Much of the
effort of Internet 2 members has focused on the Abilene
network. Abilene is a high-performance backbone network
formed by partnership between Internet 2 and industry in
1999. Initially, Abilene provided communication at OC-48
(2.5 Gbps). Currently, the Abilene backbone has been
upgraded to OC-192 (10 Gbps).

Telemedicine

Videoconferencing

J

voo

Mobile Computer

//*

Broadcast

Multimedia E-mail
FIGURE 1 Video communication services.
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Improvements in communication networks' infrastructure Huffman and run-length encoding of quantized coefficients
are aimed at improving data communications and expanding of the discrete cosine transform (DCT) of image blocks.
applications. Efforts are under way to increase the commu- The widespread use of the JPEG standard is motivated by the
nication bandwidth and support real-time services such as fact that it consistently produces compression ratios in excess
audio and video communications. The tremendous band- of 20:1.
Video compression can be accomplished by using image
width required by video communications makes it among the
most challenging of the applications envisioned in the next- compression techniques on consecutive video frames. Direct
application of JPEG on video sequences is known as motion
generation networks.
In the future, video communication networks will be JPEG (MJPEG). MJPEG encodes each individual picture in
used for a variety of applications including digital television, the video sequence separately using JPEG compression.
video streaming, video-on-demand, and video conferencing. This approach is used when random access to each picture
An illustration of video communication services is depicted is essential in applications such as video editing and enhanced
in Fig. 1. In this chapter, we will explore the current tech- VCR-functionality. MJPEG compressed video yields data
rates in the range of 8 to 10 Mbps.
niques used for video communications over data networks. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
MJPEG is used in high-quality video applications in the
motion picture industry. Compression efficiency of MJPEG
2 Video Compression Standards
is commensurate to what is achieved by JPEG in image
encoding. JPEG exploits the spatial redundancy of the image
2.1 Introduction
for data compression. Correlation between neighboring pixels
Video communications usually relies on compressed video within image frames is extracted. This approach however
streams. Transmission of raw (uncompressed) video streams fails to benefit from the high temporal redundancy of
is impractical: Excessive bandwidth is needed for both the consecutive image frames in video sequences.
A video compression standard that exploits both spatial
communication channel and storage devices. Moreover,
computer processing and memory limitations often impose and temporal redundancy was proposed by MPEG-1. Its goal
serious constraints on transmission rates. Representation of was to produce VCR NTSC (352x240) quality video
video streams in compressed form is therefore required compression to be stored on CD-ROM (CD-I and CD-video
format) using a data rate of 1.2 Mbps. This approach is based
for efficient video communication systems.
on
the arrangement of flame sequences into a group of
Numerous video compression standards have been released
pictures
(GOP) consisting of four types of pictures: I-picture
by international organizations over the past decade. The main
(intra),
P-picture
(predictive), B-picture (bidirectional), and
organizations involved in adoption of video communication
D-picture
(DC).
I-pictures are intraframe JPEG-encoded
standards include the International Standards Organization
pictures
that
are
inserted at the beginning of the GOP.
(ISO) and International Telecommunications Union (ITU).
Pand
B-pictures
are interframe motion-compensated
Currently, the most widely used video compression standard
JPEG-encoded
macroblock
residual difference pictures that
is MPEG-2. It has been adopted for video communication
are
interspersed
throughout
the GOP. 1 MPEG-1 restricts the
applications such as HDTV and DVD. Our focus in this
GOP
to
sequences
of
15
frames
in progressive mode. MPEG-1
presentation will thus be on the MPEG-2 standard.
provides for the integration and synchronization of the audio
and video streams. This is accomplished by multiplexing
2.2 Overview
and including timestamps in both the audio and video streams
Two video compression standard families have emerged: from a 90-KHz system clock.
Motion Photographic Expert Group (MPEG) and H.26X.
The next goal of the MPEG community was to develop
MPEG standards have been developed by the ISO and are a broadcast-quality video compression standard. A standard
primarily aimed at motion picture storage and communica- developed based on the fundamental concepts present in the
tions. H.26X proposed by the ITU on the other hand focus on MPEG-1 standard had emerged. This standard is the wellvideo-conferencing applications. The sequence of compression known MPEG-2 video compression standard. Its popularity
standards generated by MPEG and H.26X are very closely and efficiency in high-quality video compression resulted
related. Many of the techniques adopted by MPEG's latest in the expansion of the standard to support higher resolution
compression standard borrow from recent developments in video formats including High Definition Television
H.26X's latest release, and vice versa.
(HDTV). 2 The HDTV Grand Alliance standard has adopted
Earlier efforts at video compression were based on methods
developed for image compression. Specifically, the ubiquitous
1D-pictures are used exclusively for low-resolution, high-speed video
Joint Photographic Experts Group (JPEG) image compression scanning.
standard. JPEG is used for compression of continuous-tone
2The MPEG-3video compression standard, which was originallyintended
still images. This compression standard is based on the for HDTV,was later canceled.
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the MPEG-2 video compression and transport stream
standards in 1996. 3 MPEG-2 supports four resolution levels:
low (352 x 240), main (720 x 480), high-1440 (1440 x 1152),
and high (1920 x 1080). The MPEG-2 compressed video data
rates are in the range of 3 to 100 Mbps. 4 Although the principles used to encode MPEG-2 are very similar to MPEG-1, it
provides much greater flexibility by offering several profiles
that differ in the presence or absence of B-pictures,
chrominance resolution, and coded stream scalability, s
MPEG-2 supports both progressive and interlaced modes. 6
Significant improvements have also been introduced in the
MPEG-2 system level.
In its next mission the MPEG community attempted
to address low-bandwidth video compression at data rate
of 64 Kbps that can be transmitted over a single N-ISDN
B channel. This goal has evolved to the development of flexible
scalable extendable interactive compression streams that
can be used with any communication network for universal
accessibility (e.g., Internet and wireless networks). The resulting standard known as MPEG-4 is a genuine multimedia
compression standard that supports audio and video as well
as synthetic and animated images, text, graphics, texture,
and speech synthesis. A dramatic change in approach
emphasizing content-based hierarchic audiovisual object
(AVO) representation and composition was used in the
development of the MPEG-4 standard. A video object at
a given point in time is a video object plane (VOP). Each VOP
is encoded separately according to its shape, motion, and
texture. The shape encoding of a VOP provides a pixel map
or a bitmap of the shape of the object. The motion and texture
encoding of a VOP can be obtained in a manner similar
to that used in MPEG-2. A multiplexer is used to integrate
and synchronize the VOP data and composition informationmposition, orientation, and depthmas well as other data
associated with the AVOs in a specified bit stream. MPEG-4
provides universal accessibility supported by error robustness
and resilience, especially in noisy environments at very low
data rates (less than 64 Kbps): bit stream resynchronization,
data recovery, and error concealment. These features are
particularly important in mobile multimedia communication
networks.
Despite the novel approach and initial excitement
surrounding the release of the MPEG-4 standard, its use in
practical applications has been marginal. The limitations
of MPEG-4 stem from the difficulty in efficient extraction of
AVOs from the video bit stream. Current performance of
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high-precision real-time video segmentation and tracking
algorithms is inadequate. Most current implementations of
the MPEG-4 standard rely on a version of the standard known
as simple profile. In this profile the AVO are not utilized; they
effectively correspond to the entire video flame. The resulting
implementation of MPEG-4 simple profile is therefore little
different from its predecessor MPEG-2. It is envisioned
that the use of AVOs will ultimately provide superior low-rate
video compression. However, the enormous success of the
recently released H.264 standard has raised this premise into
question. The H.264 has been demonstrated to generate better
low-rate video compression than MPEG-4 without the use of
AVOs. A version of the H.264 standard has subsequently been
incorporated into MPEG-4---it is known as MPEG-4 JVT.
Parallel to the efforts of the MPEG community, the H.26X
family of video compression standards was released. Emphasis
in H.26X video compression is on video-conferencing
applications over various communication networks. Realtime constraints are often imposed and require the elimination of various features present in the corresponding MPEG
standards. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

2.3 MPEG-2 Video Compression Standard

MPEG-2 video compression relies on block coding based
on the DCT. Specifically, each frame is divided into 8 x 8 blocks
that are transformed using DCT. Quantization of the transformed blocks is obtained by dividing the transformed pixel
values by corresponding elements of a quantization matrix
and rounding the ratio to the nearest integer. The transformed
and quantized block values are scanned using a zigzag pattern
to yield a one-dimensional (1D) sequence of the entire frame.
A hybrid variable length coding scheme that combines
Huffman coding and run-length coding is used for symbol
encoding.
The procedure outlined is used for both intraframe and
interframe coding. Intraframe coding is used to represent an
individual frame independently. The scheme used for intraframe coding is essentially identical to JPEG image compression. An intraframe-coded picture in the video sequence is
referred to as an intra-picture (I-picture).
Interframe coding is used to increase compression by
exploiting temporal redundancy. Motion compensation is
used to predict the content of the frame. Coding of its residual
error represents the predicted frame. The frame is divided
into 16 x 16 macroblocks (2 x 2 blocks). An optimal match of
each macroblock in the neighboring frame is determined.
3The HDTV Grand Alliance standard, however, has selected the Dolby A motion vector is used to represent the offset between the
Audio Coding 3 (AC-3) audio compressionstandard.
macroblock and its "best-match" in the neighboring frame.
4The HDTV Grand Alliance standard video data rate is approximately18.4 A residual error is computed by subtracting the macroblock
Mbps.
from its "best match." Coding of the residual error
SThe MPEG-2 video compression standard, however, does not support
image
proceeds in the same manner as intraframe coding.
D-pictures.
6The interlaced mode is compatiblewith the field format used in broadcast Coding of the motion vector field is performed separately
television interlaced scanning.
using difference coding and variable length coding. An
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FIGURE 2 MPEG-2audio and video systemslayer.

FIGURE 3 Videoelementary stream format.
interframe-coded picture in the video sequence that restricts
the search to the previous frame is referred to as a predictedpicture (P-picture); whereas, those pictures that allow for
either the previous or subsequent flames is referred to as a
bidirectional-picture (B-picture).
Rows of macroblocks in the picture are called slices.
The collection of slices forms a picture. Groups of pictures
(GOP) refer to sequences of pictures. A GOP is used to specify
a group of consecutive frames and their picture types.
For example, a typical GOP may consist of 15 frames with
the following picture types: IBBPBBPBBPBBPBB. This scheme
would allow for random access and error propagation
that does not exceed intervals of one half second assuming
the video is streamed at a rate of 30 frames per second.

2.4 MPEG-2 Systems Standard
The compressed image and video data are stored and
transmitted in a standard format known as a compression
stream. The discussion in this section will be restricted
exclusively to the presentation of the video compression
stream standards associated with the MPEG-2 systems
layer: elementary stream (ES), packetized elementary stream
(PES), program stream (PS), and transport stream (TS).
The MPEG-2 systems layer is responsible for the integration
and synchronization of the ESs: audio and video streams
and an unlimited number of data and control streams that can
be used for various applications such as subtitles in multiple
languages. This is accomplished by first packetizing the
ESs, thus forming the PESs. These PESs contain timestamps
from a system clock for synchronization.
The PESs are subsequently multiplexed to form a single
output stream for transmission in one of two modes: PS

and transport stream (TS). The PS is provided for error-free
environments such as storage in CD-ROM. It is used for
multiplexing PESs that share a common time-base, using
long variable-length packets. 7 The TS is designed for noisy
environments such as communication over ATM networks.
This mode permits multiplexing streams (PESs and PSs) that
do not necessarily share a common time-base, using fixedlength (188 bytes) packets. An example of the MPEG-2
systems layer illustrating the multiplexing of the packetized
audio and video elementary streams is depicted in Fig. 2.

2.4.1 MPEG-2 Elementary Stream
As indicated in section 3.4, MPEG-2 systems layer supports an
unlimited number of elementary streams (ES). Our focus is
centered on the presentation of the ES format associated
with the video stream. The structure of the video ES format
is dictated by the nested MPEG-2 compression standard: video
sequence, GOP, pictures, slices, and macroblocks. The video
ES is defined as a collection of access units (pictures) from
one source. An illustration of the video ES format is depicted
in Fig. 3. A corresponding glossary of the video ES format
is provided in Table 1. Note that the unshaded segment of
the video ES format presented in Fig. 3 is used to denote that
any permutation of the fields within this segment can be
repeated as specified by the video compression standard.

2.4.2 MPEG-2 Packetized Elementary Stream
The MPEG-2 systems layer packetizes all ESsmaudio, video,
data, and control streamswthus forming the PES. Each PES
7The MPEG-2 program stream (PS) is similar to the MPEG-1 systems
stream.
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TABLE 1 Video elementary stream format glossary

TABLE 2 Packetized elementary stream header glossary

Acronym

Function

Acronym

Function

SH
SE
EUD0
GOPH
EUD1
PH
PCE
EUD2
PDS
SDMB
SE

Sequence header
Sequence extension
Extension and user data 0
Group of picture header
Extension and user data 1
Picture header
Picture coding extension
Extension and user data 2
Picture data containing slices
Slices data containing macroblocks
Sequence end

PSCP
SID
PESPL
OPESH
SB
SC
P
DAI
C
O/C
Flags (7)
PESHDL
OF1
PTS/DTS
ESCR
ESR
DSMTM
ACI
PESCRC

Packet start code prefix
Stream identification
Packetized elementary stream packet length
Optional packetized elementary stream header
Stuffing bytes
Scrambling control
Priority
Data alignment indicator
Copyright
Original/copy
7 Flags
Packetized elementary stream header data length
Optional fields 1
Presentation time-stamps/Decoding time-stamps
Elementary stream clock reference
Elementary stream rate
DSM trick mode
Additional copy information
Packetized elementary stream cyclic
redundancy check
Packetized elementary stream extension
5 Flags
Optional fields 2
Packetized elementary stream private data
Pack header field
Program packet sequence counter
P-STD buffer
Packetized elementary stream extension field

is a variable-length packet with a variable format that corresponds to a single ES.
The format of the PES header is defined by the stream
ID (SID) used to identify the type of ES. The PES packet
length (PESPL) indicates the number of bytes in the PES
packet. The scrambling mode is represented by the scrambling control (SC). The PES header data length (PESHDL)
indicates the number of bytes in the optional PES header
(OPESH) fields, as well as stuffing bytes (SB) used to satisfy
the communication network requirements.
The PES header contains timestamps to allow for synchronization by the decoder. Two different timestamps are used:
presentation timestamp (PTS) and decoding timestamp
(DTS). The PTS specifies the time at which the access unit
should be removed from the decoder buffer and presented.
The DTS represents the time at which the access unit must
be decoded. The DTS is optional and it is only used if
the decoding time differs from the presentation time. 8
The elementary stream clock reference (ESCR) indicates
the intended time of arrival of the packet at the system
target decoder (STD). The rate at which the STD receives the
PES is indicated by the elementary stream rate (ESR). Error
checking is provided by the PES cyclic redundancy check
(PESCRC).
The pack header field (PHF) is a PS pack header. The
program packet sequence counter (PPSC) indicates the number of system streams. The STD buffer size is specified by
the P-STD buffer (PSTDB) field.
A nested representation of the PES header is depicted
in Fig. 4. The corresponding glossary of the PES header is
provided in Table 2. Note that the unshaded boxes
presented in Fig. 4 are used to represent optional fields in
the PES header.
8This is the situation for MPEG-2 video elementary stream profiles that
contain B-pictures.

PESE
Flags (5)
OF2
PESPD
PHF
PPSC
PSTDB
PESEF

2.4.3 MPEG-2 Program Stream
A PS multiplexes several PESs, which share a common
time base, to form a single stream for transmission in errorfree environments. The PS is intended for the storage
and retrieval of programs from digital storage media such
as CD-ROM. The PS uses relatively long variable-length
packet. For a more detailed presentation of the MPEG-2 PS
refer to X.

2.4.4 MPEG-2 Transport Stream
A transport stream (TS) permits multiplexing streams (PESs
and PSs) that do not necessarily share a common time-base
for transmission in noisy environments. The TS is designed
for broadcasting over communication networks such as
ATM networks. The TS uses small fixed-length packets
(188 bytes) that make them more resilient to packet loss or
damage during transmission. The TS provides the input to
the transport layer in the OSI reference model. 9
9The transport stream (TS), however, is not considered as part of the
transport layer.
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The TS packet is composed of a 4-byte header followed by
184 bytes shared between the variable-length adaptation field
and the TS packet payload. An illustration of the TS header is
depicted in Fig. 5. The corresponding glossary of the TS
header is provided in Table 3. Note that the unshaded box
appearing in Fig. 5 is used to represent the optional adaptation
field (AF).
The TS header includes a synchronization byte (SB)
designed for detection of the beginning of each TS packet.
The transport error indicator (TEI) points to the detection
of an uncorrectable bit error in this TS packet. The payload
unit start indicator (PUSI) is used to ascertain if the TS
payload contains PES packets or program-specific information
(PSI). The packet ID (PID) identifies the type and source
of payload in the TS packet. The presence or absence of
the adaptation field (AF) and payload is indicated by the

adaptation field control (AFC). The continuity counter (CC)
provides the number of TS packets with the same PID, which
is used to determine packet loss.
The optional adaptation field (AF) contains additional
information that need not be included in every TS packet.
One of the most important fields in the AF is the program
clock reference (PCR). The PCR is a 42-bit field composed of
a 9-bit segment incremented at 27 MHz as well as a 33-bit
segment incremented at 90 KHz. 1° The PCR is used along
with a voltage-controlled oscillator as a time reference for
synchronization of the encoder and decoder clock.

1°In Europe, the low end of the standard television signal is 65 MHz and
channels are 6 to 8 MHz to accommodate the PAL and SECAM television
signals.
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TABLE 3 Transport stream header glossary
Acronym

Function

SB
TEI
PUSI
TSC
TP
PID
AFC
CC
AF

Synchronization byte
Transport error indicator
Payload unit start indicator
Transport scrambling control
Transport priority
Packet identifier
Adaptation field control
Continuity counter
Adaptation field (optional)

A PES header must always follow the TS header and
possible AF. The TS payload may consist of the PES packets
or PSI. The PSI provides control and management information used to associate particular ESs with distinct programs.
A program is once again defined as a collection of ESs that share
a common time-base. This is accomplished by means of a
program description provided by a set of PSI associated
signaling tables (AST): program association tables (PAT),
program map tables (PMT), network information tables
(NIT), and conditional access tables (CAT). The PSI tables
are sent periodically and carried in sections along with cyclic
redundancy check (CRC) protection in the TS payload.

An example illustrating the formation of the TS packets
is depicted in Fig. 6. The choice of the size of the fixed-length
TS packets--188 bytesmis motivated by the fact that the payload of the ATM Adaptation Layer-1 (AAL-1) cell is 47 bytes.
Therefore, four AAL-1 cells can accommodate a single TS
packet. A detailed discussion of the mapping of the TS packets
to ATM networks is presented in the next section.
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3 Video C o m m u n i c a t i o n Networks
3.1 Introduction
A wide array of communication networks has proliferated over
the past few decades. The goal of many communication networks is to provide as much communication bandwidth
as possible while controlling the infrastructure costs. Efforts
to provide inexpensive communication mediums have
focused on exploiting the infrastructure of existing communication systems. For example, the hybrid of fiber optics
and coaxial cable used in the cable television system has been
adapted for data communications. Similarly, the web of copper
wiring used in the telephone system has also been utilized for
digital transmission. Moreover, the traditional use of"air" as a
conduit in wireless systems--radio and television, cellular
telephony, and so forth--has recently been extended to
accommodate high-bandwidth data communications.
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Some applications require high-bandwidth communication
networks that do not compromise transmission quality to
reduce infrastructure costs. Examples of applications that
impose severe bandwidth demands are communication backbones for wide and metropolitan area networks. On occasion,
high-volume traffic in local area networks will also require
a high-bandwidth communication infrastructure. Communication networks that need extremely high-bandwidth generally rely on fiber optics as the communication medium.
A common deployment of high-bandwidth communication
networks is based on asynchronous transfer mode (ATM)
networks. ATM networks are extremely fast networks that
are usually, although not necessarily, implemented using
fiber optics. In some networks, ATM provides a protocol
stack that characterizes the entire communication network.
In most instances, however, ATM serves to represent the
lower-level layers in a communication network such as the
Internet.
A general design philosophy adopted is to provide very
high-bandwidth communication for the networks' backbone
and exploit existing infrastructure to connect individual users.
This methodology is rooted in economics: the investment
costs in installation of a powerful backbone will serve
all customers and can be easily recovered. Deployment costs
of high-bandwidth communication lines to each individual
user, on the other hand, are excessive and therefore avoided.
Indeed, tremendously powerful communication backbones
have been implemented in the past few decades and are
continuously evolving. Practically, one of the main difficulties
presented today is the local distribution problem: how to
efficiently connect individual customers to the communication networks' backbone? This problem is also colloquially
referred to as the "the last-mile problem." Various solutions
have been proposed by the cable television, telephone,
and wireless industries. Cable television and wireless communication systems are inherently broadcast systems, which
may pose some limitations for many communication network
applications. Telephone systems are based on point-to-point
communications, which may be exploited for linking the
backbone to customers' homes.
In this section, an overview of some of the main
communication networks and their utility for multimedia
communication applications is presented. The cable television
networkmknown as the Hybrid Fiber-Coax (HFC) networkm
is discussed in Section 3.2. Adaptation of wireline telephone
networks to computer networking through the digital
subscriber loop (DSL) protocol is presented in Section 3.3.
The evolution of various wireless networks to high-bandwidth
communication applications is sketched in Section 3.4.
The widest bandwidth communication conduit is provided
by fiber optics, which are discussed in Section 3.5. A brief
presentation of digital communications based on integrated
services digital networks (ISDN) is provided in Section 3.6.
Finally, the use of asynchronous transfer mode (ATM)
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networks for multimedia communications is discussed in
Section 3.7. For brevity, this presentation will be restricted
exclusively to video communications based on the MPEG-2
compression standard. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

3.2 Hybrid Fiber-Coax Networks
Cable television providers have installed an extensive communication network for delivery of television channels to the
home. The main communication conduit used by the cable
television industry is the coaxial cable. Coaxial cables are
usually deployed between homes and a central point known
as an optical node. Several optical nodes are connected via
optical fibers to a head end. The cable television network
is thus a mixture of both fiber optics and coaxial cable
known as a hybrid fiber-coax (HFC) network.
Bandwidth limitations in HFC networks are primarily due
to the coaxial cable. The bandwidth of coaxial cable is either
300 to 450 MHz or 750 MHz. The number of analog channels
carrying a 6-MHz NTSC signal accommodated on coaxial
cable is 50 to 75 or 125 channels, respectively.
Communication networks deployed over existing cable
television systems must accommodate both data communications and television broadcasting. Cable television systems
rely on the unused frequency in the 5- to 42-MHz band
for upstream channels. Normal cable television channels in
the 54- to 550-MHz regions are maintained. Downstream
channels are allocated in the frequency range available
above 550 MHz. 11
Downstream channels represent the data using quadrature
amplitude modulation (QAM) for signal modulation. Generally, QAM-64 is used to provide a data rate of 27 Mbps.
At times, the cable quality is sufficiently good to use QAM-256,
which allows for about 39 Mbps. Upstream channels, on the
other hand, rely on quadrature phase shift keying (QPSK) for
signal modulation. Consequently, only 2 bits per baud are
used for upstream communication; whereas, 6 or 8 bits per
baud are provided for downstream channels.
The cable television system is a broadcasting system and
bandwidth resources must therefore be shared among all
customers. Let us assume that 50 channels can be used for data
communications and must accommodate no more than
500 customers. In this scenario, a dedicated 4 Mbps data
communication channel can be allocated to each home.
This communication rate would be sufficient to handle
MPEG-2 video streams.
In reality, however, existing cable television systems cannot
afford to devote 50 channels exclusively to a limited number
of customers not exceeding 500 homes. Most current cable
television providers do not guarantee data communication
rates above 700 Kbps. At these rates, video communications
11Thetelephone networkis also referredto as the plain old telephone system
(POTS).
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using the MPEG-2 compression standard could not be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
downstream and 1 Mbps upstream. Typically, premium
conducted.
service data rates are offered at 1 Mbps downstream and 256
Kbps upstream. Standard service is further restricted to 512
Kbps downstream and 64 Kbps upstream.
3.3 Digital Subscriber Loop
Although extremely high rates can be provided over DSL
for
very short distances, most practical scenarios demand
A long tradition has evolved in an effort to use the public
longer
transmission lengths. The bandwidth provided by DSL
switched telephone network (PSTN) for data communicadecreases
rapidly as the transmission distance increases.
tions. 12 The main advantage of PSTN is that it is widely
Therefore,
most telephone companies will only guarantee
accessible to virtually all homes. Modem technology for
all
users
data
communications over DSL at rates of 128 Kbps.
dial-up service over PSTN have improved and can reach rates
These
rates
are
insufficient for video communications based
of up to 56 Kbps. A communication standardnH.324mhas
on
most
compression
standards.
been developed for multimedia communications over PSTN.
Video communications, however, requires much wider bandwidth using most compression standards.
The telephone industry had invested a tremendous
amount of money to build a complex infrastructure that
provides copper twisted pair wiring into virtually every home.
In an effort to leverage this investment, the telephone
industry has proposed a communication standard known as
the digital subscriber loop (DSL). The basic idea behind DSL
is to present an efficient modulation scheme that will exploit
the copper wires for data communications.
Traditionally, the telephone systems imposes a filter in
the end office that limits voice communications to 4 KHz.
DSL circumvents this restriction by switching data signals to
avoid the filters in the end office. Fundamental bandwidth limitations are consequently due to the physical
properties of the copper twisted pair in the local loop.
The approach taken to the design of DSL uses a concept
known as discrete multitone (DMT). The spectrum available
on the local loop is about 1.1 MHz. DMT divides the
bandwidth among 256 channels. Each channel has a bandwidth of 4.3125 KHz. Channel 0 is reserved for POTSmplain
old telephone service. Channels 1 through 5 are reserved
as guard bands to avoid interference between the voice and
data channels. Additionally, one channel is used for upstream
control and another channel for downstream control.
The remaining 248 channels are available for data communications. A common split of the data channels is to allocate
32 channels for upstream data and the remaining 216 channels
for downstream data. This implementation, which provides
higher bandwidth for downstream than upstream data
communications, is known as asymmetric DSL (ADSL).
High-bandwidth communication over the channels is
achieved by the use of an efficient signal modulation
scheme. Each channel provides a sampling rate of 4,000
baud. Quadrature amplitude modulation-16 (QAM-16) with
up to 15 bits per baud is used for signal modulation. For
relatively short distances, DSL can provide communication at
rates that exceed 8 Mbps. For instance, the ADSL standards
ANSI T1.413 and ITU G.992.1 allow for data rates of 8 Mbps
12TheAMPS system is also known as TACS and MCS-L1 in England and
Japan, respectively.

3.4 Wireless Networks
Historically, wireless networks date to ancient civilization.
Fire signals were used for messaging between hilltops. Modern
wireless communications dates back to the Italian physicist
Gugliemo Marconi who, in 1901, used a wireless telegraph
with Morse code to establish communication to a ship.
Wireless networks have been developed for many different
applications. Traditionally, wireless networks were used to
refer to cellular networks for speech communications.
Evolution of wireless networks has been designed to
accommodate data communications. More recently, wireless
networks have been employed as local area networks and
wireless local loops.
Wireless networks were until recently primarily devoted
to paging as well as real-time speech communications. First
generation wireless communication networks were analog
systems. The most widely used analog wireless communication
network is known as the advanced mobile phone service
(AMPS). 13 The AMPS system is based on frequency-division
multiple access (FDMA) and uses 832 30 KHz transmission channels in the range of 824 to 849 MHz and 832 30 KHz
reception channels in the range of 869 to 894 MHz.
Second generation wireless communication networks are
digital systems based on two approaches: time-division
multiple access (TDMA) and code-division multiple access
(CDMA). Among the most common TDMA wireless communication networks are the IS-54 and IS-136 as well the global
systems for mobile communications (GSM). The IS-54 and
IS-136 are dual mode (analog and digital) systems that are
backward-compatible with the AMPS system. 14 In IS-54 and
IS-136, the same 30 KHz channels are used to accommodate
three simultaneous users (six time slots) for transmission
at data rates of approximately 8 Kbps. GSM originated in
Europe and is a pure digital system based on both FDMA and
TDMA. It consists of 50 200 KHz bands in the range of
13TheJapanese JDC systemis also a dual mode (analog and digital) system
that is backward-compatible with the MCS-L1analogsystem.
14Theimplementation of the GSM systemin the range of 1.8 GHz is known
as DCS-1800.
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900 MHz used to support eight separate connections (eight
time slots) for transmission at data rates of 13 Kbps. 15
The second approach to digital wireless communication
networks is based on CDMA. The origins of CDMA are based on
spread-spectrum methods that date back to secure military
communication applications during the World War II. 16 The
CDMA approach uses direct-sequence spread-spectrum
(DSSS), which provides for the representation of individual
bits by pseudo-random chip sequences. Each station is assigned
a unique orthogonal pseudo-random chip sequence. The
original bits are recovered by determining the correlation (inner product) of the received signal and the pseudorandom chip sequence corresponding to the desired
station. The current CDMA wireless communication network
is specified in IS-95.17 In IS-95, a channel bandwidth of
1.25 MHz is used for transmission at data rates of 8 Kbps or
13 Kbps.
Efforts at integration of cellular networks to packet-based
data communication over wireless networks have been made.
This allows for data communication between wireless devices
and fixed terminals connected to the Internet. For example,
a mobile user could use his laptop to browse the Web.
Specifically, the general packet radio service (GPRS) wireless
access network is an overlay packet network that is employed
in D-AMPS and GSM systems. GPRS provides data communications at data rates in the range of 9 to 21.4 Kbps using
a single time slot. An improved wireless access technology,
known as enhanced data rates for GSM evolution (EDGE),
can be used to provide data rates in the range of 8.8 to
59.2 Kbps using a single time slot. Use of multiple time slots
can increase the data rates as high as 170 Kbps.
Plans have been proposed for the implementation of the
third generation wireless communication networks in the
International Mobile Communications-2000 (IMT-2000).
The motivation of IMT-2000 is to expand mobile communications to multimedia applications as well as to provide
access to existing networks (e.g., ATM and Internet). This is
accomplished by providing circuit and packet switched
channel data connection as well as larger bandwidth used
to support much higher data rates. The focus of IMT-2000 is
on the integration of several technologies: CDMA-2000,
Wideband CDMA (W-CDMA), Universal Wireless Communications-136 (UWC-136), and Wireless Multimedia and
Messaging Services (WIMS).
CDMA-2000 is designed to be a wideband synchronous
inter-cell CDMA based network using frequency-division
duplex (FDD) mode and is backward compatible with
the existing CDMA-One (IS-95). The CDMA-2000 channel
15In 1940, the actress Hedy Lamarr, at the age of 26, invented a form of
spread-spectrum, known as frequency-hopping spread-spectrum (FHSS).
16The IS-95 standard has recentlybeen referred to as CDMA-One.
17Bluetooth technology was named after Harald Blaatand (Bluetooth) II
(940-981) who was a Viking king who unified Denmark and Norway.
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bandwidth planned for the first phase of implementation will
be restricted to 1.25 MHz and 3.75 MHz for transmission
at data rates of up to 1 Mbps. The CDMA-2000 channel
bandwidth will be expanded during the second phase of
implementation to include 7.5 MHz, 11.25 MHz, and 15 MHz
for transmission that will support data rates that could
possibly exceed 2.4 Mbps. CDMA 2000 was proposed by
Qualcomm.
W-CDMA is a wideband asynchronous inter-cell CDMA
(with some TDMA options) based network that provides
for both frequency-division duplex (FDD) and time-division
duplex (TDD) operations. W-CDMA is designed to interwork
with the existing GSM and provides possible harmonization
with WIMS. The W-CDMA channel bandwidth planned
for the initial phase of implementation is 5 MHz for
transmission at data rates of up to 480 Kbps. The W-CDMA
channel bandwidth planned for a later phase of implementation will reach 10 MHz and 20 MHz for transmission that
will support data rates of up to 2 Mbps. W-CDMA has been
proposed by Ericsson and advocated by the European
Union, which called it Universal Mobile Telecommunications
System (UMTS).
UWC-136 is envisioned to be an asynchronous inter-cell
TDMA based system that permits both frequency-division
duplex (FDD) and time-division duplex (TDD) modes. UWC136 is backward compatible with the current IS-136 and
provides possible harmonization with GSM. UWC-136 is a
unified representation of IS-136+ and IS-136 High Speed zyxwvutsr
(IS- 136 HS). IS- 136+ will rely on the currently available channel
bandwidth of 30 KHz, for transmission at data rates of up to 64
Kbps. The IS-136 HS outdoor (mobile) channel bandwidth will
be 200 KHz, for transmission at data rates of up to 384 Kbps;
whereas, the IS-136 HS indoor (immobile) channel bandwidth
will be expanded to 1.6 MHz for transmission that will support
data rates of up to 2 Mbps. UWC-136 no longer appear to be a
serious contender for adoption by industry.
WIMS is planned to be a wideband asynchronous intercell CDMA based system using the frequency-division
duplex (FDD) operation and is compatible with ISDN.
The WIMS channel bandwidth scheduled for the first phase
of implementation is 5 MHz, for transmission at data rates
of 16 Kbps. The WIMS channel bandwidth proposed for
the second phase of implementation will expand to 10 MHz
and 20 MHz for transmission that will approach 2.4 Mbps.
Currently, it does not seem likely that WIMS will be adopted
by industry.
The larger bandwidth and significant increase in data rates
supported by the various standards in IMT-2000 will facilitate
video communication over wireless networks. Moreover, the
packet switched channel data connection option provided
by the various standards in IMT-2000 will allow for the
implementation of many of the methods and protocols used
for real-time IP networks for video communication over
wireless networks (e.g., RTP/RTCP, RTSP, SIP, etc.).
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Wireless networks also serve a very different role as
local area networks. Extensions of the well known IP and
ATM protocols have been adopted for wireless communications and are known as mobile IP and wireless ATM,
respectively. Among the most popular local area networks
currently employed is the IEEE 802.11 standard. IEEE 802.11
provides communications at data rates of up to 11 Mbps. It is
an enormously popular standard that has accounted for a
high density of hubs scattered in urban areas. For this reason,
some have speculated that in the future the IEEE 802.11
standard may serve a role as a wireless network that is not
necessarily restricted to its local area.
On a much smaller scale, wireless networks are used to
provide interconnection among various computer devices
within close physical proximity. This approach allows for
ease of operation and avoids the wire connections required by
traditional methods. A wireless network called Bluetooth
has been adopted as a standard by the computer and communication industry to achieve this goal. is Bluetooth technology
also served as the basis for the IEEE 802.15 standard for
wireless personal area networks.
Wireless local loops are another example of the use of
wireless networks for data communications. A common
scenario is a wireless transmission between a home and a
base station. In this case, wireless networks are used to address
the "last-mile problem." Data rates are dependent on the
distance between the client and the base station. The shorter
the distance the higher the data rate that can be provided.
Classifications of wireless local loops depend on their radius
of service: Multichannel Multipoint Distribution Service
(MMDS) and Local Multipoint Distribution Service (LMDS).
MMDS provides service across distances in the range of
30 miles. MMDS data rates may not exceed 1 Mbps. It uses
198 MHz in the 2.1 and 2.5 GHz range. LMDS provides service
over much shorter distances in the range of 3 miles. LMDS
data rates may be as high as 100-600 Mbps. It was
allotted
1.3
GHznthe
single
largest
bandwidth
19
allocation by the F C C n i n the 28- to 31-GHz range.
The IEEE 802.16 standard has been developed to provide
broadband fixed wireless networking capability for LMDS
applications.
Another form of wireless networks is provided by satellite communications. Video broadcasting over satellites has
been conducted for many years. Both analog and digital video
broadcasting have been used over satellite networks. More
recent efforts have attempted to use satellites for real-time
video communications. Limited success of this endeavor is
due to the large number of satellites that are required to be
launched into low orbit in order to reduce the communication delay.
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3.5 Fiber Optics
There are two main methods provided by the telephone
industry for local distribution using fiber optics: fiber to
the curb (FTTC) and fiber to the home (FTTH). FTTC
requires the installation of optical fibers from the end office
to central locations such as residential neighborhoods. These
central locations are equipped with a device known as an
Optical Network Unit (ONU). The ONU is the termination
point of multiple copper local loops connected within the
immediate vicinity. The local loops between users and
the ONU are sufficiently short that it is now possible to
provide much higher communication bandwidth. For example, full-duplex T1 or T2 communication networks can be run
over the copper wires for transmission of MPEG-2 video
channels.
An even more ambitious design is provided by FTTH.
In this scheme, an optical fiber line is deployed directly into
each customer's home. Consequently, an OC-1 or OC-3 or
higher carrier rates can be accommodated. These rates are
extremely high and can be used for virtually any multimedia
communication application desired. The prohibitive factor
in FTTH is cost. Installation of fiber optics into every home
is very expensive. Nonetheless, some new residences and
businesses have already been wired and fitted with fiber optic
communication lines. Although large-scale deployment of
FTTH may not happen for several years, it is clearly our future
direction.

3.6 Integrated Services Digital Network
The Integrated Services Digital Network (ISDN) is the first
public digital network. It was designed to support a large variety
of date types including data, voice, and video. It is based on
circuit-switched synchronous communication. ISDN uses B
channels for basic traffic and D channels for return signaling.
Each B channel provides data rate of 64 Kbps and each D channel
is 16 Kbps. Multiples of B channels are used to accommodate
p x 4 Kbps. The basic rate interface (BRI) provides 2B+D
channel that can be used for signal delivery at the rate of 128
Kbps. At this level, high-quality video communication cannot
be supported. Wider bandwidth communications based on
ISDN is available by using the primary rate interface (PRI).
PRI communications can rely on up to 24 B channels for
transmission at rates of 1.5 Mbps. 2° H.320 provides a communication system standard for audiovisual conferencing over
ISDN. The vast majority of video conferencing and video
telephony systems currently used rely on H.320.
ISDN has become known as Narrowband ISDN (N-ISDN).
It can be offered over the existing twisted pair copper wiring

2°Examples of higher bandwidth channels used in B-ISDN are the H0
18Asimilar approach to LMDSis used in Europe in the 40-MHz range.
19pRI systemsin Europe can use 30 B channels for signal deliveryat rates of channel with a rate of 384 Kbps, the H11 channel with a rate of 1.536 Mbps,
and the H12 channel with a rate of 1.92 Mbps.
1.9 Mbps. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Service Specific Convergence Sublayer (SSCS)
Common Part Convergence Sublayer (CPCS)

Segmentation and Reassembly Sublayer (SAR)

FIGURE 8 ATM adaptation layer (AAL).

FIGURE 7 B-ISDNATM reference model.
used by the telephone industry. A second generation of ISDN Adaptation Layer (AAL), and upper layers. 23 This layer can be
has emerged and is known as Broadband ISDN (B-ISDN). further divided into the physical medium dependent (PMD)
It provides transmission channels that are capable of sublayer and the transmission convergence (TC) sublayer.
supporting much higher rates. 21 Like N-ISDN, the bandwidth The PMD sublayer provides an interface with the physical
of B-ISDN is specified in terms of multiples of 64 Kbps. medium and is responsible for transmission and synchronizaWhereas, N-ISDN is limited to 1-24 multiples of 64 Kbps tion on the physical medium (e.g., SONET or SDH).
channels; the multiplying factor for B-ISDN ranges from The TC sublayer converts between the ATM cells and the
1-65,535. The physical conduit required for B-ISDN is coaxial frames--strings of bits--used by the PMD sublayer. ATM has
cable of optical fibers. Efficient implementation of B-ISDN been designed to be independent of the transmission medium.
is achieved by adopting ATM packet switching technology. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The data rates specified at the physical layer, however,
require category 5 twisted pair or optical fibers. 24

3.6 Asynchronous Transfer Mode Networks
ATM, also known as cell relay, is a method for information
transmission in small fixed-size packets called cells based on
asynchronous time-division multiplexing. ATM technology
was proposed as the underlying foundation for the Broadband Integrated Services Digital Network (B-ISDN). B-ISDN
is an ambitious very high data rate network that will replace
the existing telephone system and all specialized networks with
a single integrated network for information transfer applications such as video on demand (VoD), broadcast television,
and multimedia communication. These lofty goals not withstanding, ATM technology has found an important niche in
providing the bandwidth required for the interconnection of
existing local area networks (LAN); e.g., Ethernet.
The ATM cells are 53 bytes long of which 5 bytes are
devoted to the ATM header and the remaining 48 bytes are
used for the payload. These small fixed-sized cells are ideally
suited for the hardware implementation of the switching
mechanism at very high data rates. The data rates envisioned
for ATM are 155.5 Mbps (OC-3), 622 Mbps (OC-12), and
2.5 Gbps (OC-48).22
The B-ISDN ATM reference model is shown in Fig. 7.
It consists of several layers: physical layer, ATM layer, ATM
21Thedata rate of 155.5Mbpswas chosen to accommodatethe transmission
of high-definition television (HDTV) and for compatibility with the
synchronous optical network (SONET). The higher data rates of 622 Mbps
and 2.5 Gbps were chosen to accommodatefour and 16 channels, respectively.
22Note that the B-ISDNATM reference model layers do not map well into
the OSI reference model layers.

The ATM layer provides the specification of the cell
format and cell transport. The header protocol defined in
this layer provides generic flow control, virtual path and channel
identification, payload type, cell loss priority, and header error
checking. The ATM layer is a connection-oriented protocol
that is based on the creation of end-to-end virtual circuits
(channels). The ATM layer protocol is unreliable--acknowledgments are not provided--since it was designed for use of
real-time traffic such as audio and video over fiber optic
networks that are highly reliable. The ATM layer nonetheless
provides quality of service (QoS) guarantees in the form of cell
loss ratio (CLR), bounds on maximum cell transfer delay
(MCTD), cell delay variation (CDV)--known also as delay
jitter. This layer also guarantees the preservation of cell order
along virtual circuits.
The structure of the ATM adaptation layer (AAL) is illustrated in Fig. 8. This layer can be decomposed into the
segmentation and reassembly sublayer (SAR) and the convergence sublayer (CS). The SAR sublayer converts between
packets from the CS sublayer and the cells used by the ATM
layer. The CS sublayer provides standard interface and service

23Existing twisted pair wiring cannot be used for B-ISDN ATM
transmission for any substantial distances.
24Classes C and D were originally used for the representation of non-realtime (NRT) variable bit-rate (VBR) connection-oriented (CO) and connectionless services handled by AAL-3 and AAL-4, respectively. These protocols,
however, were so similar---differing only in the presence or absence of a
multiplexing header fieldmthat they eventuallydecided to merge them into a
single protocol provided by AAL-3/4.

1044 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

TABLE 4 ATM Adaptation layer service classes
Service Classes
Parameters
Timing compensation
Bit rate
Connection mode
Applications
AAL type

Class A

Class B

Class C

Required
Constant
Voice/Video
Circuit Emulation
AAL-1

Connection Oriented
VBR
Video/Audio
AAL-2

options to the various applications in the upper layers. This
sublayer is also responsible for converting between the
message or data streams from the applications and the packets
used by the SAR sublayer. The CS sublayer is further divided
into the common part convergence sublayer (CPCS) and the
service specific convergence sublayer (SSCS).
Initially four service classes were defined for the AAL
(Class A-D). This classification has subsequently been modified by the characterization of four protocols: Class A is used
to represent real-time (RT) constant bit-rate (CBR) connection-oriented (CO) services handled by AAL-1. This class
includes applications such as circuit emulation for uncompressed audio and video transmission. Class B is used to define
real-time (RT) variable bit-rate (VBR) connection-oriented
(CO) services given by AAL-2. Among the applications
considered by this class are compressed audio and video
transmission. Although the aim of the AAL-2 protocol is
consistent with the focus of this presentation, we shall not
discuss it in detail since the AAL-2 standard has not yet been
defined. Classes C and D support non-real-time (NRT)
variable bit-rate (VBR) services corresponding to AAL-3/4. 25
Class C is further restricted to non-real-time (NRT) variable
bit-rate (VBR) connection-oriented (CO) services provided by
AAL-5. 26 It is expected that this protocol will be used to
transport IP packets and interface to ATM networks.
A summary of the ATM adaptation layer service classes
and protocols is presented in Table 4.
As is apparent from the preceding discussion, the main
methods available for video communications over ATM are
based on AAL- 1 and AAL-5. The remainder of this section shall

25A new protocol AAL-5--originally named simple efficient adaptation
layer (SEAL)-wasproposed by the computer industry as an alternative to the
previously existing protocol AAL-3/4, which was presented by the telecommunications industry.
26The synchronous residual timestamp (RTSP) method encodes the
frequency difference between the encoder clock and the network clock for
synchronization of the encoder and receiver clock in asynchronous service
clock operation mode despite the presence of delayjitter.

Class D

Not Required
Variable
Connectionless
Frame Relay
SMDS
Data Transfer
AAL-3/4
Aal-3/4
AAL-5

TABLE 5 AAL1 SAR-PDU header glossary
Acronym

Function

CSI
SC
CRC
P

Convergence sublayer indicator
Sequence count
Cyclic redundancy check
Parity (even)

therefore focus on the mapping ofthe MPEG-2 transport stream
to the ATM Application Layer (AAL)--AAL-1 and AAL-5. zyxwvutsrqpo

3.6.1 Asynchronous Transfer Mode Application
Layer-1
The AAL-1 protocol is used for transmission of real-time (RT)
constant bit-rate (CBR) connection-oriented (CO) traffic. This
application requires transmission at constant rate, minimal
delay, insignificant jitter, and low overhead.
Transmission using the AAL-1 protocol is in one of two
modes: unstructured data transfer (UDT) and structured data
transfer (SDT). The UDT mode is provided for data streams
where boundaries need not be preserved. The SDT mode
is designed for messages where message boundaries must
be preserved.
The CS sublayer detects lost and misinserted cells that
occur due to undetected errors in the virtual path or channel
identification. It also controls incoming traffic to ensure
transmission at a constant rate. This sublayer also converts
the input messages or streams into 46-47 bytes segments to
be used by the SAR sublayer.
The SAR sublayer has a 1-byte protocol header. The
convergence sublayer indicator (CSI) of the odd numbered
cells forms a data stream that provides a 4-bit synchronous
residual timestamp (RTSP) used for clock synchronization in
SDT mode [21]. The timing information is essential for the
synchronization of multiple media stream as well as for the
prevention of buffer overflow and underflow in the decoder.
The sequence count (SC) is a modulo-8 counter used to detect
missing or misinserted cells. The CSI and SC fields are
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FIGURE 10 Interleavedtransport stream (Reed-Solomonforward error correction).

protected by the cyclic redundancy check (CRC) field. An even
parity (P) bit covering the protocol header affords additional
protection of the CSI and SC fields. The AAL-1 SAR sublayer
protocol header is depicted in Fig. 9. A corresponding glossary
of the AAL-1 SAR sublayer protocol header is provided in
Table 5.
An additional 1-byte pointer field is used on every
even numbered cell in STD mode. 27 The pointer field is a
number in the range of 0 to 92 used to indicate the offset of
the start of the next message either in its own cell or the
one following it in order to preserve message boundaries.
This approach allows messages to be arbitrarily long and need
not align on cell boundaries. In this presentation, however,
we shall restrict ourselves to operation in the UDT mode for
data streams where boundaries need not be preserved and
the pointer field will be omitted.
As we have indicated earlier, the MPEG-2 systems layer
consists of 188-bytes fixed-length TS packets. The CS sublayer
directly segments each of the MPEG-2 TS packets into four
47-by-tes fixed-length AAL-1 SAR payloads. This approach is
27The high-order bit of the pointer field is currently unspecified and
reserved for future use.

used when the cell loss ratio (CLR) that is provided by
the ATM layer is satisfactory.
An alternative optional approach is used in noisy environments to improve reliability by the use of interleaved
Reed-Solomon (128,124) forward error correction (RS-FEC).
The CS sublayer groups a sequence of 31 distinct 188-bytes
fixed-length MPEG-2 TS packets. This group is used to form a
matrix written in standard format (row-by-row) of 47 rows
and 124-bytes in each row. Four bytes of the Reed-Solomon
(128,124) FEC are appended to each row. The resulting
matrix is composed of 47 rows and 128-bytes in each row.
This matrix is forwarded to an interleaver that reads the
matrix in transposed format (column-by-column) for transmission to the SAR sublayer. The interleaver assures that a
cell loss would be limited to the loss of a single byte in
each row, which can be recovered by the FEC. A mild delay
equivalent to the processing of 128 cells is introduced
by the matrix formation at the transmitter and the receiver.
An illustration of the formation of the interleaved ReedSolomon (128,124) FEC TS packets is depicted in Fig. 10.
Whether the interleaved FEC of the TS packets is
implemented or direct transmission of the TS packets is
used, the AAL-1 SAR sublayer receives 47-by-tes fixed-length
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MPEG-2 TS AAL-1 PDU mapping.

FIGURE 12

AAL CPCS-PDU trailer.

payloads that are appended by the 1-byte AAL-1 SAR
protocol header to form 48-bytes fixed-length packets. These
packets serve as payloads of the ATM cells and are attached to
the 5-bytes ATM headers to comprise the 53-bytes fixedlength ATM cells. An illustration of the mapping of MPEG-2
systems layer TS packets into ATM cells using the AAL-1
protocol is depicted in Fig. 11.

3.6.2 Asynchronous Transfer Mode
Application Layer-5
The AAL-5 protocol is used for non-real-time (NRT)
variable bit-rate (VBR) connection-oriented (CO) traffic.
This protocol also offers the option of reliable and unreliable
services.

TABLE 6 AAL5 CPCS-PDU trailer
Acronym

Function

P
UU
CPI
Length
CRC

Padding
User-to-user direct information transfer
Common part indicator field
Length of payload
Cyclic redundancy check

The CS sublayer protocol is composed of a variable-length
payload of length not to exceed 65,535 bytes and a variablelength trailer of length 8 to 55 bytes. The trailer consists of
a padding (P) field of length 0 to 47 bytes chosen to make
the entire message--payload and trailer--be a multiple of
48 bytes. The user-to-user (UU) direct information transfer
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FIGURE 13 MPEG-2TS AAL-5 PDU mapping.
field is available for higher layer applications (e.g., multiplexing). The common part indicator (CPI) field designed
for interpretation of the remaining fields in the CS protocol
is currently not in use. The Length field provides the
length of the payload (not including the padding field). The
standard 32-bit cyclic redundancy check (CRC) field is used
for error checking over the entire messagempayload and
trailer. This error checking capability allows for the detection
of missing or misinserted cells without using sequence
numbers. An illustration of the AAL-5 CPCS protocol trailer
is depicted in Fig. 12. A corresponding glossary of the AAL-5
CPCS protocol trailer is provided by Table 6.
The SAR sublayer simply segments the message into 48-byte
units and passes them to the ATM layer for transmission.
It also informs the ATM layer that the ATM user-to-user
(AAU) bit in the payload type indicator (PTI) field of the
ATM cell header must be set on the last cell in order to
preserve message boundaries. 28
Encapsulation of a single MPEG-2 systems layer 188-bytes
fixed-length TS packet in one AAL-5 CPCS packet would
28Note that this approach is in violation of the principles of the open
architecture protocol standardsmthe AAL layer should not invoke decisions
regarding the bit pattern in the header of the ATM layer.

introduce a significant amount of overhead due to the size of
the AAL-5 CPCS trailer protocol. The transmission of a single
TS packet using this approach to the implementation of
the AAL-5 protocol would require five ATM cells in
comparison to the four ATM cells needed using the AAL-1
protocol. More than one TS packet must be encapsulated in a
single AAL-5 CPCS packet in order to reduce the overhead.
The encapsulation of more than one TS packet in a single
AAL-5 CPCS packet is associated with an inherent packing
jitter. This will manifest itself as delay variation in the decoder
and may affect the quality of the systems clock recovered
when one of the TS packets contains a program clock
reference (PCR). To alleviate this problem the number of
TS packets encapsulated in a single AAL-5 CPCS packet
should be minimized. 29
The preferred method adopted by the ATM Forum is
based on the encapsulation of two MPEG-2 systems layer
188-bytes TS packets in a single AAL-5 CPCS packet.
29An alternative solution to the packing jitter problem, known as PCRaware packing, requires that TS packets containing a program clock reference
(PCR) appear in the last packet in the AAL-5 CPCS packet. This approach is
rarely used due to the added hardware complexityin detectingTS packetswith
a PCR.
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The AAL-5 CPCS packet payload consequently occupies 376
bytes. The payload is appended to the 8-byte AAL-5 CPCS
protocol trailer (no padding is required) to form a 384-byte
AAL-5 CPCS packet. The AAL-5 CPCS packet is segmented
into exactly eight 48-byte AAL-5 SAR packets, which serve as
payloads of the ATM cells and are attached to the 5-byte ATM
headers to comprise the 53-byte fixed-length ATM cells.
An illustration of the mapping of two MPEG-2 systems layer
TS packets into ATM cells using the AAL-5 protocol is
depicted in Fig. 13.
The overhead requirements for the encapsulation of two
TS packets in a single AAL-5 CPCS packet are identical to
the overhead needed using the AAL-1 protocolmboth
approaches map two TS packets into eight ATM cells. This
approach to the implementation of the AAL-5 protocol is
currently the most popular method for mapping MPEG-2
systems layer TS packets into ATM cells.

4 Internet Protocol Networks
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An important communication network that has not been
discussed previously is the Internet. Many of the networks
we have discussed thus far have been characterized by physical
layer medium and protocols. The Internet, on the other
hand, allows for communication across various networks
having different physical medium and lower-layer protocols.
Communication among these separate networks is facilitated
by abstracting the lower layer protocols using a common
network protocol known as the Internet protocol (IP).
The most commonly used network protocol today is the
IPv4 protocol. The IPv4 header consists of a 20-byte fixed
header followed by an optional variable length header.
Among the fixed header fields are the version, header
length, type of service, packet length, identification and
fragmentation information, time to live, transport protocol,
header checksum, source and destination addresses.
Popularity of the Internet and forecasts of future applications of the Internet have increased rapidly. Particularly,
the convergence of communications, computing, and entertainment has begun. It is likely that in the not so distant
future separate applications such as telephony, televisions,
and the Web will merge into flexible computing systems.
We envision that future stationary and mobile telephone
and television devices throughout the world will become
Internet nodes used for audio and video communications.
To accommodate the large number of new nodes on the
Internet, a new version of the IP protocol had to emerge.
Currently, we are in the midst of a migration to a new
network protocol~IPv6. 3°

In 1990, IETF had begun work on the new IP protocol.
Its aim was to provide sufficient addresses to accommodate
future growth of the Internet and increase the protocol's
efficiency and flexibility. The main difference introduced
in IPv6 is longer addresses. The new IPv6 addresses are
16 bytes long; whereas, the old IPv4 addresses consist of
merely 4 bytes. Additionally, the header of the IPv6 protocol
is much simpler and more flexible than its predecessor.
Reduced number of fields and improved optional field
support has resulted in faster router processing time. Moreover, network security has been improved by incorporation
of authentication and privacy features. 31 Finally, the qualityof-service attributes were enhanced in the new protocol.
The fields of the IPv6 header consist of the version, traffic
class, flow label, payload length, next header, hop limit, source
and destination addresses.
An illustration of the protocol stack used for video
communication over the Internet is depicted in Fig. 14. The
primary transport layer protocols used over the Internet are
the User Datagram Protocol (UDP) and Transport Control
Protocol (TCP). The UDP is an unreliable connectionless
protocol. It is well suited for real-time applications such as
audio and video communications that require prompt delivery
rather than accurate delivery and flow control. The UDP is
restricted to an 8-byte header that contains minimal overhead
including the source and destination ports, the length of the
packet, and an optional checksum over the entire packet.
The TCP is a far better known protocol for communication over the Internet. It is a reliable connection-oriented
protocol and is used for most current applications used over
the Internet. Among the most popular applications are
remote login, electronic mail, file transfer, hypertext transfer,

3°The IPv5 denotes an experimentalreal-time stream protocol that was not
widely used.

31The security features of IPv6 have been incorporated into the IPv4
protocol.
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Let us consider the broadcast of a television station over
etc. These applications require precise delivery rather than
timely delivery of the contents. TCP uses sequencing for the Internet. It is apparent that standard Internet technopacket reordering and an acknowledgement and retransmis- logy would require a separate transmission of the television
sion processmknown as Automatic Retransmission Request signal between the station and each television receiver.
(ARQ)--for packet recovery. It also relies on a complex flow The amount of bandwidth required by such an approach to
control scheme to avoid packet congestion. TCP packets global television broadcast would be impossible to accomhave at a minimum a 20-byte header and contain numerous modate. Tremendous bandwidth losses are incurred by the
fields including source and destination ports, sequence transmission of multiple copies of the television signal over
and acknowledgement numbers, header length, various large segments of the communication network that are shared
flags, window size, checksum, urgent pointer, and optional by multiple users. The aim of MBONE is to propagate a single
packet stream over routing path segments that are shared
fields.
In this section, an overview of the protocols used for video by multiple users. Specifically, packet streams are addressed to
communications over the Internet is presented. A discussion user groups and multiple copies generated only in nodes
of the multicast backbone (MBONE) is provided in where the routing path is no longer common to all members
Section 4.1. The standard protocol for the transport of real- of the user group.
Implementation of MBONE is through a virtual overlay
time datamReal-time
Transport Protocol
(RTP)mis
presented in Section 4.2. Augmented to the RTP is the network on top of the Internet. It consists of islands that
standard protocol for data delivery monitoring, as well as support multicast traffic and tunnels that are used to
minimal control and identification capability, provided by the propagate MBONE packets between these islands. The islands
Real-time Transport Control Protocol (RTCP), which are interconnected using mrouters (multicast routers), which
presented in Section 4.3. An application level protocol for are logically connected by tunnels.
The multicast Internet protocol (Multicast IP) was adopted
the on-demand control over the delivery of real-time data is
provided by the real-time streaming protocol (RTSP) as the standard protocol for multicast applications on the
discussed in Section 4.4. A protocol stack architecture Internet. MBONE packets are transmitted as multicast IP
designed as an Internet telephony standard known as H.323 packets between mrouters in different islands. Multicast
is described in Section 4.5. A more flexible approach to real- IP packets are encapsulated within ordinary IP packets and
time communications over the Internet has been proposed by regarded as standard unicast data by ordinary routers along
the session initiation protocol (SIP), which is presented in a tunnel.
Section 4.6. Integrated services architecture and the basic
Operation of MBONE is facilitated by using multicast
methods used for resource reservation and quality-of-service addresses. 32 This address serves the role of a station frequency
control is provided by the resource reservation protocol in traditional radio broadcasts or channel number in television
(RSVP), which is discussed in Section 4.7. A simpler approach transmission. Identification of the multicast addresses that
to quality-of-service control provided by the differentiated will be broadcasted is established by using the Internet group
services architecture and the operation of the DiffServ management protocol (IGMP). Periodically, IGMP broadcast
protocol is presented in Section 4.8. For brevity, the protocols packets are sent by each mrouter to determine which hosts
discussed in this section will be illustrated by concentrating would like to receive which multicast addresses. IGMP
primarily on MPEG-2 video communications over the responses are sent back by the hosts indicating the multicast
Internet. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
addresses they wish to receive.
The routing process used by MBONE is the reverse path
forwarding routing algorithm that helps prevent flooding.
4.2 Multicast Backbone
In order to limit the scope of multicasting, a weight is used in
A critical factor in our ability to provide worldwide the time to live field of the IP header. The weight assigned to
multimedia communication is the expansion of the existing a packet is determined by the source and its value is
bandwidth of the Internet. The NSF has recently restruc- decremented by the weight of each tunnel it passes. Once
tured its data networking architecture by providing the very- the weight of a packet is no longer sufficient to path through
high-speed Backbone Network Service (vBNS). The vBNS a tunnel, the packet is discarded. Consequently, the region of
currently employs ATM switches and OC-12c SONET fiber broadcasting may be limited by adjusting the weight of the
optic communications at data rates of 622 Mbps.
transmitted packets.
The vBNS Multicast Backbone (MBONE)--a worldwide
MBONE applications such as multimedia data broadcastdigital radio and television service on the Internetmwas ing do not require reliable communication or flow control.
developed in 1992. MBONE is used to provide global digital These applications do require, however, real-time transmismulticast real-time audio and video broadcast via the Internet. sion over the Internet. The loss of an audio or video packet
The multicast process is intended to reduce the bandwidth
consumption of the Internet.
32A multicast address is a class D address provided to the source.
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will not necessarily degrade the broadcast quality. Significant
jitter delay, on the other hand, cannot be tolerated. The user
datagram protocol (UDP)mnot the transmission control
protocol (TCP)mis consequently used for transmission of
multimedia traffic.

4.3 Real-Time Transport Protocol
The real-time transport protocol (RTP) provides end-to-end
network transport functions for the transmission of real-time
data such as audio or video over unicast or multicast services
independent of the underlying network or transport protocols.
Its functionality, however, is enhanced when run on top of
the user datagram protocol (UDP). It is also assumed that
resource reservation and quality of service (QoS) have been
TABLE 7 RTP packet header glossary
Acronym

Function

V
P
X
CC
M
PT
SN
TS
SSRC
CSRC

Version
Padding
Extension
Contributing source count
Market
Payload type
Sequence number
Timestamp
Synchronization source identifier
Contributing source identifier

RTP, real-time transport protocol.

provided by lower layer services (e.g., RSVP). The RTP
protocol, however, does not assume nor provide guaranteed
delivery or packet order preservation.
RTP services include timestamp packet labeling for media
stream synchronization, sequence numbering for packet loss
detection, and packet source identification and tracing.
RTP is designed to be a flexible protocol that can be used
to accommodate the detailed information required by particular applications. The RTP protocol is, therefore, deliberately
incomplete and its full specification requires one or more
companion documents: profile specification and payload
format specification. The profile specification document
defines a set of payload types and their mapping to payload
formats. The payload format specification document defines
the method by which particular payloads are carried.
The RTP protocol supports the use of intermediate system
relays known as translators and mixers. Translators convert
each incoming data stream from different sources separately.
An example of a translator is used to provide access to an
incoming audio or video packet stream beyond an applicationlevel firewall. Mixers combine the incoming data streams
from different sources to form a single stream. An example
of a mixer is used to resynchronize an incoming audio or
video packet stream from high-speed networks to a lowerbandwidth packet stream for communication across lowspeed networks.
An illustration of the RTP packet header is depicted in
Fig. 15. A corresponding glossary of the RTP packet header is
provided in Table 7. The version number of the RTP protocol
is defined in the version (V) field. The version number of the

15

FIGURE 15 Real-timetransport protocol packet header.
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is backward compatible with hosts that do not support
and simply ignore RTP FEC streams.
The RTP packet header used for the RTP encapsulation
of FEC determines the payload type (PT) field through
dynamic out of band means. The sequence number (SN) field
is set from an independent sequence number space~
consecutive FEC packets are assigned incremental SNs. The
timestamp (TS) field is monotonically increasing and
corresponds to the value of the media RTP timestamp at the
time that the FEC packet is sent. The source synchronization
(SSRC) field is generally identical to the corresponding field in
the RTP media stream. The contributing source (CSRC) field,
on the other hand, is omitted. The remaining fields are
computed via the protection operation of the FEC.
The RTP encapsulation of FEC requires the use of the
RTP FEC header extension following the RTP packet header.
The RTP FEC header extension contains the sequence number
base (SNB) field, which should be set to the minimum
sequence number of the packets protected by FEC. The FEC
may extend over any string that does not exceed 24 packets.
The length recovery (LR) field is used to determine the length
of any recovered packets. This is accomplished by applying
the protection operation to the lengths of the media payloads associated with the FEC packet. An extension (E) bit
must currently be set to zero and is reserved for future use of a
header extension. The payload type recovery (PTR) field is
used to ascertain the payload type of any recovered packets.
This is obtained by applying the protection operation to the
payload type fields of the media packet headers associated with
the FEC. The mask (M) is a 24-bit field that provides
the string of packets that are associated with the FEC. The
activation of the n-th bit in the mask (M) field is used to
indicate that the media packet whose sequence number (SN)
corresponds to ( S N B + n - 1 ) is associated with the FEC.
The timestamp recovery (TS) field is used to resolve the
timestamps of any recovered packets. This field is computed
by applying the protection operation to the timestamp
fields of the media packet headers associated with the FEC.
An illustration of the RTP generic FEC header is depicted
in Fig. 16. A corresponding glossary of the generic FEC header
is provided in Table 8.
The JPEG standard is used for the compression of
continuous-tone still images. A direct extension of the JPEG
standard to video compression known as Motion JPEG
(MJPEG) is obtained by the JPEG encoding of each individual
picture in a video sequence. The RTP payload encapsulation
of MJPEG data streams is restricted to the single-scan
interleaved sequential DCT operating mode represented in
abbreviated format. The RTP header for encapsulation of
MJPEG is set using a 90-KHz timestamp. The RTP marker
(M) bit must be activated in the last packet of each frame.
The RTP payload encapsulation of MJPEG format requires
that
an RTP MJPEG header follow each RTP packet header.
33Versionnumbers 0 and 1 have been used in previousversions of the RTP
protocol.
The RTP MJPEG header represents all of the information

current RTP protocol is number two. 33 A padding (P) bit is
used to indicate if additional padding bytes, which are not part
of the payload, have been appended at the end of the packet.
The last byte of the padding field provides the length of the
padding field. An extension (X) bit is used to indicate if the
fixed header is followed by a header extension. The
contributing source count (CC) provides the number (up to
fifteen) of contributing source (CSRC) identifiers that follow
the fixed header. A marker (M) bit is defined by a profile for
various applications such as the marking of flame boundaries
in the packet stream. The payload type (PT) field provides the
format and interpretation of the payload. The mapping of the
PT code to payload formats is specified by a profile. An
incremental sequence number (SN) is used by the receiver to
detect packet loss and restore packet sequence. The initial
value of the SN is random in order to combat possible attacks
on encryption. The timestamp (TS) provides the sampling
instant of the first byte in the packet derived from a
monotonically and linearly incrementing clock for synchronization and jitter delay estimation. The clock frequency is
indicated by the profile or payload format specification. The
initial value of the timestamp is once again random. The
synchronization source (SSRC) field is used to identify the
source of a stream of packets from a synchronization source. A
translator forwards the stream of packets while preserving the
SSRC identifier. A mixer, on the other hand, becomes the new
synchronization source and must therefore include its own
SSRC identifier. The SSRC field is chosen randomly in order
to prevent two synchronization sources from having the
same SSRC identifier in the same session. A detection and
collision resolution algorithm prevents the possibility that
multiple sources will select the same identifier. The contributing source (CSRC) field designates the source of a stream of
packets that has contributed to the combined stream,
produced by a mixer, in the payload of this packet. The
CSRC identifiers are inserted by the mixer and correspond to
the SSRC identifiers of the contributing sources. As indicated
earlier, the CC field provides the number (up to 15) of contributing sources.
The quality of real-time multimedia transmission in noisy
environments is very poor due to high packet loss rates.
This problem can be alleviated by the use of generic forward
error correction (FEC) to compensate for packet loss of
arbitrary real-time media streams supported by a wide variety
of error-correction codes (e.g., Parity, Reed-Solomon, and
Hamming codes). The payload of an FEC packet provides
parity blocks obtained by exclusive-or based operations on the
payloads and some header fields of several RTP media packets.
The FEC packets and media packets are encapsulated and
sent as separate RTP streams. This feature implies that FEC
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FIGURE 16 Real-timetransport protocol forward error correction header extension.
TABLE 8 RTP FEC header extension glossary

TABLE 9 RTP MJPEG header glossary

Acronym

Function

Acronym

Function

SNB
LR
E
PTR
M
TR

Sequence number base
Length recovery
Extension
Payload type recovery
Mask
Timestamp recovery

TS
FO
T
Q
w
H

Type specific
Fragment offset
Type
Quantization tables
Width
Height

FEC, forward error correction; RTP, real-time transport
protocol.

that is associated with the JPEG flame headers and scan
headers. The RTP M]PEG header contains a type specific (TS)
field whose interpretation depends on the value of the type (T)
field. The fragment offset (FO) field provides the number
of bytes that the current packet is offset in the JPEG frame
data. The total length of the JPEG frame datamcorresponding
to the FO field and the length of the payload data in the
current packet-must not exceed 224 bytes. The type (T)
field specifies information included in the JPEG abbreviated
table-specification as well as other parameters not defined by
JPEG. Types 0 to 63 are reserved for fixed well-known
mappings. Types 64 to 127 are also reserved for fixed wellknown mappings that contain restart markers in the JPEG
data. For these types, a restart marker header must appear
immediately following the RTP MJPEG header. Types 128 to
255 are reserved for dynamic mappings defined by a session
setup protocol. The quantization tables (Q) field defines
the quantization tables for the frame. Q values 0 to 127
indicate that the type (T) field determines the quantization
tables. Q values 128-255 indicate that a quantization table
header following the RTP MJPEG header and possible restart
marker header is used to explicitly specify the quantization
tables. The width (W) and height (H) fields provide the width
and height of the image in 8-pixel multiples, respectively.
The maximal width and height of the image is restricted to
2040 pixels. 34 Depending on the values of the T and Q fields,

RTP, real-time transport protocol.

the restart marker header and quantization table header
may follow the RTP MJPEG header. An illustration and a
corresponding glossary of the RTP MJPEG header are
provided in Fig. 17 and Table 9, respectively.
The RTP payload encapsulation of MJPEG format fragments the data stream into packets such that each packet
contains an entropy-coded segment of a single-scan frame.
The payload is started immediately with the entropy-coded
scanwthe scan header is not present--and terminated
explicitly or implicitly with an EOI marker.
The most popular current video compression standards
are based on MPEG. RTP payload encapsulation of MPEG
data streams can be accomplished in one of two formats:
Systems stream (SS)--transport stream (TS) and PS--as well
as elementary stream (ES). The format used for encapsulation
of MPEG SS is designed for maximum interoperability with
video communication network environments. The format
used for the encapsulation of MPEG SS, however, provides
greater compatibility with the Internet architecture including
other RTP encapsulated media streams and current efforts
in conference control. 3s

34Theheight (H) field represents the height of a video field in the interlaced
mode of motion ]PEG.
3SRTP payload encapsulation of MPEG elementary stream (ES) format
defers some of the issuesaddressedby the MPEGsystemsstream (SS) to other
protocols proposed by the Internet community.
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FIGURE 17 Real-timetransport protocol MJPEGheader.

0

15

31b

zyx
I

FIGURE 18 Real-timetransport protocol MPEGES video-specificheader.
The RTP header for encapsulation of MPEG SS is set as
follows: The payload type (PT) field should be assigned to
correspond to the systems stream format in accordance with
the RTP profile for audio and video conferences with minimal
control [X]. The marker (M) bit is activated whenever the
timestamp is discontinuous. The timestamp (TS) field
provides the target transmission time of the first byte in the
packet derived from a 90-KHz clock reference, which is
synchronized to the system stream program clock reference
(PCR) or system clock reference (SCR). This timestamp is
used to minimize network jitter delay and synchronize relative
time drift between the sender and receiver. The RTP payload
must contain an integral number of MPEG-2 TS packets~
there are no restrictions imposed on MPEG-1 SS or MPEG-2
PS packets.
The RTP header for encapsulation of MPEG ES is set as
follows: The payload type (PT) field should once again be
assigned to correspond to the elementary stream format in
accordance with the RTP profile for audio and video
conferences with minimal control [X]. The marker (M) bit
is activated whenever the RTP packet contains an MPEG
frame end code. The timestamp (TS) field provides the
presentation time of the subsequent MPEG picture derived
from a 90-KHz clock reference, which is synchronized to
the system stream program clock reference (PCR) or system
clock reference (SCR).
The RTP payload encapsulation of MPEG ES format
requires that an MPEG ES video-specific header follow each
RTP packet header. The MPEG ES video-specific header
contains a must be zero (MBZ) field that is currently unused
and must be set to zero. An indicator (T) bit is used to
announce the presence of an MPEG-2 ES video-specific header
extension following the MPEG ES video-specific header. The

temporal reference (TR) field provides the temporal position
of the current picture within the current group of pictures
(GOP). The active N (AN) bit is used for error resilience and
is activated when the following indicator (N) bit is active. The
new picture header (N) bit is u s e d to indicate parameter
changes in the picture header information for MPEG-2
payloads. 36 A sequence header present (S) bit indicates the
occurrence of an MPEG sequence header. A beginning of
slice (B) bit indicates the presence of a slice start code at the
beginning of the packet payload, possibly preceded by any
combination of a video sequence header, group of pictures
(GOP) header, and picture header. An end of slice (E) bit
indicates that the last byte of the packet payload is the end of a
slice. The picture type (PT) field specifies the picture typem
I-picture, P-picture, B-picture, or D-picture. The full pel
backward vector (FBV), backward f code (BFC), full pel
forward vector (FFV), and forward f code (FFC) fields are used
to provide information necessary for determination of the
motion vectors. 37 Figure 18 and Table 10 provide an illustration and corresponding glossary of the RTP MPEG ES
video-specific header, respectively.
An illustration of the RTP MPEG-2 ES video-specific
header extension is depicted in Fig. 19. A corresponding
glossary used to summarize the function of the RTP MPEG-2
ES video-specific header extension is provided in Table 11.
Particular attention should be paid to the composite display
flag (D) bit, which indicates the presence of a composite
display extensionma 32-bit extension that consists of 12
36Theactive N (AN) and new picture header (N) indicator bits must be set
to zero for MPEG-1 payloads.
37Only the FFV and FFC fields are used for P-pictures; whereas, none of
these fields are used for I-pictures and D-pictures.
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FIGURE 19 Real-time transport protocol MPEG-2 ES video-specific header extension.
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11 RTP MPEG-2 ES video-specific header extension

glossary

glossary
Acronym

Function

Acronym

Function

MBZ
T
TR
AN
N
S
B
E
P
FBV
BFC
FFV
FFC

Must be zero
Video-specific header extension
Temporal reference
Active N
New picture header
Sequence header present
Beginning of slice
End of slice
Picture type
Full pel backward vetor
Backward F code
Full pel forward vector
Forward F code

X
E
F[00]
F[01 ]
F[ 10]
F[ 11]
DC

Unused (zero)
Extension
Forward horizontal F code
Forward vertical F code
Backward horizontal F code
Backward vertical F code
Intra DC precision (intra macroblock DC
difference value)
Picture structure (field/frame)
Top field first (odd/even lines first)
Frame predicted frame DCT
Concealment motion vectors (I-picture exit)
Q-scale type (quantization table)
Intra VLC format (Huffman code)
Alternate scan (section/interlaced field breakup)
Repeat first field
Chroma 420 type (options also include 422 and 444)
Progressive frame
Composite display flag

PS
T
P
C
Q
V
A
R

zeroes followed by 20 bits of composite display information-following the MPEG-2 ES video-specific header extension. The
extension (E) bit is used to indicate the presence of one
or more optional extensions--quantization matrix extension,
picture display extension, picture temporal scalable extension,
picture spatial scalable extension, and copyright extensionm
following the MPEG-2 ES video-specific header extension
as well as the composite display extension. The first byte of
each of these extensions is a length (L) field that provides
the number of 32-bit words used for the extension. The extensions are self-identifying since they must also include the
extension start code (ESC) and the extension start code ID
(ESCID). For additional information regarding the remaining
fields in the MPEG-2 ES video-specific header extension refer

to IX].
The RTP payload encapsulation of MPEG ES format
fragments the stream into packets such that the following
headers must appear hierarchically at the beginning of a single
payload of an RTP packet: MPEG video sequence header,
MPEG GOP header, and MPEG picture header. The beginning
of a slice--the fundamental unit of recoverymmust be the
first data (not including any MPEG ES headers) or must
follow an integral number of slices in the payload of an RTP
packet.

H
G
D

RTP, real-time protocol transport.

4.4 Real-Time Transport Control Protocol
The real-time transport control protocol (RTCP) augments
the RTP protocol to monitor the quality of service (QoS) and
data delivery monitoring as well as provide minimal control
and identification capability over unicast or multicast services
independent of the underlying network or transport protocols. The primary function of the RTCP protocol is to provide
feedback on the quality of data distribution that can be
used for flow and congestion control. The RTCP protocol is
also used for the transmission of a persistent source identifier
to monitor the participants and associate related multiple data
streams from a particular participant. The RTCP packets
are sent to all participants in order to estimate the rate at
which control packets are sent. An optional function of the
RTCP protocol can be used to convey minimal session control
information.
The implementation of the RTCP protocol is based on the
periodic transmission to all participants in the session of control
information in several packet types summarized in Table 12.
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TABLE 12

Real-timetransport control protocol packet

types

Real-time transport control protocol sender
report and receiver report packet glossary

TABLE 13

Acronym

Function

Acronym Function

SR
RR
SDES
BYE
APP

Sender report
Receiver report
Source description item (e.g., CNAME)
End of participation indication
Application specific functions

v
P
RC
PT
L
SSRC
NTPT
RTPT
PC
OC
SSRC-N
FL
CNPL
EHSNR

The sender report (SR) and receiver report (RR) provide
reception quality feedback and are identical except for the
additional sender information that is included for use by
active senders. The SR or RR packets are issued depending on
whether a site has sent any data packets during the interval
since the last two reports were issued. The source description
item (SDES) includes items such as canonical end-point
identifier (CNAME), user name (NAME), electronic mail
address (EMAIL), phone number (PHONE), geographic user
location (LOC), application or tool name (TOOL), notice/
status (NOTE), and private extensions (PRIV). The end of
participation (BYE) packet indicates that a source is no longer
active. The application specific functions (APP) packet is
intended for experimental use as new applications and features
are developed.
RTCP packets are composed of an integral number of 32-bit
structures and are, therefore, stackable-multiple RTCP packets
may be concatenated to form compound RTCP packets.
RTCP packets must be sent in compound packets containing
at least two individual packets of which the first packet must
always be a report packet. Should the number of sources for
which reports are generated exceed 31--the maximal number
of sources that can be accommodated in a single report
packet--additional RR packets must follow the original report
packet. An SDES packet containing a CNAME item must
also be included in each compound packet. Other RTCP
packets may be included subject to bandwidth constraints
and application requirements in any order, except that BYE
packet should be the last packet sent in a given session. These
compound RTCP packets are forwarded to the payload of
a single packet of a lower layer protocol (e.g., UDP).
An illustration of the RTCP SR and RR packets is depicted
in Fig. 20 and Fig. 21, respectively. A corresponding glossary
of the RTCP SR and RR packets is provided in Table 13.
The RTCP SR and RR packets are composed of a header
section, zero or more reception report blocks, and a possible
profile-specific extension section. The SR packets also contain
an additional sender information section.
The header section defines the version number of the
RTCP protocol in the version (V) field. The version number of
the current RTCP protocol is number two-the same as the
version number of the RTP protocol. A padding (P) bit is used

1055 zyxwvutsr

J

LSR
DLSR

Version
Padding
Reception report count
Packet type
Length
Synchronization source indentifier (sender)
Network time protocol timestamp
Real-time transport protocol timestamp
Packet count (sender)
Octet count (sender)
Synchronization source identifier-N
Fraction lost
Cumulative number of packets lost
Extended highest sequence number received
Interarrival jitter
Last sender report timestamp
Delay since last sender report timestamp
,

,

,i

to indicate if additional padding bytes, which are not part
of the control information, have been appended at the end of
the packet. The last byte of the padding field provides the
length of the padding field. In a compound RTCP packet,
padding should only be required on the last individual packet.
The reception report count (RC) field provides the number
of reception report blocks contained in the packet. The packet
type (PT) field contains the constant 200 and 201 to identify
the packet as a sender report (SR) and receiver report (RR)
RTCP packet, respectively. The length (L) field provides
the number of 32-bit words of the entire RTCP packetm
including the header and possible paddingmminus one.
The synchronization source (SSRC) field is used to identify
the sender of the report packet.
The sender information section appears in the sender
report (SR) packet exclusively and provides a summary of
the data transmission from the sender. The network time
protocol timestamp (NTPT) indicates the wallclock time at
that instant the report was sent. 38 This timestamp along
with the timestamps generated by other reports is used to
measure the round-trip propagation to the other receivers.
The real-time protocol timestamp (RTPT) corresponds to
the NTPT provided using the units and random offset used
in the RTP data packets. This correspondence can be used
for synchronization among sources whose NTP timestamps
are synchronized. The packet count (PC) field indicates
the total number of RTP data packets transmitted by the
sender since the beginning of the session up until the
38Wallclock time (absolute time) represented using the network time
protocol (NTP) timestamp format is a 64-bit unsigned fixed-point number
provided in seconds relative to 0 hours UTC on January 1, 1900.
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FIGURE 20 Real-timetransport control protocol sender report (SR) packet.
generation of the SR packet. The octet count (OC) field
represents the total number of bytes in the payload of the RTP
data packetsmexcluding header and paddingmtransmitted by
the sender since the beginning of the session up until
the generation of the SR packet. This information can be
used to estimate the average payload data rate.
All RTCP report packets must contain zero or more
reception report blocks corresponding to the number of
synchronization sources from which the receiver has received

RTP data packets since the last report. These reception report
blocks convey statistical data pertaining to the RTP data
packets received from a particular synchronization source. The
synchronization source (SSRC-N) field is used to identify
the N th synchronization source to which the statistical data in
the N th reception report block is attributed. The fraction lost
(FL) field indicates the fraction of RTP data packets from the
N th synchronization source lost since the previous report was
sent. This fraction is defined as the number of packets
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FIGURE 21 Real-timetransport control protocol receiver report (RR) packet.
lost divided by the number of packets expected (NPE). The
cumulative number of packets lost (CNPL) field provides
the total number of RTP data packets from the N th synchronization source lost since the beginning of the session.
The CNPL is defined as the number of packets expected (NPE)
less the number of packets received. The extended highest
sequence number received (EHSNR) field contains the
highest sequence number of the RTP data packets received
from the N th synchronization source stored in the 16 least
significant bits of the EHSNR field. Whereas, the extension of
the sequence number provided by the corresponding count of

sequence number cycles is maintained and stored in the
16 most significant bits of the EHSNR field. The EHSNR is
also used to estimate the number of packets expected (NPE)
which is defined as the last EHSNR less the initial sequence
number received. The interarrival jitter (J) field provides
an estimate of the statistical variance of the interarrival time
of the RTP data packets from the X th synchronization source.
The interarrival jitter (J) is defined as the mean deviation of
the interarrival time D between the packet spacing at
the receiver compared to the sender for a pair of packets;
i.e., D(i, j ) = ( R ( j ) - R ( i ) ) - (S(j)- S(i)), where S(i) and R(i)
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FIGURE 22 Real-timetransport control protocol source description (SDES) packet.

0
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FIGURE 23 Real-timetransport control protocol source description item canonical end-point indentifier (CNAME) item.

TABLE 14 RTCP source description packet glossary
Acronym

Function

V= 2
P
SC
PT
L
SSRC/CSRC

Version
Padding
Source count
Packet type
Length
Synchronization source contributing
source identifier
Source description item

SDES Item

are used to denote the RTP timestamp from the RTP data
packet i and the time of arrival in RTP timestamp units of
RTP data packet i, respectively. The interarrival time D is
equivalent to the difference in relative transit time for the two
packets; i.e., D(i, j) - (R(j) - S(j)) - (R(i) - S(i)). An estimate
of the interarrival jitter (J) is obtained by the first-order
approximation of the mean deviation given by

J = J + 1/16([D(i, i - 1)[ - J)
The estimate of the interarrival jitter (J) is computed
continuously as each RTP data packet is received from the
N th synchronization source and sampled whenever a report is
issued. The last sender report timestamp (LSR) field provides
the NPT timestamp (NTPT) received in the most recent RTCP

TABLE 15 RTCP SDES canonical end-point identifier
item glossary
Acronym

Function

CNAME
L
UDN

SDES item type
Length
User and domain name

sender report (SR) packet that arrived from the N th
synchronization source. The LSR field is confined to the
middle 32 bits out of the 64-bit NTP timestamp (NTPT).
The delay since last sender report (DLSR) expresses the delay
between the time of the reception of the most recent RTCP
sender report (SR) packet that arrived from the N th
synchronization source and sending the current reception
report block. These measures can be used by the N th
synchronization source to estimate the round-trip propagation delay (RTPD) between the sender and the N th
synchronization source. The estimate of the RTPD obtained
provided the time of arrival T of the reception report block
from the sender is recorded at the N-th synchronization
source is given by R T P D - T - L S R - DLSR.
Figure 22 and Table 14 provide an illustration and a
corresponding glossary of the RTCP SDES packet. The SDES
packet is composed of a header followed by zero or more
chunks. The SDES packet header version (V), padding (P),
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Another problem in the use of RTSP is the absence of a
and length (L) are used in the same manner as described
mechanism for system recovery. For example, once the client
for the previous RTCP packets. The packet type (PT) contains
the constant 202 to identify the packet as an RTCP SDES has lost state information about a session, there is no method
packet. The source count (SC) provides the number of to send control requests to the server. A presentation stream
chunks contained in this SDES packet. Each chunk consists of may continue to be transmitted to the client unless the
session identifier can be recovered. Thus, RTSP implementaa synchronization source (SSRC)/contributing source (CSRC)
tion requires some other failsafe method or session control
identifier followed by zero or more items.
Figure 23 and Table 15 provide an illustration and a option.
corresponding glossary of the RTCP SDES CNAME item.
The CNAME field contains the constant 1 to identify this
4.6 H.323
as an RTCP SDES CNAME packet. The length (L) describes
the length of the text field in the user and domain name
In 1996, the ITU presented the H.323 protocol stack in
(UDN) field. The UDN text field is restricted to be no longer
an effort to adopt a standard communication protocol stack
than 255 bytes. The format used for the UDN fieldm
for visual telephony over communication networks. The
"user@host" or "host" if a user is not availablemshould be H.323 standard provides architecture for the design of Internet
derived algorithmically, when possible. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
telephony. It is based on the integration of various protocols
to support functionality such as speech and video compression, call signaling and control, real-time transport, etc.
4.5 Real-Time Transport
The H.323 protocol stack, however, does not provide a
Streaming Protocol
quality-of-service (QoS) capability. An illustration of the
H.323 protocol stack is depicted in Fig. 24.
The real-time streaming protocol (RTSP) is an application
The H.323 protocol stack relies on the H.26x standards
level protocol that provides for the on-demand control
for
video compression; 4° similarly, it uses the G.71x and G.72x
over the delivery of real-time data. The RTSP protocol is
standards
for speech compression. 41 The H.245 call control
intended for the control of channels and mechanisms used
protocol
is
adopted in order to allow terminals to negotiate
for multiple synchronized data delivery sessions from stored
the
compression
standards and bandwidth they desire. The
and live sources such as audio and video streams between
Q.931
call
signaling
protocol is used to perform standard
media servers and clients. Functionally, the RTSP protocol
telephony
functions
such
as establish and terminate connecserves the role of a "remote control" of multimedia commutions,
control
dial
tones
and
ringing, etc. The registration/
nication systems-networks and servers.
admission/status
(RAS)
protocol
allows the terminals to comThe RTSP protocol relies on a presentation description
municate
to
a
gatekeeper
in
a
local
area network. The RTP
to define the set of streams that it controls. These controls
protocol
is
used
for
data
transport
and
is managed by the
support for the following basic operations: (a) retrieval of
RTCP
protocol.
RTCP
is
also
used
for
audio/video
synchromedia from a media server, (b) invitation of a media server
nization.
to a conference, and (c) addition of media to an existing
To illustrate the operation of the H.323 protocol we shall
presentation. Table 16 provides a summary of the methods
describe a sequence of messages needed to establish commuused by the RTSP protocol to perform various operations
nication when a PC is used to call a telephone. Call setup
on the presentation or media streams. 39
Presentation description of sessions in RTSP uses the in the H.323 protocol stack relies on existing telephone
Session Description Protocol (SDP). The SDP is a generic network protocols. These protocols are connection-oriented;
textual method for describing the presentation details. hence, a TCP connection is required for call setup. Table 17
summarizes some of the messages used by the Q.931 call
It includes the session's name and purpose, streams'
transport and media types, and presentations' start and end
4°The H.323 protocol stack must support the H.261 video compression
times.
standard with a spatial resolution of QCIF. H.261 provides video compression
Control requests and responses using RTSP may be sent based on the discrete cosine transform (DCT) representation. Raw video
over TCP or UDP. The order of arrival of the requests is representation of QCIF and CIF formats require uncompressed data rates of
critical. Therefore, the request header has a Cseq field that
9.1 and 37 Mbps respectively. H.261 video representation of QCIF and CIF
streams are compressed to 64 and 384 Kbps, respectively. Modern systemsthat
contains the sequence numbers of the clients' requests.
use the H.323 standard use H.263 for video communications.
A retransmission mechanism is required in case any requests
41The H.323 protocol stack must be compatible with the G.711 speech
are lost. The use of UDP is thus limited and may cause severe
compression standard. G.711 encodes a voice stream represented as an 8-bit
problems.
pulse code modulation (PCM) signal sampled at 8,000 samples per second
yielding uncompressed speech at 64 Kbps. This is the standard currently used
39The RTSP protocol is intentionally similar in syntax and operation to for digital transmission of telephone signals over the public switched
HTTP 1.1: RTSP aims to provide the same services to audio and video streams telephone network (PSTN). Other speech compression standards such as
as HTTP does for text and graphics.
G.722 and G.728 may also be used by the H.323 communication system.
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FIGURE 24 H.323 protocol stack.

TABLE 16 Real-time transport streaming protocol methods

TABLE 17 Q.931 call-setup messages

Abbreviation

Abbreviation

Function

SETUP
CALL PROCEEDING
ALERT
CONNECT

PC request sent to the telephone
Gatekeeper response sent to the PC
End office response sent to the PC
End office response sent to the PC

Fucntion

OPTIONS

Client and server inform
each other of non-standard options
DESCRIBE
Retrieves the description
of a presentation of media object
ANNOUNCE
(a) Client to server: Posts the description
of a presentation or media object
(b) Server to Client: Update the session
description in real-time
SETUP
Specifies server to start sending data via
the transport mechanism
PAUSE
Temporarily interrupts stream delivery
TEARDOWN
Stops the stream delivery
GET_PARAMETER Retrieves the value of a parameter of a
presentation or stream
SET_PARAMETER Sets the value of a parameter of a presentation
or stream
REDIRECT
Informs the client that it must connect to
another server location
RECORD
Initiates recording a range of media data

signaling protocol. The PC sends a SETUP message to the
42
gatekeeper over the TCP connection.
The gatekeeper
responds with a CALL PROCEEDING message to acknowledge receipt of the request. The SETUP message is forwarded
by the gatekeeper to the gateway. The gateway contacts the

42Communication between the PC and the gatekeeperwithin the LAN has
already been established prior to the call setup procedure. A gatekeeper
discovery packet is broadcast over UDP to determine the gatekeeper's IP
address. The RAS protocol is used to send a sequence of messages over UDP to
register the PC with the gatekeeper and request bandwidth.

PC, personal computer.

TABLE 18 Session initiation protocol methods
Abbreviation

Function

INVITE
ACK
BYE
OPTIONS
CANCEL
REGISTER

Request initiation of a session
Confirm initiation of a session
Request termination of a session
Query the capabilities of a host
Cancel a pending request
Inform a redirection server of the
current location of a user

end office associated with the terminal destination. The end
office rings the telephone at the terminal destination and sends
an ALERT message to the calling PC to inform it that ringing
has begun. Once the telephone at the terminal destination
has been connected, the end office send a CONNECT message to the calling PC to signal that connection has been
established. Once connection has been established, the PC and
gateway communicate directly, bypassing the gatekeeper in
the calling PC's LAN. W h e n wither the PC or telephone
hangs up, the Q.391 call signaling protocol is used to tear
down the connection.
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4.7 Session Initiation Protocol
The IETF proposed the session initiation protocol (SIP).
Its aim was to design a simpler and more flexible method
for real-time communication networks than H.323. Instead
of an entire protocol stack required by H.323, SIP is a single
protocol that is capable of interfacing with existing Internet protocols used for real-time communications. SIP can
accommodate two-party, multi-party, and multicast sessions.
The sessions may be used for audio, video, or data communications. The functionality of SIP is required to handle the
setup and termination of sessions. It is also responsible for
providing the services necessary for management of real-time
communication sessions such as determining the callee's
location and capabilities.
The SIP protocol is modeled after HTTP. A text message
containing a method name and various parameters is sent.
Table 18 lists the six methods defined by the core specification
of SIP. A typical payload of SIP messages would be an SDP
session description requested by the caller. Connection is
established by a three-way handshake: An INVITE message is
sent from the caller to the callee. The callee responds with
an HTTP reply code. For example, if the callee accepts the call,
it responds with a 200 reply code, indicating that the request
succeeded. The session is connected once the caller responds
to the callee with an ACK message to confirm receipt of
the HTTP reply code. Termination may be initiated by a
request from either the caller or callee by sending of a BYE
message. The session has been terminated when receipt of
the BYE message has been acknowledged.
Both UDP and TCP may be used for transport of
SIP messages. Reliable transport of SIP messages is inherent
when using TCP. In case UDP is used, SIP must provide its
own reliability and retransmission mechanism. Nonetheless,
SIP transmission over UDP allows for timing and reliability
control that results in a superior signaling protocol.

4.8 Integrated Services: Resource
Reservation Protocol
Efforts at multimedia streaming over communication
networks resulted in a quality-of-service (QoS) architecture
known as integrated services. This architecture consists of
a collection of flow-based algorithms aimed at both unicast
and multicast applications. The main protocol proposed
for integrated services architecture is the resource reservation
protocol (RSVP).
The RSVP provides an integrated service resource reservation and QoS control. It supports dynamically changing
unicast and multicast routing protocols in connectionless heterogeneous networks. An important example of the
use of the RSVP protocol is the reservation of bandwidth in
routers along the reserved path required to guarantee
low packet transfer times and minimal network jitter in
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multimedia applications such as audio and video communications over MBONE.
The RSVP protocol is based on receiver initiated reservation
requests that are used to establish soft states in the routers
along the reserved paths. Any receiver can send a reservation
request up the spanning tree provided by a unicast or multicast routing algorithm to the sender. The routing algorithm
used to generate the spanning tree is not part of the RSVP
protocol. The reservation requests are propagated using the
reversed path-forwarding algorithm along the spanning
tree from the receiver toward the sender. Each router along
the propagation path reserves the necessary bandwidth
provided sufficient bandwidth is available. The reservation
request will propagate all the way back along the spanning tree
until it reaches the source or a node that already satisfies the
reservation request. At this point the required bandwidth has
been reserved along a path from the sender to the receiver. The
senders and receivers must refresh the soft state in the routers
along the reserved paths periodically to prevent the timing out
of the reservation.
The reservation requests are propagated within the nodesm
hosts and routersmto the local decision modules: admission
control and policy control. The admission control module
determines whether the node has the available resources
to accommodate the reservation requested. The policy control
module decides whether the receiver has the administrative
permission to establish the reservation requested. The resource
reservation requested is implemented, once approval from
the local decision modules has been granted, by a collection
of mechanisms known as traffic control: packet classifier and
packet scheduler. The packet classifier determines the QoS
class for each packet. The packet scheduler decides when each
packet must be forwarded in order to achieve the guaranteed
QoS. An illustration of the internal control mechanism
of RSVP within the nodes is depicted in Fig. 25.
There are two basic message types: RESV and PATH.
The RESV messages are reservation requests that are sent by
the hosts up the spanning tree provided by the routing
protocol toward the sender. These messages create and
maintain soft states in each node along the reserved paths.
The reservation requests consist of a flow descriptorma
flowspec and a filter spec. The flowspec specifies the desired
QoS (Rspec) and data flow (Tspec) parameters, for the
packet scheduler. The filter spec defines the set of data packets
(flow) that must receive the QoS specified by the flowspec,
for the packet classifier.
The PATH messages are transmitted by the hosts down
the spanning tree provided by the routing protocolmfollowing
the paths of the data flowmtoward the receivers. These
messages include the information necessary to route the RESV
messages in the reverse direction (e.g., the IP address of the
previous hop node). A PATH message must also provide a
sender templatemused to indicate the format of the data
packets that will be transmitted by the sendermin the form of
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possible receivers. Each receiver generates RESV messages
propagated down the spanning tree, back along the reverse
route than that followed by the PATH messages, toward the
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A
sender. The RESV messages will propagate all the way back
along the spanning tree, provided sufficient resources are
available, until it reaches the sender or a node that already
satisfies the reservation request. In case sufficient resources
are not available at a node, an error message is sent to the
receiver and the procedure is aborted. The data packets
are transmitted from the sender to the receivers along the
same routes followed by the PATH messages. The senders and
receivers generate RESV and PATH messages along the
reserved paths periodically. Once these periodic messages
RESV
PATH
have not been generated for sufficiently long time duration
or an explicit teardown instruction has been issued, the
reserved path is cancelled.

Q

@
Sender 1

~t

Sender 2
FIGURE 26 RSVPMessageFlow.

a filter spec. An additional parameter that must appear in
these messages provides the traffic characteristics of the data
flow that will be transmitted by the sender (sender Tspec). An
optional package that carries advertising of the predicted endto-end QoS (Adspec) is provided to the local traffic control,
where it is updated and forwarded to other nodes down the
spanning tree toward the receiver. 43
Figure 26 illustrates an example of the RSVP message
flow. The sender initially generates PATH messages down the
spanning tree provided by the routing protocol toward all
43RSVPsupports an enhancement to the basic protocol,known as one pass
with advertising (OPWA), for the prediction and distribution of end-to-end
QoS.

4.9 Differentiated Services: DiffServ
Integrated services present the potential to provide very
high QoS for video communication network applications.
However, the effort required in setting flow-based resource
reservations along the route is enormous. Further, the control
signaling required and state maintenance at routers limit
the scalability of this approach. Consequently, at present,
integrated services are rarely deployed for high QoS video
communication networks.
Differentiated services were proposed as a simpler approach
to high QoS communication networks. The basic principle
behind differentiated services is a class-based approach that
relies on local routers. A set of service classes with corresponding forwarding rules is defined. A marker located in
a field within the packet header is used to ascertain the level of
service. Different levels of service may differ in terms of
various QoS parameters such as jitter, delay, packet loss rate,
throughput, etc.

9.3 Video Communication Networks zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

m

Classifier

FIGURE 27

Marker

1063

Shaper

Differentiated services traffic conditioning functionality.

Two service classes management schemes are currently
used: expedited forwarding and assured forwarding. In
expedited forwarding, two classes of service are typically
available: best effort and expedited. 44 The resources devoted
to transmission of expedited packets are much better than
best-effort packets. A typical implementation of the expedited
forwarding scheme would rely on a two-queue structure
in the router. Upon arrival of a packet, its class of service
is ascertained and it is queued in the best-effort or expedited
queue accordingly. Packets are scheduled for transmission
from the two-queue structure according to a policy determined by a weighted fair queue.
Assured forwarding provides a more complex service class
management scheme. Four priority classes with separate
resources are specified. Additionally, three packet drop rates
are defined for each priority class: low, medium, and high.
A matrix of four priority classes and three packet drop rates
results. Consequently, 12 classes of service are available in
assured forwarding.
Typically, interior router processing required for differentiated services is minimal. It consists of a forwarding
treatment that is referred to as per-hop behavior (PHB).
The PHB includes a queuing discipline and packet dropping
rules that provide preferential treatment and buffer control
of packets. In addition to PHB mechanisms, boundary routers
require traffic conditioning functionality to provide the
desired service. Thus, most of the complexity needed for
differentiated services resides in boundary routers. The
boundary routers functionality can also be provided by the
sending host or first-hop router.
A typical procedure used for traffic conditioning functionality in differentiated services is depicted in Fig. 27. The
classifier is used to sort the packets into different priority
classes. Separate queues are used to identify the distinct
priority classes. For example, in assured forwarding, the
classifier would be used to divide the packets among the four
priority classes. The marker determines the class of service
which is marked in a header field. For this purpose, it is
suggested to rely on the 8-bit type of service field in the
IPv4 header. 45 A 6-bit differentiated service (DS) subfield is
used for marking class services within the type of service field,
thus leaving two unused bits. The marker can also be used to
remark packets. For instance, packets whose QoS profile has
44Expedited service is also known as premium service.
45Differentiated services use the 8-bit traffic class field for marking the class
of service in the IPv6 header.

been exceeded or not been met or packets that transmit across
the boundary of DS domains may be remarked. The shaper is
a filter that delays or drops packets to shape the priority
streams into desired forms. For example, a leaky bucket or
token bucket may be used as the shaper.
Scalability of differentiated services is achieved by implementation on local routers and processing individual packets.
Moreover, aggregate flows within the same class of service
are treated equally. Further, use of an existing field in the IP
header implies that no change in the network protocol is
required. For these reasons, differentiated services have
become the most widely acceptable QoS mechanism in
communication networks. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

5 Summary
In this presentation, we have provided a broad overview of
video communication networks. The fundamental video compression standards were briefly discussed. The system standard
associated with the most widespread video compression standardmMPEG-2mwas presented. Future implementation of
video communications over various networks--HFC, DSL,
wireless, fiber optics, ISDN, and ATM--were presented.
A broader topic addressing the issue of video communication
over the Internet was also discussed. Multicast video communications over MBONE backbone was introduced. Several
protocolsmRTP, RTCP, and RTSP--that are essential for
efficient and reliable video communication over the Internet
were illustrated. Other important efforts to facilitate video
communications over the Internet provided by various session
layer protocols--H.323 and session initiation protocol ( S I P ) were also discussed. Quality-of-service architectures based on
integrated and differentiated services and their corresponding
protocols--RSVP and DiffServ--were finally presented. The
entirety of this presentation points to the imminent
incorporation of a variety of multimedia applications into a
seamless nested array of wireline and wireless communication
networks. It is not long before the anticipated integration of
the computing, communication, and entertainment industries
emerges. Automobiles passengers will be able to view cable
television over their laptops while traveling. Airline passengers
will be able to use their handheld telephones or PDAs to
browse the Web and exchange e-mails. Progress toward
realization of this vision is currently under way by improvement in network infrastructure and advancements in real-time
protocol design.
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1 Introduction
The compression or coding of a signal (e.g., speech, text,
image, video) has been a topic of great interest for a number
of years. Numerous results and successful compression
standards exist. Source compression is the enabling technology behind the multimedia revolution we are experiencing.
The two primary applications for data compressing are storage and transmission. Video transmission is the topic of this
chapter. Video transmission applications, such as on-demand
video streaming, videotelephony, and videoconferencing,
have gained increased popularity.
In a video communication system, the video is first compressed and then segmented into fixed or variable-length
packets and multiplexed with other types of data, such as
audio. Unless a dedicated link that can provide a guaranteed
quality of service (QoS) is available between the source and the
destination, data bits or packets may be lost or corrupted due
to traffic congestion or bit errors due to impairments of
the physical channels. Such is the case, for example, with the
current Internet and wireless networks. Due to its best-effort
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

design, the current Internet makes it difficult to provide the
QoS, such as bandwidth, packet loss probability, and delay
needed by video communication applications.
Compared with wired links, wireless channels are much
noisier because of fading, multipath, and shadowing effects,
which results in a much higher bit error rate (BER) and
consequently an even lower throughput. Figure 1 illustrates
the effect of channel errors on a typical compressed video
sequence in the presence of packet loss.
Due to the "unfriendliness" of the channel to the incoming
video packets, they have to be protected so that the best possible quality of the received video is achieved at the receiver.
A number of techniques, which are collectively called error
resilient techniques, have been devised to combat transmission
errors. They can be grouped into [1 ]: (a) those introduced at
the source and channel coder to make the bit stream more
resilient to potential errors; (b) those invoked at the decoder
upon detection of errors to conceal the effects of errors, and
(c) those that require interactions between the source encoder
and decoder so that the encoder can adapt its operations on
the basis of the loss conditions detected at the decoder.
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(A)

(B)

(C)

(D)

FIGURE 1 Illustration of the effect of channel errors on a video stream compressed using the H.263 standard.
(A) Original frame. Reconstructed frame at (B) 3% packet loss, (C) 5% packet loss, (D) 10% packet loss (QCIF
Foreman sequence, frame 90, coded at 96 kbps and frame rate 15 frames per second).

A number of reasons make the error resiliency problem a
challenging one. First, compressed video streams are sensitive
to transmission errors because of the use of predictive coding
and variable-length coding (VLC) by the source encoder. Due
to the use of spatio-temporal prediction, a single bit error can
propagate in space and time. Similarly, because of the use
of VLCs, a single bit error can cause the decoder to loose synchronization, so that even successfully received subsequent
bits become unusable. Second, both the video source and
the channel conditions are time-varying, and therefore it
is not possible to derive an optimal solution for a specific
transmission of a given video signal. Finally, severe computational constraints are imposed for real-time video communication applications.
The development of error-resilient approaches or approaches for increasing the robustness of the multimedia data to
transmission errors is a topic of the utmost importance and
interest. To make the compressed bit stream resilient to
transmission errors, redundancy must be added into the
stream. Such redundancy can be added either by the source or
the channel coder. Shannon said 50 years ago [2] that source
coding and channel coding can be separated for optimal
performance communication systems. The source coder
should compress a source to a rate below the channel capacity
while achieving the smallest possible distortion, and the
channel coder can add redundancy through forward error
correction (FEC) to the compressed bit stream to enable

the correction of transmission errors. Following Shannon's
separation theory resulted in major advances on source coding
(e.g., rate-distortion optimal coders and advanced entropy
coding algorithms) and channel coding (e.g., Reed-Solomon
codes, Turbo codes, and Tornado codes). The separation
theory not only promises that the separate design of source
and channel coding does not introduce any performance
sacrifice, but it also greatly reduces the complexities of a
practical system design. However, the assumptions on
which separation theory is based (infinite length codes,
delay, and complexity) may not hold in a practical system.
This leads to the development of the approach of joint
consideration of source coding and channel coding, referred
to as joint source-channel coding (JSCC). JSCC can greatly
improve the system performance when there are, for example,
stringent end-to-end delay constraints or implementation
complexity concerns.
Our purpose in this chapter is to review the basic elements
of some of the more recent approaches to ]SCC for wired
and wireless systems alike. The rest of the chapter is organized
as follows. We first provide basic rate-distortion definitions
in addressing the need for ]SCC in Section 2. We then describe
the basic components in a video compression and transmission systems in Section 3, followed by a discussion on
channel coding techniques that are widely used for video
communications in Section 4. In Section 5 the ]SCC problem
formulation is presented, followed by examples of several
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The R-D function can be used to find the minimum
contains zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
channel bandwidth for a certain source with a given distortion
constraint, as expressed by (1) and (2). Conversely, it can also
be used to determine the information theoretical bounds
2 On Joint Source-Channel Coding
on the average distortion subject to a channel capacity constraint, via the distortion-rate function, D(R), which is the
Due to the high bandwidth of the raw video data, compression dual of (1), defined as,
is necessary for reducing the source redundancy. With ideal
lossless compression, source redundancy can be entirely
D(R)min D(X;X),
(3)
removed without any quality loss. Since the minimum bit
{P(~cjIxi)IE~
rate achieved using lossless compression is usually much
higher than the available channel capacity, lossy compression where • is defined as
is generally required for video transmission applications. The
same way entropy determines the lowest possible rate for
-- {{P(fcjlxi)} such that R({P(fcjJxi)}) < R*},
lossless compression, rate-distortion (R-D) theory [2, 3]
addresses the same question for lossy compression.
with R* the rate constraint.
Note that the D(R) function may be more widely applicable
2.1 Rate-Distortion Theory
in practical image/video communication systems, since, as a
A high-level block diagram of a video transmission system is practical matter, the aim is usually to deliver the best quality
shown in Fig. 2. In it, X and X repr~ent respectively the image/video subject to certain channel band-width, rather
source and reconstructed video, Xs and Xs the source encoder than the opposite. R-D theory is of fundamental importance
output and the source decoder input, and Xo and Xo the in that it conceptually provides the information bounds for
lossy data compression. However, it is usually difficult to find
channel encoder output and the channel decoder input.
The central entity of R-D theory is the R-D function R(D), closed-form expressions for the R(D) or D(R) functions. In
which provides the theoretical information bound on the rate this case, one resorts to numerical algorithm for specifying the
necessary to represent a certain source with a given average operational R-D function [4].
distortion. It is given by [2]

practical implementations.
concluding remarks.

R(D)--

Finally,

min

Section

6

I(X;)~),

(1)

{P(Scjlxi)}eF

where R is the source rate, D the average source distortion,
I(X; X) the average mutual information between X and X,
xi ~ X,~9 ~ X,P(~91xi) the conditional probability, and the set
1-" is defined as
^

A

F - {{P(fcjlxi)} such that

D({P(fqlxi)}) < D*},

(2)

where D* is the distortion constraint. The distortion D can be
written as

N-1M-1
D - E E d(xi,~cj)P(xi)P(~cj[xi),
i=o j=o

where d is the distortion metric and N and M are the sizes of
the source and reconstruction alphabets, respectively.

x

x~

FIGURE 2

x

2.2 Practical Constraints in Video
Communications
We can see from (1) that the process of finding the optimal
compression scheme requires searching over the entire set of
conditional probabilities that satisfy the distortion constraint
shown in (2). Under the assumption that the source encoder
output is identical to the source decoder input (i.e., Xs - )~s)
the problem becomes a pure source coding problem, since the
conditional probabilities P(fcjlxi) have nothing to do with the
channel. However, such an assumption generally requires an
ideal channel coding scheme, such that error-free transmission
of the source output over a noisy channel with source bit rate
R(D) less than the channel capacity can be guaranteed.
However, such ideal channel coding generally requires
infinite length code words, which can only be realized without
complexity and delay constraints, both of which are important factors in practical real-time systems. Due to these constraints, channel coding cannot achieve channel capacity.
Hence, most practical channel coding schemes do not provide
an idealized error-free communication path between source

x

x~

Block diagram of a communication system.

x
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and destination, and thus the overall distortion consists of
The tradeoff between source and channel coding has been
both source distortion and channel distortion. For this reason, studied from a theoretical standpoint based on the use of
minimizing the total distortion usually requires jointly vector quantizers [6, 7]. In general, JSCC is accomplished by
designing the source and channel encoders, which is referred designing the quantizer and entropy coder jointly for given
to as joint source-channel coding.
channel characteristics, as in [6, 8]. There is a substantial
At the receiver side, gains may be obtained by jointly number of research results in this area. Interested readers can
designing the channel and source decoders, which is referred refer to [9] for a comprehensive review on this topic. In this
to as joint source-channel decoding. In using joint source- chapter, we focus on the specific application of JSCC in image
channel decoding, the channel decoder does not make and video communications, where JSCC usually faces three
hard decisions on the output Xs. Instead, the decoder makes tasks: finding an optimal bit allocation between source coding
soft decisions to allow the source decoder to make use of and channel coding for given channel loss characteristics;
information such as the signal-to-noise ratio (SNR) of the designing the source coding to achieve the target source rate;
corrupted code. Alternatively, such soft decisions can be and designing the channel coding to achieve the required
regarded as hard decisions plus a confidence measure. Soft- robustness [10, 11]. These tasks, although stated separately,
decision processing used in joint source channel decoding are interrelated, forming the backbone of the integrated
can usually help improve the coding gain by about 2 dB nature of JSCC.
compared to hard-decision processing [5]. In this chapter, we
We have discussed the basic concept underlying JSCC and
focus on what is performed at the sender side. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
its significance in image/video communications. Next, we will
first provide an overview of the video compression and transmission systems. Then we will highlight the key components
2.3 Illustration
of JSCC for video applications, such as the different forms of
error-resilient source coding, channel codes used to deal
The basic idea of ]SCC is illustrated in Fig. 3. When the
with different types of channel errors, the general problem
channel is error free, increased bit rate leads to decreased
formulation and the general solution approach. In addition
distortion, as in standard R-D theory. This is illustrated by the
to the commonly used video compression standards, such
lowest curve in Fig. 3, in which the lowest distortion is
as MPEGx and H.26x, we also briefly discuss wavelet and
obtained by utilizing the largest available source bit rate,
subband-based video compression schemes, since they are also
represented by the point (R1, D1). However, when channel
widely used.
errors are present, this trend may not hold, since the overall
distortion consists of both source and channel distortions. For
a given channel rate, as more bits are allocated to source 3 Video Compression and Transmission
coding, fewer will be left for channel coding, which leads to
less protection and higher channel distortion. As shown in 3.1 Video Transmission System
Fig. 3, an optimal point exists for given channel distortions in
We begin by providing a brief high-level overview of a packetallocating bits between source and channel coding. Note that
based video transmission system. Some of the major
different channel error rates result in different optimal
conceptual components found in such a system are shown
allocations. This is indicated by the points (R2, D2) and
in Fig. 4.
(R3, D3) on the two curves with different channel error rates.
Most practical communication networks have limited
bandwidth and are lossy by nature. Facing these challenges,
the video encoder has two main objectives: to compress the
original video sequence and to make the encoded sequence
Overall
resilient to errors. Compression reduces the number of bits
distortion
used to represent the video sequence by exploiting both
temporal and spatial redundancy. On the other hand, to
minimize the effects of losses on the decoded video quality,
the sequence must be encoded in an error-resilient way.
A recent review of resilient video coding techniques can be
D3
found in [1 ]. The source bit rate is shaped or constrained by a
rate controller that is responsible for allocating bits to each
video frame or packet. This bit rate constraint is set based on
D2 . ~ ~ ~ ~ ~ ~ S
ourcerate the estimated channel state information (CSI) reported by the
D1
;
I
I
b..
lower layers, such as the application and transport layers. It is
R3
R2
RI
mentioned here that the system in Fig. 4 is a simplified version
of a seven- or a five-layer open system interconnection (OSI)
FIGURE 3 Illustrationof joint source-channel coding.
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FIGURE 4 Videotransmission system architecture.

reference model. For example, in both OSI models the
network, data link, and physical layers are below the transport
layer. In the subsequent sections, we will be referring to the
various layers, since allowing the various layers to exchange
information leads to cross-layer design of a video communication system, which is a central theme in this chapter.
In Fig. 4, the network block represents the communication
path between the sender and the receiver. This path may
include routers, subnets, wireless links, and so forth. The
network may have multiple channels (e.g., a wireless network)
or paths (e.g., a network with path diversity) or support QoS
(e.g., integrated services or differentiated services networks).
Packets may be dropped in the network due to congestion
or at the receiver due to excessive delay or unrecoverable
bit errors in a wireless network. To combat packet losses,
parity check packets used for FEC may be generated at the
application/transport layer. In addition, lost packets may be
retransmitted if the application allows.
For many source-channel coding applications, the exact
details of the network infrastructure may not be available to
the sender and they may not always be necessary. Instead,
what is important in JSCC is that the sender has access to or
can estimate certain network characteristics, such as the
probability of packet loss, the transmission rate and the
round-trip time (RTT). In most communication systems,
some form of CSI is available at the sender, such as an estimate
of the fading level in a wireless channel or the congestion
over a route in the Internet. Such information may be fed back
from the receiver and can be used to aid in the efficient
allocation of resources.
At the receiver side, the transport and application layers
are responsible for depacketizing the received transport
packets, channel decoding (if FEC is used), and forwarding
the intact and recovered video packets to the video decoder.
The video decoder then decompresses the video packets and
displays the resulting video frames in real-time (i.e., the
video is displayed continuously without interruption at the
decoder). The video decoder typically uses error detection and
concealment techniques to mitigate the effects of packet loss.
The commonality among all error concealment strategies is

that they exploit correlations in the received video sequence to
conceal lost information.

3.2 Video Compression Basics
In this section, we focus on one of the most widely used video
coding techniques, that of hybrid block-based motioncompensated (HBMC) video coding, as utilized in the
H.26x and MPEGx standards. In this type of video codecs,
each video frame is presented in block-shaped units of associated luma and chroma samples (16 x 16 region) called MBs
(macroblocks).
As shown in Fig. 5A, the core of the encoder is motion
compensated prediction (MCP). The first step in MCP is
motion estimation (ME), aiming to find the region from the
previous frame that best matches each MB in the current
frame. The offset between the MB and the prediction region
is known as a motion vector. The motion vectors form a
motion field, which is differentially entropy encoded. The
second step is motion compensation (MC), where the
reference frame is produced by applying the motion field to
the previously reconstructed frame. The prediction error,
known as the displaced frame difference (DFD), is obtained by
subtracting the reference frame from the current frame.
Following MCP, the DFD is processed by three major
blocks, namely, transform, quantization, and entropy coding.
The key reason in using a transform coding is to decorrelate
the data so that the associated energy in the transform domain
is more compactly represented and thus the resulting transform coefficients are easier to encode. The discrete cosine
transform (DCT) is one of the most widely used transforms in
image and video coding due to its high transform coding gain
and low computational complexity. Quantization introduces
loss of information and is the primary source of the compression gain. Quantized coefficients are entropy encoded
(e.g., using Huffman or arithmetic coding). The DFD is first
divided into 8 × 8 blocks, and the DCT is then applied to each
block, with the resulting coefficients quantized. In most
block-based motion-compensated (BMC) standards, a given
MB can be intraframe coded, interframe coded using MCP,
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FIGURE 5 Hybrid block-based motion-compensated video (A) encoder and (B) decoder.

or simply replicated from the previously decoded frame. These
prediction modes are denoted as INTRA, INTER, and SKIP
modes, respectively. Quantization and coding are performed
differently for each MB according to its mode. Thus, the
coding parameters for each MB are typically represented by its
prediction mode and quantization parameter.
At the decoder, as shown in Fig. 5B the inverse DCT (IDCT)
is applied to the quantized DCT coefficients to obtain a
reconstructed version of the DFD; the reconstructed version of
the current frame is obtained by adding the reconstructed
DFD to the previously reconstructed flame.
Besides DCT-based video compression, the wavelet representation provides a multiresolution/multiscale expression of a
signal with localization in both time and frequency. One of the
advantages of wavelet coders in both still image and video
compression is that they may be free of blocking artifacts.
In addition, they usually offer continuous data rate scalability.
During the last decade, the discrete wavelet transform
(DWT) and subband decomposition have gained increased
popularity in image coding due to the substantial contributions in [12, 13], JPEG2000 [14], and others. Recently, there
has also been active research applying the DWT to video
coding [15-18]. Among the above studies, three-dimensional
(3D) wavelet or subband video codecs have received special
attention due to their inherent feature of full scalability [17,
18]. Until recently, the disadvantage of these approaches

has been their poor coding efficiency caused by inefficient
temporal filtering. A major breakthrough that has greatly
improved the coding efficiency and led to renewed efforts
toward the standardization of wavelet-based scalable video
coders has come from the contributions of combining lifting
techniques with 3D wavelet or subband coding [19, 20].

3.3 Channel Models
The development of mathematic models that accurately
capture the properties of a transmission channel is a very
challenging but extremely important problem. For video
applications, two fundamental quantities of the communication channel are the probability of packet loss and the delay
allowed for each packet to reach the destination. In wired
networks, channel errors usually appear in the form of packet
loss and packet truncation. In wireless networks, besides
packet loss and packet truncation, bit error is another
common source of error. Packet loss and truncation are
usually due to network traffic and clock drift, while bit
corruption is due to the noisy air channel [21].

3.3.1 Internet
In the Internet, queuing delays experienced in the network can
be a significant delay component. The Internet, therefore, can
be modeled as an independent time-invariant packet erasure
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channel with random delays, as in [22]. In real-time video
applications, a packet is typically considered lost and
discarded if it does not arrive at the decoder before its
intended playback time. Thus the packet loss probability is
made up of two components: the packet loss probability in the
network and the probability that the packet experiences
excessive delay. Combining these two factors, the overall
probability of loss for packet k is given by

Pk -- ek + (1 -- ek)P{ATn(k) > r},

increase the received SNR and result in a smaller probability of
packet loss. This relationship could be determined empirically
or modeled analytically. For example, in [23], an analytic
model based on the notion of outage capacity is used. In this
model, a packet is lost whenever the fading realization results
in the channel having a capacity less than the transmission
rate. Assuming a Rayleigh fading channel, the resulting
probability of packet loss is given by

&-

1-exp

(1

)

p~S(Ok)(2R/W--1) ,

zyxwvutsrqp

where ek is the probability of packet loss in the network,
ATn(k) is the network delay for packet k, and r is the
maximum allowable network delay for this packet.
3.3.2 W i r e l e s s
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Channel

Compared with their wire-line counterparts, wireless channels
exhibit higher bit error rates, typically have a smaller bandwidth, and experience multi-path fading and shadowing
effects. At the Internet Protocol (IP) level, the wireless channel
can also be treated as a packet erasure channel, as it is "seen"
by the application. In this setting, the probability of packet
loss can be modeled by a function of transmission power used
in sending each packet and the CSI. Specifically, for a fixed
transmission rate, increasing the transmission power will

where R is the transmission rate (in source bits per sec), W the
bandwidth, Pk the transmission power allocated to the k-th
packet, and S(Ok) the normalized expected SNR given the
fading level, Ok. Another way to characterize channel state is to
use bounds for the bit error rate with regard to a given
modulation and coding scheme; for example, in [24, 25], a
model based on the error probability of BPSK (binary phase
shift keying) in a Rayleigh fading channel is used.

3.4 End-to-End Distortion
In an error-prone channel, the reconstructed images at the
decoder usually differ from those at the encoder due to
random packet losses, as shown in Fig. 6. Even with the

(A)

(B)

(C)

(D)

!!:;

FIGURE 6 Illustrationof effect of random channel errors to a video stream compressed using the H.263 standard.
(A) Original frame; (B) reconstructed frame at the encoder; and reconstructed frame at the decoder (C) simulation 1,
(D) simulation 2 (QCIF Foreman sequence, frame 92, coded at 96 kbps, frame rate 15 frames per second, and packet
loss probability 10%).
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same channel characteristics, the reconstruction quality at the
decoder may vary greatly based on the specific channel
realization, as indicated in Figs. 6 (C) and (D). In this case,
the most common metric used to evaluate video quality in
communication systems is the expected end-to-end distortion,
where the expectation is with respect to the probability of
packet loss. The expected distortion for the k-th packet can be
written as

E[Dk] = (1 - pk)E[DR,k] + pkE[DL,k],

(4)

Handbook of Image and Video Processing

networks, error resilience may include the selection of the
encoding mode for each packet, the use of scalable video
coding, and multiple description coding (MDC) [1, 10]. In
addition, packet dependency control has been recognized as a
powerful tool to increase error robustness. The common
methods of packet dependency control are long-term
memory (LTM) prediction for MBs, reference picture
selection (RPS), intra-MB insertion, and video redundancy
coding (VRC) [30].
Layered video coding produces a hierarchy of bitstreams,
where the different parts of an encoded stream have unequal
contributions to the overall quality. Layered coding has
inherent error resilience benefits, especially if the layered
property can be exploited in transmission, where, for example,
available bandwidth is partitioned to provide unequal error
protection (UEP) for different layers with different importance. This approach is commonly referred to as layered coding

where E[DR, k] and E[DL, k] are the expected distortion when
the k-th source packet is either received correctly or lost,
respectively, and Pk is its loss probability. E[DR, k] accounts
for the distortion due to source coding as well as error
propagation caused by Inter frame coding, while E[DL, k]
accounts for the distortion due to concealment. Predictive
coding and error concealment both introduce dependencies with transport prioritization [31].
Mode selection refers to the choice between temporal
between packets. Because of these dependencies, the distortion
prediction
(intercoding) to encode a macroblock and encofor a given packet is a function of how other packets are
ding
it
independently
of previous flames (intracoding).
encoded as well as their probability of loss. Accounting for
these complex dependencies is what makes the calculation of Intercoding has higher compression efficiency and thus results
in lower source coding distortion than intracoding for the
the expected distortion a challenging problem.
Methods for accurately calculating the expected distortion same bit budget. Intracoding, on the other hand, is more
have recently been proposed [10, 26]. With such approaches, resilient to error propagation and thus results in lower channel
it is possible, under certain conditions, to accurately compute distortion. The gist of optimal mode selection method is to
the expected distortion with finite storage and computational find the trade-off between coding efficiency and error
complexity by using per-pixel accurate recursive calculations. robustness.
Mode selection algorithms have traditionally focused on
For example, in [26], a powerful algorithm called ROPE is
single-flame
BMC coding (SF-BMC) (i.e., they consider the
developed, which efficiently calculates the expected mean
case
where
the
previous flame is defined as the reference for
squared error by recursively computing only the first and
the
current
frame).
Recently, there has been significant work
second moments of each pixel in a frame. Model-based dison
mode
selection
using multiple-frame BMC (MF-BMC).
tortion estimation methods have also been proposed (for
Unlike
SF-BMC,
these
approaches choose the reference
example, [27-29]), which are useful when the computational
frame
from
a
group
of
previous
frames. MF-BMC techniques
complexity and storage capacity are limited. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
capitalize on the correlation between multiple flames to
improve compression efficiency and increase error resilience.

3.5 Error Resilient Source Coding

If source coding removes all the redundancy in the source
symbols and achieves entropy, a single error occurring at the
source will introduce a great amount of distortion. In other
words, an ideal source coding is not robust to channel errors.
In addition, designing an ideal or near-ideal source coder is
complicated, especially for video signals, which are usually not
stationary, have memory, and their stochastic distribution
may not be available during encoding (especially for live video
applications). Thus, redundancy certainly remains after
source coding. Joint source-channel coding should not aim
to remove the source redundancy completely, but should
make use of it and regard it as an implicit form of channel
coding [9].
For wireless video, error resilient source coding may
include data partitioning, resynchronization, and reversible
variable-length coding (RVLC) [1, 27]. For packet-switched

4 Channel Coding
In this section, we discuss the channel coding techniques
that are widely used for the transmission of images and
video. Two basic techniques used for video transmission are
FEC and automatic repeat request (ARQ). Each has its own
benefits with regard to error robustness and network traffic
load [32, 33].
As the name indicates, FEC refers to techniques in which
the sender adds extra information known as check or parity
information to the source information to make the transmission more robust to channel errors; the receiver analyzes
the parity information to locate and correct errors. FEC
techniques have become an important channel coding tool
used in modern communication systems. One advantage of
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FEC techniques is that they do not require a feedback channel.
t
J
m n=m+l
3.
l
In addition, these techniques improve system performance at
Vl~
wI
significantly lower cost than other techniques aiming to
DATA
[
Parity
improve channel SNR, such as increased transmitter power or
antenna gain [9].
FIGURE 7 Illustrateof Reed-Solomon (n, m) co&word.
Of the two error correction techniques, FEC is usually
preferred in real-time video applications because of the delay
requirements of these applications. Also, ARQ may not be example in storage devices (VCD, DVD), mobile commuappropriate for multicast scenarios due to their inherent nications, satellite communications, digital television, and
scalability problems [1, 11]. This is because retransmission high speed modems (ADSL) [37]. Another class of erasure
typically benefits only a small portion of receivers while all codes that have recently been considered for network
others wait unproductively, resulting in poor throughput. For applications are Tornado codes, which have slightly worse
these reasons, FEC-based techniques are currently under erasure protecting properties, but can be encoded and
consideration by the Internet Engineering Task Force (IETF) decoded much more efficiently than RS codes [31 ].
RS codes are a subset of BCH codes and are linear block
as a proposed standard in supporting error resilience [34].
The error-detection/correction capability of FEC is limited codes. An RS code is represented as RS (n, m) with s-bit
due to the restrictions on the block size dictated by the app- symbols, where m is the number of source symbols and
lication's delay constraints. In addition, the appropriate level l = n - m is the number of parity symbols. Figure 7 shows a
of FEC usually depends heavily on the accurate estimation of typical RS codeword. RS codes are based on Galois fields (GF)
the channel's behavior. ARQ, on the other hand, can or finite fields. RS codes with codewords from GF(q) have
automatically adapt to the channel loss characteristics by length equal to q - 1. Given a symbol size s, the maximum
transmitting only as many redundant packets as are lost. codeword length for an RS code is n = 2s - 1. A popular RS
Compared to FEC, ARQ can usually achieve a level closer to code is chosen from the field GF(28- 1), since each symbol
channel capacity. Of course, the tradeoff is that larger delays can be represented as a byte. For the detailed encoding and
are introduced by ARQ. Thus, if the application has a rela- decoding operation rules and implementations in hardware or
tively loose end-to-end delay constraint (e.g., in on-demand software, refer to [39, 40] for a comprehensive tutorial.
An RS code can be used to correct both errors and
video streaming), ARQ may be better suited. Even for realtime applications, delay constrained application-layer ARQ erasures (an erasure occurs when the position of an error
symbol is known). An RS (n, m) decoder can correct up to
has been shown to be useful in some situations [22, 32, 35]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( n - m)/2 errors or up t o ( n - m) erasures, regardless of which
symbols are lost. The code rate of an RS (n, m) code is defined
4.1 Forward Error Correction
as m/n. The protection capability of an RS code depends on
The choice of the FEC method depends on the requirements the block size n and the code rate m/n. These are limited by the
of the system and the nature of the channel. For video extra delay introduced by FEC. The block size can be
communications, FEC can usually be applied across packets determined based on the end-to-end system delay constraints.
The channel errors in wired links are typically in the form of
(at the application or transport layer) and within packets (at
the link layer) [36]. In interpacket FEC, parity packets are packet erasures, so an RS (n, m) code applied across packets
usually generated in addition to source packets to perform can recover up to ( n - m) lost packets. Thus, the block failure
cross-packet FEC, which is usually achieved by erasure codes. probability (i.e., the probability that at least one of the
At the link layer, redundant bits are added within a packet to original m packets is in error) is Pb(n, m ) - 1 - z j n = o m P(n,j),
perform intrapacket prediction from bit errors.
where P(n, j) represents the probability of j errors out of n
The Internet can usually be modeled as a packet erasure transmissions. As for wireless channels, channel coding is
channel [11, 21, 22]. For Internet applications, many resear- applied within each packet to provide protection. Source bits
chers have considered using erasure codes to recover packet in a packet are first partitioned into m symbols, and then
losses [37]. With such approaches, a video stream is first ( n - m) parity symbols are generated and added to the source
partitioned into segments and each segment is packetized into bits to form a block. In this case, the noisy wireless channel
a group of m packets. A block code is then applied to the m causes symbol errors within packets (but not erasures). As a
packets to generate additional l redundant packets (also result, the block error probability for an RS (n, m) code can
-,(n-m)/2
P(n, j).
called parity packets) resulting in a n-packet block, where be expressed as Pb(n, m ) - 1 _ _ ~z_.,j-0
n - - m + I. With such a code, the receiver can recover the
Another popular type of codes used to perform intrapacket
original m packets if a sufficient number of packets in the FEC is rate-compatible punctured convolutional (RCPC)
block are received. The most commonly studied erasure codes codes [36], first introduced in [41]. These codes are easy to
are Reed-Solomon (RS) codes [38]. They have good erasure implement, and have the property of being rate compatible,
correcting properties and are widely used in practice, as for i.e., a lower rate channel code is a prefix of a higher rate
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channel code. A family of RCPC codes is described by the
mother code of rate 1/N and memory M with generator tap
matrix of dimension N x ( M + 1). Together with N, the
puncturing period G determines the range of code rates as
R=G/(G+I), where I can vary between 1 and ( N - 1 ) G .
RCPC codes are punctured codes of the mother code with
puncturing matrices a(l) = (aij(l)) (of dimension N x G), with
aij(l) ~ (0, 1) and 0 denoting puncturing.
The decoding of convolutional codes is most commonly
achieved through the Viterbi algorithm, which is a maximumlikelihood sequence estimation algorithm. The Viterbi upper
bound for the bit error probability is given by

the receiver-based and sender-based control, so that better
performance can be achieved at the cost of higher complexity.
After laying out the basic concept of delay-constrained retransmission, we next discuss how retransmission techniques are
implemented in a network.
Delay-constrained retransmission can be implemented in
multiple network layers. First, it is well known that transport
control protocol (TCP) is a reliable end-to-end transport
protocol that provides reliability by means of a windowbased positive acknowledgement (ACK) with a go-back-N
retransmission scheme in the IP suite [42].
In an IP-based wireless network for the emerging 3G and
4G systems, such as CDMA2000, transport packets are
transferred to the radio link control (RLC) frames and further
1
oo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
to the medium access control (MAC) frames at the link layer.
p b <_ -6 2_= c
d-~dfree
The 3G and 4G systems allow both RLC frame retransmissions
and MAC frame retransmissions [43]. The current wireless
where dfree is the free distance of the convolutional code, which local-area network (WLAN) standard IEEE 802.11 also allows
is defined as the minimum Hamming distance between two MAC frame retransmission [44]. Compared with transportdistinct codewords, Pa the probability that the wrong path layer retransmission TCP, link-layer and MAC-layer retransat distance d is selected, and Ca the number of paths at mission techniques introduce smaller delays, because the
Hamming distance d from the all-zero path. dfree and ca are lower layers react to the network faster than the upper layers
parameters of the convolutional code, while Pa depends on the [45]. Due to the strict end-to-end delay constraint, TCP is
type of decoding (soft or hard) and the channel. Both the usually not preferred for real-time video communications.
theoretical bounds of BER and the simulation methods to However, because delay-constrained retransmission at the link
and MAC layers introduce much shorter delays, they are zyxwvutsr
calculate BER for RCPC codes can be found in [40, 41].

4.2 Retransmission
Due to the end-to-end delay constraint of real-time applications, retransmissions used for error control should be
delay-constrained. Various delay-constrained retransmission
schemes for unicast and multicast video are discussed in [11 ].
In this chapter, we focus on the unicast case, where the
delay-constrained retransmissions can be classified into
sender-based, receiver-based, and hybrid control, according
to [11].
We illustrate the basic idea of receiver-based retransmission
control in Fig. 8A where Tc is the current time, Ds is a slack
term, and Ta(n) is the scheduled play-back time for packet n.
The slack term Ds is introduced to take into account the
error in estimating the RTT and other processing time, such as
error correction and decoding. For a detected loss of packet
n, if Tc + RTT + D~ < Ta(n), which means if the retransmitted
packet n can arrive at the receiver before its playback time, the
receiver sends a retransmission request of packet n to the
sender. This is the case depicted in Fig. 8A for packet 2.
Different from the receiver-based control, in sender-based
control, decisions are made at the sender end. The basic
idea is illustrated in Fig. 8B, where To is the estimated
forward-trip-time, and T'a(n) is an estimate of Ta(n).
If T¢ + To+ D, < T'a(n) holds, it can be expected that the
retransmitted packet n will arrive at the receiver in time for
playback. The hybrid control is a direct combination of
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FIGURE 8 Timing diagram for delay-constrained retransmission
(A) receiver-based control (B) sender-based control (adapted from [11]).
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widely used in real-time video communications [44]. For where R(s, c) represents the total number of bits used for both
example, researchers have been studying how many retrans- source and channel coding, and R0 the bit rate constraint for
missions in the MAC layer are appropriate for multimedia the frame(s). The bit rate constraint is usually obtained based
transmission applications to achieve the best tradeoff on the estimated channel throughput. Note that since video
between error correction and delay [44-46]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
packets are usually of different importance, the optimal
solution will result in an UEP cross video packets.
As shown in Fig. 6, with the same channel characteristics,
5 Joint Source-Channel Coding
different simulations may diverge to a large extent with
regard to reconstruction quality. A novel approach called
Error resilient source coding and channel coding are both VAPOR (variance-aware per-pixel optimal resource allocaerror control mechanisms available at the sender. In this tion) is proposed in [48] to deal with this. Besides the widely
chapter, we focus on techniques that aim to allocate the used expected distortion matric, the VAPOR approach aims
available resources to these two components of the transmis- to limit error propagation from random channel errors
sion chain to provide the best end-to-end video quality.
by accounting for both the expected value and the variance
As a preliminary matter of a formal approach to problem of the end-to-end distortion when allocating source and
solving, several factors need to be clarified. An appropriate channel resources. By accounting for the variance of the
system performance evaluation metric should first be selected. distortion, this approach increases the reliability of the sysSecond, the constraints need to be specified. Third, a model of tem by making it more likely that what the end-user sees
the relationship between the system performance metric and closely resembles the mean end-to-end distortion calculated
the set of adaptation parameters needs to be established. at the transmitter.
The final step is to find the best combination of adaptation
This type of constrained problem can be solved in general
parameters that maximizes the system performance while using the Lagrangian relaxation method; that is, instead of the
meeting the required constraints. Keeping those four steps in original problem, the following problem is solved
mind, we next present a formal approach to formulate and
provide solutions to the joint source-channel coding problem.
min
J(s, c, X) =
min {E[D(s, c)] + XR(s, c)}, (6)
{s~SM,c~CM}

5.1 Problem Formulation

{s~S M,c~cM}

The solutlon of (5) can be obtained, within a convex hull
approximation, by solving (6) with the appropriate choice
A commonly used criterion for the evaluation of the system
of the Lagrange multiplier, )~ > 0, so that the bit rate constraint
performance is the expected distortion. The expectation is
is satisfied. The difficulty in solving the resulting relaxed
required due to the stochastic nature of the channel. As shown
problem depends on the complexity of the inter-packet
in (4), in calculating the expected distortion for each source
dependencies. Depending on the nature of such dependencies,
packet, the two distortion terms, E[DR. k] and E[DL, k] and
an iterative descent algorithm based on the method of
the loss probability for the source packet Pk need to be
alternating variables for multivariate minimization [49] or a
determined. The two distortion terms depend on the source
deterministic dynamic programming algorithm [50] can be
coding parameters such as quantization stepsize and preused to efficiently solve the minimization problem.
diction mode, as well as error concealment schemes used at
The JSCC problem formulation (5) is general for the fact
the decoder. The relationship between the source packet ~oss
that both the source coding and channel coding can take a
probability and channel characteristics depends on the specific
variety of forms, depending on the specific application. For
packetization scheme, the channel model, and the adaptation
example, when FEC is utilized, the packet loss probability
parameters chosen.
becomes a function of the FEC choice. The details of this
Let 8 be the set of source coding parameters, and C the
model will depend on how transport packets are formed
channel coding parameter. Let s = {Sl. . . . . SM} ~ 8 M and
from the available video packets [51]. In addition to FEC,
c - - {c1. . . . . CM} E CM denote, respectively, the vector of
retransmission-based error control may be used in the form
source coding parameters and channel coding parameters
of ARQ protocols. In this case, the decision whether to
for the M packets in one video frame or a group of frames.
retransmit a packet or to send a new one forms another
The general formulation then is to minimize the total expected
channel coding parameter, which also affects the probability
distortion for the flame(s), given the corresponding bit rate
of loss as well as the transmission delay. When considering
constraint [47], i.e.,
the transmission of video over a network, a more general joint
source-channel coding scheme may cover modulation and
min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E[D(s,c)]
demodulation [52], power adaptation [23], packet scheduling
{s~SM,c~CM}
(5) [53], and data rate adaptation [53]. These adaptation coms.t. R(s, c) <_ Ro,
ponents can all be regarded as channel coding parameters.
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Source coding parameters, on the other hand, can be in
the form of mode selection [10, 23, 51], packetization [44],
intra-MB refreshment rate [28], and entropy coding mechanism [6]. By solving problem (5) and selecting the source
coding and channel coding parameters within their sets,
o
we can obtain the optimal tradeoff among all those adapta1
0ooooo0ooo,,00oo~,o00,,o0oooo.0oo
0
e
tion components. We next provide examples of the applications of JSCC to video transmission in different network
~ o ~ # / / / / A
infrastructures. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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5.2 Internet Video T r a n s m i s s i o n
For video transmission over the Internet, channel coding
usually takes the form of FEC and/or ARQ at the transport
layer. FEC is usually preferred for applications that impose a
relatively short end-to-end delay constraint. Joint source
coding and FEC has been extensively studied in the literature
[24,37, 54-56]. Such studies focus on the determination of
the optimal bit allocation between source coding and FEC.
In [57], the authors introduced the integrated joint sourcechannel coding (IJSCC) framework, where error resilient
source coding, channel coding, and error concealment are
jointly considered in a tractable optimization setting. In using
the IJSCC framework, an R-D optimized hybrid error control scheme has been presented in [58], which results in the
optimal allocation of bits among source, FEC, and ARQ.

5.2.1 Joint Source Coding and Forward Error
Correction
As mentioned above, the appropriate way of calculating the
loss probability per packet depends on the chosen FEC as well
as the way transport packets are formed from the available
video packets. Next we show one example where the source
packet is a video slice (a group of blocks).
Figure 9 illustrates a packetization scheme for a frame,
where one row corresponds to one packet. In this packetization scheme, one video slice is directly packetized into one
transport packet by the attachment of a transport packet
header. Since the source packet sizes (shown by the shaded
area in Fig. 9) are usually different, the maximum packet size
of a block (a group of packets protected by one RS code) is
determined first, and then all packets are padded with stuffing
bits in the tail part to make their sizes equal. The stuffing bits
are removed after the parity codes are generated and thus are
not transmitted. The resulting parity packets are all of the
same size (maximum packet size mentioned above). Each
source packet in Fig. 9A is protected by an RS(N, M) code,
where M is the number of video packets and N is the number
of total packets including parity packets.
In this case, the channel coding parameter c would be the
choice of the RS code rate. If we take the source coding
parameter s as the prediction mode and quantizer for each
video packet, by solving (5), we can obtain the optimal JSCC

~.
,7

Symbol

Symbol Symbol

FIGURE 9 Illustration of a packetization scheme for interpacket forward
error correction.

solution, i.e., the optimal bit allocation as well as the optimal
error resilient source coding and FEC.
To illustrate the advantage of the IJSCC approach, we
compare two systems: i) system 1, which uses the proposed
framework to jointly consider error resilient source coding
and channel coding; ii) system 2, which performs error
resilient source coding, but with fixed rate channel coding.
Note that system 2 is also optimized, i.e., it performs optimal
error resilient source coding to adapt to the channel errors
(with fixed rate channel coding).
In Fig. 10, the performance of the two systems is compared,
using the QCIF Foreman test sequence coded by an H.263+
codec at transmission rate 480 kbps and frame rate 15 fps.
Here, we plot the average peak signal-to-noise ratio (PSNR) in
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FIGURE 10 Average peak signal-to-noise ratio vs. transport packet loss

probability (QCIFForemansequence, transmissionrate 480 kbps, coded at 15
frames per second).
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decibels versus different packet loss rates. It can be seen in Fig. techniques have been proposed specifically for energy effi10 that system 1 outperforms system 2 at different pre-selected cient wireless video communications. A trend in this field
channel coding rates. In addition, system 1 is above the of research is the joint adaptation of source coding and
envelope of the four performance curves of system 2 by 0.1 to transmission parameters based on the time-varying source
0.4 dB. This is due to the flexibility of system 1, which is content and channel conditions. The general JSCC framecapable of adjusting the channel coding rate in response to the work (5) therefore encompasses these techniques with an
additional constraint on the total energy consumed in deliCSI as well as the varying video content. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
vering the video sequence to the end-user. Correspondingly,
5.2.2 Joint Source Coding and Hybrid Forward Error the channel coding parameters would cover more general
channel adaptation parameters such as the transmission rate,
Correction and Automatic Repeat ReQuest
physical-layer modulation modes, and the transmitter power.
When considering the use of both FEC and ARQ, the channel
coding parameter c includes the FEC rate chosen to protect
each packet and the retransmission policy for each lost 5.3.1 Joint Source Coding and Forward Error
packet. Hybrid FEC/retransmission has been considered in Correction
[22], where a general cost-distortion framework is proposed
to study several scenarios such as DiffServ (Differentiated As with Internet video transmission, the problem of joint
source coding and FEC for wireless video communications
Services), sender-driven retransmission, and receiver-driven
focuses on the optimal bit allocation between source and
retransmission. In [58], optimal error control is performed
channel coding by solving (5). The difference is that due to the
by jointly considering source coding with hybrid FEC and
different type of channel errors (bit errors) in a wireless
sender-driven application-layer selective retransmission. This
study is carried out with the use of (5), with a sliding window channel, FEC is achieved by adding redundant bits within
scheme in which lost packets are selectively retransmitted packets to provide intra-packet protection. RCPC and RS
according to a rate-distortion optimized policy. Simulations codes are widely used in this case.
Optimal bit allocation has been studied in [55] based on a
in [58] show that the performance advantage in using either
subband
video codec. A binary symmetric channel (BSC) with
FEC or selective retransmission depends on the packet loss
additive
white Gaussian noise (AWGN) model have been
rate and the round-trip time. In that work, the proposed
considered
for simulations. The source coding parameters are
hybrid FEC and selective retransmission approach is able
the
bit
rate
of the source subband and the channel coding
to derive the benefits of both approaches by adapting the
parameters
are
the FEC parameter for each subband. A similar
type of error control based on the channel characteristics.
problem
has
been
studied for video transmission over a
A receiver-driven hybrid FEC/pseudo-ARQ mechanism is
Rayleigh
fading
wireless
channel in [24] based on an H.263+
proposed for Internet multimedia multicast in [33]. In that
work, the sender multicasts all the source layers and all the SNR scalable video codec. In that work, universal R-D
channel layers (parity packets obtained by using RS coding characteristics (URDC) of the source scheme are employed
similar to what we have discussed in the previous section) to to make the optimization tractable. Both works used RCPC
separate multicast groups. Each user computes the optimal codes to achieve the intrapacket FEC.
RS codes are used to perform channel coding in [28] for
allocation of the available bit rate between source and channel
video
transmission over a random BSC. Based on their
layers based on its estimated channel band-width and packet
proposed
R-D model, the source coding parameter is the
loss probability, and joins the corresponding multicast group.
intra-MB
refreshment
rate and the channel coding parameter
This is achieved through a pseudo-ARQ system, in which
is
the
channel
rate.
the sender continuously transmits delayed parity packets to
additional multicast group, and the receivers can join or leave
a multicast group to retrieve the lost information up to a given
5.3.2 Joint Source Coding and Power Adaptation
delay bound. Such a system looks like ordinary ARQ to the
receiver and an ordinary multicast to the sender. This can be Joint source coding and power adaptation techniques account
characterized as JSCC with receiver feedback. More specifi- for the varying error sensitivity of video packets by adapting
cally, the optimal JSCC is obtained by solving (5) at the the transmission power per packet based on the source
receiver side, where the source coding parameter is the content and the CSI. In other words, these techniques use
number of source layers, and the channel coding parameter is transmission power as an UEP mechanism. In this case, the
channel coding parameter is the power level for each video
the number of channel layers.
packet. Video transmission over CDMA networks using a
scalable source coder (3D SPIHT), along with error control
5.3 Wireless Video Transmission
and power allocation is considered in [61]. A scheme for
Wireless video communications is a broad, active, and well- allocating source rate and transmission power under bandstudied field of research [59, 60]. Recently, several adaptation width constraints is considered in [62]. In [23], optimal mode
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and quantizer selection is considered jointly with transmission
power allocation.
To illustrate some advantages of joint adaptation of the
source coding and transmission parameters in wireless video
transmission systems, we present experimental results, which
are discussed in detail in [23]. We compare a joint source
coding and transmission power allocation (JSCPA) approach,
i.e., the approach described by (5), with an independent
source coding and power allocation (ISCPA) approach in
which s and c are independently adapted. In Fig. 11, we plot
the expected PSNR per frame of both approaches for the
Foreman test sequence coded at 15 fps. It is important to note
that both approaches use the same transmission energy and
delay per frame.
As shown in Fig. 11 the JSCPA approach achieves
significantly higher qualiE: (expected PSNR) per frame than
the ISCPA approach. Because the video encoder and the
transmitter operate independently in the ISCPA approach, the
relative importance of each packet, i.e., their contribution to
the total distortion, is unknown to the transmitter. Therefore,
the transmitter treats each packet equally and adapts the
power in order to maintain a constant probability of packet
loss. The JSCPA approach, on the other hand, is able to adapt
the power per packet, and thus the probability of loss,
based on the relative importance of each packet. For example,
more power can be allocated to packets that are difficult to
conceal. As shown in Fig. 11, the PSNR improvement is the
greatest during periods of high activity. For example, around
frame 100 there is a scene change in which the camera pans
from the foreman to the construction site. During this time,
the JSCPA approach achieves PSNR improvements of up
to 3.5 dB. This gain comes from the ability of the JSCPA
approach to increase the power while decreasing the number of bits sent in order to improve the reliability of the
transmission. The ISCPA scheme is unable to adapt the protection level and thus incurs large distortion during periods
of high source activity.
We show the visual quality comparison of the two
approaches in Fig. 12. An expected reconstructed frame is
341

"

[ .o.,~ ISCPA app . . . .

h

shown from the Foreman sequence when the same amount of
energy is consumed in the two approaches. It can be clearly
seen that the JSCPA approach achieves a much better video
reconstruction quality than the ISCPA approach.
As mentioned in Section 5.1, the VAPOR approach is used
to limit error propagation by accounting for not only the
mean but also the variance of the end-to-end distortion [48].
In Fig. 13, we compare a series of reconstructed frames
at the decoder for the minimum expected distortion (MED)
approach (1.5) and VAPOR approach using the same amount
of transmission energy for the Silent sequence. These images
are for a single channel loss realization when the same MBs
are lost in both schemes. We can clearly see the advantage
of using the VAPOR approach. For example, the error
occurring at frame 109 persists until frame 123 in the MED
approach while it has been quickly removed by the VAPOR
approach. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

5.3.3 Joint Source-Channel Coding and Power
Adaptation
In an energy-efficient wireless video transmission system,
transmission power needs to be balanced against delay to
achieve the best video quality. Specifically, for a given
transmission rate, increasing the transmission power will
decrease BER, resulting in a smaller probability of packet loss.
On the other hand, for a f'Lxed transmission power, increasing
the transmission rate will increase the BER but decrease the
transmission delay needed for a given amount of data (or
allow more data to be sent within a given time period).
Therefore, to efficiently utilize resources such as energy and
bandwidth, those two adaptation components should be
designed jointly.
The problem of joint source-channel coding and power
adaptation is studied in [25, 63, 64]. In this case, the general
channel coding parameters consist of both channel coding
and power allocations. In [63, 64], the study is based on
scalable video, and error-resilient source coding is achieved
through optimized transport prioritization for layered video.
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FIGURE 11 (A): Expected peak signal-to-noise ratio (PSNR) per frame for the independent source coding and power
allocation (ISPCA) and joint source coding and transmission power allocation (JSPCA) approaches; (B) Difference in
expected PSNR between the two approaches (adapted from [23]).
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FIGURE 13 Illustration of error propagation effect using the QCIF Silent test sequence. MED approach: frame
number (A) 109, (B) 110, (C) 123. VAPOR approach: frame number (D) 109, (E) 110, (F) 123. (Adapted from [48]).
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The study in [25] is based on an H.263+ codec, and the error issues that need to be addressed by considering new system
resilient source coding is achieved by mode selection. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
structures.
As mentioned earlier, cross-layer design is a general term
which encompasses ]SCC, and represents the current state of
5.3.4 Joint Source Coding and Data Rate
the art. To efficiently utilize limited network resources, the
Adaptation
video transmission system needs to be adaptive to the
Joint source coding and transmission rate adaptation has changing network conditions. In the traditional layered
also been studied as a means of providing energy efficient protocol stack, each layer is optimized or adapted to the
video communications. To maintain a certain probability of changing network conditions independently. The adaptation,
loss, the energy consumption increases as the transmission however, is very limited due to the limited conversations
rate increases [65]. Therefore, to reduce energy consumption, between layers. Cross-layer design aims to improve the
it is advantageous to transmit at the lowest rate possible [66]. system's overall performance by jointly considering multiple
In addition to affecting energy consumption, the transmission protocol layers. The studies on this topic so far not only
rate determines the number of bits that can be transmitted show the necessity to use the joint design of multiple layers,
within a given period of time. Therefore, as the transmission but also point out the future direction of network protocol
rate decreases, the distortion due to source coding increases. suite development to better support video communications
Joint source coding and transmission rate adaptation tech- over the current best effort networks.
Cross-layer design is a powerful approach to account for
niques adapt the source coding parameters and the transmission rate in order to balance energy consumption against different types of channel errors in a hybrid wireless/wireline
end-to-end video quality. In [53], the authors consider network that consists of both wired and wireless links. An
optimal source coding and transmission rate adaptation. initial investigation of this topic is described in [51], where
Stochastic dynamic programming is used to find an optimal lower layer adaptation includes interpacket FEC at the
source coding and transmission policy based on a Markov transport layer and intrapacket FEC at the link layer, which
state channel model. A key idea in this work is that the are respectively used to combat packet losses in the wired line
performance can be improved by allowing the transmitter to and bit errors in the wireless link. Such channel adaptations
suspend or slow down transmissions during periods of poor are jointly designed with mode selection in source coding to
channel conditions, as long as the delay constraints are not achieve optimal UEP, by solving (5).
Overall, the topic addressed in this chapter does not
violated.
represent mature technology yet. Although technologies
providing higher bit rates and lower error rates are
continuously being deployed, higher QoS will inevitably lead
6 Discussion
to higher user demands of service, which for video applicaWhile application of Shannon's separation theorem leads to tions translates to higher resolution images of higher visual
the introduction of redundancy only during channel coding quality.
for achieving error-free transmission, this is not the case under
real-time constraints. Redundancy needs to be introduced
during both source and channel encoding in a judicious way.
Furthermore, a well-designed decoder can recover some of
the lost information utilizing error-concealment techniques.
When a feedback channel is available, a retransmission protocol can be implemented, offering a different means for improving the error resiliency of the video communication system.
In this chapter, joint source-channel coding (JSCC) for
video communications has been discussed. We have used the
term "channel encoding" in a general way to include
modulation and demodulation, power adaptation, packet
scheduling, and data rate adaptation. We provided an
overview of the state-of-the-art implementations of ]SCC in
various network infrastructures. Although the most recent
video coding standards H.263, MPEG4, and H.264 provide a
number of error resilient tools, there are a number of resource
allocation problems that need to be resolved in order to
efficiently utilize such tools. In addition, there is a plethora of
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1 Introduction
Digital watermarking is a relatively new research area that
attracted the interest of numerous researchers both in the
academia and the industry and became one of the hottest
research topics in the multimedia signal processing community. Although the term watermarking has slightly different
meanings in the literature, one definition that seems to
prevail is the following [1]: Watermarking is the practice
of imperceptibly altering a piece of data in order to embed
information about the data. The above definition reveals two
important characteristics of watermarking. First, information
embedding should not cause perceptible changes to the host
medium (sometimes called cover medium or cover data).
Second, the message should be related to the host medium. In
this sense, the watermarking techniques form a subset of
information hiding techniques. The latter ones also include
cases where the hidden information is not related to the host
medium (e.g., in covert communications). However, certain
authors use the term watermarking with a meaning equivalent
to that of information hiding in the general sense.
A watermarking system should consist of two distinct
modules: A module that embeds the information in the host
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

data and a module that detects if a given piece of data
hosts a watermark and subsequently retrieves the conveyed
information. Depending on the type, the amount and the
properties of the embedded information (e.g., robustness to
host signal alterations), as well as on the type of host data,
watermarking can serve a multitude of applications as will
be described in Section 2.
The first handful of papers on digital watermarking
appeared in the late 1980s--early 1990s but very soon the
area witnessed a tremendous growth and an explosion in the
number of published papers, mainly due to the fact that
people believed, at that stage, that watermarking could be
a significant weapon in the battle against the continuously
increasing digital media piracy. During the early days,
researchers focused mainly on a limited range of host
data, that is, digital image, video and audio data. Later on,
watermarking techniques that are applicable to other media
types appeared in the corresponding literature. Such media
types include but are not limited to voxel-based 3D images,
3D models represented as polygonal meshes or parametric
surfaces (e.g., NURBS surfaces), vector graphics, GIS data
(e.g., isosurface contours), animation parameters, objectbased video representations (e.g., MPEG-4 video objects),
1083
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symbolic description of audio (e.g., MIDI files), text (either in might be much more difficult for certain applications. In the
ASCII format, or as a binary image), software source code, remainder of this section, we will briefly review some of
binary executables, Java byte code and numeric data sets the main application domains of watermarking.
(stock market data, scientific data). This chapter will focus on
still image watermarking. However, most of the principles and
• Owner identification and proof of ownership. This class of
techniques that will be presented are readily applicable to
applications was the first to be considered in the waterother media types.
marking literature. In this case the embedded data can
Although, in its first steps, watermarking was dominated
carry information about the legal owner or distributor or
by heuristic approaches without significant theoretical backany rights holder of a digital item and be used for
ground and justification, soon researchers recognized that
notifying/warning a user that the item is copyrighted,
solid theoretical foundations had to be set and worked
for tracking illegal copies of the item or for possibly
towards this direction by adopting and utilizing successfully
proving the ownership of the item in the case of a legal
techniques, principles and theoretical results from several
dispute.
scientific areas like communications (detection theory, error
• Broadcast monitoring. In this case, the embedded
correction codes, spread spectrum communications), inforinformation is utilized for various functions related to
mation theory (channel capacity), signal processing (signal
digital media (audio, video) broadcasting. The embedded
transforms, compression techniques) and cryptography.
data can be used to verify whether the actual broadToday, although the optimism of the first years is over,
casting of commercials took place as scheduled,
watermarking is still a very active research area, despite the
i.e., whether proper airtime allocation occurred, for
failure of the currently available watermarking technology
devising an automated royalty collection scheme for
to serve the needs of the industry (as made clear by Secure
copyrighted material (songs, movies) aired by broadDigital Music Initiative (SDMI) case [2]). Researchers are now
casting operators or in order to collect information about
very well aware that devising effective watermarking schemes,
the number of people that watched/listened to a certain
especially for the so-called security oriented applications
broadcast (audience metering). Broadcast monitoring is
(e.g., copyright protection, copy control etc), is an extremely
usually performed by automated monitoring stations and
difficult task. However, the introduction of new application
is one of the watermarking applications that has found its
scenarios and business models along with the small but steady
way towards successful commercialization.
steps towards solid theoretical foundations of this discipline
• Transaction tracking. In this application, each copy of
and the combination of watermarking with other technologies
a digital item that is distributed as part of a transaction
like cryptography and perceptual hashing are expected to
bears a different watermark. The aim of this watermark
keep the interest in this new area alive [3,4]. For a thorough
is not only to carry information about the legal owner/
review of existing schemes and a detailed discussion on the
distributor of the digital item but also to mark the specific transaction copy. As a consequence, the embedded
main requirements of a watermarking scheme, the interested
information can be used for the identification of entities
reader may consult some monographs [1,5-7] and several
that illegally distributed the digital item or did not adopt
review papers and journal special issues [8-12].
efficient security measures for preventing the item from
This chapter is organized as follows. The main application
being copied or distributed and for deterring such
domains of watermarking are reviewed in Section 2. Properties
actions. Identification of movie theaters where illegal
and classification schemes of watermarking techniques
recording of a movie with a handheld camera took place
are presented in Section 3, whereas Section 4 presents the
is a scenario that belongs to this category of applications.
basic functional modules of a watermarking scheme. Finally
The watermarks used in such cases are often termed
sections 5 and 6 delve in more detail into principles and
fingerprints and the corresponding application fingertechniques devised for two major application areas namely
printing. However, the same term is used for the class
copyright protection and authentication. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of techniques that try to extract a unique descriptor
(fingerprint) for each digital item, which is invariant to
2 Applications of Watermarking
content manipulation [16,17]. Obviously these techniques (which are sometimes called perceptual or robust
Techniques
hashing techniques) are totally different from the watermark-based fingerprinting, since they do not embed any
Watermarking can be the enabling technology for a number
data on the digital item, i.e., they are passive techniques.
of important applications [13-15]. Obviously, each applica• Usage control. In contrast to the applications mentiotion imposes different requirements on the watermarking
ned above, where watermarking is used to deter intelsystem. As a consequence, watermarking algorithms targeting
lectual
rights infringement or to help in identifying
different applications might be very different in nature.
such infringements, in usage control applications, the
Furthermore, devising an efficient watermarking scheme
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watermarking plays an active protection role by controlling the terms of use of the digital content. The
embedded information can be used in conjunction with
appropriate compliant devices, to prohibit unauthorized
recording of a digital item (copy control), or playback of
unauthorized copies (playback control). The DVD copy
and playback control using watermarking complemented
by content scrambling is such a case [15,18].
• Authentication and tamper-proofing. In this case, the
role of the watermark is to verify the authenticity and
integrity of a digital item for the benefit of either the
owner/distributor or the user. Example applications
include the authentication of surveillance videos in case
their integrity is disputed [19], the authentication of
critical documents (e.g., passports) and the authentication of news photos distributed by a news agency. In this
context, the watermarking techniques can either signal
an authentication violation even when the digital item
is slightly altered or tolerate certain manipulations
(e.g., valid mainstream lossy content compression) and
declare an item as non-authentic only when "significant"
alterations, have occurred (e.g., content editing). Certain
watermarking methods used for authentication can
provide tampered region localization, e.g., can detect
the image regions that have been modified/edited.
• Persistent item identification. According to this concept,
watermarking is used for associating an identifier with
a digital item in a way that resists to certain content
alterations. This identifier can be used, in conjunction
with appropriate databases, to convey various information about the digital item. Depending on the related
information, persistent identification can be the vehicle
for some of the applications presented above, e.g.,
owner identification, or usage control. Furthermore,
the attached information can be used both for carrying copyright information and for enhancing the host
data functionalities e.g., by providing access to free
services and products, thus, implicitly, discouraging
the user from removing the watermark or illegally
distributing the item as this would imply that he/she
would loose the added value provided by the watermark.
Persistent association is dealt with in the MPEG-21
standard.
• Enhancement of legacy systems. Data embedded through
watermarking can be used for the enhancement of
information or functionalities carried/provided by legacy
systems while ensuring backwards compatibility. For
example, using techniques capable of generating watermarks that are robust to analog to digital and digital
to analog conversion one can embed in a digital image
URLs that are related to the depicted objects. When
such an image is printed (e.g., in a magazine) and then
scanned by a reader, the embedded URL can be used
for connecting him automatically to the corresponding

webpage [20]. Digital data embedding in conventional
analog PAL/SECAM signals is another application in
this category. In a more "futuristic" scenario, one can
envision that information capable of enabling stereoscopic viewing to stereo-enabled receivers could be
embedded through watermarking in conventional digital
TV broadcasts. Using such an approach, conventional TV
receivers would continue to receive the conventional
signal with non-perceptible degradations. zyxwvutsrqponmlkjihgfed

3 Classification of Watermarking
Algorithms
Various types of watermarking techniques, each with its
own distinct properties and characteristics can be found in
the watermarking literature. In the following, we will review
the basic categories of watermarking schemes and provide
descriptions for the properties that distinguish each class
from the rest.
A first classification of watermarking schemes can be
organized on the basis of their resistance to host medium
modifications. Such modifications can be either the result of
common signal processing operations (e.g., lossy compression) or be specifically devised and applied in order to render
the watermark undetectable or affect the credibility and
reliability of a watermarking system in other ways. Such
modifications are usually referred to as attacks. Attacks for
intellectual property rights (IPR) protection watermarking
systems will be discussed in Section 5.2. The degree of
resistance of a watermarking method to host medium modifications is usually called robustness. Depending on the level of
robustness offered, one can distinguish between the following
categories of watermarking techniques:
• Robust. In this class the watermarks are designed so
as to resist host signal manipulations and are usually
employed in intellectual property rights protection
applications. Obviously, no watermarking scheme can
resist all types of modifications, regardless of their
severity. As a consequence, robustness refers to a subset
of all possible manipulations and up to a certain degree
of host signal degradation.
• Fragile. In this case, the watermarks are designed to
be vulnerable to all modifications, i.e., they become
undetectable by even the slightest host data modification. Fragile watermarks are more easy to devise than
robust ones and are usually applied in authentication
scenarios.
• Semi-fragile. This class of watermarks provides selective
robustness to a certain set of manipulations which are
considered as legitimate and allowable, while being
vulnerable (fragile) to others. Such watermarks can also
be used in authentication cases instead of the fragile
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ones. In practice, all robust watermarks are essentially
semi-fragile but, in the former case, the selective
robustness is not a requirement imposed by the
system designer but rather something that cannot be
avoided.
In order to achieve a sufficient level of security, watermark
embedding and detection are usually controlled by a (usually
secret) key K (see Section 4). In a way analogous to cryptographic systems, the watermarking schemes can be distinguished in two classes on the basis of whether the same key is
used during embedding and detection:
Symmetric or private-key. In such schemes, both watermark embedding and detection are performed using
the same key K.
Asymmetric or public-key. In contrast to the previous
class, these watermarks can be detected with a key that
is different than the one that was used in the embedding stage [21,22]. Actually, a pair of keys is used in
this case: a private key to generate the watermark
for embedding, and a public one for detection. For
each private key, many public keys may be produced.
Despite their advantages over their symmetric counterparts, asymmetric schemes are much more difficult to
devise.
In terms of the information taken into account during
embedding, the watermarking methods can be broadly classified in two categories:
• Blind embedding schemes. Schemes belonging to this
category consider the host data as noise or interference.
Therefore, these techniques essentially treat watermarking like the classic communications problem of signal
transmission over a noisy channel, the only difference
being that, in the case of watermarking, restrictions on
the amount of distortions imposed on the channel (i.e.,
the host medium) by the signal (the watermark) should
be taken into consideration. In most cases, these methods rely implicitly or explicitly on a certain degree of
knowledge of the host signal statistics, thus leading to
the subclass of "known host statistics" methods.
Essentially all methods developed in the first years of
watermarking research belong to this category, most of
them revolving around the spread spectrum principle
where the watermark signal consists of a pseudorandom
sequence embedded, usually in an additive way, in the
host signal.
• Informed coding~embedding schemes. These schemes
emerged after the work of Cox [23] and exploit the
fact that during embedding, not only the statistics of
the host data but also the actual host data themselves
are known. Knowledge of the host data can be utilized
in order to improve watermark detection performance
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through interference cancellation. These methods are
also known as known host state methods and treat
watermarking as a problem of communication with side
information at the transmitter. Many of these schemes
make use of the quantization index modulation (QIM)
principle [24] for message coding where embedding
is achieved by quantizing the host signal or certain
derived features using appropriately selected quantizers.
Quantizer selection is controlled by the signal to
be embedded and aims at minimizing host signal
interference. Perceptual masking, i.e., utilization of the
host signal along with principles of human perception in
order to modify the watermark in a way that renders
it imperceptible is another form of informed embedding. Both informed coding/embedding and perceptual
masking will be reviewed later on in this chapter.
With respect to the information conveyed by the watermark, watermarking systems can be classified to one of the
following two classes:
• Zero bit systems: Watermarking systems of this type
can only check whether the data under consideration
host a watermark generated by a specific key K, i.e., verify
whether the data are watermarked or not. Certain
authors use the term single-bit when referring to systems
of this category, implying that the existence or absence
of a specific watermark in the data essentially conveys
one bit of information. The term watermark detection
is used in this chapter to denote the procedure used
to declare the presence of a watermark when one is
indeed present in the host data and come up with a
"no watermark present" answer when applied to data
hosting no watermark or hosting a different watermark
than the one under investigation.
• Multiple bit systems: These systems are capable of
encoding a multiple bit message in the host data. For
systems of this type, we make the distinction between
watermark detection and message decoding. The data
under investigation are first tested to verify whether
they host a watermark or not. This procedure is identical
to the detection procedure described above for zero bit
watermarks. As soon as the detection algorithm declares
that the data are indeed watermarked, the embedded
message is decoded. Thus, for multiple bit systems,
watermark detection and message decoding should
be considered as two distinct steps that are performed
in cascade, the message decoding step taking place only
if a watermark has been found to reside in the data.
When it comes to watermark detection, watermarking
methods can be categorized into two main classes:
• Techniques that require that the original signal is
available during the detection phase. These schemes
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are referred to as private, non-blind or non-oblivious
schemes (see for example [25,26]). Non-blind schemes
can be considered as the extremum of a more general
category, that of informed detection schemes (e.g., [27]),
which include methods that require that some sort of
information related to the host signal (e.g., its original
dimensions or a feature vector derived from the host
signal) is available at the detector.
Techniques that do not require the original signal (or
other information about it) for watermark detection.
These techniques are called oblivious or blind. Due to
their wider scope of application, blind techniques
received much more attention among researchers.
Obviously, the lack of knowledge on the original
host signal makes blind detection a much more difficult
task than non-blind detection. Correlation based detection, where the decision on the watermark presence
is obtained by evaluating the correlation between the
watermark and the signal under investigation is an
approach that belongs in this category. Correlation
detection schemes implicitly assume that the host
signal is Gaussian. Due to their simplicity, they have
been very popular in the early days of watermarking
(see for example [28-30]). Later on, a number of
researchers tried to devise optimal detectors for a
number of situations, where the Gaussianity assumption
does not hold [31-35]. Both correlation and optimal
detectors will be reviewed later on in this chapter.
With respect to the output of the watermark detection
procedure, systems are categorized as follows:

Hard decision detectors generate a binary output (water-

preselected samples, or by modifying the magnitude of
selected coefficients in an appropriate transform domain,
e.g., the DCT [25,38,39], DFT [30,40] or wavelet transform
[29,41] domain. Watermark embedding can be considered as
a function that involves the host medium fo, the embedding
key K (usually an integer), a set of parameters U that control
the embedding procedure, and, in the case of multiple-bit
schemes, the message m that is to be embedded in the
data. The message can be a character string, a number or even
multimedia data (audio, images). However, at this stage it
suffices to consider the message as a sequence of bits. The
set of parameters U can contain, among other things, the
so-called watermark embedding factor, i.e., a parameter that
controls the amount of degradation that will be inflicted to the
host signal by the watermark. The output of the watermark
embedding function consists of the watermarked data fw.
Thus, for multiple bit schemes, the watermark embedding
function is of the following form:

fw = E(fo, K, m, U)

(1)

whereas for zero-bit schemes m is not an input parameter of
the function.
In certain cases, it is much more intuitive to view watermark embedding as a two-step procedure, i.e., a watermark
generation step that results in the watermark signal w,
followed by a watermark embedding step, that aims at actually
embedding w in the host data. For an informed embedding multiple-bit watermarking scheme, these two functions
are of the following form:

w = El(fo, K, m, U)
(2)
mark detected, watermark not detected).
Soft decision detectors provide along with the binary
fw = E2(fo, w, U)
(3)
output a real number which is essentially the value of
the test statistic used for detection (e.g., the value of
the correlation between the signal under investigation
Watermark detection, in the way that is defined in this
and the watermark) and is related to detection reliability. chapter can be considered as a function that receives as input
In this case, the binary decision is obtained by internally the data f ' under investigation, a key K' (which, depending
thresholding this number using an appropriately selected on whether the system is a symmetric or an asymmetric one,
threshold. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
can be the same as the embedding key, or a different, public
key) and, in case of non-blind schemes, the original data fo.
The output of this function is a binary digit d (0: watermark
has been detected, 1: watermark has not been detected),
4 Watermark Embedding,
complemented, in the case of soft decision detectors, by a
Detection, and Decoding
value r (usually in the range [0, 1]) that corresponds to the
detection reliability. Therefore, the detection function takes
Having described the main categories of watermark- the following form in the case of blind and non-blind schemes,
ing algorithms along with their characteristic properties respectively:
we can now proceed in providing more formal definitions
of the watermark embedding, detection and decoding
{d, r} = D(f',K')
(4)
procedures.
Watermark embedding can be performed in the spatial/
{d, r} = D ( f ' , f o, K')
(5)
temporal domain [28,36,37], by modulating the intensity of
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5.1 Requirements and Metrics

d

5.1.1 Imperceptibility--Visual Quality
By definition, host data alterations imposed by watermarks
should be imperceptible. Thus, imperceptibility is a requirement that is important in all watermarking applications
and not only in copyright protection applications. In practice,
the requirement of imperceptibility implies that the perceptual
quality of the watermarked data, in our case digital images,
K'
should
be kept high. Perceptual quality can be characterFIGURE 1 Modules of a watermarking system. Dashed lines indicate
ized
either
in terms of absolute quality (or simply quality) of
optional inputs or outputs.
watermarked images, i.e., without reference to the originals, or
in terms of the relative quality of the watermarked images
where, as mentioned before, the reliability value r is available with respect to the originals, which is usually referred to as
only in the case of soft decision detectors.
fidelity of the watermarked images. Normally, viewers of
In case of multiple bit watermarking systems, whenever D() watermarked images do not have access to the originals. Thus,
declares that the data are watermarked, message decoding for those watermarking applications, quality is more importakes place. In the case of blind schemes, this operation can tant than fidelity. In order to measure quality or fidelity
be expressed as follows:
one needs to quantify the degree of distortion introduced to
an image due to watermarking and, if possible, indicate
whether
this distortion is visible or not. The most effective way
m -- D e c ( d , f , K')
(6)
to conduct such measurements is by subjective evaluation
The detection output d has been induded among the procedures. Many different subjective testing methodologies
arguments of function Dec to denote the fact that Dec is exist: two alternative, forced choice (2AFC) tests [1], double
stimulus continuous quality scale tests [42], double stimulus
called only if d = 1.
impairment
scale tests [42], etc.
A schematic representation of the above procedures can be
The perceptual quality of the watermarked images
seen in Fig. 1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
can be also measured in a quantitative way by using image
quality metrics like the signal-to-noise ratio (SNR) or the peak
5 Copyright Protection Watermarking
signal-to-noise ratio (PSNR), considering the watermark as
noise and the host image as signal. However, these metrics
Copyright protection or more generally digital rights protec- exhibit poor correlation with the visual quality as perceived by
tion and management is a major application domain humans. Other quantitative metrics that correlate better with
of watermarking. It is actually, an umbrella of applications the perceptual image quality can be used. Weighted PSNR
that encompasses owner identification, proof of ownership, [43,44] which equals PSNR weighted at each image pixel by the
transaction tracking, copy & playback control, automated local noise visibility function (local signal activity) could be
collection of royalties etc. Watermarking techniques aiming such a metric. However, no globally agreeable and effective
at copyright protection have to face some very difficult visual quality metric currently exists.
challenges, since they have to cope with attempts to infringe
Obviously, the notion of "high quality" is applicationdigital rights through illegal copying, distribution or play- dependent. For example, a certain amount of distortion
back of multimedia data. Copyright protection applications on a movie might be perfectly acceptable for a television
belong to the class of security-related applications, which are broadcast but unacceptable if the movie is to be displayed
generally considered as the most tough for a watermarking in cinema. It should be also noted, that certain applications
method. In this Section we will present the basic require- require that the alterations imposed on the image are not only
ments of a copyright protection watermarking scheme, perceptually insignificant but also very small in a numeric
namely, imperceptibility, cryptographic security and sense, i.e., they require that watermarking preserves the
WATERMARK
DECODING

----~ m
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"numeric" quality of the data. Watermarking of medical Watermark Detection Performance
images that are to be used as input in diagnosis procedures Watermark detection can be considered as a hypothesis testing
whose performance critically depends on the pixel intensities, problem, the two hypotheses (events) being:
is such an example. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
• H0 : the image under test hosts the watermark under
investigation.
• HI : the image under test does not host the watermark
5.1.2 Cryptographic Security
under investigation.
In compliance with one of the basic principles of cryptoHypothesis H1 can be further divided into two subgraphy, namely Kerckhoff's principle, the security of a
copyright protection watermarking system should be based hypotheses:
on the secrecy of keys that are used to embed/detect
•
Hla : the image under test is not watermarked.
the watermark rather than on the secrecy of the algorithms.
•
Hlb
: t h e image under test hosts a watermark different
This means that designers of a watermarking system should
than
the one under investigation.
assume that the embedding and detection algorithm (and
perhaps their software implementations) will be available
Thus, the detection performance can be characterized by
to users of this system and the fact that these users cannot
the false alarm (or false positive) error and its corresponding
detect or remove the watermark should be based solely on
probability Pfa, i.e., the probability to detect a watermark in
their lack of knowledge of the correct keys. An obvious
an image that is not watermarked or is watermarked with
implication of this property is that the cardinality of the
a different watermark than the one under investigation, and
keyspace should be large enough to make exhaustive search
the false rejection (or false negative) error, described by
through this space practically infeasible.
the false rejection probability Pfr, i.e., the probability of not
detecting a watermark in an image that is indeed watermarked
with the watermark under investigation. Depending on the
5.1.3 Robustness
application, these two types of errors might have different
As already mentioned in Section 3, robustness can be importance. Pfa can be evaluated using detection trials with
defined as the degree of resistance of a watermarking erroneous watermarks (hypothesis Hlb) or detection trials on
method to modifications of the host signal due to either non-watermarked images (hypothesis Hla). The former might
common signal processing operations or operations devised sometimes be preferable, since it usually corresponds to
specifically in order to render the watermark undetectable. the worst case scenario. Furthermore, false alarm probability
Watermarking systems aiming at copyright protection should evaluated on images watermarked by a different key than the
ideally exhibit high resistance to all attacks that might occur in one used for detection provides an indication on whether the
the host data in a specific application. This means that the keys in the algorithm "keyspace" are able to generate distinct
detection performance of the system, i.e., its ability to declare "non-overlapping" watermarks, and, thus, lead to estimates of
correctly the presence/absence of a watermark in an image, the "effective keyspace". One can distinguish between three
and, in the case of multiple-bit systems, its decoding types of false alarms and false rejections [1]: those evaluated
performance, i.e., its ability to retrieve successfully the on a single image using multiple keys, those evaluated on
hidden message bits, should not degrade significantly when multiple images using a single key and those evaluated on
data are altered due to intentional or unintentional attacks. multiple images using multiple keys.
In the case of soft decision detectors (see Section 3), one can
Naturally, the set of manipulations that the watermark
derive
the empirical probability distribution functshould be able to withstand as well as the severity of
ions
(histograms)
of the detection test statistic for both
degradations that should be handled successfully depend on
hypotheses
Ho
and
Hlb
(or Hla). By utilizing these empirical
the target application. For example, a watermarking method
distributions
the
probabilities
of false alarm Pfa(Tk) and false
designed to protect a database of high quality/resolution
rejection
Pfr(Tk)
as
a
function
of the detection threshold T
images that are to be used in desktop publishing need not
can
be
extracted.
Using
Pfa(Tk),
Pfr(Tk)
we can plot the receiver
be able to withstand high compression as such a manipulaoperating
characteristic
(ROC)
curve,
i.e.,
the plot of Pfa versus
tion would make the images practically unusable and, thus,
Pfr
(Fig.
2).
The
ROC
curve
provides
an
overall view of the
is not very likely to occur. In order to measure the robustness
watermark
detection
performance
in
various operating
of a watermarking method, one should be able to measure the detection performance of the algorithm, usually conditions. Using the ROC curve, one can select the threshold
in relation to the severity of the degradation imposed value that gives a (Pfa, Pfr) pair satisfying the application
by a certain attack. Furthermore, in the case of multiple requirements. Furthermore, the ROC curve can be used for
bit algorithms, the decoding performance should be quanti- the evaluation of other performance metrics, like the Pfa for
a fixed, user-defined Pfr, the Pfr for a fixed, user-defined Pfa
fied [7]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1090

zyxwvutsrqponm
zyxwvutsrq
Handbook of Image and Video Processing

ROC

or fixed
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The goal of the watermark decoder is to obtain an estimate
rh of the hidden message m such that Pe is minimized.
By conditioning the decoding error probability Pe associated
with the specific decoder and the minimum acceptable BER,
we can estimate the maximum number of message bits
that can be encrypted in the image. In the case of image
watermarking the maximum acceptable error probability
of the watermark detector is conditioned by the threshold
T of the watermark detection ratio. In other words, an
image is considered watermarked if the watermark detection ratio is greater than the predefined threshold. Thus,
the minimum number of samples needed for the encoding
of the hidden message for a specific decoding error probabilit)" is constrained by the detection threshold used in the
watermark detection. Let us denote by q the probability of
getting a wrong estimate of a message bit during watermark
decoding:

Pfa
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FIGURE 2

Receiver operating characteristic (ROC) curve.

and the equal error rate (EER), i.e, the point on the ROC
where Pfa = Pfr (Fig. 2).

Message Decoding Performance.

The decoding performance of a watermarking method that supports message
encoding can be characterized by the bit error rate (BER), i.e.,
the probability of erroneously decoding one message bit. Since
message decoding is assumed to take place only in the case of
successful detection, there is a close relation between the
decoding and detection performance. As a consequence, a BER
value should only be referenced along with the corresponding
detection error probabilities, i.e., the probabilities of false
alarm and false rejection.
Another metric that is related to the decoding performance of a watermarking algorithm is its payload, which
can be defined as the maximum number of bits that can be
encoded in a fixed amount of host data and decoded with
a pre-specified BER or alternatively as the amount of data
required to host a fixed number of bits, so that they can
be decoded with a pre-specified BER. Essentially, the payload expresses the number of information bits that can be
embedded per host image pixel.
As an example, suppose that we want to hide a message
m comprised of M information bits in the image f(x) that
has N pixels. The performance of the watermark decoder
can be also measured by the probability of error Pe, defined
as the probability of getting a wrong estimate of the hidden
message:

Pe~Pr{m~ m}

(7)

(8)

Error correction codes can be used for correcting the
watermark detection errors, resulting at a correct decoding
of the hidden message. We suppose that we use an error
correction code (e.g., BCH) that can correct R errors in M
bits. The objective is to find the number of information bits
that can be encrypted in the codeword for a specific message
decoding error probability. The probability of getting a
correct estimate of the message by using an error correction
code that corrects R bit errors in M bits when the BER is q is
given by [45]:

M
M!
q)M-i
Pa -- E i!(M - i)! qi(1 -

i=R

(9)

5.2 Attacks Against Copyright Protection
Watermarking Systems
As mentioned in the previous sections, a copyright protection watermarking system should exhibit a significant degree
of robustness to attacks. The most obvious effect of an attack
in a watermarking system is to render the watermark
undetectable. Such attacks can be actually classified in two
categories [44]: removal attacks and desynchronization
(or geometric) attacks. As implied by their name, removal
attacks result in the removal of the watermark from the host
image or in a significant decrease of its energy relatively to
the energy of the host signal. In most cases, removal attacks
affect the amplitude of the watermarked signal, i.e., in the
case of images, the pixel intensity or color. Removal attacks
include linear or non-linear filtering (e.g., arithmetic mean,
median, Gaussian, Wiener filtering), sharpening, contrast
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enhancement (e.g., through histogram equalization), gamma
correction, color quantization or color subsampling (e.g., due
to format conversion), lossy compression (JPEG, JPEG2000,
etc.) and other common image processing operations. Additive or multiplicative noise (Gaussian, uniform, salt and
pepper noise), insertion of multiple watermarks on a single
image or image printing and rescanning (essentially a D/A-A/
D conversion) are some additional examples of removal
attacks. Finally, intentional removal attacks, i.e., attacks that
have been devised with the intention to remove the watermark include, among others, the averaging attack where
N instances of the same image, each hosting a different
watermark, are averaged in order to obtain a watermark-free
image, and the collusion attack where N images hosting
the same watermark are averaged to obtain a (noisy) version
of the watermark signal. This watermark estimate can be
subsequently subtracted from each of the images to obtain
watermark-free images.
Contrary to removal attacks, desynchronization attacks do
not remove the watermark but cause a loss of of synchronization (usually loss of the image coordinates) between the
watermark signal embedded in the host signal and the
watermark signal used for the correlation evaluation (see
Section 5.4 for an example illustrating such a case). In other
words, the watermark signal is still embedded in the host
signal (with its energy almost intact) but cannot be detected.
Desynchronization attacks usually involve global geometric
distortions like translation, rotation, mirroring, scaling and
shearing (i.e., general affine transformations), cropping, line
or column removal, projective distortions, etc. Local
geometric distortions like the random bending attack [46]
that includes local shifting, rotation and scaling along with
noise addition can also be very effective in inducing loss of
synchronization. The mosaic attack that implies cutting an
image into non-overlapping pieces can also be considered as a
desynchronization attack. The small image tiles can be easily
assembled and displayed so as to be perceptually identical to
the original image using appropriate commands on the display
software (e.g., the Web browser). However, a detector applied
on each image tile separately will fail to detect the watermark due to cropping. The template removal attacks
is another category of desynchronization attacks that are
only applicable to systems using a synchronization template
(see Section 5.4) to regain synchronization in case of geometric distortions. Such attacks first estimate and remove
the synchronization template from an image and then apply a
geometric distortion to render the watermark undetectable.
Apart from the two attack categories described above,
which are the most studied in the watermarking literature,
other attacks can be devised that do not aim at making
the watermark undetectable but try to harm a watermarking
system or render the watermarking concept unreliable by other
means [1]. Such attacks include unauthorized embedding
attacks and unauthorized detection or decoding attacks.

The copy attack [47] is an attack that illustrates the concept of unauthorized embedding. According to this attack,
an attacker that is in possession of a method that can estimate
the watermark that is embedded in an image or a set of
images (e.g., through the collusion attack mentioned above)
can subsequently embed this watermark in other watermarkfree images. Thus, a claim from a copyright owner that
images bearing his watermark are his property can be confronted by the attacker, who can show that this watermark
exists in images that are not his, i.e., in the fake watermarked
images that the attacker has created. The SWICO (single
watermarked image counterfeit original) and TWICO attacks
[48] also belong to this category. In short, the SWICO attack
involves the creation of a fake original image f by subtracting
a watermark w from an image fw watermarked by another
person. The attacker can then claim that he has both the
original image f = fw - w and an image fw = f + w watermarked with his own watermark, thus causing an ownership
dispute.
Unauthorized detection attacks include attacks that aim
at providing the attacker with information on whether an
image is watermarked and perhaps reveal the encoded message
(if any). Unauthorized detection does not consist a threat
for all copyright protection applications. An example of an
unauthorized detection attack is a brute force, exhaustive
search approach where an attacker in possession of the
detection algorithm checks successively all keys in the key
space in order to find whether an image is watermarked.
In order to measure the effect of a certain attack on
the detection or decoding performance of an algorithm, plots
of an appropriate performance metric (e.g., BER or probability
of false alarm) versus the attack severity can be constructed.
For attacks whose impact on the host image varies monotonically with respect to a certain parameter, it might be
sufficient for the user to know only the most severe attack that
the algorithm can withstand [7]. For a chosen performance metric, the "breakdown point" of the algorithm
for this attack can be evaluated by increasing the attack
severity (e.g., decreasing the JPEG quality factor) in appropriately selected steps until the detector output does not
satisfy the chosen performance criterion. The strongest
attack, for which the algorithm performance is above the
selected threshold, is the algorithm break down point for this
attack. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

5.3 Benchmarking of Copyright Protection
Image Watermarking Algorithms
A benchmarking tool for image watermarking methods
should be able to pinpoint the advantages and disadvantages
of such methods and enable the user to perform efficient
comparison of methods. Unfortunately, benchmarking of
image watermarking algorithms is not an easy task since
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it requires the cross-examination of a set of dependent specific application. In addition, Checkmark incorporates two
performance indicators like algorithmic complexity, decoding/ new objective quality metrics: the weighted PSNR and the sodetection performance and perceptual quality of water- called Watson metric. Despite the major improvements that
marked images. As a consequence, one cannot derive a have been introduced, the basic principles of Checkmark are
single figure of merit but should deal with a set of very similar with those of Stirmark 3.1. In both cases, the user
performance indicators. An efficient benchmarking system should provide the benchmark with a set of watermarked
should be able to quantify and present in an intuitive way images and a detection routine along with a user-defined
the relations among the various performance indicators, e.g., detection rule. The attacks that are included in the application
the relation between watermark detection performance and template that has been selected by the user are applied in every
perceptual quality. A small number of attempts to create watermarked image and the detection routine is being used to
benchmarking systems took place over the last years but provide the detection result.
this field is still in need of more efficient methodologies and
actual implementations. Three of the most well known
benchmarking systems are presented below. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5.3.3 Optimark
5.3.1 Stirmark
Stirmark [46,49] is the first benchmarking tool that has
been developed. A new version is currently under development. The source code of the benchmark is available to
the public, and thus users can programme their own attacks
in addition to those provided by the benchmark (sharpening, JPEG compression, noise addition, filtering, scaling,
cropping, shearing, rotation, column and line removal,
flipping and "Stirmark" attack). The user should provide,
apart from the embedding and detection algorithms, appropriate command files (evaluation profiles) that define the tests
or the attacks that will be performed. Currently, one can
perform tests for measuring how the embedding strength
influences the PSNR of the watermarked image, tests for
the evaluation of the time required to perform embedding and
tests for measuring the influence of attacks on the detection
and decoding performance. In this last category of tests,
Stirmark performs for each attack parameter within a certain
range embedding and detection with a random key and
message and measures the detection certainty or the BER.
In the future, the benchmark will include tests for measuring
the probability of false alarm. A first version of a Web-based
client-server architecture that implements the Stirmark
benchmark has been also developed.
5.3.2 Checkmark
Checkmark [50] is essentially a successor of the previous
Stirmark version (namely, Stirmark version 3.1). In addition to
the attacks implemented
in Stirmark, Checkmark
provides a number of new attacks that include wavelet
compression, projective transformations, modelling of video
distortions, image warping, copy attack, template removal
attack, denoising, non-linear line removal, collage attack,
down/up sampling, dithering and thresholding. The developers of Checkmark provide the Matlab source code of the
application and thus one can add new attacks to the existing
ones. The benchmark provides a number of "application
templates" which are essentially lists of attacks related to a

Optimark [51] is a benchmarking platform that provides
a graphical user interface and incorporates the same attacks
with Stirmark 3.1. These attacks can be performed either
one at a time or as a cascade. The user should supply
embedding and detection/decoding routines in the form of
executable files. Optimark supports hard and soft decision
detectors. The user selects the set of test images, the set of
keys and messages that will be used in the trials and the attacks
that will be performed on the watermarked images. Furthermore, she provides the set of PSNR values for the watermarked images, along with the embedding factors that
the embedding software should use in order to achieve
these PSNR values. Optimark performs in an automated
way multiple trials using the selected images, embedding
strengths, attacks, keys and messages. Detection using both
correct and erroneous keys (which are necessary for the
evaluation of the probability of false alarms) is performed.
Message decoding performance is evaluated separately
from watermark detection. The "raw" results are processed
by the benchmark in order to provide the user with a number
of performance metrics and plots, depending on the type
of the algorithm under test. For example, when testing a
multiple-bit algorithm that employs a soft decision detector
the user can obtain the following metrics: ROC, equal error
rate, probability of false alarm for a user defined probability of
false rejection, probability of false rejection for a user defined
probability of false alarm, plots of bit error rate and percentage
of perfectly decoded messages versus the detection threshold
(for a specific message length), plot of payload versus the
detection threshold (for a specific BER). The software
evaluates various complexity metrics like average embedding,
detection and decoding time and provides an option to
evaluate the algorithm breakdown point for a given attack.
Finally, it can summarize the results in various ways, e.g.,
provide average results for a set of images and a specific attack
or average results over a number of different attacks for a
specific image. The next Optimark version, which is currently
under development and testing, will give users the ability to
provide their own attacks.
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A thorough treatment of the subject of perfor- This equation can summarize all three possible detection
mance evaluation of watermarking algorithms can be found hypotheses, namely:
in [1,7]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
• The watermark Wd is indeed embedded in the signal
(event H0) which corresponds to p # 0 and We = WD.
5.4 Spread Spectrum Watermarking
• The watermark Wd is not embedded in the signal (event
HI) which can imply either that no watermark is present
Spread spectrum watermarking draws its name from spread
(event Hla), or that the signal bears a different watermark
spectrum communication techniques [52] that are used
than
the one under investigation (event Hxb). In the
to achieve secure signal transmission in the presence of
equation
above, event Hla corresponds to p - - 0 , whereas
noise and/or interception attacks that generate an appropriate
event
Hlb
corresponds to We # Wd.
jamming signal to interfere with the transmission. In such
a situation, one can spread the energy of a symbol to be
transmitted either in the time domain, by multiplying it
by a pseudorandom sequence, or in the frequency domain
by spreading its energy over a large part of the signal
spectrum.

In order to decide which event holds, i.e., which is the valid
hypothesis, the correlation between the signal under investigation and the watermark is evaluated:

1 n-1
1 N-1
C -- ~ n~=oft[n]wd[n] -- -~ ~ (L[n]wd[n] + pWe[n]wd[n])

5.4.1 Blind Additive Embedding w i t h
Correlation D e t e c t i o n

(13)

Such a detection scheme is usually called a correlation
In this section, a simple zero-bit spread spectrum waterdetector (also known as matched filter). By assuming statistical
marking system that consists of a blind additive embedder
independence between the host signal fo and both waterand a blind correlation detector will be presented. Despite
marks We, Wd, an expression for the mean of the correlation c
its simplicity, this methodology has been utilized extensively,
can be derived in a straightforward manner [55]:
in many variations, in the early days of watermarking [53,54].
Means of improving or creating variants of the basic algorithm
will also be presented in this section.
1
#c -- E[c] -- E -~ Z ( fo[n]wd[n] + pwe[n]wd[n]
The embedding procedure of this system employs
n=O
the addition of a white, zero-mean pseudorandom signal w
(generated by using a secret key K in conjunction with the
N-1
fo:
appropriate generation function) on the host signal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
_-- __1
E [L[n]]E [wd[n]] + N p Z E [We[n]wd[n]] (14)
N n=0
n=0
f w ----f o + pw
(10)

)]

where fw is the watermarked signal and p > 0 is a constant
that controls the watermark embedding energy (watermark
embedding factor). Obviously, p is closely related to the
watermark perceptibility. On a per-sample basis, the above
equation can be stated as follows:
fw(n) = fo(n) + pw(n),

n = O, . . . , N - 1

(11)

where N denotes the signal length. In the following, we
will assume that equations (10), (11) refer to the spatial
domain. In case of image watermarking, the watermark
modifies the intensity or color of the image pixels and fo, w
and fw are two-dimensional signals.
As has already been mentioned, the watermark detection
aims at verifying whether a given watermark Wd is embedded
in the test signal f t or not. During detection, f t can be
represented in the following form:
f t = f o + pwe

(12)

Since the watermark has been chosen to be a zero mean
random signal, the first term of the expression will be
zero and, therefore, #c will depend only on the second term.
When the signal bears no watermark, i.e., when p - - 0 the
second term is also zero and the mean value of the correlation
is zero. Furthermore, when the signal bears a different
watermark than the one under investigation (We # Wd) the
second term will obtain a small value, close to zero, as
two watermarks generated using two different keys are
expected to be almost orthogonal to each other. When the
signal hosts the watermark under investigation, i.e., when
p :fi 0 and We = Wd, the mean value of c can be easily shown
to be equal to pa2w where a2w is the variance of the watermark
signal. Thus, the conditional probability distributions PcIHo,
PcIH, of the correlation value c under the two hypotheses
H0 and H1 will be centered around pa 2 and 0, respectively
(Fig. 3). Furthermore, for the case under study, these
distributions will be approximately Gaussian. For suitable
clH0
values of p, a 2 and by assuming that the variances O',20.clH12
of C under the two hypotheses are reasonably small, a decision
on the valid hypothesis can be obtained by comparing c against

zyxwvutsr
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N(~tc/i.i1,OC/FI1)/~

~'~ N(~tC/H0,OC/H0)

of the correlation (13) one can also use the normalized
correlation, i.e., the correlation normalized by the magnitudes
of the watermark and the watermarked signal:

C --

E n S O 1f t [ n ] w a [ n ]

(17)

V/EnN=O1ft2 [n] Y~.-o
N-1 w2a[n]

T
FIGURE 3

Ho, HI.

Conditional pdfs of the correlation value c under hypotheses

a suitably selected threshold T > 0 that lies between 0 and
pa2w. More specifically, a decision to accept hypothesis H0 or
H1 is taken when c > T and c < T, respectively.
For a given threshold, the probabilities of false alarm
Pfa(T), and false rejection Pfr(T) which characterize the
performance of this system can be evaluated as follows:

Normalized correlation can grand the system robustness to
operations such as increase or decrease of the overall image
intensity.
The zero-bit system presented above can be easily extended
to a system capable of embedding one bit of information.
In such a system, symbol 1 is embedded by using a positive
value of p whereas symbol 0 is embedded by using - p .
Watermark detection can be performed by comparing [c[
against T, i.e., a watermark presence is declared when [c[ > T.
In case of a positive detection, the embedded bit can be
decoded by comparing c against T and - T , i.e., 0 is decoded
ifc<-Tand
l i f c > T.
Another popular approach for embedding the watermark
in the host signal is multiplicative embedding:

zyxwvuts

zyxwvutsrqpo
f w(n) -- fo(n) + pfo(n)w(n)

Pfa(T) -- Prob{c > TIH1} -/vX~ PclH,(t)dt

(15)

(18)

Using such an embedding law, the embedded watermark

pfo(k)w(k) becomes image-dependent, thus providing an

Pfr(T) - Prob{c < TIHo} -- f

pclno(t)dt

(16)

oo

Obviously, these two probabilities depend on ttclHo, ~clH1,

O.2lHo, ~r~lH.
2 By observing Fig. 3, one can conclude that the
system performance improves (i.e., the probabilities of
false alarm and false rejection for a certain threshold decrease)
as the two distributions come further apart, i.e., as the difference I~clno -I~cInl increases. Furthermore the performance
improves as the variances of the two distributions O'clH0,20.clH,2
decrease.
Provided that the additive embedding model (10) has
been used and under the assumptions that no attacks have
been applied on the signal and that the host signal fo is
Gaussian, the detection theory states that the correlation
detector described above is optimal with respect to the
Neyman-Pearson criterion, i.e., it minimizes the probability
of false rejection Pfr subject to a fixed probability of false
alarm Pfa.
A variant of the above algorithm that employs non-blind
detection can be easily devised by subtracting the original
signal fo from the signal under investigation before evaluating the correlation c. It can be proven that such a substraction
drastically improves the performance of the algorithm by
reducing the variance of the correlation distribution. Instead

additional degree of robustness, e.g., against the collusion
attack. Furthermore, by modifying the magnitude of a
watermark sample proportionally to the magnitude of the
corresponding signal sample (be it pixel intensity or magnitude of a transform coefficient), i.e., by imposing larger
modifications to large amplitude signal samples, a form of
elementary perceptual masking can be achieved.
The spectral characteristics and the spatial structure of
the watermark play a very important role to robustness
against several attacks. These characteristics can be controlled
in the watermark generation procedure and affect the more
general characteristics of the watermarking system, like
robustness and perceptual invisibility. In the following Section
we will see the basic categories of watermarks as they are
derived by the various existing watermark generation
techniques.

5.4.2 Chaotic Watermarks
Chaotic watermarks have been introduced, as a promising
alternative to pseudorandom signals [56-58]. An overview
of chaotic watermarking techniques can be found in [59].
Sequences generated by chaotic maps constitute an efficient alternative to pseudorandom watermark sequences.
A chaotic discrete-time signal x[n] can be generated by
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a chaotic system with a single state variable by applying
the recursion:

system detection performance [55]. Highpass chaotic watermarks proved to perform better than white ones, whereas
lowpass watermarks have the worst performance when no
distortion is inflicted on the watermarked signal. The
x[n] = T ( x [ n - 1])= ~ ] " n ( x [ 0 ] ) - - ~'(7"(... (~]"(X[0]))...))
Y
controllable spectral/correlation properties of Markov chaotic
n times
watermarks
prove to be very important for the overall
(19)
system performance. Moreover, Markov maps that have
appropriate second and third order correlation statistics,
where 7-(.) is a nonlinear transformation that maps scalars
like the skew tent map, perform better than sequences with
to scalars and x[0] is the system initial condition. The notation
the same spectral properties generated by either Bernoulli or
T'(x[O]) is used to denote the n-th application of the map.
pseudorandom number generators [55].
It is obvious that a chaotic sequence x is fully described
The simple watermarking systems presented above using
by the map 7"(.) and the initial condition x[0]. By imposing
either pseudorandom or chaotic generators and either
certain constraints on the map or the initial condition, chaotic
additive or multiplicative embedding would not be robust to
sequences of infinite period can be obtained.
geometric transformations e.g., a slight image rotation or
A performance analysis of watermarking systems that use
cropping, as such attacks would cause a "loss of synchronisequences generated by piecewise-linear Markov maps and
zation" (see Section 5.2) between the watermark signal
correlation detection is presented in [60]. One property of
embedded in the host image and the watermark signal used
these sequences is that their spectral characteristics are
for the correlation evaluation. This happens because the
controlled by the parameters of the map. That is, watermark
success of the correlation detection method relies on our
sequences having uniform distribution and controllable
ability to correlate the watermarked signal f t with the
spectral characteristics can be generated using piecewisewatermark Wd in a way that ensures that the n-th sample
linear Markov maps. An example of a piecewise-linear Markov
wd(n) of the watermark signal will be multiplied in equation
map is the skew tent map given by:
(13) with the watermarked signal sample ft(n) that hosts the
same sample of the watermark. In the case of geometric
distortions, this "synchronization" will be lost and chances
7-:[0, 1]--~ [0, 1]
are that the correlation c will be below T, i.e., a false rejection
will occur.
1
where T(x) - ~ x,
0 <_ x <_ ot zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A brute force approach could involve the evaluation of
,
orE(0,1)
(20)
the
correlation between the watermarked signal and all
yk-f_lX+l_-~l, o t < x _ < a
transformed versions of the watermark. For example, if the
image has been subject to rotation by an unknown angle, one
The autocorrelation function of skew tent sequences
can evaluate its correlation with all rotated versions of
depends only on the parameter ot of the skew tent map.
the watermark and decide that the image is watermarked if
Thus, by controlling the parameter ot we can generate
the correlation of one of these versions with the signal is
sequences having any desirable exponential autocorrelation
function. The power spectral density of the skew tent map can above the threshold T. Obviously, this approach has extremely
large computational complexity, especially when the image
be easily derived [60]:
has been subject to a cascade of transforms (e.g., rotation
and scaling). Multiple remedies to this problem have been
1 - (2or - 1)2
proposed that will be presented in detail in the following
St(co)- 12(1 + (2c~- 1)2 - 2(2ot- 1)cosco)
(21) sections.
By varying the parameter c~, either highpass (c~ < 0.5), or
lowpass (or>0.5) sequences can be produced. For c~--0.5
the symmetric tent map is obtained. Sequences generated by
the symmetric tent map possess white spectrum, since the
autocorrelation function becomes the Dirac delta function.
The control over the spectral properties is very useful in
watermarking applications, since the spectral characteristics
of the watermark sequence are directly related to watermark
robustness against attacks, such as filtering and compression.
The statistical analysis of chaotic watermarking systems
that use a correlation detector was undertaken leading to
a number of important observations on the watermarking

5.4.3

Transformed

Watermarks

The idea of transformed watermarks is to construct watermarks transformed in a specific domain whose detection
performance is invariant to the geometric distortions of
the watermarked image. For example, it is well known
that the amplitude of the Fourier transform is translation
invariant:
f(Xl -t'- a, x2 -k- b) ++ F(kl, k2)e -i(ak'+bk2)

(22)
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Therefore, if the watermark is embedded in the amplitude
of the Fourier transform, it will be insensitive to a spatial
shift of the image. The transform space of Mellin-Fourier is
one such invariant space. It has been proposed for watermark embedding because, when the watermark is applied
to the amplitude of the Fourier transform, it is invariant to
translation, rotation and scale of the watermarked image [26].
In order to become invariant to translation, the image
is transformed in the Fourier domain and the amplitude of
the Fourier is transformed using the log-polar mapping
(LPM) defined as follows:
x --e p cos 0

(23)

y =e p sin 0

(24)

with p 6 7~ and 0 6 [0,2zr]. Any rotation in the spatial
domain will cause rotation of the Fourier amplitude and
translation in the polar coordinate system. Similarly, a scaling of the spatial domain will result in a translation in the
logarithmic coordinate system. That is, both rotation and
scaling in the spatial domain are mapped to translation in
the LPM domain. Invariance to these translations is
achieved by taking again the amplitude of the Fourier of
the LPM. Taking the Fourier of a log-polar map is
equivalent to computing the Mellin-Fourier transform.
Combining the DFT and the Mellin-Fourier transform
results in rotation, scale and translation (RST) transformation
invariance.
The major drawback of the method above is that the various
transforms decrease the embedded watermark power. That
is, the interpolation applied during the various transforms
constitutes an attack to the watermark, thus making it usually
undetectable even without any further distortion of the
watermarked image. Indeed, in the watermark embedding
procedure, the watermark undergoes two inverse DFTs and
one inverse LPM with the corresponding interpolations
needed. In the detection procedure two DFTs and one
LPM are needed as well. Thus, the watermark should be
very strong in order to resist all these transforms. Of course,
stronger embedding means possible visually perceptible
watermarks i.e., quality reduction for the host image.
To overcome all these problems, iterative embedding has
been proposed in [61 ]. The watermark is embedded iteratively
until it can be reliably detected after the transforms needed
in the detection procedure. Even in that case, reliable
watermark detection demands very strong embedding and
the results are not very promising.
Another reason for which the transform domains have
been proposed for watermark embedding is that they also
provide robustness against other intentional or unintentional
attacks, such as filtering and compression. In such a case,
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the watermark affects the value of certain transform coefficients and the watermarked signal is obtained by applying the
inverse transform on the watermarked coefficients. Transform
domain watermarking allows system designers to exploit the
transform properties for the benefit of the system. For this
purpose, embedding, e.g., in the DFT, DWT, DCT domains
has been proposed. For example, one can embed the
watermark signal in the low-to-middle frequency coefficients
of the DCT transform applied on small image blocks. By doing
so one can ensure that the watermark will remain essentially
intact by lowpass operations, e.g., JPEG lossy compression or
lowpass filtering, since these operations suppress mainly the
higher frequencies. Moreover, the distortions imposed on the
signal due to watermarking can be held at a reasonably low
level as the lower frequencies, whose alterations are known to
cause visible distortions, will be kept intact. Embedding in the
DWT transform domain has been proposed for increased
robustness against JPEG2000 compression. The two-dimensional Radon Wigner transform has been used for watermark
embedding in order to obtain robustness against geometric
attacks in [62]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJ

5.4.4 Template Watermarks
Another class of watermarks that have been proposed to
cope with the problem of geometric transformations is
the template watermarks class. A template is a structured
pattern that is embedded in the image and usually conveys
geometric information. Basically, it is an additional signal that
is used as a tool for recovering possible geometric transformations of the watermarked image. The template is usually a set
of peaks in the DFT domain [63-65]. The peaks are embedded
in specific locations so as to define a certain structure that can
be easily recovered in the detection procedure. Templates that
can be used for watermarking applications are shown in Fig. 4.
As an example, we shall describe in more detail the template proposed in [63]. The template peaks are distributed
uniformly along two lines in the DFT domain at certain
angles. The angles and radii are chosen pseudo-randomly
by using a secret key. The strength of the template can be
determined adaptively. Inserting points at a strength equal to
the local average value of DFT points plus two standard

FIGURE 4 Templatesproposed for watermarking applications.
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deviations yields a good compromise between visibility and 5.4.5 Special Structure Watermarks
robustness during decoding. Peaks in the high frequencies To solve the problems of the template-based watermarking
are constructed to be less strong since, in these regions, the a different approach has been proposed that involves wateraverage spectra power is usually lower than that of the marks whose spatial structure can provide either invariance
low frequencies. This type of template is applicable for all to certain transforms or a significant reduction in the size of
images. If someone uses more than two peak lines to construct the parameter search space (e.g., the space of possible rotation
the template, the cost of the detection algorithm is increased. angles) that has to be searched during detection in order
However, at least two peak lines are required in order to to re-establish synchronization. In this case, self-reference
resolve ambiguities arising from the symmetry of the mag- watermarks are mostly used in practice. The self-reference
nitude of the DFT. In particular, after a rotation in the watermarks do not use any additional template to cope with
spatial domain, an ambiguity will exist as to whether the the geometric transforms. Instead, the watermark itself is
rotation was clockwise or counter-clockwise. Depending on constructed so as to attain a special spatial structure with
features of the specific watermark technology, there are desired statistical properties. The most often used waterdifferent strategies for the template generation.
marks within this approach have self-similar features, i.e.,
The watermark detection process consists of two phases. repetition of the same watermark in many spatial directions
First the affine transformation (if any) undergone by the depending on the final goal and the targeting attack. Spatial
watermarked image is determined, then the transforma- self-similarity of the watermarks reduces the search space
tion is inverted and the watermark is detected. For detecting parameters in case of an affine transformation of the
the template, some approaches transform the template watermarked image [58,67].
matching problem into a point-matching problem. After this
An example of self-similar watermarks are the so-called
problem has been solved, the best candidates for the tem- circularly-symmetric watermarks. The are defined by [67]:
plate points are identified. If an affine transformation has been
applied, the identified template points will differ from
0,
r < rmi n
or
r > rma x
the original ones. This change is exploited to estimate the
W(r, 0) -(25)
-+-b,
rmin < r < rmax
applied affine transformation. The corresponding inverse
affine transformation is then applied for a better synchronization of the watermark.
where (nl, n2) represent the spatial coordinates and
The major drawback of the template watermarking is r - v/n 2 + n2, 0 - arctan(~), r m i n and rmax are the minimum
its vulnerability against the template removal attack [66]. and maximum radii that define the watermark circular or
The main goal of this attack is to destroy, without any key ring-like support region, b is an integer representing the
knowledge, the synchronization pattern of the watermark in embedding level or watermark strength. In order for W(r, 0)
order to fool the detection process after an affine transforma- to attain sufficient lowpass characteristics and, thus, be
tion of the image. A counterfeiter does not need to know more robust to compression or lowpass filtering, its cyclic
how the specific template in a domain is constructed, since or ring-like support domain (25) is additionally divided
the template applied will always generate some peaks in the to a number of s sectors having an extend of 3-K6
s degrees.
target domain used for the template.
All watermark samples inside a sector for a constant radius
The attack can be easily applied by a counterfeiter. are set equal to b or - b according to a pseudorandom number
In the first phase of the attack, the watermarked image fw generator initialized with a random key.
is filtered using a Wiener or median filter and an estimate
A circularly-symmetric watermark has the advantage of
of the original image fo is derived. Then, the watermark robustness against rotation with angles less than 3~0 degrees.
estimate ~, is obtained by subtracting the image )~o from In this case detection is possible without rotating the
the watermarked image. Using the estimate of the water- watermark. When rotation angles are bigger, detection is
mark, the peaks of the template are extracted in the performed faster since watermark rotation is only needed
appropriate transform domain (e.g., DFT). The amplitude of for multiples of ~ degrees. Spatial self-similarity with respect
the extracted peaks is modified by replacing the specific to the cartesian grid is accomplished by repeating the basic
amplitude of the watermarked image with the average circularly-symmetric watermark at different positions in the
amplitude value of the neighbors within a certain window. image. Additionally, the shifted versions of the basic waterIn general, the attacker can apply the same procedure as the mark can be also scaled versions in order to cope with scaling
template detector in order to extract the template and then he attacks [68] or rotated versions in order to cope with rotation
can remove it from the watermarked image. Once the template attacks [36].
is removed the watermark is vulnerable to any geometric
Another type of self-similar watermarks has been proposed
attack. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in [69]. The basic watermark is replicated in the image in order
to create 4 repetitions of the same watermark. This enables to
^
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have 9 peaks in the autocorrelation function (ACF) that are distribution, detectors that are optimal in a certain sense can
used in order to recover geometric transformations. The be constructed using the statistical detection and estimation
descending character of the ACF peaks shaped by a triangular theory. According to this theory, a decision over the two
envelope reduces the robustness of this approach to the hypotheses H0, HI can be obtained by evaluating the so-called
geometric attacks accompanied by a lossy compression. The likelihood ratio L(ft):
need for computing two discrete Fourier transforms (DFT)
of double image size to estimate the ACF creates also some
L(f t) - P f ' ( f t[H°)
(26)
problems for fast embedding/detection in the case of large
Pf
,
(f
t
lH1)
images.
The known fact that periodic signals have a power spectrum
containing peaks can be used to obtain a regular grid of In the previous formula pft(ft[Ho), pft(ftlH1) are the
reference points that can easily be employed for recovering probability density functions of the random vector ft, i.e.,
from general affine transformation attacks. The existence the watermarked signal, conditioned on the hypotheses
of many peaks in the magnitude spectrum of the periodi- H0,H1, respectively. A decision is obtained by comparing
cally repeated watermark increases the probability to detect L(ft) against a properly selected threshold T. More specifigeometric transforms even after lossy compression [65]. This cally, a decision to accept hypotheses H0 or Hi is taken when
fact indicates the enhanced robustness of these watermarks. L(ft) > T and L(ft) < T, respectively. The appropriate value
Furthermore, it is more difficult to remove the peaks of T depends on the performance criterion that we wish
in the magnitude spectrum based on a local interpolation in to optimize. If an optimal detector with respect to the
comparison with a template scheme. Such an attack would Neyman-Pearson criterion (i.e., a detector that minimizes the
create considerable visible distortions in the attacked image. probability of false rejection Pfr subject to a fixed probability
A practical algorithm based on the magnitude spectrum of of false alarm Pf~) is to be designed, the threshold value that
the periodical watermarks is described in [65] for spatial, achieves this minimization is the one evaluated by solving
wavelet or any transform domain. First, the magnitude the following equation for T, assuming a fixed, user-provided
spectrum is computed from the estimated watermark. probability of false alarm Pfa = e:
Due to the periodicity of the embedded information, the
estimated watermark spectrum possesses a discrete structure.
Assuming that the watermark is white noise within a block,
Pfa -- e - Prob{L(f t) > T[H1} -- fW+~ pL(LIH1)dL (27)
the power spectrum of the watermark will be uniformly
distributed. Therefore, the magnitude spectrum shows aligned
and regularly spaced peaks. If an affine distortion was In the previous equation pL(LIH1) is the pdf of the likelihood
applied to the host image, the peaks layout will be rescaled, ratio L conditioned on the hypothesis H1.
Various optimal detection schemes, for different situations,
rotated and/or sheared, but alignments will be preserved.
have
been proposed in the literature. Obviously, in order to
Therefore, it is easy to estimate any affine geometric distortion
obtain
an analytic expression for the likelihood ratio (26)
from these peaks by fitting alignments and estimating periods
and
evaluate
the threshold T using (27), one has to obtain
of the peaks.
analytic
expressions
for the probability density functions
Of course, as in the case of using a watermark template,
that
appear
in
these
expressions. To proceed with such
the counterfeiter may try to estimate the watermark, i.e., to
derivations,
certain
assumptions
about the statistics of the
find the peaks on the magnitude spectrum and then remove
involved
quantities
should
be
adopted.
Optimal detectors
them by interpolation. Another possible attack is to perform
for
watermarks
that
have
been
embedded
with
a multiplicative
an affine transformation and, afterwards, to embed a periodrule
on
the
magnitude
of
the
DFT
coefficients
are derived
ical signal that will create another regular grid of peaks
in
[35].
The
watermark
samples
w(n)
are
assumed
to be
that may deceive the detector. Finally, a critical issue in this
bi-valued,
{-1,
1},
each
value
having
equal
probability
0.5.
approach is to find the minimum number of watermark
The
assumptions
adopted
in
this
paper
are
that
the
host
samples needed in order to have reliable detection. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
signal is an ergodic, wide-sense stationary process that follows
a first order seperable autocorrelation function and that the
5.4.6 Watermarking Systems Involving
DFT coefficients are independent Gaussian random variables,
Optimal Detectors
each with a different mean and variance. The authors verify
As mentioned in the beginning of this section, the corre- the Gaussianity assumption through a Kolmogorov-Smirnov
lation detector is optimal only in the case of additive test. Based on these assumptions, the authors proceed in
watermarks and host signals following a Gaussian distribution. deriving an analytic expression for the probability distribuIn the case of watermarks embedded in the signal in a tion of the magnitude of the DFT coefficients. Using this
multiplicative way or when the host signal follows a different expression, expressions for pf,(ft[Ho), pft(ft[H1) are derived
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and exploited to obtain the following analytic formula
for L ( f t)"

scheme exploits the information conveyed in the host signal
f for generating a robust watermark w in the spatial domain.

2
( a/2(k)-4 fi(k) 2 '~
N-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(l+w~k)p)2 I0 0, 4rr~4(k) (l+w(k)p)2]

FI
k--1 (1 +p)2
1 exp

cr2(k)+a2(k) 2p(w(k)-l)ft(k) 2 '~r { cr2(k)-cr2(k)ft(k) 2 '~
~,0, 4a2(k)a2(k) (1-~2] +

(28)

-- 4a2(k)cr2(k)(~2(-~2)~0

(llp)2exp(-4(k)+#(k) 2p(w(k)+l)ft(k)2 ~I, (0, #(k)-4(k) fi(k)2 ~
4a2(k)o-~(k) (l+w(k)p)2(x_p)2] 0
4o.~(k)cr2(k)(1_--~2]

In the previous expression, p is the embedding factor, I0() is the
modified Bessel function and rrZ(k), crZ(k) are the variances of
the imaginary and the real part of the k-th DFT coefficient
for which analytic expressions have been also derived in [35].
It should be also noted that ft is the host signal, which, in
this case, consists of the magnitudes of the DFT coefficients
of the host signal. In order to evaluate the threshold in (27)
for a certain Pfa - e, the pdfpL(L[I-tl) of the likelihood ratio L
conditioned on the hypotheses H1 needs to be derived. The
authors assume that L attains a Gaussian distribution and
proceed in an experimental evaluation of its mean ~" and
variance rye. Using these quantities, the threshold T can be
found to be:
T - "~- "~

erf-l(2 Pfa - 0.5)

(29)

Similar approaches have been proposed by others in
order to derive optimal detectors under other optimality
criteria or embedding domains with different distributions
[31-34].

The watermark generation can be seen as an optimization
problem with respect to a detection statistic or to a robustness
measure as it will described in the following.
The simplest way to construct an informed embedding
watermarking system is the so-called precancellation, which
has been proposed in communication systems [70]. In such
a system the interference of the host signal is completely
removed by setting the watermark to be embedded as Wa--w - f o " Thus, after embedding in the host signal the watermarked signal to be transmitted is equal to fw = fo + Wa --" W.
That is, the host signal is completely replaced by the
watermark. It is obvious that this watermarking system is
optimal with respect to host signal cancellation but it is
unacceptable for real applications, since the fidelity constraint
is violated. That is, the host signal is not preserved at all. In
most cases where fidelity constraints are imposed in the
watermark generation and embedding procedure, the problem
of generating an informed embedding watermarking system is
dealt with as an optimization problem. The problem can be
defined in two alternative ways:
• Construct a watermark to be embedded in the given
host signal that maximizes watermark robustness, under
the constraint that the perceptual distortion will be
inside a prescribed limit.
• Construct a watermark to be embedded in the given
host signal that minimizes the perceptual distortion,
under the constraint that the robustness of the resulting
watermark will be inside a prescribed limit.

5.5 Watermarking with Side Information
5.5.1 Informed Embedding Watermarking
A watermarking system that uses the information of the
host signal (also called cover signal) in the coding/embedding
procedure is called informed coding~embedding watermarking system and is described in Fig. 5. An informed embedding
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FIGURE5 Watermarkingwith informed coding and informed embedding.
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More complicated optimization problems can be set
where both perceptual distortion and robustness are optimized inside prescribed limits. It is obvious that, in order to
solve the above optimization problems, someone has to define
measures of robustness and perceptual distortion. This task is
not trivial and many researchers proposed such measures
under rather simplistic assumptions. For example, a detection
statistic can be assumed to measure the robustness of a
watermarking system. This assumption is not valid in most
cases, since the robustness should be mostly determined for
specific attacks.
If someone considers a watermarking system that uses
linear correlation as detection statistic, then it can be assumed
that increased robustness means higher correlation value
between the watermarked signal and the watermark. Thus,
imposing a constraint on robustness can be considered
as generating watermarks that have constant correlation
value with the watermarked signal (i.e., fw wT = c). This can
be interpreted as moving all the signals to be watermarked to
a hyperplane in the high dimensional space of the host
signal that is perpendicular to the watermark vector. This
hyperplane corresponds to constant correlation with the
watermark signal. In such a watermarking scheme, the more
distant the hyperplane from the detection threshold is, the
more robust is the watermarking scheme. Having constant
linear correlation between the watermark and the watermarked signal corresponds to constant robustness and, thus,
the constrained optimization problem is reduced to finding
a watermarked signal, i.e., a vector on this hyperplane that is
less perceptually distorted from the host signal. The optimal
watermarked signal is obviously the one that has the
minimum Euclidean distance from the host signal, if the
MSE is used as a fidelity measure.
However, if someone wants to use normalized instead of
linear correlation as watermark detection statistic, then
the above solution is not optimal. Indeed, for certain host
signals the normalized correlation statistic may be lower
than the detection threshold even if the linear correlation is
constant. This is valid since constant normalized correlation
corresponds to a hypercone in the high-dimensional space of
the host signal and not to a hyperplane. Thus, if someone
wants to utilize normalized correlation as detection statistic
then he should construct the watermark in a way that all
watermarked signals lie on a hypercone. The corresponding
optimization problem (i.e., minimize perceptual distortion
having constant robustness) is solved by finding the vector
on the hypercone that has minimum Euclidean distance from
the host signal and thus minimizes the MSE.
In the above analysis, the robustness measure that has
been used was the detection statistic. However, this assumption is rather simplistic and, in most cases, optimizing the
detection statistic prior to an attack does not guarantee
optimal behavior against this attack. Thus, someone may
design the informed embedding watermarking algorithm
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having as robustness measure an estimate of the robustness
against a specific attack. One simple attack that can be used
for this purpose is the additive white Gaussian noise (AWGN),
that has been widely used in the literature to model the attacks
incurred in a transmission channel. In this case, the
optimization problem can be described as the minimization
of the perceptual distortion after watermark embedding
having constant robustness against AWGN. Assuming that
the detection statistic is the normalized correlation, it can be
easily proven that the optimal solution lies on a hyperboloid
inside the hypercone of the normalized correlation [23].
Finding the optimal watermarked vector corresponds to
finding the vector that lies on the hyperboloid that has
minimum distance from the host signal. The analytic solution
of this problem involves the solution of a quartic equation
and, thus, for simplicity reasons the solution can be found by
exhaustive search.
From the above analysis it is obvious that the watermarking scheme designer that wants to use informed embedding,
has to decide on the robustness and perceptual distortion
measures that will be used and on the appropriate detection
statistic. Unfortunately, no robustness measure can be defined
for the majority of the common attacks. Furthermore, if
someone can define a robustness measure against one attack,
it is most probable that this measure will not be valid for
other attacks. Another problem is that effective perceptual
distortion measures are a research subject themselves since,
in case of images, measuring the distortion involves the
modelling of the human visual system (HVS). For the above
reasons, the informed embedding watermarking systems
cannot outperform the practical, often heuristically designed,
watermarking systems under common watermark attacks
such as image rotation, scaling and cropping, despite their
solid mathematic foundation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTS

5.5.2 Informed Coding Watermarking
Informed embedding algorithms yield better performance
than their blind competitors. However, the previously
described algorithms do not fully exploit the information
of the host signal in that they do not use this information
during the message coding procedure. That is, when multiple
bit watermarks are considered, the message coding procedure
can use the information of the host signal in order to select
an appropriate code vector for the specific host signal that
minimizes the perceptual distortion of the watermarked
signal and maximizes the robustness in terms of appropriate
measures. These algorithms that take advantage of the side
information during the message encoding procedure are
called informed coding watermarking algorithms. It is possible
to combine informed embedding and informed coding in
order to achieve significantly better performance.
Informed coding has been described based on a theoretical
result obtained by Costa [71]. This result implies that the
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capacity of a watermarking system might not depend on the
distribution of the host signal but rather on the distortions
the watermark must survive (i.e., the desired level of
robustness). Costa introduced the idea of "writing on dirty
paper" which can be described as follows: Having a piece of
paper covered with independent dirty spots of normally
distributed intensity, someone has to write a message using
a limited amount of ink. The dirty paper, with the message on
it, is then transmitted to someone else, and acquires more
normally distributed dirt on the way. If the receiver cannot
distinguish between the ink and the dirt, how much information
can be reliably send? Costa presented this problem as an
analogy to the communication channel shown in Fig. 6.
The channel has two independent white Gaussian noise
sources. The first one represents the host signal and the
second one represents the attacks that the watermarked signal
may face. Before the transmitter chooses a signal to send, it
is informed that the host signal is fo. The transmitter should
send a signal that is limited by a power constraint that
corresponds to the limited ink on the dirty paper example
or to the perceptual distortions constraint in a real watermarking system. Costa showed that, for the above communication scheme, the first noise source has no effect on the
channel capacity. That is, if a watermarking scheme behaves
enough like this dirty paper channel, its maximum message
payload should not depend on the host media.
Unfortunately, a real watermarking scheme has substantial
differences from the dirty paper communication scheme:
• The two noise sources, especially the host signal, are
rarely Gaussian.
• The distortions implied by the channel (i.e., the second
AWGN source) are dependent on the watermarked
signal.
• The fidelity constraint (i.e., the constraint on perceptual
distortions) cannot be represented by the constrained
power, since this is analogous to the MSE, which is
a poor perceptual distortion estimate.
For the above reasons it is not straightforward to prove
that the capacity of watermarking is independent of the
distribution of the host signal. Other researchers studied
channels that model better a real watermarking scheme [72].

First Noise
Source (AWGN)

They have shown that, even if the second noise source is
not AWGN but a hostile adversary that intentionally tries to
remove the watermark, the dirty paper theory result still
holds. They have also found that, even when the unwatermarked signal is not Gaussian, the result is approximately
true.
The basic idea of applying Costa's theory to watermarking
is using several alternative code words for each message
instead of a single one. The code word that will be used
for transmitting the message is the one that minimizes the
interference of the host signal. Let us consider a simple
channel in which only two different host signals, fl and f2,
can be transmitted. That is, the first AWGN source can
generate only these two signals, while the second AWGN
source can generate any noise signal. Suppose that the
transmitter should sent one of the M possible messages m.
If the host signal to be transmitted is fl then the optimal
solution for encoding the message m is to select w -- m - f l
as the signal to be transmitted, since it is known to the
transmitter that the interference will be fl. The constraint of
the limited power of the watermark w defines a hypersphere
in the multidimensional space of the host signal that is
centered in fl. All the watermarked versions off1 containing
the different encoded messages should lie inside the hypersphere and should be as far as possible from each other. If the
host signal to be transmitted is the signal f2 then the optimal
solution is to construct the watermark as w - - m - f 2 .
Again all the encoded messages should lie inside a hypersphere
centered in f2. It is obvious that, if the two host signals are
sufficiently different from each other, the two hyperspheres do
not overlap and two different sets of code vectors can be used
for encoding the messages depending on the host signal.
The receiver uses also two sets of code vectors and selects
the code vector that is closer, in terms of Euclidean distance,
to the received signal. This communication scheme is reliable
even though the receiver does not have any side information
about the host signal.
The measures that indicate the robustness of the described
scheme are firstly the radius of the hyperspheres which
allows for many different messages to be encoded (i.e., be
included and sufficiently scattered inside the hypersphere),
and secondly, the distance between the host signals which zyxwvutsr
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FIGURE 6 Communicationchannel model proposed by Costa.
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the message encoding procedure, where each possible message
maps uniquely onto a different dither vector (i.e., quantizer)
and the host signal is quantized using the resulting quantizer.
Many practical realizations of QIM have been proposed
to deal with the problem of computational complexity [73].
Regular lattices are used as realization of the quantizers.
The drawback of these lattice codes is that they are not robust
against valumetric scaling such as contrast changes in images.
A small change on the contrast of a watermarked image
may result to errors in message decoding.
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FIGURE7 Quantizationindexmodulation for information embedding. Two
different quantizers are depicted. The input signal is quantized with the Oquantizer that corresponds to the first of the two possible messages.
indicates the amount of noise that can be dealt with without
causing shifting to a set of code vectors different from the
one used for encoding.
In a more realistic situation the hyperspheres of the host
signals will overlap and more generally, the number of
different host signals will be unlimited and thus generating
a set of code vectors for each host signal will be infeasible.
In order to solve these problems and design a scheme that
can deal with the constraints of a real watermarking system
the quantization index modulation (QIM) method has been
proposed [24]. QIM refers to embedding information by first
modulating an index or a sequence of indices with the
embedded information and then quantizing the host signal
with the associated quantizer or sequence of quantizers.
A simple example with two quantizers that are used to
encode two different messages is shown in Fig. 7. The size of
the quantization cells, one of which is shown in this figure,
determine the distortion that can be tolerated. In QIM, each
message is encoded using a different quantizer that covers
the entire multidimensional space of the host signal, in a
structured manner. During the encoding procedure, the host
signal is quantized using the quantizer that corresponds to the
message to be embedded. The distortion induced by the
quantization step is associated with the fidelity constraint
whereas the minimum distance between the nodes of two
different quantizers is associated with the maximum perturbation that can be tolerated by the watermarking scheme.
A practical implementation of QIM is the dither modulation,
where the so-called dither quantizers are used during message
encoding. The property of these quantizers that renders
them appropriate for QIM is that the quantization cells
and reconstruction points of any given quantizer are shifted
versions of the quantization cells and the reconstruction
points of any other quantizer. This property is exploited in

As we have previously seen, one of the watermark characteristics is imperceptibility which can be defined using
two different terms: fidelity and quality. Fidelity is a measure
of the similarity between the original host signal and the
watermarked signal and, thus, should be as high as possible.
Image quality is a measure of the viewer's satisfaction when
viewing an image. A high quality image looks good (i.e., it
has no obvious processing artifacts). Thus, fidelity is a two
argument measure, whereas quality is a single argument one.
It is obvious from the above definitions it is obvious
that image quality may be reduced after watermark embedding, only if the quality of the original host signal is high.
However, there are many cases where the quality of the
original host signal is medium or low (for example, surveillance images). In these cases, the objective is to maintain the
image quality. Preserving the quality after watermark embedding is achieved when the fidelity is high, since in this case,
the watermarked signal is indistinguishable from the original
host signal. High fidelity of the watermarked image assures
quality preservation, whereas high quality of the watermarked
image does not assure high fidelity.
In the design of watermarking schemes using informed
embedding or coding, we have seen that the MSE is the
more simple measure of the perceptual distortion implied by
the watermark. Constructing watermarks resulting in constant
MSE between the watermarked and the original signal was
considered as a way of keeping constant fidelity. However,
in a real situation two different watermarked signals that
have the same MSE when compared to their originals are
not perceived as having the same fidelity, because MSE
does not correlate well with subjective fidelity. Instead of
the MSE, other more complex models have been proposed
for measuring visual fidelity that are closer to the way HVS
works.
The properties of the HVS that are taken into
account when constructing a watermarking scheme are the
following:

• Sensitivity, which is related to the eye response to direct
stimuli. For example, a common sensitivity measure is
the minimum brightness required for an eye to perceive
certain spatial or temporal image frequencies.
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• Masking, that is a measure of the observer's response to
one stimulus (watermark), when a second "masking"
stimulus (host image) is also present. Thus, by using
visual masking, we can hide more information in a
textured image region than in a uniform region since
texture provides a better mask.
• Pooling, which is a single estimate of the overall change
in the visual appearance of an image that is caused by
combining the perception of separate distortions.
The important issue is the adaptation of the watermark
to the properties of the HVS, i.e., content-adaptive watermarking. Assuming we are given a masking function constructed according to the HVS properties, we wish to embed
the watermark into the host image by keeping it under the
threshold of visual imperceptibility. The perceptually adaptive
watermarking was mainly inspired by the achievements in
the perceptual-based image/video compression, especially on
the early stages of watermarking technology development.
Therefore, the perceptual masking was mainly addressed
in the transform domain.
One of the first approaches to content-adaptive digital
watermarking was proposed in [74]. This approach was
based on the just noticeable difference (]ND), which was
computed in the DCT domain using a mask developed for
lossy JPEG compression by Watson [75]. Another sophisticated approach takes into account the luminance and contrast
sensitivity of the human visual system, and differentiates
between edge and texture regions visibility. The resulting
mask was used in the spatial image.
The next generation of content-adaptive digital watermarking methods utilizes the idea that the perceptual masking
should be performed directly in the transform domain (mostly
wavelet domain) to be matched with ]PEG2000 image
compression standard. The perceptual masking performed
in the transform domain has a number of advantages.
First, the watermark embedding process is accomplished in
the same domain as image/video compression that renders
watermarking-on-the-fly possible. Second, it allows ]PEG2000
compliance that ensures additional robustness of the watermarking algorithms to lossy JPEG2000 compression. It should
be noted that the mask and watermark energy allocation
should be simultaneously adapted to the other types of
lossy compression algorithms such as DCT-based ]PEG.
The factors that should be taken into account for the mask
design matching HVS properties are the following:
• Background luminance sensitivity
• Contrast sensitivity depending on image subband or
resolution
• Orientation sensitivity (anisotropy)
• Edge and pattern (texture) masking
The background luminance sensitivity is described according to Weber's law: the eye is less sensitive to noise in

bright regions. For the subband sensitivity, experiments have
proven that the eye is differently stimulated depending on the
frequency, orientation and luminance of the image content.
Finally, the higher the texture energy of an image region is,
the lower is the visual sensitivity with respect to content
changes in this region. The combination of high frequency
edges and low frequency luminance variance are used to
calculate the texture masking factor. The edge proximity factor
refers to the fact that the higher the luminance difference
of an edge is, the less is the visual sensitivity at the vicinity
of the edge. However, as we get away from the edge, the
visual sensitivity is reestablished.
To establish a bridge between the rate-distortion theory
and the content-adaptive watermarking, it was proposed to
use a stochastic texture perceptual mask based on a noise
visibility function (NVF) developed earlier only for the spatial
image domain [76]. This result was also extended to the
wavelet domain aiming at including the multi-resolution
paradigm in the stochastic framework to take into account
a modulation transfer function (MTF) of the HVS and to
match the proposed watermarking algorithm with the image
compression standard JPEG2000. This practically means
that the assigned watermark strength depends on the image
sub-band. Such a modification leads to a non-white watermark spectrum matched with the MTF that was not a case
for the spatial domain based version of the NVF. The second
reason to use wavelet domain embedding is the desire to
incorporate the HVS anisotropy to different spatial directions
in the perceptual mask. The spatial domain version of the
NVF uses the isotropic image decomposition based on the
extraction of a local mean from the original image or its
high-pass filter output. In the wavelet domain, the image
coefficients in 3 basic spatial directions, i.e., vertical,
horizontal and diagonal ones, are received as a result of the
decomposition that reflects the HVS anisotropy properties
better. As a result, the watermark strength varies with
orientations in the proposed mask. zyxwvutsrqponmlkjihgfedcbaZYXW

6 Image Content Integrity and
Authentication Watermarking
In this section, we focus on how watermarks can be used
to assist in maintaining and verifying image content integrity.
Image editing is in many cases legitimate and desirable.
However, for many applications modifications introduced by
image editing may be malicious or may affect image interpretation, thus resulting in image tampering. For example,
tampering with images acquired for medical applications may
result to misdiagnosis. Changes in images that are used as
evidence in a criminal trial can result in a wrong conviction.
Image content authentication mainly focuses on the development of fragile or semi-fragile watermarks.
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In a real world application scenario, the image owner,
embeds a watermark so that either she or the user, is able
to check if the image has been manipulated by someone.
Sometimes, the owner can become subsequently the user
as well. The information conveyed by the watermark is related
to the authenticity and/or integrity of the product. In certain
cases, it is interesting to detect which image regions have been
altered. In general, the attacker intends to alter the content
of the product without distorting the watermark. This goal
is the primary distinction between watermarking for image
authentication and for copyright protection. Alternatively, the
attacker may try to copy the watermark from a watermarked
image to another image. This is the forgery attack. The
watermark should generally be destroyed by any authentication attack on the image. In some cases, it is desirable that the
watermark withstands certain attacks that do not degrade
image quality (e.g., high quality lossy compression). A usual
application occurs when photographs or movies are sent by
news agencies (owners) to newspapers or TV channels (users).
The news broadcaster wants to be assured that the images
are authentic before broadcasting. Thus, the authenticity
check is a procedure that concerns primarily the user of the
image. If someone wants to use an image authentication
algorithm in front of a court, then the user is the judge
who needs to be assured for the image authenticity.
The purpose of an image authentication algorithm is to
provide the user with all the information needed about image
authenticity. Image authentication algorithms usually produce
an authenticity measure in the range [0,1]. If required that
the image data should not change at all, any image alteration
is prohibited and the threshold for accepting an image as
authentic should be very high (or close to 1). Thus, the use
of an authenticity measure is enough to assure authenticity.
This type of authentication is called complete or exact or hard
authentication. However, in certain cases of image content
authentication (e.g., in the case of stored surveillance images),
legitimate distortions such as high quality image compression, are allowed, i.e., an image is considered authentic even
after high quality lossy compression. In such cases, the image
authenticity measure is lower than 1 even for authentic
images, where the image content remains unaltered. Thus,
the use of the authenticity measure alone is not adequate
for deciding about the image authenticity. In this case, the
image authentication algorithm should have the ability of
tamper proofing, i.e., to detect the tampered image regions
that change the image content. This type of authentication
is called content or selective or soft authentication. We shall
use only the terms complete and content authentication for
the rest of this section.
It is obvious that the requirements of an image authentication scheme are different, depending on whether we are
considering complete or content authentication. In complete
authentication, the watermark should be destroyed even if
a single bit has been changed in the watermarked image.
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Localization of the tampered regions is a desirable feature in
complete authentication. In content authentication schemes,
the basic requirement is that the watermark should be
destroyed whenever an illegitimate distortion is applied to
the watermarked image and should not be destroyed when the
distortions are legitimate. It is obvious that the critical point is
the characterization of a distortion as legitimate or illegitimate. This issue cannot be dealt with universally but it is
specific for each particular application. For example, uniform
geometric distortions applied on an image may be legitimate
for a press agency but illegitimate for a medical application.
The distortions that are usually considered legitimate for
many applications are those that do not change in any manner
the content of the image. Such distortions are the high quality
lossy compression, mild noise filtering, geometric transformations etc. In any case, the content authentication should
have the ability of tampering localization. That is, the image
regions that have been subject to any illegitimate distortion
should be detected.
In the extreme case of content authentication, only the
semantic meaning of an image should be preserved for an
image to be considered as authentic. The semantic content of
the image can be represented in the form of a feature vector.
In this case, content authentication means that the feature
vector of the image should always be extracted unaltered.
In this case, the image is considered authentic even if
heavy distortions have significantly reduced the image quality.
Another characteristic of some content authentication algorithms is the property of self-restoration. Self-restoration
is ability of the algorithm to restore the image to its original
content even if the content has been distorted by illegitimate manipulations. To this end, self-embedding has been
proposed in [77]. In this approach, a low quality version of
the image is embedded in the original image using LSB
modulation. The low quality information of each image block
is embedded in the LSBs of a different image block so as to
assure that either the original image block or the embedded
one will be available at the restoration phase.
A general watermarking framework used for image
authentication was presented in [8]. This framework is comprised of three steps: the watermark generation, embedding
and detection procedures. Let 7~ and Z denote the set of
real and integer numbers, respectively, and / d - { 0 , 1 , 2 } .
Given an image f(x)" D _ Z2-----~ Z and a watermark key
k 6 Z, a ternary watermark w(x)" G G Z 2 ~ ~ can be
produced by the watermark generation procedure, where
x denotes the coordinate vector of a pixel. In the watermark generation either chaotic techniques or pseudorandom
number generators can be used for producing the watermark
w(x). The watermark embedding procedure of the watermark
w(x) in the image fix) is given by:

Mx) - f i x ) ® w(x)

(30)
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where fw(X) is the watermarked image and ® is a generalized
superposition operator which includes appropriate data truncation and quantization, if needed. The watermark embedding
procedure can be applied either in the spatial domain or in the
other domains (e.g., in the DFT, DWT, DCT domains). The
watermark detection produces a binary decision on image
authenticity and the watermark detection credibility measured
by the watermark detection ratio. Additionally, the watermark detection produces an image denoting the unaltered
(authentic) regions of the watermarked image.
In the following, a brief description of the most important
schemes proposed for image authentication is presented.
The first class of authentication methods is based on using
a separate header (digital signature) which must be known
to the receiver that will perform the authenticity check.
These schemes, although not based on watermarking will be
briefly reviewed since they appeared first in the literature.
The development of a "trustworthy digital camera" was
proposed in [78]. A digital image is captured by a camera and
then it is passed through a hash function. The output of
the hash function is encrypted by the photographer's private
key and a separate authentication signal is created. In order
to ensure image authentication, the encrypted signal is
decrypted by the photographer's public key and the hashed
version of the original image is compared to that of the
received image. A compression tolerant method for image
authentication is proposed in [79]. The proposed scheme is
based on the extraction of feature points that are almost
unaffected by lossy compression. The major drawbacks of
this method are the need of a separate header for storing the
digital signature and the low accuracy in the detection of the
tampered regions.
An authentication method that gives a distortion measurement instead of a binary decision on image authenticity
is proposed in [80]. It does not require a separate signature
file or header for image authentication, but it can not
detect the image regions that are authentic, if selective
modifications to fine image details have been made. A
method for image authentication that is based on changing
the least significant bit (LSB) of the image pixels is proposed
in [81]. The method can detect alterations that are made
in several image regions. However, it is not robust to high
quality lossy compression.
Another class of authentication methods uses a transform
domain such as DFT, DWT, DCT etc., for watermark
embedding. These methods are usually more robust against
attacks such as filtering and compression [82]. A method in
which a look-up table is needed for image authentication is
proposed in [83]. The watermark is embedded in the DCT
domain and attains robustness to lossy compression. This
method is based on [84], where the LUT is used for watermark embedding in the spatial domain. However, it is not
robust against lossy compression and, furthermore, is very
sensitive to the forgery attack presented in [85]. A method for

wavelet transform domain authentication watermarking is
proposed in [86]. The detection of the tampered image
regions is not addressed and the compression of the watermarked image is not supported. Instead, the authentication
algorithm is integrated within the SPIHT codec. This means
that the authentication algorithm protects the already
compressed image. An image watermarking method for
tamper proofing and authentication is proposed in [87]. The
watermark is embedded in the discrete wavelet transform
domain by quantizing the corresponding wavelet coefficients.
The method is robust against compression and succeeds in
detecting alterations of the host image, whether they are
produced by changing fine image details or by high quality
image compression. The major drawback of the proposed
method is that, when combined attacks are made to the
watermarked image, the authenticity check is based on the
low DWT levels, i.e., levels 4 and 5. These levels contain a
small number of coefficients and a decision about image
authenticity based on the watermark detection at these levels
is unreliable, since each coefficient represents a region of
16 x 16 or 32 x 32 image pixels. Robustness against combined attacks is not supported.
An attack that has been developed for image authentication
algorithms is presented in [85] and succeeds in copying the
watermark from a watermarked image to another image that
is not watermarked. The attack has been successfully applied
to the methods presented in [81,88,89]. Knowledge of the
logo to be embedded is assumed in order to forge the
watermark. The main disadvantage that renders these methods
vulnerable to the attack is that they are block-wise independent. That is, the watermark in a certain block depends
neither on the entire image nor on other watermarked blocks.
Another fact that helps the attacker to estimate the inserted
watermark statistically, is that critical watermark parameters,
such as the positions of the watermarked pixels and the
embedded logo are known to the attacker.
Another technique for image authentication has been
proposed in [90,91]. It is based on a modification of
an established watermarking technique for copyright protection [8]. The image authentication algorithm generates a
watermark according to the owner's private key. Subsequently,
the watermark is imperceptibly embedded in the image.
In the authentication detection procedure, the watermark is
extracted from the image and a measure of tampering is
produced for the entire image. The algorithm detects the
regions of the image that are altered/unaltered and, thus, are
considered non-authentic/authentic. The alterations that are
produced by a relatively mild compression and do not change
significantly the quality of the image are also detected. An
example of an image authentication procedure using the
image "Opera of Lyon" (http://www.petitcolas.net/fabien/
watermarking/image_database/index.html), which has been
used as a reference image for watermark benchmarking, is
depicted in Fig. 8.
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(a)
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(c)

FIGURE 8 (a) Original watermarked image. (b) Tampered watermarked image. (c) Tampered regions.

Differentiating between malicious and incidental manipulations in content authentication remains an open issue.
Exploitation of robust watermarks with self-restoration capabilities for image authentication is another research topic.
The authentication of certain regions instead of the whole
image when only some regions are tampered has also attracted
the attention of the watermarking community.
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1 Introduction
Visual cryptography (VC), introduced in [15], is a recently
emerging research area in cryptography, where images are used
as an encoding of possibly secret information and human
vision is used to perform decoding operations previously done
by cryptographic algorithms run by computer. In its main
paradigm, a VC scheme would require a secret binary image to
be cryptographically encoded into n shares of random binary
patterns. The n shares are then copied onto n transparencies
respectively and distributed among n participants, one for
each participant. No participant knows the share given to
another participant. Any majority number of participants can
visually reveal the secret image by superimposing their
transparencies together. On the other hand, any minority
number of participants cannot recover the secret image or
even obtain any information about the secret image. Here, the
security of the scheme is unconditional, not depending on any
hardness of any computational problem. In other words, no
information at all about the secret can be computed by any
minority number of participants, even if infinite computational power is available to them.

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

1.1 Visual Cryptography: The Combinatorial
Framework
The main instantiation of VC realizes a cryptographic
protocol, called secret sharing (SS). In a conventional SS
scheme, a secret is shared among n participants in such a way
that subsets of qualified participants can pull their shares and
recover the secret but subsets of forbidden participants can
obtain no information about it. Here, both the sharing
phase and the reconstruction phase involve algorithms that
are run by computers (specifically, a dealer runs a distribution algorithm and a set of qualified parties can run a reconstruction algorithm). The surprising novelties of a visual SS
scheme are in representing data as images and in an
elementary realization of the reconstruction phase, consisting
of just viewing the image obtained after stacking transparencies. Visual SS schemes inherits all applications of conventional SS schemes; most notably, access control. As an
example, consider a bank vault that must be opened every
day by five tellers, but for security purpose it is desirable not to
entrust any two individuals with the combination. Hence, a
vault-access system that requires any three of the five tellers
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may be desirable. This problem can be solved using a 3-out- 1.3 This Chapter
of-5 threshold scheme. In addition to access control, visual
SS schemes can be applied to a number of other cryptographic The goal of this chapter is to review both the combinatorial
protocols and applications using conventional SS, such as and the halftoning frameworks for VC, paying especially
threshold signatures, private multiparty function evaluation, attention on the latter. We start by reviewing basic notions,
definitions, and combinatorial constructions of VC, focusing
electronic cash and digital elections.
Another, quite intriguing, instantiation of VC schemes mostly on visual SS schemes. In particular, we present
realizes visual SS with innocent-looking images as shares. This combinatorial constructions for both conventional visual SS
version of visual SS has applications to a multiparty variant of schemes, where the shares distributed to participants are
steganography. In a conventional steganography scheme, a random-looking sequences of pixels and visual SS schemes
user A sends an innocent-looking image to another user B, in with innocent-looking images as shares. We then describe in
such a way that B can recover some hidden image, but no detail the halftoning framework for VC. In particular, we
observer of the communication between A and B even present one halftone visual SS scheme for the 2-out-of-2
suspects that the communication contains some hidden structure and one for any arbitrary access structure. Simulaimage. In a multiparty variant of conventional steganography tion studies are presented and comparisons are drawn with the
schemes, a user A sends innocent-looking images to users, combinatorial methods for VC with innocent-loking shares.
Section 2 presents the definitions and constructions of
B1 . . . . . Bn, in such a way that qualified subsets of the
conventional
visual SS. In Section 3 we consider visual SS with
recipients can recover some hidden image, but no observer
innocent-looking
images, by focusing on halftone visual SS
of the communication between A and any of B1. . . . . Bn, even
methods,
and
showing
constructions and simulation studies.
suspects the existence of hidden images. Interestingly, a
Finally,
additional
work
is cited and conclusions are drawn
version of visual SS with innocent-looking images as shares
in
Section
4.
can implement this steganography variant. In practice,
however, both regular visual SS and visual SS with
innocent-looking images work by expanding a single pixel
of an image into multiple pixels, with consequences on image 2 Visual Secret Sharing
quality. It is indeed of great interest to design schemes
We review the notion of visual secret sharing, by describing
achieving high image quality.
Although the literature has paid a significant amount of the basic ideas and formal definitions for this notion in
attention to visual SS, some different paradigms of VC Section 2.1 and by presenting some constructions from the
have also been studied, giving rise to visual versions of other literature in Section 2.2.
types of cryptographic protocols, such as authentication and
identification [14], and copyright protection and water2.1 Notion and Formal Definitions
marking [8, 18]. Constructions for the latter protocols are
still strongly influenced by constructions for visual SS To illustrate the principles of visual SS, consider the example
schemes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of a 2-out-of-2 visual threshold scheme where each pixel p of
the secret image is encoded into a pair of subpixels in each of
the two shares. Ifp is white, one of the two columns tabulated
1.2 Visual Cryptography: The
under the white pixel in Fig. 1 is selected. If p is black, one of
Halftoning Framework
the two columns tabulated under the black pixel is selected. In
These VC constructions are exclusively based on combinato- each case, the selection is performed by randomly flipping a
rial techniques. In the halftoning framework for VC, a secret fair coin, such that each column has a 50% probability of
binary image is encrypted into high-quality halftone images, being chosen. Then the first two pairs ofsubpixels in the selected
or halftone shares. In particular, this method applies the rich column are assigned to share 1 and share 2, respectively. Since
theory of blue noise halftoning to the construction mechanism in each share, p is encoded into a black-white or white-black
used in conventional visual SS schemes to generate halftone pair of subpixels with equal probabilities, independent of
shares, while the security properties are still maintained. The whether p is black or white, an individual share gives no
decoded secret image has uniform contrast. The halftone information about to the value of p. In addition as each pixel
shares carry significant visual information to the viewers, such is encoded independently, no secret information can be gained
as landscapes, buildings, etc. The visual quality obtained by the by looking at groups of pixels in each share. Now consider
new method is significantly better than that attained by any the superposition of the two shares as shown in the last row of
other available visual SS method known to date. As a result, Fig. 1. If a pixel p is white, the superposition of the two shares
adversaries, inspecting a halftone share, are less likely to always outputs one black and one white subpixel no matter
suspect that cryptographic information is hidden. A higher which column of subpixel pairs are chosen during encoding.
security level is thus achieved.
If p is black, it yields two black subpixels. There is a contrast
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literature, such as t-out-of-n threshold structures (see, [6, 7,
10, 15, 16]) and arbitrary monotone access structures (see,
[2, 3]), where all qualified and forbidden subsets of the
participants are defined. We now proceed with a more formal
treatment, by presenting a formal definition of visual secret
sharing schemes and recalling constructions of such schemes
from the literature.
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FIGURE 1 Constructionof 2-out-of-2 visual SS scheme: A secret pixel can be
encoded into two subpixels in each of the two shares.

loss in the reconstruction, however, the decoded pixel is
readily visible.
For instance, encoding the secret image shown in Fig. 2A
leads to the two shares shown in Figs. 2B and 2C.
Superimposing these two shares leads to the output secret as
shown in Fig. 2D. The decoded image is clearly identified,
although some contrast loss is observed. The width of the
decoded image is twice that of the original secret image since
each pixel p is expanded to two subpixels in each share as
shown in Fig. 1. This effect is referred to as pixel expansion.
The scheme described demonstrates a special case of a visual
threshold scheme for a specific access structure (that is,
2-out-of-2). Similar to the area of secret sharing, more general
structures have been studied in the visual cryptography

2.1.1 Formal Modeling

Let ~ = {1, 2 . . . . . n} be a set of n participants, and let 27~ be
the set of all subsets of 7:'. Mso, we let ['Oual ___ 27~ be a set of
qualified subsets and FForb _ 2 p and a set of forbidden subsets
FForb; the pair (Fouaz, FForb) is called the access structure of the
scheme. Thus, the access structure specifies which participants
(those in Foua;) can jointly decode the secret image, and which
participants (those in ['Forb) can obtain no information at all
about it. If the participants in a subset X ~ FOual can decode
the secret image, usually, the participants in any superset Y of
X (X c Y) should be able to decode the secret image as well.
Thus, Y ~ EQual. Such EQual is called monotonically increasing.
If the participants in a subset X ~ F Forb cannot decode the
secret image, usually, the participants in any Y, a subset of X
(Y C X), should not be able to decode the secret image either.
Thus, Y ~ FForb. Such FForb is called monotonically decreasing.
If FQual is monotonically increasing, FForb is monotonically
decreasing and FQual U FForb = 2 7~, then the access structure is
said to be strong. Let F0 --{X ~ FQual:Y~ FQual for all
Y C X} be the set of all minimal qualified subsets. In a
strong access structure, FQual is the closure of F0. Thus, F0 is
termed a basis, from which strong access structure can be
derived. Unless otherwise specified, only strong access
structures are discussed in this chapter, which is the usual
setting for traditional secret sharing. The aforementioned
concepts are illustrated in the following Example 2.1.
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(A) Secret image,

(C) Share 2,

(B) Share 1,

(D) Decoded image,

A 2-out-of-2 visual SS scheme: the secret image (A) was encoded into the two shares (B) and (C), and was
decoded (D) by superimposing these two shares with 50% loss of contrast.

FIGURE 2
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The strong access structure (FQual, FForb) of the 2.2 S o m e Constructions
Example 2.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2-out-of-3 scheme can be written as FQuaZ -- {{1,2}, 2,3}, {1, 3},
{ 1, 2, 3 }} and FForb { { 1}, {2 }, {3 }}. It can be verified that FQual We now review some of the most important results on the
is monotonically increasing and F vorb is monotonically decreas- design of visual secret sharing schemes: the notion of basis
ing. Let X = { 1 , 2 , 3 } 6 F Q u a / and Y = { 1 , 2 } C X .
Since matrices, and constructions of visual SS schemes for two
Y ~ FQual, X does not satisfy the definition of F0, that is, types of threshold access structures and for any arbitrary
X~F0. Now let X = {1,2} 6 FQuat. Any Y C X satisfies access structure.
Y¢ FQual, so X ~ F0. The same results can be obtained on
{2,3} and {1,3}. Such that F0 = {{1,2}, {2,3}, {1,3}}.
2.2.1 Basis Matrices
In visual SS, a secret binary pixel p is encoded into m
Most constructions for visual SS schemes are based on sosubpixels in each of the n shares, where m is the pixel expancalled basis matrices. These are two matrices S°,S 1 satisfying
sion. These subpixels can be described as a n x m Boolean
some simplified contrast and security properties. It turns out
matrix M, called encoding matrix, where a matrix entry 0
that the collections of matrices Co and C1 of a visual SS scheme
corresponds to a white subpixel and a matrix entry 1
can be defined as the collections of all matrices obtained by all
corresponds to a black subpixel. The ith (2i = 1,2 . . . . . n)
possible permutations of columns in SO and S 1, respectively.
row of M, denoted as ri, contains the sub-pixels to be assigned
We now present a formal definition of basis matrices.
to the ith share. Let X -- {il, i2. . . . . is} denote the indexes of a
subset of shares assigned to s participants. Superimposing the Definition 2.2 Two matrices S°, S 1 are called basis matrices, if
shares in X is equivalent to OR-logical operation on the the two collections Co and C1 in Definition 2.1 are obtained by
corresponding rows rik (k = 1,2 . . . . . s) of M, resulting in a permuting the columns of S °, S 1 in all possible ways, respectively,
row vector V = OR(ril, ri2. . . . . ri~). The binary level of the and S °, S 1 satisfy the following two conditions.
reconstructed pixel p, obtained by such superimposition, is
1. Contrast condition: if X = {il, i2 . . . . . iu} E FQual, the
proportional to the Hamming weight of V, denoted as w(V).
row vectors Vo and V1, obtained by performing OR
In Definition 2.1, the construction conditions of matrix M
operation on rows il, i2,, iu orS 0 and S 1 respectively, satisfy
are given so as to satisfy the requirements of visual SS. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w(Vo) < tx - ~ ( m ) . m and w(V1) >__tx.
Definition 2.1 Let (EQual, FForb) be an access structure on a set
2. Security condition: if X - {il, i2. . . . . iv} ~ PForb, one of
of n participants. Two collections of n x m Boolean matrices
the two v x m matrices, formed respectively by exacting
Co and C1 constitute a visual SS scheme if there exists a value
rows il, i2. . . . . iv from So and S 1, equals to a column
permutation of the other.
a(m) and a set {X, tx}xerQuo~ satisfying:
:

1. Contrast condition:Any(qualified) subsetX = {il, i2. . . . .
iu} ~ Fqual of participants can recover the secret image
by stacking the corresponding transparencies. Formally,
for any matrix M ~ Cj (j = O, 1), the row vectors Vi =
OR(rfi, ri2 . . . . . ri~) satisfy

w(Vo) <_ t x - a(m). m,

An example of S°, S 1, C0, and C 1 is given next to illustrate
these concepts.
Example 2.2 The basis matrices and the collections of the
encoding matrices in the conventional 2-out-of-2 scheme (shown
in Fig. 1) can be written as

so E01]

(1)

,

0

and
w(V1) _> tx.

(2)

The value tx = min(w(V1)) is the threshold to visually
interpret the reconstructed pixel as black or white, and
or(m) -- min(w(V~))-max(w(Vo)) is called the relative difference
m
referred to as the contrast of the decoded image.
2. Security condition: Any (forbidden) subset X = {il, i 2 , . . . ,
iv} ~ F Forb of V participants has no information of the
secret image. Formally, the two collections of v x m
matrices Dj ( j = 0 , 1 ) , formed by extracting rows
il, i2. . . . . iv from each matrix in Cj, are indistinguishable.
Given Co and C1, the encoding matrix M is randomly selected
from Co if the secret pixel p is white, and from C1 ifp is black.

Co

1

[011
1

(3)

)

0

{io 1] [1 ol/ Cl {i o 1] EI o]}
0

1

1

0

1

0

0

1

(4)
In this example, the pixel expansion is m = 2. For any encoding
matrix M e Co, the row vector Vo = O R ( q , r 2 ) satisfies
w(Vo) = 1. For an), M eC1, the row vector V1 = OR(rl, r2)
satisfies w ( V 1 ) - 2. Thus, the 2-out-of-2 visual threshold
scheme can be implemented by using these two collections.
The secret image can be visually decoded with the threshold
tx = r a i n (w(V1))= 2, having a relative difference a ( m ) =
[min(w(V1))- max(w(Vo))]/(m)- V2.
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2.2.2 Visual Secret Sharing for
Threshold Access Structures

such that C A [ l , 2 ] - 1, as shown in Eq. (7) derived from
Eq. (6).

We now recall the construction in [ 15] of basis matrices ~0 and
gl for a t-out-of-t visual SS scheme. Let E - {el, e2. . . . . et} be
a set of t elements. Let Zrl,zr2. . . . . Zrzt-1 be a list of all the
subsets of E having even cardinality. Let al, O'2 . . . . . O'2t-1 be a
list of all the subsets of E having odd cardinality. For 1 < i < t
and 1 < j _ < 2 t-l, let S ° [ i , j ] - I if and only if ei E rcj and
~1 [i, j] - 1 if and only if ei ~ aj. As an example, when t - 3 ,
the basis matrices ~0 and ~1 are found as
1001

0110
~o

0101

,

gl _

0011

0101

.

(5)

0011

To see that this scheme satisfies the contrast condition, we
note that one column of matrix S 0, the one associated with the
empty subset, contains all zeros. On the other hand, no such
column exist in gl. This implies that the OR of any t rows in
any permutation of ~0 results in a string with 2 t-1 - 1 ones,
while the OR of any t rows in any permutation of ~1 results in
a string with 2 t - 1 o n e s .
To see that this scheme satisfies the security condition, we
note that any t - 1 rows of S 0 or ~1 have a similar structure:
If we consider the rows as subsets of a ground set of size 2 t-l,
every intersection of t - 1 rows or their complement has size
equal to two. Therefore, a random permutation of columns of
the basis matrices gives equally distributed matrices.

2.2.3 Visual Secret Sharing for
Arbitrary Monotone Structures
We now recall a construction in [3], based on cumulative
arrays, of basis matrices ~0 and ~1 for a visual SS scheme
for an arbitrary access structure. Specifically, let (FQ,at, FForb)
be a strong access structure on the set 79 = { 1 , 2 , . . . , n }
of participants. Let Z M - - " {X • I-'Forb : X U {i} e FQual for all
i e 7:'\X} be the collection of the maximal forbidden sets.
Assume t = IZMI and ZM -- {X1, X2 . . . . . Xt}.
Example 2.3 Let (FQual, FForb) be a strong access structure
on the set of participants T' = {1,2, 3, 4}, where F qual is the
closure o f f o = { { 1 , 2 , 3 } , { 1 , 2 , 4 } } , namely, FQuat= {{1,2,3},
{1, 2, 4}, {1, 2, 3, 4} }, and Fvorb = {{1},{2},{3},{4}, {1,2}, {1,3},
{1,4},{2,3},{2,4},{3,4}, {1,3,4},{2,3,4}}. It holds that

ZM -- {{1, 3,4}, {2, 3,4}, {1,2}},

(6)

where X 1 - - {1,3,4}, X2 -- {2,3,4}, X3 -- {1,2} and t - 3 .
A cumulative array for EQual, denoted as CA, is an n x t
boolean matrix, which is obtained from the maximal
forbidden sets ZM. For any l < i < n
and l < j < t ,
let
CA[i, j ] - 1 iffi~ Xj. In Example 2.3, it holds that i - 1 ~ X2,

010
100

CA -

(7)

.
001
001

Let g0 and g l be the basis matrices for a t-out-of-t visual SS
scheme, as from the construction in [15], also recalled above.
The basis matrices So and S 1 of the access structure
(Fquat, FForb) can be constructed based on ~0 and ~1. For
any fixed i, let ji, a,ji,2 . . . . . jig be the integers j such that
C A [ i , j ] - 1. The ith row of' ~0 (S 1, resp.) is obtained by
performing OR on the rows ji, l,ji,2 . . . . . ji, gi of g0 (gl, resp.).
In Example 2.3, since CA[l, 2] -- 1 on the first row of CA in
Eq. (7), the first row of So (S 1, resp.) comes from the second
row of g0 (gl, resp.) in Eq. (5), namely, it is [0, 1, 0, 1]. By
using this method, the basis matrices So and S 1 are obtained as
0101

0101

0110
S O --

0110
,

S 1 --

.

0010

1100

0011

1100

(8)

3 Visual Steganography
All the visual SS methods presented in Section 2 suffer from a
severe limitation, which hinders some major applications of
visual cryptography. The limitation lies in the fact that all shares
are inherently random patterns carrying no visual information, raising the suspicion of data encryption. In this section
we present techniques that construct meaningful binary images
as shares of a visual SS scheme. We classify these techniques
into two types: combinatorial techniques (described in Section
3.1) and halftoning techniques (described in Section 3.2), both
types using constructions for visual SS as those described in
Section 2 as an atomic tool. We focus most of our attention on
the latter type as they seem to achieve the best quality of shares
and secret images among currently known techniques.

3.1 Combinatorial Techniques
The possibility of designing visual SS methods with innocentlooking shares was already advocated in [15], where a 2-outof-2 scheme was proposed. Later, a method referred to as
"extended visual cryptography" has been presented in [4].
In this method, which we now informally describe, hypergraph colorings are used to construct meaningful binary
images as shares of a visual SS scheme for any arbitrary access
structure.
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A hypergraph is a set of subsets of a given set and in each of the shares. The pixel expansion in halftone visual
can be formally defined as a pair of the form H - (X,F), SS is thus Q2. By choosing appropriate size of halftone cells,
where F _ 2x, elements of X are called vertices and visually pleasing halftone shares can be obtained, while the
elements of F are called hyperedges. A k-coloring of a hyper- contrast and security conditions are still maintained. In
graph H - ( X , F )
is a function ~b'X--+ {1. . . . . k} such Section 3.2.1, the halftone visual SS technique is introduced by
that [4~(x)'x 6F}[ _> 2 for all S 6 F such that IS[ _> 2. constructing a 2-out-of-2 scheme. This technique is subseNote that in a k-coloring every hyperedge with at least quently extended in Section 3.2.2. to a scheme for an arbitrary
two vertices has at least two vertices with different colors. access structure.
Now, let (FQuat,FForb) be a strong access structure on the
set P = {1,2,...,n} of participants, and let F0 be the
set of all minimal qualified subsets of P; that is, 3.2.1 Halftone Visual Secret Sharing:
F0 --{A 6 I"Qual" A' ¢ FQual , for each A' _ A, A' -fi A}. The 2-out-of-2 Structures
construction in [4] uses the basis matrices S°,S 1 of a To describe the principles of halftone visual SS, the simplest
conventional visual SS for (I"Qual,r'Forb) and a k-coloring 2-out-of-2 halftone visual threshold scheme is shown in
Fig. 3. In this method, a halftone image /, obtained by
4) of hypergraph (79, F0), as follows.
Fix a given pixel of the secret image. Let ci be the color of applying any halftoning method such as the error diffusion
the associated pixel in the i-th share image, for i - 1. . . . . n. algorithm [13] on a gray-level image GI, is assigned to
Then, an n x k matrix D - D(q . . . . . Cn) is constructed as participant 1, and its complementary image I', obtained by
follows: for i - 1 , . . . , n, if color ci is desired to be black, then reversing all black/white pixels of I to white/black pixels, is
all entries of the i-th row of D are set equal to 1; otherwise, assigned to participant 2. To encode a secret pixel p into a
entry (i, q~(i)) is set equal to 0 and all others are set equal to 1. Q x Q halftone cell in each of the two shares, only two pixels,
Finally, given desired pixels Cl. . . . . Cn (each for one of the n referred to as the secret information pixels, in each halftone
shares), the two desired collections of matrices are obtained as cell need to be modified. The two secret information pixels
the set of all permutations matrices g b _ (SblD), for b - 0, 1. should be at the same positions in the two shares, such as
Despite its elegance, the technique of "extended visual pixels A and B in Fig. 3. If p is white, a matrix M is randomly
cryptography" provides very low quality visual information in selected from the collection of matrices Co of conventional
the shares, as illustrated later in this chapter. Due to the visual SS. If p is black, M is randomly selected from C1. The
random nature of hypergraph colorings, the resultant binary secret information pixels in the ith (i = 1, 2) share are replaced
shares contain strong white noise consequently leading to with the two subpixels in the ith row of M, as shown in Fig. 4.
inadequate results. The shares also suffer from low contrast Since Co and C1 are the collections of conventional visual SS,
these modified pixels carry the encoded secret. The other
between hypergraph black and hypergraph white pixels. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
pixels in the halftone cell that were not modified are referred
to as ordinary pixels, maintaining halftone information. It can
3.2 Halftoning Techniques
also be found that if p is white, one out of Q2 pixels in the
We now describe a general halftone visual cryptography reconstructed halftone cell, obtained by superimposing the
framework, where a secret binary image is hidden into high- two encoded halftone cells, is white while all other pixels
quality halftone images, or halftone shares. In particular, this are black (Figs. 4A and 4B). If p is black, all pixels in the
method applies the rich theory of blue noise halftoning to the reconstructed halftone cell are black, as shown in Figs. 4C
construction mechanism used in conventional visual SS to and 4D. Thus, the contrast condition is satisfied. The secret
generate halftone shares, thus resulting in high visual quality pixel p can be visually decoded with contrast 1/Q2.
In the above procedure, the selection of the secret
of the shares. Furthermore, the security properties of the
information
pixels in a halftone cell is important as it affects
conventional visual SS are still maintained. The decoded secret
the
visual
quality
of the resultant halftone shares. However, as
image has uniform contrast, and the halftone shares carry
long
as
their
locations
are independent of the secret informasignificant visual information to the viewers, such as landtion,
it
can
be
proved
that such construction satisfies the
scapes, buildings, and so forth. We note that the visual quality
obtained by this method is significantly better than that security condition. The simplest method to select the locations
attained by any other available visual SS method known to of the secret information pixels is random selection. The
date. As a result, adversaries, inspecting a halftone share, are corresponding pixel replacements, however, are equivalent
less likely to suspect that cryptographic information is hidden to adding white noise, which leads to poor visual quality.
To obtain better visual results, the void and cluster algorithm
and a higher security level is thus achieved.
Halftone visual SS is built on the basis matrices and [17] is applied to choose these pixel locations. The void
collections available in conventional visual SS. In particular, in and cluster algorithm, performed on a binary dither pattern
halftone visual SS a secret binary pixel p is encoded into of the halftone cell, first applies a low-pass finite impulse
an array of Q x Q subpixels, referred to as a halftone cell, response (FIR) filter to obtain a measure of minority pixel
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FIGURE 4 Replacing the secret information pixels with the corresponding subpixels in an encoding matrix M, which
is randomly selected as (A),(B) from Co i f p = 0 , or (C), (D) from C1 i f p = 1. The secret pixel p can be visually decoded
by imposing the two shares.

density (m.p.d.) at each minority pixel location. The minority other hand, if the values are switched, the new blue noise
pixel with the highest density, denoted as pixel A, is replaced halftone cell, generated by the void and cluster algorithm, is
with a majority pixel. The dither pattern is then filtered again used, e.g., the first halftone cell in Figs. 4B and 4D, and the
by the same low-pass FIR filter to obtain a measure of m.p.d. second halftone cell in Figs. 4A and 4D. Visually pleasing
at each majority pixel location. The majority pixel (different halftone shares are thus obtained.
In the void and cluster algorithm, generally, the filter
from pixel A) with the lowest density, denoted as pixel B, is
window
covers multiple neighboring halftone cells besides the
then replaced with a minority pixel. Since the complementary
pair has the same distribution of the minority and majority one currently being processed. If a white secret pixel p = 0 was
pixels, the located pixels A and B are at the same positions in encoded into one of the neighboring halftone cells, there is
the two shares. The void and cluster algorithm, in essence, discrepancy in the distribution of the minority/majority
identifies the minority pixel A with the highest m.p.d, and the pixels between two shares, such as Figs. 4A and 4B. If the
majority pixel B with the lowest m.p.d., and switches their conventional void and cluster algorithm [17] is performed
locations. This, in effect, spreads the minority pixels as on each share, it may result in different locations of the
homogeneously as possible leading to an improved blue noise 1 secret information pixels in the two shares, which is highly
undesirable in the halftone visual SS scheme. To address this
halftone cell in each share.
The locations of the secret information pixels are then problem, a slightly modified void- and cluster-finding filter,
chosen as those of the pixels A and B. Once the encoding as shown in Eq. (9), is used to find the m.p.d.
matrix M is randomly selected, the jth (j = 1, 2) located
w/2 w/2
secret information pixel in the ith (i = 1, 2) share is replaced
(9)
DA(x, y) -- E
E tip, q) "P(x 4- p, y 4- q),
with the jth subpixel in the ith row of M. The replacement in
p=W/2q=W/2
each share either keeps their original values or switches them
with equal probabilities. If the values are kept original, the
where DA(x, y) is the m.p.d, of the pixel with coordinate (x, y),
blue noise halftone cell, generated by the error diffusion
tip, q) is the filter also called weighting function, W is the
algorithm, is used (e.g., the first halftone cell in Figs. 4A and filter's window width, and P(x 4- p, y 4- q) is the pixel value at
4C, and the second halftone cell in Figs. 4B and 4C). On the
(x 4- p, y 4- q) defined as follows,
1Minority pixels distributed homogeneously create a pattern
no low-frequency spectral components, which is referred to as
halftoning since the spectrum resembles that of blue light.
understanding of the human visual system, blue noise halftoning
visually optimal arrangement of dots [13].

containing
blue noise
From our
creates the

0.5

P(x + p, y + q) --

secret information pixel

1

minority pixel

0

majority pixel.

(10)
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The Gaussian filter is used in [17] as
p2 + q2
f(p, q) -- exp(-- 2 a ~ ),

(11)

where a is a scalar constant, offering best results at a = 1.5 in
the void and cluster algorithm. Unlike the conventional voidand cluster-finding filter, each secret information pixel in the
previously processed neighboring cells always takes the value
0.5 in our method, regardless of whether it is a minority or
majority pixel, as shown in Eq. (10). The value 0.5 is the
statistical mean of each secret information pixel, because it has
equal probability to be a minority or majority pixel. The above
modification of the void and cluster algorithm guarantees that
the selection of the secret information pixels A and B is
independent of the value of any secret information pixel in the
previous halftone cells. Thus, no secret can be inferred from
the locations of the secret information pixels. In addition,
since the values of secret information pixels come from the
basis matrices/collections of conventional visual SS, no secret
can be obtained by looking at the values of secret information
pixels of one share either. Thus, the halftone visual threshold
scheme is fully secure.
The above construction method implements a 2-out-of-2
halftone visual SS scheme with a pixel expansion m n = Q2 and
relative difference oeh(Q)= 1/Q 2, where the superscript "h"
indicates that the parameters are for halftone visual SS.
Visually pleasing halftone shares are generated by the blue
noise halftoning techniques and the secret image can be
reconstructed by superimposing the two shares. Since the two
secret information pixels in each halftone cell are either
unmodified or switched with equal probabilities, the peak
signal-to-noise ratio (PSNR) of each halftone share, compared
with its original halftone image, can be calculated as

an arbitrary access structure (FQual, FForb),where a secret binary
image SI is hidden into halftone shares. The resulting scheme
can be divided into two phases; first, an assignment of complementary pairs of images is done to the participants so that
each qualified subset in FQual contains at least one complementary pair of images; second, in each of the shares, a secret
pixel p is encoded into a Q x Q halftone cell, and m (m < Q2)
secret information pixels in each halftone cell are selected
and replaced with the corresponding subpixels in the basis
matrices/collections of conventional visual SS, where m and
Q2 are the pixel expansions of conventional visual SS and
halftone visual SS, respectively.

Assignment of Complementary Pairs of Images.

In
the 2-out-of-2 halftone visual threshold method each participant was assigned a single halftone image. In the method
for an arbitrary access structure we may require more halftone
images to be assigned to each participant. A halftone image is
generated by the method of blue noise halftoning, or pixel
reversal if a complementary pair of halftone images is
necessary. Recall that the complementary pair of halftone
images used in the 2-out-of-2 halftone visual SS scheme
guarantees that the superposition of ordinary pixels in two
halftone cells are all black. Hence, all secret pixels can be
consistently decoded using the same visual threshold. In a
similar fashion, the halftone image assignment in the general
scheme must satisfy that any qualified subset of participants
contains at least one complementary pair of halftone images.
Since FQualis a closure of F0, it is equivalent to require that
any subset X ~ F0 contains at least one complementary pair
of halftone images. This requirement, however, may not be
satisfiable for all access structures unless we distribute more
than one image per participant. For instance, in the 2-out-of-3
halftone visual SS scheme, Fqual is a closure of F 0 - {{1,2},
2552
{1,3}, {2,3}}. If a complementary pair of halftone images are
PSNR -- 10 log
1
assigned
to participants 1 and 2, respectively, a single third
2552 " b ' 2
halftone image cannot be a reversal of both the first and
= 10 log Q2.
(12) the second halftone images at the same time. An immediate
way to overcome this limitation consists of independently
Thus, the larger the halftone cell size, the higher the PSNR. generating two complementary pairs of images (I1,I1) and
Also, better performance of the void and cluster algorithm can (I2,I2), and distributing 11 to participant 1, I1,I2 to parbe obtained in larger halftone cells, leading to higher visual ticipant 2 and 11,12 to participant 3. Then matrices of a
quality halftone shares. On the contrary, the relative difference 2-out-of-2 conventional visual SS scheme are then inserted in
cth(Q) is proportional to the reciprocal of the cell size. Larger the secret information pixels of both (I1,I1) and (I2,I2).
Simple extensions of this technique to an arbitrary access
halftone cell sizes lead to lower contrast of the decoded secret
structure may require distributing several images to particiimage. Therefore, a tradeoff exists between the visual quality of
the halftone shares and the contrast of the reconstructed secret pants. For instance, one could assign an independent
complementary pair to each subset in F0, thus giving IF0[
image. This will be illustrated shortly. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
images to each participant; or to each pair i,j of participants,
thus giving n(n + 1)/2 images to each participant. A more
3.2.2 Halftone Visual Secret Sharing:
efficient assignment can be the following. Assume, for
Arbitrary Structures
simplicity, that n - 2k, for some integer k, and let (Ij, I j ) In this section, the technique underlying the 2-out-of-2 (~, o, Ij, 1), for j - 1. . . . . k, be complementary pairs of images
halftone visual threshold scheme is extended to a scheme for that were generated independently. Then each participant u is
m

-

-

n
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given images Ij, u~, for j - - 1 . . . . . k, where Ul[''" lUk is the
binary expansion of u. We note that this assignment technique works for any access structure and requires only
k - log n images to be distributed to each participant. Even
more efficient schemes for some specific access structures
can be constructed using the hypergraph decomposition
techniques in [9].

Cells G e n e r a t i o n .
Define the (Ij, o, Ij, 1 ) restriction of F0 as the subset of F0 containing all subsets of

Halftone
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S J, subjected to the dividing conditions 1 and 2, can be
obtained by enumerating all possible ways of dividing S j.
Examples of sJ and Cj are given next to illustrate the
aforementioned concepts.
Example 3.1 Let (EQual, F Forb) be a strong access structure of
the participants P = {1,2,3,4}, where FQua/ is the closure of
F o = {{1,2,3},{1,2,4}}, namely, Fou,a= {{1,2,3}, {1,2,4},
{1,2,3, 4}}. Let the halftone shares {1,2} be the key complementary pair, and let every qualified subset contain one
complementary pair of halftone images. The conventional basis
matrices S j ( j = 0 , 1 ) are constructed as shown in Eq. (8).
The basis matrices s J satisfying the two dividing conditions are
found as

participants that contain at least one participant that was given
Ij, o and at least one participant that was given Ij,1. We now
elaborate on the halftone cell generation phase, where, for
j - 1. . . . . k, matrices of a conventional visual SS scheme for
the (Ij,o, Ij, 1)--restriction of F0 are properly inserted into
O1 O1
O1 O1
images Ij, o and Ij,1 and then properly distributed to all
participants. Specifically, fix j ~ {1, . . . . k} and recall that in
-A1
O1 10
~o_ O1 10
(13)
each of the shares Ij, o, Ij,1 distributed to the participants, a
O0
11
11
O0
secret pixel p is encoded into a Q x Q halftone cell; moreover,
m (m < Q2) secret information pixels in each halftone cell are
11 O0
O0 11
selected and replaced with the corresponding subpixels in
a randomly chosen matrix of a conventional visual SS for
where the rows in bold correspond to the key complementary
the (Ij,0, Ij, 1)--restriction of F0, where m and Q2 are the pixel
pair. The corresponding collections Cj are obtained by permuting
expansions of the conventional visual SS used and of the
the groups and~or the columns in the same group of the
halftone visual SS, respectively. Note that half of the
corresponding basis matrices S J, shown below
participants have received image/j,0 and half have received
Ij, 1, and, although multiple complementary pairs may exist in
O1 01
O1
10 O1
01 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG
these n halftone images, the selection of the secret information
pixels is still performed on one pair, referred to as the key
10 01
10 10
_
0 1 10
complementary pair. To obtain the m secret information pixels
Co11 O0
00 11
O0 11
in a halftone cell, the void and cluster algorithm described in
Section 2.2 is applied to the halftone cell m/2 times, each time
11 O0
00 11
O0 11
locating a pair of minority and majority pixels which were
0, 1) be two n × m basis
not selected previously. Let S j ( j - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
O1 O1
10 O1
O1 O1
matrices of conventional visual SS. Each S ) is divided into
O1 10
10 10
10 O1
m/2 groups of two columns, such that each pair of secret
-C1-,
,
,
information pixels in the n shares will be replaced with a
11 00
11 00
00 11
group of subpixels. Denote the divided basis matrices as s J.
11 00
11 00
00 11
As long as the row corresponding to the key complementary share in each group contains one black and one white
pixels, pleasing visual quality of the key complementary share Let X - {1, 3} ~ F Forb be a forbidden participant subset. The
can be obtained. This property is referred to as dividing corresponding collections -Dj, formed by extracting the first and
condition 1.
third rows from each matrix in Cj, are shown below
The two collections of matrices Cj (j - 0, 1) are constructed
by permuting the groups and/or the columns in the same
group of the corresponding basis matrices sJ. The permutaDo-11 O0
O0 11
O0 11
tion of columns in different groups is not allowed. Thus, each
encoding matrix in Cj satisfies the dividing condition 1. Such
collections Cj should satisfy the security condition as well.
DiNamely, if X - {il, i2. . . . . iv} ~ Fvorb is a forbidden subset
O0 11
11 O0
l l O0
of v participants, the two collections of v × m matrices Dj
( j - 0, 1), formed by extracting the rows il,i2, . . . . iv from
each matrix in Cj, are indistinguishable. This property is For any matrix in Do, an identical matrix can be found in D1.
referred to as dividing condition 2. The desired basis matrices Hence, these two collections D) are indistinguishable
)

)

"

- / [ °1 o11[lO011IO1

'

"

•

o11 I
IE o1°ll[l° °1]E°1o111
)

)

)
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Once the collections Cj (j - 0, 1) are obtained, the encoding
procedure of a secret pixel p can be summarized as follows.
1. An encoding matrix M is randomly selected from the
collection Co if a secret pixel p is white, or from C1 ifp is
black. Let k be the index of the pair of secret information
pixels to be located. Set k - 1 initially.
2. The void and cluster algorithm is performed on the key
complementary pair to locate the kth pair of secret
information pixels among the ordinary pixels in each
halftone cell of the n shares. The two secret information
pixels located in the ith ( i - 1,2 . . . . . n) share are
replaced with the ith row of subpixels in the kth group
in M.
3. If k < m/2, increase k by 1 and go back to the previous
step. Otherwise, the encoding procedure is complete.
The second step of the algorithm is executed m / 2 times,
locating two secret information pixels, which were not selected
previously, in each iteration. A total of m secret information
pixels are found in each halftone cell. Also, each time the
second step is executed, the pixel replacement in the key
complementary pair results in either keeping the original
values or switching the values of the two secret information
pixels. In either case, the blue noise properties of halftones are
kept, leading to pleasing visual quality. As to the other shares,
since the selection of the secret information pixels are
independent of their image contexts, the locations of the
corresponding secret information pixels in these other shares
are randomly distributed. Thus, the corresponding pixel
replacements introduce white noise, leading to poor visual
quality of these shares. A global optimization algorithm, where
the visual quality of all shares are jointly optimized, will
be introduced shortly.
Now consider the superposition of all the shares in a
qualified subset X ~ FQuaZ. The Q2 _ m ordinary pixels in each
reconstructed halftone cell are always black since X contains at
least one complementary pair of halftone images. According to
the contrast condition in Definition 2.1, if a secret pixel p is
white, at most t x - a ( m ) • rn out of rn secret information pixels
are black, while all other pixels are white in the corresponding
reconstructed halftone cell. Here tx and or(m) are the threshold
and relative difference of conventional visual SS, respectively.
If the reconstructed halftone cell is denoted as V0, then the
Hamming weight of V0 satisfies
w(Vo) <_ Q2 _ m + tx - o r ( m ) . m

= (Q2 _ m + tx) - a ( m ) . m . Q2.
Q2

(14)

If a secret pixel p is black, at least tx out of m secret
information pixels are black, while all other pixels are white in
the corresponding reconstructed halftone cell. If the reconstructed halftone cell is denoted as V1, then the Hamming

weight of 171 satisfies
w(V1) >_ Q2 _ m + tx.

(15)

Thus, the secret image can be visually decoded with the
threshold txh = Q2 _ m if- tx, having a relative difference
ah(Q)=~(~.m, where the superscript "h" indicates that the
parameters are for halftone visual SS.
Recall that in the modified void and cluster algorithm, the
filter is used to locate all pairs of secret information pixels such
that their locations are independent of the value of any secret
information pixel. Therefore, the secret cannot be inferred
from the location of the secret information pixels. Furthermore, the security condition of the collections Co and C1
guarantees that no secret can be obtained from the values
of the secret information pixels in any forbidden subset
X E PForb either. A fully secure visual threshold scheme is thus
obtained.
In the key complementary pair of shares, each pair of secret
information pixels are either unmodified or switched with
equal probabilities, such that the PSNR of these two shares
with respect to their original halftones is

PSNR - 10 log

2552
m
1
2552 • ~-~ • ~

2Q 2
= 10 log ~ .
m

(16)

The PSNRs of the other shares depend on the distribution
of black and white subpixels in the corresponding rows of sJ,
but they are monotonically increasing functions of the cell
size Q2 as well. Thus, the larger the halftone cell size, the
higher the PSNR. Note also that as the cell size is made larger,
the void and cluster algorithm performs better, leading to
higher visual quality in the halftone shares. On the contrary,
the relative difference oth(Q) is proportional to the reciprocal
of the cell size. Thus, larger halftone cell sizes lead to lower
contrast in the decoded image. Therefore, a tradeoff exists
between the visual quality of the halftone shares and the
contrast of the reconstructed secret image in a general access
structure scheme.
Global Optimization.
As described above, since the location of the secret information pixels is determined using the
image characteristic of the key complementary pair, the
locations of the secret information pixels on other shares
are, in essence, randomly distributed, leading to poor visual
quality. To address this limitation, a global optimization
approach across all halftone shares is thus performed. Based
on the void and cluster algorithm, the optimization method
jointly rearranges the pixels of the n shares in order to obtain
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better overall visual quality of the n shares, while the contrast the reconstructed secret images can be obtained by both
and security conditions are still maintained. Please refer to [1] methods. This is precisely the case, as shown in Figs. 6E and
for the details of this method. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6F. The superiority of the halftone visual SS method is that
halftone shares with much better visual quality can be
generated, reducing the suspicion of encrypted secret.

3.3 Simulation Results
Simulation results for the halftone visual threshold method are
illustrated in this section, including the comparison of the
halftone visual SS scheme with the method of extended visual
SS [4]. The relationship between the visual quality of the
halftone shares and the contrast of the decoded secret image is
also revealed. Finally, the results of the global optimization
approach are illustrated.

3.3.1 Halftone Visual Secret Sharing vs.
Combinatorial Visual Secret Sharing
To compare the result ofhalftone visual SS with that ofextended
visual SS, a 256 x 256 secret binary image is cryptographically
encoded into two 512 x 512 halftone images using the two
methods, respectively. The pixel expansion (halftone cell size)
and the relative difference of both methods are the same, being
m - 4 and o t - 1, respectively. The original halftone images,
obtained by the error diffusion algorithm and pixel reversal
are shown in Fig. 5. Applying the extended visual SS method,
[4] outputs two shares with poor visual quality and low
contrast as shown in Figs. 6A and 6B. The average PSNR of
these two shares with respect to their original halftones is
3.46 dB. The halftone visual SS method results in the two
visually pleasing halftone shares shown in Figs. 6C and 6D.
The PSNR of these two halftone shares is 6.02 dB. The new
method gains 2.56 dB. Having the same relative difference
in both methods indicates that the same contrast of

3.3.2 Shares Quality and Secret Contrast

As stated in Sections 3.2 and 3.3, the halftone visual SS
method can generate increasingly better visual quality halftone
shares, as larger cell sizes are used. For instance, if a 3 x 3
halftone cell size is selected, two halftone shares with PSNR =
9.54 dB are obtained as shown in Figs. 7A and 7B. If the
halftone cell size is increased to 4 x 4, better visually pleasing
halftone shares are obtained, each with PSNR = 12.04 dB, as
shown in Figs. 7C and 7D. However, larger halftone cell sizes
lead to lower contrast of the decoded secret image. It can be
identified that the contrast of Fig. 7F, the output of stacking
Figs. 7C and 7D, is lower than that of Fig. 7E, the output of
stacking Figs. 7A and 7B. It is observed as well that when the
cell size (i.e., pixel expansion) is increased, the capacity, or
resolution of the secret image is reduced, as seen in Figs. 7E
and 7F. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDC

Without Global Optimization vs. Global Optimization. The halftone visual SS scheme of F0 = {{1,2,3},
{1,2,4}} discussed in Example 3.1 is implemented in this
section. The obtained four shares are shown in Figs. 8A, 8B,
8C, and 8D. The secret image can be decoded by superimposing a qualified subset of shares, such as Fig. BE,
which is the output of stacking shares 1, 2 and 3. Superimposing a forbidden subset of shares gains no secret
information, such as the superposition of shares 1 and 2
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FIGURE 5 Original complementary halftone images generated by error diffusion algorithm and pixel reversal,
respectively.
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(A)

(B)

(C)

(D)

(E)

(F)

FIGURE 6 Comparison between extended visual secret sharing (SS) and halftone visual SS (Q= 2): (A, B) the two
shares of extended visual SS; (C, D) the two shares of halftone visual SS; (E) decoded image of extended visual SS;
(F) decoded image of halftone visual SS.
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FIGURE 7 Tradeoff between the quality of the shares and the contrast of the decoded image in halftone visual secret
sharing (SS): (A, B) the two shares with Q = 3; (C, D) the two shares with Q = 4, (E) decoded image with Q = 3;
(F) decoded image with Q = 4.
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(A)
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(C)

(D)

(E)

(F)

FIGURE 8 Halftone visual secret sharing (SS) scheme of F0 = {{1,2,3}, {1,2,4}} without global optimization
(Q=4): (A-D) the four shares; (E) decoded image by superimposing the shares (A-C)" (F) superposition of (A)
and (B).
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FIGURE 9 Halftone visual secret sharing (SS) scheme ofF0 = {{1,2, 3}, {1,2, 4}} with global optimization (Q=4):
(A-D) the four shares; (E) decoded image by superimposing the shares (A-C); (F) superposition of (A) and (B).
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shown in Fig. 8F. The visually pleasing results obtained on the
[2] G. Ateniese, C. Blundo, A. De Santis, and D. R. Stinson, "Visual
cryptography for general access structures," Information and
key complementary pair, shares 1 and 2, are apparent while
Computation, 129, 86-106 (1996).
the other shares contain white noise characteristics. Perform[3] G. Ateniese, C. Blundo, A. De Santis, and D. R. Stinson,
ing global optimization leads to the results shown in Fig. 9.
"Constructions and bounds for visual cryptography," in Proc. of
The key complementary pair is deteriorated somewhat as
23rd Int. Colloquium on Automata, Languages and Programming,
shown in Figs. 9A and 9B, but more significant gains in visual
1099, Springer-Verlag, Berlin, 416-428 (1996).
quality are obtained in nonkey complementary shares as
[4] G. Ateniese, C. Blundo, A. De Santis, and D. R. Stinson,
shown in Figs. 9C and 9D. Note that the contrast and security
"Extended capabilities for visual cryptography," Theoret.
conditions are maintained with global optimization as shown
Comput. Science, 250, 134-161, (2001).
in Figs. 9E and 9F. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[5] C. Blundo, A. De Santis, and M. Naor, "Visual cryptography for
grey level images," Information Processing Letters, 75, 255-259

4 Other Work and Conclusions
Further studies on properties of visual SS schemes, including
conditions needed for optimal contrast and minimum pixel
expansion attainable can be found, for instance, in [6-10].
The concepts of visual cryptography have been recently
extended such that the secret image is allowed to be a graylevel image rather than a binary image (see, e.g., [5]).
Although the secret image is gray scale, shares are
still constructed by random binary patterns. In other papers,
including, for instance, [11, 12], these concepts are further
generalized where a secret color image is encrypted into shares
consisting of randomly distributed color pixels.
In this chapter we have reviewed the area of visual cryptography, by recalling combinatorial constructions in the literature and by describing a general framework of halftone visual
cryptography. Applying the rich theory of blue noise halftoning into the construction mechanism of conventional
visual cryptography, the halftone visual scheme generates
visually pleasing halftone shares carrying significant visual
information. The obtained visual quality is better than that
attained by any other available visual cryptography method
known to date. The new method can be broadly used in a
number of visual secret sharing applications that require high
visual quality images, such as watermarking, electronic cash,
and so forth. Also, a higher security level is achieved since
adversaries are less likely to suspect that these halftone shares
contain cryptographic information.
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This chapter presents a sampling of key algorithms related
to the generation and exploitation of fine-resolution synthetic
aperture radar (SAR) imagery. It emphasizes practical
algorithms in common use by the SAR community. Based
on function, these algorithms involve image formation, image
enhancement, and image exploitation. Image formation transforms collected SAR data into a focused image. Image enhancement operates on the formed image to improve image quality
and utility. Image exploitation refers to the extraction and use
of information about the imaged scene.
Section 1 introduces the fundamental concepts that enable
fine-resolution SAR imaging and reviews the characteristics
of collected radar signal data and processed SAR imagery.
These attributes determine the need for specific processing
functions and the ability of a particular algorithm to perform such functions. Section 2 surveys leading SAR image
formation algorithms and discus.~:es the issues associated with
their use. Section 3 introduces several enhancement algorithms for improving SAR image quality and utility. Section 4
samples image exploitation topics of current interest in the
SAR community.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

1 Synthetic Aperture Radar Overview
Radar is an acronym for radio detection and ranging. In its
simple form, radar detects the presence of a target by sensing
energy that the target reflects back to the radar antenna.
It ranges the target by measuring the time interval between
transmitting a signal (for instance, in the form of a short
pulse) and receiving a return (the backscattered signal) from
the target. Radar is an active sensor that provides its own
source of illumination. Radar operates at night without impact
and through clouds or rain with only limited attenuation.
A radar image is a two-dimensional (2D) map of the spatial
variations in the radar backscatter coefficient (a measure of
the strength of the signal returned to the radar sensor) of an
illuminated scene. A scene includes targets, terrain, and other
background. The image provides information regarding the
position and strength of scatterers throughout the scene.
While a common optical image preserves only amplitude, a
radar image naturally contains phase and amplitude information. An optical sensor differentiates signals based on angle
(in two dimensions) and makes no distinction based on
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Frequency bands of synthetic aperture radar operation.

range to various scene elements. Imaging radar naturally
separates returns in range and cone angle and does not
differentiate signals based on depression (or elevation) angle.
The (Doppler) cone angle ad is the angle between the radar
velocity vector Va (indicating the direction of antenna
motion) and the line-of-sight vector from the antenna to
a particular scatterer. The depression angle ~Pt is the angle
between the horizontal plane and the projection of the lineof-sight vector onto a plane perpendicular to Va. Figure 1
illustrates this range and angle differentiation by a SAR
imaging system.
The ability to distinguish, or resolve, closely spaced features
in the scene is an important measure of performance in an
imaging system. In SAR imaging, it is common to define
resolution as the -3dB width of the system impulse response
function with separate measures in each dimension of the
image. The -3dB width is the distance between two points,
one on each side of the mainlobe peak, that are nearest to and
one half the intensity of the peak.
The complex (phase and amplitude) nature of SAR imagery
increases the ability of enhancement algorithms to improve
the quality and interpretability of an image. It also increases
the opportunity for image exploitation algorithms to derive
additional information about an imaged scene. Traditional
SAR provides 2D scatterer location and resolution between
scatterers in range and azimuth (or cross-range). New
applications extract three-dimensional (3D) information
about the scene using interferometric techniques applied to
multiple images of a scene collected from similar viewing
geometries.
SAR imaging involves the electromagnetic spectrum in the
frequency bands encompassing VHF through K-band. Figure 2
relates these frequency bands to radio frequency and

wavelength intervals. Various organizations throughout the
world have successfully demonstrated and deployed SAR
systems operating in most of these bands.

1.1 Image Resolution
Radar estimates the distance to a scatterer by measuring the
time interval between transmitting a signal and receiving
a return from the scatterer. Total time delay determines the
distance to a scatterer; differential time delay separates
scattering objects located at different distances from the
radar sensor. The bandwidth B of the transmitted pulse limits
time resolution to 1/B and corresponding range resolution
Pr to
c

pr~, 2B

(1)

where c is the speed of light. To maintain high average power
at the large bandwidths required for fine resolution, it is
common to transmit a longer pulse with linear frequency
modulation (FM) rather than a shorter pulse at constant
frequency. Pulse compression following reception of the linear
FM pulses achieves range resolution consistent with the
transmitted bandwidth.
To generate a 2D image, the radar must separate returns
arriving from the same distance based on differences in
the angle of arrival. A real beam radar achieves this angular
resolution by scanning a narrow illuminating beam across the
scene to provide azimuth samples sequentially. Angular
resolution is comparable to the angular extent of the physical
beam. Synthetic aperture radar generates angular resolution
much finer than its physical beamwidth. It transmits pulses
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FIGURE 3 Synthetic aperture geometry.
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FIGURE 4 Basic synthetic aperture radar imaging modes: (A) Stripmap mode for area search and mapping;
(B) spotlight mode for fine resolution.

from a series of locations along its trajectory (the synthetic
aperture) and processes the collection of returns to synthesize
a much narrower beam. The image formation processor (IFP)
adjusts the relative phase among the returns from successive
pulses to remove the phase effects of the nominally quadratic
range variation to scatterers within the scene. It coherently
sums the returns (generally via a Fourier transform) to form
the synthetic beam and generate azimuth resolution cells.
Signal processing provides azimuth samples simultaneously
within a physical beamwidth.
The synthetic aperture concept is essential for achieving
fine azimuth resolution when it is not practical to generate a
sufficiently narrow real beam. The synthetic aperture provides
an azimuth resolution capability Pa of

Pa ~"

~C
2A0

(2)

Here, Xc is the center wavelength of the transmitted signal
and A0 is the angular interval over which the processed data
are collected. In SAR, unlike in real beam imaging, azimuth
resolution is independent of the distance to scatterers in the
scene.
Figure 3 illustrates this synthetic aperture geometry. As an
example, consider a SAR system that collects signals over a
synthetic aperture distance L of 1 km with an antenna moving
at an along-track velocity Va of 100 m/sec during a synthetic

aperture time interval Ta of 10 seconds. At a minimum
range Rac o f 20 k m , the synthetic aperture angular interval A0
is approximately 0.05 rad. With a transmitted bandwidth
B of 500 MHz at a center wavelength of 0.03 m (X-band),
these parameters offer azimuth resolution of 0.3 m and range
resolution of 0.3 m. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM

1.2 Synthetic Aperture Radar Imaging Modes
Figure 4 illustrates two basic SAR data collection modes.
In stripmap mode, the antenna footprint sweeps along a strip
of terrain parallel to the sensor trajectory. Antenna pointing
is fixed perpendicular to the flight line in a broadside collection, or pointed either ahead or behind the normal to the flight
line in a squinted collection. The azimuth beamwidth of the
antenna dictates the finest-achievable azimuth resolution by
limiting the synthetic aperrture, while the transmitted band
width, sets range resolution by limiting the synthetic aperture.
The antenna elevation beamwidth determines the range extent
(or swath width) of the imagery while the length of the flight
line controls the azimuth extent.
Stripmap mode naturally supports the coarser resolution,
wide area coverage requirements of many natural resource
and commercial remote sensing applications. Most airborne
SAR systems include a stripmap mode. Remote sensing from
orbit generally involves a wide area coverage requirement that
necessitates the stripmap mode.
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In spotlight mode, the antenna footprint continuously resolution options. The sensor collected this particular
illuminates one area of terrain to collect data over a wide image at a resolution of 15.7 m in range and 8.9 m in
angular interval to improve azimuth resolution beyond that azimuth. The processed image covers a ground area approxsupported by the azimuth beamwidth of the antenna. imately 120 km in range by 100 km in azimuth, encompassing
Spotlight mode achieves this fine azimuth resolution at the numerous large-scale geographic features including mouncost of reduced image area. The angular interval over which tains, valleys, rivers, and lakes.
Figure 6A displays an X-band image of a region near
the radar observes the scene determines azimuth resolution.
Antenna beamwidths in range and azimuth determine scene Calleguas, California collected by the Interferometric SAR
for Terrain Elevation (IFSARE) system [2]. The IFSARE
extent.
Spotlight mode naturally supports target detection and system is a dual-channel interferometric SAR built by ERIM
classification applications that emphasize fine resolution International Incorporated and the Jet Propulsion Laboratory
over a relatively small scene. While a fine-resolution capa- under the sponsorship of the Defense Advanced Research
bility is useful largely in military and intelligence missions, Projects Agency (DARPA). It simultaneously generates basic
it also has value in various scientific and commercial stripmap SAR images at two different depression angles and
automatically produces terrain elevation maps from these
applications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
images. The image in Fig. 6A is a composite image assembled
from multiple strips. It covers a ground area of approximately
1.3 Examples of Synthetic Aperture
20 x 20 km. The resolution of collected IFSARE imagery is
Radar Imagery
2.5 m in range by 0.8 m in azimuth. After several averaging
The following examples indicate the diversity of imagery and operations (required to improve the fidelity of output digital
applications available from SAR systems. They include terrain elevation data) and projection of the image into the
stripmap and spotlight mode images in a variety of frequency nominal ground plane, the intrinsic resolution of the image
in Figure 6A is approximately 3.5 m in both range and
bands.
Figure 5 is a coarse resolution SAR image of Ft. Irwin, azimuth. Figure 6B illustrates one way to visualize the
California, collected by the Canadian RADARSAT-1 satellite corresponding terrain elevation. This type of presentation,
[1]. The RADARSAT-1 SAR operates at C-band (5.3 GHz) in known as a shaded relief map, uses a conventional linear
the stripmap mode with a variety of swath width and mapping to represent the gradient of terrain elevation by

FIGURE5 RADARSAT-1C-band image of Ft. Irwin, California (copyrightCanadian SpaceAgency, 1998).
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(A)

(B)

FIGURE 6 X-band image from the Interferometric synthetic aperture radar (SAR) for Terrain Elevation system:
(A) magnitude SAR image of Calleguas, CA; (B) corresponding elevation data displayed as a shaded relief map.
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FIGURE 7 VHF/UHF-bandstripmap image of Northern Michigan tree stands: (A) Forestedareawith severalclearings
and access roads; (B) close-up view of clearing.

assigning higher gray scale values to steeper terrain slopes. The
IFSARE system derives topographic data with a vertical
accuracy of 2.0 m or better.
Figure 7A is a fine-resolution VHF/UHF-band image of
a forested region in northern Michigan with spatial resolution
of 0.33 m in range and 0.66 m in azimuth. This stripmap
image originates from an ultrawideband SAR system that flies
aboard a U. S. Navy P-3 aircraft. ERIM International designed
and built this radar for DARPA in conjunction with the Naval
Air Warfare Center (NAWC) for performing foliage penetration (FOPEN) and ground penetration (GPEN) experiments
[3]. Figure 7B shows a close-up view of the clearing observed
in Fig. 7B. The numerous pointlike scatterers surrounding

the clearing represent the radar signatures of individual tree
trunks; a fraction of the incident radar energy has penetrated
the forest canopy and returned to the sensor following a
double-bounce reflection involving tree trunks and the
ground.
The image of the Washington Monument in Fig. 8 originates from the ERIM International airborne Data Collection
System [4] operating at X-band in spotlight mode. This
0.3-m--resolution image illustrates the SAR phenomena of
layover and shadowing. Layover occurs because scatterers
near the top of the monument are closer to the SAR sensor
and return echoes sooner than do scatterers at lower heights.
Therefore, the system naturally positions higher scatterers on
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FIGURE 8 Spotlight mode X-band image of Washington Monument FIGURE9 Spotlightmode X-band image of Pentagon building collectedby
collected by the Data Collection System.
the Data CollectionSystem.

a vertical object at nearer ranges (towards the top of Fig. 8)
than lower scatterers on the same object. As a result, vertical
objects appear to lay over in a SAR image from far range
to near range. Shadowing occurs in this example because the
monument blocks the illumination of scatterers located
behind it. Therefore, these scatterers can reflect no energy
back to the sensor. The faint horizontal streaks observed
throughout this image represent the radar signatures of
automobiles moving with various velocities during the
synthetic aperture imaging time. Section 4.1 describes the
image characteristics of moving targets.
The spotlight image of the Pentagon in Fig. 9 (from the
Data Collection System) illustrates the extremely fine detail
that a SAR can detect. Observable characteristics include
low return areas, the wide dynamic range associated with
SAR imaging, distinct shadows, and individual vehicles in
the parking lots. Individual windowsills are responsible for
the regular array of reflections observed along each ring of
the Pentagon; as in the case of the Washington Monument,
they exhibit considerable layover due to their vertical height.
It is impressive to realize that SAR systems today can generate
such fine-resolution imagery in complete darkness during
heavy rain from a distance of many kilometers!

along the flight path) and the other being time delay
(or round-trip range). Analogous to an optical signal reaching
a lens, this 2D radar signal possesses a quadratic phase pattern
that the processor must match in order to compress the
dispersed signal from each scatterer to a focused point or
image of that scatterer. In a simple optical system, a spherical
lens provides the required 2D quadratic phase match to focus
the incoming field and form an optical image. In a modern
SAR imaging system, a digital image formation algorithm
generates and applies the required phase pattern. While the
incoming SAR signal phase pattern is nominally quadratic in
each coordinate, many variations and subtleties are present
to challenge the IFP. For instance, the quadratic phase
coefficient in the azimuth coordinate varies with the range
coordinate or distance to a scatterer. The quadratic phase
in the range coordinate is a deterministic function of the linear
FM rate of the transmitted radar pulses.
SAR signal data consist of a 2D array of complex numbers.
In the range dimension, these numbers result from analog-todigital (A/D) conversion of the returns from each transmitted
pulse. Each sample includes quantized amplitude and phase
(or alternatively, in-phase and quadrature) components. In the
azimuth dimension, samples correspond to transmitted
pulses.
To alleviate high A/D sampling rates, most fine-resolution
systems remove the quadratic phase associated with the
incoming signals within each received pulse electronically in
the receiver before storing the signals. This quadratic phase
arises from the linear FM characteristic of the transmitted
waveform. Thinking of the quadratic phase in range as a
"chirping" signal with a linear variation in frequency over

zyxwvutsr

1.4 Characteristics of Synthetic Aperture
Radar Signal Data

A SAR sensor transmits a sequence of pulses over time and
receives a corresponding set of returns as it traverses its flight
path. We visualize this sequence of returns as a 2D signal
with one dimension being pulse number (or sensor position

10.1 Synthetic Aperture Radar Algorithms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
time, we refer to this electronic removal of the quadratic phase
with the terminology dechirp-on-receive or stretch processing.
Following range dechirp-on-receive, the frequency of the
resulting intermediate frequency (IF) signal from each
scatterer is proportional to the distance from the radar
sensor to the scatterer. Figure 10 illustrates this process.
Stretch processing is advantageous when the resulting IF
signal has lower bandwidth than the RF bandwidth of the
transmitted signal.
Similarly, it may be desirable to electronically remove the
azimuth quadratic phase (or azimuth chirp) associated with
a sequence of pulses in the receiver before storage and
subsequent image formation processing. The quadratic phase
characteristic in azimuth originates from the quadratic
variation in range to each scatterer over the synthetic aperture interval. Processing such a dechirped signal in either
dimension involves primarily a Fourier transform operation
with preliminary phase adjustments to accommodate various
secondary effects of the SAR data collection modes and
radar system peculiarities. If the radar receiver does not
remove these quadratic phase effects, the image formation
processor must remove them.
Requirements for a minimum number of range and
azimuth samples arise from constraints on the maximum
spacing between samples. These constraints are necessary
to avoid the presence of energy in the desired image from
undersampled signals originating from scatterers outside the
scene. The number of complex samples in the range dimension must slightly exceed the number of range resolution cells

Instantaneous
transmit frequency

Frequency
after
dechirp

l

Intermediate~ i i i I
frequency
bandwidth

/I

1.5 Characteristics of Synthetic Aperture
Radar Image Data
SAR image data are a 2D array of complex numbers
with indices representing, for example, changing range and

///

pu se/

/

represented by the range swath that is illuminated by the
antenna elevation beam. Similarly, the number of complex
samples in the azimuth dimension must exceed slightly the
number of azimuth resolution cells represented by the
azimuth extent illuminated by the azimuth antenna beam.
In spotlight mode, bandpass filtering in azimuth limits the
azimuth scene size and reduces the number of data samples
into the IFP.
Signal data include desired signals representing attributes of
the scene being imaged, undesired phase effects related to
transmitter and receiver properties or to the geometric
realities of data collection, phase and amplitude noise from
various sources, and ambiguous signals related to inadequate
sampling density. Usually, the major error effect in SAR data
is phase error in the azimuth dimension arising from
uncertainty in the precise location of the radar antenna at
the time of transmission and reception of each pulse. Without
location accuracy on the order of a fraction of a wavelength,
phase errors will exist across the azimuth signal aperture
that degrade the quality of the SAR image. Other hardware
and software sources of phase errors also are likely even in
a well-designed SAR system. Section 3.1 discusses autofocus
algorithms to manage these error effects. zyxwvutsrqponmlkjihgfedcba
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FIGURE 11 Intersection of range spheres with Doppler cones: (A) Ground plane; (B) radar slant plane.
changing azimuth coordinates. Like signal data, each sample
includes quantized amplitude and phase (or alternatively,
in-phase and quadrature) components. Each element of
the array represents an image pixel with amplitude related
to the strength of the radar backscatter coefficient in the
corresponding scene area. In general, the phase of an image
pixel includes a deterministic component and a random
component. The deterministic component is related to the
distance between the corresponding scatterer and the radar
sensor. The random component is related to the presence of
many scattering centers over an area the size of a 2D resolution
cell in most parts of the scene. Because of this random
component, image phase generally is not useful when working
with a single image. SAR interferometry, described in Section
4.2, surmounts this difficulty by controlling the data collection
environment adequately to achieve (and then cancel) the
same random phase component in two images.
Characteristics of radar imagery include center frequency
(for instance, X-band or L-band), polarization of transmit
and receive antennas (for instance, horizontal or vertical and
like or cross polarization), range and azimuth resolutions,
and image display plane. Common choices for the image
display plane are the nominal ground plane that includes
the imaged terrain or the slant plane that contains the antenna
velocity vector and the radar line-of-sight vector to scene
center. Other attributes of SAR imagery include low return
areas (shadows, roads, lakes, and other smooth surfaces),
types of scatterers, range layover, targets moving during
the data collection, multibounce (multipath) reflections, and
coherent speckle patterns. Certain types of scatterers are
common to man-made, metallic objects. These types include
flat plates, cylinders, spheres, and dihedral and trihedral
reflectors. Another type of scatterer is the distributed scatterer
containing many scattering centers within the area of
a resolution cell, such as a region covered by vegetation or a

large flat roof. Speckle refers to the characteristic nature of
radar imagery of distributed scatterers to fluctuate randomly
between high and low intensity in radar images. Such
fluctuations about an average value appear throughout an
otherwise uniform scene because the coherent summation
of the echoes from the many scattering centers within each
resolution cell yields a random value rather than the mean
backscatter coefficient. Speckle is responsible for the mottled
appearance of the grassy area surrounding the monument
in Fig. 8.
The geometric aspects of SAR image data naturally relate
directly to scene geometry, data collection geometry, and
sensor parameters. Here we discuss the range and azimuth
channels separately to describe these relationships.
Range refers to the distance Rt between the antenna
phase center (APC) and a particular scatterer measured by
the time delay (ta = 2Rt/c) between transmission and reception
of pulses. Spheres (indicating surfaces of constant range)
centered at the APC will intersect a flat earth as circles
centered at the radar nadir point. Figure l lA illustrates
this geometric relationship. The illuminated parts of each of
these circles appear as (straight) lines of constant range in
a processed image.
Azimuth relates to angular location in terms of Doppler
cone angle, defined as the angle between the antenna velocity
vector and the line-of-sight to a particular scatterer. A conical
surface (indicating constant azimuth) with its vertex at the
APC and its axis along the antenna velocity vector intersects
a flat earth as a hyperbola. Figure 11A illustrates the shape
of these intersections for a family of conical surfaces.
The illuminated parts of each of these intersections appear
as (straight) lines of constant azimuth in a processed image.
While a conical surface and a spheric surface centered at
the cone vertex intersect orthogonally in 3D space, these
circles of constant range and hyperbolas of constant Doppler
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on the flat earth generally are not orthogonal. As Fig. l lB mimicking the rectangular format, the quadratic phase
illustrates, these intersections are orthogonal in the radar adjustments, and the Fourier transform operations inherent
in the original optical processor.
slant plane.
Following these early processors, the SAR community has
A reasonable set of image quality (IQ) parameters includes
resolution, peak sidelobe levels, a measure of additive noise developed a succession of new approaches for processing
(primarily from thermal noise in the radar receiver), a SAR data to improve image quality, support different data
measure of multiplicative noise, and geometric distortion. collection modes, and improve algorithm efficiency (particuResolution refers to the -3-dB width of the mainlobe of the larly with respect to realtime and near-realtime imaging
system impulse response. The sidelobe region is the area of applications). Fortunately, the performance of digital signal
the impulse response outside the mainlobe area. Peak sidelobe processing (DSP) hardware has improved dramatically
levels refer to the local peaks in intensity in the sidelobe since the first digital SAR processors to keep pace with
region. Multiplicative noise refers to signal-dependent effects increasing processing demands of modern SAR sensors and
and includes digital quantization noise, energy in the sidelobes associated algorithms.
of the system impulse response, and energy from scatterers
outside the scene that alias into the image as PRF (pulse 2.2 Major Challenges in Synthetic Aperture
repetition frequency) ambiguities. Geometric distortion
Radar Image Formation
involves a nonideal relationship between the image geometry
and scene geometry, for instance a square patch of terrain The generation of high-quality SAR imagery requires that the
taking on a keystone shape in the image.
IFP compensate a number of fundamental effects of radar
In practice, requirements on IQ parameters vary among system design, hardware implementation, and data collection
task categories that include terrain imaging, target detec- geometry. The more significant effects include scatterer
tion, target classification, and target identification. Each cate- motion through range and azimuth resolution cells, the pregory indicates a different set of image quality, quantity, and sence of range curvature, effects of measured sensor motion,
timeliness requirements that a SAR system design and imple- errors induced by nonideal sensor hardware components,
mentation must satisfy to perform that task acceptably [5]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
errors induced by nonideal signal propagation, and errors
caused by unmeasured sensor motion. Additional concerns
involve computational complexity, quantity of digital data,
2 Image Formation Algorithms
and data rates.
Of these issues, motion through resolution cells (MTRC)
This section describes the principal image formation procesand range curvature usually present the greatest challenges to
sing algorithms associated with operational spotlight and
algorithm design. The remainder of this subsection defines
stripmap modes. We introduce this discussion with a historic
and discusses these two challenges. Together with resolution
review of image formation processing of SAR data.
requirements and scene size, they generally drive the choice of
image formation algorithm. In addition, unmeasured sensor
2.1 History of Image Formation Algorithms motion causes phase errors that often require the use of a
The SAR sensor receives and processes analog electromagnetic procedure to detect, measure, and remove them. Section 3.1
signals in the form of time-varying voltages. While the modern discusses autofocus algorithms to address this need.
digital signal processor requires that the receiver sample ,~nd
Over the synthetic aperture distance necessary to collect
quantize these analog signals, the first processor to success- the data needed to form a single image, the changing position
fully generate a fully focused SAR image operated on analog of the radar sensor causes changes in the instantaneous
signals recorded in a 2D format on a strip of photographic range and angle from the sensor to any scatterer in the scene
film. In this recording process, the signals returned from being imaged. Motion through resolution cells refers to the
successively transmitted pulses were recorded side-by-side existence of these changes. Because SAR uses the range and
parallel to each other along the length of the film in a so-called angle to a scatterer to position that scatterer properly within
rectangular format. The optical signal processor illuminated the image, the radar must estimate these changing quantities.
the signal film with a coherent (helium neon) laser beam For typical narrowmbeamwidth sensors, the line-of-sight
while an assortment of spheric, cylindric, and conical lenses range to each scatterer is nominally a quadratic function
provided the needed quadratic focus to effect a Fourier of along-track sensor position. In a generic sense, this
transform operation. In a perspective analogous to optical variation represents scatterer MTRC in range.
imaging, the laser releases the radar wavefronts originatThe drawings of imaging geometry in Figure 12 help to
ing from the illuminated scene and stored in the photogra- relate MTRC to a change in range and define range curvature.
phic film while the lenses focus these wavefronts to form a 2D In broadside stripmap imaging, the change in range to each
image of the scene. Early digital signal processors performed scatterer is symmetric about broadside and represents range
essentially these same operations on the quantized signals, curvature. In a squinted stripmap collection, the variation
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in range to each scatterer is not symmetric over the synthetic
aperture, but includes a large linear component. The SAR
community refers to the linear component as range walk
and the nonlinear (nominally quadratic) component as range
curvature. Somewhat different terminology applies to the same
effect in the arena of fine-resolution spotlight mode, where
all MTRC becomes range curvature regardless of whether
the motion is linear or nonlinear. Figure 12 illustrates these
effects for a stripmap collection (left side) and a spotlight
collection (right side).
The key challenge in SAR image formation is the fact
that range curvature varies with scatterer location within the
imaged scene. The top-right diagram in Fig. 12 suggests this
variation. Although it is easy to compensate range curvature
for one scatterer, it can be difficult to compensate adequately
and efficiently a different range curvature for each scatterer
in the image.
For many systems having fine resolution or a wide swath
width, this change in range curvature or differential range
curvature (DRC) across the imaged swath can be large enough
to challenge the approximations that most IFP algorithms
use in their analytic basis for compensating DRC. The
consequences can include spatially variant phase errors
that cause image defocus and geometric distortion.

2.3 Image Formation in the Stripmap Mode
In stripmap mode, successively transmitted pulses interrogate the strip of terrain being imaged at successively increasing along-track positions as the antenna proceeds parallel
to the strip. For image formation in stripmap mode, we
discuss range-Doppler processing and the range migration
algorithm.
Range-Doppler processing is the traditional approach for
processing stripmap SAR data. It involves signal storage in
a rectangular format analogous to the early optical stripmap
processor described in Section 2.1. While many variations
of this algorithm exist, the basic approach involves two
common steps. First, the IFP compresses the signal data
(pulses) in range. It then compresses the (synthetic aperture)
data in azimuth to complete the imaging process. If range
curvature is significant, the range-compressed track of each
scatterer migrates through multiple range bins requiring use
of a 2D matched filter for azimuth compression. Otherwise,
use of a one-dimensional (1D) matched filter is adequate.
A range-Doppler processor usually implements the matched
filter via the fast convolution algorithm involving a fast
Fourier transform (FFT) followed by a complex multiply
and an inverse FFT. The matched filter easily compensates
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the range curvature associated with scatterers at some medium and coarse resolution SAR data, but has difficulty
with either fine-resolution data or data collected in a squinted
reference range that is specified in the filter design.
A typical approach to accommodate DRC in range-Doppler geometry. While an additional processing stage can perprocessing divides the range swath being imaged into narrow form secondary range compression to partially overcome this
subswaths. This division allows the use of the same matched difficulty, the range migration algorithm and the chirp scaling
filter for azimuth compression within each subswath tuned algorithm offer attractive alternatives for many applications.
The range migration algorithm (RMA) is a modern
to its midrange, but a different matched filter from subswath
to subswath. The IFP applies the same 2D matched filter to approach to stripmap SAR image formation [7]. As a key
all range bins within a specific subswath and accepts a attribute, RMA provides a complete solution to the presence
gradual degradation in focus away from midrange. A common of range curvature and avoids any related geometric distortion
criterion allows yr/2 rad of quadratic phase error and limits or defocus. RMA operates on input data after dechirp-onthe maximum subswath width AR to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
receive (described in Section 1.4) in the receiver or subsequent
range dechirp in the processor. It requires that the receiver
preserve (or that the processor reapply) the natural azimuth
a R < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8p a
(3)
chirp characteristics of the collected signals when compensating the received data for random sensor motion. We refer to
to avoid significant defocus [6]. As an example, an X-band this procedure of preserving the natural phase chirp in
(~.c=0.03 m) stripmap SAR with 1.0 m azimuth resolution azimuth (common in conventional stripmap imaging) as
(requiring an azimuth beam width of 0.015 rad) corresponds motion compensation to a line.
to a range subswath width AR of 267 m.
Figure 14 illustrates the key steps in RMA processing. First,
A common version of the range-Doppler algorithm begins RMA transforms the input signal data (already in the range
with an FFT of the azimuth chirped data to compensate frequency domain following the receiver dechirp-on-receive
directly for scatterer migration through range bins via a operation) into the 2D spatial frequency (or wavenumber)
Doppler-dependent, 1D digital interpolation in range. domain via a 1D along-track FFT. Operation in this 2D
The idea is to straighten the curved trajectories that each wavenumber domain differentiates RMA from range-Doppler
scatterer follows in range-Doppler (frequency) space by algorithms. Next, a matched filter operation removes from
resampling the range compressed data. Figure 13 summarizes all scatterers the along-track quadratic phase variation and
the steps in this process. This method is useful in processing range curvature associated with a scatterer located at swath

Flight Path
Range compressed
signal data

Scene being imaged
Range
compression

muth
antenna
width

Range

Azimuth FFT

1

After range migration
compensation

After azimuth FFT
Range
migration
correction

After azimuth
compression
Azimuth
inverse
FFT
.....

©

0
©

O

Range

Range -

--

<M

Range

FIGURE 13 Key steps in range-Doppler processing algorithm.

--

1142 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

RF
frequency Dopplerbandwidth

Signal data
(dechirpedin range)
Along-track
Fourier Transform

b a n d w R F i d t h I ~ / ~~
I~

Synthetic aperture

Handbook of Image and Video Processing

r

I bandwidth

-I

. Doppler
frequency
Stolt
Interpolation
RF
SAR image
frequency
Azimuth
-- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2-D InverseFourier
Transform

..,i,,° i
Doppler
frequency
FIGURE 14 Key step in range migration algorithm processing.
center. While this operation perfectly compensates the range
curvature of scatterers located along swath center, it provides
only partial compensation for scatterers at other ranges. In the
next step, a 1D coordinate transformation in the range
frequency coordinate (known as the Stolt interpolation)
removes the residual range curvature of all scatterers. Finally,
a 2D inverse FFT compresses the signal data in both range and
azimuth to achieve the desired image.
RMA outperforms other algorithms in situations where
differential range curvature is excessive. These situations are
likely to occur in operations either at fine resolution, with a
low center frequency, at a short standoff range, or with a large
scene size. Thus, RMA is a natural choice for processing
fine-resolution stripmap imagery at VHF and UHF bands
for FOPEN applications. With appropriate preprocessing of
the signal data, RMA can be a viable choice for spotlight
processing applications as well [5].
The chirp-scaling algorithm (CSA) requires SAR input
data possessing chirp signal characteristics in both range and
azimuth. Related to RMA, CSA requires only FFTs and
complex multiplies to form a well-focused image of a largescene; it requires no digital interpolations. This attribute often
makes CSA an efficient and practical alternative to RMA.
CSA avoids interpolation by approximating the Stolt transformation step of RMA with a chirp scaling operation [5]. This
operation applies a Doppler-dependent quadratic phase
function to the range chirped data after an FFT of the
azimuth chirped data. This process approximately equalizes
DRC over the full swath width and permits partial range
curvature compensation of all scatterers with a subsequent

matched filtering step. With its efficiency and good focusing
performance, CSA and its various extensions have become
standard image formation techniques for commercial and
scientific orbital SAR systems that operate with coarse to
medium resolutions over large swath widths.

2.4 Image Formation in the Spotlight Mode
In spotlight mode, successively transmitted pulses interrogate the fixed scene being imaged at successively increasing
cone angles as the antenna proceeds past the scene. This vision
suggests the storage of collected pulses in a polar format
for signal processing. In fact, the polar format algorithm
(PFA) is the standard approach for image formation in
fine-resolution spotlight mode.
P FA requires SAR signal data after dechirp in range.
Such data occur naturally in systems using dechirp-on-receive
hardware. Unlike the range migration algorithm, PFA requires
that the receiver (or the IFP) remove the natural azimuth
chirp characteristics of the collected signals. We refer to this
procedure of removing the natural chirp when compensating
the received data for random sensor motion as motion
compensation to a point. This fixed reference point becomes
scene center in the spotlight image.
The use of motion compensation to scene center completely
removes the effect of MTRC from a scatterer at scene center
and partially removes it from other scatterers. PFA removes
most of the remaining effects of MTRC by its choice of a data
storage format for signal processing. Using a 2D interpolation,
the algorithm maps returns from successively transmitted
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FIGURE 15 Geometric relationships in polar format processing: (A) Slant plane data collection geometry; (B) signal
data in rectangular formation; (C) polar formatted signal data; (D) signal data after polar-to-rectangular interpolation.

pulses in an annular shape. It locates each return at a polar
angle that tracks the increasing cone angle between the
antenna velocity vector and its line-of-sight to scene center as
the antenna proceeds past the scene. It locates the returns at
a radial distance proportional to the radio frequency of
the transmitted pulse. Figure 15 illustrates this data storage
format and its similarity to the data collection geometry,
particularly in terms of the Doppler cone angle otd. The
combination of motion compensation to a point and polar
formatting leaves a small residual effect of MTRC that we
call range curvature phase error in discussions of PFA.
Range curvature phase error introduces geometric distortion in the image from residual linear phase effects and causes
image defocus from quadratic and higher order phase effects.
Based on sensor and data collection parameters, these effects
are deterministic and vary in severity over the scene. The
digital processor is able to correct the geometric distortion
by resampling the processed image to remove the deterministic distortion. The processor cannot easily remove the
image defocus resulting from range curvature because the
amount of defocus varies over the scene. Because the amount
of defocus increases with distance from scene center, the usual
method of dealing with it is simply to limit the processed
scene to a size that keeps defocus to an acceptable level.
A typical criterion allows zr/2 rad of quadratic phase error.
This criterion restricts the allowable scene radius ro to

_2

R/~ac

ro < Pa~/ Z

(4)

where Rac is the midaperture range between scene center
and the SAR antenna [5]. As an example, a system design
using ~c=0.03 m, Pa-'-0.3 m and Rac = 10 k m limits ro to
346 m.
To process a larger scene, it is common to divide the scene
into sections, process each section separately, and mosaic the
sections together to yield an image of the entire illuminated
scene. This subpatch processing approach can become
inefficient because the IFP must process the collected signal
data multiple times in order to produce the final output
image. Amplitude and phase discontinuities are invariably
present at section boundaries. Significant amplitude discontinuities affect image interpretability, while phase discontinuities impact utility in interferometry and other applications
that exploit image phase.
PFA requires a 2D interpolation of digitized signal data
to achieve the polar storage format. The IFP typically implements this 2D interpolation separably in range and azimuth
via two passes of 1D finite impulse response filters [5].
PFA is an important algorithm in fine-resolution SAR
image formation because it removes a large component of
MTRC in an efficient manner. In addition, PFA is attractive
because it can perform numerous secondary compensations along the way. These compensations include range
and azimuth down-sampling to reduce computational load,
autofocus to remove unknown quadratic errors, and resampling to change the image display geometry. As a result, use
of PFA is common in many operational reconnaissance
SAR systems.
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3 Image Enhancement
The magnitude and phase of each image pixel can have
significance in image exploitation. Additionally, the geometric
relationship (mapping) between image pixel location and
scatterer location in 3D target space is an important aid
in target detection, classification, and identification applications. It is the function of image enhancement algorithms
to improve or accentuate these image characteristics for
image understanding and information extraction.
The complex nature of the SAR image extends the capability
of image enhancement algorithms to vary the quality and
nature of the image. Important enhancement functions
include autofocus, impulse response shaping, geometric
distortion correction, intensity remapping, and noncoherent
integration. Autofocus and distortion correction improve
image quality by addressing deficiencies in the image
formation process. Impulse response shaping and intensity
remapping provide a capability to adjust image characteristics
to match a specific application. Noncoherent integration
smoothes speckle noise by noncoherently summing multiple
images of the same scene collected at different frequencies or
cone angles.
These image enhancement functions are standard considerations in SAR image improvement. In this section, we
describe autofocus algorithms and impulse response shaping
in detail and briefly discuss the remaining image enhancement
functions.

3.1 Autofocus Algorithms
The synthetic aperture achieves fine cross-range resolution
by adjusting the relative phase among signals received from
various pulses and coherently summing them to achieve
a focused image. A major source of uncertainty in the relative
phase among these signals is the exact location of the
radar antenna at the time of transmission and reception of
each pulse. Location accuracy on the order of a fraction of
a wavelength is necessary, perhaps to a few millimeters in the
case of X-band operation at 10-GHz center frequency.
Without this location accuracy, phase errors will exist across
the azimuth signal aperture and cause image distortion,
defocus, and loss of contrast. Other hardware and software
sources of phase error also are likely to be present even in
a well-designed system.
The high probability of significant phase error in the
azimuth channel of a SAR system operating at fine resolution
(typically better than 1-m azimuth resolution) necessitates
the use of algorithms during or following image formation
to measure and remove this phase error. We refer to the
process that automatically estimates and compensates for
phase error as autofocus. We describe two common autofocus
algorithms in this chapter, the mapdrift algorithm and
phase gradient autofocus (PGA). The mapdrift algorithm is
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ideal for detecting and removing low-frequency phase error
that causes image defocus. By low frequency, we mean phase
error that varies slowly (for example, a quadratic or cubic
variation) over the aperture. PGA is an elegant algorithm
designed to detect both low-frequency phase error and highfrequency phase error that varies rapidly over the aperture.
High-frequency phase error primarily degrades image
contrast.
Originating at Hughes Aircraft Corporation in the mid
1970s, the mapdrift algorithm became the first robust
autofocus procedure to see widespread use in operational
SAR systems. While mapdrift estimates quadratic and cubic
phase errors best, it also extends to higher frequency phase
error [9]. With the aid of Fig. 16, we illustrate use of the
mapdrift concept to detect and estimate an azimuth quadratic
phase error with center-to-edge phase of Q over an aperture
of duration T~. This error has the form exp (j2Jrkqx2) where x
is the azimuth coordinate and kq is the quadratic phase
coefficient being measured. In its quadratic mode, mapdrift begins by dividing the signal data into two halves
(or subapertures) in azimuth, each of length T,fl2. Mapdrift
forms separate, but similar, images (or maps) from each
subaperture. This process degrades the azimuth resolution
of each map by a factor of two relative to the full-aperture
image. Viewed separately over each subaperture, the original
phase effect includes identical constant and quadratic
components but a linear component of opposite slope in
each subaperture. Mapdrift exploits the fact that each
subaperture possesses a different linear phase component. A
measurement of the difference between the linear phase components over the two subapertures leads to an estimate
of the original quadratic phase error over the full aperture.
The constant phase component over each subaperture is
inconsequential, while the quadratic phase component causes
some defocus in the subaperture images that is not too
troublesome.
By the Fourier shift theorem, a linear phase in the signal
domain causes a proportional shift in the image domain.
By estimating the shift (or drift) between the two similar
maps, the mapdrift algorithm estimates the difference in the
linear phase component between the two subapertures. This
difference is directly proportional to Q. Most implementations
of mapdrift measure the drift between maps by locating
the peak of the cross-correlation of the intensity (magnitude squared) maps. After mapdrift estimates the error,
a subsequent step removes the error from the full data
aperture by multiplying the original signal by a complex
exponential of unity magnitude and phase equal to the
negative of the estimated error. Typical implementations
improve algorithm performance by iterating the process after
removing the current error estimate. Use of more than two
subapertures to extend the algorithm to higher frequency
phase error is rare because of the availability of more capable
higher order techniques, such as the PGA algorithm.
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The PGA entered the SAR arena in 1989 as a method
to estimate higher order phase errors in complex SAR signal
data [10, 11]. Unlike mapdrift, PGA is a nonparametric
technique in that it does not assume any particular functional
model (for example, quadratic) for the phase error. PGA
follows an iterative procedure to estimate the derivative
(or phase gradient) of a phase error in one dimension. The
underlying idea is simple. The phase of the signal that results
from isolating a dominant scatterer within an image and
inverse Fourier transforming it in azimuth is a measure of the
azimuth phase error in the signal data.
The PGA iteration cycle begins with a complex image that
is focused in range but possibly blurred in azimuth by the
phase error being estimated. The basic procedure isolates
(by windowing) the image samples containing the azimuth
impulse response of the dominant scatterer within each range
bin and inverse Fourier transforms the windowed samples.
The PGA implementation estimates the phase error in
azimuth by measuring the change (or gradient) in phase

between adjacent samples of the inverse transformed signal
in each range bin, averaging these measurements over all range
bins, and integrating the average. The algorithm then removes
the estimated phase error from the original SAR data and
proceeds with the next iteration. A number of techniques
are available for selecting the initial window width. Typical
implementations of PGA decrease the window width following
each iteration of the algorithm.
Figure 17 demonstrates use of PGA to focus a 0.3-m
resolution stripmap image of the University of Michigan
engineering campus. The image in Fig. 17A contains a higher
order phase error in azimuth that seriously degrades image
quality. Figure 17B shows the focused image that results after
three iterations of the PGA algorithm. This comparison
illustrates the ability of PGA to estimate higher order phase
errors accurately. While the presence of numerous dominant
scatterers in this example eases the focusing task considerably,
PGA also exhibits robust performance against scenes without
dominant scatterers.
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3.2

Impulse

Response

Shaping

In the absence of errors, the impulse response of the SAR
imaging system is the Fourier transform of the aperture
weighting function. An unweighted (constant amplitude and
phase) aperture yields a sin(x)/x impulse response. Control
of the sidelobes of the impulse response is i m p o r t a n t to
m a i n t a i n image contrast and avoid interference with weaker

nearby targets by a stronger scatterer. Conventional aperture
weighting generally involves a m p l i t u d e tapering at the data
aperture edges to reduce their c o n t r i b u t i o n to sidelobe
energy. This type of weighting always widens the mainlobe
as a consequence of reducing the energy in the sidelobes.
W i d e n i n g the mainlobe degrades resolution as m e a s u r e d by
the - 3 - d B width of the impulse response function. Figure 18
compares the intensity impulse responses from an unweighted
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FIGURE 19 Impulseresponse comparison using dual apodization (half-cosine).

aperture and from -35-dB Taylor weighting, a popular
choice for fine-resolution SAR imagery. With this weighting
function, the first sidelobe is 35 dB below the mainlobe peak
compared to 13 dB without weighting. The weighted -3-dB
main lobe width is 1.3 times that in the unweighted case.
Dual apodization is a new approach to impulse response
shaping for SAR imagery [12, 13]. In this approach, an
algorithm generates two images from the same signal data, one
using an unweighted aperture and one using heavy weighting
that suppresses sidelobes and widens the mainlobe width.
Logic within the algorithm compares the magnitude of the
unweighted image with that resulting from the heavy
weighting on a pixel-by-pixel basis. This logic saves the minimum value at each pixel location to represent that pixel in the
output image. In this way, dual apodization attempts to
preserve both the narrow width of the unweighted aperture
and the low sidelobe levels of the weighted aperture.
Our example of dual apodization compares the unweighted
image with that resulting from half-cosine weighting, which
we select specifically for use in a dual apodization operation.
Figure 19A illustrates the half-cosine weighting. Alone, halfcosine weighting is not useful because it greatly degrades the
mainlobe of the impulse response. However, as a partner in
dual apodization with the unweighted aperture, it performs
adeptly to minimize sidelobes without increasing mainlobe
width. Figures 19B and 19C show the unweighted and

weighted impulse responses. Unlike many aperture-weighting
functions that do not significantly change the zero-crossings of
the impulse response function, half-cosine weighting does
shift the zero-crossings relative to those of the unweighted
aperture. Figure 19D indicates the impulse response resulting
from dual apodization. This result maintains the width of
the unweighted aperture and the sidelobe levels of the halfcosine weighted aperture. Dual apodization with this pair of
weightings requires that we multiply the magnitude of the
weighted image by a factor of two before comparison to
balance the reduction in amplitude from weighting. Figure 20
compares a SAR image containing a number of strong targets
using an unweighted aperture and using this dual apodization
pairing.
Space variant apodization (SVA) is a step beyond dual
apodization that uses logic queries regarding the phase and
amplitude relationships among neighboring pixels to determine whether a particular pixel consists of primarily mainlobe
energy, primarily sidelobe energy or a combination of the
two [12, 13]. The logic directs the image enhancement algorithm to zero out the sidelobe pixels, maintain the mainlobe
pixels, and suppress the pixels of mixed origin. The operation
of SVA to zero out sidelobe pixels introduces some suppression of clutter patterns. Reference [12] supplements the
original papers with heuristic explanations of SVA and SAR
image examples.
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FIGURE 20 Image example using dual apodization: (A) Original image with unweighted aperture; (B) image with
dual apodization (half-cosine). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.3 Other Image Enhancement Functions
Other image improvement options include geometric distortion correction, intensity remapping, and noncoherent
integration. Geometric distortion refers to the improper positioning of scatterers in the output image with respect to
their true position when viewed in a properly scaled common
image display plane. Correction procedures remove the deterministic component of geometric distortion by resampling the
digital SAR image from distorted pixel locations to undistorted locations. Intensity remapping refers to a (typically)
nonlinear transformation between input pixel intensity
values and output intensity. Such a remapping operation is
particularly important when displaying SAR imagery in order
to preserve the wide dynamic range inherent in the digital
image data (typically 50 to 100 dB). Noncoherent integration refers to a process that detects the amplitude of SAR
images (thereby eliminating the phase) and averages a number
of these detected images taken at slightly different cone angles
in order to reduce the variance of the characteristic speckle
that naturally occurs in SAR images.
Geometric distortion arises largely from an inadequacy of
the IFP algorithm to compensate for the geometric relationships inherent in the range/angle imaging process. When
necessary to satisfy image quality requirements, an image
enhancement module after image formation compensates
for deterministic distortion by interpolating between sample
points of the original image to obtain samples on an
undistorted output grid. This digital resampling operation
(or interpolation) effectively unwarps the distorted image in
order to reinstate geometric fidelity into the output image.
Intensity remapping is necessary and valuable because
the wide dynamic range (defined as the ratio between system
noise and the highest intensity scatterer present) inherent
in radar imagery greatly exceeds that of common display

media. It is often desirable to examine stronger targets in their
natural background of terrain or in the presence of weaker
targets. The common approach to remapping sets input
pixels below a lower threshold level to zero, sets input pixels
above an upper threshold level to that level, and maps pixels
in between from input to output according to a prescribed
(generally nonlinear) mapping rule. One popular remapping
rule performs a linear mapping of image pixels having lower
intensity and a logarithmic mapping of pixels having
higher intensity. The output of this linlog mapping is typically
an image with 8-bit samples that retains the proper linear
relationship among the intensities of low-level scattering
sources (such as terrain), yet compresses the wide dynamic
range of the strongest scatterers (typically man-made, metallic
objects).
Noncoherent integration (or multilook averaging) of fineresolution radar images allows the generation of radar images
with an almost optical-like appearance. This process smoothes
out the pixel-to-pixel amplitude fluctuations (speckle noise)
associated with a coherent imaging system. By including scatterers sensed at a multitude of cone angles, it adds
detail to the target signature to enhance identification and
provide a more literal image appearance. Figure 21 shows a
fine-resolution SAR image of an automobile resulting
from noncoherent summation of 36 images collected at
unique cone angles.

4 Image Exploitation
The value of imagery is in its use. Information inherent in
image data must be identified, accessed, quantified, often
calibrated, and developed into a usable and observable form.
Observation may involve visual or numeric human study or
automatic computer analysis.
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FIGURE 21 Use of noncoherent intergration to reduce speckle noise and fill
in target signature.
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coherence required to produce an ideal impulse response
function. The result is azimuth phase error in the signals
received from moving target scatterers. In conventional
SAR imagery, such phase error causes azimuth smearing of
the moving target image. In the simple case of a target moving
at constant velocity parallel to the antenna path (along-track
velocity) or at constant acceleration toward the antenna (lineof-sight acceleration), the phase error is quadratic and the
image smearing is proportional to the magnitude of the
motion [5]. This image effect offers both a basis for detection
of a moving target and a hope of refocusing the moving target
image after image formation [14]. In the simple-motion case
presented here, the image streak corresponding to a moving
scatterer possesses a quadratic phase in the image deterministically related to the value of the target motion parameter
and to the quadratic phase across the azimuth signal data.
This quadratic phase characteristic of the streaks in the image
offers an interesting approach to automatic detection and
refocusing of moving targets in conventionally processed SAR
images.
Equations relating target velocity to quadratic phase error
in both domains and to streak length are well known [5].
A target moving with an along-track velocity Vtat parallel to
the antenna velocity vector introduces a quadratic phase error
across the azimuth signal data. The zero-to-peak size Qvtat
of this phase effect is

An image naturally presents a spatial perspective to an
observer with a magnitude presentation of specific features
or characteristics. Beyond this presentation, SAR image data
offers additional information related to its coherent nature,
with meaningful amplitude and phase associated with each
pixel. This complex nature of SAR imagery represents special
value when the image analyst can relate it to target or data
collection characteristics of value in specialized military
or civilian applications.
Some examples of these special applications of SAR
image data include moving target detection (possibly with
tracking and focusing) using a single image and digital terrain
JrV,a, Va
elevation data (DTED) extraction via interferometry using
Qvtat- 2paS~c
(5)
multiple images collected at different depression angles. We
discuss these two applications in detail below.
Here, Ta is the azimuth aperture time and Sac is the sine of the
Additional applications of a single SAR image include glint
cone angle at aperture center.
detection, automated road finding and following, and shadow
Conventional image formation processing of the resulting
exploitation. Glints (or specular flashes) refer to bright returns
signal data produces an azimuth streak in the image for each
off the edges of linear surfaces, characteristic of man-made
scattering center of the target. The length Ls of each streak is
structures such as aircraft wings. Road finding and shadow
roughly
detection naturally involve searches for low return areas in
the image. Additional applications involving multiple images
2VtatTa
include target characterization using polarization diversity
Ls = ~
(6)
Sac
and change detection using images of the same area collected
at different times from a similar perspective. Differences
in signatures from both terrain and cultural features as a Each image streak has a quadratic phase characteristic along
function of the polarization characteristics of transmit and its length of the same size but opposite sign as the phase effect
receive antennas support target classification and identifica- in the signal data before the Fourier transform operation
tion tasks. Change detection generally involves the subtraction that produces the image. Figure 22 indicates these relationof two detected images collected at different times. Image ships. Line-of-sight target acceleration introduces a similar
areas that are unchanged between collections will experience quadratic phase effect, while more complicated motions
significant cancellation while features that have changed will introduce higher order (for example, cubic, quartic and
not cancel, making the changes easier to identify. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
sinusoidal) phase effects.
A simple algorithm for automated detection of moving
target streaks in conventional SAR imagery utilizes this low4.1 Moving Target Detection
frequency (largely quadratic) phase characteristic of the image
Target motion during the coherent aperture time used to streaks representing moving target scatterers. The procedure
generate azimuth resolution disturbs the pulse-to-pulse phase is to calculate the pixel-to-pixel change in phase in the
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Quadratic
phase error

azimuth direction along each range bin of the image. Normal
stationary SAR image background areas including stronger
extended targets such as trees and shrubbery vary almost
Qvtat
randomly in phase from pixel to pixel while the streaks
associated with moving scatterers vary more slowly and
regularly in phase. This smooth phase derivative from azimuth
pixel to azimuth pixel differentiates moving scatterers from
stationary scatterers in a way easily detected by an automated
process.
Figure 23A displays a 0.3-m resolution SAR image that
Azimuth extent of data
includes a group of streaks associated with a defocused
moving target. In this image, the horizontal coordinate is
(A)
range and the vertical coordinate is azimuth. The moving
Image streak zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
target streaks are the brighter returns extending over much
V////////////////A
of the azimuth extent of the scene. The phase along each streak
Ls
is largely quadratic. Figure 23B displays the azimuth derivative
of the phase of this image from -zr change (dark) to +Jr
change (light). Various averaging, filtering, and thresholds
ing operations in this phase derivative space will easily and
automatically detect the moving target streak in the backPhase
ground. For instance, one simple approach detects areas where
the second derivative of phase in azimuth is small.
A measure of L~ in Fig. 23, along with Equations 10.1.5
and 10.1.6, provides an estimate of the quadratic defocus
-Qvtat - parameter associated with this image. A moving target
focus algorithm can make this estimate of defocus and apply
(B)
a corrective phase adjustment to the original signal data to
FIGURE 22 Characteristicsof moving target signals: (A) Phase associated improve the focus of this moving target image. Ideally, this
with signal data; (B) phase along image data.
process generates a signature of the moving target identical

(A)

(B)

FIGURE23 Exampleof movingtarget detection: (A) Syntheticaperture radar imagewith movingtarget present; (B)
phase derivative of image.
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to that of a similar stationary target. In reality, target motion (second antenna directly below first antenna). Information on
is significantly more complex than that modeled here. the depression angle from the sensor to each pixel in the
In addition, the moving target streaks often do not stand image, along with the cone angle and range provided by a
out as well from the background as they do in this particular single SAR image, locates scatterers in three dimensions
image. However, sophisticated implementations of this simple relative to the sensor location and velocity vector. With
algorithm can provide reasonable detection performance information about these sensor parameters, absolute height
even for a relatively low ratio of target streak intensity to and horizontal position is available to generate a digital terrain
elevation map. A natural product of SAR interferometry is a
background intensity. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
height contour map. Figure 6 presents example products from
modern interferometric SAR system. Major applications
4.2 Synthetic Aperture Radar Interferometry aencompass
both civilian and military activities.
We use the vertical interferometer in Fig. 24A to illustrate
SAR interferometry requires a comparison of two complex
SAR images collected over the same Doppler cone angle the geometric basis for determining depression angle. The
interval but at different depression angles. This comparison image from the first antenna locates the scatterer P1 on the
provides an estimate of the depression angle from the sensor range-Doppler circle C1 in a plane orthogonal to the sensor
to each pixel in the image. Figure 24A illustrates an appro- velocity vector. The image from the second antenna locates
priate data collection geometry using a vertical interferometer P1 on the range-Doppler circle C2. The point P2 is the center
Iso-range-Doppler
arc for first antenna ~ /
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FIGURE 24 Geometricmodels for synthetic aperture radar (A) Basisfor estimating depression angle; (B) model for
interferometric analysis.
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of both circles. In the absence of errors, the intersection of
the two circles identifies the location of P1.
The mathematic basis and sensitivity of SAR interferometry is readily available in the published literature [15-17].
To summarize the equations that characterize the interferometric SAR function, we use the horizontal interferometer
illustrated in Fig. 24B. The two antennas A1 and A2 are at the
same height. They are separated by a rigid baseline of length
Bi orthogonal to the flight line. Each antenna illuminates
the same ground swath in a broadside imaging direction. The
sensor travels in the X direction, ~ is the nominal depression
angle from the interferometer to the scatterer relative to the
horizontal baseline and Z,,c is the height of the interferometer
above the nominal ground plane XY.
Following image registration, multiplication of the first
image by the complex conjugate of the second image yields
the phase difference between corresponding pixels in the two
images. For a particular scatterer, this phase difference is
proportional to the difference in range to the scatterer from
each antenna. This range difference, R t l - R t 2 in Fig. 24B,
is adequate information to determine the depression angle
to the scatterer. Without resolving the natural 2zr ambiguity
in the measurement of phase, this phase difference provides an
estimate of only the difference in depression angle between
the scatterers represented by image pixels rather than their
absolute depression angle. The relationship between relative
depression angle A ~ and the difference A~b12between pixels
in this phase difference between images is
--~cA~b12
Ag, = 4:rBi sin(~)

(7)

Two pixels with an interferometric phase difference A~
differ in depression angle by A~p. A change in A~12
corresponds to a change in height Ah given by [5].
Ah = --KhAki 2

(8)
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its potential for 24-hour remote surveillance in all weather
conditions. In recent years, particularly with the advent of the
synthetic aperture radar approach to realizing fine azimuth
resolution, microwave imagery has come to represent a
powerful remote sensing capability. With today's fine-resolution SAR techniques, the finest radar imagery begins to take
on the appearance of optical imagery to which we are naturally
accustomed. For many applications, the utility of SAR imagery
greatly exceeds that of comparable optical imagery.
Four factors contribute significantly to this advanced state
of radar imaging. First, advances in SAR sensor hardware
technology (particularly with respect to resolving capability)
provide the inherent information within the raw SAR data
received by the radar sensor. Second, recent developments
in image formation algorithms and computing systems
provide the capability to generate a digitized image in a
computationally efficient manner that preserves the inherent
information content of the raw radar signals. A combination
of requirements on airborne SAR for finer and finer resolution in various military applications and requirements on
orbital SAR for wide-area coverage in natural resource and
environmental applications provided the impetus for these
developments. Third, improvements in image quality via
state-of-the-art image enhancement algorithms extend the
accessibility of information and emphasize that information
of interest to the specialized user of SAR imagery. Autofocus
and space-variant apodization exemplify these image quality
improvements. Finally, an explosion in powerful exploitation
techniques to extract information coded in the phase as well
as the amplitude of SAR imagery multiplies the value of the
radar imagery to the end user.
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1 Introduction
The term tomography refers to the general class of devices
and procedures for producing two-dimensional (2D) crosssectional images of a three-dimensional (3D) object.
Tomographic systems make it possible to image the internal
structure of objects in a non-invasive and non-destructive
manner. By far the best known application is the computer
assisted tomography (CAT or simply CT) scanner for x-ray
imaging of the human body. Other medical imaging
devices, including PET (positron emission tomography),
SPECT (single photon emission computed tomography) and
MRI (magnetic resonance imaging) systems, also make use
of tomographic principles. Outside of the biomedical realm,
tomography is used in diverse applications such as microscopy, non-destructive testing, radar imaging, geophysical
imaging and radio astronomy.
We will restrict our attention here to image reconstruction
methods for x-ray CT, PET and SPECT. In all three modalities
the data can be modeled as a collection of line integrals of
the unknown image. Many of the methods described here
can also be applied to other tomographic problems. However,
the reader should refer to Chapter 3.6 for a more general
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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treatment of image reconstruction in the context of ill-posed
inverse problems.
We describe 2D image reconstruction from parallel and
fan-beam projections and 3D reconstruction from sets of 2D
projections. Algorithms derived from the analytic relationships between functions and their line integrals, the so called
"direct methods", are described in Sections 3-5. In Section 6
we describe the class of "iterative methods" that are based
on a finite dimensional discretization of the problem. We
will include key results and algorithms for a range of imaging geometries, including systems currently in development.
References to the appropriate sources for a complete development are also included. Our objective is to convey the wide
range of methods available for reconstruction from projections
and to highlight some recent developments in what remains
a highly active area of research.

2 Background
2.1 X-ray Computed Tomography
In conventional x-ray radiography, a stationary source and
planar detector are used to produce a 2D projection image of
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the patient. The image has intensity proportional to the structures to be obscured. For example, lung tumors, which
amount by which the x-rays are attenuated as they pass have a higher density than the surrounding normal tissue, may
through the body, i.e., the 3D spatial distribution of x-ray be obscured by a more dense rib that projects into the same
attenuation coefficients is projected into a 2D image. The area in the radiograph. Computed tomography (CT) systems
resulting image provides important diagnostic information overcome this problem by reconstructing 2D cross-sections
due to differences in the attenuation coefficients of bone, of the 3D attenuation coefficient distribution.
muscle, fat and other tissues in the 40-120 keV range used in
The concept of the line integral is common to both the
radiographic projection (2) and computed tomography.
clinical radiography [ 1].
X-rays passing through an object experience exponential Consider the first clinical x-ray CT system for which the
attenuation proportional to the linear attenuation coefficient inventor, G. Hounsfield, received the 1979 Nobel Prize in
of the object. The intensity of a collimated beam of mono- medicine (the prize was shared with the mathematician A.
energetic x-radiation exiting a uniform block of material with Cormack) [2]. A collimated x-ray source and detector are
translated on either side of the patient so that a single plane
linear attenuation coefficient ~t and depth d is given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I = Ioe -"a where I0 is the intensity of the incident beam. For is illuminated, as illustrated in Fig. l a. After applying a
objects with spatially variant attenuation ~t(z) along the path logarithmic transformation, the detected x-ray measurements are a set of line integrals representing a 1D parallel
length z, this relationship generalizes to:
projection of the 2D x-ray attenuation coefficient distribution
I -- Io e- f ~(z)dz
(1) in the illuminated plane. By rotating the source and detector
around the patient other 1D projections can be measured
where f It(z)dz is a line integral through It(z).
in the same plane. The image can then be reconstructed from
Let It(x, y, z) represent the 3D distribution of attenuation these parallel-beam projections using the methods described
coefficients within the human body. Consider a simplified in Section 3.1.
model of a radiography system that produces a broad parallelOne major limitation of the first generation of CT
beam of x-rays passing through the patient in the z direction. systems was that the translation and rotation of the detectors
An ideal 2D detector array or film in the (x, y)-plane would was slow and a single scan would take several minutes. X-ray
produce an image with intensity proportional to the negative projection data can be collected far more quickly using the
logarithm of the attenuated x-ray beam, i.e., -log(I/Io). The fan-beam x-ray source geometry employed in the current
following projection image would then be formed at the ideal generation of CT scanners as illustrated in Fig. lb. Since an
detector:
array of detectors is used, the system can simultaneously
collect data for all projection paths that pass through the
f
r(x, £) -- J It(x, y, z)dz
(2) current location of the x-ray source. In this case, the x-ray
source need not be translated and a complete set of data is
The utility of conventional radiography is limited due to the obtained through a single rotation of the source around the
projection of 3D anatomy into a 2D image, causing certain patient. Using this configuration modern scanners can scan a
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~tectors
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(a)

(b)

FIGURE 1 (a) Schematic representation of a first generation CT scanner that uses translation and rotation of the
source and a single detector to collect a complete set of 1D parallel projections; (b) the current generation of CT
scanners use a fan x-ray beam and an array of detectors, which requires rotation only.
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single plane in less than one second. Methods for reconstruction from fanbeam data are described in Section 3.2.
Recently developed spiral CT systems allow continuous
acquisition of data as the patient bed is moved through the
scanner [3]. The detector traces out a helical orbit with
respect to the patient allowing rapid collection of projections
over a 3D volume. These data require special reconstruction
algorithms as described in Section 4.2. In an effort to
simultaneously collect fully 3D CT data, a number of systems
have been developed that use a cone-beam of x-rays and a 2D
rather than 1D array of detectors [3]. While cone-beam systems are rarely used in clinical CT, they do play an important
role in industrial applications. Methods for cone-beam
reconstruction are described in Section 5.2.
The above descriptions can only be considered approximate
because a number of factors complicate the x-ray CT problem. For example, the x-ray beam typically contains a broad
spectrum of energies and therefore an energy dependence
should be included in (1) [1 ]. The theoretical development of
CT methods usually assumes a monoenergetic source. For
broadband x-ray sources, the beam becomes "hardened" as it
passes through the object, i.e., the lower energies are
attenuated faster than the higher energies. This effect causes
a beam hardening artifact in CT images that is reduced in
practice using a data calibration procedure [4].
In x-ray CT data the high photon flux produces relatively
high signal to noise ratios. However, the data are corrupted by
the detection of scattered x-rays that do not conform to the
line integral model. Calibration procedures are required to
compensate for this effect as well as for the effects of variable
detector sensitivity. A final important factor in the acquisition
of CT data is the issue of sampling. Each 1D projection is
undersampled by approximately a factor of two in terms of the
attainable resolution as determined by detector size. Methods
to compensate for this problem in fan-beam systems using
fractional detector offsets are described in [3].

2.2 Nuclear Imaging Using PET and SPECT
PET and SPECT are methods for producing images of the
spatial distribution of biochemical tracers or probes that have
been tagged with radioactive isotopes [1 ]. By tagging different
molecules with positron or gamma-ray emitters, PET and
SPECT can be used to reconstruct images of the spatial
distribution of a wide range of biochemical probes. Applications include the use of tracers to measure glucose metabolism, angiogenesis and cell proliferation for the detection and
staging of cancer, imaging of cardiac function, imaging of
gene expression, and studies of neurochemistry using a range
of neuro-receptors and transmitters [6-8]. In recent years,
smaller animal versions of clinical scanners have been
developed for research applications in drug development,
studies of animal models of human disease, and genomic and
proteomic studies in live animals [9].
SPECT systems detect emissions using a "gamma camera".
This camera is a combination of a sodium iodide scintillation
crystal and an array of photomultiplier tubes (PMTs). The
PMTs measure the location on the camera surface at which
each gamma ray photon is absorbed by the scintillator [1].
A mechanical collimator, consisting of a sheet of dense
metal in which a large number of parallel holes have been
drilled, is attached to the front of the camera as illustrated in
Fig. 2a. The collimated camera is only sensitive to gamma rays
traveling in a direction parallel to the holes in the collimator.
The total number of gamma rays detected at a given pixel in
the camera will be approximately proportional to the total
activity (or line integral) along the line that passes through the
patient and is parallel to the holes in the collimator. Thus
when viewing a patient from a fixed camera position, we
collect a 2D projection image of the 3D distribution of the
tracer. By collecting data as the camera is rotated to multiple positions around the patient, we obtain parallel-beam
projections for a contiguous set of parallel 2D slices through

GAMMA CAMERA

COLLIMATO
,

Ii

I

I I

I

(a)

I

I

(b)

[

(c)

FIGURE 2 Schematic representation of a SPECT system: (a) cross-sectional view of a system with parallel hole
collimator: gamma rays normally incident to the camera surface are detected, others are stopped by the collimator so
that the camera records parallel projections of the source distribution. (b) Rotation of the camera around the patient
produces a complete set of parallel projections. (c) Different collimators can be used to collect convergingor diverging
fan and cone-beam projections; shown is a converging cone-beam collimator.
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SEPTA
detectors

ICoincidence t

FIGURE 3 (a) Schematic showing how coincidence detection of photon pair produced by electron-positron
annihilation determines the line along which the positron was annihilated; (b) in 2D PET systems, septa between
adjacent rings of detectors prevent coincidence detection between rings; (c) removal of the septa produces a fully 3D
PET system in which cross-plane coincidences are collected and used to reconstruct the source distribution.

the patient, Fig. 2b. The distribution can be reconstructed
slice-by-slice using the same parallel-beam reconstruction
methods as are used for x-ray CT.
Other collection geometries can be realized by modifying
the collimator design [6]. For imaging an organ, such as the
brain or heart, that is smaller than the surface area of the
camera, improved sensitivity can be realized by using
converging fan-beam or cone-beam collimators as illustrated
in Fig. 2c. Similarly, diverging collimators can be used for
imaging larger objects. Images are reconstructed from these
fan-beam and cone-beam data using the methods in Section 3.2
and Section 5.2, respectively. While the vast majority of
SPECT systems use rotating planar gamma cameras, other
systems have been constructed using a cylindrical scintillation
detector that surrounds the patient. A rotating cylindrical
collimator defines the projection geometry. Although the
physical design of these cylindrical systems is quite different
from that of the rotating camera, in most cases the reconstruction problem can still be reduced to one of the three basic
forms: parallel, fan or cone-beam.
PET is based on the physical property that a positron
produced by a radioactive nucleus travels a very short distance
and then annihilates with an electron to form a pair of high
energy (511 keV) photons [7]. The pair of photons travel in
opposite directions along a straight line path. Detection of the
positions at which the photon pair intersect a ring of detectors allows us to approximately define a line that contains the
positron emitter, as illustrated in Fig. 3a. The total number of
photon pairs measured by a detector pair will be proportional
to the total number of positron emissions along the line
joining the detectors, i.e., the number of detected events
between a detector pair is an approximate line integral of the
tracer density.
A PET scanner requires one or more rings of photon
detectors coupled to a timing circuit that detects coincident
photon pairs by checking that both photons arrive at the
detectors within a few nanoseconds of each other. PET
detectors are usually constructed using a combination of
scintillation crystals and PMTs. A unique aspect of PET is that

the ring of detectors surrounding the subject allows simultaneous acquisition of a complete data set; no rotation of the
detector system is required. A schematic view of two PET
scanners is shown in Fig. 3. In the 2D scanner, multiple
rings of detectors surround the patient with dense material,
or "septa", separating each ring. These septa stop photons
traveling between rings so that coincidence events are collected
only between pairs of detectors in a single ring. We refer to
this configuration as a 2D scanner since the data are separable
and the image can be reconstructed as a series of 2D sections.
In contrast, the 3D scanners have no septa so that coincidence
photons can be detected between planes. In this case the
reconstruction problem is not separable and must be treated
directly in 3D.
PET data can be viewed as sets of approximate line integrals.
In 2D mode the data are sets of parallel-beam projections and
the image can be reconstructed using methods equivalent
to those in parallel-beam x-ray CT. In the 3D case, the data
are still line integrals, but new algorithms are required to deal
with the between-plane coincidences that represent incomplete
projections through the patient. These methods are described
in Sections 4 and 5.
As with x-ray CT, the line integral model is only
approximate. Finite and spatially variant detector resolution
is not accounted for in the line integral model and has a major
impact on image quality [10]. The number of photons
detected in PET and SPECT is relatively small so that photon
limited noise is also a factor limiting image quality. The data
are further corrupted by additional noise due to scattered
photons. Also, in both PET and SPECT, the probability of
detecting an emission is reduced by the relatively high
probability of Compton scatter of photons before they reach
the detector. These attenuation effects can be quantified by
performing a separate "transmission" scan in which the
scattering properties of the body are measured. This information must then be incorporated into the reconstruction
algorithm [7, 10]. While all of these effects can, to some
degree, be compensated for within the framework of analytic
reconstruction from line integrals, they are more readily and
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(a)

(b)

(c)

FIGURE 4 Examplesof brain scans using: (a) x-ray CT, a non-linear gray scale is used to enhance contrast between
soft tissue regionswithin the brain; (b) PET, this image showsan image of glucosemetabolismobtained using an analog
of glucose labelled with the positron emitting isotope, flourine-18; (c) SPECT, this is a brain perfusion scan using a
technitium-99m ligand (image courtesy of 1. E. Bowsher, Duke UniversityMedical Center).
accurately dealt with using the finite dimensional statistical between the high resolution, low noise images produced
formulations described in Section 6. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
by x-ray CT scanners, Fig. 4(a), and the lower resolution and
noisy images produced by the nuclear imaging instruments,
Figs. 4(b) and (c). These differences are primarily due to the
2.3 Mathematic Preliminaries
photon flux in x-ray CT which is many orders of magnitude
Since we deal with both 2D and 3D reconstruction problems higher than the individually detected photons in nuclear
here, we will use the following unified definition of the line medicine imaging. In diagnostic imaging these modalities are
integrals of an image f(x):
highly complementary since x-ray CT reveals information
about the patients anatomy while PET and SPECT images
OO
contain functional information. For further insight into the
(3) ability of x-ray CT to produce high resolution anatomic
g(a, O) -- J f (a + tO)dt 11011= 1
images, we show a set of 3D renderings from CT data in Fig. 5.
--

(X)

Here g is the integral f of over the line passing through a and
oriented in the direction 0.
For parallel projections we consider only a f'Lxed 0 (the
projection direction). To avoid redundant parameterization of
line integrals we only consider those a perpendicular to 0
(i.e., a . 0 - - 0 ) . We say a parallel projection g(., 0) is
truncated if some non-zero line integrals are not measured.
Generally, truncation is due to the use of a finite detector
system which may be too small to gather a complete
projection of the object at some orientation 0.
For fan-beam and cone-beam systems, we consider a to be
fixed for a single projection; a is the fan-vertex or cone-vertex,
which in practice would be the position of the x-ray source or
the focal point of a converging collimator. Again, truncation
of a projection g(a, .) refers to line integrals which are not
available, typically due to the limited extent of the detector.

2.4 Examples
We conclude this introductory section with examples of CT,
PET and SPECT images collected from the current generation of scanners. These images clearly reveal the differences

3 2D Image Reconstruction
3.1 Fourier Space and Filtered Backprojection
Methods for Parallel-Beam Projections
For 2D parallel-beam projections the general notation of
(1) can be refined as illustrated in Fig. 6. We parameterize
the direction of the rays using ~, so 0 - - ( c o s ~, sin ~). For
the position a perpendicular to 0, we write a = ( - u s i n qb,
u cos qb) - u0 ± where u is the scalar coordinate indicating the
distance from the origin to the integration line, or equivalently, the projection element index for the ~-projection. Since
0 depends only on qb, and a then depends on u, we simplify
the notation by writing g(u, ~) = g(a, O) = f f (a + tO)dt.
For the paralMbeam case the function g is the Radon
transform of the image f [4].
Practical inversion methods can be developed using the
relationship between the Radon and Fourier transforms. The
projection slice theorem is the basic result that is used in
developing these methods [4]. This theorem states that the
1D Fourier transform of the parallel projection at angle qb is
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FIGURE 5 Volume rendering from a sequence of x-ray CT images showing the abdominal cavity and kidneys (CT
images courtesy of G. E. Medical Systems) (see color insert).

u

I

FIGURE 6
data.

The coordinate system used to describe parallel-beam projection

Chapter 2.3) of the samples of each 1D projection can be
used to compute approximate values of the image Fourier
transform. If the angular projection spacing is A~, then the
DFTs of all projections will produce samples of the 2D image
Fourier transform on a polar sampling grid. The samples' loci
lie at the intersections of radial lines, spaced by A~, with
circles of radii equal to integer multiples of the DFT frequency
sampling interval. Once these samples are computed, the
image can be reconstructed by first interpolating these
values onto a regular Cartesian grid, and then applying an
inverse 2D DFT. Design of these Fourier reconstruction
methods involves a trade-offbetween computational complexity and accuracy of the interpolating function [4].
A more elegant solution can be found by re-working (4)
into a spatial domain representation. It is then straightforward
to show that the image can be recovered using the following
equations [ 11 ]:

equal to the 2D image Fourier transform evaluated along the
line through the origin in the direction ~ + rc/2, i.e.:

2~

1I

f(x) - -~ a~(u,~b)[U=ux, d~

(6)

0
¢K)

G(U, d~) -

J g(u, d))e-jutsdu - F(X)[x = v0±

where

~00

= F ( - U sin ~, U cos dp)

~,(u, d~) - ~
where F(X) - F(X, Y) is the 2D image Fourier transform

1j

(X)

(4)

zyxwvutsrqponmlkjihgfedcbaZYXWVUT

G(U, ~)l Ule juudv

(7)

~00

zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and Ux,4 , - x . 0 ± is the u-value of the parallel projection at
angle ~ of the point x, see Fig. 6.
These two equations form the basis of the widely used
filtered backprojection algorithm. Equation (7) is a linear
shift-invariant filtering of the projection data with a filter
R2
with frequency response H ( U ) = [U[. The gain of this filter
increases monotonically with frequency and the reconstrucThis result, illustrated in Fig. 7, can be employed in a tion is therefore unstable. However, by assuming that the data
number of ways. The discrete Fourier transform (DFT, see g(u, dp), and hence the corresponding image, are bandlimited
(X~

O0

I JS xy, e' e Y x+

- - OO r e ( X )

-- I JSx'e ' Xx' x
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FIGURE 7 Illustration of the projection slice theorem. The 2D image at left is projected at angle qb to produce the 1D
projection g(u, qb). The 1D Fourier tranform, G(U, qb) of this projection is equal to the 2D image Fourier transform,
F(X, Y) along the radial line at angle 4) + re/2.
a

V.4

_

f

(b)
FIGURE 8 Illustration of the coordinate system for fan-beam tomography using (a) circular arc and (b) linear
detector array arrangements.

to a maximum frequency U -- Umax we need only consider the
finite bandwidth filter with impulse response:
Umax

h(u) -

.I

IUleJ~Udu

backprojection method, or the modification described below
for the fanbeam geometry, was the basis for image reconstruction in almost all commercially available computed tomography systems, at least until the end of the twentieth century. zyxwvutsr

(8)

- - Urea x

The filtered projections ~(u, qb) are found by convolving
g(u, ~) with h(u) scaled by 1/4re 2. To reduce effects of noise
in the data, the response of this filter can be tapered off at
higher frequencies [4, 11 ].
The integrand ~o(Ux,4,, d?) in (6) can be viewed as an image
with constant values along lines in the direction that is
formed by "backprojecting" the filtered projection at angle qb.
Summing (or in the limit, integrating) these backprojected
images for all qb produces the reconstructed image. Although
this summation involves qb E [0,2re], in practice only 180
degrees of projection measurements are collected because
opposing parallel-beam projections contain indentical information. In (6), the integration limits can be replaced with
qb 6 [0, It] and the factor of 1/2 can be removed. This filtered

3.2 Fan-Beam Filtered Backprojection
X-ray CT data can be collected more rapidly using an array of
detectors and a fan-beam x-ray source so that all elements
in the array are simultaneously exposed to the x-rays. This
arrangement gives rise to a natural fan-beam data collection
geometry as illustrated in Fig. lb. The source and detector
array are rotated around the patient and a set of fan-beam
projections, g(a, 0), are collected, where a represents the
position of the source and 0 specifies the individual line
integrals in the projections. For a radius of rotation A, we
parametrize the motion of the source as a = (A cos qb, A sin qb).
For the case of a circular arc of detectors whose center is
the fan-source and which rotates with the source, a particular
detector element is conveniently specified using the relative
angle 13 as shown in Fig. 8a. The fan-beam projection notation
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is then simplified to g(~, f3) = g(a, O) = f f (a + tO)dt where
0 = ( - c o s ( ~ - [3), - sin(~ - [3)).
The projection data could be re-sorted into equivalent
parallel projections and the above reconstruction methods
applied. Fortuitously, this re-sorting is unnecessary. It can
be shown [12] that reconstruction of the image can be
performed using a fan-beam version of the filtered backprojection method. Development of this inverse method
involves substitution of the fan-beam data in the parallelbeam formulae, (6) and (7), and applying a change of variables
with the appropriate Jacobian. After some manipulation, the
equations can be reduced to the form:

Handbook of Image and Video Processing
oo

~(a, u) -- ~ 1 1

( ~ A 2A+ u '2 g(a, u') ) h(u - u')du'

(12)

nO0

where, as before, r = [Ix - all is the distance between x and the
source point a, and Ux,,~ = A tan [3 specifies the line passing through x in the ~ projection. The limits of integration
[-c~, oo] in the filtering step (12) are replaced in practice with
the finite range of u corresponding to non-zero values of the
projection data g(u, (~).
The existence of a filtered backprojection algorithm for
these two fan-beam geometries is quite fortuitous, and does
not occur for all detector sampling schemes. In fact these are
2~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
two of only four sampling arrangements that admit this con1
d~
(9)
venient reconstruction form [13]. In general, the filtering step
0
must be replaced with a more general linear operation on the
weighted projection values, and results in a more computawhere r - [[x- a[[ is the distance from the point x to the
tionally intensive algorithm.
fan-beam source,
For the fan-beam geometry, opposing projections do not
contain the same information, although all line integrals
(10) are measured twice over the range of 2zt measurements. The
g(~, 13) = ~ 1 l (A cos [Yg(~, fY)) h(sin(~ - [Y))d~'
redundancy is interwoven in the projections. An angular
-3'
range of rr+3, can be used with careful adjustments to (11) and
and 3, is the maximum value of [3 required to ensure that data (12) to obtain a fast "short scan" reconstruction [4]. These
are not truncated. In (9), f3x,Oo- cos-l((A 2 - ( x . a ) ) / ( r A ) )
short scan modes are used in clinical CT systems including
indicates the value in the 4~-projection for the line passing spiral CT systems as discussed in Section 4.2.
through the point x.
Important new developments in fan-beam image reconAs in the parallel-beam case, this reconstruction method struction occurred at the turn of the century. New image
involves a two step procedure: filtering, in this case with a reconstruction formulas were established that admitted
pre-weighting factor A cos [3, and backprojection. The back- partial reconstruction of the object if less than a short scan
projection for fan-beam data is performed along the paths of fan-beam measurements had been collected. Observe from
converging at the location of the x-ray source and includes (11) and (12) that reconstruction at the point x uses all the
an inverse square-distance weighting factor. The filter h(u) data, namely all lines passing through the image. From these
was given in (8) and, as before, can include a smoothing formulas it is not possible to obtain even a partial image if
window tailored to the expected noise in the measured data.
some of the data are missing. The new image reconstruction
In some fan-beam tomography applications the detector formulae are able to recover part of the image, often referred
bank might be linear rather than curved. In principle, the to as a region of interest, from part of the data. For fan-beam
same formula could be used by interpolating to obtain values scanning with a contiguous circular motion of the source,
sampled evenly in [3. However, there is an alternative formula any region of interest inside the convex hull of the source
suitable for linear detectors. In this case we use u to indicate trajectory can be recovered using these formulae. For nonthe projection line for a scaled version of the flat detector contiguous trajectories and for non-circular motions the
corresponding to a virtual flat detector passing through description of which regions of interest are recoverable is more
the origin as shown in Fig. 8b. The simplified notation is complicated [ 14].
These developments in fan-beam reconstruction have
g(~, u) = g(a, O) = ~f(a + tO)dt where a = (A cos ~,A sin ~)
as before, and 0 = (u sin (~ - A cos ~, - u cos ~ - A sin (~)/ ignited new research into parallel beam reconstruction
~/U2 + A2.
methods. Full 180° coverage is still required in parallel beam
The derivation of the fan-beam formula for linear detectors geometries even for region of interest reconstruction, but
is virtually the same as for the curved detectors, and results in when the new fan-beam formulae are converted back to
parallel beam, they provide methods of accurately handling
equations of the form:
truncated projections. Novel reconstruction formulae distinct
from (6) and (7) have been established, and investigation
2~
is underway to determine the relationship between a desired
1 I (A2 +u2
)
d(~
(11)
f (x) = -~
r 2 ,,a~(a, u)
region of interest and which subsets of the measured data are
U"- Ux,~
0
sufficient for accurate reconstruction [ 15].
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4 Extending 2D Methods into 3D
4.1 Extracting 2D Data from 3D
A full 3D image can be built up by repeatedly performing 2D
image reconstruction on a set of parallel contiguous slices.
In x-ray CT, SPECT, and PET, this has been a standard
method for volume tomographic reconstruction. Mathematically we use fz(X) = f~(x, y) to represent the z-slice off(x, )I, z),
and gz(U, 0) to represent the line integrals in this z-slice.
Reconstruction for each z is performed sequentially using
techniques described in Section 3.
More sophisticated methods of building 3D tomographic
images have been developed for a number of applications.
For example, in spiral x-ray CT, the patient is moved continuously through the scanner so no fixed discrete set of
tomographic slices is defined. In this case there is flexibility
in choosing the slice spacing and the absolute slice location,
however, there is no slice position for which a complete set
of projection data is measured. We describe image reconstruction for spiral CT in Section 4.2.
In a more general framework, we call an image reconstruction problem fully 3D if the data cannot be separated into a set
of parallel contiguous and independent 2D slices. An example
is 3D PET which allows measurement of oblique coincidence
events and therefore must handle lineintegrals that cross
multiple transverse planes as shown in Fig. 3c. Other examples
of fully 3D problems include cone-beam SPECT and conebeam x-ray CT where the diverging geometry of the rays precludes any sorting arrangement into parallel planes. Fully 3D
image reconstruction is described in more detail in Section 5,
but a common feature of these methods is the heavy
computational load associated with the 3D backprojection
step. Since 2D reconstruction is generally very fast, a number of approaches reduce computation cost by converting
a fully 3D problem into a multi-slice 2D problem. These
rebinning procedures involve approximations that in some
instances are very good so significant improvements in
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image reconstruction time can be achieved with little
resolution loss. One such example is the Fourier Rebinning
(FORE) method used in 3D PET imaging where an order of
magnitude improvement in computation time is achieved
over the standard fully 3D methods; the method is described
in Section 4.3.

4.2 Spiral CT
In spiral CT a conventional fan-beam x-ray source and
detector system rotates around the patient while the bed
is translated along its long axis, as illustrated in Fig. 9. This
supplementary motion, although it complicates the image
reconstruction algorithms and results in slightly blurred
images, provides the capability to scan large regions of the
patient in a single breath hold.
The helical motion is characterized by the pitch P which
is the amount of translation in the axial or z-direction for a
full rotation of the source and detector assembly. Therefore
= 2~zz/P and we can write g(z, ~) = g(a, O) = f f ( a + tO)dr
which is similar to the fan-beam geometry of Section 3.2, with
a -- (A cos qb, A sin qb, z) and 0 = ( - cos(~ - [3), - sin(~ [3), 0). Note that qb now ranges from to as ranges from 0 to
27rn, as z ranges from 0 to nP where n is the number of turns
of the helix. The usual method of reconstruction involves
estimating a full set of fan-beam projections gz(dp, f3) for each
transverse plane, using the available projections at other points
on the helix. If the reconstruction on transverse plane z is
required, the standard fan-beam CT algorithm is used,
2~

lll

dqb

1l

L ( ~ , [3) -- ~ 2

(A cos ~'gz(~, [Y)) h(sin([3 - [3')) d]3'

where f3z,x, ~, indicates the relative project!on angle [3 found by
projecting in the z plane at angle qb through the point (x,)I, z),

~3

Y
z

z
z
(a)

(14)

-?

P

I

(13)

0

(b)

FIGURE 9 Illustrationof spiral or helical CT geometry. (a) Relativeto a stationarybed, the source and detector circle
the patient in a helical fashion with pitch P; (b) to reconstruct cross sectionfz(X, y) missingprojections are interpolated
from neighboring points on the helix at which data were collected.
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and r is the distance (in the z plane) between the point (x,)I, z) using (6) and (7) applied to each z-slice as follows:
and the virtual source at angular position ~. In the simplest
2n
case, the z-plane projections g~(~,[3) are estimated by a
f
(x) .... ,
weighted sum of the measured projections at the same angular
o
position above and below z on the helix: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1I

d~

(16)

oo

gz(dp, ~) "~,

Wlg(Zl, ~) if- w2g(z2, ~)
WI -+-W2

4,) -

(15)

(17)
4,)h(u - u')du
1 I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE
--00

with Uz,x, ,~ = (x, y, z) . ( - sin ~, cos (b, 0). The data gz(u, dp)
for some suitable weights W 1 and 1412,and where, as illustrated are found from sampled values of u and qb determined by the
in Fig. 9, Zx and z2 lie within one pitch P of the reconstruc- ring geometry: the radius R and the number of crystals
tion plane, z. Note that in (15), Zl/V differs from (~ by some (typically several hundreds). In (16) and (17), z is usually
multiple of 2n, and similarly for z2.
chosen to match the center of each detector ring. In practice,
Various schemes for choosing the weights Wl and w2 2D scanners do allow detection of coincidences between
exist [16]. Each weighting scheme establishes a trade-off adjacent rings. By using the singleslice rebinning (SSRB)
between increased image noise from unbalanced contri- technique described below, slices midway between adjacent
butions, and inherent axial blurring artifacts from the detector rings can also be reconstructed from 2D scanner data.
geometric approximation of the estimation process. When
Current commercial 3D PET scanners usually consist of a
the image noise is particularly low, a short-scan version of the few tens of detectors rings and have the capability to detect
fan-beam reconstruction algorithm might be used. This oblique photon pairs that strike detectors in different rings.
version reduces the range of contributing projections to These fully 3D data require more advanced reconstruction
n + Y from 2n and correspondingly reduces the maximum techniques. The fully 3D version of (16) and (17) is given in
distance required to estimate a projection gz(dp, [3). Even more Section 5. In this section we describe two popular rebinning
elaborate estimation schemes exist, such as approximating methods, where the data are first processed to form indeg~((~,[3) on a line-by-line basis. Figure 9b illustrates how pendent 2D projections gz(u, ~) from which (16) and (17) are
the line-integral gz(~, ~) could be estimated from a value in then used for image reconstruction.
the z3 projection.
Let A denote the spacing between rings. Let gl, m(U, dp)
The choice of pitch P represents a compromise between denote the resulting line-integral, with endpoints on rings
maximizing the axial coverage of the patient, and avoiding I and m, whose 2D projection variables are (u, ~) when the
unacceptable artifacts from the geometric estimation. Gener- line is projected onto the x-y plane, as shown in Fig. 10.
ally the pitch is chosen between one and two times the In the SSRB method [17], all line-integral data are reassigned
thickness of the detector in the axial direction [16].
to the slice midway between the rings where the detection
In recent years, "multi-slice" CT scanners have been cons- occurred. Thus
tructed with multiple rows of detectors. For four detector rows
or less, the typical approach has been to ignore the divergence
gz(U' f~) '~ Z
gl, m(U, f~) where
of the rays in the axial direction and treat the system as several
(l, m)~f2z
(18)
interwoven helices, so that the methods described above can
be applied. The pitch is usually tunable, and does not normally
ff2z 1 { (l'-m) " (l- + 2m)A = z
exceed the axial extent of the detectors. However, newer
systems with a greater number of detector rows involve a nonnegligible axial divergence of the x-rays and need to be and reconstruction proceeds according to (16) and (17).
treated using cone-beam techniques to correctly handle the
divergence issue. Section 5.2 describes cone-beam tomography
B
A
in general and briefly discusses the situation for spiral (or
helical) CT. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Y

4.3 Rebinning Methods in 3D PET
PET data is generally sorted into parallel-beam projections,
g(u, ~) as described in Section 3.1. For a multi-ring 2D PET
scanner the data are usually processed slice-by-slice. Using z
to denote the axis of the scanner, the data are reconstructed

m

1

(a)

FIGURE 10 Oblique line integrals (along the path AB in (a)) between
different rings of detectors can be rebinned into equivalent in plane data either
directly using SSRB, or indirectly using FORE. (b) The relationship between
the projected line integral path and the parameters (u, qb).
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A more sophisticated method, known as Fourier Rebinning
(FORE) [18], effectively performs the rebinning operation
in the 2D frequency domain. The rebinned data gz(U, q~) are
found using the following transformations:
2~/R 2 - b , m ( U , ~)) - - gl, m(U, ~))

Image reconstruction can be performed using a 3D version of the filtered backprojection formulas (6) and (7) given
in Section 3.1:

1l

f(x) - -~ ~,(u,v, O)[u=ux,odO

U2

44R 2 - 4u 2 4- ( l - m) 2A

(19)

a
oo

k~) - I

f ~l'm(u'd?)e-J(Uu+k~)dcbdu (20)

oo

ill

~(u, v, O) -- ~ 3

G(U, V, O)Ha(U, V, O)eJ(UV+Vv)dUdV

--00 ~ 00

--00 0

Gz(U, k ,~) .~ E

GI, m ( U ,

k,)

(24)

2

oo 2n

GI, m ( U ,

V:Vx, O

(25)

(21)

where, in the surface integral of (23), dO can be written as
sin OdOddp for 0 having polar angle 0 and azimuthal angle ~;
and where (Ux,O,Vx,O)= (x. 01, x. 02) represents the (u, v)
(14-m)A (l-m)A
k,
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f2z -- I, m "
2
42
U~/R 2 -- U 2
coordinates of the line with orientation 0 passing through x.
The subset f2 of the unit sphere represents the measured
(22)
directions {0} and must satisfy Orlov's condition for data
completeness in order for (24) and (25) to be valid. Orlov's
oo
condition
requires that every great circle on the unit sphere
(23)
gz(U, ~) -- Ek¢ _~ Gz(U, k 4,)eJ(Uu+K*4')dU
intersect the region f2. The tomographic reconstruction
filter Ha(U, V, 0) depends on the measured data set [19].
Both SSRB and FORE are approximate techniques and In the special case that f2 is the whole sphere S2, then
the geometric misplacement of the data can cause artifacts Ha(U, V, O)= ~/U 2 4- V 2.
in the reconstructed images. However, FORE is far more
In 3D PET imaging, data can be sorted according to the
accurate than SSRB yet almost as fast computationally parameterization g(u, v, 0). The set of measured projections
(compared to the subsequent reconstruction time using (16) can be described by f2~, - {0 - (0x, Or, 0z) • [0z[ _< sin ~}
and (17)). In [18] a mathematically exact rebinning formula is where • represents the most oblique line integral possible,
presented and it is shown than SSRB and FORE represent
= atan(L/(2R)), for a scanner radius of R and axial extent L.
zeroth and first order versions of this formula. However, Provided none of the projections are truncated, reconstruction
algorithms using the exact version are less practical than SSRB can be performed according to (23) and (24) using the
or FORE.
Colsher filter Ha,(U, V, O) = H*(U, V, 0) given by
(l,m)eaz

=z}

4U

Hq'(U, V, 0_)-

if

2 -q-- V 2

rc

4 U 2 4- V 2

2 sin-l((sin ~)~/U 2 4- VZ/v/U2 4- 62V 2)

5 3D Image Reconstruction
5.1 Fully 3D Reconstruction with Missing
Data
In 3D image reconstruction, parallel-beam projection data can
be specified using 0, the direction of the line integrals, and
two scalars (u, v) that indicate offsets in directions 01 and 02
perpendicular to 0. Therefore g(u, v, O) = g(a, O) = f f (a+
tO)dt where a - - u 0 1 4- v 0 2, and {0, 01, 02 } is an orthonormal
system. Note that all vectors in this section are 3D.

v/U 2 + 02zV2 < (sin q~)~/U2 + V2

otherwise

(26)

In practice the object occupies most of the axial extent of
the scanner so nearly all projections are truncated. However,
there is always a subset f2~,, of the projections which are not
truncated, and from these projections a reconstruction can be
performed to obtain the image f*'(x) using (25) and (26) with
H~'(U, V, 0). In the absence of noise, this reconstruction
would be sufficient, but to include the partially measured
projections a technique known as the "reprojection method"
is used. All truncated projections are completed by estimating
the missing line integrals based on the initial reconstruction
f~'(x). Then, in a second step, reconstruction from the entire
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data set is performed using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
H~(U, V, 0) to obtain the final
image fq'(x) [20]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a

5.2 Cone-Beam Tomography

I

For cone-beam projections it is convenient to use the general
notation g(a, 0) where a and 0 are three-dimensional vectors.
For an x-ray system, the position of the source would be
represented by a and the direction of individual ray-sums
obtained from that source would be indicated by 0. Due to
difficulties obtaining sufficient tomographic data (see below),
the source a n d / o r detector may follow elaborate trajectories
in space relative to the object; therefore a general description
of their orientations is required. For applications involving
a planar detector, we replace 0 with, (u, v) coordinates on an
imaginary detector centered at the origin and lying in the
plane perpendicular to a. The source point a is assumed never
to lie on the scanner axis e3. The u-axis lies in the detector
plane in the direction e3 x a. The v-direction is perpendicular
to u and points in the same direction as e3 as shown in
Fig. llb.
In the simplest applications, the detector and source rotate
in a circle about the scanner axis e3. If the radius of rotation is
A, the source trajectory is parameterized by qb ~ [0,2rt] as
a = (A cos dp, A sin d~, 0). In this case the v axis in the detector
stays aligned with e3 and the u axis points in the tangent
direction to the motion of the source. Physical detector
measurements can easily be scaled to this virtual detector
system, just as for the fan-beam example of Section 3.2.
Thus g(~, u, v) -- g(a, O) = f f ( a + tO)dt where 0 = ( - u sin ~ A cos ~, u cos ~ - A sin ~, v).
The algorithm of Feldkamp et al. [21] is based on the
fan-beam formula for flat detectors (see Section 3.2) and
collapses to this formula in the central plane z - - 0 where only

VERTICAL

(a)

(b)

FIGURE 11 (a) 2D planar projections of a 3D object are collected in a
cone-beam system as line integrals through the object from the cone vertex
_a to the detector. (b) The coordinator system for the cone-beam geometrym
the cone vertices a can follow an arbitary trajectory provided Tuy's condition
is satisfied.

fan-beam measurements are taken.

,j 2+ua÷v2
2~

fFDK(X) - -

r2

~

g((b, u, v)

)

d~)

0
oo

g(dp, u, v) -- ~ 1

J ( ~/A2 + Au '2 + v '2 g(dp, u', v') ) h(u - u')du'
--00

(28)
Similarly to (11), r = IIx-all is the distance between x
and the source position a, and (Ux,4, Vx, 4) are the coordinates
on the detector of the cone-beam projection of x, see Fig. 11.
Figure 12 shows two images of reconstructions from
mathematically simulated data. Using a magnified grayscale
to reveal the 1% contrast structures, the top images show both
a high quality reconstruction in the horizontal transverse slice
at the level of the circular trajectory, and apparent decreased
intensity on planes above and below this level. These artifacts

TRANSVERSE

VERTICAL

TRANSVERSE

q
v

3D Shepp Phantom

OBJECT
VERTICAL

(27)

U = Ux,~b

V=Vx,~

RECONSTRUCTION
TRANSVERSE

VERTICAL

TRANSVERSE

Disks Phantom

FIGURE 12 Example of cone-beam reconstructions from a circular orbit--the obvious artifacts are a result of the
incompleteness in the data. Other trajectories, such as a helix or a circle plus line, give complete data and artifact free
reconstructions.

10.2 Computed Tomography zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

are characteristic of the Feldkamp algorithm. The bottom
images, showing reconstructions for the "disks" phantom, also
exhibit cross-talk between transverse planes and some other
less dramatic artifacts. The disks phantom is specifically
designed to illustrate the difficulty in using cone-beam measurements for a circular trajectory. Frequencies along and near
the scanner axis are not measured, and objects with high
amplitudes in this direction produce poor reconstructions.
For the cone-beam configuration, requirements for a tomographically complete set of measurements are known as
Tuy's condition. Tuy's condition is expressed in terms of a
geometric relationship amongst the trajectory of the conebeam vertex point (the source point) and the size and position
of the object being scanned. Tuy's condition requires that
every plane that cuts through the object must also contain
some point of the vertex trajectory. Furthermore, it is assumed
that the detector is large enough to measure the entire object
at all positions of the trajectory, i.e., the projections should
not be truncated. For the examples given in Fig. 12, the
artifacts arose because the circular trajectory did not satisfy
Tuy's condition (even though the projections were not
truncated). In this sense the measurements were incomplete
and artifacts were inevitable.
Analytic reconstruction methods for cone-beam configurations satisfying Tuy's completeness condition are generally
based on a transform pair that plays a similar role to the
Fourier transform in the projection slice theorem for classic
parallel-beam tomography. A mathematic result due to
Grangeat [22] links the information in a single cone-beam
projection to a subset of the transform domain, just as the
Fourier slice theorem links a parallel projection to a certain
subset of the Fourier domain. This relationship is defined
through the "B transform", the derivative of the 3D Radon
transform:
Bf (s, 7) - p(s, y) - ~

f (x)8'(x . 7 -- s)dx
R3

llj

B-lp(x) -- f (x) -- ~

S2 R

p(s, 7)8'(s - x . 7)dsd7

Equations (30) and (31) form the basis for a reconstruction
algorithm. M1 values in the B domain can be found from
cone-beam projections, and f ( x ) can be recovered from the
inverse transform B-1. Care must be taken to ensure that
the B domain is sampled uniformly in s and 7, and that if
two different cone-beam projections provide the same value
of p(s, 7) the contributions must be normalized. The method
follows the concept of direct Fourier reconstruction described
in Section 3.1.
A filtered backprojection type of formulation for conebeam reconstruction is also possible, see, for example, [23]. If
the trajectory is a piecewise smooth path, parameterized
mathematically by qb ~ • c R, a reconstruction formula similar to filtered backprojection can be derived from equations
(30) and (31):
1 1 g(a(#)'
f (x) -- -~
r2 0) I

d#

(32)

0=0x

l (J

g(a(~)), 0) -- ~ 2

f(a(qb), 0')8'(0'. 7)d0'

)

S2

x 8'(0.7)M(7, qb)]a'((~), y[d7

(33)

Here r
IIx - a(qb) ll, 0x,
(x
a( )ll is the
line passing through x for the a(~) projection, and the function M must be chosen to normalize multiple contributions
in the B domain [23]. The normalization condition is
1 - y ] k ~ i s) M(7, ~)k) where n ( 7 , s ) i s the number of vertices
lying in the plane with unit normal 7 and displacement s,
and qbl, ~2 . . . . q~n(v,s) indicate the vertex locations where the
path a(~) intersects the plane. By Tuy's condition, for
n(7, s) > 0 for [s[ < R.
These equations must be tailored to the specific application.
(29) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
When the variables are changed to reflect the planar detector
arrangement specified at the beginning of this subsection,
the above equations resemble the Feldkamp algorithm with
(30) a much more complicated "filtering" step. To simplify
notation, we write A for the varying distance ][a(~)[[ of the
vertex from the origin.

where is a scalar and 113'11= 1. The symbol 8' represents the
derivative of the Dirac delta function whose action is defined
by f_~oof(s)8'(So - s)ds - if(So).
Grangeat's formula can be written

1X
47r
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-

-

lI(A2+u2+v2
f (x) -- -~
r2
~p

-li(d

~(a(~)), u, v) -- ~

-

)

~o(a(d?), u, v)

~ T(~, 7)

o)6'(o, v ) a o - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p(s, r)]s =
(31)

-

U = Ux,#

dd?

(34)

V= Vx,~,

~/A2 + t2

A--------5~

0

S2

An analysis of (31) shows that if Tuy's condition is satisfied,
then all values are available in the B domain representation
of f(x), namely p(s, 7) [22].

X

"~ ~/A 2 q- u '2 -F 1/2 g(a, u', v')d

d~t
t = u cos ~t
+vsinla

(35)
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intrinsic resolution of detectors, depth dependent and
where, in the innermost integration, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(u',v')=(tcos~tl sin ~t, t sin ~t + l cos ~t); the
function
T(dp,y) = la'(~). geometric resolution losses, and the typically low photon
yIM(y,~) contains all the dependency on the particular count, can lead to rather poor resolution at acceptable noise
trajectory. Note that in (35), y = (A cos ~teu + A sin ~tev+ levels when using direct reconstruction methods. An altertew)/(~/A2+ t 2) where the detector coordinate axes are eu native to the direct approach is to use a finite dimensional
model in which the detection system and the noise statistics
and ev, and ew = -a(dp)/A.
Although these equations are only valid when the cone- can be modeled more accurately. Research in this area has lead
beam configuration satisfies Tuy's condition, the algorithm to the development of a large class of reconstruction methods
of equations (34) and (35) collapses to the Feldkamp that often out-perform the direct methods.
We will assume that the image is adequately represented
algorithm when a circular trajectory is specified. This general
using
a finite set of basis functions. While there has been some
algorithm has been refined and tailored for specific applicainterest
in alternative basis elements, almost all researchers
tions involving truncated projections. Practical methods
have been published for the case of source trajectories con- currently use a cubic voxel basis function. Each voxel is
an indicator function on a cubic region centered at one of
taining a circle.
The case of a helical trajectory is particularly important for the image sampling points in a regular 2D or 3D lattice.
the lastest generation of CT scanners with many detector rows. The image value at each voxel is proportional to the quantity
The framework of (32) and (33) does not apply directly to being imaged integrated over the volume spanned by the
helical CT scanning because the projections in any practical voxel. To allow a unified treatment of 2D and 3D problems,
CT scanner will always be truncated in the axial direction. a single index will be used to represent the lexicographiFurthermore, different segments of the helical trajectory cally ordered elements of the image f = { f l, f2, "''fN}.
are used to reconstruction different parts of the patient. The Similarly, the elements of the measured projections will
methods used to treat these problems appeal to specific be represented in lexicographically ordered form as y =
properties of the helical trajectory, such as the PI-line, which is {Yl, Y2. . . . YM}.
In x-ray CT we can model the attenuation of a finite width
the unique line passing through a specified point in the image
and connecting two trajectory points within a single turn of x-ray beam as the integral of the linear attenuation coefficient
the helix. Using these properties, recent theoretical develop- over the path (or strip) through which the beam passes. Thus
ments in helical image reconstruction are being described the measurements can be written as:
in a framework similar to (32) and (33), with careful choices
N
for the function M. The goal of helical cone-beam image
(36)
reconstruction is to find a fast, accurate filtered backprojec, y ~ strip{i}
j= 1
tion algorithm that can handle the axial truncation with the
minimum detector usage yet with the flexibility to incorpo- where j~ is the attenuation coefficient at the jth voxel. The
rate redundant information when a small pitch is used for elements H(i, j) of the projection matrix H is equal to the area
improved signal to noise ratios in the images. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of intersection of the ith strip with the indicator function
on the jth voxel, see Fig. 13. Equation (36) represents a huge

6 Iterative Reconstruction Methods
1

6.1 Finite Dimensional Formulations
and ART
As noted above, the line-integral model on which all of the
preceding methods are based is only approximate. Furthermore, there is no explicit modeling of noise in these
approaches; noise in the data is typically reduced by tapering
off the response of the projection filters before backprojection.
In x-ray CT, the beam is highly collimated, the detectors are
high resolution and the number of photons per measurement
is very large; consequently the line integral approximation is
adequate to produce low noise images at sub-millimeter
resolution in humans. However, this may not be the case in
industrial and other non-medical applications, and these
systems may benefit from more accurate modeling of the data
and noise. In the case of PET and SPECT, the often low

2

3

/

J dJ+.; /
/
/
integration

strip,

/
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FIGURE 13 Illustration of the pixel-based finite dimensional formulation
used in iterative x-ray CT reconstruction. The matrix element Hij gives the
contribution of the jth voxelto the ith measurementand is proportional to the
areas of intersection of the voxel with the strip that joins the source and
detector.
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set of simultaneous linear equations, y = Hf, that can be solved
to compute the CT image f. In principle the system can be
solved using standard methods. However, the size of these
systems coupled with the special structure of H motivated
research into more efficient specialized numeric procedures.
These methods exploit the key property that H is very sparse,
i.e., most elements in the matrix are zero, since the path along
which each integration is performed intersects only a small
fraction of the image pixels.
One algorithm that makes good use of the sparseness
property is the algebraic reconstruction technique or ART
[24]. This method finds the solution to the set of equations
in an iterative fashion through successive orthogonal projection of the current image estimate onto hyperplanes defined
by each row of H. If this procedure converges, the solution
will be a point where all of the hyperplanes intersect, i.e., a
solution to (36). Let fn represent the vector of image pixel
values at the nth iteration, and let h T represent the ith row of
H. The ART method has the following form:

h f hi

hi i - (n mod N)

+ 1

(37)

ART can also be viewed in terms of the backprojection
operator used in filtered backprojection: each iteration of (37)
is equivalent to adding to the current image estimate fn the
weighted backprojection of the error between the ith measured
projection sample and the projection corresponding to fn.
ART will converge to a solution of (36) provided the system of
equations is consistent. In the inconsistent case, the iterations
will not converge to a single solution and the properties of
the image at a particular stopping point will be dependent
on the sequence in which the data are ordered. Many
variations of the ART method can be found in the literature.
These variations exhibit differences in convergence behavior,
sensitivity to noise, and optimality properties [25].

6.2 Statistical Formulations
The ART method does not directly consider the presence
of noise in the data. While acceptable in high SNR x-ray CT
data, the low photon counting statistics found in PET and
SPECT should be explicitly considered. The finite dimensional
formulation in Section 6.1 can be extended to model both
the physics of PET and SPECT detection and the statistical
fluctuations due to noise.
Rather than simply assume a strip integral model as in (36),
we can instead use the matrix relating image and data to
more exactly model the probability, Pij, of detecting an
emission from voxel site j at detector element i [26, 29].
To differentiate this probabilistic model from the strip
integral one, we will denote the detection probability matrix
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by P. The elements of this matrix are dependent on the
specific data acquisition geometry and other factors such
as detector efficiency, attenuation effects within the subject,
and the underlying physics of gamma ray emission for SPECT
or positron-electron annihilation for PET.
In PET and SPECT the mean of the data can be estimated
for a particular image as the linear transformation zyxwvutsrqponmlkji

~(r) - Pf

(38)

where f represents the mean emission rates from each image
voxel. In practice, these data are corrupted by additive noise
terms due to scatter and either "random coincidences" in
PET [7] or background radiation in SPECT [6]. The methods
described below can be modified relatively easily to include
these factors but these issues will not be addressed further
here. See [27] and [28] for a more in depth review of these
and other factors that affect statistical reconstruction methods
in PET and SPECT.
In both PET and SPECT, external radiation sources are
used to perform transmission measurements. These are used
to correct for attenuation in the emission studies. Just as in xray CT, it is possible to reconstruct an image of attenuation
coefficients from these transmission measurements. In this
case, the unknown image f is the set of attenuation coefficients
for each voxel and the transition probability matrix P, in
the simplest case, has elements Pij equal to the fractional
intersection of the ith projection ray with the jth voxel. If E(y)
represents the mean value of the transmission measurement,
and assuming that the source intensity is a constant ~, then we
can model the mean of the transmission data as:

E(yi) -- o~exp{- ZjPijfj}

(39)

For both emission and transmission measurements, the data
can be modeled as collections of independent Poisson random
variables, mean E(y), with joint probability:
M

p(r/f) - 1-[
i=1

E(yi)Yie_E(y,)

(40)

yi!

The physical model for the detection system is included in
the likelihood function in the mapping from the image f
to the mean of the detected events E(y) using (38) and (39)
for the transmission and emission case respectively. Using this
basic model, we can develop estimators based on maximum
likelihood or Bayesian image estimation principles.

6.3 M a x i m u m Likelihood M e t h o d s
The maximum likelihood estimator is the image that maximizes the likelihood (40) over the set of feasible images, f > 0.
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The EM (expectation maximization) algorithm can be applied
to the emission CT problem resulting in an iterative algorithm
which has the elegant closed form update equation [30]:

fjn+l

fin
Pijri
-- Ei Pij ~i El Pilfln

(41)
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In recent years, a great deal of progress has been made in
developing fast algorithms for emission and transmission
tomography that borrow ideas from both the EM and OSEM
approaches to generate convergent algorithms. The EM algorithm can be viewed as one of a general class of "optimization
transfer" methods [34]. These methods replace the original
objective function ~ ( f ; y ) at each iteration with a surrogate
function ~(f, fn;y) that satisfies the following properties:

This algorithm has a number of interesting properties
~(fn; y)__ ~(fn, fn; y)
(43)
including the fact that the solution is naturally constrained
by the iteration to be non-negative. Unfortunately, the
(44)
O(f; y ) > ~(f, fn; y)
method tends to exhibit very slow convergence and is often
unstable at higher iterations. The variance problem is inherent
These two conditions in combination can be used to
in the ill-conditioned Fisher information matrix. This effect
ensure that if fn+l is chosen as the maximizer of
can be reduced using ad hoc stopping rules where the
• (f, f"; y), then ~(f"; y) is a non-decreasing sequence in
iterations are terminated before convergence. An alternative
fn. The surrogates are chosen so that they are more easily
approach to reducing variance is through penalized maximum
optimized than the original objective at each iteration. Careful
likelihood or Bayesian methods as described in Section 6.4.
choice of these objective functions can lead to closed form
A number of modifications of the EM algorithm have been
update equations, even for the tramission reconstruction
proposed to speed up convergence. The most widely used of
problem, and to faster convergence than that exhibited by the
these is the ordered subsets EM (OSEM) algorithm in which
original EM algorithm.
each iteration uses only a subset of the data [31]. Let {Ski,
The second approach to development of more rapidly
k = 1 , . . . Q , be a disjoint partition of the set {1, 2. . . . M }
converging algorithms is to use subsets of the data at each
representing the indices of the data. Let n denote the iteration
iteration. As implemented in the original OSEM algorithm
number, defined as the number of complete cycles through
this does not lead to convergence. However, it is possible to
the Q subsets, and define fj(~,0) fj(n-l,Q). Then one complete
use this concept within a globally convergent framework.
iteration of OSEM is given by:
Methods of this type are referred to as "incremental gradient"
methods and are based on rewriting the objective function as a
sum over sub-objective functions [35]:
fj(n,k)__ fj(n,k-1)
PqYi
for j = 1,...N; k = 1,...Q
-- E i E S k Pij ~ El Villi(n'k-1)
q
(42)
~(f ; Y ) - - E Ok(f; Yk)
(45)
=

k=l

In the early iterations OSEM produces remarkable improvements in convergence rates compared to EM, although
subsequent iterations over the entire data is required for
ultimate convergence. The OSEM algorithm has now been
widely adopted for reconstruction of clinical PET scans since it
achieves significant improvements in image quality for photon
limited data when compared to analytic methods, and does
so in clinically acceptable reconstruction times. In the case of
3D PET, computation cost is further reduced by using the
Fourier rebinning method of Section 4.3 to reduce the data to
a set of 2D sinograms (one per axial slice) and then applying
OSEM to each 2D slice in turn [32].
The corresponding ML problem for transmission data does
not have a closed form EM algorithm. However, both emission and transmission ML problems can be solved effectively
using standard gradient ascent aproaches such as the conjugate
gradient method. In fact, it is easily shown that the emission
EM algorithm can also be written as a steepest descent
algorithm with a diagonal preconditioner equal to the current
image estimate [33].

where Ok(f; Yk) represents the portion of the objective
function that is dependent only on the subset of the data:
{yi'(i ~ Sk)}. Iteratively updating the image estimate with
respect to each subobjective in turn and using an appropriate
relaxation scheme can lead to rapid initial convergence and
guarantee global convergence. Since the surrogate and
incremental gradient approaches are general, they are applicable to both emission and transmission reconstruction, and
also to both the maximum likelihood problem described
above and the Bayesian or penalized maximum likelihood
formulations described below. zyxwvutsrqponmlkjihgfedcbaZYXWVUT

6.4 Bayesian Reconstruction Methods
As noted above, direct maximum likelihood estimates of PET
images exhibit high variance due to ill-conditioning. Some
form of regularization is required to produce acceptable
images. Often regularization is accomplished simply by
starting with a smooth initial estimate and terminating a
maximum likelihood search before convergence. Here we
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probability for the image conditioned on the data is then given
by Bayes theorem:

p(fiy) _ P(yl f)P(f)

p(r)

~

FIGURE 14 Exampleof a PET scan of metabolic activityusing FDG,an F-18
tagged analog of glucose. This tracer is used in detection of malignant tumors.
The left image shows a reconstruction of a slice through the chest of a patient
with breast cancer; the tumor is visible in the bright region in the upper left
region of the chest. This image was reconstructed using the Bayesianmethod
described in [29] and illustrates the improvement in image qualitythat can be
realized using a statistically based approach, in comparison to a direct
reconstruction method which was used to reconstruct the right image from
the same data.

consider explicit regularization procedures in which a prior
distribution is introduced through a Bayesian reformulation
of the problem (see also Chapter 3.11). Some authors prefer to
present these regularization procedures as penalized maximum likelihood methods but the differences are largely
semantic.
By introduction of random field models for the unknown
image, Bayesian methods can address the ill-posedness
inherent in PET image estimation. In an attempt to capture
the locally structured properties of images, researchers in
emission tomography, and many other image processing
applications, have adopted Gibbs distributions as a suitable
class of prior [36]. The Markovian properties of these
distributions make them both theoretically attractive as a
formalism for describing empirical local image properties, as
well as computationally appealing, since the local nature of
their associated energy functions results in computationally
efficient update strategies (see Chapter 4.2 for a description
of Gibbs random field models for image processing). The
majority of work using Gibbs distributions in tomographic
applications involves relatively simple pair-wise interaction
models where the Gibbs energy function is formed as a sum
of potentials, each defined on neighboring pairs of pixels.
These potential functions can be chosen to reflect the piecewise smooth property of many images. The existence of sharp
intensity changes, corresponding to the edges of objects in the
image, can also be modeled using more complex MRF models.
The Bayesian formulation also offers the potential for combining data from multiple modalities. For example, high
resolution anatomic x-ray CT or MR images can be used to
improve the quality of reconstructions from low resolution
PET or SPECT data [37].
Let p(f) denote the Gibbs prior that captures the
expected statistical characteristics of the image. The posterior

(46)

Bayesian estimators in tomography are usually of the
maximum a posteriori (MAP) type. The MAP solution is
given by maximizing the posterior probability p(f]y) with
respect to fi For each data set, the denominator of the right
hand side of (46) is a constant so that the MAP solution can
be found by maximizing the log of the numerator, i.e.,
max Ln P(YIf) + Ln p(f)
f

(47)

A large number of algorithms have been developed for
computing the MAP solution. The EM algorithm (41) can be
extended to include a prior term (see for example [37]) and
hence maximize (47). This algorithm suffers from the same
slow convergence problems as (41). Alternatively, (47) can be
maximized using standard nonlinear optimization algorithms
such as the preconditioned conjugate gradient method [29] or
coordinate-wise optimization [38]. The specific algorithmic
form is found by applying these standard methods to (47)
after substituting both the log of the likelihood function (40)
in place of Ln p ( ) , l f ) and the log of the Gibbs density in
place of Ln p(f). Mternatively, optimization transfer and
incremental gradient methods can be modified to include
prior distribution and have been used effectively to design
rapidly converging algorithms. For compound Gibbs priors
that involve line-processes, mean field annealing techniques
can be combined with any of the above methods [28, 37].
Figure 14 shows an example of PET image reconstruction
where the combination of the Poisson likelihood function and
a Gibbs prior produce significant improvements in image
quality over a reconstruction using the filtered backprojection
algorithm. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHG

7 Summary
We have summarized direct and iterative approaches to 2D and
3D tomographic reconstruction for x-ray CT, PET and SPECT.
With the exception of the rebinning algorithms, which can be
used in place of fully 3D reconstruction methods, the choice of
direct reconstruction algorithm is determined primarily by the
data collection geometry. On the other hand, the iterative
approaches (ART, ME and MAP) can be applied to any
collection geometry in PET and SPECT. Furthermore, after
appropriate modifications to account for differences in the
mapping from image to data, these methods are also
applicable to transmission PET and SPECT data. X-ray CT
data are not Poisson so that a different likelihood model is
required if ML or MAP methods are to be used.
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Image processing for computed tomography remains an [14] F. Noo, M. Defrise, R. Clackdoyle, and H. Kudo, Image reconsactive area of research. In large part development is driven by
tructionfrom fan-beam projections on less than a short scan,
Phys. Med. Biol., 47:2525-2546, 2002.
construction of new imaging systems which are continuing
to improve the resolution of these technologies. Carefully [15] R. Clackdoyle and F. Noo, A large class of inversion formulae
for the Radon transform of functions of compact support,
tailored reconstruction algorithms will help to realize the full
Inverse Problems, 20:1281-1291, 2004.
potential of these new systems. In the realm of x-ray CT, new
[ 16] C. Crawford and K. King, Computed tomography scanning with
spiral and cone-beam systems are extending the capabilities
simultaneous patient translation, Medical Physics, 17:967-982,
of CT systems to allow fast volumetric imaging for medical
1990.
and other applications. In PET and SPECT, recent develop[ 17] M. Daube-Witherspoon and G. Muehllehner, An iterative image
ments are also aimed at achieving high resolution volumetric
space reconstruction algorithm suitable for volume ECT, IEEE
imaging through combinations of new detector and colliTrans. Med. Imag., 5:61-66, 1986.
mator designs with fast, accurate reconstruction algorithms.
[18] M. Defrise, P. Kinahan, D. Townsend, C. Michel, M. Sibomana,
In addition to advances resulting from new instrumentation
and D. Newport, Exact and approximate rebinning algorithms for 3D PET data, IEEE Trans. Med. Imag., 16:145-158,
developments, current areas of intense research activity
1997.
include theoretical analysis of algorithm performance,
[19]
J.
Colsher, Fully three dimensional positron emission tomocombining accurate modeling with fast implementations of
graphy,
Phys. Med. Biol., 25:103-115, 1980.
iterative methods, direct methods that account for factors
[20] P. Kinahan and L. Rogers, Analytic 3D image reconstruction
not included in the line integral model, and development
using all detected events, IEEE Trans. Nucl. Sci., NS-36:964-968,
of methods for fast dynamic volumetric (4D) imaging. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1996.
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1 Introduction
Heart disease continues to be the leading cause of death.
According to the Centers for Disease Control and Prevention,
over 700,000 fatalities due to heart disease were reported in
the United States alone in 2001. Imaging techniques have
long been used for assessing and treating cardiac disease [1-3].
Among the imaging techniques employed are x-ray angiography, x-ray computed tomography (CT), ultrasonic imaging, magnetic resonance (MR) imaging, positron emission
tomography (PET), single-photon emission tomography
(SPECT), and electrocardiography. These options span
most of the common radiation types and have their respective
strengths for assessing various disease conditions. Chapter
10.2 further discusses some relevant image-formation techniques and references [1-3] give a general discussion on cardiac
image-formation techniques.
The heart is an organ that is constantly in motion. It receives
deoxygenated blood from the body's organs via the venous
circulation system (veins). It sends out oxygenated blood to
the body via the arterial circulation system (arteries). The
heart itself receives some of this blood via the coronary arterial
network. Disease arises when the blood supply to the heart is
interrupted or when the mechanics of the cardiac cycle
change.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

The available cardiac-imaging modalities produce a wide
range of image data types for disease assessment: 2D
projection images, reconstructed 3D images, 2D slice images,
true 3D images, time sequences of 2D and 3D images, and
sequences of 2D interior-view (endoluminal) images. Each
type of data introduces different processing issues. Fortunately, extensive effort has been made to devise computerbased techniques for managing this data and for extracting
the useful information. This chapter focuses on techniques for
processing cardiac images. Since a cardiac image is generally
formed to diagnose a possible health problem, it is always
essential that the physician have considerable control in
managing the image data. Thus, visualization and manual data
interaction play a major role in processing cardiac images.
In general, the physician uses computer-based processing for
guidance, not as the "final word." The various techniques
for processing cardiac images can be broken down into four
main classes:
1. Examination of the coronary arteries to find narrowed
(stenosed) arteries.
2. Study of the heart's mechanics and shape during the
cardiac cycle.
3. Analysis of the temporal circulation of the blood
through the heart.
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4. Mapping of the electrical potentials on the heart's
surfaces.

enhanced coronary arteries. This procedure is referred to as
digital subtraction angiography (DSA) [1, 2, 5].
For an x-ray coronary angiogram f, the value fix, y)
Subsequent sections of this chapter will focus on each of
represents the line integral of x-ray attenuation values
these four areas. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of tissues situated along a ray L originating at the x-ray
source and passing through the body to strike a detector at
location (x, y):
2 Coronary Artery Analysis
Perhaps the largest application of cardiac imaging is in
the identification and localization of narrowed or blocked
coronary arteries. Arteries become narrowed over time via
a process known as coronary calcification ("hardening of
the arteries"). If a major artery becomes completely blocked,
this causes myocardial infarction ("heart attack"); the blood
supply to the part of the heart provided by the blocked
artery stops, resulting in tissue damage and, in many instances,
death.
The region where an artery is narrowed or blocked is
referred to as a stenosis. In the discussion to follow, the
arteries will often be referred to as vessels. The inside of an
artery is known as the lumen. The arterial network to the heart
is often referred to as the coronary arterial tree. The major
imaging modalities for examining the coronary arteries are
x-ray angiography, CT imaging, intravasular ultrasound,
and virtual angioscopy. MR angiography, similar to x-ray
angiography, is also possible. Digital image-processing
techniques exist for all of these image types. As described
below, the primary aim of these methods is to provide
human-independent aids for assessing the condition of the
coronary arteries.

f (x, y) - fLx tz(x, y, z)dz
,Y

where L represents the ray (direction of x-ray) emanating
from point (x,y) and /z(x,y,z) represents the attenuation
coefficient of tissues. Encountered tissues can include muscle,
fat, bone, blood, and contrast-enhanced blood. The value
fix, y) tends to be darkest for rays passing through the
contrast-enhanced arteries, since the contrast agent is radiodense (fully absorbs transmitted x-rays). Thus, the arteries of
interest tend to appear dark in angiograms. The main imageprocessing problem is to locate the dark, narrow, branching
structures--presumably this is the coronary arterial tree--and
estimate the diameter or cross-sectional area along the extent
of each identified branch. A stenosis is characterized by a local
minimum in vessel diameter or cross-sectional area.
Pappas proposed a complete mathematic model for structures contained in a 2D angiogram [6]. In this model, a
contrast-enhanced vessel is represented as a generalized cylinder having elliptical cross-section; the 2D projection of this
representation can be captured by a function determined

2.1 Single-Plane Angiography
Historically, angiography imaging has been the standard for
cardiovascular imaging. In angiography, a catheter is inserted
into the body and positioned within the anatomic region
under study. A contrast agent is injected through the catheter,
and x-ray projection imaging is used to track the flow of
contrast through the anatomy. An immediate problem with
this imaging set-up is that 3D anatomic information is
mapped onto a 2D plane. This results in information loss,
structural overlap, and ambiguity.
Images may be obtained in a single plane or in two orthogonal planes (biplane angiography). Such images are referred
to as angiograms. For coronary angiography, the contrast is
used to highlight the coronary arteries. Figure 1 depicts a
typical 2D angiogram containing a stenosed artery.
The size of pixels in a digitized angiogram is on the order
of 0.1 mm, permitting visualization of arteries around 1.0 mm
in diameter. Sometimes separate angiograms can be collected
before and after the contrast agent is introduced. Then, the
no-contrast image is subtracted from the contrast-enhanced
image to give an image that nominally contains only the

FIGURE 1 A typical 2D angiogram. Image intensity is inverted to showthe
arteries as bright structures. The artery running horizontally near the top
clearly shows a stenosis. From [4].
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by two parameters. The background tissues (muscle, fat, etc.)
are modeled by a low-order slowly-varying polynomial, since
such structures presumably arise from much bigger, and
hence, slowly-varying functions. During the imaging process,
unavoidable blurring occurs in the final image; this introduces
another factor. Finally, a small noise component arises from
digitization and attenuation artifacts. Thus, a point fix, y) on
an angiogram can be modeled as

fix, y) - fx, y

(((v(x, y, z) + b(x, y, z)) • g(z)) + n(z))dz

(1)

where v(x, g,z) represents a contrast-enhanced vessel, b(x, g, z)
represents the background, g(z) is a Gaussian-smoothing
function to account for image blurring, and n(z) denotes
the noise component. Pappas proposed a method where
parameters of this model can be estimated using an iterative
maximum-likelihood (ME) estimation technique. The procedure enables reasonable extraction of major arteries. Most
importantly, it also provides estimates of vessel cross-sectional
area profiles (a function showing the cross-sectional area
measurement along the extent of a vessel). This permits
identification of vessel stenoses.
Fleagle et al. proposed a fundamentally different approach
for locating the coronary arteries and estimating vesseldiameter profiles [7]. Their study uses processing elements
common to many other proposed approaches and contains
many tests on real image data.
The first step of their approach requires a trained human
observer to manually identify the centerline (central axis) of
each artery of interest. The human uses a computer mouse
to identify a few points that visually appear to approximately
pass through the center of the vessel. Such manual intervention is common in many medical imaging procedures.
These identified centerline points are then smoothed, using
an averaging filter to give a complete centerline estimate.
This step need not take more than 10 seconds per vessel. Next,
two standard edge-detection operatorsma Sobel operator
and a Marr-Hildreth operatormare applied. A weighted sum
of these output edge images is then computed. The composite
edge image is then resampled along lines perpendicular to the
centerline, at each point along the centerline. This produces
a 2D profile where the horizontal coordinate equals distance
along the centerline and the vertical data corresponds to the
composite edge data. In effect, this resampled data represents
a "straightened out" form of the artery. Next, this warped
edge image is filtered, to reduce the effect of vessel border
blurring, and a graph-search technique is applied to locate
vessel borders. Finally, the detected borders are mapped back
into the original space of the angiogram fix, y) to give the
final vessel borders and diameters.
Sun et al. proposed a method especially suited for the insufficient resolution often inherent in digitized angiograms [8].
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A human user first manually identifies the beginning and
ending points of a vessel of interest. An adaptive tracking
algorithm is then applied to identify the vessel's centerline.
This centerline then serves as the axis traveled by a directionsensitive low-pass filter. For each point along the centerline,
angiographic data perpendicular to the centerline is retrieved
and filtered. This new data is then filtered by a low-pass
differentiator to identify vessel walls (outer borders). The differentiator acts as an edge detector. Figure 2 gives a typical
output from this technique.
As an alternative to border-finding techniques, Klein et al.
proposed a technique based on active contour analysis [9].
In their approach two direction-sensitive Gabor filters are
applied to the original angiogram. These filtered images are
then combined to form a composite energy-field image. The
human operator then manually identifies several control points
on this image to seed the contour finding process. Two
B-spline curves, corresponding to the vessel borders, are then
computed using an iterative dynamic-programming procedure. Figure 3 gives an example from the procedure. zyxwvutsrqponmlk

2.2 Biplane Angiography and
3D Reconstruction
Modern angiography generally uses views from more than one
image plane of data. Biplane angiography involves generating two 2D angiograms at different viewing angles. Since the
major coronary arteries are contrast enhanced, they can be
readily identified and matched in the two given angiograms.
This admits the possibility of 3D reconstruction of the arterial tree. 3D views provide many advantages over single 2D
views: (1) they provide unambiguous positional information,
which is useful for catheter insertion and surgical procedures,
(2) they enable true vessel segment length and cross-sectional
area calculations, and (3) they are useful for monitoring the
absolute motion of the myocardium. Biplane angiography is
essentially a form of stereo imaging, but the term "biplane"
has evolved in the medical community. Many computer-based
approaches have been proposed for 3D reconstruction of
the arterial tree from a set of biplane angiograms [4, 5, 10, 11].
Parker et al. proposed a procedure where the user first
manually identified the axes of the arterial tree in each given
angiogram [10]. Next, a dynamic search, employing vessel
edge information, improves the manually identified axes. A
least-squares-based point-matching algorithm then correlates
points from the two skeletons to build the final 3D reconstructed tree. The point-matching algorithm takes into
account manually identified key points, the sparseness of
the 3D data, and the known geometry between the two
given angiograms.
Kitamura et al. proposed a two-stage 3D reconstruction
technique [5]. First, the skeleton (central axes) and artery
boundaries are computed for each 2D angiogram. Next,
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Example of an extracted artery and associated vessel-diameter (lumen-width) profile. The arrow points to the stenosis. From [8].

FIGURE 3 Result of active-contour analysis applied to a selected artery in a typical 2D angiogram. The green points
are the manually identified control points. The red lines are the computed vessel wall borders. From [9]. (See color
insert.)
a correspondence technique is applied to build a 3D reconstructed artery model and skeleton.
Stage 1 employs the same generalized cylinder model
(1) as Pappas [6]. Figure 4 shows a portion of this

model and its relationship to each of the
angiograms. Kitamura et al. allow the user
set parameters for all artery end points. Thus,
tiffed parts of the arterial tree are estimated.
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FIGURE 4 Geometry for reconstructing the 3D arterial tree from two biplane images. The artery is modeled as a
generalized cylinder having elliptical 2D cross-sections. These cross-sections project as weighted line segments
onto the two known 2D angiograms (Images 1 and 2). From [5].

FIGURE 5 Extracted 3D tree using the method of Wahle et al. Left figure shows the angiogram with superimposed
tree (angiogram is the same as Figure 1). Right figure shows the reconstructed rendered 3D tree. From [4].

least-squares technique is used to estimate the model
parameters. A few arteries can be situated parallel to the
transmitted x-rays; these ill-defined portions of branches must
be manually preidentified. Stage 2 reconstruction requires the
user to manually identify bifurcation points (where a mother
artery forms two smaller daughter branches) and stenotic
points (where a stenosis occurs). These identified points
then enable an automatic correspondence calculation of all
skeleton points for the two reconstructed trees. This is done by
backprojecting the points from the two trees into 3D space, as
depicted in Fig. 4. Since the structure of the 3D tree is known
from the manually identified points, the resulting correspondence is straightforward. The final output is a 3D reconstructed tree and associated cross-sectional areas.
Wahle et al. [4] used their 3D reconstruction system
not only for visualization and local measurements, but also to

assess diffuse atherosclerosis. Since plaque itself is not angiographically visible, an indirect quantification was performed
based on the vessel lumen over the fully reconstructed 3D
vessel hierarchy. Figure 5 shows typical reconstruction results
from the system of Wahle et al.
Note that the general anatomy of the coronary arterial
tree is well known, even though it varies between patients.
Also, the imaging geometry is known. This admits the possibility of using a knowledge-based system for reconstructing
the 3D arterial tree. Recently, Liu and Sun proposed such
a method that is fully automatic [11 ].

2.3 X-ray CT Imaging
Recently, ultrafast high-resolution x-ray CT has emerged as
a true 3D cardiac imaging technique. CT can give detailed
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information on the 3D geometry and function of the heart.
Because of the heart motion during the cardiac cycle, highspeed scanning combined with ECG-gated image acquisition
is required to obtain high-resolution images. Over the past
twenty years, cardiac imaging has been performed on x-ray
CT machines, such as the experimental dynamic spatial
reconstructor (DSR) [12, 13], electron beam CT (EBCT) scanners [14], spiral (helical) CT scanners [15, 16], the modern
multi-detector helical CT (MDCT) scanners [14], and x-ray
micro-tomography (micro-CT) scanners [16, 17]. CT can
provide a stack of 2D cross-sectional images to form a highresolution 3D image. Thus, true 3D anatomic information
is possible in a CT image, without the 2D projection artifacts
of angiograms that cause structural ambiguities.
Once again, to image the coronary arteries, a contrast agent
generally must be injected into the patient prior to scanning. Fortunately, the contrast can be injected intravenously,
requiring significantly less invasion. Such an image is referred
to as a 3D coronary angiogram. An early effort toward 3D
coronary angiographic analysis, drawing on data from the
DSR, can be found in [13]. The EBCT scanner has also
received attention for use as an early screening device for
coronary artery disease [14]. Multi-slice CT angiography,
which uses an MDCT scanner, is an emerging technique
[ 14, 17]. MDCT can serve as a complement or possibly replace
the invasive procedure known as cardiac catheterization. It can
also help assess plaque content, stenoses, myocardial viability,
and atherosclerosis.
Current state-of-the-art micro-CT scanners give voxel resolution on the order of 0.001 mm (10 ktm) [18, 19]. Micro-CT
scanners are being used in the burgeoning field of smallanimal imaging. Micro-CT images permit the tracking of
anatomic changes in genetically engineered mice to determine
the long-term impact of various genes on disease states. In
addition, high-resolution micro-CT scanners enable the
imaging of the microvasculature. This has spurred researchers
to consider the complete analysis and description of a vascular tree [20]. Figure 6 gives a composite view of a complete
system devised for this problem [19].
To use this system, three major steps are performed. First,
automated image processing is performed to extract a raw
3D arterial tree. Next, potential defects in the arterial tree
are located, and semi-automatic techniques are performed
to correct the tree. Finally, quantitative analysis is performed
to give a complete description of the tree. More detail appears
below.
The first processing step uses automatic, 3D, digital image
processing steps. The raw 3D micro-CT image I undergoes
3D nonlinear filtering to reduce image noise and sharpen
the thin, bright arteries. Next, a 3D symmetric regiongrowing algorithm, which is invariant to the starting root of
the tree, produces a segmented vascular tree Is. Cavity filling
and other shape-based image-processing operations, based
on 3D mathematic morphology, are next applied to clean up
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the raw segmentation Is. (Chapter 2.2 discusses mathematic
morphology.) Next, a triangular mesh, defined to the subvoxel level, is created for the tree; the marching cubes
algorithm is applied to the following gray-scale mask image
IM to generate the mesh: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
I u -- (Is ~ B - Is 0 B) x ( I -

ITH)

where B is a 3 x 3 x 3 structuring element, (9 and • are
morphologic dilation and erosion, and ITH is a thresholded
image created during symmetric region growing. Finally,
using concepts from differential geometry, a precise description of the arterial tree's central axes are derived from the fine
surface mesh.
During the second processing step, the user draws upon
a sophisticated graphical user interface system to interact
with extracted tree and central axes. The system provides
a simple enumeration of potential defects, such as implausible loops, possible broken branches, overly close branch/
bifurcation points, and trifurcations. With the assistance of
a series of visualization tools, such as 3D surface rendering,
sliding thin slabs, 2D projections, a map of the tree's
graph, and 2D slice images, the user can see the data
associated with each defect. Semi-automatic editing tools
can be invoked to break loops, repair broken branches, and
perform other tree corrections. After the tree is deemed
satisfactory, the third automated processing step derives
a complete quantitative description of the tree. See Fig. 6
for an example. In the figure, the quantitative data are
as follows: "GenID" - generation index, "NumBr" - total
number of branches in given generation, "AvgBrLen"-average length of a branch (mm), "AvgCSA"-average
cross-sectional area for a branch (mm2), "AvgSurf' average
surface area of a branch (mm2), "AvgVol"-- average volume
of a branch (mm 3) [18].
As shown in this example and in Section 2.4, 3D imaging
applications routinely need visualization tools to give adequate
means for assessing the image data beyond simple 2D image
planes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE

2.3.1 Magnetic Resonance Imaging
Magnetic resonance (MR) imaging uses RF magnetic fields
to construct tomographic images based on the principle of
nuclear magnetic resonance (NMR) [21]. The pixel values in
MR images are a function of the chemical configuration of
the tissue under study. For most imaging protocols the pixel
values are proportional to the density of hydrogen nuclei
within a region of interest, although new imaging techniques
are being developed to measure blood flow and other physiologic parameters. Diagnostic MR imaging uses non-ionizing
radiation, so exams can be repeated without the dangers
associated with cumulative radiation exposure. Because the
magnetic fields are electrically controlled, MR imaging is
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FIGURE 6 Composite view of system for analyzing a 3D arterial tree [19]. (a) Surface-rendered version of the
extracted 3D arterial tree; a tree defect is marked by a ball; in all views the lines denote the tree central axes. (b) Local
surface rendering of tree about the selected defect. (c) Local depth-weighted slab of original 3D gray-scale data about
defect. (d) Quantitative description of final tree [18]. (e) Graph of corrected tree; nodes signify branch points; circles
with plusses signifying graph nodes that can be expanded further; a node (branch) is selected to show its local
quantitative description. (See color insert.)

capable of gathering planar images at arbitrary orientations.
MR imaging is commonly used to study the coronary arteries
[22], see Fig. 7 for an MR image example showing the heart
muscle and the right coronary artery.

2.4 Intravascular Ultrasound Imaging
Standard coronary angiography does not give reliable information on the cross-sectional structure of arteries. This makes
it difficult to accurately assess the build up of plaque along
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the artery walls. Intravascular ultrasound (IVUS) imaging
has emerged as a complementary technique for providing
such cross-sectional data [23]. To perform IVUS, a catheter
equipped with an ultrasonic transducer is inserted into a vessel
of interest. As the catheter is maneuvered through the vessel,
real-time cross-sectional images are generated along the
vessel's extent. Example angographic and IVUS views of the
same artery segment are shown in Fig. 8. IVUS, however,
does not provide positional information for the device. But
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when IVUS is used in conjunction with biplane angiography,
precise positional information can be computed. Thus, 3D
geometric descriptions, including surface reconstructions and
detailed local cross-sectional information can be calculated
[23], and these reconstructions can be used in applications
such as wall plaque characterization, hemodynamics, and
vessel mechanical analysis [23]. The reconstructed geometry
can be presented using sophisticated viewing tools drawing upon the virtual reality modeling language (VRML).
See Fig. 9 for an example.
To produce this view, standard biplane analysis, similar
to that described in Section 2.2, must first be performed on
a given pair of biplane angiograms. Next, the 3D position of
the IVUS probe, as given by its spatial location and rotation,
must be computed from the given sequence of IVUS crosssectional images. This positional information can then be
easily correlated to the biplane information.

2.5 Virtual Angioscopy
Virtual endoscopy has emerged as a popular method for
visualizing and evaluating anatomic structures in highresolution 3D medical images [25]. In virtual endoscopy,
the user peers inside hollow organs noninvasively using a
given 3D image as the "virtual environment." The computer
acts as a "virtual endoscope." With virtual endoscopy, the
physician can examine the interiors of organs with impunity. The physician can also use virtual endoscopy to plan
or "rehearse" later live invasive procedures. The first such
virtual-endoscopy views, often referred as endoluminal
FIGURE 7 MR image showing heart muscle, blood-filled cardiac chambers, renderings, were generated in the early 1980s when 3D
and the right coronary artery. (Figure courtesy of Dr. Daniel Thedens, medical imaging modalities were first proposed. Figure 12,
discussed in the next section, shows such renderings
University of Iowa.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

FIGURE 8 Angiographicand IVUS views of the coronary arteries. Right view is a 2D angiogram; arrow indicates
location of the IVUStransducer. Leftviewshows corresponding cross-sectional IVUSframe of the arterial lumen. (See
color insert.) (Figure courtesy of Dr. Andreas Wahle, University of Iowa.)
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FIGURE 9 Views from a VRML-based angiographic-IVUS fusion system. Top shows VRML display and navigation
system. Bottom view depicts a 3D virtual angioscopic display of artery surface using the original IVUS data (left) and
with color-coded shear stress mapped onto the reconstructed surface (right). From [24]. (See color insert.)

inside the heart chambers. When this field is specialized to the venous circulation and delivers it to the right ventricle.
arteries, it is referred to as virtual angioscopy [25]. Figure 9 The right ventricle is a low pressure pump that moves
depicts a virtual angioscopy view. The system of [19] also the blood through the pulmonary artery into the lungs for gas
has the capability of depicting endoluminal renderings of exchange. The left atrium receives the oxygenated blood
from the lungs and empties it into the left ventricle (LV). The
arteries. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LV is a high-pressure pump that distributes the oxygenated
blood to the rest of the body. The heart muscle, called the
3 Analysis of Cardiac Mechanics
myocardium, receives blood via the coronary arteries. During
the diastolic phase of the heart cycle, the LV chamber fills
and Shape
will blood from the left atrium. At the end of the diastolic
Imaging can be used to make a clinically-meaningful assess- phase (end diastole) the LV chamber is at its maximum
ment of heart structure and function. The human heart volume. During the systolic phase of the heart cycle, the LV
consists of four chambers separated by four valves. chamber pumps blood to the systemic circulation. At the end
The right atrium receives deoxygenated blood from the of the systole phase (end systole), the LV chamber is at
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its minimum volume. The cycle of diastole-systole repeats for the cardiac cycle that are of particular interest: the end of
each cardiac cycle.
the LV filling phase (end diastole), when the LV chamber is
Cardiac imaging can be used to qualitatively assess heart a maximum volume; and the end of the LV pumping phase
morphology, for example, by checking for a four-chambered (end systole), when the LV chamber is at minimum volume.
heart with properly functioning heart valves. More quantita- Let VFs and VFD represent the end systolic and end diastolic
tively, parameters such as chamber volumes and myocardial chamber volumes. Then the total cardiac stroke volume S V muscle mass can be estimated from either 2D or 3D imaging VEo-V~s, and the cardiac ejection fraction is EF= SV/V~D.
modalities. If 3D images are available, it is possible to con- Both of these parameters can be used as indices of cardiac
struct a 3D surface model of the inner and outer myocardium efficiency [26].
walls. If 3D images are available at multiple time points (a 4D
image sequence), the 3D model can be animated to show wall 3.1.1 Angiography
motion and estimate wall thickening, velocity, and myocardial
Both single and biplane angiography can be used to study
strain.
the heart chambers [2, 26]. For this analysis, sometimes called
From an image engineering perspective, cardiac imaging
ventriculography, the imaging planes are typically oriented
provides a number of unique challenges. Since the heart is
so that one image is acquired on a coronal projection (called
a dynamic organ that dramatically changes size and shape
the anterior-posterior, or A-P plane), and the other image
across the cardiac cycle (about 1 second), image acquisition
is acquired on a sagittal projection (called the lateral, or LAT
times must be short or the cardiac structures will be blurred
plane). A radio-opaque liquid is injected into the LV chamber
due to the heart motion. Good spatial resolution is required
to increase contrast between the LV chamber and surrounding
to accurately image the complex heart anatomy. Adjacent
myocardium. Images may be acquired at a single time point
structures, including the chest wall, ribs, and lungs, all contri(e.g., end diastole or end systole), or a sequence of images
bute to the difficulties associated with obtaining high quality
can be acquired over time showing the changing geometry of
cardiac images. A variety of image processing techniques,
the chamber across the entire heart cycle (cineangiography).
ranging from simple edge detection to sophisticated 3D shape
An angiogram showing the contrast-enhanced LV chamber
models, have been developed for cardiac image analysis. Once
is shown in Fig. 10.
the cardiac anatomy has been segmented in the image
Once the projection images have been obtained, the boundata, measurements such as heart chamber volume, ejection
dary between the LV chamber and myocardium must be
fraction, and muscle mass can be computed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
identified. The LV boundary can be manually traced using
a computer mouse or trackball, and for single plane or biplane
3.1 Chamber Analysis
images acquired at only a small number of time points,
The LV chamber is the high-pressure heart pump that this manual processing may be acceptable. However, for roumoves oxygenated blood from the heart to other parts of the tine clinical use and in the case of cineangiography, manual
body. Assessment of LV geometry and function can provide analysis is prohibitively time-consuming. Computer-assisted
information on overall cardiac health. Many cardiac image processing can reduce the time required to analyze the data,
acquisition protocols and image analysis techniques have and can eliminate human error and variability.
been developed specifically for imaging the LV chamber to
Automatic processing can be technically challenging because
estimate chamber volume. There are two specific points in the LV chamber will be overlapped by nearby structures

FIGURE 10 Angiographicimages showing contrast-enhanced LV chamber. Left: End diastole. Right: End systole.
(Figure courtesy of the Adult Cardiac Catheterization Laboratory, Universityof Iowa.)
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FIGURE11 CT cross-sectional images of human thorax obtained using an electron beam CT scanner. Images show
heart (oval-shapedgrayregion near center of images, with severalbright ovals inside), lungs (dark regions on either side
of heart), and vertebrae (bright regions at top middle). The heart region contains the myocardium (medium gray) and
contrast-enhanced heart chambers (bright gray). (Imagesprovided by Dr. Eric A. Hoffman, University of Iowa.)
(ribs, vessels, catheter, etc.) in the projection image. Some of
this overlap problem can be addressed by using DSA. With
DSA, a reference image (or image sequence) is acquired just
prior to contrast injection. This reference can be digitally
subtracted from the contrast-enhanced image to remove the
background and overlapping adjacent structures. Care must
be taken to gather both the reference image and contrastenhanced image at exactly the same point in the cardiac and
respiratory cycle [2]. Other challenges to automatic LV border
detection include variations in the image intensity in the
chamber due to inhomogeneous mixing of the contrast material, geometric distortions and nonlinearities in the imaging
system, and random image acquisition noise [2].
Automatic and semi-automatic LV border detection methods typically identify the border as the local maximum of
the image intensity gradient. Semi-automatic approaches rely
on the operator to identify a starting pixel on the LV border,
automatic methods may try to detect the starting location
based on the image gradient. In either case, the border is
tracked around the LV by computing the image gradient
magnitude and direction. Constraints are used to construct a
contour that approximately follows the gradient maximum
around the border and encloses the LV with a closed, smooth
curve [2].
Once the LV boundary has been identified, measurements
can be made to assess heart function. The first step in making
these measurements is to estimate the LV chamber volume
from the boundaries identified on the projection images.
Methods for computing chamber volume assume a 3D ellipsoidal chamber shape and require estimates of the minor and
major axes of the ellipsoid from the projection images [26].
For single plane angiography, the ellipsoid is assumed to be
rotationally symmetric about the long axis [2, 26].

3.1.2 Computed Tomography
X-ray CT imaging can also be used for heart chamber analysis.
CT imaging is able to take advantage of injected contrast agents
to better delineate the interface between the myocardium and
the chamber. An example cardiac CT image with a contrastenhanced LV chamber is shown in Fig. 11.
The cardiac chambers can be segmented by identifying the
chamber boundaries on 2D CT slices, or more specialized 3D
processing can be used. Once the chamber boundaries have
been identified, the total chamber volume can be obtained by
integrating over all the 2D cross-sectional areas across slices
and scaling by the CT slice thickness. Because both the inner
(endocardial) and outer (epicardial) borders of the myocardium can be identified on the CT images, parameters such as
myocardial wall thickness and myocardial muscle volume can
be computed [26].
Much of the early cardiac CT image analysis was performed
manually. Manual image analysis requires that a skilled
operator trace region boundaries on 2D slices projected
on a computer screen. This processing is extremely timeconsuming and prone to human error and variability.
A number of methods for automatic and semi-automatic
LV chamber segmentation in CT images have been developed
[27-29]. Higgins et al. developed a semi-automatic method
that relies on some manual slice-by-slice editing to guide
automatic grayscale and shape-based processing; their method
shows good LV chamber volume correlation with manual
analyses [27]. A popular LV chamber segmentation approach
is to use deformable 2D contours or 3D surfaces attracted
to the gradient maxima. Staib and Duncan used a 3D surface
model of the LV to segment the chamber from CT data [28].
Their method is initialized by configuring the model to an
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FIGURE 12 Virtualendoscopic viewsof a heart. Top row of figure shows computer-generated "dissection" of the 3D
heart volume. Bottom row has partiallylabeled heart anatomy. LA, left atrium; RV, right ventricle. From [31].
average chamber shape, and then deforming the model
based on local gradient information. Related work from the
same group uses a 3D shape model and combined grayscale
region statistics with edge information for robust LV chamber
segmentation [29].
Figure 12 shows surface-rendered interior views--i.e.,
virtual endoscopic views--of a canine heart from a 3D DSR
data set. This figure was created by manually tracing region
boundaries on the image, and then shading surface pixels
(a)
(b)
(c)
based on the angle between the viewing position and the local
surface normal. The image clearly shows the four-chambered
heart, the valves, and the myocardium.
Some work has been done toward true four-dimensional
(4D) processing of cardiac image data. In [30] the user first
defines a series of graphically defined image-segmentation
cues, using a graphics-based computer system. Next, a set of
image-processing operations, drawing upon mathematic
morphology, 3D topological analysis, and image segmentation
(d)
(e)
(f)
is derived for the segmentation problem using the cues. After
this set of operations is run automatically on the 4D image, all FIGURE 13 3D surface-rendered views of the segmented LV chamber. A
timepoints of the sequence are segmented. Figure 13 shows sequence of 16 3D DSR cardiac imageswere used for the test, where 16 images
span one heart cycle from end diastole (time point 1) to end systole (time
how the semi-automatic approach yields better defined results point 8) to end diastole of the next cycle (time point 16). Each time point was
more quickly than standard manual slice editing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
acquired 33 ms apart. (a-c): Manually segmented results for timepoints 1, 3,
and 8. (d-f): Results for timepoints 1, 3, and 8 from semi-automatic 4D
segmentation. From [30].

3.1.3 Echocardiography
Echocardiography uses ultrasound energy to image the heart
[21]. The ultrasound energy (in the form of either a longitudinal or transverse wave) is applied to the body through a
transducer with piezo-electric transmit and receive ultrasound
crystals. As the ultrasound wave propagates through the body,
some energy is reflected when the wavefront encounters a
change in acoustic impedance (due to a change in tissue
type). The ultrasound receiver detects this return signal and
uses it to form the image. Because ultrasound imaging does

not use ionizing radiation to construct the image, ultrasound exams can be repeated many times without worries of
cumulative radiation exposure. Ultrasound systems are often
inexpensive, portable, and easy to operate, and as a result, exams
are often performed at the bedside or in an examination room.
Common cardiac ultrasound imaging applications use
energy in the range of 1 to about 25 MHz, although higher
frequencies may be used for IVUS imaging. Most clinical
ultrasound scanners can acquire B-mode (brightness) images,
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M-mode (motion) images, and doppler (velocity) images.
In B-mode imaging, a 2D sector scan is used to create an
image where pixel brightness in the image is proportional
to the strength of the received echo signal. Several B-mode
images may be obtained at different orientations to approximate volume imaging. In M-mode imaging, a 2D image is
formed where one image axis is distance from the transducer
and the other axis is time. As with B-mode, pixel intensities
in the M-mode image are proportional to the strength of
the received echo signal. M-mode images can be used to
track myocardial wall and valve motion. Doppler imaging
uses the frequency shift in the received signal to estimate the
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velocity of ultrasound scatterers. Doppler imaging can be used
to measure wall and valve motion, and to assess blood flow
through the arteries and heart. New 3D ultrasound scanners
have been introduced. These scanners use an electronically
steered 2D phased array transducer to acquire a volumetric
data set. The 3D ultrasound scanners can acquire data sets at
near video rates (10-20 3D images per second). Figure 14
shows several views of a 3D ultrasound data set, after image
segmentation and surface modeling.
Much work in cardiac ultrasound image processing has
been focused on edge detection in 2D B-mode images to
eliminate the need for manual tracing of the endocardial

FIGURE 14 3D ultrasound image of human heart. Figure shows image analysisand displaysystemwith four different
views of the image data and surface reconstruction overlay based on image segmentation results. (Figure courtesy of
Dr. Edwin L. Dove, University of Iowa.) (See color insert.)
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and epicardial borders [2]. The first step in the processing is at each time point in the image sequence. After the LV bounoften some preprocessing filtering, such as a median filter, dary has been determined, motion estimation requires that
to reduce noise in the image. Preprocessing is followed by an the point-to-point correspondences be determined between
edge detection step, with a 2D operator such as the Sobel or the LV border pixels in images acquired at different times.
Prewitt edge detection mask, to identify strong edges in the For this difficult problem, algorithms based on optical flow
image. Finally, the strong edges are linked together to form [36] and shape-constrained minimum-energy deformations
a closed boundary around the ventricle. This automatic 2D [37] have been successfully applied to CT and echo cardioprocessing shows good correlation with contours manually graphic images.
traced by a human [2]. After identifying the ventricle on each
One of the most important recent advances in cardiac
slice of a 3D stack of B-mode images, a 3D surface can be imaging has been the development of non-invasive techniques
reconstructed and visualized.
to "tag" specific regions of tissue within the body [38, 39].
Deformable contour models have also been successfully These tagging techniques, all based on MR imaging, use a
applied to the segmentation of LV chamber borders in echo pre-saturation RF pulse to temporarily change the magnetic
cardiographic images [32]. Another approach for LV chamber characteristics of the nuclei in the tagged region just prior
detection in echocardiography has focused on using optimiza- to image acquisition. The tagged region will have a greatly
tion algorithms to identify likely border pixels. For these attenuated NMR response signal compared to the untagged
approaches, the image is processed with an edge detection tissue. Because the tags are associated with a particular spatial
operator to compute the edge strength at each pixel. The region of tissue, if the tissue moves, the tags move as well.
edge strength at each pixel is converted to a cost value, Thus, by acquiring a sequence of images across time, the local
where the cost assigned to a pixel is inversely proportional displacement of the tissue can be determined by tracking the
to the likelihood that the pixel lies on the true LV border. tags. One common cardiac tagging technique is called spatial
Graph searching or dynamic programming is used to find modulation of magnetization (SPAMM) [38, 39]. SPAMM
a minimum-cost path through the image, corresponding tags are often applied as grid lines, as illustrated in Fig. 15.
The two major image analysis problems in SPAMM imagto the most likely location of the LV chamber border. More
sophisticated approaches can incorporate a priori region ing are the detection of the tag points and tracking and regishape, texture, and deformation information into an anatomic stering the tag points as the tissue deforms. Young et al. used
a mesh of snakes to detect the tag lines in SPAMM images
model that can be used to guide image segmentation [33]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and tracked the tag lines and their intersection points between
images [40]. The deformation information in [40] was used
3.1.4 Magnetic Resonance Imaging
MR imaging is being increasingly used for studying the heart to drive a finite element model of the myocardium. Denney
and cardiovascular system [22], and new, faster MR scanners and Prince used an information theoretic framework to estiare being developed specifically for this purpose. Because mate the 3D motion of the myocardium from a stochastic
of differences in their magnetic susceptibility, there is natural model of heart motion that incorporated a priori informacontrast between the myocardium and the blood pool. MR tion about the heart dynamics and smoothness constraints
contrast agents are now available to further enhance cardiac [41]. Park et al. analyzed the dynamic LV chamber using
and vascular imaging. Figure 7 shows an image acquired of 3D deformable models. The models were parameterized by
the right coronary artery; the same image, however, depicts functions representing the local LV surface shape and deforthe cardiac chambers and myocardium. Many of the same mation parameters. Their approach gave estimates of LV
image analysis techniques used in echocardiography and radial contraction, longitudinal contraction, and twisting.
CT are applicable to cardiac MR image analysis; for example, Amini used B-spline snakes to detect the tag lines. The
2D and 3D border detection algorithms based on optimal B-splines were part of a thin-plate myocardial model that
graph searches have been applied to LV chamber segmenta- could be used to estimate myocardial deformation (comprestion in MR images [34]. New methods, based on statistical sion, torsion, etc.) and strain at sample points between the
models of cardiac shape and deformation, have been succes- tag line intersections [42]. Figure 16 shows a 3D myosfully applied to 2D, 2D plus time, and 3D cardiac MR data cardial wall model computed by tracking SPAMM tag line
motion during the heart cycle.
[33, 35].
Papademetris et al. describe a technique for modalityindependent
analysis of LV chamber deformation [43].
3.2 Myocardial Wall Motion and Wall
Their method is driven by segmented LV chamber regions
Mechanics
that are tracked across time using a shape-tracking approach
If a time series of images showing the heart chamber motion is combined with a linear-elastic model of the heart muscle.
available, information such as regional chamber wall velocity, Since corresponding points are computed as part of the
myocardial thickening, and muscle strain can be computed. analysis, SPAMM is unnecessary, and the method is appliThis analysis requires that the LV boundary be determined cable to MR, CT, and other cardiac imaging modalities. After
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FIGURE 15 MR image showing SPAMM tag lines. Top left: Initial tag line configuration. Manually traced contours
show chamber borders. Top right: After heart has changed shape. Tag lines have deformed to provide an indication of
myocardial deformation. Bottom left and right: detected tag lines. From [40].

e n d -•d i a s t o l e

J

J

end-systole
FIGURE 16 3D myocardial wall model derived from deformable surface tracking SPAMM tag lines. Model shows
inner and outer borders of myocardium. Figure shows the evolution of myocardial wall and LV chamber shape from
end diastole to end systole. (Figure courtesy of Dr. Jinah Park, University of Pennsylvania.) (See color insert.)
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processing, biomechanical parameters, including local heart the blood and the bubbles results in a dramatic increase in
muscle strains, are computed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the echo signal back from the perfused myocardium. For
MR imaging, new injectable MR contrast agents have been
developed to serve a similar purpose.
4 Myocardial Blood Flow (Perfusion)
An interesting image processing challenge related to perfusion
imaging is the problem of registering the functional
Coronary angiography can be used to evaluate the struc(blood
flow) images to structural (anatomic) images obtained
ture of the coronary artery tree and to detect and quantify
using
other
modalities [45]. This structure-function matcharterial stenoses. However, the precise linkage between coroing
typically
uses anatomic landmarks and/or external fiducial
nary artery stenoses and blood flow (perfusion) to the myocardium is unclear [44]. Angiographic imaging is also limited markers to find an affine transformation to align the two
by the spatial resolution of the imaging system. The largest image data sets. The results can be visualized by combining
coronary arteries are easily identified and analyzed. But, the images so that a thresholded blood flow image is overlaid
the vast network of smaller arteries that actually deliver in pseudo-color on the anatomic image.
blood to the myocardium remain mostly undetectable on the
images. In this section we describe imaging modalities capable of directly assessing myocardial perfusion. The primary 5 Electrocardiography
use of these techniques is to detect perfusion flow deficits
The constant muscular contractions of the heart during
beyond an arterial stenosis.
the
cardiac cycle are triggered by regular electrical impulses
Positron emission tomography (PET) and single photon
originating
from the heart's sino-atrial node (the heart's
emission computed tomography (SPECT) both use intrave"pacemaker").
These impulses conduct throughout the heart,
nously injected radiopharmacueticals to track the flow of
causing
the
movement
of the heart's muscle. Certain diseases
blood into the myocardial tissue. An image is formed where
can
produce
irregularities
in this activity; if it is sufficiently
the pixels in the image represent the spatial distribution
interrupted,
it
can
cause
death.
This electrical activity can be
of the radiopharmacuetical. An example SPELT myocardial
recorded
and
monitored
as
an
electrocardiogram
(ECG).
perfusion image is shown in Fig. 17.
Through
the
techniques
of
electrocardiographic
imaging,
Both echocardiographic and MR imaging can also be
ECG
data
can
be
mapped
into
a
2D
or
3D
image
[46].
used to assess myocardial blood flow. In both cases, a contrast
These
so-called
body-surface
potential
maps
are
constructed
agent is used to increase the signal response from the blood.
In echocardiography, small microbubbles (on the order of by simultaneously recording and assembling a series of
5 microns in diameter) are injected into the bloodstream [44]. ECGs. Such image data can be used to visualize and evaluate
Bubbles this small can move through the pulmonary circu- various disease states, such as myocardial ischemia, where the
lation and travel to the myocardium through the coronary blood flow is reduced to a portion of the myocardium.
Angiographic and CT imaging cannot provide such data.
arteries. The large difference in acoustic impedance between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Body-surface potential maps also permit the study of
ventricular fibrillation, a condition when the heart is excited
by chaotic--and potentially lethal--electrical impulses.
Standard analytic methods from electromagnetics, such
as the application of Green's theorem to compute the electric
field distributions within the heart volume, are applied to
evaluate such image data. Figure 18 gives an example. Recent
work has combined sophisticated computer-graphics techniques and stereoscopic imaging to enable better localization
and analysis of ECG data [47].

6 Summary and View of the Future

FIGURE 17 SPECT myocardial perfusion analysis using injected thallium201 tracer. Image shows cross-sectional view of myocardium (LV chamber is

the cavity at center of the image), with pixel intensity proportional to
myocardial blood flow distribution. (Imagecourtesyof Dr. Richard Hichwa,
PET Imaging Center, Universityof Iowa.) (Seecolor insert.)

Cardiovascular imaging is a major focus of modern healthcare. Many modalities are available for cardiac imaging. The
image processing challenges include the development of
robust image segmentation algorithms to minimize routine
manual image analysis, methods for accurate measurement
of clinically-relevant parameters, techniques for visualizing
and modeling these complex multidimensional data sets,
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FIGURE 18 Exampleof a body-surfacepotential map. The left side shows a mapping for a 2D slice through the heart;
the cavities correspond to the ventricles. The right side shows a 3D surface-rendered view of the same map. The colorcoding indicates the degree of myocardial ischemia (reduction in blood flow). The red lines on the 3D view indicate a
stenosed arterial region that brought about the ischemia. From [46].

and tools for using the image information to guide surgical McPherson of Northwestern University, and Dr. Jinah Park
interventions.
of the University of Pennsylvania.
As technology continues to advance, scanner hardware
and imaging software will continue to improve as well. Faster
scanners with higher-resolution detectors will improve image
quality. Researchers will continue the move toward scanning
[1] M. L. Marcus, H. R. Schelbert, D. J. Skorton, and G. L. Wolf,
systems that provide true 3D and 4D image acquisition;
Cardiac Imaging. Philadelphia: W. B. Saunders, 1991.
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[2] S.M. Collins and D. J. Skorton, eds., Cardiac Imaging and Image
image processing perspective, there will be a need to quickly
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1 Introduction
The American Cancer Society estimates that 215,990 women
will be diagnosed with breast cancer in the United States in
2004 [ 1]. Another 40,110 women will die of the disease. In the
United States, breast cancer is the most common form of
cancer among women and is the second leading cause of
cancer deaths after lung cancer [1]. Women in the United
States have about a 1 in 8 lifetime risk of developing invasive
breast cancer [2, 3]. Early detection of breast cancer increases
the survival rate and increases the treatment options.
Screening mammography, radiographic imaging of the
breast, is currently the most effective tool for early detection
of breast cancer. Screening mammographic examinations are
performed on asymptomatic woman to detect early, clinically
unsuspected breast cancer. Two views of each breast are
recorded; the craniocaudal (CC) view, which is a top-tobottom view, and a mediolateral oblique (MLO) view, which
is a side view taken at an angle. Examples of the MLO and CC
views are shown in Fig. 1.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

Radiologists visually search mammograms for specific
abnormalities. Some of the important signs of breast cancer
that radiologists look for are clusters of microcalcifications,
masses, and architectural distortions. A mass is defined as a
space-occupying lesion seen in at least two different projections [4]. Masses are described by their shape and margin
characteristics. Calcifications are tiny deposits of calcium,
which appear as small bright spots on the mammogram. They
are characterized by their type and distribution properties. An
architectural distortion is defined as follows: "The normal architecture is distorted with no definite mass visible.
This includes spiculations radiating from a point, and focal
retraction or distortion of the edge of the parenchyma" [4].
A typical example of each of these abnormalities is shown
in Fig. 2.
Breast lesions are described and reported according to the
Breast Imaging Reporting and Data System (BI-RADS TM) [4].
BI-RADS TM is a mammography lexicon developed by the
American College of Radiology (ACR) for the description of
mammographic lesions. The BI-RADS TM lexicon includes
1195
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FIGURE 1 In screening mammography two views of each breast are recorded; the craniocaudal (CC) view (left), which is a top-to-bottom view, and a
mediolateral oblique (MLO) view (fight), which is a side view taken at an angle. The images were obtained from the Digital Database for Screening
Mammography (DDSM) [126].

FIGURE 2 Examplesof a spiculated mass (left), cluster of microcalcifications (center), and architectural distortion (fight). The images were obtained from
Digital Database for Screening Mammography (DDSM) [126].

descriptors such as the margin of a mass and the distribution
of calcifications and it defines final assessment categories
to describe the radiologist's level of suspicion about the
mammographic abnormality. It has been demonstrated that
the BI-RADS T M final assessment rating is an indicator of the
likelihood of malignancy [5]. If a suspicious abnormality is
detected, a diagnostic mammographic examination is carried
out to decide the future course of action required. Based
on the level of suspicion of the abnormality following the
diagnostic examination, a recommendation is made for
routine follow-up, short-term follow-up, or biopsy.

Early detection via mammography increases breast cancer
treatment options and the survival rate [6]. However,
mammography is not perfect. Detection of suspicious
abnormalities is a repetitive and fatiguing task. For every
thousand cases analyzed by a radiologist, only three to four are
cancerous and thus an abnormality may be overlooked. As a
result, radiologists fail to detect 10% to 30% of cancers [7-9].
Approximately two thirds of these false-negative results are
due to missed lesions that are evident retrospectively [10]. Due
to the considerable amount of overlap in the appearance of
malignant and benign abnormalities, mammography has a
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positive predictive value (PPV) of less than 35% [11], where
Input: Mammogram
the PPV is defined as the percentage of lesions subjected to
biopsy that were found to be cancer. Thus, a high proportion
CAD
!
of biopsies are performed on benign lesions. Avoiding benign
I
biopsies would spare w o m e n anxiety, discomfort, and expense.
Stage One
I[
I
Preprocessing ]
Computer-aided detection (CAD) systems have been
developed to aid radiologists in detecting m a m m o g r a p h i c
lesions that may indicate the presence of breast cancer. These
I ......
_1_ ......
I
]Feature Extraction ]
Stage Two
systems act only as a second reader and the final decision is
I
I
made by the radiologist. Recent studies have also shown that
CAD detection systems, when used as an aid, have improved
I FeatureSelection ]
radiologists' accuracy of detection of breast cancer [12-15].
Computer-aided diagnosis (CADx) systems for aiding in the
Output:LesionsDetected
I
(Marksor ROIs)
decision between follow-up and biopsy are still in develop, [Classification
[
ment. It is important to realize that m a m m o g r a p h i c image
CADx
analysis is an extremely challenging task for a n u m b e r of
reasons. First, since the efficacy of CAD/CADx systems can
have very serious implications, there is a need for near
Output:Likelihoodof
Malignancyor
perfection. Second, the large variability in the appearance of
Management
abnormalities makes this a very difficult image analysis task.
Recommendation
Finally, abnormalities are often occluded or hidden in dense
(a)
(b)
breast tissue, which makes detection difficult.
The organization of the chapter is as follows. Section 2 FIGURE 3 A flowchart showing the main steps involved in the computerdiscusses CAD algorithms while Section 3 discusses CADx aided detection (CAD) and computer-aided diagnosis (CADx) of mammographic abnormalities. Most detection algorithms consist of two stages. In
algorithms. A number of commercial CAD systems have been
stage 1, the aim is to detect suspicious lesions at a high sensitivity. In stage 2,
approved by the Food and Drug Administration (FDA) for
the aim is to reduce the number of false positives without decreasing the
the detection task. Section 4 discusses the commercial
sensitivity drastically. The steps that are involved in designing algorithms for
CAD systems currently available. Finally, Section 5 discusses both stages are shown in (B). We note that in some approaches some of the
steps may involve very simple methods or be skipped entirely. For example, in
future areas of research for the breast cancer CAD/CADx
stage
1, the classification step often is a simple size criteria (i.e., if the size of
community. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
potential lesion is suspicious only if its size is greater than N pixels). Most
diagnosis algorithms (CADx) begin with a region of interest (ROI) containing
the abnormality. Again, the steps typically involved in design such a system are
2 Computer-Aided Detection of
shown in (B). The output of a CADx system may be the likelihood of
malignancy or a management recommendation. Different research groups
Mammographic Abnormalities
have worked on different components of the problem and human interaction
may occur at various stages. For example, many CADx algorithms start with
The goal of the detection stage is to assist radiologists in
manually segmented ROIs.
locating abnormalities on the m a m m o g r a m . A flowchart
showing the different steps involved in detection algorithms is
ROC Curve
FROC Curve
shown in Fig. 3. The metrics used to report the performance
/'
of detection algorithms are sensitivity (Equation 1) and the
number of false positives per image (FPI; Equation 2). A truepositive mark is a mark made by the CAD system that
corresponds to the location of a lesion. A false-positive mark is
a mark made by the CAD system that does not correspond to
the location of a lesion. A plot of sensitivity versus FPI is called
s/
/s s
a free-response receiver operating characteristic (FROC) plot
and this is generally used to report the performance
o
1
0 1
2
3
4
1-Sensitivity
FPI
of the detection algorithm. An example of an FROC plot is
shown in Fig. 4.
FIGURE 4 Two plots illustrating receiver operating characteristic (ROC) and
free-response receiver operating characteristic (FROC) curves. In an ROC
There is some disagreement regarding the manner in which
curve, sensitivity is plotted on the y-axis and 1-Specificity or FPF is plotted
detection results should be reported. While most authors
along the x-axis. The dotted line in the ROC curve represents chance
report the performance in terms of the detection of any
performance. In an FROC curve, sensitivity is plotted on the y-axis and the
"actionable" objects, some report it terms of how many
number of FPI is plotted along the x-axis. ROC curves are used for diagnosis
malignant masses were detected, since they believe that
studies and FROG curves are used for detection studies.

1

1
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detection of malignant mass is most important. Whatever the
methodology used, it is necessary for researchers to clearly
state the reporting method that has been adopted.
Until recently, FROC analysis has been limited by the fact
that the statistical analysis of FROC curves was less developed
than that of traditional receiver operating characteristic
(ROC). Major advances have recently been made in FROC
analysis, particularly by Chakraborty and Berbaum [16].
However, despite the consistent use of evaluation methods
in the literature, direct comparison of systems for detecting
mammographic abnormalities is difficult because few studies
have been reported on a common database. In Sections 2.1
and 2.2 we describe the different mass and calcification
detection algorithms, respectively.

as suspicious or not. This may be done by simply applying
a threshold to the feature image or by using sophisticated
classification techniques. Finally, suspicious pixels are grouped
together into regions, generally by collecting connected pixels.
It is important to emphasize that regions labeled as suspicious
by the detection algorithms are not necessarily malignant. The
classification of detected regions into malignant or benign
categories is a different problem. A brief summary of pixel
based mass detection methods follows.
A number of detection methods have targeted particular
subsets of masses. For example, some researchers have focused
on the detection of spiculated masses because of their high
likelihood of malignancy. The main idea behind the detection
of spiculated masses is as that since spiculated masses are
characterized by spicules radiating in all directions, one should
Number of True-Positive Marks
compute the edge orientations at each pixel. Thus, each pixel
Sens -Number of Lesions
(1) is represented by a feature vector that represents the strongest
edge orientation at the pixel. The edge orientation can be
computed in a variety of different ways.
Kegelmeyer et al. [19] developed a method to detect
Number of False-Positive Marks
FPI =
(2)
spiculated
masses using a set of five features for each pixel.
Number of Images zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
They used the standard deviation of a local edge orientation
histogram (ALOE) and the output of four spatial filters that
are a subset of Laws texture features. The idea of using the
2.1 Detection of Masses
ALOE feature is that a normal mammogram exhibits a tissue
A mass is defined as a space-occupying lesion seen in at least structure that radiates in a particular orientation (from the
two different projections [4]. Radiologists characterize masses nipple to the chest). A spiculated mass would change this
by their shape and margin properties.
trend and thus normal tissue would have edge orientations in
A number of researchers have worked on methods for a particular direction, whereas in suspicious regions containdetecting masses in mammograms. Masses with spiculated ing spiculated lesions, edges would exist in many different
margins have a very high likelihood of malignancy and thus orientations. To detect this difference Kegelmeyer et al. comsome methods have been developed specifically for the puted edge orientations in a window around each pixel and
detection of spiculated masses. A spiculated mass is char- then generated a histogram of edge orientations. This idea is
acterized by lines radiating from the margins of a mass [17]. depicted in Fig. 5. The ALOE feature was then defined as
However, since not all malignant masses are spiculated, the the standard deviation of the bin heights of the histogram and
detection of nonspiculated masses is also important. Most is described by Equation 3. Where histij is the histogram of
mass detection algorithms consist of two stages: (a) detection edge orientations in a window around the pixel located at
of suspicious regions on the mammogram and (b) classifica- (i, j), and hist(i, j) is the average bin height of the histogram
tion of suspicious regions as mass or normal tissue. These are histij. A binary decision tree was used to classify each pixel.
described in Sections 2.1.1 and 2.1.2, respectively.
The neighborhood size for computing the ALOE was chosen
to be 4 cm so that it would encompass all of the spiculated
2.1.1 Stage 1" Detection of Suspicious Regions
masses in the dataset.
The first stage is designed to have a very high sensitivity and a
large number of false positives are acceptable since they are
255
expected to be removed in stage 2. Algorithms for stage 1
(histij(n) - hist(i,j)) 2
detection can generally be considered to be of two types, pixel
ALOE feature (0ij) -- n=0
(3)
255
based or region based [ 18]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In pixel-based Karssemeijer and te Brake [20] detected stellate distortions by
methods, features are extracted for each pixel and they are a statistical analysis of a map of pixel orientations. The
then classified as suspicious or normal. The terminology orientation at each pixel was computed from the response of
"pixel-based" is misleading since for every pixel, features are three filter kernels, which are second-order, directional deriextracted from the local neighborhood of the pixel. This is vatives of a Gaussian kernel in the directions (0, 7rl3, 2rr/3).
These filters form a nonorthogonal basis and are shown in
followed by a classification step in which pixels are classified zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2.1.1.1 Pixel-based Detection Methods.
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FIGURE 5 (A) Directions of spicules of a spiculated lesion differ from the directions of normal linear markings in a mammogram and the
(B) standard deviation of the gradient orientation histogram differentiates the area near a spiculated lesion from normal. The figure was obtained from [21]
(©2004 IEEE).

FIGURE 6 Three-directional second-order Gaussian derivatives used for estimation of line orientation. The figure was obtained from Prof. Nico Karssemeijer
[20] (©2004 IEEE).

Fig. 6. They used the relation that at a particular scale (3), Liu et al. [21] point out that in general, it is difficult to
the output at any orientation WoO) can be expressed as a estimate the size of the neighborhood that should be used to
weighted sum of the responses of the filters. This is described compute the local features of spiculated masses. Small masses
in Equation 4, where Wo(O), Wo(:rc/3), and Wo(27r/3) are the may be missed if the neighborhood is too large and parts of
responses of the three filters. This relation was used to large masses may be missed if the neighborhood is too small.
determine the orientation at each pixel and two features for To address this problem Liu et al. [21] developed a multieach pixel were derived by a statistical analysis of these pixel resolution algorithm for the detection of spiculated masses.
orientation maps. The pixels were then classified as suspicious They generated a multiresolution representation of a mamor normal. To account for the range of sizes of spiculations in mogram using the discrete wavelet transform. A detail
their dataset, edge orientations were computed at three spatial description of the wavelet transform can be obtained in
scales ( 3 = 1, 2, 3) and the one with the maximum magnitude Chapter 4.2. They extracted four features at each resolution for
was used. We note that this is equivalent to choosing local each pixel. One of the features they used was the ALOE feature
neighborhoods of varying sizes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
described in Equation 3. Pixels were then classified using a
binary classification tree.
The detection was carried out in a top-down manner from
1
1
Wo(O) -- -~[1 + 2 cos(20)]W0(0) + g [1 - cos(20)
the coarsest resolution to the finer resolutions. If a positive
detection was made and a pixel was classified as abnormal, no
1
+ ~/~ sin(ZO)]Wo(7c/3) + ~[1 - cos(Z0)
feature extraction and detection were needed at the corresponding pixels at all finer resolutions. This approach reduced
- ~/3 sin(ZO)]Wo(27c/3)
(4)
the number of pixels to be classified.
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In all of the three methods described above, the focus was
on developing sophisticated stage 1 detection techniques.
These methods used very simple techniques for the stage 2
task. For example, Karssemeijer and te Brake [20] grouped
suspicious regions and discarded regions that were smaller 500
pixels.
Other researchers have not restricted their efforts to the
detection of spiculated masses since many malignant masses
are not spiculated. Li et al. [22] developed a two-step process
for detection of masses. In the first step, adaptive gray-level
thresholding was used to obtain an initial segmentation of
suspicious regions. The segmentation was iteratively improved
using a multiresolution Markov random field (MRF)-based
segmentation method. The algorithm was first applied at the
coarsest resolution and the output was refined at the nextfiner resolution. This strategy helps to reduce the computational complexity as mentioned above. A detailed description
of MRF can be obtained in Chapter 4.3. In the second stage,
a fuzzy binary decision tree was used to classify the segmented
regions as masses or normal tissue using features based on
shape, region size, and contrast.
Matsubara et al. [23] developed an adaptive thresholding
technique for the detection of masses. They used histogram
analysis techniques to divide mammograms into three
categories ranging from fatty to dense tissue. Potential
masses were detected using multiple threshold values based
on the category of the mammogram. A number of features
such as circularity, area, and standard deviation were used to
reduce the number of false positives.
Li et al. [24] developed a method for lesion site selection
using morphologic enhancement and stochastic model-based
segmentation technique. A finite generalized Gaussian mixture
distribution was used to model histograms of mammograms.
The expectation maximization algorithm [25] was used to
determine the parameters of the model. The segmentation was
achieved by classifying pixels using a new Bayesian relaxation labeling technique. An underlying motivation for this
technique was that it could incorporate neighborhood information into the classification process and that this would
help improve the process. They argued that for the purpose
of lesion site selection, sensitivity should be the sole criterion
for evaluation and thus did not incorporate a false-positive
detection step.
The primary advantage of using pixel-based methods is that
one has a large number of samples to train a classifier.
However, this class of methods also has inherent disadvantages. It does not take into account the spatial arrangement of
the pixels, which is a very important factor to discriminate
masses from normal tissue. A different set of features would be
required to describe different mass types. It is computationally
intensive and hence, most pixel-based methods must subsample images before detection.
The advantage of having many pixels per image available for
use in training supervised learning methods should not be
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overstated. There are two problems regarding the use of
multiple pixels. First, pixels at the periphery of a mass and
at the center of the mass belong to the same class, but are
not always homogenous and maybe represented by different
feature values. This is a major limitation as ideally one would
want samples of a particular class to possess similar feature
values. Second, multiple pixels from a single mass represent
only one particular lesion example. This does not eliminate
the need for a comprehensive database containing masses that
encompasses the range of natural variability of masses.

2.1.1.2 Region.based Detection Methods. In regionbased detection methods, regions of interest are first extracted
by a segmentation or filtering technique. Features are then
extracted for each region and the region is classified as suspicious or otherwise. These features are designed to describe
important diagnostic information like shape and texture of
the extracted regions.
A number of these methods are based on the idea of
matched filtering. In these approaches, the image is filtered
with a filter that is used as a model for a mass. The idea is that
the output of the filtered image will be high near the center of
the tumor masses. Often the N largest outputs are selected as
possible suspicious regions. This is followed by the extraction
of ROIs around the N largest peaks. Features are extracted
from the ROI, and the ROIs are classified as containing a mass
or normal tissue. Here lies the main difference between pixeland region-based detection methods. In the pixel-based
methods, features were extracted for each pixel, whereas in
the region-based methods, features are extracted for each
region. A brief description of the region-based methods that
used a matched filtering approach is given below.
Kobatake et al. [26] modeled masses as rounded convex
regions and based on this idea, developed an "iris filter" to
enhance and detect masses. The iris filter was applied to a
gradient image that was generated by Perwitt-type operators
(see Chapter 4.13). The output of the filter was computed by
measuring the average convergence of the gradient over the
region of support of the filter. The peaks of the output of
the filter were selected as centers of tumor candidates. The
filter was then reapplied locally to detect the boundaries
of candidate masses. Finally, texture features were computed
from the candidates and were used to reduce false-positives.
The authors showed that one of the advantages of using this
filter was that the output of the filter would be constant
regardless of the contrast between a rounded convex region
and the background.
Petrick et al. [27] developed a two-stage algorithm for the
enhancement of suspicious objects. In the first stage, they
proposed an adaptive density-weighted contrast-enhancement
(DWCE) filter to enhance objects and suppress background
structures. The central idea of this filtering technique was that
it used the density value of each pixel to weight its local
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contrast. In the first stage, the DWCE filter and a simple edge
detector (Laplacian of Gaussian) were used to extract ROIs
containing potential masses. In the second stage, the DWCE
was reapplied to the ROI. Finally, to reduce the number of
false positives, they used a set of texture features for classifying
detected objects as masses or normal. They further improved
the detection algorithm by adding an object-based regiongrowing algorithm [28].
Polakowski et al. [29] used a single difference of Gaussian
(DOG) filter to detect masses. The DoG filter was designed to
match masses that were approximately 1 cm in diameter. ROIs
were selected from the filtered image. They used nine features
based on size, contrast, circularity and Laws texture features to
reduce the number of false positives and to then classify ROIs
as malignant or normal.
The DoG filter, which is a band-pass filter, has been used by
several researchers for the preliminary task of detection of
potential masses in an image. The DoG filter must be matched
to the size of the mass. Since the size of masses varies from a
few millimeters to several centimeters [17], a number of DoG
filters would be required, which would increase the computational complexity. Since the size of a potential mass is
not known a priori, several researchers have used multiscale
region-based methods for the detection of masses.
Brzakovic et al. [30] use a two-stage multiresolution
approach for detection of masses. First they identified
suspicious ROIs using Gaussian pyramids (Chapter 4.2) and
a pyramid linking technique based on the intensity of edge
links. Edges were linked across various levels of resolution.
This was followed by a classification stage, where the ROIs
were classified as malignant, benign, or normal on the basis
of features like shape descriptors, edge descriptors, and area.
Qian et al. [31] developed a multiresolution and multiorientation wavelet transform for the detection of masses and
spiculation analysis. They observed that traditional wavelet
transforms cannot extract directional information, which
is crucial for a spiculation detection task and thus, they
introduced a directional wavelet transform. Figure 7 shows the
partitioning of the frequency domain with the directional
wavelet transform. We note that in comparison, a conventional wavelet transform would produce a rectangular
partitioning of the frequency domain. An input image was
decomposed into two output images using the directional
wavelet transform. One was a smoothed version of the original image and was used to segment the boundary of the mass.
The second contained the high-frequency information and
was used for directional feature extraction. The key ideas of
the method were that at coarser resolutions, features such as
the central mass region can be easily detected, whereas at finer
resolutions, detailed directional features such as spicules can
be localized.
As was the case for pixel-based methods, some researchers
have developed region-based methods that are focused on the
detection of masses with particular margin characteristics,
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FIGURE 7 Partitioning of the frequency domain achieved with the
directional wavelet transform. The figure was obtained from [127] (©2004
IEEE).
such as circumscribed or spiculated masses. Lai et al. [32]
developed a simple template matching algorithm to detect
circumscribed masses only. They enhanced images using a
modified median filtering technique to remove background
noise. To cope with variations in the size of masses various
templates with radii ranging from three to 14 pixels were used.
To measure the similarity between a potential mass and the
template, the authors chose the normalized cross-correlation
as a similarity metric. This particular metric was chosen since
it is invariant to the size of the template and the average
brightness of the image. They also developed two features to
reduce the number of false positives detected.
Groshong and Kegelmeyer [33] used the circular Hough
transform for the detection of circumscribed lesions. The
Hough domain, for circular objects consists of three parameters (x, y, and r) corresponding to the x and y centers
and radius (r) of the object. Thus, a point in the threedimensional Hough domain maps to a circle in the image
domain. More details about the circular Hough transform can
be found in [34]. They computed an edge image using a canny
operator (Chapter 4.13) and selected a subset of the edges
based on length and intensity. This subset of edges was the
input to a circular Hough transform. The radius parameter
search space ranged from 3 to 30 mm to account for masses of
different sizes. Two features were extracted from the Hough
domain for each pixel and ultimately these were classified as
either belonging to a mass or normal tissue.
Zhang et al. [35] noted that the presence of spiculated
lesions led to changes in the local mammographic texture.
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They proposed that such a change could be detected in the have attempted to emulate that process. Te Brake et al. [39]
Hough domain, which is computed using the Hough trans- defined a number of features to discriminate between lesions
form. They partitioned an image into overlapping ROIs and and normal tissue that were designed to capture image
computed the Hough transform for each ROI. The Hough characteristics like intensity, iso-density, location, and
domain of each ROI was thresholded to detect local changes contrast. Kupinski and Giger [40] studied a regularized
in mammographic texture and to determine the presence or neural network for this task. Masses were detected using the
bilateral subtraction scheme, which is described in Section
absence of a spiculated mass.
Region-based methods have a number of advantages. In 2.1.3. Features based on geometry intensity and the gradients
contrast to pixel-based methods, region-based detection of potential lesions were extracted. They also evaluated the
takes into account the spatial information. Also, the features effectiveness to minimize overtraining. Mutual information
are directly correlated to important diagnostic information and a subregion hotelling observer have also been tested for
like the shape and margin of extracted regions. They are this classification problem. Tourassi et al. [41] developed a
computationally less intensive than pixel-based methods. The template-matching technique for this problem. Each ROI in
main disadvantage is that if a classifier is used, there are fewer the database served as a template and mutual information
samples for training the classifier as compared to the pixel- was used a similarity metric to decide if a query ROI contained
a mass. Baydush et al. [42] proposed a subregion hotelling
based methods.
To conclude this section, we note that masses can have a observer for detecting whether a given ROI contained a mass
range of sizes. Thus, a major limitation of both pixel-based or not.
and region-based methods is that the analysis is not done over
a continuous range of scales. Cancerous lesions are stochastic
biologic phenomena that manifest in images as having various
structures occurring at different sizes and over ranges of 2.1.3 Mass Detection Using Multiple Images
spatial scales. For example, masses occupy definite regions; In the methods described in the previous section, the analysis
this region occupancy can be approached at a coarse scale of was performed on the MLO, CC view images, or the images of
description or processing. However, the boundaries of masses the left or right breast only. That is, these methods use only a
require a more localized approach, although the sharpness, single image. Some researchers have also developed methods
and hence the scales of interpretation of the lesion boundaries, that use more than one image.
In one approach, the same view (CC or MLO) is used from
can vary considerably. Moreover, the spiculations that are
both
the left and right breasts. The intuition behind this
associated with many cancerous lesions occur with different
method
is that radiologists use the architectural symmetry
widths, lengths, and densities, which suggests that their
between
leftand right-breast images in the visual analysis of
characterization will require analysis over scales. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
mammograms. Asymmetry between the left and right breast
may correspond to potential abnormalities. One such mass
2.1.2 Stage 2: Classification of Suspicious
detection method is based on the analysis of the symmetry
Regions as Mass or Normal Tissue
between the corresponding mammograms of each breast. Yin
A number of researchers have focused solely on the second et al. [43] computed the difference of the left- and right-breast
stage of detection in which suspicious regions are classified as images and binarized the difference image at various threshmass or normal tissue. The purpose of the second stage is to olds to detect deviations from architectural symmetry and
reduce the number of false positives that were produced at the thus possible masses. They described their method as a
end of the first stage. A brief summary of stage two methods "nonlinear bilateral subtraction" scheme.
Radiologists also look at the current and prior mammofollows.
Researchers have used texture features to discriminate grams (from previous exams) of a patient while performing a
between mass and normal tissue. Sahiner et al. [36] proposed a visual analysis of the mammograms. Thus, researchers have
convolution neural network for this task. They extracted tried to use both the current and prior mammograms for the
texture features from the ROIs. Wei et al. [37] developed detection of potential abnormalities. One such method was
a classifier using texture features and linear discriminant developed by Zouras et al. [44], who investigated the potential
analysis for this task. They computed multiresolution texture of incorporating a temporal subtraction scheme to the bilatfeatures from spatial gray-level dependence matrices. Wei et al. eral subtraction technique.
A number of difficult preprocessing steps are required in
[38] also investigated the use of global and local multiresolution texture features for this task and for reducing both of the schemes mentioned above. For the bilateral
the number of false-positive detections on a set of manually subtraction scheme, a registration or alignment of the left
and right breast must be performed before computing
extracted ROI.
Radiologists use a number of image characteristics to dis- the difference. This is difficult because the left and right
criminate between masses and normal tissue and researchers breasts are not exactly symmetric in shape and size on the
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TABLE 1 Summary of representative selection of mass detection algorithms
Mass Type

Author

Method

Stage One

No. Images
TP

All
All
All
All
All
All
All
All
All
Circumscribed
Circumscribed
Spiculated

Yin et al., 1991
Li et al., 1995
Zouras et al., 1996
Matsubara et al., 1996
Li et al., 2001
Petrick et al., 1996
Kobatake et al., 1999
Brzakovic et al., 1990
Qian et al., 1999
Lai et al., 1989
Groshong et al., 1996
Kegelmeyer et al., 1994

Pixel
Pixel
Pixel
Pixel
Pixel
Region
Region
Region
Region
Region
Region
Pixel

46
95
79
85
200
168
1214
25

Spiculated
Spiculated
Spiculated
All

Karssemeijer et al., 1996
Liu et al., 2001
Zwiggelaar et al., 1998
Polakowski et al., 1997

Pixel
Pixel
Pixel
Region

50
38
54
254

-~
~
-97.3%
95.5%
---

100

17
44
86

Stage Two
FPI
-~
~
-14.81
20
-~
- -

----

~
--

--

--

--

--

92%

8.39

TP, %

FPI

95
3.2
90
2
85
4
82
0.65
--90
4.4
90.4
1.3
85 zyxwvutsrqponmlkjihgfedcb
96
1.71
100
1.7
80
1.34
100
82%
specificity
- -

90

1

84.2
70
92

1
0.01
1.8

The input to these algorithms is the mammogram. Most detection algorithms consist of two stages. In the first stage the goal is to achieve high sensitivity. The
second stage aims to reduce the number of false positives per image (FPI) without drastically reducing the sensitivity. It is not possible to make a comparison
between these different algorithms since they have not been trained and tested on the same datasets. TP, true positive.

m a m m o g r a m s . In the temporal subtraction scheme, a similar
alignment of the prior and current images must be performed.
Although the idea of searching for architectural asymmetries is appealing, current methods that try to use this concept
are based on very simple subtraction-based techniques and
compute a n u m b e r of thresholds in an ad hoc manner.
Choosing an appropriate threshold that would work across a
large set of images is very difficult.
Table 1 gives a summary of various mass detection
algorithms. Most authors do not report the performance for
stage 1 of the detection algorithm. This is unfortunate, since
comparisons between the stage-by-stage performance of
different algorithms cannot be made. It also makes it more
difficult to combine stages of different algorithms to achieve
better performance. For example, given algorithms A and B, it
may be that a third algorithm C, which is composed of the
first stage of algorithm A and the second stage of algorithm B,
could yield significantly better performance than either
algorithm A or B. However, if the "stagewise" performance
of the algorithms is not reported, then the combined
algorithm C may not be conceived of or attempted.

2.2 Detection of Calcifications
Calcifications are small calcium deposits that form in the
breast as a result of benign or malignant processes. Mammographically, they appear as bright white spots of various sizes and shapes. The important characteristics of

calcifications are their size, shape or morphology, number,
and distribution.
One of the main characteristics to consider in the detection
of calcifications is that they are generally very small. Their size
varies from 0.1 m m to 1 m m and the average diameter is
0.3 m m [17]. Small calcifications may be missed due to
the overlapping breast parenchyma. Another issue is that in
regions where the background tissue is dense, it is very
difficult to localize the calcifications. Finally, calcifications
sometimes have a low contrast to the background and can be
mistaken as noise in the inhomogeneous background.
On the other hand, the high degree of localization of
calcifications makes them somewhat easier to model (they are
"impulselike"), and indeed, a n u m b e r of robust methods have
been developed for the detection of calcifications, and a great
deal of success has been achieved with these methods. The
detection performance of current commercial systems is
reported at 95% sensitivity at less than 1 FPI [86].
A n u m b e r of different approaches have been applied for
the detection of calcifications. Calcifications represent high
spatial frequencies in the image. Thus, one approach to the
calcification detection task is to localize the high spatial
frequencies of the image. The wavelet transform is an optimal
tool for such a task as compared with other transforms such as
the Fourier transform, which only gives information on the
frequency content and cannot spatially localize the frequencies. Thus, a n u m b e r of authors have used wavelet transforms
for the detection of microcalcifications [45-49]. In these
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methods, the image is first processed by a subband decomposition filterbank. The coefficients in the subband images
that correspond to high spatial frequencies are selectively
weighted to enhance the calcifications. A new image with
enhanced calcifications is created with the inverse wavelet
transform. The calcifications are then detected using global
and local thresholds. Finally, the individual calcifications are
then grouped together to detect clusters. A summary of some
methods that have used the wavelet transform is given below.
Strickland and Hahn [45] proposed a method using
undecimated bi-orthogonal wavelet transforms and subband
weighting to detect and segment clustered microcalcifications.
Yoshida et al. [46] used undecimated wavelet transforms and
supervised learning for calcification detection. Zhang et al.
[47] developed a method to optimize the weights at individual
scales of the wavelet decomposition. Qian et al. [48] used a
tree-structured wavelet transform for multiresolution decomposition and selective reconstruction of subimages to segment
microcalcifications. They used a nonlinear filter for suppressing image noise.
In most of the methods, the detection is carried out in the
spatial domain. However, Gurcan et al. [49] performed the
detection in the subband image domain. The key aspect of
their method was that calcifications would produce outliers in
the high-pass and band-pass subimages. Thus, the symmetry
of the distribution of the band-pass and high-pass image
coefficients is altered in regions containing the microcalcifications. The changes in the distribution were captured by
computing the skewness and kurtosis of the distribution.
Another reason that wavelets have been so effective is that
calcifications appear as small bright dots on the mammogram and can be viewed as point discontinuities. Recently,
mathematicians have argued that wavelets have finite square
supports and are ideal for capturing point discontinuities but
not edges [50]. We believe that this fact intuitively explains the
tremendous success of wavelet transform-based methods in
the detection of calcifications and why they have been less
successful for the detection of masses.
In addition to wavelets, other multiscale methods have been
investigated. Netsch and Peitgen [51] proposed a multiscale
detection method based on the Laplacian of Gaussian filter
and a mathematic model. They used scale-space signatures
obtained from Laplacian filtering for the detection of clustered
microcalcifications.
Other non-wavelet-based methods have also been developed for the detection of calcifications. These methods
generally try to make maximum use of the fact that
calcifications have much higher intensity values than the
surrounding tissue in a mammogram. These methods are
more likely to fail when the calcifications are present in dense
background tissue.
Chan et al. [52] used a difference-image processing
technique to detect calcifications. In this methodology, they
computed "signal-enhanced" and "signal-suppressed" images
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and subtracted these to obtain a difference image. Global and
local level thresholding was then used to extract potential
calcifications. In a later study [53], they incorporated an
artificial neural network to reduce the number of FP clusters
per image.
Davis and Dance [54] used local area thresholding to detect
calcifications. Although they showed that this method was
successful on a small test set, in general picking a threshold
that will work successfully on a large set of images is extremely
difficult.
Nishikawa et al. [55] combined the difference image technique with morphologic erosion filters and gray-level thresholding techniques to extract microcalcifications. To reduce the
number of false positives, Zhang et al. [35] applied a shiftinvariant artificial neural network. Zheng et al. [56] developed
a multistage algorithm including Gaussian filtering, nonlinear
global thresholding for calcification detection. They used a
mixed feature-based neural network for detection.
Many of the methods described above had a false-positive
reduction stage built in. A number of authors have focused on
developing techniques to reduce the FPs. This is similar to the
stage two of the mass detection methods. The main aim here
is to classify ROIs as either containing calcifications (positive
ROI) or normal tissue (negative ROI). Various schemes have
been developed for this purpose.
Kim et al. [57] examined the performance of different
statistical textures for this task. They compared the performance of a new texture analysis method called surrounding region-dependence method (SRDM) with gray-level
co-occurrence matrix method (GLCM), gray-level runlength method (GLRLM), and gray level difference method
(GLDM). They reported that the SRDM achieved the highest
classification accuracy for this task. These texture analysis
methods are co-occurrence-based methods, which attempt to
characterize second-order properties of an image. In these
methods, the general idea is to measure the joint probability
of two image properties occurring under certain conditions.
The image properties could be spatial gray-level intensities,
intensity differences, and so forth. These properties are
measured under specific conditions such as pixel spacing
(magnitude and orientation), magnitude of intensity differences, and so forth. For example, the GLCM measures the
probability of co-occurrence of image pixel intensities "i" and
"j" under the condition of "d" pixels separation between the
pixels. By comparison, the GLRLM estimates the probability
of image pixels with intensity 'T' occurring in a colinear
sequence of length "j."
Nagel et al. [58] compared the performance of three
methods for reducing false-positives. For the false-positive
reduction task they examined a rule-based method, neural
network, and a combined method that used both of these
techniques. They reported that the combined method was
more successful in eliminating false-positives because each of
the two stages eliminated different types of false-positives.
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An e n h a n c e m e n t stage often precedes the detection step.
This can be global or local f i x e d - n e i g h b o r h o o d e n h a n c e m e n t
scheme. Some of the simple global e n h a n c e m e n t techniques
used are contrasting stretching and histogram equalization. In
comparison, the local e n h a n c e m e n t techniques use properties
like the m e a n and standard deviation in a fixed n e i g h b o r h o o d
of the pixel to estimate the background. This m e t h o d increases
the local contrast by suppressing the background. One of the
m a i n limitations of these m e t h o d s is that they enhance not
only the calcifications but also the b a c k g r o u n d structure and
noise. A n o t h e r major difficulty is the choice of metric to
report the performance of the e n h a n c e m e n t algorithm. Some
of the metrics used to measure the performance of the
e n h a n c e m e n t algorithms are defined below:
f-b
Contrast(C) - f + b

(5)

algorithm is still an open research problem. Thus, it m a y be
m o r e appropriate to evaluate the performance of the enhancement algorithms by studying the effect of the e n h a n c e m e n t
on the accuracy of the detection algorithm that generally
follows it. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGF

2.3 Conclusion
We have a t t e m p t e d in Tables 1 t h r o u g h 4 to s u m m a r i z e the
approaches that have been taken in CAD of masses and
calcifications. However, we would like reiterate that it is

TABLE 2 Summary of representative selection of mass detection
algorithms applied on regions of interest (ROIs)
Author

where f is the m e a n gray-level value of a particular object in
the image called the f o r e g r o u n d and b is the m e a n gray-level
value of a s u r r o u n d i n g region called background.
CII -- Cprocessed
Coriginal

(6)

W h e r e Cprocesse d and Coriginal are the contrasts in the processed
and original images, respectively.
Li et al. [59] c o m p a r e d a fractal-based e n h a n c e m e n t
m e t h o d with wavelet and m o r p h o l o g i c e n h a n c e m e n t methods.
They used three metrics contrast i m p r o v e m e n t index (CII),
peak signal-to-noise ratio (PSNR), and average signal-to-noise
ratio (ASNR) [59]) to c o m p a r e the p e r f o r m a n c e of these three
e n h a n c e m e n t methods. However, they did not p e r f o r m
detection on the enhanced images. It is i m p o r t a n t to realize
that defining an optimal metric to evaluate an e n h a n c e m e n t

No.
ROI

Detection Results
TPF
FPF
Az (Area
(Sensitivity) (1-Specificity) underROC
Curve)

Wei et al. [37]
678
Wei et al. [38]
168
Kupinski et al. [40] 495
Tourassi et al. [41] 1465
Baydush et al. [42] 1320
Sahiner et al. [36]
678

-m
~
~
98%
90%

-~
~
~
55.9%
31%

0.86
0.92
0.93
0.87
0.94
0.87

The inputs to these algorithms are ROIs which may be obtained
automatically or manually. The aim is to determine if a given ROI contains
a mass or normal tissue. It is not possible to make a comparison between these
different algorithms since they have not been trained and tested on the same
datasets. The TPF is sensitivity as defined in Eq. 1. The FPF is 1-specificity
where specificity=number of true negative [normal] classifications/number
of negative [normal] ROIs.

TABLE 3 Summary of representative selection of calcification detection algorithms
Author

No. Images

Stage One
TP

Strickland and Hahn [45]
Yoshida et al. [46]
Qian et al. [48]
Gurcan et al. [49]
Netsch and Peitgen [51 ]
Chan et al. [52]
Chan et al. [53]

Davis and Dance [54]
Zhen et al. [56]
Nagel et al. [58]

40
39
100
40 (105 clusters)
40 (105 clusters)
~
52

50
55
50

m
m
m
~
-100%
(obvious cases)
87% (subtle cases)
m
~

Stage Two
FPI

TP, %

FPI

-m
~
~
~
~
0.35

0.9-0.99
95
94
100
0.84
80
100

3-7
1.5
1.6
3.3
1
1
0.1

4
-~

90
100
100
83

1.5
0.08
0.18
0.8

Most detection algorithms consist of two stages. In the first stage the goal is to achieve high sensitivity. The second stage aims to reduce the number of falsepositives per image (FPI) without drastically reducing the sensitivity. It is not possible to make a comparison between these different algorithms since they have
not been trained and tested on the same datasets. TP, true positive.
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TABLE 4 Summary of representative selection of calcification
detection algorithms applied on regions of interest (ROIs)
Author

No.
ROI

Detection Results
TPF
FPF
(Sensitivity) (Specificity)

Zhan et al. [47]
Zhang et al. [35]
Kim et al. [57]

158
50
172

----

--~

Az (Area
under
ROC Curve)
0.92
0.90
0.92

The inputs to these algorithms are ROIs, which may be obtained
automatically or manually. The aim is to determine if a given ROI contains
calcification or normal tissue. It is not possibleto make a comparisonbetween
these different algorithms since they have not been trained and tested on the
same datasets.
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in the context of medical imaging decision support systems
have been clearly summarized by Dodd et al. [60].
The metrics used to report the accuracy of these algorithms
are sensitivity and specificity. Sensitivity was previously
defined in our discussion of the evaluation of detection
systems (Equation 1). However, the use is slightly different
here in that a true-positive classification is defined as a lesion
for which the CAD predicts that it is cancerous and it is
actually found to be malignant. Specificity is the fraction of
benign lesions that are correctly identified by the CAD as
being benign (Equation 6).
Sensitivity =

Number of True Positive Classifications
Number of Malignant Lesions

(7)

Number of True Negative Classifications
extremely difficult to make a fair comparison of the different
Specificity =
(8)
Number of Benign Lesions
algorithms as they are often evaluated with private or local
databases. The performance of a detection method can very
A plot of sensitivity versus 1-specificity is called a receiver
dramatically over different databases. The performance
operating
characteristic (ROC) curve and this is generally used
depends on factors such as the subtlety of cases and number
to
report
the
performance of the diagnosis algorithm [61, 62].
of cases. The choice of the evaluation technique that is used
An
example
of an ROC curve is shown in Fig. 4. It is
to measure the performance is another crucial factor. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
important to note that the ROC methodology can be correctly
applied in classification tasks where localization of the
abnormality is not an issue [63] like in the diagnosis task
3 Computer-Aided Diagnosis of
described above. However, for tasks where localization is an
Mammographic Abnormalities
important issue, the ROC methodology has some inherent
problems as it does not require correct localization of the
The ultimate aim of the CADx task is to help the radiologist in
abnormality. Also the ROC does not apply to situations where
making recommendations for patient management. If a mass
the radiologist has to detect and localize multiple lesions on
is suspected to be malignant, a biopsy must be performed. If
the same image. For these situations the FROC curve should
not, the patient is either scheduled for a short-term followbe used to report performance. An example of an FROC curve
up or is returned to the normal screening population. If
is shown in Fig. 4. The next two sections describe in detail the
the information is insufficient for the radiologist to make a
steps involved in the diagnosis of masses and calcifications.
decision, special radiographic views are taken and/or complementary modalities like ultrasound or magnetic resonance
3.1 Diagnosis of Masses
imaging (MRI) are used to obtain additional information. A
flowchart showing the steps involved in the diagnosis of Radiologists characterize masses by their shape and margin
properties. The mass shape can be round, oval, lobular,
abnormalities is shown in Fig. 3.
The diagnosis task is modeled as a two-class classification or irregular and the mass margin or boundary can be
task. Features are extracted from ROIs containing the circumscribed, microlobulated, obscured, indistinct, or spicuabnormality, and each ROI is classified using a classification lated [4]. Figure 8 shows a schematic diagram of some mass
algorithm such as a neural network. In most cases, the shapes and boundary characteristics. We also note that masses
classification algorithm used is a supervised method that is with spiculated and indistinct boundaries have a greater
first trained on a set of sample cases called the training set. The probability of malignancy than circumscribed masses.
Most diagnosis algorithms begin with a region of interest
performance of the algorithm is then tested on a separate
testing set. Here, care must be taken that there is no overlap (ROI) containing a suspicious mass. The ROI may have been
between the training and testing sets. Special data sampling selected manually by an experienced radiologist or may have
techniques like cross-validation are often used in the been automatically selected. Most techniques developed for
developmental stage. This topic is out of the scope of this the diagnosis of masses consist of three stages: (a) segmentachapter and the interested reader can refer to any of one tion of mass boundary in ROI, (b) feature extraction, and (c)
of several excellent texts in machine learning or pattern classification. In the segmentation stage, the mass is segmented
recognition [25]. The challenges in designing robust classifiers from the background normal tissue. Following this, features
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3.1.2 Feature Extraction
Benign

..... ~

Malignant

Different shapes and margins have different likelihoods of
malignancy. For example, masses with spiculated or indistinct
margins have a higher probability of disease than masses with
circumscribed margins. Similarly, irregular-shaped margins
have a higher likelihood of malignancy than round margins
[69]. Thus, for the diagnosis task, most features are designed
to capture the shape and margin characteristics of masses.
Round
Oval
Lobulated
Nodular
Stellate
These features can be organized into (a) morphologic features
and (b) texture features.
FIGURE 8 Morphologic spectrum of masses. Figure obtained from [76]
Morphologic features are directly inspired by characteristics
(©2004 IEEE).
for which a radiologist looks. On the other hand, texture
features have been designed to capture important differences
between malignant and benign masses that may not be evident
that capture the differences between malignant and benign to human eye. Thus, texture features have the potential to
masses are extracted. Finally, masses are classified as malignant capture characteristics that are important diagnostically but
or benign. Each of these three stages is discussed in detail are not easily extracted visually.
below. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
To extract textural information, a number of researchers
have used the Haralick texture features. These features are
computed from GLCMs. While it may be beneficial to extract
3.1.1 Segmentation
texture-related features, it is important to note that this
The segmentation of the mass may be manual, semiauto- particular method of computing texture features has a number
mated, or fully automated [64]. We will focus only on fully of limitations. Most mammograms are digitized at 12 bits per
automated segmentation methods in this section. The pixel (bpp). One cannot compute the texture features on these
segmentation of masses is extremely important as the success images directly because the co-occurrence matrices that these
of the classification algorithm depends on this stage. The two methods generate would be very large and sparse. Thus, the
major categories of segmentation methods are region growing statistical features derived from them would not be reliable.
and discrete contour models [65].
Thus, most researchers quantize the image to 6 bpp before
The area overlap measure is used to quantitatively report computing these features. However, a lot of information is lost
the performance of the segmentation algorithm. The area during the quantization process and thus the features may not
overlap measure is defined as the ratio of the area of the mass be reliable.
segmented automatically to the area of the mass segmented
As Tuceryan and Jain [70] have discussed, the other major
manually by an experienced radiologist.
limitations are that there is no well-established method
However, there is interobserver variability in the manual of selecting the displacement vector (d) and computing
segmentation of masses by radiologists. Thus, it has been co-occurrence matrices for different values of the vector is
suggested that it is more appropriate to observe if the variance not feasible. In addition, for a given vector, a large number
between the boundaries marked by a radiologist and a of features can be computed from the co-occurrence matrix,
computer falls within the variance between radiologists, and thus some form of feature selection method must be used
rather than to measure the absolute difference of the computer to select the subset of the most discriminatory features.
boundary from any one of the radiologists.
Timp and Krassemeijer [65] proposed a new segmentation
algorithm based on dynamic programming. They demon- 3.1.3 Classification
strated that their algorithm performed better than two other Various classification techniques have been used for classifying
segmentation methods (namely region growing and the masses as malignant or benign. Most of the techniques used
discrete contour model). Guliato et al. [66] used fuzzy are supervised methods. Artificial neural networks and linear
region growing methods for segmenting masses and classified discriminant analysis are some of the most popular techthe masses as malignant or benign based on the transition niques. A review of these methods can be obtained from
information around the segmented region. Kinoshita et al. machine learning textbooks [25, 71]. Brief summaries of
[67] used shape and texture features based on gray-level methods for diagnosis of masses and their major themes
co-occurrence matrices and a three-layer neural network for follow.
Some authors have extracted texture and gradient features
classification. Kupinski and Giger [68] proposed two extended
in
a transform domain rather than in the spatial domain. The
region growing techniques for the segmentation of masses.
main
intuition here is that masses can be better differentiated
One was based on the radial gradient and the other was based
in the transform domain. That is, the features computed in
on simple probabilistic models.
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the transform domain would be more discriminatory than lesions are dystrophic, punctate, indistinct, pleomorphic, or
features computed in the spatial domain.
fine branching [ 17].
Sahiner et al. [72] proposed the rubber band straightening
Most diagnosis algorithms begin with an ROI containing
transformation (RBST) to transform a band of pixels sur- a cluster of calcifications. The ROI may have been selected
rounding the mass to a rectangular strip. They extracted manually by an experienced radiologist or may have been
texture features from the RBST image based on the SGLD automatically selected. A flowchart showing the steps involved
matrices to classify masses as benign or malignant. They used a in the diagnosis of calcifications is shown in Fig. 3. The steps
clustering algorithm and active contour models for segmenta- are (a) segmentation of individual calcifications, (b) feature
tion. The main difficulty here is the accurate extraction of a extraction, and (c) classification.
band of pixels around the segmented mass. Claridge and
Richter [73] used the Polar coordinate transform (PCT) to 3.2.1 Segmentation of Individual Calcifications
map lesions into polar coordinates. A spiculation measure was Segmentation is the most difficult step in the computer-aided
then computed from the PCT images to discriminate between diagnosis of calcifications. The extremely small size of calcicircumscribed and spiculated masses. Hadjiiski et al. [74] fications makes this problem worse. The motivation for
classified masses as benign or malignant using texture features performing segmentation is that features are then extracted
computed from the RBST image. They tested the performance from the individual calcifications. As explained in the next
of a hybrid classifier consisting of an adaptive resonance section, there are two categories of features: individual
theory network cascaded with LDA. They used a set of calcification features and calcification cluster features. Radiomanually segmented ROIs and reported a higher accuracy logists do not look at every individual calcification to make a
with the hybrid classifier than with a back propagation neural diagnosis but tend to focus on the global properties of a
network or LDA. Pohlman et al. [75] used six morphologic cluster to make a diagnosis. Thus, it maybe more appropriate
features to classify masses as benign or malignant. To segment to develop better cluster features than to develop new methods
the lesions, they used an adaptive region growing technique, for individual calcification segmentation.
which required the selection of manual seed points.
Most studies focus on classifying masses as malignant or 3.2.2 Feature Extraction
benign, however, some authors have also investigated the As was the case for masses, the features used for the diagnosis
classification of masses into other categories. Bruce and of calcification can be viewed as capturing morphologic
Adhami [76] classified manually segmented masses as round, or texture information. Researchers have reported that mornodular, or stellate using the wavelet transform modulus phology is one of the most important clinical factors
maxima method. They used multiresolution shape features in calcifications diagnosis [79]. However, it is important to
and LDA for classification. Kilday et al. [77] classified tumors note that the accuracy of diagnosis algorithms which use
as fibroadenoma, cyst, or cancer using a linear discriminant morphologic features depends on the robustness of the
function. They used a set of seven shape features based on the segmentation algorithm. Features for calcification classificaradial distance measures (RDMs) from the centroid to the tion can also be organized in terms of whether they describe
points on the boundary and tumor circularity. Rangayyan properties of the cluster as a whole or of the individual
et al. [78] used morphologic features to characterize the calcifications that make up the cluster. Some of the common
roughness of tumor boundaries. The features used were cluster features include the number of microcalcifications, the
moments of distances of boundary points from the center, mean microcalcification area, standard deviation of the
Fourier descriptors, compactness, and chord-length statistics. microcalcification contrast, and the number of microcalcificaThey performed two experiments: classification of masses as tions per unit area.
circumscribed or spiculated and classification as benign or
3.2.3 Classification
malignant. They achieved higher accuracy for the first task. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As for masses, a variety of classifiers have been used to
automatically discriminate between benign and malignant
3.2 Diagnosis of Calcifications
clusters of microcalcifications. A summary of the important
Calcifications in mammograms may be observed individually algorithms for calcification CADx follows.
Chan et al. [80] used morphologic and texture features for
or in clusters. Individual calcifications are less worrisome than
clustered calcifications. A cluster is defined as a group of three the classification of calcifications. The rationale for using
or more calcifications within a 1 cm 2 area [17]. Radiologists texture features was that a malignancy would cause changes in
characterize clusters of calcifications by distribution and the the texture of the tissue surrounding it. Texture features were
morphology of the calcifications [4]. The distribution can be extracted from the SGLD matrices, and morphologic features
diffuse, regional, segmental, linear, or clustered. Fourteen consisted of both individual calcifications features and cluster
categories for describing the calcification morphology have features. They also used a genetic algorithm and LDA to select
been defined [17]. Some of the most common for biopsied the best subset of features. Feature selection is an important
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task, but neither of these techniques search the space of all commercial systems yet, it is interesting to note that the
possible subsets of features and hence do not necessarily give reported performances of mass CADx algorithms are often
been better than that of mass CAD algorithms. On the other
the most optimal feature subset.
Santo et al. [81] combined the output of multiple classifiers hand, the performance of calcification CAD algorithms is
to classify calcifications as malignant or benign. Some of the much better than the performance of calcification CADx
classifiers classified individual microcalcifications of a cluster,
algorithms, probably due to the fact that segmentation is a
whereas other classified the entire cluster. Thus, they used very difficult task.
features to characterize single calcifications and clusters. The
We have attempted in Tables 5 and 6 to summarize the
final output was a weighted combination of the outputs of approaches that have been taken in CADx of masses and
the various classifiers used.
calcifications. However, we would like reiterate that it is
Tsujii et al. [82] used the Karhenen-Loeve (KL) transform or extremely difficult to make a fair comparison of the different
PCA to reduce the dimensionality of the feature set and applied
algorithms as they are often evaluated with private or local
a trend oriented radial basis function neural network to classify databases. The performance of a CADx algorithm can very
calcifications. It is important to note that while the KL transdramatically over different databases. The performance
form is optimal in the mean square sense, it does not necessarily depends on factors such as the subtlety of cases and number
produce the most discriminatory features. KL would be optimal if the final goal was image or data compression. However,
since in this case, the final goal is pattern classification, KL is TABLE 5 Summary of representative selection of mass diagnosis
algorithms
not ideal and other techniques such as multiple discriminant
analysis may be more appropriate for this task.
Author
No. Images
Diagnosis Results
Morphology is regarded as the most important clinical factor
TPF FPF Az (Area under
for the diagnosis of calcifications and a number of authors have
ROC Curve)
developed shape features for diagnosis. Kallergi [79] developed
a classification method that used only morphologic features.
Sahiner et al. [72]
168
m
m
0.94
These features were designed after an in-depth study of the Bruce and Adhami [79]
60
80% ~
clinical characteristics of calcifications and produced very Kinoshita et al. [67]
92
81% - impressive results [79]. Veldkamp et al. [83] used cluster shape Hadjiiski et al. [74]
348
-~
0.81
features, cluster position features, and distribution features for Pohlman et al. [75]
51
m
~
0.76-0.93
Kilday et al. [77]
82
69% ~
the classification of calcifications. They used a sequential
39
95% ~
forward selection procedure for feature selection. Shen et al. Rangayyan et al. [78]
[84] developed a set of shape features for classifying calcifiThe inputs to these algorithms are ROIs which may be obtained manually
cations as malignant or benign. The features used were or automatically. It is not possible to make a comparison between these
different algorithms since they have not been trained and tested on the same
compactness, moments, and Fourier descriptors. The Fourier
datasets.
descriptors were defined as the Fourier coefficients of boundary
pixels. One of the advantages of using these features is that
they are translation, rotation, and scale invariant.
TABLE 6 Summary of representative selection of calcification
One limitation of using shape features is that the success of diagnosis algorithms
the shape features is very dependent on the accuracy of the
No. of
Diagnosis Results
segmentation algorithm. Sometimes, calcifications may have Author
Images
poor contrast and so the segmentation may not be very
TPF, %
FPF
Az (Area
accurate. Thus, researchers have also developed algorithms
under
that do not use shape features. Dhawan et al. [85] proposed
ROC curve)
image structure features for classification of calcifications.
Chan et al. [80]
145
--0.89
To represent the global texture they used second-order
Santo et al. [81 ]
102
75.7
73.5%
0.79
histogram based features and wavelet based features to
Tsujii et al. [82]
128
-m
0.76
represent the local texture. They also proposed cluster features
Kalleri [79]
100
100
85%
0.98
based on the first order histograms of segmented clusters.
Veldkamp et al. [83]
280
~
m
0.83
Optimal features were selected using multivariate cluster Shen et al. [84]
143
100
analysis and a genetic algorithm based search method. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Dhawan et al. [85]
191
~
0.96

3.3 Conclusion
A number of mass CADx algorithms have been developed.
Although, these methods have not been integrated into

The input to these algorithms are ROIs, which may be obtained manually
or automatically. It is not possible to make a comparison between these
different algorithms since they have not been trained and tested on the same
datasets. TPF is sensitivity as defined in Eq. 7. FPF is 1-specificity as defined
in Eq. 8.
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of cases. The choice of the evaluation technique that is used to 4.4 Independent Studies of Commercial
measure the performance is another crucial factor. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Computer-Aided Detection Systems

4 Commercial Computer-Aided
Detection Systems
Three FDA-approved commercially available CAD systems
have been developed to aid radiologists in detecting mammographic abnormalities. Currently, there are no FDA-approved
systems for CAD.

4.1 R2 Technology, Inc.
R2 Technology's Image Checker ® was the first commercial
mammographic CAD system approved by the FDA [86]. This
device is designed to search for signs that may be associated
with breast cancer. Masses are marked with an asterisk, while
microcalcification clusters are marked with a triangle. The
detection accuracy of calcifications was reported as 98.5%
sensitivity at 0.74 false positives per case (set of four images).
The detection accuracy of masses was reported as 85.7%
at 1.32 false-positive marks per case.

4.2 Intelligent Systems Software, Inc.
The FDA approved the Intelligent System Software Inc. (ISSI)
CAD system MammoReader T M in 2002. MammoReader was
designed to detect primary signs of breast cancer in mammogram images including microcalcification clusters, well- and
ill-defined masses, spiculated lesions, architectural distortions,
and asymmetric densities. Masses are marked with crosshairs
and microcalcification clusters with outlines [87]. The
reported overall sensitivity was 89.3% (91.0% in cases where
microcalcifications were the only sign of cancer and 87.4% in
the remaining cases where malignant masses were present).
The system made 1.53 true-positive marks and 2.32 falsepositive marks per case among cancer cases and 3.32 falsepositive marks among cases without cancer.

4.3 CADx Medical Systems
CADx Medical Systems was the third company to receive
approval for a mammographic CAD system called SecondLook T M [88]. SecondLook was designed to mark areas of a
mammogram that are indicative of cancer. It marks masses
with circles and microcalcification clusters with rectangles.
The sensitivity of the system was reported to be 85% for
screening-detected cancers (combination of masses and
microcalcification clusters). Additionally, it identified cancer
locations in 26.2% of mammograms acquired within 24
months before cancer diagnosis. CADx did not report
SecondLook's false-positive rate.

Several large-scale independent trials of the R2 Image
Checker ® system have been conducted to test the performance
of this system in a clinical setting. In a study conducted by
Vyborny et el. [89], it was shown that the R2 Image Checker
system detected 86% of the spiculated masses at 0.24 FPI on
a dataset of 375 images whereas it had a detection sensitivity
of 53% for nonspiculated masses. All of these masses were
given a subtlety rating of subtle, medium, or obvious by
three radiologists.
It is important to note that of the 375 clearly spiculated
masses, 271 were classified as "obvious," 73 had a subtlety
rating of "medium," and only 31 had a subtlety rating of
"subtle." While the R2 Image Checker system detected 94%
of the obvious spiculated masses, it detected only 70% of the
medium spiculated masses and 52% of the subtle spiculated
masses. Though the overall results (86% at 0.24 FPI) for the
detection of spiculated masses are impressive, it is important
to note that the study used a large number of obvious masses
and a much smaller number of subtle masses. Thus, there
is still room for improvement, even in the detection of
spiculated masses.
Freer and Ulissey [90] tested the performance of the R2
Image Checker system on more than 12,860 patients in a
community breast center. For the first 20,624 radiographs,
they observed that 14,214 computer cues or marks were made
by the CAD system. Of these, 13,846 marks (97.4%) were
dismissed by the radiologist as false positives. This corresponds to a false-positive rate of 0.671 FPI. The CAD system
detected 67% (18 of 27) malignant masses and 100% of the
clustered calcifications (22 of 22). The authors argue that
dismissing the large number of false-positive marks was easy
for a radiologist to do [90]. However, another study claims
that dismissing false-positive cues can be difficult [91]. This
study clearly showed that the R2 Image Checker system is
better at the detection of calcifications than at the detection of
masses.
Baker et el. [92] studied the performance of two CAD
systems for the detection of architectural distortions on a set
of 80 images. They observed that the R2 Image Checker
system had a sensitivity of 38% at 0.7 FPI while the CADx
SecondLook system had a sensitivity of 21% at 1.27 FPI. They
concluded that the sensitivity of current systems for the
detection of architectural distortions is very low and that
considerable improvements are needed for this detection task.
On the basis of these studies, radiologists tend to trust the
calcification cues more than the mass cues. This is also
documented in the literature and prominent radiologists like
C. J. D'Orsi have published papers saying that "I would
initially use only the calcification prompt and feel extremely
comfortable that I have not missed any substantial calcifications when no cues for calcium are present" [128]. Thus,
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there is room for improvement in the detection accuracy of 5.2 Computer-Aided Detection:
architectural distortions.
Architectural Distortions
All of the commercially available CAD systems perform
much better at detecting calcifications than at detecting masses Architectural distortion (AD) refers to the mammographic
or architectural distortions. One also cannot make a direct presentation of a breast lesion in which the normal structure
comparison of these systems as there has been no clinical of the breast parenchyma is distorted as if being pulled into a
study that compares the performance of these systems on the central point, but without a radioopaque central density [4].
Although ADs are less prevalent than masses or calcifications,
same set of cases. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
they are the third most common mammographic sign of
cancer and are strongly suggestive of malignancy; approximately 48% to 60% of AD that are biopsied are found to be
5 Recent Advances and Future Directions cancer [5, 92], and about 80% of those cancers are invasive
[92]. It is estimated that 12% to 45% of cancers missed in
in Breast Cancer Computer-Aided
mammographic screening are ADs [9, 93, 94] and thus it
Detection/Computer-Aided Diagnosis
is important to detect architectural distortions accurately.
However, detection of ADs is an extremely difficult task and
In this section we highlight some of the most recent current commercial systems perform very poorly on the
advances in breast cancer CAD/CADx and point to some detection of ADs [92]. A recent, small study suggests that
ongoing challenges and areas of research that will require current CAD systems do not detect AD with adequate
future work.
sensitivity or specificity. Baker et al. [92] found that one
commercial system achieved a per-image sensitivity of 30/80
(38%) at 0.70 FPI and another achieved a per-image sensitivity
of 17/80 (21%) at 1.27 FPI. Computer aids that improve the
5.1 Computer-Aided Detection: Masses
detection of AD have the potential to reduce morbidity and
Improvement is needed in the detection of all categories of save lives through earlier cancer diagnosis.
Current methods likely fail to detect ADs because they are
masses. Improvements are required both in terms of
typically
designed to detect a radio-opaque circular density.
increasing sensitivity and lowering the number of FPI. The
sensitivity for detection of calcifications is much higher than New methods that focus on identifying radiating lines,
that of masses and the number of FPI is lower for calcifications regardless of the presence of a central mass region have the
than for masses. This difference in performance has been potential to be more sensitive for the detection of AD. We
exhibited in independent studies and manufacturer reports. believe a multiscale and multiorientation approach would
For example, R2 Technologies reports that the Image be most ideal for the detection of architectural distortions.
Checker system operates with 98.5% sensitivity at 0.185 FPI Another important issue to contend with is that radiating lines
for calcifications and 86% sensitivity at 0.24 FPI for spiculated may have variable widths, frequencies, and so forth Knowledge
masses [86]. An independent study reported that the Image of degree of variation would help in the design of more
Checker system performed with 100% sensitivity at 0.29 FPI sophisticated AD detection algorithms. However, to date there
for calcifications and 67% sensitivity at 0.39 FPI on masses has been no systematic study of the natural range of
(spiculated and nonspiculated together) [90]. However, R2 appearances of ADs and spiculated masses.
Technologies' assessment indicates that the system's performance is substantially lower for spiculated rated as
5.3 Computer-Aided Diagnosis: All Lesion
"subtle" (sensitivity dropped to 52%) [86]. Thus, while such
Types
systems now provide radiologists with a powerful aid for
calcification detection, improvements are needed in mass A significant drawback to mammography is its poor positivedetection.
predictive value. Less than a third of mammographically
Masses can be of varying sizes and shapes and thus suspicious breast lesions that are biopsied are found to be
multiscale, multiorientation methods would be most appro- cancer [ 11 ]. Thus, it would be exceedingly valuable to produce
priate for this task. With multiorientation methods, the aim is CADx systems that could aid in the decision to recommend
to extract the directional information present which may biopsy or short-term follow-up mammography. Avoiding
help improve the performance of the detection algorithms. benign biopsies would spare many women stress, anxiety,
To the best of our knowledge, there have been no studies on discomfort, and expense. Moreover, there is the possibility of
the statistical properties of masses such as the radius of the increasing the sensitivity of mammography through CADx
central mass region, number of spicules, length, or thickness since it is estimated that about half of missed cancers are
of spicules. We believe that such a systematic study would missed due to misinterpretation rather than oversight [9].
help create better detection and diagnosis algorithms.
This is a challenging problem because it is difficult to reduce
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the number of false positives while maintaining a high rate of modalities. A number of studies have investigated CAD/CADx
cancer detection. While several studies have investigated using non-x-ray modalities, especially ultrasound, which have
CADx systems, no methods have progressed to commercial not been reviewed in this chapter (e.g., [96-112]).
systems. A brief description of the status of current diagnosis
Radiologists analyze current and prior mammograms
methods and ideas to improve them are discussed in the (if available) simultaneously to detect signs of cancers. A few
following sections.
researchers have been trying to incorporate this principle into
Currently, the performances reported in the literature are CAD and CADx algorithms. Hadjiiski et al. [113] proposed
better for calcification detection algorithms than for calci- the use of texture and morphologic features for the diagnosis
fication diagnosis algorithms. As mentioned earlier, the of malignant and benign masses from mammograms from
most challenging step in the diagnosis is the segmentation multiple examinations. The main challenge is the registration
of calcifications. There are two possible ways in which the of structures on the current and prior mammograms. This is a
diagnostic performance could be improved. First, since difficult task because the breast tissue is deformable. During
segmentation cannot be perfect, features that are robust to mammography the breast tissue is compressed and this causes
segmentation errors are highly desirable. Second, it is known changes in the relative positions of the breast structures during
that radiologists do not look at every individual calcification multiple examinations.
to make a diagnosis but look at the global properties of the
cluster. Thus, more emphasis could be given to designing 5.5 Computer-Aided Detection/
sophisticated cluster features that capture the spatial arrange- Computer-Aided Diagnosis: Evaluation
ment of calcifications.
Methodologies
Mass diagnosis algorithms perform relatively better than the
calcification diagnosis algorithms. This is possibly due to the The standard methodology for reporting the performance of
fact that segmentation of masses is an easier task as compared diagnosis algorithms is ROC analysis and its counterpart for
to the segmentation of individual calcifications. However, they detection algorithms is the FROC methodology. The ROC
still must be improved before they can be clinically adopted methodology has been studied in detail and a number of
and incorporated into commercial systems. There have been statistical measures for analyzing the ROC curves are available.
no similar studies conducted for the diagnosis of architectural In comparison, the FROC methodology is less developed
distortions and this is an open area of research. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and until recently, the statistical analysis of the FROC curves
was quite weak (see [63, 114]). Traditional analyses treated
responses on the same case as if they were made independently. For this reason, these methods have been rightly cri5.4 Computer-Aided Detection/
ticized
[115, 116]. Recently, major progress has been made
Computer-Aided Diagnosis: Multiview,
in this field [16], including a new method of analyzing the
Multimodality
FROC data, called jackknife free-response receiver operating
Radiologists use information from both CC and MLO views to characteristic (JAFROC), which does not need to assume
search for abnormalities. Most detection algorithms analyze independence of ratings on the same image. This state-of-theonly a single view at a time. Recently, some researchers have art FROC methodology, which is now rapidly evolving, will
been working on using information from both the MLO help to make fair comparisons between two systems and will
and the CC image for the mass detection step [95]. This help improve the evaluation of CAD systems
methodology faces a number of challenges. The registration of
Most diagnostic algorithms perform a two-class classificaobjects in the CC and MLO view and combination features tion. An ROI is either classified as malignant or benign and
from both views is a difficult task. These algorithms try to the performance of the algorithm is reported using an ROC
extract the correlation of lesions between the two views. curve. Since detection algorithms are not perfect, in a fully
However, this is difficult since the breast tissue is elastic and automated system, the ROIs to be classified would actually
deformable and the tissue is compressed to different degrees contain benign, malignant, or false-positive signals. Thus,
when the two views are obtained and it is difficult to account a few groups [117] have started working on a three-class
classification task for the diagnosis task. In this methodology,
for this compression.
Mammography is the modality used for the screening of ROIs are classified as malignant, benign or false-positive.
Since CAD and CADx systems are expected to act as aids
breast cancer. However, in diagnostic mammography,
complementary modalities like ultrasound or MRI are often to radiologists, it is critical to evaluate whether radiologists
used to obtain additional information. An open area of change their management recommendations when the systems
research is the task of how the information from different are used. The multiple-reader, multiple-case (MRMC) ROC
modalities could be combined by CAD/CADx systems to method has been advocated as the "best practice" for
including
make a better diagnosis. The major challenge in this task evaluating competing imaging modalities,
would be the combination of features extracted from multiple CAD/CADx systems [118]. Pilot studies are needed to
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[4] American College of Radiology, ACR BI-RADSmMammograobtain estimates of the components of variability that arise
phy, Ultrasound 6. Magnetic Resonance Imaging, 4th ed.
from patient cases and from readers as well as interaction
American College of Radiology (Reston, VA, 2003).
terms [119-121]. While many aspects of good experimental
S. G. Orel, N. Kay, C. Reynolds, et al., "BI-RADS categor[5]
design and analysis have been elucidated, there are still
ization
as a predictor of malignancy," Radiology 211, 845-850
important questions to be addressed concerning how radio(1999).
logists interact with decision aids and how the design of CAD/
[6] C. H. Lee, "Screening mammography: proven benefit, conCADx systems might be modified to improve that interaction.
tinued controversy," Radiot. Clinics North Am. 40, 395-407
For example, the effects of prevalence [122, 123] and cueing
(2002).
conditions are actively being studied [124]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[7] K. Kerlikowske, P. A. Carney, B. Geller, et al., "Performance of
screening mammography among women with and without a
5.6 Computer-Aided
first-degree relative with breast cancer," Annals Int. Med. 133,
Detection/Computer-Aided Diagnosis:
855-863 (2000).
[8] T. M. Kolb, J. Lichy, and J. H. Newhouse, "Comparison of the
What Role in the Clinic?
performance of screening mammography, physical examination,
Current commercial systems have been approved for use as
and breast US and evaluation of factors that influence them: an
"second readers" and much of the research has focused on
analysis of 27,825 patient evaluations. [see comment],"
this paradigm as well. Currently, we face a crisis in mammoRadiology 225, 165-175 (2002).
graphy in which women's access to breast cancer screening is
[9] R. E. Bird, T. W. Wallace, and B. C. Yankaskas, "Analysis of
cancers missed at screening mammography," Radiology 184,
being endangered by a shortage of breast imaging specialists.
613-617 (1992).
A recent report from the Institute of Medicine discusses
this challenge and suggests that it would helpful to have [10] M. L. Giger, "Computer-aided diagnosis in radiology," Acad.
Radiol. 9, 1-3 (2002).
nonspecialists, even technologists to prescreen mammograms [125]. We argue that a CAD system could potentially [11] D. B. Kopans, "The positive predictive value of mammography," AIR. Am. ]. Roentgenol. 158, 521-526 (1992).
fill the same role. This would, of course, require improvements
over the performance of current systems.
[12] M. L. Giger, N. Karssemeijer, and S. G. Armato, III, "Computeraided diagnosis in medical imaging," IEEE Trans. Med. Imag.
Another shift in the role of CAD/CADx systems that should
20, 1205-1208 (2001).
be considered is tailoring the human-computer interaction.
[13] M. L. Giger, "Computer-aided diagnosis of breast lesions in
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medical images, "Comput. Science Engin. 2, 39-45 (2000).
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[14] K. Doi, H. MacMahon, S. Katsuragawa, et al., "Computer-aided
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diagnosis in radiology: potential and pitfalls," Eur. ]. Radiol. 31,
a flexible manner with radiologists may be more useful and
97-109 (1999).
useable. For example, perhaps a CAD system could be [15] C. J. Vyborny, M. L. Giger, and R. M. Nishikawa, "Computerpersonalized on the basis of automatic classification of lesions
aided detection and diagnosis of breast cancer," Radiol. Clin.
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North Am. 38, 725-740 (2000).
on lobulated or spiculated masses only) or a perhaps a CADx [16] D. P. Chakraborty and K. S. Berbaum, "Observer studies
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1 Introduction
The problem of resolving the identity of a person can be
categorized into two fundamentally distinct types of problems with different inherent complexities [1]: (i) verification
and (ii) recognition. Verification (authentication) refers to the
problem of confirming or denying a person's claimed identity
(Am I who I claim I am?). Recognition (Who am I?) refers to
the problem of establishing a subject's identity. 1 A reliable
personal identification is critical in many daily transactions.
For example, access control to physical facilities and computer
privileges are becoming increasingly important to prevent
their abuse. There is an increasing interest in inexpensive and
reliable personal identification in many emerging civilian,
commercial, and financial applications.
Typically, a person could be identified based on (i) a
person's possession ("something that you possess"), e.g., permit
physical access to a building to all persons whose identity

1Often, recognition is also referred to as identification.
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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could be authenticated by possession of a key; (ii) person's
knowledge of a piece of information ("something that you
know"), e.g., permit login access to a system to a person who
knows the user-id and a password associated with it. Another
approach to positive identification is based on identifying
physical characteristics of the person. The characteristics could
be either a person's physiological traits, e.g., fingerprints,
hand geometry, etc. or her behavioral characteristics, e.g., voice
and signature. This method of identification of a person based
on his/her physiological/behavioral characteristics is called
biometrics. Since the biological characteristics can not be
forgotten (like passwords) and can not be easily shared or
misplaced (like keys), they are generally considered to be
a more reliable approach to solving the personal identification
problem.

2 Emerging Applications
Accurate identification of a person could deter crime and
fraud, streamline business processes, and save critical
1219
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resources. Here are a few mind boggling numbers: about one
Fingerprints are one of the most mature biometric
billion dollars in welfare benefits in the United States technologies and are considered legitimate proofs of evidence
are annually claimed by "double dipping" welfare recipients in courts of law all over the world. Fingerprints are, therefore,
with fraudulent multiple identities [33]. MasterCard esti- used in forensic divisions worldwide for criminal investigamates the credit card fraud at $450 million per annum which tions. More recently, an increasing number of civilian
includes charges made on lost and stolen credit cards: and commercial applications are either using or actively
unobtrusive positive personal identification of the legitimate considering fingerprint-based identification because of a
ownership of a credit card at the point of sale would greatly better understanding of fingerprints as well as demonstrated
reduce the credit card fraud; about 1 billion dollars worth matching performance than any other existing biometric
of cellular telephone calls are made by the cellular band- technology.
width thieves m many of which are made from stolen PINS
and/or cellular telephones. Again, an identification of the
4 History of Fingerprints
legitimate ownership of the cellular telephones would prevent
cellular telephone thieves from stealing the bandwidth. A
Humans have used fingerprints for personal identification
reliable method of authenticating legitimate owner of an
for a very long time [23]. Modern fingerprint matching
ATM card would greatly reduce ATM related fraud worth
techniques were initiated in the late 16th century [7]. Henry
approximately $3 billion annually [6]. A positive method of
Fauld, in 1880, first scientifically suggested the individuality
identifying the rightful check payee would also reduce billions
and uniqueness of fingerprints. At the same time, Herschel
of dollars that are misappropriated through fraudulent
asserted that he had practiced fingerprint identification
encashment of checks each year. A method of positive
for about 20 years [23]. This discovery established the
authentication of each system login would eliminate illegal
foundation of modern fingerprint identification. In the late
break-ins into traditionally secure (even federal government)
19th century, Sir Francis Galton conducted an extensive study
computers. The United States Immigration and Naturalization
of fingerprints [23]. He introduced the minutiae features
service stipulates that it could each day detect/deter about
for single fingerprint classification in 1888. The discovery of
3,000 illegal immigrants crossing the Mexican border withuniqueness of fingerprints caused an immediate decline in the
out delaying legitimate persons entering the United States
prevalent use of anthropometric methods of identification and
if it had a quick way of establishing positive personal
led to the adoption of fingerprints as a more efficient method
identification.
of identification [29]. An important advance in fingerprint
High-speed computer networks offer interesting opportuidentification was made in 1899 by Edward Henry, who
nities for electronic commerce and electronic purse applica(actually his two assistants from India) established the
tions. Accurate authentication of identities over networks is
famous "Henry system" of fingerprint classification [7, 23]:
expected to become one of the important application of
an elaborate method of indexing fingerprints very much tuned
biometric-based authentication.
to facilitating the human experts performing (manual)
Miniaturization and mass-scale production of relatively
fingerprint identification. In the early 20th century, fingerprint
inexpensive biometric sensors (e.g., solid state fingerprint
identification was formally accepted as a valid personal
sensors) will facilitate the use of biometric-based authenticaidentification method by law enforcement agencies and
tion in asset protection. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
became a standard procedure in forensics [23]. Fingerprint
identification agencies were set up worldwide and criminal
fingerprint databases were established [23]. With the advent
3 Fingerprint as a Biometric
of livescan fingerprinting and availability of cheap fingerprint
sensors, fingerprints are increasingly used in government and
A smoothly flowing pattern formed by alternating crests commercial applications for positive person identification.
(ridges) and troughs (valleys) on the palmar aspect of hand
is called a palmprint. Formation of a palmprint depends on
the initial conditions of the embryonic mesoderm from 5 System Architecture
which they develop. The pattern on pulp of each terminal
phalanx is considered as an individual pattern and is The architecture of a fingerprint-based automatic identity
commonly referred to as a fingerprint (Fig. 1). A fingerprint authentication system is shown in Fig. 2. It consists of four
is believed to be unique to each person (and each finger). 2 components: (i) user interface, (ii) system database, (iii)
enrollment module, and (iv) authentication module. The user
Fingerprints of even identical twins are different.
interface provides mechanisms for a user to indicate his/her
2There is some anecdotal evidencethat a fingerprint expert once found two identity and input his/her fingerprints into the system.
(possibly latent) fingerprints belonging to two distinct individuals having 10 The system database consists of a collection of records, each
of which corresponds to an authorized person that has
identical minutiae.

1221

10.5 Fingerprint Classification and Matching zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.......

i\
:._~

......

(a)

(b)

~ ~,~,~

........ ~ _

..........

i~ ~ , ~ : ~ ~ ,~:...........

(c)

..

(d)

(e)

(f)

FIGURE 1 Fingerprints and a fingerprint classification schema involving six categories: (a) arch, (b) tented arch,
(c) left loop, (d) right loop, (e) whorl, and (f) twin loop. Critical points in a fingerprint, called core and delta, are
marked as squares and triangles. Note that an arch does not have a delta or a core. One of the two deltas in (e) and both
the deltas in (f) are not imaged. A sample minutiae ridge ending (o) and ridge bifurcation (x) is illustrated in (e). Each

image is 512 x 512 with 256 graylevels and is scanned at 512 dpi resolution. All features points were manuallyextracted
by one of the authors.

User Name

FIGURE 2
©IEEE.

Architecture of an automatic identity authentication system [18].

access to the system. Each record contains the following fields
which are used for authentication purpose: (i) user name of
the person, (ii) minutiae templates of the person's fingerprint,
and (iii) other information (e.g., specific user privileges).
The task of enrollment module is to enroll persons and
their fingerprints into the system database. When the fingerprint images and the user name of a person to be enrolled are
fed to the enrollment module, a minutiae extraction algorithm
is first applied to the fingerprint images and the minutiae

patterns are extracted. A quality checking algorithm is used to
ensure that the records in the system database only consist of
fingerprints of good quality, in which a significant number
(default value is 25) of genuine minutiae may be detected.
If a fingerprint image is of poor quality, it is enhanced to
improve the clarity of ridge/valley structures and mask out all
the regions that cannot be reliably recovered. The enhanced
fingerprint image is fed to the minutiae extractor again.
The task of authentication module is to authenticate
the identity of the person who intends to access the system.
The person to be authenticated indicates his/her identity and
places his/her finger on the fingerprint scanner; a digital image
of his/her fingerprint is captured; minutiae pattern is extracted
from the captured fingerprint image and fed to a matching
algorithm which matches it against the person's minutiae
templates stored in the system database to establish the
identity. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFED

6 Fingerprint Sensing
There are two primary methods of capturing a fingerprint
image: inked (off-line) and live scan (ink-less) (see Fig. 3).
An inked fingerprint image is typically acquired in the

1222 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 3 Fingerprintsensing: (a) An inked fingerprint image could be captured from the inked impression of a
finger; (b) a livescan fingerprint is directly imaged from a live finger based on optical total internal reflection principle:
the light scatters where finger (e.g., ridges) touch the glass prism and light reflects where finger (e.g., valleys) does not
touch the glass prism. (c) Rolled fingerprints are images depicting nail-to-nail area of a finger, (d) Fingerprints captured
using solid state sensors show a smaller area of finger than a typical fingerprint dab captured using optical scanners.
(e) A latent fingerprint refers to partial print typically lifted from a scene of crime.

following way: a trained professional 3 obtains an impression
of an inked finger on a paper and the impression is then
scanned using a fiat bed document scanner. The live scan
fingerprint is a collective term for a fingerprint image directly
obtained from the finger without the intermediate step
of getting an impression on a paper. Acquisition of inked
fingerprints is cumbersome; in the context of an identity
authentication system, it is both infeasible and socially
unacceptable. The most popular technology to obtain a livescan fingerprint image is based on optical frustrated total
internal reflection (FTIR) concept [22]. When a finger is
placed on one side of a glass platen (prism), ridges of the
finger are in contact with the platen, while the valleys of the
finger are not in contact with the platen. The rest of the
imaging system essentially consists of an assembly of an LED
3possibly, for reasons of expediency, MasterCard sends fingerprint kits to
their credit card customers. The kits are used by the customers themselves to
create an inked fingerprint impression to be used for enrollment.

light source and a CCD placed on the other side of the glass
platen. The laser light source illuminates the glass at a certain
angle and the camera is placed such that it can capture the
laser light reflected from the glass. The light incidenting on the
platen at the glass surface touched by the ridges is randomly
scattered while the light incidenting at the glass surface
corresponding to valleys suffers total internal reflection.
Consequently, portions of the image formed on the imaging
plane of the CCD corresponding to ridges is dark and those
corresponding to valleys is bright. More recently, capacitancebased solid state live-scan fingerprint sensors are gaining
popularity since they are very small in size and hold promise
of becoming inexpensive in the near future. A capacitancebased fingerprint sensor essentially consists of an array of
electrodes. The fingerprint skin acts as the other electrode,
thereby, forming a miniature capacitor. The capacitance due
to the ridges is higher than those formed by valleys.
This differential capacitance is the basis of operation of a
capacitance-based solid state sensor [34].
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FIGURE 4 Ridgeending and ridge bifurcation [18]. (©IEEE.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPO

7 Fingerprint Representation
Fingerprint representations are of two types: local and
global. Major representations of the local information in
fingerprints are based on the entire image, finger ridges, pores
on the ridges, or salient features derived from the ridges.
Representations predominantly based on ridge endings or
bifurcations (collectively known as minutiae (see Fig. 4))
are the most common, primarily due to the following reasons:
(i) minutiae capture much of the individual information,
(ii) minutiae-based representations are storage efficient, and
(iii) minutiae detection is relatively robust to various sources
of fingerprint degradation. Typically, minutiae-based representations rely on locations of the minutiae and the directions
of ridges at the minutiae location. Fingerprint classification
identifies the typical global representations of fingerprints
and is the topic of Section 10. Some global representations include information about locations of critical points
(e.g., core and delta) in a fingerprint.

2.

3.

8 Feature Extraction
A feature extractor finds the ridge endings and ridge
bifurcations from the input fingerprint images. If ridges can
be perfectly located in an input fingerprint image, then
minutiae extraction is just a trivial task of extracting singular
points in a thinned ridge map. However, in practice, it is
not always possible to obtain a perfect ridge map. The
performance of currently available minutiae extraction algorithms depends heavily on the quality of the input fingerprint
images. Due to a number of factors (aberrant formations of
epidermal ridges of fingerprints, postnatal marks, occupational marks, problems with acquisition devices, etc.), fingerprint images may not always have well-defined ridge structures.
A reliable minutiae extraction algorithm is critical to the
performance of an automatic identity authentication system
using fingerprints. The overall flowchart of a typical algorithm
[18, 28] is depicted in Fig. 6. It mainly consists of three
components: (i) orientation field estimation, (ii) ridge
extraction, and (iii) minutiae extraction and postprocessing.
1. Orientation Estimation The orientation field of a
fingerprint image represents the directionality of ridges
in the fingerprint image. It plays a very important

3.

4.

role in fingerprint image analysis. A number of methods
have been proposed to estimate the orientation field
of fingerprint images [22]. Fingerprint image is typically
divided into a number of non-overlapping blocks (e.g.,
32 x 32 pixels) and an orientation representative of the
ridges in the block is assigned to the block based on an
analysis of grayscale gradients in the block. The block
orientation could be determined from the pixel gradient
orientations based on, say, averaging [22], voting [25],
or optimization [28]. We have summarized orientation
estimation algorithm in Fig. 5.
Segmentation It is important to localize the portions of
fingerprint image depicting the finger (foreground). The
simplest approaches segment the foreground by global
or adaptive thresholding. A novel and reliable approach
to segmentation by Ratha et al. [28] exploits the fact
that there is significant difference in the magnitudes
of variance in the graylevels along and across the flow
of a fingerprint ridge. Typically, block size for variance
computation spans 1-2 inter-ridge distance.
Ridge Detection The approaches to ridge detection
use either simple or adaptive thresholding. These
approaches may not work for noisy and low contrast
portions of the image. An important property of the
ridges in a fingerprint image is that the gray level values
on ridges attain their local maxima along a direction
normal to the local ridge orientation [18, 28]. Pixels can
be identified to be ridge pixels based on this property.
The extracted ridges may be thinned/cleaned using
standard thinning [26] and connected component
algorithms [27].
Minutiae Detection Once the thinned ridge map is
available, the ridge pixels with three ridge pixel
neighbors are identified as ridge bifurcations and those
with one ridge pixel neighbor identified as ridge endings. However, all the minutia thus detected are not
genuine due to image processing artifacts and the noise
in the fingerprint image.
Postprocessing In this stage, typically, genuine minutiae
are gleaned from the extracted minutiae using a number
of heuristics. For instance, too many minutiae in a
small neighborhood may indicate noise and they could
be discarded. Very close ridge endings oriented antiparallel to each other may indicate spurious minutia
generated by a break in the ridge due either to poor
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(a) Divide the input fingerprint image into blocks of size W × W.
(b) Compute the gradients Gx and Gy at each pixel in each block [4].
(c) Estimate the local orientation at each pixel (i, j) using the following equations [28]:

~+~ j+-~
Vx(i,j)

---

W(i,j)

--

E

E

2Gx(u, v)G.(u, v),

(1)
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(2)

~+-~ ~+~~

~

w v=j- w
u----i- -~-

1
l(Vz(i,j)
= 7tan- Vv(i ,j)),

O(i,j)

(3)

where W is the size of the local window; G~ and Gy are the gradient magnitudes in x and y
directions, respectively.
(d) Compute the consistency level of the orientation field in the local neighborhood of a block
(i, j) with the following formula:
C(i, j)

= -~
17

~

(4)

]O(i',j') - O(i, j) 2,

(i',j')ED

I 0 ' - OI =

d
/f (d = (0' - 0 + 360) mod 360) < 180
d - 180 otherwise,
'

(5)

where D represents the local neighborhood around the block (i, j) (in our system, the size
of D is 5 x 5); N is the number of blocks within D; O(i',j') and O(i,j) are local ridge
orientations at blocks (i', j') and (i, j), respectively.
(e) If the consistency level (Eq.(5)) is above a certain threshold To then the local orientations
around this region are re-estimated at a lower resolution level until C(i, j) is below a certain
level.
FIGURE 5

Hierarchical orientation field estimation algorithm [18]. (©IEEE.)

-

FIGURE 6
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Flowchart of the minutiae extraction algorithm [18]. (©IEEE.)
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contrast or a cut in the finger. Two very closely frequency domains. The even-symmetric Gabor filter has the
located bifurcations sharing a common short ridge general form [ 17]
often suggest extraneous minutia generated by bridging of adjacent ridges as a result of dirt or image
processing artifacts. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cos(27ru0x),
(6)

9 Fingerprint Enhancement
The performance of a fingerprint image matching algorithm relies critically on the quality of the input fingerprint
images. In practice, a significant percentage of acquired
fingerprint images (approximately 10% according to our
experience) is of poor quality. The ridge structures in poorquality fingerprint images are not always well-defined and
hence they can not be correctly detected. This leads to the
following problems: (i) a significant number of spurious
minutiae may be created, (ii) a large percentage of genuine
minutiae may be ignored, and (iii) large errors in minutiae
localization (position and orientation) may be introduced.
In order to ensure that the performance of the minutiae
extraction algorithm will be robust with respect to the quality
of fingerprint images, an enhancement algorithm which can
improve the clarity of the ridge structures is necessary.
Typically, fingerprint enhancement approaches [5, 9, 14, 20]
employ frequency domain techniques [9, 10, 20] and are
computationally demanding. In a small local neighborhood,
the ridges and furrows approximately form a two-dimensional
sinusoidal wave along the direction orthogonal to local ridge
orientation. Thus, the ridges and furrows in a small local
neighborhood have well-defined local frequency and local
orientation properties. The common approaches employ
bandpass filters which models the frequency domain characteristics of a good quality fingerprint image. The poor quality
fingerprint image is processed using the filter to block the
extraneous noise and pass the fingerprint signal. Some
methods may estimate the orientation and/or frequency of
ridge in each block in the fingerprint image and adaptively
tune the filter characteristics to match the ridge characteristics.
One typical variation of this theme segments the image
into non-overlapping square blocks of widths larger than
the average inter-ridge distance. Using a bank of directional
bandpass filters, each filter is matched to a predetermined
model of generic fingerprint ridges flowing in a certain
direction; the filter generating a strong response indicates the
dominant direction of the ridge flow in the finger in the given
block. The resulting orientation information is more accurate,
leading to more reliable features. A single block direction
can never truly represent the directions of the ridges in the
block and may consequently introduce filter artifacts.
For instance, one common directional filter used for
fingerprint enhancement is a Gabor filter [17]. Gabor filters
have both frequency-selective and orientation-selective properties and have optimal joint resolution in both spatial and

where u0 is the frequency of a sinusoidal plane wave along
the x-axis, and 8x and 8r are the space constants of the
Gaussian envelope along x and y axes, respectively. Gabor
filters with arbitrary orientation can be obtained via a rotation
of the x - y coordinate system. The modulation transfer
function (MTF) of Gabor filter can be represented as
1

/ [

-

1 (u + u 0 ) 2
+ exp --~
32

U0) 2
-~-

(7)

where 8u = 1/2ZCSx and 8v = 1/2m~r. Figure 9 shows an evensymmetric Gabor filter and its MTF. Typically, in a 500 dpi,
512 x 512 fingerprint image, a Gabor filter with u0 = 60 cycles
per image width (height), the radial bandwidth of 2.5 octaves,
and orientation 0 models the fingerprint ridges flowing in the
direction 0 + re/2.
We summarize a novel approach to fingerprint enhancement proposed by Hong et al. [11] (see Fig. 7). It decomposes
the given fingerprint image into several component images
using a bank of directional Gabor bandpass filters and extracts
ridges from each of the filtered bandpass images using a
typical feature extraction algorithm [18]. By integrating
information from the sets of ridges extracted from filtered
images, the enhancement algorithm infers the region of
fingerprint where there is sufficient information to be
considered for enhancement (recoverable region) and estimates a coarse-level ridge map for the recoverable region.
The information integration is based on the observation that
genuine ridges in a region evoke a strong response in the
feature images extracted from the filters oriented in the
direction parallel to the ridge direction in that region and
at most a weak response in feature images extracted from
the filters oriented in the direction orthogonal to the ridge
direction in that region. The coarse ridge map thus generated
consists of the ridges extracted from each filtered image which
are mutually consistent and portions of the image where
the ridge information is consistent across the filtered
images constitute recoverable region. The orientation field
estimated from the coarse ridge map (see Section 1) is more
reliable than the orientation estimation from the input
fingerprint image.
After the orientation field is obtained, the fingerprint image
can then be adaptively enhanced by using the local orientation
information. Let f(x, y) (i = 0, 1, 2, 3, 4, 5, 6, 7) denote the gray
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FIGURE7 Fingerprintenhancementalgorithm [11].

level value at pixel (x, y) of the filtered image corresponding to
the orientation Oi, Oi -- i , 22.5 °. The gray level value at pixel
(x, y) of the enhanced image can be interpolated according to
the following formula:

fenh(X, y) -- a(x, Y)fp(x, y)(x, y) + (1 -- a(x, Y))fq(x, y)(X, y),

(8)

e(x y)
x,r)l• mod 8, a(x, y)
where x p(x, y) = L ~ ] ,
q(x, y) - c°(
, 22.5
o(x,r)2~.~(,r), and O(x, y)represents the value of local orientation field at pixel (x, y). The major reason that we interpolate
the enhanced image directly from the limited number of

filtered images is that the filtered images are already
available and the above interpolation is computationally
efficient.
An example illustrating the results of minutiae extraction
algorithm on a noisy input image and its enhanced counterpart is shown in Fig. 8. The improvement in performance due
to image enhancement was evaluated using fingerprint
matcher described in Section 11. Figure 10 shows improvement in accuracy of the matcher with and without image
enhancement on the MSU database consisting of 700 fingerprint images of 70 individuals (10 fingerprints per finger per
individual).
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(c)

FIGURE 8 Fingerprint enhancement results: (a) a poor quality fingerprint; (b) minutiae extracted without image
enhancement; and (c) minutiae extracted after image enhancement [11]. (See color insert.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPON
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An even-symmetric Gabor filter: (a) Gabor filter tuned to 60 cycles/width and 0 ° orientation; (b) corresponding MTF.

10 Fingerprint Classification
The fingerprints have been traditionally classified into
categories based on information in the global patterns of
ridges. In large scale fingerprint identification systems,
elaborate methods of manual fingerprint classification systems
were developed to index individuals into bins based on
classification of their fingerprints; these methods of binning
eliminate the need to match an input fingerprint(s) to the
entire fingerprint database in identification applications and
significantly reduce the computing requirements [8, 19].
Efforts in automatic fingerprint classification have been
exclusively directed at replicating the manual fingerprint
classification system. Figure 1 shows one prevalent manual
fingerprint classification scheme that has been the focus
of many automatic fingerprint classification efforts. It is
important to note that the distribution of fingers into the six
classes (shown in Fig. 1) is highly skewed. A fingerprint
classification system should be invariant to rotation, translation, and elastic distortion of the frictional skin. In addition,

often a significant part of the finger may not be imaged
(e.g., dabs frequently miss deltas) and the classification
methods requiring information from the entire fingerprint
may be too restrictive for many applications.
A number of approaches to fingerprint classification have
been developed. Some of the earliest approaches did not make
use of the rich information in the ridge structures and
exclusively depended on the orientation field information.
Although fingerprint landmarks provide very effective fingerprint class clues, methods relying on the fingerprint landmarks
alone may not be very successful due to lack of availability
of such information in many fingerprint images and due to
the difficulty in extracting the landmark information from
the noisy fingerprint images. As a result, the most successful
approaches need to (i) supplement the orientation field information with ridge information; (ii) use fingerprint landmark
information when available but devise alternative schemes
when such information cannot be extracted from the input
fingerprint images; and (iii) use reliable structural/syntactic
pattern recognition methods in addition to statistical
methods.
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Performance of fingerprint e n h a n c e m e n t algorithm.

We summarize a method of classification [12] which takes
into consideration the above mentioned design criteria that
has been tested on a large database of realistic fingerprints to
classify fingers into five major categories: right loop, left loop,
arch, tented arch, and whorl. 4
The orientation field determined from the input image
may not be very accurate and the extracted ridges may contain many artifacts and, therefore, cannot be directly used for
fingerprint classification. A ridge verification stage assesses
the reliability of the extracted ridges based upon the length
of each connected ridge segment and its alignment with other
adjacent ridges. Parallel adjacent subsegments typically
indicate a good quality fingerprint region; the ridge/orientation estimates in these regions are used to refine the estimates
in the orientation field/ridge map.
1. Singular Points: The Poincare index [22] on the orientation field is used to determine the number of delta
(biD) and core (Nc) points in the fingerprint. A digital
closed curve, ~, about 25 pixels long, around each
pixel is used to compute the Poincare index as defined
below:
1

N.

Poincare(i, j) -- ~ ~

A(k),

k=0

where

A(k) -

8(k),

if [a(k)[ < yr/2,

Jr + a(k),

if a(k) _< -yr/2,

y r - 3(k),

otherwise,

8(k) - O'(~x(i'), tPr(i')) - O'(~x(i), tPr(i)),
i ' = (i + 1)modN~,
4Other types of prints, e.g., twin-loop, are not considered here but, in
principle, could be l u m p e d into " o t h e r " or "reject" category.

(9 is the orientation field, and ~x(i) and ~r(i) denote
coordinates of the ith point on the arc length parameterized closed curve ~.
2. Symmetry: The feature extraction stage also estimates
an axis locally symmetric to the ridge structures at the
core and computes (i) c~, angle between the symmetry axis and the line segment joining core and delta,
(ii) fl, average angle difference between the ridge
orientation and the orientation of the line segment
joining the core and delta, and (iii) y, the number
of ridges crossing the line segment joining core and
delta. The relative position, R, of delta with respect
to symmetry axis is determined as follows: R = 1 if the
delta is on the right side of symmetry axis, R = 0 ,
otherwise.
3. Ridge Structure: The classifier not only uses the
orientation information but also utilizes the structural
information in the extracted ridges. This feature
summarizes the overall nature of the ridge flow in the
fingerprint. In particular, it classifies each ridge of the
fingerprint into three categories: zyxwvutsrqponmlkjihgfedcbaZYX
Non-recurring ridges: the ridges which do not
curve very much.
• Type-1 recurring ridges: ridges which curve
approximately yr.
• Type-2 fully recurring ridges: ridge which curve by
more than yr.

•

The classification algorithm summarized here (see Fig. 11)
essentially devises a sequence of tests for determining the
class of a fingerprint and conducts simpler tests earlier in
the decision tree. For instance, two core points are typically detected for a whorl (see Fig. 11) which is an easier
condition to verify than detecting the number of type-2
recurring ridges. Another highlight of the algorithm is that
if does not detect the salient characteristics of any category
from features detected in a fingerprint; it recomputes the
features with a different pre-processing method. For instance,
in the current implementation, the differential pre-processing
consists of a different method/scale of smoothing. As can
be observed from the flowchart that the algorithm detects
(i) whorls based upon detection of either two core points or
a sufficient number of type-2 recurring ridges; (ii) arch
based upon the inability to detect either delta or core points;
(iii) left (right) loops based on the characteristic tilt of
the symmetric axis, detection of a core point, and detection
of either a delta point or a sufficient number of type-1
recurring curves; and (iv) tented arch based on relatively
upright symmetric axis, detection of a core point, and
detection of either a delta point or a sufficient number of
type-1 recurring curves.
Table 1 shows the results of the fingerprint classification
algorithm on the NIST-4 database which contains 4,000
images (image size is 512 x 480) taken from 2,000 different
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FIGURE 11 Flowchart of fingerprint classification algorithm. Inset also illustrates ridge classification [12]. The
"re-compute" option involves starting the classification algorithm with a different preprocessing (e.g., smoothing)
of the image.

TABLE 1 Five-class classification results on the NIST-4 database;
A-Arch, T-Tented Arch, L-Left Loop, R-Right Loop, W-Whorl

Assigned Class
True Class

A

T

L

A
T
L
R

885
179
31
30

13
384
27
47

10
54
755
3

717

0
5
20
16

6

1

15

15

759

W

R
11
14
3

W

fingers, 2 images per finger. Five fingerprint classes are
defined: (i) Arch, (ii) Tented arch, (iii) Left Loop, (iv) Right
Loop, and (v) Whorl. Fingerprints in this database are
uniformly distributed among these five classes (800 per
class). The five-class error rate in classifying these 4,000
fingerprints is 12.5%. The confusion matrix is given in Table 1;
numbers shown in bold font are correct classifications. Since
a number of fingerprints in the NIST-4 database are labeled
as belonging to possibly two different classes, each row of
the confusion matrix in Table 1 does not sum up to 800.
For the five-class problem, most of the classification errors
are due to misclassifying a tented arch as an arch. By combining these two arch categories into a single class, the error
rate drops from 12.5% to 7.7%. Besides the tented arch-arch
errors, the other errors mainly come from misclassifications
between arch/tented arch and loops and due to poor image
quality.

11 Fingerprint Matching
Given two (input and template) sets of features originating
from two fingerprints, the objective of the feature matching
system is to determine whether or not the prints represent
the same finger. Fingerprint matching has been approached
from several different strategies, like image-based [2], ridge
pattern-based, and point (minutiae) pattern-based fingerprint representations. There also exist graph-based schemes
[15, 16, 30] for fingerprint matching. Image-based matching
may not tolerate large amounts of nonlinear distortion in the
fingerprint ridge structures. Matchers critically relying on
extraction of ridges or their connectivity information may
display drastic performance degradation with a deterioration
in the quality of the input fingerprints. We, therefore, believe
that point pattern matching (minutiae matching) approach
facilitates the design of a robust, simple, and fast verification
algorithm while maintaining a small template size.
The matching phase typically defines the similarity
(distance) metric between two fingerprint representations
and determines whether a given pair of representations is
captured from the same finger (mated pair) based on whether
this quantified (dis)similarity is greater (less) than a certain
(predetermined) threshold. The similarity metric is based
on the concept of correspondence in minutiae-based matching. A minutiae in the input fingerprint and a minutiae
in the template fingerprint are said to be corresponding if
they represent the identical minutiae scanned from the same
finger.
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(a)

(b)

FIGURE 12 Two different fingerprint impressionsof the same finger. In order to know the correspondence between
the minutiae of these two fingerprint images,all the minutiae must be preciselylocalized and the deformation must be
recovered [18]. (©IEEE.)
Before the fingerprint representations could be matched,
most minutia-based matchers first transform (register) the
input and template fingerprint features into a common frame
of reference. The registration essentially involves alignment
based on rotation/translation and may optionally include
scaling. The parameters of alignment are typically estimated
either from (i) singular points in the fingerprints, e.g., core
and delta locations; (ii) pose clustering based on minutia
distribution [28]; or (iii) any other landmark features. For
example, Jain et al. [18] use a rotation/translation estimation
method based on properties of ridge segment associated with
ridge ending minutiae, s
There are two major challenges involved in determining
the correspondence between two aligned fingerprint representations (see Fig. 12): (i) dirt/leftover smudges on the
sensing device and the presence of scratches/cuts on the finger
either introduce spurious minutiae or obliterate the genuine
minutiae; (ii) variations in the area of finger being imaged and
its pressure on the sensing device affect the number of genuine
minutiae captured and introduce displacements of the
minutiae from their "true" locations due to elastic distortion
of the fingerprint skin. Consequently, a fingerprint matcher
should not only assume that the input fingerprint is a
transformed template fingerprint by a similarity transformation (rotation, translation, and scale), but it should also
tolerate both spurious minutiae as well as missing genuine
minutiae and accommodate perturbations of minutiae from
their true locations. Figure 13 illustrates a typical situation of
aligned ridge structures of mated pairs. Note that the best
alignment in one part (top left) of the image may result
in a large amount of displacements between the corresponding
minutiae in other regions (bottom right). In addition, observe
that the distortion is nonlinear: given the amount of distortions at two arbitrary locations on the finger, it is not
5The input and template minutiae used for the alignmentwill be referred to
as reference minutiae below.

FIGURE 13 Aligned ridge structures of mated pairs. Note that the best
alignment in one part (mid-left) of the image results in a large displacements
between the correspondingminutiae in the other regions (bottom right) [18].
(©IEEE.) (See color insert.)

possible to predict the distortions at all the intervening points
on the line joining the two points.
The adaptive elastic string matching algorithm [18] summarized in this chapter uses three attributes of the aligned
minutiae for matching: its distance from the reference
minutiae (radius), angle subtended to the reference minutiae
(radial angle), and local direction of the associated ridge
(minutiae direction). The algorithm initiates the matching
by first representing the aligned input (template) minutiae as
an input (template) minutiae string. The string representation
is obtained by imposing a linear ordering based on radial
angles and radii. The resulting input and template minutiae
strings are matched using an inexact string matching algorithm to establish the correspondence.
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The inexact string matching algorithm essentially trans- ing the parameters of the tolerance window based on the most
forms (edits) the input string to template string and the recent successful tentative match. The tentative matches (and
number of edit operations is considered as a metric of correspondences) are accepted if the edit distance for those
the (dis)similarity between the strings. While permitted edit correspondences is smaller than any other correspondences.
operators model the impression variations in a representation
Figure 15 shows the results of applying the matching
of a finger (deletion of the genuine minutiae, insertion of algorithm to an input and a template minutiae set pair.
spurious minutiae, and perturbation of the minutiae), the
penalty associated with each edit operator models the
likelihood of that edit. The sum of penalties of all the edits
(edit distance) defines the similarity between the input and
template minutiae strings. Among several possible sets of edits
el(m,n)~~ ~ .
s ~,,
that permit the transformation of the input minutiae string
into the reference minutiae string, the string matching algorithm chooses the transform associated with the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cost based on dynamic programming.
The algorithm tentatively considers a candidate (aligned)
input and a candidate template minutiae in the input and
template minutiae string to be a mismatch if their attributes
are not within a tolerance window (see Fig. 14) and penalizes
them for deletion/insertion edit. If the attributes are within the
tolerance window, the amount of penalty associated with
the tentative match is proportional to the disparity in the
values of the attributes in the minutiae. The algorithm FIGURE 14
Bounding box and its adjustment [18]. (©IEEE.)
accommodates for the elastic distortion by adaptively adjust- (See color insert.)

Templateminutia
~l(m'n)~

minimum

."" ."

~
~

,

~(m,n)
nputminutia

'Ae ~h(m'n) ~ ~

•/./,,-r....~ i , //.I.". ,. l~";.,,'~"~i---~?~__.~"-CZ"-----7
"/-'i

t

iti

/t

f,.

t

I

~-.

(a)
_ LL-L-;~-L:-~.-LLL:-:-L:LT-.?~-~'+'~........ "~

(b)

...................:=.._....:.,.

.........,,.,~,~i.,~>~,..,~,~
.....
~,~

~--

.....

,,:,,"
,.:,,?,7~:.
,~,~TJ/~!'~'~ ; ~ ! ~ ~ ~ ~

: ~x~"" ~~~";;:-"
t" -~:=-L~7-:~"->

(c)

I,,..,,~

,-- ,.~,,.

-v
.I.

,&

....
. . ,.,
..,,,,.,~
,,./~ii,~.;.?~,~
, ,~,,i,,,','.'+:~,< ,~t ~~.~.~~.~_==:?;'<
~ ~.~,'...!...~:,=<.:<~~--~,-_ ......

"( t

,_..~,_...,,,

. . . ~ ~ : : = .....

i

"-,",",," '~:' ~~" .,3#.

~_

~:.

..p~--

-.

.~,~,.,_

~

....~

.....

,i\':%

(d)

FIGURE 15 Resultsof applying the matching algorithm to an input minutiae set and a template; (a) input minutiae
set; (b) template minutiae set; (c) alignment result based on the minutiae markedwith green circles; (d) matchingresult
where template minutiae and their correspondences are connected by green lines [18]. (©IEEE.)
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The outcome of the matching process is defined by a matching
score. Matching score is determined from the number of
mated minutia from the correspondences associated with the
minimum cost of matching input and template minutiae
string. The raw matching score is normalized by the total
number of minutia in the input and template fingerprint
representations and is used for deciding whether input and
template fingerprints are mates. The higher the normalized
score, the larger the likelihood that the test and template
fingerprints are the scans of the same finger.
The results of performance evaluation of the fingerprint
matching algorithm are illustrated in Fig. 16 for 1,698
fingerprint images in NIST 9 database [31] and in Fig. 10
for 490 images of 70 individuals from the MSU database.
Some sample points on the receiver operating characteristics
curve are tabulated in Table 2.
In order for an automatic identity authentication system to
be acceptable in practice, the response time of the system
needs to be within a few seconds. Table 3 shows that our
implemented system does meet the practical response time
requirement.

TABLE 3 Average CPU time for minutiae extraction and matching
on a Sun ULTRA 1 workstation [18]. ©IEEE
Minutiae Extraction
(seconds)

Minutiae Matching
(seconds)

Total
(seconds)

1.1

0.3

1.4 zyxwvutsrqponm

12 Summary and Future Prospects

With recent advances in fingerprint sensing technology
and improvements in the accuracy and matching speed of
the fingerprint matching algorithms, automatic personal
identification based on fingerprint is becoming an attractive alternative/complement to the traditional methods of
identification. We have provided an overview of the
fingerprint-based identification and summarized algorithms
for fingerprint feature extraction, enhancement, matching,
and classification. We have also presented a performance
evaluation of these algorithms.
The critical factor for the widespread use of fingerprints
is in meeting the performance (e.g., matching speed and
accuracy) standards demanded by emerging civilian identification applications. Unlike an identification based on
100
passwords or tokens, performance of the fingerprint-based
I
F"
identification is not perfect. There will be a growing demand
for faster and more accurate fingerprint matching algorithms
80
which can (particularly) handle poor quality images. Some
of the emerging applications (e.g., fingerprint-based smartcards)
will also benefit from a compact representation of a
o 60
fingerprint. The design of highly reliable, accurate, and foolproof biometrics-based identification systems may warrant
<
effective integration of discriminatory information contained
~ 40
in several different biometrics and/or technologies [19]. The
issues involved in integrating fingerprint-based identification
<
with
other biometric or non-biometric technologies may
20
constitute an important research topic.
As biometric technology matures, there will be an increasing
interaction among the (biometric) market, (biometric)
10-4
10-3
10-2
10-]
100
101
10:
technology, and the (identification) applications. The emergFalse Acceptance Rate (%)
ing interaction is expected to be influenced by the added
value
of the technology, the sensitivities of the population,
FIGURE 16 Receiveroperating characteristic curve for NIST 9 (CD No. 1)
[18]. (©IEEE.) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and the credibility of the service provider. It is too early to
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TABLE 2 Falseacceptance and false reject rates on two data sets with different threshold values [18]. ©IEEE
Threshold
Value

False Acceptance
Rate (MSU)

False Reject
Rate (MSU)

False Acceptance
Rate (NIST 9)

False Reject
Rate (NIST 9)

7
8
9
10

0.07%
0.02%
0.01%
0

7.1%
9.4%
12.5%
14.3%

0.073%
0.023%
0.012%
0.003%

12.4%
14.6%
16.9%
19.5%
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predict where, how, and which biometric technology would
[17] A. K. Jain and F. Farrokhnia, Unsupervised texture segmentation using Gabor filters, Pattern Recognition, 24, 12, 1167-1186,
evolve and be mated with which applications. But it is certain
1991.
that biometrics-based identification will have a profound
A.
Jain, L. Hong, S. Pankanti, and R. Bolle, On-Line Identityinfluence on the way we conduct our daily business. It is [18]
Authentication System using Fingerprints, Proceedings of
also certain that, as the most mature and well-understood
IEEE (Special Issue on Automated Biometrics), 85, 1365-1388,
biometric, fingerprints will remain an integral part of the
September 1997.
preferred biometric-based identification solutions in the years
[19] A. K. Jain, S. Prabhakar, and L. Hong, A Multichannel
to come. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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1 Introduction
In most situations, identifying humans using faces is an
effortless task for humans. Is this true for computers? This
very question defines the field of automatic face recognition
[7, 31, 62], one of the most active research areas in computer
vision, pattern recognition, and image understanding.
Over the past decade, the problem of face recognition
has attracted substantial attention from various disciplines and
has witnessed a skyrocketing growth of the literature. In this
chapter, we mainly emphasize some key perspectives of the
face recognition problem.

1.1 Biometric Perspective
Face is a biometric. As a consequence, face recognition finds
wide applications in authentication, security, and so on. One
recent application is the US-VISIT system by the Department
of Homeland Security (DHS), collecting foreign passengers'
fingerprints and face images.
Biometric signatures of a person characterize the physiologic or behavioral characteristics. Physiologic biometrics
are innate or naturally occuring, while behavioral biometrics
arise from mannerisms or traits that are learned or acquired.
Copyright © 2005 by Elsevier Academic Press.
M1 rights of reproduction in any form reserved.
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Table 1 lists commonly used biometrics. Biometric technologies provide the foundation for an extensive array of highly
secure identification and personal verification solutions.
Compared with conventional identification and verification
methods based on personal identification numbers (PINs) or
passwords, biometric technologies offer many advantages.
First, biometrics are individualized traits while passwords
may be used or stolen by someone other than the authorized
user. Mso, a biometric signature is very convenient since there
is nothing to carry or remember. In addition, biometric technologies are becoming more accurate and less expensive.
Among all biometrics listed in Table 1, the face is a very
unique one because it is the only biometric belonging to
both physiologic and behavioral categories. While the
physiologic part of the face has been widely exploited for
face recognition, the behavioral part has not yet been fully
investigated. In addition, as reported in [19, 43], face enjoys
many advantages over other biometrics because it is a natural,
nonintrusive, and easy-to-use biometric. For example [19],
among six biometrics of face, finger, hand, voice, eye, and
signature, face biometric ranks the first in the compatibility
evaluation of a machine-readable travel document (MRTD)
system in terms of six criteria: enrollment, renewal, machineassisted identity verification requirements, redundancy, public
1235
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TABLE 1

Physiologic and behavioral biometrics
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• Watch list. The recognition system first determines
if the identity of the query face image is in the watch
list and, if yes, then identifies the individual.

Type

Examples

Physiologic
biometrics
Behavioral
biometrics

DNA, face, fingerprint, hand geometry, iris,
pulse, retinal, and body odor
Face, gait, handwriting,
signature, and voice

Figure 1 illustrates the above three tasks and corresponding
metrics used for evaluation. Among three tasks, the watch list
task is the most difficult one.
This chapter focuses only on the identification task. We
introduce a face recognition test protocol FERET [45] widely
followed in the face recognition literature. FERET stands for
"facial recognition technology". FERET assumes the availability of the following three sets: a training set, a gallery
set, and a probe set. The training set is provided for the
recognition algorithm to learn features that are capable
of characterizing the whole human face space. The gallery
and probe sets are used in the testing stage. The gallery set
contains images with known identities and the probe set with
unknown identities. The algorithm associates descriptive
features with images in the gallery and probe sets and
determines the identities of the probe images by comparing
their associated features with features associated with gallery
images.

perception, and storage requirements and performance.
Probably the most important feature of acquiring the face
biometric signature is that less cooperation is required during
data acquisition.
In addition to applications related to identification and
verification such as access control, law enforcement, identification (ID), licensing, surveillance, and so forth, face
recognition is also useful in human-computer interaction,
virtual reality, database retrieval, multimedia, computer
entertainment, and so forth. See [31, 62] for recent summaries
on face recognition applications.

1.2 Experimental Perspective

1.3 Theoretical Perspective

Face recognition mainly involves the following three tasks Face recognition is by nature an interdisciplinary research
[46]:
area, involving researchers from pattern recognition, compu• Verification. The recognition system determines if the ter vision and graphics, image processing/understanding,
query face image and the claimed identity match.
statistical computing and machine learning. In addition,
• Identification. The recognition system determines the automatic face recognition algorithms/systems are often
identity of the query face image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
guided by the psychophysics and neural studies on how
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FIGURE 1 Threeface recognition tasks: verification, identification, watch list (courtesyof P. J. Phillips).
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humans perceive faces. A good summary of research on face
perception is presented in [40]. We now focus on the
theoretical implication of pattern recognition for the task of
face recognition.
We present a hierarchic study of face pattern. There
are three levels forming the hierarchy: pattern, visual pattern,
and face pattern, each associated with a corresponding theory
of recognition. Accordingly, face recognition approaches can
be grouped into three categories.
1. Pattern and pattern recognition: Because face is first a
pattern, any pattern recognition theory [11] can be
directly applied to the face recognition problem. In general,
a vector representation is used in pattern recognition. A common way of deriving such a vector representation from a twodimensional (2D) face image, say of size M x N, is through a
"vectorization" operator that stacks all pixels in a particular
order, say a raster-scanning order, to an M N x 1 vector.
Obviously, given an arbitrary M N x 1 vector, it can be
decoded into an M x N image by an inverse-vectorization
operator. Such a vector representation corresponds to a holistic perception viewpoint in psychophysics literature [6].
Subspace methods are pattern recognition techniques
widely invoked in various face recognition approaches.
Two well-known appearance-based recognition schemes use
principal component analysis (PCA) and linear discriminant
analysis (LDA). PCA performs an eigen-decomposition of
the covariance matrix and consequently minimizes the
reconstruction error in the mean square sense. LDA minimizes
the within-class scatter while maximizing the between-class
scatter [23]. The PCA approach used in face recognition is also
known as the "Eigenface" approach [54]. The LDA approach
[12] used in face recognition is referred to as the "Fisherface"
approach [3] since LDA is also known as Fisher discriminant
analysis. Further, PCA and LDA have been combined (LDA
after PCA) as in [60] to obtain improved recognition. Other
subspace methods such as independent component analysis
(ICA) [1], local feature analysis (LFA) [41], probabilistic
subspace [38, 39], multiexemplar discriminant analysis [69]
have been used. A comparison of these subspace methods is
reported in [39]. Other than subspace methods, classic pattern
recognition tools such as neural networks [33], learning
methods [44], and evolutionary pursuit/genetic algorithms
[35] have also been applied.
One concern in a regular pattern recognition problem is the
"curse of dimensionality" since usually M and N themselves
are quite large numbers. In face recognition, because of
limitations in image acquisition, practical face recognition
systems store only a small number of samples per subject. This
further aggravates the curse of dimensionality problem.
2. Visual pattern and visual recognition: In the middle of the
hierarchy sits visual pattern. Face is a visual pattern in the
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FIGURE 2 An illustration of the imaging system.

sense that it is a 2D appearance of a three-dimensional (3D)
object captured by an imaging system. Certainly, visual
appearance is affected by the configuration of the imaging
system. An illustration of the imaging system is presented in
Fig. 2.
There are two distinct characteristics of the imaging system:
photometric and geometric.
The photometric characteristics are related to the lighting
source distribution in the scene. Figure 3 shows the face
images of a person captured under varying illumination
conditions. Numerous models have been proposed to
describe the illumination phenomenon (i.e., how the
light travels when it hits the object). In addition to its
relationship with the light distribution such as light
direction and intensity, an illumination model is in
general also relevant to surface material properties of the
illuminated object.
The geometric characteristic is about camera properties
and relative positioning of the camera and the object.
Camera properties include camera intrinsic parameters
and camera imaging models. The imaging models widely
studied in the computer vision literature are orthographic, scale orthographic, and perspective models. Due
to the projective nature of the perspective model, the
orthographic or scale-orthograhic models are used in the
face recognition community. The relative positioning of
the camera and the object results in pose variation, a key
factor in determining how the 2D appearances are
produced. Figure 3 shows the face images of a person
captured at varying poses.
Studying photometric and geometric characteristics is one
of the key problems in the object recognition literature and
consequently visual recognition under illumination and pose
variations is the main challenge for object recognition. A full
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review of visual recognition literature is beyond the scope
of the chapter. However, face recognition addressing the
photometric and geometric challenges is still at a nascent
stage.
Approaches to face recognition under illumination variation are usually treated as extensions of research efforts on
illumination models. For example, if a simplified Lambertian
reflectance model ignoring the shadow pixels [49, 59] is used,
a rank-3 subspace can be constructed to cover appearances
arbitrarily illuminated by a distant point source. Similar lowdimensional subspace [2] can be found in the Lambertian
model that includes attached shadows. Face recognition
is conducted by checking if a query face image lies in the
object-specific illumination subspace. To generalize from the
object-specific illumination subspace to a class-specific illumination subspace, bilinear models are used in [15, 50, 66]. Most
face recognition approaches addressing pose variations
use view-based appearance representations [8, 17, 42]. Face
recognition under variations in illumination and poses is more
difficult compared to recognition when only one variation
is present. Proposed approaches in the literature include [5,
16, 18, 55, 67], among which the 3D morphable model [5]
yields the best recognition performance. The feature-based
approach [27] is reported to be partially robust to illumination and pose variations.
Another important extension of visual pattern recognition
is in exploiting video. The ubiquitousness of video sequences

calls upon novel recognition algorithms based on videos.
Because a video sequence is a collection of still images, face
recognition from still images certainly applies to video
sequences. However, an important property of a video
sequence is its temporal dimension or dynamics. Recent
psychophysical and neural studies [25] demonstrate the role of
movement in face recognition: Famous faces are easier to
recognize when presented in moving sequences than in still
photographs, even under a range of different types of
degradations. Computational approaches using such temporal
information include [26, 30, 63-65]. Clearly, due to the free
movement of human face and uncontrolled environments,
issues like illumination and pose variations still exist.
Besides these issues, localizing faces or face segmentation in
a cluttered environment in video sequences is very challenging too.
In surveillance scenarios, further challenges include
poor video quality and lower resolution. For example,
the face region can be as small as 15 x 15. Most featurebased approaches [5, 27] need face images of size as large
as 128 x 128. The attractiveness of the video sequence is that
the video provides multiple observations with temporal
continuity.

3. Face pattern and face recognition: At the top of the hierarchy
lies the face pattern. The face pattern specializes the visual
pattern by specializing the object to be a human face.
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B

FIGURE 4 A: Appearances of a person with different facial expressions (from [37]). B: Appearances of a person at
different ages (from [28]).
Therefore, face-specific properties or characteristics should be
taken into account when performing face recognition.
• Expression and deformation. Humans exhibit emotions.

•

•

•

•

The natural way to express the emotions is through facial
expressions, yielding patterns under nonrigid deformations. This nonrigidity introduces very high degrees of
freedom and perplexes the recognition task. Figure 4A
shows the face images of a person exhibiting
different expressions. While face expression analysis
has attracted a lot of attention [4, 53], recognition
under facial expression variation has not been fully
explored.
Aging. Face appearances vary significantly with age and
such variations are specific to an individual. Theoretical
modeling of aging [28] is very difficult due to the
individualized variation. Figure 4B shows the face images
of a person at different ages.
Face surface. One speciality of the face surface is its
bilateral symmetry. The symmetry constraint has been
widely exploited in [51, 61, 66]. In addition, surface
integrability is an inherent property of any surface,
which has also been used in [14, 59, 66].
Self-similarity. There is a strong visual similarity among
face images of different individuals. Geometric positioning of facial features such as eyes, noses, and mouths
are similar across individuals. Early face recognition
approaches in the 1970s [21, 22] used the distances
between feature points to describe the face and achieved
some success. Also, the properties of face surface materials
are similar within the same race. As a consequence of
visual similarity, the "shapes" of the face appearance
manifolds belonging to different subjects are similar. This
is the foundation of approaches [39, 69] that attempt to
capture the "shape" characteristics using the so-called
intraperson space.
Makeup and cosmetics. These factors are very individualized and unpredictable. Other than the effect of glasses,
which has been studied in [3], effects induced by other
factors are not widely understood in the recognition
literature. However, modeling these factors can be useful
for face animation in the computer graphics literature.

1.4 A Unified Approach
A wide array of face recognition approaches has been proposed
in the literature. Early face recognizers [1, 3, 12, 23, 38, 39, 41,
54] yielded unsatisfactory results especially when confronted
with variations in pose, illumination, and expression. In
addition, the recognizers have been further hampered by
the registration requirement as images that the recognizers
process contain transformed appearances of the object.
Recent advances in face recognition have focused on
face recognition under illumination and pose variations [2,
5, 8, 17, 50, 56, 66, 67]. Face recognition under variations
in expression and aging have been less investigated.
While most recognizers process a single image, there is a
growing interest in using a group of images [13, 29, 30, 32, 36,
48, 57, 64]. In terms of the transformations embedded in the
group or the temporal continuity between the transformations, the group can be either independent or not. Examples of
the independent group (I-group) are face databases that store
multiple appearances for one object. Examples of the
dependent group are video sequences. If temporal information
is stripped, the video sequences reduce to I-groups. Whenever
we refer to video sequences, we imply dependent groups of
images.
We attempt to propose a unified approach [68] that
possesses the following features:
• It processes either a single image or a group of images
(including the I-group and video sequences) in a
universal manner.
• It handles the localization problem, pose, illumination,
and expression variations.
• The identity description could be either discrete or
continuous. The continuous identity encoding typically
arises from subspace modeling.
• It is probabilistic and integrates all the available
evidences.
We elaborate on the proposed framework and point out
its properties and connections with various approaches in
Section 2. In Section 3, we substantiate the framework with
two instances: face recognition from a group of still images
and from video sequences.
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p(Ot[Ol:t_l).

2 Framework of Probabilistic
Identity Characterization

The former is essential to the recognition task,
the ideal case being that it possesses a discriminative power in
the sense that it always favors the correct identity and
disfavors the others; the latter is also very helpful especially
when processing video sequences, which constrains the search
space.
We now study two special cases of P(Ot[Ol:t_l).

Suppose cz represents the identity in an abstract manner. It can
be either discrete- or continuous-valued. If we have an N-class
problem, ot is discrete taking value in {1, 2 . . . . . N}. If we
associate the identity with image intensity or feature vectors
derived from subspace projections, ot is continuous-valued.
Given a group of images Yl:T--{Yl, Y2. . . . . YT} containing the
appearances of the same but unknown identity, probabilistic

1. Independent group (1-group): In this case, the transformations {Or; t = 1, 2 . . . . . T} are independent of each other, for
example

identity characterization is equivalent to finding the posterior
probability P(otIYl:T).

P(OtlOl:t-1) = P(0t).

As the image only contains a transformed version of the
object, we also need to associate with it a transformation
parameter 0, which lies in a transformation space ®. Here the
term "transformation" is a loose word to model the variations
involved, be it warping, pose, illumination, or expressions.
The transformation space ® is usually application-dependent.
Affine transformation is often used to compensate for the
localization problem. To handle illumination variation, the
estimates of lighting direction are used. If pose variations
are involved, a 3D transformation is needed or a discrete set is
used if we quantize the continuous view space. Suppose that
the dimension of the transformation space ® is r.
We assume that the prior probability of ot is zr(cz), which is
assumed to be, in practice, a noninformative prior. A noninformative prior is uniform in the discrete case and treated as
a constant, say 1, in the continuous case.
The key to our probabilistic identity characterization is as
follows:

T

P(c~IYl.T) c~ zr(~) 1--I fo, P(YtlOt, ot)p(Ot)dOt.

(5)

t=l

In this context, the probability p(0t) can be regarded as a prior
for Ot, which is often assumed to be Gaussian with mean 0t or
noninformative.
The most widely studied case in the literature is when T = 1
(i.e., there is only a single image in the group). Due to its
importance, sometime we will distinguish it from the I-group
(with T > 1) depending on the context. We will present
in Section 2.1 the shortcomings of many contemporary
approaches.
It all boils down to how to compute the integral in (5).
However, in real applications it is difficult to directly compute
it and numeric techniques are often used.
continuity between successive video frames implies that the
transformations {Ot; t = 1, 2 . . . . . T} follow a Markov chain.
Without loss of generality, we assume a first-order Markov
chain, for example

-- ~(Ol) fO,:7,P(FI:TIOI:T' ot)p(Ol:r)dOx:r
T
= re(a) fol 17 p(YtlOt, oOp(OtlOl:t-1)dOl.r,

(1)

t=l

where the following rules, namely (a) observational conditional
independence and (b) chain rule, are applied:

(a) P(Yl:rlOl:r, or) - I--I p(YtlOt, oe);

(6)

Equation (1) becomes
T

(7)

:7" t = l

(2)

t=l

T
(b) P(01:T)- U P(Ot[OI:t-1); P(01]00) " P(01).

P(OtlOl:t-1) -- P(Ot[Ot-1).

P(c~IYl:T) O(zr(ot) f0, U P(YtlOt, ot)p(OtlOt-1)dOl:r.

T

t=l

Equation (1) then becomes

2. Video sequence: In the case of a video sequence, temporal

p(alYl:r) cx n'(a)p(yl:r[O 0

:r

(4)

(3)

The difference between (5) and (7) is whether the product
lies inside or outside the integral. In (5), the product lies
outside the integral, which divides the quantity of interest into
"small" integrals that can be computed efficiently; whereas (7)
does not have such a decomposition, causing computational
difficulty.

Equation (1) involves two key quantities: the observation 3. Difference from Bayesian estimation: Our framework is very
likelihood p(Yt[Ot, a) and the state transition probability different from the traditional Bayesian parameter estimation
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setting, where a certain parameter /3 is estimated from the
identical and independantly distributed (i.i.d). observations
{Xl, x2 . . . . . xr} generated from a parametric density p(x[fl).
If we assume that /3 has a prior probability rr(fl), then the
posterior probability p(fllXl:r) is computed as

mean, mode) from P(otlYl:T) to represent the identity of the
image group Yl:T. Recognition is performed by matching G's
belonging to different groups of images using a metric k(., .).
Say, c~1 is for group 1 and c~2 for group 2, the point distance

T
P(flIXI:T) cx: rr(/3)p(Xl.TI/3) - n'(/3) I-I p(x, lp)
t--1

]~1,2"--k((~l, C~2)

(11)

(8)

and used to derive the parameter estimate/3. One should not
confuse our transformation parameter 0 with the parameter/3.
Notice that fl is fixed in p(xtlfl) for different t's. However, each
Yt is associated with a 0t. Also, ol is different from fi in the
sense that ~ describes the identity and fl helps to describe the
parametric density.
To make our framework more general, we can also
incorporate the fi parameter by letting the observation
likelihood to be p(ylO, or,/3). Equation (1) then becomes

is computed to characterize the difference between groups
1 and 2.
Instead of comparing the point estimates, the second scheme
directly compares different distributions that characterize the
identities for different groups of images. Therefore, for two
groups 1 and 2 with the corresponding posterior probabilities
P(fgl) and p(O/2), we use the following expected distance [58]:

kl'2~'----L L k(°tl'CC2)P(°ll)P(°Q)d°tld°t2"
1

(12)

2

Ideally, we wish to compare the two probability distributions
using quantities such as the Kullback-Leibler distance [9].
However,
computing such quantities is numerically prohibi= 7c(a) ~,O,:r P(YI:TIOI:r, or, fl)p(Ol:r)zr(fl)dOl:rdfl
(9) tive when a is of high dimensionality.
T
The second scheme is preferred as it uses complete
statistical information, whereas the first one based on point
= rr(oOf~__lp(y~lOt, ,:,, ,8)p(O~lOl:t_l)rr(,8)dO~:rd,8,
estimates uses partial information. For example, if only the
conditional mean is used, the covariance structure or higherwhere OI:T and I3 are assumed to be statistically independent.
order statistics is not used. However, there are circumstances
In this chapter, we will focus only on (1) as if we already know when the first scheme is appropriate: the posterior distribution
the true parameter fl in (9). This greatly simplifies our P(otlYl:T) is highly peaked or even degenerate at c~. This might
computation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
occur when (a) the variance parameters are taken to be very
small; or (b) we let T go to cx) (i.e., keep observing the same
2.1 Recognition Setting and Issues
object for a long time).
To evaluate the expected distance 1~, we resort to importance
Equation (1) lays a theoretical foundation, which is universal
for all recognition settings: (a) recognition is based on a single sampling [47]. Other sampling techniques such as Monte
image (an I-group with T - 1 ) , an I-group with T >_ 2, or a Carlo Markov chain [47] can also be applied. Suppose that,
video sequence; (b) the identity signature is either discrete- or say for group 1, the importance function is ql(Otl), and
I the expected distance is
continuous-valued; and (c) the transformation space takes weighted sample set is {o/]i), wl i) }i=1,
into account all available variations, such as localization and approximated as
variations in illumination and pose.

P(alYl.T) O~rr(a)p(yl:r I~)

1. Discrete identity signature: In a typical pattern recognition
scenario, say an N-class problem, the identity signature for
Yl:T, ~, is determined by the Bayesian decision rule:

]~1,2 '~

Ei21Y~j]---=IW1W
(i) 2(J)k (ol~i),ol~2))
ZiI=i w] i) LJ=I

w~2)

.

(13)

The point distance is approximated as
G -

min
arg {1,2
..... N} P(o~IYl.T)-

(10)

Usually p(yl0, a) is a class-dependent density, either prespecified or learned.

]~1,2 ~ k

I_.l w(i)g~(i)~
-'I W~i) '
1 1 Z-,i= 1

.

(14)

1 w2 0/2 Z j - 1 W~j)

2. Continuous identity signature: If the identity signature is
continuous-valued, two recognition schemes are possible.
The first is to derive a point estimate c~ (e.g., conditional

3. The effects of the transformation: Even though recognition
based on a single image has been attempted for a long time,
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most efforts assume only one alignment parameter 0 and
compute the probability p(y[0, a). Any recognition algorithm
computing some distance measure can be thought of as using
a properly defined Gibbs distribution. The underlying
assumption is that
p(O) -- ~(0 - 0),

(15)

where 8(.) is an impulse function. Using (15), (5) becomes

p(aly) o~ zr(ct) f0 p(ylO,

c08(0

-

O)dO -

~(cz)p(ylO,

or). (16)

Incidentally, if the Laplace method [47] is used to
approximate the integral fo p(Y[0, c0p(0)d0 and the maximizer 0 ~ - argmin0p(yl0, or)p(0) does not depend on or, say
0~ O, then
-

-

p(aly) cx zr(a)

f

p(yl0, ct)p(0)d0

;r(oOp(ylO, cOP(O)~(Zzr)r/I I(O)l

(x zr(a)p(ylg, a),

(17)

where T(O) is an r x r matrix (r is the dimension of them)
whose ij-th element is

Tij(O) -- --

02 log p(0)

oo, ooj

.

(18)

This gives rise to the same decision rule as implied by (16) and
also partly explains why the simple assumption (15) can work
in practice.
The alignment parameter is therefore very crucial for
obtaining good recognition performance. Even a slightly erroneous 0 may affect the recognition system significantly. It is
very beneficial to have a continuous density p(0) such as a
Gaussian or even be noninformative because marginalization
of p(0, a[y) over 0 yields a robust estimate of p(a[y).
In addition, our Bayesian framework also provides a way to
estimate the best alignment parameter using the posterior
probability:

p(Oly) cx:L p(ylO, a)zr(a)da.

(19)

4. Asymptotic behaviors: When we have an I-group or a video
sequence, we are often interested in discovering the asymptotic (or large sample) behaviors of the posterior distribution
p(Ot[Yl:T) when T is large. In [64], the discrete case of ot in a
video sequence is studied. However, it is very challenging
to extend this study to the continuous case. Experimentally
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(refer to Section 3.1.2), we find that P(c~IYl.T) becomes more
and more peaked as T increase, which seems to suggest a
degenerancy in the true value Ottrue. zyxwvutsrqponmlkjihgfedcbaZYXWVUT

3 Instances of Probabilistic Identity
Characterization
3.1 Face Recognition from a
Group of Still Images
The main challenge is to specify the likelihood p(yl0, ot).
Practical considerations require that (a) the identity encoding
coefficient c~ should be compact so that our target space where
c~ resides is low dimensional, and (b) ot should be invariant to
transformations and tightly clustered so that we can safely
focus on a small portion of the spaces.
Inspired by the popularity of subspace analysis, we assume
that the observation y can be well explained by a subspace,
whose basis vectors are encoded in a matrix denoted by B (i.e.,
there exist linear coefficients ot such that y ~ Bo0. Clearly, ct
naturally encodes the identity. However, the observation
under the transformation condition (parameterized by 0)
deviates from the canonical condition (parameterized by say
0) under which the B matrix is defined. To achieve an identity
encoding that is invariant to the transformation, there are two
possible ways. One way is to inverse-warp the observation y
from the transformation condition 0 to the canonical
condition 0 and the other way is to warp the basis matrix B
from the canonical condition 0 to the transformation
condition 0. In practice, inverse-warping is typically difficult.
For example, we cannot easily warp an off-frontal view to a
frontal view without explicit 3D depth information that is
unavailable. Hence, we follow the second approach, which is
also known as analysis-by-synthesis approach. We denote the
basis matrix under the transformation condition 0 by B0.

1. Subspace identity encoding--Invariant to localization,
illumination, and pose: The localization parameter, denoted
by e, includes the face location, scale and in-plane rotation.
Typically, an affine transformation is used. We absorb the
localization parameter e in the observation using T{y; e},
where the T{.; e} is a localization operator, cropping the
region of interest and normalizing it to match with the size of
the basis.
The illumination parameter, denoted by ~., is a vector
specifying the illuminant direction (and intensity if required).
The pose parameter, denoted by v, is a continuous-valued
random variable. However, practical systems [8, 17] often
discretize this due to the difficulty in handling 3D to 2D
projection. Suppose the quantized pose set is {1, 2 . . . . . V}. To
achieve pose invariance, we concatenate all the images [17, 67]
{yl, y2 . . . . . yV} under all the views and a fixed illumination X
to form a very long vector yX _ [yl,X, y2,X ..... yV,~.]T. To
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further achieve invariance to illuminations, we invoke the
Lambertian reflectance model, ignoring the shadow pixels.
Now, k is actually a 3D vector describing the illuminant.
We now follow [67] to derive a bilinear algorithm that is
summarized as follows.
Because all yV's are illuminated by the same X, the
Lambertian model gives,

yX = WX.

(20)

Following [66], we assume that
m

W- Z

°ziwi'

(21)

°ziwi~"

(22)

i=1

and we have
m

yX _ 2
i=1

where W/'s are illumination-invariant bilinear basis and
ot = [or1, ot2. . . . . Otto]T provides an illuminant-invariant identity signature. The bilinear basis can be easily learned as
shown in [15, 66]. Thus, c~ is also pose-invariant because,
for a given view v, we take the part in Y corresponding to
this view and still have
m

Yx'~ - Z

°ziw~'x'

(23)

i=1

where W~' take the part in W i corresponding to view v.
In summary, the basis matrix B0 for 0 = (e, ~, v) with e
absorbed in y is expressed as Bx,v -[WT)~, Wzk . . . . . W~,k].
We focus on the following likelihood:
p(yl0) - p(yle, X, v, or) - zx,~,~-aexp{-D(T{y; e}, Bx,va)},
(24)
where D(y, B0c0 is some distance measure and zx,~,,~ is
the so-called partition function, which plays a normalization
role. In particular, if we take D as
9(T{y; e}, Bavot)= (T{y; ~ } - Bx,~ot)TE-l(T{y; e } - Bx,vo0/2,

(25)
with a given E (say Z = o ' 2 I where I is an identity matrix),
then (24) becomes a multivariate Gaussian and the partition
function zx,v,~ does not depend on the parameters any more.
However, even though (24) is a multivariate Gaussian, the
posterior distribution P(oelYl:N) is no longer Gaussian.
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2. Experimental results: We use a portion of the "ilium" subset
of the PIE database [52]. This part includes 68 subject under
12 lighting sources and at nine poses. In total, we have
68 x 12 x 9 = 7344 images. Figure 3 displays one PIE object
under illumination and pose variations.
We randomly divide the 68 subjects into two parts. The first
34 subjects are used in the training set and the remaining 34
subjects are used in the gallery and probe sets. It is guaranteed
that there is no identity overlap among the training, gallery,
and probe sets.
During training, the images are prepreprocessed by
aligning the eyes and mouth to desired positions. No flow
computation is carried on for further alignment. After the
preprocessing step, the face image is of size 48 x 40, (i.e.,
d = 48 x 40 = 1920). Also, we only study gray images by
taking the average of the red, green, and blue channels of their
color versions.
The training set is used to learn the basis matrix B0 or the
bilinear basis Wi's. As mentioned before, 0 includes the
illumination direction X and the view pose v, where k is a
continuous-valued random vector and v is a discrete random
variable taking values in {1, 2 . . . . . V} with p = 9.
The images belonging to the remaining 34 subjects are used
as gallery and probe sets. To form a gallery set of the 34
subjects, for each subject, we use an I-group of 12 images
under all the illuminations under one pose Vp (e.g., one row of
Figure 3); to form a probe set, we use I-groups under the other
pose vg. We mainly concentrate on the case with vp # vg.
Thus, we have 9 x 8 - 72 tests, with each test giving rise to a
recognition score. The 1-NN (nearest neighbor) rule is applied
to find the identity for a probe I-group.
During testing, we no longer use the preprocessed images
and therefore the unknown transformation parameter
includes the affine localization parameter, the light direction,
and the discrete pose. The prior distribution p(et) is assumed
to be Gaussian, whose mean is found by a background
subtraction algorithm and whose covariance matrix is
manually specified. Numeric computation is conducted as in
[68]. The metric k(., .) actually used in our experiments is the
correlation coefficient:

k(x, y) = {(xTy)2}/{(XTX)(yTy)}.

(26)

Figure 5 shows the marginal posterior distribution of the
first element c~1 of the identity variable a, i.e., p(a 1]Yl:T), with
different T's. From Fig. 5, we notice that (a) the posterior
probability p(c~llYl:T) has two modes, which might fail those
algorithms using the point estimate, and (b) it becomes more
peaked and tightly supported as N increases, which empirically
supports the asymptotic behavior mentioned in Section 2.1.
Figure 6 shows the recognition rates for all the 72 tests. In
general, when the poses of the gallery and probe sets are far
apart, the recognition rates decrease. The best gallery sets for
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FIGURE 5 The posterior distributions p(otl[yl:r) with different T's: A: p(allYl); B: p(~llYl:6); and C: p(allYl:12),
and D: the posterior distribution p(v[yl:12 ). Notice that p(al [Yl:T) has two modes and becomes more peaked as T
increases.

recognition are those in frontal poses and the worst gallery sets
are those in profile views.
For comparison, Table 2 shows the average recognition
rates for four different methods: our two probabilistic
approaches using ]~ and ]~, respectively, the PCA approach
[54], and the statistical approach [48] using the Kullback (KL)
distance. When implementing the PCA approach, we learned a
generic face subspace from all the training images, stripping
their illumination and pose conditions; while implementing
the KL approach, we fit a Gaussian density on every I-group
and the learning set is not used. Our approaches significantly
outperform the other two approaches due to transformationinvariant subspace modeling. The KL approach [48] performs
even worse than the PCA approach simply because no
illumination and pose learning is used in the KL approach
while the PCA approach has a learning algorithm based on
image ensembles taken under different illuminations and
poses (though this specific information is stripped).
As mentioned in Section 2.1, we can infer the transformation parameters using the posterior probability p(0lYl:T).
Figure 5 also shows the obtained p(U[YX:12 ) for one probe
I-group. In this case, the actual pose is v = 5 (i.e., camera c27),
which has the maximum probability in Fig. 5(D). Similarly,
we can find an estimate for e, which is quite accurate as the
background subtraction algorithm already provides a clean
position.

3.2 Face Recognition from a Video Sequence
Face recognition from a video inevitably requires solving
tracking and recognition tasks. Visual tracking models the
interffame appearance differences and visual recognition
models the appearance differences between the video flames
and gallery images. Simultaneous tracking and recognition
[64, 65] provide a mechanism of jointly modeling interframe
appearance differences and the appearance differences between
video flames and gallery images. Here we focus on the case
when the identity variable is discrete. In addition, we assume
that the gallery set consists of images {hi, h2 . . . . . ['IN} , with
each ha for the ath individual.

1. Simultaneous tracking and recognition: It is easy to show that
the derivation of probabilistic identity characterization is
equivalent to a time series state-space model consisting of the
following three components: the motion transition equation,
the identity equation, and the observation likelihood. This
defines the recognition task as a statistical inference problem,
which can be solved using particle filters. We briefly review the
state-space model.
Motion transition equation: In its most general form, the
motion model can be written as
Ot - -

g ( 0 t - 1 , Ut);

t >_ 1,

(27)
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component approach [54]. D: T h e KL approach. Notice the different ranges of values for different methods and the
diagonal entries should be ignored.

TABLE 2 Recognition rates of different methods
Method
Rec. Rate (top 1)
Rec. Rate (top 3)
KL . . . . • PCA,

k

]~

PCA

KL [48]

82%
94%

76%
91%

36%
56%

6%
25%

In practice, one may assume a small transition probability
between identity variables to increase the robustness.

Observation likelihood: In the simplest form, we assume
that the transformed observation is a noise-corrupted version
of some still template in the gallery, for example

principal component approach; Rec., recognition.

zt-T{yt;0t}-ha,+vt,
where ut is noise in the motion model, whose distribution
determines the motion state transition probability P(Ot[Ot-x).
The function g(., .) characterizes the evolving motion and it
could be a function learned offline or given a priori. One of
the simplest choice is an additive function (i.e., OrOr-1 + ut).
The choice of Ot is application dependent. The affine
motion parameter is often used when there is no significant
pose variation in the video sequence. However, if a 3D face
model is used, 3D motion parameters should be used
accordingly. In the experiments presented below, we set 0t as
the affine motion parameter and g(., .) as the additive
function.

Identity equation: Assuming that the identity does not
change as time proceeds, we have
at -- at-l,

t >

1.

(28)

t>l,

(29)

where vt is the observation noise at time t, whose distribution
determines the likelihood p(Yt[ott, Ot).

Particle filter for solving the model: We assume statistical
independence between all noise variables and prior knowledge
on the distributions p(00) and p(c~0) (uniform prior in fact).
Given this model, our goal is to compute the posterior
p r o b a b i l i t y p(o/t[Yl:t). It is in fact a probability mass function
(PMF) because at only takes values from A/" = {1, 2 . . . . . N},
as well as a marginal probability of p(ott, Ot[gl:t), which is a
mixed-type distribution. Therefore, the problem is reduced to
computing the posterior probability.
Since the model is nonlinear and non-Gaussian in nature,
there is no analytic solution. We invoke a particle filter
[10, 20, 24, 34] to provide numeric approximations to the
posterior distribution p(ott, Ot[Yl:t). ALSO, for this mixed-type
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FIGURE 7 A: The face gallery with image size being 30 x 26. B-E: Four example frames in one probe video with
image size being 720 x 480 while the actual face size ranges approximately from 20 x 20 in the first frame to 60 x 60 in
the last frame. Notice the significant illumination variations between the probe and the gallery.

distribution, we can greatly improve the computational load
by judiciously utilizing the discrete nature of the identity
variable as in [64]. We [64] also theoretically justified the
evolving behavior of the recognition density P(C~tlYl:t) under a
weak assumption.

2. Experimental Results: In the experiments presented in the
following section, we use video sequences with subjects
walking in a slant path toward the camera. There is 30
subjects, each having one face template. There is one face
gallery and one probe set. The face gallery is shown in
Fig. 7. The probe contains 30 video sequences, one for each
subject. Figure 7 gives some example frames extracted from
one probe video. As far as the imaging conditions are
concerned, the gallery is very different from the probe,
especially in lighting. This is similar to the "fc" test protocol of
the FERET test [45]. These images/videos were collected, as
part of the HumanlD project, by researchers in National
Institute of Standards and Technology and University of
South Florida.

Case 1: Tracking and recognition using Laplacian density: We
first investigate the performance under the following setting:
We use an affine motion parameter, a time-invariant firstorder Markov Gaussian motion transition model, and a
"truncated" Laplacian observation likelihood as follows.
Pl(Ytlat, Or) = LAP(IIT{yt; Or} - h~,ll;

where, II.II is sum of absolute distance,

O'1, "C1)

(30)

(7"1 and ~1 a r e manually

specified, and
LAP(x; o',

V) -- [ lcr-1 exp(--x/cr)
/ o'- 1 exp(--'c)

if x < ra
(31)
zyxwvutsrqponmlkjihg

otherwise

The recognition decision is based on (10). Table 3 shows
that the recognition rate is very poor, only 13% of the time the
top match is the correct match. The main reason is that
the "truncated" Laplacian density is far from sufficient to
capture the appearance difference between the probe and
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TABLE 3 Algorithm performances for five cases
Case

Case 1

Case 2

Case 3

Case 4

Case 5

Tracking accuracy
Recognition w/in
top 1 match
Recognition w/in
top 3 matches

83%
13%

87%
NA

93%
83%

100%
93%

NA
57%

43%

NA

97%

100%

83%

NA, Not applicable.

the gallery, thereby indicating a need for improved appearance
modeling. Nevertheless, the tracking accuracy I is reasonable with 83% successfully tracked because we are using
multiple face templates in the gallery to track the specific face
in the probe video. After all, faces in both the gallery and the
probe sets belong to the same class of human face and it seems
that the appearance change is within the class range.

Case 2: Pure tracking using Laplacian density: In

Case 2, we
measure the appearance change within the probe video as well
as the noise in the background. To this end, we introduce a
dummy template To, a cut version in the first frame of the
video. Define the observation likelihood for tracking as

P2(YtlOt) = LAP(IIT{Yt;

Ot} - Toll;

a2, r2),

(32)

where a2 and r2 are set manually. The other setting, such as
motion parameter and model, is the same as in Case 1. We still
can run the particle filter algorithm to perform pure tracking.
Table 3 shows that 87% are successfully tracked by this
simple tracking model, which implies that the appearance
within the video remains similar. Figure 8A shows the
posterior probability p(ottlYl:t) for the video sequence in
Fig. 7. Starting from uniform p(c~0)= N -1, the posterior
probability for the correct identity approaches one as time
proceeds, and all others decrease to zero. This evolving
behavior is characterized by the notion of entropy as shown in
Fig. 8B. Also, the tracking results, inferred from p(OtlYl:t), are
illustrated in Fig. 7.

Case 3: Tracking and recognition using probabilistic subspace
density: As mentioned in Case 1, we need a new appearance
model to improve the recognition accuracy. We use the
approach suggested by Moghaddam et al. [39] due to its
computational efficiency and high recognition accuracy.
However, in our implementation, we model only intrapersonal variations instead of both intra/extra-personal
variations for simplicity.
1We inspect the tracking results by imposing the minimum mean squared
density motion estimate on the final frame as shown in Figure 7 and determine
if tracking is successful or not for this sequence. This is done for all sequence
and tracking accuracy is defined as the ratio of the number of sequences
successfully tracked to the total of all sequence.

We need at least two facial images for one identity to
construct the intrapersonal space (IPS). Apart from the
available gallery, we crop out the second image from the
video ensuring no overlap with the frames actually used in
probe videos. Figure 9A shows a list of such images. Compare
with Fig. 7 to see how the illumination varies between the
gallery and the probe.
We then fit a probabilistic subspace density [39] on top of
the IPS. It proceeds as follows: A regular PCA is performed for
the IPS. Suppose the eigensystem for the IPS is {(~.i, ei)}ia__l,
where d is the number of pixels and )~1 >_... > )~a. Only
top s principal components corresponding to the top s eigenvalues are then kept while the residual components are
considered as isotropic. We refer the reader to the original
paper [39] for full details. Figure 9(B) show the eigenvectors
for the IPS. The density is written as follows:

{ exp(--1/2 y~=l XZ/~.i) } { exp(--E-Z/2P) }
QIps(X) -

(2zr)S/2 l_i~=lk)/2

(2zrpl(a_s)/2

,

(33)

where yi - e / x for i - 1, 2 . . . . . s is the ith principal component of x, E2 - ][x[I2 - ~ = l y 2 is the reconstruction error,
d
and p - (Y~i=s+x ~.i)/(d-q). It is easy to write the likelihood as follows:

P3(Ytlat, 8t) = O.zps(T{Yt; 0t} - ho,,).

(43)

Table 3 lists the performance by using this new likelihood
measurement. It turns out that the performance is significantly better that in Case 1, with 93% tracked successfully and
83% recognized as the top 1 match. If we consider the top
three matches, 97% are correctly identified.

Case 4: Tracking and recognition using combined density:
In Case 2, we have studied appearance changes within a video
sequence. In Case 3, we have studied the appearance change
between the gallery and the probe. In Case 4, we attempt to
take advantage of both cases by introducing a combined
likelihood defined as follows:

p4(Ytl~t, Or) = p3(Ytl~t, Ot)P2(Yt[Ot)

(35)

Again, all other setting is as in Case 1. We now obtain the best
performance so far: no tracking error, 93% are correctly
recognized as the first match, and no error in recognition is
seen when the top three matches are considered.

Case 5: Still-to-still face recognition: To make a comparison,
we also performed an experiment on still-to-still face recognition. We selected the probe video frames with the best
frontal face view (i.e., biggest frontal view) and cropped out
the facial region by normalizing with respect to the eye coordinates manually specified. This collection of images is
shown in Fig. 9C and it is fed as probes into a still-to-still
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FIGURE 9
A: The second facial images for training probabilistic density. B:
The top-ten eigenvectors for the intrapersonal space. C: The facial images
cropped out from the largest frontal view.

face recognition system with the learned probabilistic
subspace as in Case 3. It turns out that the recognition
result is 57% correct for the t o p - o n e match, and 83% for the
top three matches. The cumulative m a t c h curves for Case 1
and Cases 3-5 are presented in Fig. 8C. Clearly, Case 4
is the best. We also i m p l e m e n t e d the original algorithm by
M o g h a d d a m et al. [39] (i.e., b o t h intra-extrapersonal variations are considered, the recognition rate is similar to that
obtained in Case 5).

4 Conclusions
The chapter presented a hierarchic framework for face pattern
and face recognition theory. C u r r e n t face recognition

approaches are classified according to their placements in
this framework. We then p r o p o s e d a unified framework in
which m a n y approaches can be cast. Two instances were given
to as examples of the framework: one on recognition from
groups of still images u n d e r variations and the other on
recognition from video sequences within which tracking and
recognition interacts.
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Mgorithms developed by the author for recognizing persons
by their iris patterns have now been tested in many field
deployments, producing no false matches in millions of iris
comparisons. The recognition principle is the failure of a test
of statistical independence on iris phase structure, as encoded
by multi-scale quadrature Gabor wavelets. The combinatorial
complexity of this phase information across different persons
spans about 249 degrees of freedom and generates a discrimination entropy of about 3.2 bits/mm 2 over the iris, enabling
real-time decisions about personal identity with extremely
high confidence. These high confidence levels are important
because they allow very large databases on even a national
scale to be searched exhaustively (one-to-many "identification
mode"), without making false matches, despite so many
chances. Biometrics that lack this property can only survive
one-to-one ("verification") or few comparisons. This chapter
explains the iris recognition algorithms, and presents results
of 9.1 million comparisons among eye images from trials in
the United Kingdom, the United States, Japan, and Korea.

1 Introduction
Reliable automatic recognition of persons has long been an
attractive goal. As in all pattern recognition problems, the
Copyright © 2004 IEEE. Reprinted, with permission, from IEEE Trans.
Circuits and Systems for Video Technology, 14: 1, 21-30.

key issue is the relation between interclass and intraclass
variability: Objects can be reliably classified only if the
variation among different instances of a given class is less
than the variation between different classes. For example in
face recognition, difficulties arise from the fact that the face
is a changeable social organ displaying a variety of expressions, as well as being an active three-dimensional (3D) object
whose image varies with viewing angle, pose, illumination,
accoutrements, and age [1, 2]. It has been shown that for "mug
shot" images taken at least 1 year apart, even the best current
algorithms can have error rates of 43% to 50% [14-16].
Against this intraclass (same face) variation, interclass variation is limited because different faces possess the same basic
set of features, in the same canonical geometry.
Following the fundamental principle that interclass variation should be larger than intraclass variation, iris patterns
offer a powerful alternative approach to reliable visual recognition of persons when imaging can be done at distances of
less than a meter, and especially when there is a need to search
very large databases without incurring any false matches
despite a huge number of possibilities. Mthough small
(11 mm) and sometimes problematic to image, the iris has
the great mathematic advantage that its pattern variability
among different persons is enormous. In addition, as an
internal (yet externally visible) organ of the eye, the iris is well
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protected from the environment, and stable over time. As a
planar object its image is relatively insensitive to angle of
illumination, and changes in viewing angle cause only affine
transformations; even the nonaffine pattern distortion caused
by pupillary dilation is readily reversible in the image coding
stage. Finally, the ease of localizing eyes in faces, and the
distinctive annular shape of the iris, facilitate reliable and
precise isolation of this feature and the creation of a sizeinvariant representation.
The iris begins to form in the third month of gestation [13]
and the structures creating its pattern are largely complete by
the eighth month, although pigment accretion can continue
into the first postnatal years. Its complex pattern can contain
many distinctive features such as arching ligaments, furrows,
ridges, crypts, rings, corona, freckles, and a zigzag collarette,
some of which may be seen in Fig. 1. Iris color is
determined mainly by the density of melanin pigment [4] in its
anterior layer and stroma, with blue irises resulting from an
absence of pigment: long wavelength light penetrates while
shorter wavelengths are scattered by the stroma. The striated
trabecular meshwork of elastic pectinate ligament creates the
predominant texture under visible light, whereas in the near
infrared (NIR) wavelengths used for unobtrusive imaging at

FIGURE 1 Examplesof human iris patterns, imagedmonochromaticallyat a
distance of about 35 cm. The outline overlaysshowthe results of the iris and
pupil localization and eyelid detection steps. The bit streams pictured are the
result of demodulationwith complex-valuedtwo-dimensionalGabor wavelets
(2) to encode the phase sequence of each iris pattern.
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distances of up to 1 m, deeper and somewhat more slowly
modulated stromal features dominate the iris pattern. In NIR
wavelengths, even darkly pigmented irises reveal rich and
complex features.
The author's algorithms [8-10] for encoding and recognizing iris patterns have been the executable software used in all
iris recognition systems so far deployed commercially or in
tests, including those by British Telecom, NIST, TSA, Sandia
Labs, UK National Physical Lab, Panasonic, LG, Oki, EyeTicket,
IrisGuard, Sensar, Sarnoff, IBM, SchipholGroup, Siemens,
Byometric, Sagem, IriScan, and Iridian. All testing organizations have reported a false match rate of zero in their tests,
some of which involved millions of iris pairings. This chapter
explains how the algorithms work, and presents new data on
the statistical properties and singularity of iris patterns based
on 9.1 million comparisons. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSR

2 Finding an Iris in an Image
To capture the rich details of iris patterns, an imaging system
should resolve a minimum of 70 pixels in iris radius. In most
deployments of these algorithms to date, the resolved iris
radius has typically been 80 to 130 pixels. Monochrome video
cameras (480 x 640) have been used because NIR illumination
in the 700-nm to 900-nm band was required for imaging to be
unintrusive to humans. Some imaging platforms deployed a
wide-angle camera for coarse localization of eyes in faces, to
steer the optics of a narrow-angle pan/tilt camera that
acquired higher resolution images of eyes. There are many
alternative methods for finding and tracking facial features
such as the eyes, and this well-researched topic will not be
discussed further here. Most images in the present database
were acquired without active pan/tilt camera optics, instead
exploiting visual feedback via a mirror or video image to
enable cooperating subjects to position their own eyes within
the field of view of a single narrow-angle camera.
Image focus assessment is performed in real-time (faster
than video frame rate) by measuring spectral power in middle
and upper frequency bands of the two-dimensional (2D)
Fourier spectrum of each image frame and seeking to maximize
this quantity either by moving an active lens or by providing
audio feedback to subjects to adjust their range appropriately.
The video rate execution speed of focus assessment (i.e., within
15 msec) is achieved by using a bandpass 2D filter kernel
requiring only summation and differencing of pixels, and no
multiplications, within the 2D convolution necessary to estimate power in the selected 2D spectral bands. Details are
provided in Section 9.
Images passing a minimum focus criterion are then analyzed
to find the iris, with precise localization of its boundaries
using a coarse-to-fine strategy terminating in single-pixel
precision estimates of the center coordinates and radius of
both the iris and the pupil. Although the results of the iris
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search greatly constrain the pupil search, concentricity of these
boundaries cannot be assumed. Very often the pupil center is
nasal, and inferior, to the iris center. Its radius can range from
0.1 to 0.8 of the iris radius. Thus, all three parameters defining
the pupillary circle must be estimated separately from those
of the iris. A very effective integrodifferential operator for
determining these parameters is

Y) dsl
max(r,xo,ro) G~(r) • 3r3 ~ xo,ro I(x,
2yrr

(1)

where I(x, y) is an image such as Fig. 1 containing an eye. The
operator searches over the image domain (x,y) for the
maximum in the blurred partial derivative with respect to
increasing radius r, of the normalized contour integral of
I(x, y) along a circular arc ds of radius r and center coordinates
(Xo,Yo). The symbol . denotes convolution and G~(r) is a
smoothing function such as a Gaussian of scale a. The complete
operator behaves as a circular edge detector, blurred at a scale
set by a, searching iteratively for the maximal contour integral
derivative at successively finer scales of analysis through the
three parameter space of center coordinates and radius
(x0, y0, r) defining a path of contour integration.
The operator in (1) serves to find the pupillary boundary
and the outer (limbus) boundary of the iris, although the
initial search for the limbus also incorporates evidence of an
interior pupil to improve its robustness since the limbic
boundary itself usually has extremely soft contrast when longwavelength NIR illumination is used. Once the coarse-to-fine
iterative searches for both these boundaries have reached
single-pixel precision, then a similar approach to detecting
curvilinear edges is used to localize both the upper and lower
eyelid boundaries. The path of contour integration in (1) is
changed from circular to arcuate, with spline parameters fitted
by statistical estimation methods to model each eyelid boundary. Images with less than 50% of the iris visible between the
fitted eyelid splines are deemed inadequate (e.g., in blink).
The result of all these localization operations is the isolation of
iris tissue from other image regions, as illustrated in Fig. 1
by the graphic overlay on the eye.
Because pupils are generally not exactly round, the inner
boundary of the iris coordinate system should not be forced
to be a circle. Instead, once the approximate circular boundary has been determined, an active contour ("snake") is
allowed to deform into the true pupillary boundary by seeking equilibrium between internal (smoothness) and external
(edge data) "energy" terms. A general principle in modelbased computer vision is that where the data are strong,
weak constraints should be used, whereas strong constraints
should be used where the data are weak. For irises imaged in
infrared illumination as illustrated in Fig. 1, the outer
boundary of the iris with the sclera (the limbus) is often a
very weak signal, sometimes having only about 1% contrast.
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Such weak-edge data should be localized under the strong
constraint that this contour will be a circle. But the pupillary
boundary offers such strong edge data of high contrast that it
can be determined reliably with weak constraints, and so an
active snake with only weak smoothness constraints is allowed
to fit its true contour for setting the inner boundary of the
pseudo-polar coordinate system. zyxwvutsrqponmlkjihgfedcbaZYXWV

3 Iris Feature Encoding by
Two-Dimensional
Wavelet Demodulation
Each isolated iris pattern is then demodulated to extract
its phase information using quadrature 2D Gabor wavelets
[6, 7, 11]. This encoding process is illustrated in Fig. 2.
It amounts to a patch-wise phase quantization of the iris
pattern, by identifying in which quadrant of the complex
plane each resultant phasor lies when a given area of the iris is
projected onto complex-valued 2D Gabor wavelets:

h{Re,,m}--sgn{Re,imj~fI(p, dp)e-k°(O°-cb)
. e-(ro - p)2 / or2 e - ( Oo-4, )2 / ~2

pd pd~

(2)

where h{Re,Im} can be regarded as a complex-valued bit whose
real and imaginary parts are either 1 or 0 (sgn) depending on
the sign of the 2D integral; I(p, 4)) is the raw iris image in a
dimensionless polar coordinate system that is size- and
translation-invariant, and also corrects for pupil dilation as
Phase-Quadrant Demodulation Code

FIGURE 2 The phase demodulation process used to encode iris patterns.
Local regions of an iris are projected (2) onto quadrature two-dimensional
(2D) Gabor wavelets, generating complex-valued coefficients whose real and
imaginary parts specifythe coordinates of a phasor in the complex plane. The
angle of each phasor is quantized to one of the four quadrants, setting two bits
of phase information. This process is repeated all across the iris with many
wavelet sizes, frequencies, and orientations, to extract 2,048 bits.
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explained in a later section; ot and fl are the multiscale 2D
wavelet size parameters, spanning an 8-fold range from 0.15 to
1.2 mm on the iris; co is wavelet frequency, spanning three
octaves in inverse proportion to fl; and (r0, 00) represent the
polar coordinates of each region of iris for which the phasor
coordinates h{Re,im} a r e computed. Such phase quadrant
coding sequences are illustrated for two irises by the bit
streams shown graphically in Fig. 1. A desirable feature of
the phase code definition given in Fig. 2 is that it is a cyclic,
or gray code: In rotating between any adjacent phase quadrants, only a single bit changes, unlike a binary code in which
two bits may change, making some errors arbitrarily more
costly than others. Altogether 2,048 such phase bits (256 bytes)
are computed for each iris, but in a major improvement over
the author's earlier [8] algorithms, now an equal number of
masking bits are also computed to signify whether any iris
region is obscured by eyelids; contains any eyelash occlusions,
specular reflections, boundary artifacts of hard contact lenses,
or poor signal-to-noise ratio and thus should be ignored in the
demodulation code as artifact.
The 2D Gabor wavelets were chosen for the extraction of
iris information because of the nice optimality properties of
these wavelets. Following the Heisenberg uncertainty principle
as it applies generally to mathematic functions, filters that
are well localized in frequency are poorly localized in space
(or time), and vice versa. The 2D Gabor wavelets have the
maximal joint resolution in the two domains simultaneously
[6, 7], which means that both "what" and "where" information about iris features is extracted with optimal simultaneous
resolution. A further nice property of 2D Gabor wavelets is
that because they are complex-valued, they allow the definition
and assignment of phase variables to any point in the image.
Only phase information is used for recognizing irises
because amplitude information is not very discriminating, and
it depends upon extraneous factors such as imaging contrast,
illumination, and camera gain. The phase bit settings which
code the sequence of projection quadrants as shown in Fig. 2
capture the information of wavelet zero-crossings, as is clear
from the sign operator in (2). The extraction of phase has the
further advantage that phase angles remain defined regardless
of how poor the image contrast may be, as illustrated by the
extremely out-of-focus image in Fig. 3. Its phase bit stream
has statistical properties such as run lengths similar to those
of the codes for the properly focused eye images in Fig. 1.
(Fig. 3 also illustrates the robustness of the iris- and pupilfinding operators, and the eyelid detection operators, despite
poor focus.) The benefit which arises from the fact that phase
bits are set also for a poorly focused image as shown here, even
if based only on random CCD thermal noise, is that different
poorly focused irises never become confused with each other
when their phase codes are compared. By contrast, images of
different faces look increasingly alike when poorly resolved,
and can be confused with each other by appearance-based face
recognition algorithms.
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FIGURE 3 Illustrationthat even for poorlyfocused eye images, the bits of a
demodulation phase sequence are still set, primarily by random CCD noise.
This prevents poorly focused eye images from being falselymatched, as they
may be in amplitude-based representations. zyxwvutsrqponmlkjihgfedcbaZYXW

4 The Test of Statistical Independence:
Combinatorics of Phase Sequences
The key to iris recognition is the failure of a test of statistical
independence, which involves so many degrees of freedom
that this test is virtually guaranteed to be passed whenever the
phase codes for two different eyes are compared, but to be
uniquely failed when any eye's phase code is compared with
another version of itself.
The test of statistical independence is implemented by the
simple Boolean Exclusive-OR operator (XOR) applied to the
2,048 bit phase vectors that encode any two iris patterns,
masked (AND'ed) by both of their corresponding mask bit
vectors to prevent noniris artifacts from influencing iris comparisons. The XOR operator @ detects disagreement between
any corresponding pair of bits, while the AND operator
ensures that the compared bits are both deemed to have been
uncorrupted by eyelashes, eyelids, specular reflections, or other
noise. The norms (11 II) of the resultant bit vector and of the
AND'ed mask vectors are then measured in order to compute
a fractional hamming distance (HD) as the measure of
the dissimilarity between any two irises, whose two phase code
bit vectors are denoted {codeA, codeB} and whose mask bit
vectors are denoted {maskA, maskB}:
HD = ][(codeA(~ codeB) ]'1 maskA ~ maskBJ]
]]maskA ("1 maskB]l

(3)

The denominator tallies the total number of phase bits that
mattered in iris comparisons after artifacts such as eyelashes
and specular reflections were discounted, so the resulting HD
is a fractional measure of dissimilarity; 0 would represent a
perfect match. The Boolean operators ® and ~ are applied in
vector form to binary strings of length up to the word length
of the Computer Processing Unit (CPU), as a single machine
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instruction. Thus for example on an ordinary 32-bit machine,
any two integers between 0 and 4 billion can be XOR'ed in a
single machine instruction to generate a third such integer,
each of whose bits in a binary expansion is the XOR of the
corresponding pair of bits of the original two integers. This
implementation of (3) in parallel 32-bit chunks enables
extremely rapid comparisons of iris codes when searching
through a large database to find a match. On a 300-MHz CPU,
such exhaustive searches are performed at a rate of about
100,000 irises per second; on a 3-GHz server, about a million
iris comparisons can be performed per second.
Because any given bit in the phase code for an iris is equally
likely to be 1 or 0, and different irises are uncorrelated, the
expected proportion of agreeing bits between the codes for
two different irises is HD =0.500. The histogram in Fig. 4
shows the distribution of HDs obtained from 9.1 million
comparisons between different pairings of iris images acquired
by licensees of these algorithms in the United Kingdom, the
United States, Japan, and Korea. There were 4,258 different
iris images, including ten each of one subset of 70 eyes.
Excluding those duplicates of (700 x 9) same-eye comparisons, and not double-counting pairs, and not comparing any
image with itself, the total number of unique pairings between
different eye images whose HDs could be computed was
[(4,258 x 4,257 - 700 x 9)/2] =9,060,003. Their observed
mean HD was p = 0 . 4 9 9 with standard deviation ~r =
0.0317; their full distribution in Fig. 4 corresponds to a
binomial having N = p(1 - p ) / r y 2 --- 249 dr,, as shown by the
solid curve. The extremely close fit of the theoretical binomial
to the observed distribution is a consequence of the fact that
each comparison between two phase code bits from two
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different irises is essentially a Bernoulli trial, albeit with
correlations between successive "coin tosses."
In the phase code for any given iris, only small subsets of
bits are mutually independent due to the internal correlations,
especially radial, within an iris. (If all N - - 2 0 4 8 phase bits
were independent, then the distribution in Fig. 4 would be
very much sharper, with an expected standard deviation of
only v / P ( 1 - p ) / N - 0.011 and so the HD interval between
0.49 and 0.51 would contain most of the distribution.)
Bernoulli trials that are correlated [18] remain binomially
distributed but with a reduction in N, the effective number of
tosses, and hence an increase in the cr of the normalized HD
distribution. The form and width of the HD distribution in
Fig. 4 tell us that the amount of difference between the
phase codes for different irises is distributed equivalently to
runs of 249 tosses of a fair coin (Bernoulli trials with p -- 0.5,
N = 249). Expressing this variation as a discrimination
entropy [5] and using typical iris and pupil diameters of
11 and 5 mm, respectively, the observed amount of statistical
variability among different iris patterns corresponds to an
information density of about 3.2 bits/mm 2 on the iris.
The theoretical binomial distribution plotted as the solid
curve in Fig. 4 has the fractional functional form

f (x) --

N~

m!(N

m)!

pm(1 --p)(N-m)

(4)

where N -- 249, p = 0.5, and x = m / N is the outcome fraction of N Bernoulli trials (e.g., coin tosses that are "heads" in
each run). In our case, x is the HD, the fraction of phase bits
that happen to agree when two different irises are compared.
Binomial Distribution of IrisCode Hamming Distances
To validate such a statistical model we must also study the
behaviour of the tails, by examining quantile-quantile plots of
O
o
the observed cumulatives versus the theoretically predicted
cumulatives from 0 up to sequential points in the tail. Such a
tt3
Solid curve: binomial PDF,
"Q-Q" plot is given in Fig. 5. The straight line relationship
N=249 degrees-of-freedom,
reveals very precise agreement between model and data, over a
p=0.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9,060,003 different iris
range of more than three orders of magnitude. It is clear from
comparisons
Figs.
4 and 5 that it is extremely improbable that two different
o
irises
might disagree by chance in fewer than at least a third of
mean = 0.499,
their
bits.
(Of the 9.1 million iris comparisons plotted in the
stnd.dev. = 0.0317
min = 0.334, max = 0.664
histogram of Fig. 4, the smallest HD observed was 0.334.)
Computing the cumulative of fix) from 0 to 0.333 indicates
All bits
~llllllllllllllllllllllh
All bits
that
the probability of such an event is about 1 in 16 million.
agree
disagree
I
The cumulative from 0 to just 0.300 is 1 in 10 billion. Thus,
even the observation of a relatively poor degree of match
0.'0 0:1
0'.2 6.3
6.4 0'.5 6.6 0'.7 6.8 6.9
1'.0
between the phase codes for two different iris images (say,
Hamming Distance
70% agreement or HD=0.300) would still provide extraFIGURE 4 Distribution of hamming distances from all 9.1 million possible
ordinarily compelling evidence of identity, because the test of
comparisons between different pairs of irises in the database. The histogram
statistical independence is still failed so convincingly.
forms a perfect binomial distribution with p = 0.5 and N = 249 degrees-ofI also compared genetically identical eyes in the same
freedom, as shown by the solid curve (4). The data implies that it is extremely
improbable for two different irises to disagree in less than about a third of
manner, in order to discover the degree to which their textural
their phase information.
patterns were correlated and hence genetically determined.
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Genetically Identical Eyes Have Uncorrelated IrisCodes zyxwvutsrqpon
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FIGURE 6 Distribution of hamming distances between genetically identical
FIGURE 5 Quantile-quantile plot of the observed cumulatives under the left irises, in 648 paired eyes from 324 persons. The data are statistically
tail of the histogram in Fig. 4 versus the predicted binomial cumulatives. The indistinguishable from that shown in Fig. 4 comparing unrelated irises. Unlike
eye color, the phase structure of iris patterns therefore appears to be
close agreement over several orders of magnitude strongly confirms the
epigenetic, arising from random events and circumstances in the morphobinomial model for phase bit comparisons between different irises. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
genesis of this tissue.

A convenient source of genetically identical irises are the right
and left pair from any given person; such pairs have the same
genetic relationship as the four irises of monozygotic twins, or
indeed the prospective 2N irises of N clones. Although eye
colour is of course strongly determined genetically, as is
overall iris appearance, the detailed patterns of genetically
identical irises appear to be as uncorrelated as they are among
unrelated eyes. Using the same methods as described above,
648 right/left iris pairs from 324 persons were compared
pairwise. Their mean HD was 0.497 with a standard deviation
of 0.031, and their distribution (Fig. 6) was statistically
indistinguishable from the distribution for unrelated eyes
(Fig. 4). A set of six pairwise comparisons among the eyes of
actual monozygotic twins also yielded a result (mean
HD =0.507) expected for unrelated eyes. It appears that the
phenotypic random patterns visible in the human iris are
almost entirely epigenetic [12].

5 Recognizing Irises Regardless of
Size, Position, and Orientation
Robust representations for pattern recognition must be
invariant to changes in the size, position, and orientation of
the patterns. In the case of iris recognition, this means we
must create a representation that is invariant to the optical size
of the iris in the image (which depends upon the distance to
the eye, and the camera optical magnification factor); the size
of the pupil within the iris (which introduces a non-affine
pattern deformation); the location of the iris within the image;
and the iris orientation, which depends upon head tilt,

torsional eye rotation within its socket (cyclovergence), and
camera angles, compounded with imaging through pan/tilt
eye-finding mirrors that introduce additional image rotation
factors as a function of eye position, camera position, and
mirror angles. Fortunately, invariance to all of these factors
can readily be achieved.
For on-axis but possibly rotated iris images, it is natural to
use a projected pseudo polar coordinate system. The polar
coordinate grid is not necessarily concentric, since in most
eyes the pupil is not central in the iris; it is not unusual for its
nasal displacement to be as much as 15%. This coordinate
system can be described as doubly dimensionless: The polar
variable, angle, is inherently dimensionless, but in this case the
radial variable is also dimensionless, because it ranges from the
pupillary boundary to the limbus always as a unit interval
[0, 1]. The dilation and constriction of the elastic meshwork
of the iris when the pupil changes size is intrinsically modelled
by this coordinate system as the stretching of a homogeneous rubber sheet, having the topology of an annulus
anchored along its outer perimeter, with tension controlled
by an (off-centered) interior ring of variable radius.
The homogeneous rubber-sheet model assigns to each point
on the iris, regardless of its size and pupillary dilation, a pair of
real coordinates (r, 0) where r is on the unit interval [0, 1] and
0 is angle [0, 2zr]. This normalization, or remapping of the iris
image I(x,y) from raw cartesian coordinates (x,y) to the
dimensionless nonconcentric polar coordinate system (r,O)
can be represented as

I(x(r,

O),),(r,0)) ~ I(r, O)

(5)
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where x(r, O) and y(r, 0) are defined as linear combinations
of both the set of pupillary boundary points (xp(O), yp(O)) and
the set of limbus boundary points along the outer perimeter of
the iris (xs(O), ys(O)) bordering the sclera, both of which are
detected by finding the maximum of the operator (1).

unrotated distribution fo(X), is:
Fn(x) - - 1 - [ 1

and the expected
cumulative is
x(r, o) - (1 - r)xp(O) + rx,(O)

-

(10)

Fo(x)] n

density fn(X)

associated

with

this

(6)
d
fn(X) -- UX Fn(X)

y(r, O) -- (1 - r)yp(O) + rys(O)

Since the radial coordinate ranges from the iris inner
boundary to its outer boundary as a unit interval, it inherently
corrects for the elastic pattern deformation in the iris when the
pupil changes in size.
The localization of the iris and the coordinate system
described above achieve invariance to the 2D position and size
of the iris, and to the dilation of the pupil within the iris.
However, it would not be invariant to the orientation of the
iris within the image plane. The most efficient way to achieve
iris recognition with orientation invariance is not to rotate the
image itself using the Euler matrix, but rather to compute the iris phase code in a single canonical orientation and
then to compare this very compact representation at many
discrete orientations by cyclic scrolling of its angular variable.
The statistical consequences of seeking the best match after
numerous relative rotations of two iris codes are straightforward. Let fo(x) be the raw density distribution obtained for the
HDs between different irises after comparing them only in a
single relative orientation; for example, j~(x) might be the
binomial defined in (4). Then Fo(x), the cumulative of fo(X)
from 0 to x, becomes the probability of getting a false match in
such a test when using HD acceptance criterion x:

Fo(x) - fo x f o ( x l d x

= nfo(x)[1

(7)

(8)

d

fo(x) -- dx Fo(X)

(11)

Fo(X)] n-1

Each of the 9.1 million pairings of different iris images whose
HD distribution was shown in Fig. 4, was submitted
to further comparisons in each of seven relative orientations.
This generated 63 million HD outcomes, but in each group of
seven associated with any one pair of irises, only the best
match (smallest HD) was retained. The histogram of these
new 9.1 million best HDs is shown in Fig. 7. Since only
the smallest value in each group of seven samples was retained,
the new distribution is skewed and biased to a lower mean
value (HD =0.458), as expected from the theory of extreme
value sampling. The solid curve in Fig. 7 is a plot of (11),
incorporating (4) and (8) as its terms, and it shows an excellent
fit between theory (binomial extreme value sampling)
and data. The fact that the minimum HD observed in all
of these millions of rotated comparisons was about 0.33
illustrates the extreme improbability that the phase sequences
for two different irises might disagree in fewer than a third of
their bits. This suggests that to identify people by their iris
IrisCode Comparisons after Rotations: Best Matches

Solid curve: binomial
min value PDF,
249 degrees-of-freedom,
7 samples, p=0.5

9,060,003 different
iris comparisons

~
r...) ~

or, equivalently,

-

mean = 0.458,
stnd.dev. = 0.0196
min = 0.329, max = 0.546

All bits
All bits
agree zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJI
disagree

(9)
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Clearly, then, the probability of not making a false match
when using criterion x is 1 - Fo(x) after a single test, and it is
[1 -Fo(x)] n after carrying out n such tests independently at n
different relative orientations. It follows that the probability of
a false match after a "best of n" test of agreement, when using
HD criterion x, regardless of the actual form of the raw

FIGURE 7 Distribution of hamming distances for the same set of 9.1 million
comparisons shown in Fig. 4, but allowing for seven relative rotations and
preserving only the best match found for each pair. This "best of n" test skews
the distribution to the left and reduces its mean from about 0.5 to 0.458. The
solid curve is the theoretical prediction for such "extreme-value" sampling, as
described by (4) and (8) through ( 11 ).
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TABLE 1 Cumulatives under (11) giving single
false match probabilities for various HD criteria
,,,

Solid Curve: binomial
min value PDF,
249 degrees-of-freedom,
7 samples, p=0.5

Cumulatives:

¢Xl

10-54 10-30 10-14 100

I

0.0

t

I

HD Criterion

Odds of False Match

0.26
0.27
0.28
0.29
0.30
0.31
0.32
0.33
0.34
0.35

1 in
1 in
1 in
1 in
1 in
1 in
1 in
1 in
1 in
1 in

1013
1012
1011
13 billion
1.5 billion
185 million
26 million
4 million
690,000
133,000

011 012 013 0.4 015 016 0'.7 018 019 1'.0
Hamming Distance

The practical importance of the astronomic odds against a
false match when the match quality is better than about
HD _<0.32, as shown in Fig. 8 and in Table 1, is that such high
confidence levels allow very large databases to be searched
exhaustively without succumbing to any of the many
opportunities for suffering a false match. The requirements
of operating in one-to-many "identification" mode are vastly
patterns with high confidence, we need to demand only a very more demanding than operating merely in one-to-one
forgiving degree of match (say, HD _<0.32). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"verification" mode (in which an identity must first be
explicitly asserted, which is then verified in a yes/no decision
by comparison against just the single nominated template).
6 Uniqueness of Failing the Test of
If P1 is the false match probability for single one-to-one
verification
trials, then clearly PN, the probability of making at
Statistical Independence
least one false match when searching a database of N unrelated
The statistical data and theory presented in the previous section patterns, is

FIGURE 8 Calculatedcumulatives under the left tail of the distribution seen
in Fig. 7, up to sequential points, using the functional analysisdescribedby (4)
and (8) - (11). The extremely rapid attenuation of these cumulatives reflects
the binomial combinatorics that dominate (4). This accounts for the
astronomic confidence levels against a false match, when executing this test
of statistical independence.

show that we can perform iris recognition successfully just by
a test of statistical independence. Any two different irises are
statistically "guaranteed" to pass this test of independence;
and any two images that fail this test must be images of the
same iris. Thus, it is the unique failure of the test of independence, that is the basis for iris recognition.
It is informative to calculate the significance of any observed
HD matching score, in terms of the likelihood that it could
have arisen by chance from two different irises. These probabilities give a confidence level associated with any recognition
decision. Figure 8 shows the false match probabilities marked
off in cumulatives along the tail of the distribution presented
in Fig. 7 (same theoretical curve (11) as plotted in Fig. 7 and
with the justification presented in Figs. 4 and 5.) Table 1
enumerates false match probabilities, the cumulatives of (11),
as a more fine-grained function of HD decision criterion
between 0.26 and 0.35.
Calculation of the large factorial terms in (4) was done with
Stirling's approximation, which errs by less than 1% for n > 9:
1

n! -~ exp(n In(n) - n + ~ ln(2zrn))

(12)

PN = 1 -- (1 -- P1) N

(13)

because (1 - P1) is the probability of not making a false match
in single comparisons; this must happen N independent times;
and so ( 1 - Vl) N is the probability that such a false match
never occurs.
It is interesting to consider how a seemingly impressive
biometric one-to-one "verifier" would perform in exhaustive
search mode once databases become larger than about 100,
in view of (13). For example, a face recognition algorithm that
truly achieved 99.9% correct rejection when tested on nonidentical faces, hence making only 0.1% false matches, would
seem to be performing at a very impressive level because
it must confuse no more than 10% of all identical twin pairs
(since about 1% of all persons in the general population have
an identical twin). But even with its P1 --0.001, how good
would it be for searching large databases?
Using (13) we see that when the search database size has
reached merely N = 200 unrelated faces, the probability of at
least one false match among them is already 18%. When
the search database is just N - 2000 unrelated faces, the
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probability of at least one false match has reached 86%.
Clearly, identification is vastly more demanding than one-toone verification, and even for moderate database sizes, merely
same
ifferent
"good" verifiers are of no use as identifiers. Observing the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1
mean
=
0.0
mean - 0.456
approximation that PN~NP1 for small P1 <<~<<1, when
stnd.dev. = 0
nd.dev. = 0.020
searching a database of size N an identifier needs to be roughly
N times better than a verifier to achieve comparable odds
against making false matches.
The algorithms for iris recognition exploit the extremely
d'= 14.1
rapid attenuation of the HD distribution tail created by
482,600 comparisons
binomial combinatorics, to accommodate very large database
searches without suffering false matches. The HD threshold is
010 011 o'.2 o'.3 014 6.5 0'.6 017 o'.8 019 1'.0
adaptive, to maintain PN < 10-6 regardless of how large the
Hamming Distance
search database size N is. As Table 1 illustrates, this means that
if the search database contains 1 million different iris patterns, FIGURE 10 The decision environment for iris recognition under very
favorable conditions, using the same camera, distance, and lighting.
it is only necessary for the HD match criterion to adjust
downwards from 0.33 to 0.27 in order to maintain still a net
successfully performed. Such a dual distribution representafalse match probability of 10 -6 for the entire database.
tion of the decision problem may be called the "decision
environment," because it reveals the extent to which the two
cases (same versus different) are separable and thus how
7 Decision Environment for
reliably decisions can be made, since the overlap between the
Iris Recognition
two distributions determines the error rates.
Whereas Fig. 9 shows the decision environment under
The overall "decidability" of the task of recognizing persons less favourable conditions (images acquired by different
by their iris patterns is revealed by comparing the HD camera platforms), Fig. 10 shows the decision environment
distributions for same versus for different irises. The left under ideal (almost artificial) conditions. Subjects' eyes were
distribution in Fig. 9 shows the HDs computed between 7,070 imaged in a laboratory setting using the same camera with
different pairs of same-eye images at different times, under fixed zoom factor and at fixed distance, and with fixed
different conditions, and usually with different cameras; and illumination. Not surprisingly, more than half of such image
the right distribution gives the same 9.1 million comparisons comparisons achieved an HD of 0.00, and the average HD was
among different eyes shown earlier. To the degree that one can a mere 0.019. It is clear from comparing Figs. 9 and 10 that the
confidently decide whether an observed sample belongs to the "authentics" distribution for iris recognition (the similarity
left or the right distribution in Fig. 9, iris recognition can be between different images of the same eye, as shown in the leftside distributions), depends very strongly upon the image
Decision Environment for Iris Recognition: Non-Ideal Imaging
acquisition conditions. However, the measured similarity for
"imposters" (the right-side distribution) is almost completely
independent of imaging factors. Instead, it just reflects the
combinatorics of Bernoulli trials, as bits from independent
same
I different
binary sources (the phase codes for different irises) are
mean - 0.458
compared.
stnd.dev. = 0.0197
For two-choice decision tasks (e.g., same versus different),
such as biometric decision making, the "decidability" index d'
is one measure of how well separated the two distributions are,
since recognition errors would be caused by their overlap.
If their two means are #1 and #2, and their two standard
d' = 7.3
deviations are o1 and a2, then d' is defined as
2.3 million comparisons

t
0'.0

0'.1

0'.2

0'.3

0'.4 0'.5 016
Hamming Distance

d'=
6.7

0'.8
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i.O

FIGURE 9 The decision environment for iris recognition under relatively
unfavorable conditions, using images acquired at different distances, and by
different optical platforms.

I#1 - #21
V/(a 2 + ~2)/ 2

(14)

This measure of decidability is independent of how liberal or
conservative is the acceptance threshold used. Rather, by
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measuring separation, it reflects the degree to which any TABLE 2 Execution speeds of various stages in the iris recognition
improvement in (say) the false match error rate must be paid process on a 300-MHz RISC processor
for by a worsening of the failure-to-match error rate. The Operation
Time
performance of any biometric technology can be calibrated by
15 msec
its d' score, among other metrics. The measured decidability Assess image focus
Scrub
specular
reflections
56
msec
for iris recognition is d ' = 7.3 for the nonideal (crossed
Localize
eye
and
iris
90
msec
platform) conditions presented in Fig. 9, and it is d' -- 14.1 for
Fit pupillary boundary
12 msec
the ideal imaging conditions presented in Fig. 10.
Detect and fit both eyelids
93 msec
Based on the left-side distributions in Figs. 9 and 10,
Remove lashes and contact lens edges
78 msec
one could calculate a table of probabilities of failure to match, Demodulation and IrisCode creation
102 msec
as a function of HD match criterion, just as in Table 1 XOR comparison of two IrisCodes
10 msec
for false match probabilities based on the right-side distribution. However, such estimates may not be stable because the
"authentics" distributions depend strongly on the quality of the efficient implementation of the matching process in terms
imaging (e.g., motion blur, focus, noise, etc.) and would be of elementary Boolean operators ® and ~ acting in parallel
different for different optical platforms. As illustrated earlier on the computed phase bit sequences. If a database contained
by the badly defocused image of Fig. 3, phase bits are still set many millions of enrolled persons, then the inherent parallelrandomly with binomial statistics in poor imaging, and so the ism of the search process should be exploited for the sake of
right distribution is the stable asymptotic form both in the speed by dividing up the full database into smaller chunks to
case of well imaged irises (Fig. 10) and poorly imaged irises be searched in parallel. The confidence levels shown in Table 1
(Fig. 9). Imaging quality determines how much the same-iris indicate how the decision threshold should be adapted for
distribution evolves and migrates leftward, away from the each of these parallel search engines to ensure that no false
asymptotic different-iris distribution on the right. In any case, matches were made despite several large-scale searches being
we note that for the 7,070 same-iris comparisons shown in conducted independently. The mathematics of the iris
Fig. 9, their highest HD was 0.327, which is below the smallest recognition algorithms, particularly the binomial-class distriHD of 0.329 for the 9.1 million comparisons between different butions (4) (11) that they generate when comparing different
irises. Thus, a decision criterion slightly below 0.33 for the irises, make it clear that databases the size of an entire
empiric data sets shown can perfectly separate the dual country's population could be searched in parallel to
distributions. At this criterion, using the cumulatives of (11) make confident and rapid identification decisions using
as tabulated in Table 1, the theoretical false match probability parallel banks of inexpensive CPUs, if such iris code databases
existed.
is 1 in 4 million.
Notwithstanding this diversity among iris patterns and their
apparent singularity because of so many dimensions of random variation, their utility as a basis for automatic personal
9 Appendix: Two-Dimensional Focus
identification would depend upon their relative stability over
Assessment at the Video Frame Rate
time. There is a popular belief that the iris changes systematically with one's health or personality, and even that its
detailed features reveal the states of individual organs ("iridol- The acquisition of iris images in good focus is made difficult
ogy"); but such claims have been discredited (e.g., [3, 17]) as by the optical magnification requirements, the restrictions on
medical fraud. In any case, the recognition principle described illumination, and the target motion, distance, and size. All of
here is intrinsically tolerant of a large proportion of the iris these factors act to limit the possible depth of field of the
information being corrupted, say up to about a third, without optics, because they create a requirement for a lower F number
significantly impairing the inference of personal identity by to accommodate both the shorter integration time (to reduce
motion blur) and the light dilution associated with long focal
the simple test of statistical independence. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
length. The iris is a 1-cm target within a roughly 3-cm-wide
field that one would like to acquire at a range of about 30 cm
to 50 cm, and with a resolution of about five line pairs per
8 Speed Performance Summary
mm. In a fixed-focus optical system, the acquisition of iris
On a low-cost 300-MHz reduced instruction set (RISC) pro- images almost always begins in poor focus. It is therefore
cessor, the execution times for the critical steps in iris recogni- desirable to compute focus scores for image frames very
rapidly, either to control a moving lens element or to provide
tion are as shown in Table 2, using optimized integer code:
The search engine can perform about 100,000 full compari- audible feedback to the subject for range adjustment, or to
sons between different irises per second on each such a CPU, select which of several frames in a video sequence is in best
or 1 million in about a second on a 3-GHz server, because of focus.
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Optical defocus can be fully described as a phenomenon of
the 2D Fourier domain. An image represented as a 2D function
of the real plane, l(x, y), has a 2D Fourier transform F(#, 1))
defined as:

l ffI(x,y)exp(-i(ux+~y))dxdy

F(/,t, 1)) -- ( 2 ~ ) 2

(15)

In the image domain, defocus is normally represented as
convolution of a perfectly focused image by the 2D pointspread function of the defocused optics. This point-spread
function is often modelled as a Gaussian whose space constant
is proportional to the degree of defocus. Thus, for perfectly
focused optics, this optical point-spread function shrinks
almost to a delta function, and convolution with a delta
function has no effect on the image. Progressively defocused
optics equates to convolving with ever wider point-spread
functions.
If the convolving optical point-spread function causing
defocus is an isotropic Gaussian whose width represents the
degree of defocus, it is clear that defocus is equivalent to
multiplying the 2D Fourier transform of a perfectly focused
image with the 2D Fourier transform of the "defocusing"
(convolving) Gaussian. This latter quantity is itself just another
2D Gaussian within the Fourier domain, and its spread
constant there (a) is the reciprocal of that of the imagedomain convolving Gaussian that represented the optical
point-spread function. Thus the 2D Fourier transform
D~(#, 1)) of an image defocused by degree 1/a can be related
to F(#, 1)), the 2D Fourier transform of the corresponding
perfectly focused image, by a simple model such as:

D,,(/z, 1)) -- exp -

~/2 _[_ 1)2)
°"2
F(#, 1))

(16)

This expression reveals that the effect of defocus is to
attenuate primarily the highest frequencies in the image and
that lower frequency components are affected correspondingly
less, since the exponential term approaches unity as the
frequencies (#, v) become small. (For simplicity, this analysis
has assumed isotropic optics and isotropic blur, and the
optical point-spread function has been described as a Gaussian
just for illustration. But the analysis can readily be generalized
to non-Gaussian and to anisotropic optical point-spread
functions.)
This spectral analysis of defocus suggests that an effective
way to estimate the quality of focus of a broadband image is
simply to measure its total power in the 2D Fourier domain at
higher spatial frequencies, since these are the most attenuated
by defocus. One may also perform a kind of "contrast normalization" to make such a spectrally-based focus measure
independent of image content, by comparing the ratio of

power in higher frequency bands to that in slightly lower
frequency bands. Such spectrally based measurements are
facilitated by exploiting Parseval's theorem for conserved total
power in the two domains:

f f.,(x.y).2dxdy-f

(17)

Thus, high-pass filtering an image, or bandpass filtering it
within a ring of high spatial frequency (requiring only a 2D
convolution in the image domain), and integrating the power
contained in it, is equivalent to computing the actual 2D
Fourier transform of the image (a more costly operation) and
performing the corresponding explicit measurement in the
selected frequency band. Since the computational complexity
of a fast Fourier transform on n x n data is O(n 2 log 2 n), some
3 million floating-point operations are avoided which would
be otherwise be needed to compute the spectral measurements
explicitly. Instead, only about 6,000 integer multiplications per
image are needed by this algorithm, and no floating-point
operations. Computation of focus scores is based only on
simple algebraic combinations of pixel values within local
closed neighborhoods, repeated across the image.
Pixels are combined according to the following (8 × 8)
convolution kernel:
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The simple weights mean that the sum of the central (4 × 4)
pixels can just be tripled, and then the outer 48 pixels subtracted from this quantity; the result is squared and accumulated as per (17); and then the kernel moves to the next
position in the image, selecting every fourth row and fourth
column. This highly efficient discrete convolution has a simple
2D Fourier analysis.
The kernel shown is equivalent to the superposition of
two centered square box functions, one of size (8 x 8) and
amplitude-1, and the other one of size (4 x 4) and amplitude
+4. (For the central region in which they overlap, the two
therefore sum to +3.) The 2D Fourier transform of each of
these square functions is a 2D "sinc" function, whose size
parameters differ by a factor of two in each of the dimensions
and whose amplitudes are equal but opposite, since the
two component boxes have equal but opposite volumes.
Thus the overall kernel has a 2D Fourier transform K(#, v)

1262 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing zyxwvutsrq

References

i

'

FIGURE 11 The two-dimensional Fourier power spectrum of the convolution kernel used for rapid focus assessment.

which is the difference of two, differently-sized, 2D sinc
functions:

K(tt, v) -- sin(tO sin(v)
7/'2] Z1)

--

sin(2tt) sin(2v)
47/,2//,v

(18)

The square of this function o f / z and v in the 2D Fourier
domain is plotted in Fig. 11, revealing K2(/z,v), the
convolution kernel's 2D power spectrum.
Clearly, low spatial frequencies (near the center of the
power spectral plot in Fig. 11) are ignored, reflecting the fact
that the pixel weights in the convolution kernel all sum to
zero, while a bandpass ring of upper frequencies are selected
by this filter. The total power in that band is the spectral
measurement of focus. Finally, this summated 2D spectral
power is passed through a compressive nonlinearity of the
form: f ( x ) = 100. x2/(x 2 + c2) (where parameter c is the halfpower corresponding to a focus score of 50%), to generate a
normalized focus score in the range of 0 to 100 for any image.
The complete execution time of this 2D focus assessment
algorithm, implemented in C using pointer arithmetic, operating on a (480 x 640) image, is 15 msec on a 300-MHz RISC
processor.
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1 Introduction
With the increasing use of computers in everyday life, the
challenging goal of achieving natural, pervasive, and ubiquitous human-computer interaction (HCI) has become very
important, affecting, for example, productivity, customer satisfaction, and accessibility, among others. In contrast to the
current prevailing HCI paradigm that mostly relies on locally
tied, single-modality and computer-centric input/output,
future HCI scenarios are envisioned where the computer fades
into the background, accepting and responding to user requests
in a humanlike behavior, and at the user's location. Not
surprisingly, speech is viewed as an integral part of such HCI,
conveying not only user linguistic information, but also emotion, identity, location, and computer feedback [1].
However, although great progress has been achieved over
the past decades, computer processing of speech still lags
significantly compared to human performance levels. For
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example, automatic speech recognition (ASR) lacks robustness
to channel mismatch and environment noise [1, 2], underperforming human speech perception by up to an order
of magnitude even in clean conditions [3]. Similarly, textto-speech (TTS) systems continue to lag in naturalness,
expressiveness, and, somewhat less, in intelligibility [4].
Furthermore, typical real-life interaction scenarios, where
humans address other humans in addition to the computer,
may be located in a variable far-field position compared with
the computer sensors, or utilize emotion and nonacoustic cues
to convey a message, prove insurmountably challenging to
traditional systems that rely on the audio signal alone. In
contrast, humans easily master complex communication tasks
by using additional channels of information whenever
required, most notably the visual sensory channel. It is therefore only natural that significant interest and effort has
recently been focused on exploiting the visual modality to
improve HCI [5-9]. In this chapter, we review such efforts
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with emphasis on the main techniques used in the extraction
and integration of the visual signal information into speech
processing HCI systems.
Of central importance to human communication is the
visual information present in the face. In particular, the lower
face plays an integral role in the production of human speech
and of its perception, both being audiovisual in nature [9, 10].
Indeed, the visual modality benefit to speech intelligibility has
been quantified as far back as in 1954 [11]. Furthermore,
bimodal integration of audio and visual stimuli in perceiving
speech has been demonstrated by the McGurk effect [12],
when for example a person is presented with the audio stimulus
"baba" superimposed on a video of moving lips uttering the
sound "gaga" the person perceives the sound "dada". Visual
speech information is especially critical to the hearing
impaired: Mouth movement plays an important role in both
sign language and simultaneous communication between the
deaf [ 13].
Face visibility benefits speech perception due to the fact that
the visual signal is both correlated to the produced audio
signal and contains complementary information to it [14-16].
The former allows the partial recovery of the acoustic signal
from visual speech [17], a process akin to speech enhancement
when the audio is corrupted by noise [ 18, 19]. The latter is due
to at least the partial visibility of the place of articulation,
through the tongue, teeth, and lips, and can help disambiguate
speech sounds that are highly confusable from acoustics alone;
for example, the unvoiced consonants "p" (a bilabial) and "k"
(a velar), among others [16]. Not surprisingly, these observations have motivated significant research over the past 20 years
on the automatic recognition of visual speech, also known as
automatic speechreading, and its integration with traditional
audio-only systems, giving rise to audiovisual ASR [20-47].
In addition to improving speech perception, face visibility
provides direct and natural communication between humans.
Computers however, typically utilize audio-only text-tospeech synthesis to communicate information back to the
user in a manner that lags in naturalness, expressiveness, and
intelligibility compared with human speech. To address these
shortcomings, much research work has recently focused on
augmenting TTS systems by synthesized visual speech [7, 48].
Such systems generate synthetic talking faces that can be
directly driven by the acoustic signal or the required text,
providing animated or photo-realistic output [5, 47-62]. The
resulting systems can have widely varying HCI applications,
ranging from assistance to hearing impaired persons, to
interactive computer-based learning and entertainment.
It is worth noting that face visibility plays additional
important roles in human-to-human communication by
providing speech segmental and source localization information, as well as by conveying speaker identity and emotion.
All are very important to HCI, with obvious implications
for ASR or TTS, among others. A number of recently proposed techniques use visual-only or joint audio-visual signal
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processing for speech activity detection and source localization
[63-67], identity recognition from face appearance or visual
speech [8, 68-76], and visual recognition and synthesis of
human facial emotional expressions [77, 78]. In all cases, the
visual modality can significantly improve audio-only systems.
To automatically process and incorporate the visual
information into the above speech-based HCI technologies,
a number of steps are required that are surprisingly similar.
Central to all technologies is the feature representation of
visual speech and its robust extraction. In addition, appropriate integration of the audio and visual representations
is required for audiovisual ASR, speaker recognition,
speech activity detection, and emotion recognition, to ensure
improved performance of the bimodal systems over audioonly baselines. In a number of technologies, this integration
occurs by exploiting audiovisual signal correlation: for example, audio enhancement by using visual information, speechto-video synthesis, and detection of synchronous audiovisual
sources (localization). Finally, unique to audiovisual TTS and
speech-to-video synthesis is the generation of the final video
from the synthesized visual speech representation (facial
animation). The similarities between the required processing components is reinforced in Fig. 1, where conversions
and interactions between the acoustic, visual, and textual
representation of speech are graphically depicted.
In this chapter, we review these main processing components, and we discuss their application to speech-based HCI,
with main emphasis on ASR, TTS, and speaker recognition. In
particular, in Section 2, we focus on visual feature extraction.
Section 3 is devoted to the main audiovisual integration
strategies, with Section 4 concentrating on their application
to audiovisual ASR. Section 5 addresses audiovisual speech
synthesis, whereas Section 6 discusses audiovisual speaker
recognition. Finally, Section 7 touches on additional applications such as speaker localization, speech activity detection,
and emotion recognition, and provides a summary and a short
discussion.

Text-To-Speech/ ~ A u t o m a t i c
Automatic
Synthesis
~ ~
Speechreading
Speech Recognition
Visual Text-To-Speech Synthesis
Soeech Enhancement

Speech-To-Video
Synthesis
FIGURE 1 Conversionsand interactions between the acoustic, visual,
and text representations of speech that are the focus of this work (adapted
from [5]).
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2 Analysis of Visual Signals
The first critical issue in the design and implementation of
audiovisual speech systems for HCI is the choice of visual
features and their robust extraction from video. Visual speech
information is mostly contained in the speaker's mouth
region, therefore, typically, the visual features consist of
appropriate representations of mouth appearance and/or
shape. Indeed, the various sets of visual features proposed in
the literature over the last 20 years for visual speech processing
applications are generally grouped into three categories [21]:
(a) low-level, or appearance-based features, such as transformed vectors of the mouth region pixel intensities using, for
example, image compression techniques [22-31, 54, 70, 72];
(b) high-level, or shape-based features, such as geometric
or model-based representations of the lip contours [30-41, 52,
54, 68, 73]; and (c) features that are a combination of
appearance and shape [29-31 ].
The choice of visual features clearly mandates the face, lip,
or mouth-tracking algorithms required for their extraction,
but is also a function of video data quality and resource
constraints in the audiovisual speech application. For example,
only a crude detection of the mouth region is sufficient to
obtain appearance visual features, requiring as little as tracking
the face and the two mouth corners. Such steps become even
unnecessary if a properly head-mounted video camera is used
for data capture, as in [46]. In contrast, a more computationally expensive lip-tracking algorithm is additionally
required for shape-based features, being infeasible in videos
that contain low-resolution faces. Needless to say, robust
tracking of the face, lips, or the mouth region is of paramount
importance for using the benefit of visual speech in HCI.
In the following, we review such tracking algorithms, before
proceeding with a brief description of some commonly used
visual features.

2.1 Face Detection, Mouth, and Lip Tracking
Face detection has attracted significant interest in the literature
[79-83]. In general, it constitutes a difficult problem, especially
in cases where the background, head pose, and lighting are
varying. Some reported systems use traditional image processing techniques for face detection, such as color segmentation,
edge detection, image thresholding, template matching, or
motion information in image sequences [83], taking advantage of the fact that many local facial subfeatures contain
strong edges and are approximately rigid.
However, the most widely used techniques follow a
statistical modeling approach of face appearance to obtain a
binary classification of image regions into the face and nonface classes. Such regions are typically represented as vectors of
gray-scale or color image pixel intensities over normalized
rectangles of a predetermined size, often projected onto lowerdimensional spaces, and are defined over a "pyramid" of

possible locations, scales, and orientations in the image [79].
These regions can be classified using one or more techniques,
such as neural networks, clustering algorithms along with
distance metrics from the face or nonface spaces, simple linear
discriminants, support vector machines, and Gaussian mixture
models, for example [79-81 ]. An alternative popular approach
uses a cascade of weak classifiers instead, that are trained using
the AdaBoost technique and operate on local appearance
features within these regions [82]. Notice that if color
information is available, certain image regions that do not
contain sufficient number of skin-tone-like pixels can be
eliminated from the search [79].
Once face detection is successful, similar techniques can
be used in a hierarchic manner to detect a number of
interesting facial features such as the mouth corners, eyes,
nostrils, chin, etc. The prior knowledge of their relative
position on the face can simplify the search task. Such features
are needed to determine the mouth region of interest (ROI)
and help to normalize it by providing head-pose information.
Additional lighting normalization is often applied to the
ROI before appearance-based feature extraction (see also
Fig. 2A).
Once the ROI is located, a number of algorithms can be
used to obtain lip contour estimates. Some popular methods
for this task are snakes [84], templates [85], and active shape
and appearance models [86]. A snake is an elastic curve
represented by a set of control points, and it is used to detect
important visual features, such as lines, edges, or contours.
The snake control point coordinates are iteratively updated,
converging toward a minimum of the energy function, defined
on the basis of curve smoothness constraints and a matching
criterion to desired features of the image [84]. Templates are
parametric curves that are fitted to the desired shape by
minimizing an energy function, defined similarly to snakes.
Examples of lip contour estimation using a gradient vector
field (GVF) snake and two parabolic templates are depicted in
Fig. 2B [40].
In contrast, active shape models (ASMs) are statistical
models obtained by performing principal component analysis
(PCA) on vectors containing the coordinates of a training set
of points that lie on the shapes of interest, such as the lip inner
and outer contours (see also Fig. 2C). Such vectors are
projected onto a lower dimensional space defined by the
eigenvectors that correspond to the largest PCA eigenvalues,
representing the axes of genuine shape variation. Active
appearance models (AAMs) are an extension to ASMs that, in
addition to the shape-based model, use two more PCAs: The
first captures the appearance variation of the region around
the desired shape (for example, of vectors of image pixel
intensities within the face contours, as shown in Fig. 2D),
whereas the final PCA is built on concatenated weighted
vectors of the shape and appearance representations. AAMs
thus remove the redundancy due to shape and appearance
correlation, and they create a single model that compactly
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FIGURE2 Mouthappearance and shape trackingfor visual feature extraction.A: Elevendetected facialfeatures using
the appearance-based approach of [79]. Two corresponding mouth region-of-interests of different sizes and
normalization are also depicted [44]. B" Lip contour estimation using a gradient vector field snake (upper: the snake's
external force field is depicted) and two parabolas (lower) [40]. C: Three examples of lip contour extraction using
an active shape model [31]. D: Detection of face appearance (upper) and shape (lower) using active appearance
models [29]. (See color insert.)
describes shape and the corresponding appearance deforma- transformations of xt are used as features instead. In general, a
tion. ASMs and AAMs can be used for tracking lips or other D x d-dimensional linear transform matrix P is sought, such
shapes by means of the algorithm proposed in [86]. The that the transformed data vector y t - - x t P contains most
technique assumes that, given small perturbations from the speechreading information in its D << d elements (see also
actual fit of the model to a target image, a linear relationship Fig. 3). Matrix P is typically borrowed from the image
exists between the difference in the model projection and compression and pattern classification literatures, and is often
image and the required updates to the model parameters. obtained based on a number of training ROI vectors.
Fitting the models to the image data can be done iteratively, Examples of such transforms are the PCA, also known as
as in [29], or by the downhill simplex method, as in "eigenlips," used in the literature for speechreading [22-24,
[31 ]. Examples of lip and face contour estimation by means 31 ], visual TTS [54], and speaker recognition [69], the discrete
of ASMs and AAMs are depicted in Figs. 2C and 2D, cosine transform (DCT) [23-26], the discrete wavelet transform (DWT) [24], linear discriminant analysis (LDA) [44,
respectively. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
70], and the maximum likelihood linear transform (MLLT)
[44, 72]. Often, such transforms are applied in a cascade [44,
2.2 Visual Features
70]. Notice that some are amenable to fast algorithmic
In the appearance-based approach to visual feature extraction, implementations. Coupled with the fact that a crude ROI
the pixel-value-based, low-level representation of the mouth extraction can be achieved by utilizing computationally
ROI is considered as informative for speechreading. Such ROI inexpensive face detection algorithms, appearance-based
is extracted by the algorithms discussed in Section 2, and is features allow visual speech representation in real time [46].
typically a rectangle containing the mouth, possibly including Their performance, however, degrades under intense headlarger parts of the lower face, such as the jaw and cheeks [44], pose and lighting variations [46].
In contrast to appearance-based features, high-level shapeor could even be the entire face [29] (see also Figs. 2A and
2D). Sometimes, it is extended into a three-dimensional based feature extraction assumes that most speechreading
rectangle, containing adjacent flame ROIs, in an effort to information is contained in the shape (inner and outer
capture dynamic speech information [24]. Alternatively, the contours) of the speaker lips, or more generally, in the face
ROI can correspond to a number of image profiles vertical to contours [29]. As a result, such features achieve a compact
the estimated lip contour as in [31 ], or be just a disk around representation of visual speech using low-dimensional vectors,
the mouth center [23]. By concatenatingthe ROI pixel values, and are invariant to head pose and lighting. However, to
a feature vector xt is obtained that is expected to contain ensure good performance, their extraction requires robust
lip tracking, which often proves difficult and computationally
most visual speech information (see Fig. 3).
Typically, however, the dimensionality d of the ROI vector intensive in realistic scenarios.
In general, high-level visual features are divided into
xt becomes prohibitively large for successful statistical
modeling of the classes of interest, such as subphonetic geometric and model-based (see also Fig. 3). The former
classes via hidden Markov models for audiovisual ASR represent features that are meaningful to humans and can be
[87]. For example, in the case of a 64 x 64-pixel gray-scale readily extracted from the lip inner and outer contours, such
ROI, d =4,096. Therefore, appropriate, lower-dimensional as the height, width, perimeter, and area within the contour.
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FIGURE 3 Variousvisual speech feature representation approaches discussed in this section: appearance-based
(upper) and shape-based features (lower) that may utilize lip geometry, parametric, or statistical lip models.
Such features contain significant visual speech information
and have been successfully used in speechreading [32-38],
visual speech synthesis [5, 54], and speaker recognition
[38]. Additional visual features can be derived from the lip
contours, such as lip image moments and lip contour Fourier
descriptors, that are invariant to affine image transformations
[24, 36]. Mternatively, high-level visual features can be modelbased, typically obtained in conjunction with one of the parametric or statistical lip-tracking algorithms discussed earlier in
Section 2.1. In the parametric approach, the template parameters that track the lips, or in the same manner, the tracking
snake's control points or radial vectors, can be directly used as
visual speech features [30, 41]. Similarly, ASMs can be used as
visual features by applying the model PCA on the vector of
point coordinates of the tracked lip contour [31, 68].
In a related, recently introduced approach [40], a standard
parametrization of the outer lip contour by means of a subset
of facial animation parameters (FAPs) [88] is used to provide
visual speech features. FAPs describe facial movement and

are used in the MPEG-4 audiovisual object-based video
representation standard to control facial animation, together
with the so-called facial definition parameters that describe the
face shape. There are 68 FAPs, divided into ten groups,
depending on the particular region of the face that they are
located (see also Fig. 4). Of particular interest to visual speech
applications are the "group 8" parameters, which describe
outer lip contour movement [40]. Additional speech information is contained in "group 2" parameters, which correspond
to inner lip and jaw motion; "group 6" ones, which describe
the tongue; and less so, in cheek movement captured by
"group 5" FAPs.
Clearly, appearance- and shape-based visual features are
quite different in nature, coding low- and high-level information about the speaker's face and lip movements. Not
surprisingly, combinations of features from both categories
have been suggested in the literature. In most cases, features of
each type are just concatenated, as in [30, 31], where PCA
appearance features are combined with snake-based featu~'.~s

1268 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
11.5

11.5

Handbook of Image and Video Processing

(up-sampled) by linear interpolation to achieve audiovisual
feature synchrony at the audio rate and thus simplify
audiovisual integration as discussed in Section 3 [44]. In
addition to interpolation, a number of visual feature
postprocessing methods play a critical role in enhancing the
performance of visual speech processing systems. The most
+.,
important such techniques concern capturing the visual
speech dynamics. Similar to audio-only systems, this can be
achieved by augmenting the "static" (frame-based) visual
2i10
feature vector by its first- and second-order derivatives, which
~
2.12"~"~...--.~-~2~
1 frontal
2. 12
'
2.1
2.14~
are
computed over a short temporal window centered at the
z
face view
face: side view
current
video frame [87]. Alternatively, a "dynamic" feature
3.14
3.13
vector can be obtained by training an LDA matrix to project
~
3
.
0
3
~
the concatenation of neighboring visual feature vectors onto a
3.12 ~
3.?'
lower-dimensional space [44]. LDA can also be followed by a
3.10
3.9
feature space rotation matrix (MLLT) to improve statistical
right eye
left eye
91
~. Z
modeling of the extracted features [44]. Mean normalization
of the visual feature vector can also contribute to improved
nose ¢ 9 . 1 = 2 9~t
S.O
performance, by reducing variability due to illumination,
9.10
/914
.13\
for example. Finally, feature selection within a larger pool
°"
~ 9 . 3
of candidate features can also be considered as a form of
9.0
9.2
£.1
post-processing. A case of such selection for automatic
teeth
9.4
9.15
9.5
speechreading appears in [37].
8.
B6
8.9
810
'-' ~
3
In summary, a number of approaches are viable for
extracting and representing visual speech information. Unfor6.4
tunately however, limited work exists in the literature in
8 . 8 ~ ~., zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
~6.7
comparing their relative performance. Most such comparisons
mouth ~
6.1
are in the context of automatic speechreading and audiovisual
° feature points affected by FAPs
ASR, where features within the same category (appearance- or
= other feature points
shape-based) are usually investigated [23, 24, 27, 29, 37].
FIGURE 4 The facial animation control points supported by the MPEG-4
Occasionally, features across categories are compared, but in
video representation standard [88]. Facial animation parameters (FAPs)
most
cases with inconclusive results [24, 29, 30, 45]. Thus, the
describe the movement of 68 of these control points. There are ten FAP
groups, with groups 8, 2, 6, and 5 being of interest in shape-based visual question of what are the most appropriate visual speech
speech feature extraction [40, 52, 73].
features that are sufficiently speaker-independent and robust
to visual environment and head-pose variation, remains to
or ASMs, respectively. A different approach to combining the a large extent unresolved. Nevertheless, as the results in
two classes of features is to create a single model of face shape subsequent sections demonstrate, the specific implementaand appearance using the AAM [86], discussed earlier. tions of both appearance- and shape-based systems, which are
The final model PCA can be applied on the vector of the considered in this chapter and reviewed next, suffice to benefit
tracked shape and its corresponding appearance representa- a number of speech-related HCI technologies under somewhat
tions to provide a set of visual features [29]. Finally, it is constrained visual conditions. In practice, factors such as
interesting to note that features from both categories can be computational requirements, video quality, and the visual
used in a hierarchic manner. For example, in the visual text- environment could determine the most suitable approach in
to-speech synthesis reported in [54], visual unit selection a particular application.
occurs on the basis of the appearance representation of
candidate mouth shapes within a set determined by their
2.3 Two Visual Feature Extraction Systems
geometric shape features (see also Section 5.3).
In typical speech-based HCI, visual features are used In this chapter, we will be further considering two particular
with audio features obtained from the acoustic waveform. implementations of visual feature extraction when reportSuch features, for example, could be mel-frequency cepstral ing audiovisual speech processing results. The first is the
coefficients (MFCCs) or linear prediction coefficients (LPCs), appearance-based system developed at IBM Research. The
and are mostly extracted at a 100-Hz rate [1, 87]. In contrast, system is depicted in Fig. 5A, in parallel with its complemenvisual features are generated at the much lower video frame tary audio processing module, as used for providing timeor field rate. They can however be easily postprocessed synchronous bimodal feature vectors for audiovisual ASR
._, ,,.,.~o.____.. ____..
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F I G U R E 5 Two i m p l e m e n t a t i o n s of visual feature extraction, depicted schematically in parallel with the audio front
end, as used for audiovisual a u t o m a t i c speech recognition experiments in this chapter: A: The appearance-based visual
front end system of IBM Research, also employed for b i m o d a l speaker recognition [72] and audio e n h a n c e m e n t [19]; B:

the shape-based systemof Northwestern University [40], also used for speech-to-videosynthesis [52] and audiovisual
speaker recognition [73]. (See color insert.)

[44]. With minor modifications, it is also used for audiovisual
speaker recognition [72] and noisy audio feature enhancement
assisted by the visual observations [19]. Given the video of the
speaker's face, the system first detects the face and 26 facial
landmark points using the statistical tracking algorithm of
[79], thus allowing the extraction of a normalized 64 x 64pixel gray-scale ROI (see also Fig. 2A). A two-dimensional,
separable DCT is subsequently applied on the ROI vector, and
the top 100 coefficients (in terms of energy) are retained.
The feature vector dimensionality is further reduced to 30
by means of an intraframe LDA/MLLT. Following some of the
postprocessing steps discussed above, a 41-dimensional
dynamic visual speech vector Ov, t is extracted at each time
instant t at a 100-Hz rate, synchronized with 60-dimensional
MFCC-based audio features Oa, t.
The second system, developed at Northwestern University
(NWU), is shape-based and uses a set of FAPs [88] as visual
features (see Fig. 5B). The system first uses a template to track
the speaker's nostrils, thus determining the approximate
mouth location. Subsequently, the outer lip contour is tracked
using a combination of a GVF and a parabolic template (see
also Fig. 2B). Following the outer lip contour detection and
tracking, ten FAPs describing the outer lip shape ("group 8"
FAPs [88]) are extracted from the resulting lip contour (see
also Figs. 3 and 4). These are placed into a feature vector
which is subsequently projected by means of PCA onto a twodimensional space [40]. The resulting visual features are
augmented by their first and second derivatives providing
a six-dimensional dynamic visual speech vector Ov, t. These
features are interpolated to the 90-Hz frame rate of 39dimensional, MFCC-based audio features [87]. The combined features are used for a number of audiovisual speech

applications such as ASR, speech-to-video synthesis, and
speaker-recognition [40, 52, 73].

3 Audiovisual Information Fusion
The second critical issue in the design of audiovisual speech
processing systems is the integration of the available modality representations. To justify the complexity and cost of
incorporating the visual modality into HCI, integration
strategies should ensure that the performance of the multimodal system exceeds that of its single-modality counterpart,
hopefully by a significant amount. For example, one would
expect that the transcription accuracy of an audiovisual ASR
system greatly surpasses that of the audio-only system,
especially in noisy environments, or that audiovisual TTS is
perceived as more friendly, intelligible, and natural than a
synthetic voice-only system in subjective evaluation tests.
In this section, we review the main concepts and techniques
that are essential to successful audiovisual integration in
speech-based HCI.
In this chapter, we are interested in a number of diverse
bimodal technologies, with main emphasis on ASR, textto-speech, and speaker recognition. Clearly, the characteristics
and requirements of each technology differ significantly,
therefore it is natural that, among them, so do the modality
integration methods. Nevertheless, a number of themes are
similar in at least some of the technologies, thus allowing a
common framework in their review. For example, central to
ASR, text-to-speech, and text-dependent speaker recognition
algorithms is the notion of speech classes underlying the
acoustic and visual representations. Of course, different types
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of classes are required for a number of other audiovisual TABLE 1 A 42-phoneme to 12-viseme mapping of the HTK
applications, such as the general speaker recognition problem, phone set [87]
emotion detection, audiovisual localization, and so forth. The
Viseme class
Phonemes in cluster
second common theme across the technologies of interest is
the issue of combining the acoustic and visual feature streams
/ao/,/ah/,/aa/,/er/,/oy/,/aw/,/hh,
/uw/,/uh/,/ow/
using classifiers designed to outperform their single-modality Lip-rounding-based vowels
/ae/,/eh/,/ey/,/ay/
counterparts. The choice of classifiers and algorithms for
/ih/,/iy/,/ax/
feature and classifier fusion are clearly central to the design of
/1/,/el/,/r/,/y/
audiovisual ASR and speaker recognition systems, among Alveolar semivowels
Alveolar fricatives
/s/,/z/
others. Finally, techniques for exploiting the correlation
Alveolar
/t/, /d/, /n/, /en/
between the two signals are also of interest, and in this Palato-alveolar
/sh/,/zh/,/ch/,/jh/
chapter are considered in the context of speech-to-video Bilabial
/p/, /b/, /m/
synthesis, discussed in Section 5.4. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Dental
/th/,/dh/
Labio-dental
/f/,/v/
Velar
/ng/, /k/, /g/, /w/
3.1 Speech Classes in Audiovisual

Integration
The basic unit that describes how speech conveys linguistic
information is the phoneme. For American English, there are
approximately 42 such units [89], generated by specific positions or movements of the vocal tract articulators. However,
since only a small part of the vocal tract is visible, not every
phoneme pair can be disambiguated by the video information
alone. The number of visually distinguishable units is therefore much smaller. Such units are referred to as visemes in the
audiovisual speech processing and human perception literature [9, 10, 16].
Importantly, visemes capture "place" of articulation information [14, 16], that is, they describe where the constriction
occurs in the mouth and how mouth parts, such as the lips,
teeth, tongue, and palate, move during speech articulation. As
a result, many consonant phonemes with identical "manner"
of articulation, which are therefore difficult to distinguish on
the basis of acoustic information alone, may differ in the place
of articulation, and thus be visually identifiable; for example,
the two nasals "m" (a bilabial) and "n" (an alveolar). In
contrast, phonemes "m" and "p" are easier to perceive acoustically than visually, since they are both bilabial, but differ in
the manner of articulation, instead.
Various mappings between phonemes and visemes can be
found in the literature. In general, they are derived by human
speech-reading studies, but they can also be generated using
statistical clustering techniques [37]. There is no universal
agreement about the exact grouping of phonemes into
visemes, although some clusters are well-defined; for example,
the bilabial group {"p", "b", "m"]. All its three members are
articulated at the same place (lips), thus appearing visually the
same. A particular phoneme-to-viseme grouping is depicted
in Table 1 [44].
In audio-only speech applications, the set of classes of
interest in technologies such as ASR, text-dependent speaker
recognition, and TTS most often consist of subphonetic units.
Such classes are designed by clustering the possible phonetic
contexts (tri-phones, for example) by means of a decision

tree, to allow coarticulation modeling [87, 89]. Occasionally,
subword units are used in specific, small-vocabulary tasks.
Naturally therefore, in visual speech applications one could
consider visemic subphonetic classes, obtained for example by
decision tree clustering based on visemic context. Indeed,
visemic classes have been occasionally used in ASR [32, 43],
and of course play a central role in visual synthesis systems
(see Section 5). However, the use of different classes for
the audio and visual components complicates audiovisual
integration, especially in ASR and text-dependent speakerrecognition. For such applications, identical classes are used
for both speech modalities, most often subphonetic classes.

3.2 Classifiers in Speech Applications
In typical speech technologies discussed in this chapter, the
classes of interest are hidden. We denote such unknown classes
by c ~ C. For example, in the case of ASR, C represents a set of
subphonetic or subword units, as discussed above. Classification of a sequence of such units gives rise to recognized words,
based on a phonetic dictionary for the ASR task vocabulary.
In the synthesis systems discussed in Section 5, set C can
contain all candidate concatenative units, or describe a set
of quantized representations of the signal to be synthesized.
For speaker identification, C corresponds to the enrolled
subject population, possibly augmented by a class denoting
the unknown subject, whereas for authentication, C reduces
to a two-member set. In the particular case of text-dependent
speaker recognition, C can be considered as the product space
between the set of speakers and the set of phonetic based units.
The hidden classes are observed only through the signal
representation, namely a series of extracted feature vectors.
We denote such vectors by os, t, and their sequence over an
interval T by Os={Os, t, tET}, where s ~ 8 denotes the
available modality; for example 8 = {a, v, f}, in the speakerrecognition system of [74], that is based on audio, visuallabial, and face-appearance input.
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A number of methods can then be used to model the
association between the unknown classes and the observed
feature vectors. Most such approaches are statistical in nature
and provide a conditional probability measure for Pr (Os,t[ c)
or Pr (c Ios, t); for example, artificial neural networks (ANNs),
used for automatic speechreading in [22, 23, 33] and visual
speech synthesis in [51, 61] or support vector machines
(SVMs), as in [43]. Mternatively, the space of possible
observation vectors is discretized through the process of
vector quantization (VQ), as in [39, 62]. Then, the statistical
model provides conditional probabilities of the form Pr
(q (os, t) [ C), where q (e) belongs to a discrete set of codebooks.
In most practical cases though, a Gaussian mixture density
is assumed, namely

expectation-maximization (EM) algorithm [87, 89], as
p~J+') -- arg max Q(p~) p] Os), j - 0, 1, . . . .
p

(4)

In (4), Os consists of all feature vectors in the training set, and
Q(e,e]e) represents the EM algorithm auxiliary function,
defined as in [89]. Mternatively, discriminative training
methods can be used [89]. Once the model parameters are
estimated, HMMs can be used to obtain the hidden classes of
interest, also known as the "optimal state sequence" c = {ct,
t ET}, given an observation sequence Os over interval 7-;
namely, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFE
-- arg max

c~Cl:rl

(5)
Pr (Os,
zyxwvutsrqponmlkjihgfedcbaZYXWVUTSR
c),

Ks,
c

Pr(os, t] c) - E

Ws,c,kN'(Os, t;ms, c,k, Ss, c,k),

(1)

where

k=l

Pr(Os, c ) resulting in the Gaussian mixture model (GMM) classifier. In
(1), Ks, c denotes the number of mixture weights ws, c,k, which
are positive and add to one, and N'(o; m, s) represents a multivariate normal distribution with mean rn and a covariance
matrix s, typically considered as diagonal. Emission probability
model (1) is therefore described by parameter vector

bs=[{[Ws, c,k, ms, c,k, Ss, c,k],k=l ..... Ks,c, c6C}],

(2)

for a particular modality s.
This model is sufficient to address problems where a single
underlying class c is assumed to generate the entire observation sequence Os, and conditional independence of the
observations holds. This is the case in most text-independent
speaker recognition systems, for example. The model then
allows maximum-a-posteriori estimation of the unknown
class, as
~"-- arg max Pr (c) H P r (Os,t]c),
cEC

(3)

tET

where Pr (c) denotes the class prior.
Model (3) is however inappropriate for applications where a
temporal sequence of interacting states is assumed to generate
the series of observations, as is the case in ASR, speech
synthesis, and text-dependent speaker recognition. There,
hidden Markov models (HMMs) are widely used. In generating
the observed sequence in modality s, the HMM assumes a
sequence of hidden states sampled according to the transition
probability parameter vector as = [{Pr (c']c"), c', c"~ C}]. The
states subsequently "emit" the observed features with classconditional probability given by (1). The HMM parameter
vector Ps = [as, bs] is typically estimated iteratively, using the

HPr(ct]ct-1)Pr(os, t]ct).

(6)

tET-

In practice, the Viterbi algorithm is used for solving (5), based
on dynamic programming [87, 89].

3.3 Feature and Classifier Fusion
The above presentation assumes that only one observation
stream, Os, t, is provided. In practical audiovisual speech
applications though, multiple streams are available, which
result in multimodal observations ot = {Os,t, s ~ S], assuming
time-synchronous stream feature representations; for example,
in the case of audiovisual ASR, Oav,t = [Oa, t, Ov, t]. As already
mentioned, integrating such multimodal information into
systems that outperform their single-modality counterparts
constitutes a major focus of audiovisual speech research.
Indeed, various information fusion algorithms have been
considered in the literature, differing both in their basic design
and in the terminology used [8, 21, 35, 44, 47]. In this paper,
we adopt a broad grouping of such techniques into feature
fusion and decision fusion methods [44]. The first are based
on training a single classifier on the multimodal feature vector
ot, or on any appropriate transformation of it [34, 35, 44].
In contrast, decision fusion algorithms utilize each singlemodality classifier output to jointly estimate the hidden classes
of interest. Typically, this is achieved by linearly combining
the class-conditional observation log-likelihoods of the individual classifiers into a joint audiovisual classification score,
using appropriate weights that capture the reliability of each
single-modality classifier or data stream [21, 28, 31-33]. The
two approaches are schematically depicted in Fig. 6, in the case
of one observation stream available for each of the audio and
visual modalities.
Audiovisual feature fusion techniques include plain feature
concatenation [34], feature weighting [35, 47], both also
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observation frame level, resulting in the multimodal classconditional
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and model stream reliability as a function of modality s, state c,
FIGURE 6 Block diagrams of the (A) feature fusion and (B) decision fusion and utterance frame (time) t. These are typically constrained to
approaches to audiovisual integration.
sum to one or [S[, and are often set to global, modality-only
dependent values, )~s +--Xs,c,t, for all c and t.
Joint model (7) can be used, for example, in audiovisual
known as direct identification fusion [35], as well as the speaker recognition with the GMM of ( 1) and (3), as in [72, 73 ],
"dominant" and "motor" recording fusion [35]. The latter as well as for audiovisual ASR [25, 28, 31], resulting in the soseek a data-to-data mapping of the visual features into the called multistream HMM [see also (1) and (6)]. Notice that (7)
audio space, or of both modality features to a new common also provides a framework to incorporate feature fusion; for
space, followed by linear combination of the resulting fea- example, in [44], the discriminant feature vector od, t is used as
tures. Audio feature enhancement on the basis of audiovisual one of two or three streams for audiovisual ASR together with
features (for example, using regression, as in [ 18]) also falls audio and possibly visual features. The approach is referred to as
within this category of fusion. Another interesting feature "hybrid" fusion.
fusion technique, proposed for audiovisual ASR in [44], seeks
Training the parameters of (7) requires additional steps,
a discriminant projection of the concatenated bimodal vector compared to (4). For example, in the particular case of two
Oav,t onto a lower-dimensional space for improved statistical observation streams (audio and visual), each modeled by a
modeling. The projected vector od, t =Oav, t Pay is modeled single-stream HMM classifier with identical set of classes, the
using the single-stream HMM of (1) and (6), where Pay is multistream HMM parameter vector becomes [see also (1),
a cascade of an LDA projection and MLLT rotation (see also (2), and (7)]
Section 2.3).
Although many feature fusion techniques result in improved
Pay -- [Pa~, Xa, X1,], where Pa~ - [aav, ba, b~ ].
system performance [44], they cannot explicitly model the
reliability of each modality. Such modeling is extremely This consists of the HMM transition probabilities any and
important due to the varying speech information content of the emission probability parameters ba and bv of its singlethe audio and visual streams. The decision fusion framework, stream components. The parameters of Pay can be estimated
on the other hand, provides a mechanism for capturing these separately for each stream component using the EM algoreliabilities, by borrowing from classifier combination theory, rithm, namely (4) for s = a, v, and subsequently, by possibly
an active area of research with many applications [90].
setting the joint HMM transition probability vector equal to
Various classifier combination techniques have been the audio-one, i.e., aav=aa. The alternative is to jointly esticonsidered for audiovisual speech applications, including for mate parameters Pay, to enforce state synchrony in training.
example a cascade of fusion modules, some of which possibly In the latter scheme, the EM-based parameter reestimation
using only rank-order classifier information about the hidden becomes [87]
classes of interest [20, 32]. However, by far the most commonly used decision fusion techniques belong to the paradigm
p(a )+1) -- arg max Q(P2, P[ Oa,)
P
of classifier combination using a parallel architecture, adaptive
combination weights, and class score level information. These
methods derive the most likely hidden class by linearly [see also (4)]. The two approaches thus differ in the E-step of
combining the log-likelihoods of the single-modality classifier the EM algorithm. In both separate and joint HMM training,
decisions, using appropriate weights [28, 31, 34-36]. This in addition to Pay, the stream exponents ~ a and ~.v need to be
corresponds to the adaptive product rule in the likelihood obtained. This can be performed using discriminative training
domain [90], and it is also known as the separate identifica- methods, simple parameter search on a grid, or mappings of
signal quality measures to exponent values [25, 28, 33-35, 44].
tion model for audiovisual fusion [32, 35].
Finally, of particular interest to audiovisual ASR is the level
In the most common application of this approach to
at
which the stream log-likelihoods are combined. The use of
audiovisual speech systems, the combination occurs at the

1273
10.8 Exploiting Visual Information in Automatic Speech Processing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AUDIO HMM STATES
,..~

,..~

/,~ ~

,.~~J~'~---

~

~

Preprocessing ] FeatureExtraction

~Audio-only
Audio,! Acoustic L~AudioFeature[
[.~
" ASR
"lPrepr°cessing] : i Extraction ! zyxwvutsrqponmlkjihgfedcbaZYXWVUTS
Audiovisual
•t_ . . . . . . . ~ . . . . . . . •I
I Feature
~ AV-ASR

~

< 2 Z Z >

!

(A)

~

T

~

ATE
_ /.~ ~ C O M P O S I T E

AV Integration

(B)
HMM STATES

FIGURE 7 A: Phone-synchronous two-stream hidden Markov model
(HMM) with three states per phone and modality. B: Its equivalent product
HMM; the single-stream emission probabilities are tied for states along the
same row (column) to the corresponding audio (visual) state probabilities of
form (1).

HMMs allows likelihood recombination at a coarser level than
the HMM state, for example at the phone or word boundary.
Product or coupled HMMs are typically used for the task, as in
[26, 31, 44]. Such models allow state-level asynchrony between
the acoustic and visual observations within the phone or word,
forcing their synchrony at the unit boundaries instead. Product HMMs consist of composite audiovisual states, as depicted
in Fig. 7, thus resulting in a much larger state space compared
to multistream models fused at the state level, as in (7). To
avoid undertraining, the single-stream emission probability
components of the observation class-conditionals are tied
along identical visual and audio states (see also Fig. 7).
Audio and visual recognition log-likelihoods can also be
combined at the utterance level. This approach can easily be
applied on small-vocabulary tasks, where likelihoods can
be calculated for each word, based on the acoustic and visual
observations. However, the number of possible hypotheses on
large-vocabulary and continuous speech recognition tasks
becomes prohibitively large. In such cases, recombination is
usually limited to N-best hypotheses, generated either by the
audio-only system or obtained as the union of audio- and
visual-only N-best hypotheses. These are then rescored by
combining the log-likelihoods generated using audio and
visual HMMs [34, 36].

4 Audiovisual Automatic Speech
Recognition
As discussed in the Introduction, visual speech plays an
important role in human speech perception, improving speech
intelligibility especially in noise [9-11]. A number of reasons
were cited there, the most important being the fact that visual
speech information contains both correlated and complementary information to the acoustic signal. Not surprisingly, such
information can be beneficial to automatic speech recognition
as well. Incorporating visual speech information into ASR is
generally viewed as a very promising approach for improving
speech recognition robustness to noise [1, 2] and bridging
the gap between human and automatic performance [3].

Video F,
ff'~~
', ..]VisualFeature] '
"l and TrackingJ ] "[ Extraction ]
~____'___i . . . . . . .

~

1 Fusion

~Visual-only
" ASR

FIGURE 8 Block diagram of an audiovisual automatic speech recognition
system.

Naturally therefore, significant research has recently focused
in this area.
In 1984, Petajan [20] developed the first audiovisual ASR
system. He used image thresholding to obtain binary mouth
images from the input video, which were subsequently
analyzed to derive mouth height, width, perimeter, and area,
to be used as visual features in speech recognition. He first
reported visual-only speech recognition results of isolated
words within a 100-word vocabulary, using dynamic time
warping [89]. In addition, he combined the acoustic and
visual speech recognizers in a serial fashion to improve ASR
performance: The visual speech system was used to rescore
several N-best word hypotheses, as obtained by audio-only
ASR, to generate the final bimodal recognition result.
A number of researchers have developed audiovisual ASR
systems since [20-47]. Their systems vary in a number of
areas, which have been discussed in detail in Sections 2
and 3. In summary, variations can be found in: the visual
front end design, with some works adopting appearancebased features [22-31], whereas other researchers considering
shape-based techniques [30-39], or even combinations of the
two approaches [29-31]; the choice of classes used in the
recognition process, for example subphonetic [29, 40, 44],
subword [28, 31, 44], or viseme-based [32, 43]; the employed
recognition method, such as ANNs [22, 23, 33], SVMs [43],
simple weighted distances used with VQ [20], and HMMs
with various emission probability models [29, 31, 36, 39, 44];
and finally, the approach of integrating the audio and visual
observation streams, generally grouped into feature fusion [34,
35, 44, 47] and decision fusion methods [25, 26, 28, 31-36].
Overall, the reported bimodal systems show improved
performance compared to audio-only ASR for the recognition
tasks considered: Such are typically small-vocabulary tasks,
for example isolated words [31], connected digits [28], or
closed-set sentences [37], with large-vocabulary tasks recently
reported [40, 44].
In the remainder of the section, we briefly review corpora
commonly used for audiovisual ASR research, and we present
experimental results on some of them using the IBM and
NWU systems, previously discussed in Section 2.3. These
results clearly demonstrate the benefit of incorporating the
visual modality into ASR.
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4.1 Bimodal Corpora for Automatic Speech
Recognition
In contrast to the abundance of audio-only corpora, there are
only a few databases suitable for audiovisual ASR research.
This is because the field is relatively young but also because
audiovisual corpora pose additional challenges concerning
database collection, storage, distribution, and privacy. Most
commonly used databases in the literature are the product of
efforts by few university groups or individual researchers with
limited resources, and as a result, they contain a small number
of subjects, have relatively short duration, and mostly address
simple recognition tasks, such as small-vocabulary ASR of
isolated or connected words [8, 21]. Examples of such popular
datasets in audiovisual ASR research are the Clemenson
University audiovisual experiments (CUAVE) corpus containing connected digit strings [36], the Advanced multimedia
processing lab, Carnegie Mellon University (AMP/CMU)
database of 78 isolated words [47], the Tulipsl set of four
isolated digits [27], and the digit portion of the extended
Multi-Modal verification for teleservices and security applications ((X)M2VTS) corpora, more often used in speaker
recognition experiments (see Section 6). Additional datasets
are suitable for recognition of isolated nonsense words
consisting of vowel-consonant combinations [34], connected
letter strings in English [28] and German [22, 23], as well as
continuous large-vocabulary speech [37] (see also [40, 91]).
A number of proprietary corpora have also been recorded by
many groups, including recent work at IBM Research [44, 46].
There, a number of databases have been collected containing
large subject populations (50-290 subjects), uttering both
large-vocabulary speech and connected-digit strings [46]. The
corpora have been recorded in four different audiovisual
conditions to benchmark the performance of the IBM
appearance-based visual front end. Three of the sets contain
frontal full-face videos and correspond to increasingly more
challenging visual domains: The first was collected in a quiet
studiolike environment, using a high-quality camera, uniform
lighting and background, and relatively stable frontal subject
head pose. The second corpus was recorded using a portable
collection system on a laptop, with quarter-frame resolution
video captured via an inexpensive Webcam and audio by the
built-in personal computer (PC) microphone. The database
subjects were typically recorded in their own offices with
varying lighting, background, and head pose. The third set was
recorded in an automobile, both stationary and moving at
approximately 30 or 60 mph, that was equipped with a
wideband microphone and a lipstick-style camera. Compared
with the previous two databases, the lighting, background,
and head pose vary significantly, therefore this database represents the most challenging set. Finally, to study the benefits of
direct visual ROI capture, a fourth set was recorded by means
of a specially designed audiovisual wearable headset with an
infrared camera housed inside its boom. This device provides

/

....

FIGURE9 Exampleframes from the four IBM audiovisual automatic speech
recognition corpora discussed in Sections 4.1 and 4.2. Top-to-bottom: Fullface data collected in the studiolike, office, and car environments;bottom line:
Region of interest-only data captured by a specially designed headset [46].
(See color insert.)
high-quality visual data of the mouth ROI, being relatively
insensitive to head-pose and lighting variations [46]. The video
frame rate of all corpora is 30 Hz, andmwith the exception of
the office datamthe resolution is 704 x 480 pixels. Typical
frames of all four sets are depicted in Fig. 9.

4.2 Experimental Results
We now proceed to experimentally demonstrate the benefit of
visual speech to ASR. In the first set of experiments, the IBM
appearance-based audiovisual ASR system (see also Fig. 5A)
with two-stream HMM-based decision fusion is applied to the
four corpora depicted in Fig. 9. A number of connected-digits
recognition results are reported in Table 2 in terms of word
error rate (WER), percentage (%), using a multis-peaker
training-testing scenario. In addition to visual-only recognition, audio-only and audiovisual ASR results are depicted
for two acoustic conditions: the original recorded audio and

TABLE 2

Connected-digit recognition on the four IBM databases of

Fig. 9 [46]
Clean

Noisy

Database

VI

AU

AV

%

Studio
Office
Car
Headset

27.44
43.33
68.75
21.35

0.84
2.51
2.83
1.33

0.66
1.96
2.38
0.94

21
22
16
29

AU
24.56
24.91
25.89
25.23

AV

%

10.66
14.73
16.22
7.92

58
41
37
69

Audio-visual (AV) vs. audio-only (AU) word error rate (WER), % , is
depicted for clean and artificiallycorrupted data using HMMs trained on clean
data. The approximate% relative improvement due to the visual modality is
also shown for each condition (%), as well as the visual-only (VI) WER.
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audiovisual ASR over a wide range of acoustic signal-to-noiseratio (SNR) conditions. The best results are obtained by a
hybrid fusion approach that uses the two-stream HMM
(AV-MS) framework to combine audio features with fused
audiovisual discriminant features (AV-Discr.), achieving for
example an 8-dB "effective SNR" performance gain at 10 dB,
as depicted in Fig. 10A [44].
Similar conclusions are reached when using the NWU
audiovisual ASR system that uses shape-based visual features, obtained by PCA on FAPs of the outer and inner
lip contours [40, 45] (see also Section 2.2). A summary of
single-speaker, large-vocabulary (~ 1,000 words) recognition
experiments using the Bernstein lipreading corpus [91] is
depicted in Fig. 10B. There, audio-only WER, %, is compared
to audiovisual ASR performance over a wide range of acoustic
SNR conditions (0-30 dB), obtained by corrupting the
original signal with white Gaussian noise. It can be clearly
seen in Fig. 10B that considerable ASR improvement is
achieved, compared to the audio-only performance, for all
noise levels tested when visual speech information is utilized.
Of particular interest is to compare such gains when using
FAPs extracted from the inner and outer lips. Figure 10B
demonstrates that inner-lip FAPs, when used as visual features
do not provide as much speechreading information as the
outer-lip FAPs. However, when both inner- and outer-lip
FAPs are used as visual features, the performance of the
audiovisual ASR system improves as compared with when

the artificially corrupted audio by nonstationary babble speech
noise. The noise level varies per database, with the experiment
designed to result in audio-only WER of about 25% for all
four corpora. In addition to the WER results, the approximate
relative percentage reduction in WER, achieved by incorporating the visual modality into ASR, is shown for both acoustic
conditions.
Table 2 demonstrates two major points [46]: First, that the
ASR gains due to visual speech are large, even for the relatively
clean acoustic conditions of the original data. Such benefits
become dramatic at high noise levels, reaching for example a
relative 69% WER reduction for the headset data. It is
interesting to note that these gains hold even though the
visual-only performance is significantly worse than audio-only
ASR (for example, 15 to 25 times worse in WER for the
particular tasks). Second, as the visual environment becomes
more challenging, due to head-pose and lighting variation, both
visual-only performance and ASR gains degrade. For example,
the visual-only WER is only 21.3% for the headset corpus, but
68.7% in the automobile data. Clearly, under challenging visual
conditions, the performance of appearance-level visual features
suffers.
The above observations carry through to large-vocabulary
ASR as well. This is partially demonstrated in Fig. 10A,
where speaker-independent, large vocabulary (> 10,000 words)
continuous speech recognition results are depicted for the
studio-quality database using three fusion techniques for
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FIGURE 10
Large-vocabulary, audiovisual automatic speech recognition results using the IBM (left) and
Northwestern University (NWU) (right) systems. In both cases, audio-only and audiovisual word error rate (WER),
%, are depicted vs. audio channel signal-to-noise ratio (SNR) for hidden Markov models (HMMs) trained in matched
noise conditions. The effective SNR gains are also shown with reference to the audio-only WER at 10 dB. Notice that the
axes ranges in the two plots differ. In more detail: (A) In the IBM system, appearance-based visual features are
combined with audio using three different techniques. Reported resuts are on the IBM, studio-quality database [44].
(B): In the N W U system, shape-based visual features using outer-, inner-only, or both lip-contour facial animation
parameters (rAPs) are combined with audio features by means of decision fusion. Reported resuts are on the Bernstein
lip-reading corpus [91 ].
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only the outer-lip FAPs are used [40]. Note that these results ments are affected by the neighboring visemes. Addressing this
are consistent with investigations of inner versus outer lip issue is crucial to visual speech synthesis, since, to achieve
geometric visual features for automatic speechreading [24]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
realistic facial animation, the dynamic properties and timing
of the articulatory movements need to be proper. A number of
methods have been suggested in the literature to model coar5 Audiovisual Speech Synthesis
ticulation. In general, they can be classified into rule-based
and data-based approaches and are reviewed next.
Audiovisual speech synthesis is a topic at the intersection of
Techniques in the first category define rules to control the
a number of areas including computer graphics, computer visual articulators for each speech segment of interest, which
vision, image and video processing, speech processing, could be phonemes or bi- or tri-phones. For example, L6fquist
physiology, and psychology. Audiovisual speech synthesis [92] proposed an "articulatory gesture" model. He suggested
systems automatically generate either voice and facial anima- utilizing dominance functions, defined for each phoneme,
tion from arbitrary text (audiovisual TTS, or visual TTS which increase and decrease over time during articulation, to
(VTTS)), or facial animation from arbitrary speech (speech- model the influence of the phoneme on the movement of
to-video synthesis). A view of an animated face, be it text- articulators. Dominance functions corresponding to the
or speech-driven, can significantly improve intelligibility of neighboring phonemes will overlap, therefore, articulation at
both natural and synthetic speech, especially under nonideal the current phoneme will depend not only on the dominance
acoustic conditions. Moreover, facial expressions and prosodic function corresponding to the current phoneme, but also on
information can signal emotions, add emphasis to speech, and the ones of the previous and following phonemes. In addition,
support dialog interaction.
it is proposed that each phoneme has a set of dominance
Audiovisual speech synthesis systems have numerous functions, one for each articulator (lips, jaw, velum, larynx,
applications related to human communication and percep- tongue, etc.), because the effect of different articulators on
tion, including tools for the hearing impaired, multimodal neighboring phonemes is not the same. Dominance functions
virtual agent-based user interfaces (desktop assistants, e-mail corresponding to various articulators may differ in offset,
messengers, newscasters, online shopping agents, etc.), duration, and magnitude. In [49], Cohen and Massaro
computer-based learning, net-gaming, advertising, and enter- implemented L6fqvist's gestural theory of speech production,
tainment. For example, facial animation generated from using negative exponential functions as a general form for
telephone speech by a speech-to-video synthesis system could dominance functions. In their system, the movement of artigreatly benefit the hearing impaired, while an e-mail service culators that correspond to a particular phoneme is obtained
that transforms text and emoticons (facial expressions coded by spatially and temporally blending (using dominance
into a certain series of keystrokes) from text into an anima- functions) the effect of all neighboring phonemes under
ted talking face could personalize and improve the e-mail consideration. In other rule-based coarticulation modeling
experience. Audiovisual speech synthesis is also suitable approaches, Pelachaud et al. [56] clustered phonemes into
for wireless communication applications. Indeed, some face visemes with different deformability ranks, while Breen
animation technologies have very low-bandwidth transmis- et al. [57] directly used context in the units used for synthesis,
sion requirements, utilizing a small number of animation by utilizing static context-dependent visemes. Overall, rulecontrol parameters. New mobile technology standards allow based methods allow for incremental improvements by refinlarge-bandwidth multimedia applications, thus enabling the ing the articulation models of particular phonemes, which can
transmission of full synthetic video, if desired.
be advantageous in certain scenarios.
Two critical topics in the design and performance of
In contrast to rule-based techniques, data-based coarticulaaudiovisual speech synthesis systems are modeling the speech tion models are derived after training (optimizing) a number
coarticulation and the animation of the face. Various appro- of model parameters on an available audiovisual database.
aches exist in the literature for addressing these issues, and are Various such models have been considered for this purpose in
presented in detail in the next two sections. Following their the literature, for example ANNs and HMMs [51, 52]. Datareview, VTTS and speech-to-video synthesis are discussed, based coarticulation models can also be obtained using a
and evaluation results of the visual speech synthesis system concatenative approach [53, 54], where a database of video
developed at NWU are presented.
segments corresponding to context-dependent visemes is
created using the phoneme-level transcription of a training
audiovisual database. The main advantage of data-driven
5.1 Coarticulation Modeling
methods is that they can capture subtle details and patterns in
Coarticulation refers to changes in speech articulation the data, which are generally difficult to model by rules. In
(acoustic or visual) of the current speech segment (phoneme addition, retraining for a different speaker or language can be
or viseme) due to neighboring speech. In the visual domain, automated. Several approaches for generating visual speech
this phenomenon arises because the visual articulator move- parameters from the acoustic speech representation using
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data-driven coarticulation models have been investigated in surfaces. The facial surface should not be oversampled, since
that would lead to computationally expensive facial animathe literature [51-54]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
tion. The polygons must also be laid out in a way that permits
the face to flex and change shape naturally. In the second step,
5.2 Facial Animation
a digitized 3D facial mesh is constructed. This is typically
The face is a complex structure consisting of bones, muscles, achieved by obtaining the subject's facial geometry using 3D
blood vessels, skin, cartilage, and so forth. Developing a facial photogrammetry or a 3D scanner. Finally, in the third step,
animation system is therefore an involved task, requiring a the 3D mesh is animated to simulate facial movements.
framework for describing the geometric surfaces of the face, During animation, the face surface is deformed by moving the
its skin color, texture, and animation capabilities. Several vertices of the polygonal mesh, keeping the network topology
computer facial animation systems have been reported in the unchanged.
literature, which can be classified as model-based (also known
The motion of the vertices is driven by a set of control
as knowledge-based) or image-based.
parameters. These are mapped to vertex displacements based
In the model-based facial animation approach, a face is on interpolation, direct parameterization, pseudo-muscular
modeled as a three-dimensional (3D) object, and its structure deformation, or physiologic simulation. In the interpolation
is controlled by a set of parameters. The approach has become approach, a number of key flames, usually corresponding to
popular due to the MPEG-4 facial animation standard [88], visemes and facial expressions, are defined, and their vertex
and it consists of the following three steps: designing the 3D positions are stored. The frames in between key flames are
facial model; digitizing a 3D mesh; and animating the 3D mesh generated by interpolation, since all possible linear combinato simulate facial movements. In the first step, a 3D model that tions of key frames are represented by the control parameter
captures the facial geometry is created. Most models describe space. The main advantages of this approach are simplicity
the facial surface using a polygonal mesh (see also Fig. l lA). and its support by commercial animation packages. However,
This method is frequently used due to its simplicity and avail- the disadvantages lie in the fact that facial feature motion is
ability of graphics hardware for efficient rendering of polygon typically nonlinear, and that the number of achievable facial
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FIGURE 11 MPEG-4 compliant facial animation. (A)" A polygonal mesh [93]; (B,C) detailed structure of the most
expressive face regions; (D,E) three-dimensional surface is divided into areas corresponding to feature points affected by
facial animation parameters and (F,G) synthesized expressions of fear and joy. (B-G) Correspond to model Greta
(reproduced with permission from [59]). (See color insert.)
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expressions is limited by the number of key frames used. In the
direct parameterization approach, basic geometric transformations, such as translation, rotation, and scaling, are used to
describe vertex displacements. Pseudo-muscular models, on
the other hand, use facial muscle structure to model deformations. The space of allowable deformations is reduced by
knowledge of the human face anatomic limitations. Muscles
are modeled with one end affixed to the bone structure of the
skull and the other end attached to the skin. Finally, modeling
the skin with three spring-mass layers has also been used to
develop more detailed physiologic models. The main advantage of this approach is the improved realism over purely
geometric facial modeling techniques.
Most model-based facial animation systems used today are
extensions to Parke's work [58]. His model utilizes a parametrically controlled polygon topology, where the face is constructed from a network of approximately 900 surfaces,
arranged and sized to match the facial contours. Large polygons are used in flattered regions of the face, while small ones
are used in high curvature areas. Face animation is controlled
by a set of about 50 parameters, ten of which drive the articulatory movements involved in speech production. In related
work [59], Pasquariello and Pelachaud developed a 3D facial
model, named "Greta," consisting of 15,000 polygons (see
Figs. llB and llC). Greta is compliant with the MPEG-4
standard [88], and able to generate, animate, and render in
real-time the structure of a proprietary 3D model. The model
uses the pseudo-muscular approach to describe face behavior,
and it includes features such as wrinkles, bulges, and furrows
to enhance its realism. In particular, a great level of detail is
devoted to the facial regions that contain most speechreading
and expression information, such as the mouth, eyes, forehead, and the nasolabial furrow (see Figs. llB and llC). Furthermore, to achieve more control on the polygonal lattice, the
3D model surface is divided into areas that correspond to
feature points affected by FAPs (see also Figs. 11D, and 11E).
Examples of facial animation employing the Greta model to
display fear and joy expressions are shown in Figs. l lF and
llG.
In contrast to the model-based techniques discussed above,
the image-based facial animation approach relies mostly on
image processing algorithms [53-55]. There, most of the work
is performed during a training process, through which a
database of video segments is created. Thus, unlike modelbased approaches that use a static facial image, image-based
techniques use multiple facial images, being able to capture
subtle face deformations that occur during speech. Imagebased facial animation consists of the following steps: recording of the video of the subject; video segmentation into
animation groups; and animation of the model by concatenating various animation groups. In the first step, video of the
subject uttering nonsense syllables or sentences in a controlled
environment is recorded. In the second step, the recorded
video is analyzed, and video segments consisting of phone, tri-
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phone, or word boundaries are identified. Finally, in the third
step, the video segments are concatenated to realize the animation. Interpolation and morphing are usually employed to
smooth transitions between boundary frames of the video
segments.
Several examples of image-based facial animation can be
found in the literature. For example, in [55], Ezzat and Poggio
report a visual TTS system, named "MikeTalk," which uses 52
viseme images, representing 24 consonants, 12 monophthongs,
and 16 diphthongs. To generate smooth transitions between the
viseme images, morphing is used. However, the system processes the mouth area only, and does not synthesize head
movements or facial expressions. In [53], Bregler et al. report a
speech-to-video synthesis system that also uses image-based
facial animation. Their system utilizes existing footage to create
video of a subject uttering words that were not spoken in the
original footage. In the analysis stage, time-alignment of
the speech is performed (using HMMs trained on the TIMIT
database) to obtain phonetic labels, which are consequently
used to segment the video into tri-phones. Only the mouth area
is processed and then reimposed with new articulation into the
original video sequence. Tri-phone videos and the phoneme
labels are stored in the video model. In the synthesis stage,
morphing and stitching are used to perform time-alignment of
tri-phone videos, time-alignment of the lips to the utterance,
illumination matching, and combination of lips and the background. The main disadvantages of this approach lie in the size
of the tri-phone video database and in the fact that only the
mouth area is processed. Other facial parts such as eyes and
eyebrows that carry important conversational information are
not considered. To overcome these shortcomings, Cosatto and
Graf [54] decompose their facial model into separate parts. The
decomposed head model contains a "base face," which covers
the area of the whole face and serves as a substrate onto which
the facial parts are integrated. The facial parts are the mouth
with cheeks and jaw, the eyes, and the forehead with eyebrows.
Each part is modeled separately, therefore the number of stored
image samples in the database is kept at a manageable level. This
allows for independent animation of various areas of the face,
therefore increasing the number of free parameters in the
animation system and the amount of conversational information contained in the facial animation. zyxwvutsrqponmlkjihgfedcbaZYX

5.3 Visual Text-to-Speech
A general block diagram of a text-driven facial animation
system is shown in Fig. 12 [94]. The input text is first processed by a natural language processor (NLP), which analyzes it
at various linguistic levels to produce phonetic and prosodic
information. The latter refers to speech properties, such as
stress and accent (at the syllable or word level), and intonation
and rhythm, which describe changes in pitch and timing
across words and utterances. NLP can also produce visual
prosody, which conveys information about facial expressions
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chose the closest grid point, providing in this manner a set
of candidate mouth bitmaps located within the corresponding bin. Next, they utilized the Viterbi algorithm to compute
the lowest-cost path through a graph, having as nodes the
Facial Animation
candidate images at each time instant. For the transition cost
System
between nodes (mouth images) at consecutive times, they used
I Phone-to-Viseme I VisemeStream ,.._] Face
their Euclidean distance in the PCA space, setting this cost to
Mapping
I
"- I Synthesis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
zero in case the images correspond to neighboring frames of
FIGURE 12 Components of typical visual text-to-speech synthesis systems. the original video. The resulting path provided the final
mouth sequence animation.
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(e.g., anger, disgust, happiness, sadness, etc.). The generated
phonetic and prosodic information can then be used by the
speech synthesis module to produce an acoustic speech signal.
Similarly, the face synthesizer uses viseme information,
obtained through phoneme-to-viseme mapping, and visual
prosody to produce a visual speech signal.
A number of researchers have used this approach for VTTS
with their techniques for coarticulation modeling and facial
animation. For example, in [60], Cohen and Massaro used
Parke's facial model as the basis for their text-driven speech
synthesizer. Their main improvements over Parke's model were
the inclusion of tongue and their extensive study of coarticulation, which they integrated into face animation [49]. For
the "MikeTalk" system [55], discussed earlier, Ezzat and
Poggio manually extracted a set of viseme images from the
recordings of a subject enunciating 40 to 50 words. They assumed a one-to-one mapping between phonemes and visemes,
and modeled a viseme with a static lip shape image instead of
using a sequence of images. Subsequently, they reduced the
number of visemes to 16 and constructed a database of 256
optical flow vectors that specified the transitions between all
possible viseme images. Finally, they used a TTS system to
translate text into a phoneme stream with duration information, and used it to generate a sequence of viseme images for
face animation, synchronized with TTS-produced speech.
In other work [54], Cossato and Graf developed a TTS
system using their decomposed facial model, discussed in the
previous section. They first recorded a video database
consisting of common tri-phones and quadri-phones uttered
by a subject. Then, they extracted and processed mouth
images from the video, obtaining both geometric and PCA
visual features, and subsequently parametrized and stored
them in bins located on a multidimensional grid within the
geometric feature space. To reduce storage requirements,
within each bin, they discarded mouth images "close" to
others in the PCA space, using a vector quantization scheme
based on Euclidean distance. For synthesis, they used a
coarticulation model, similar to the one in [49], to obtain a
smooth trajectory in the geometric feature space, based on the
target phonetic sequence and a mapping between visemes and
their "average" geometric feature representation. To generate
the mouth region animation, they sampled the resulting
trajectory at the video rate, and, at each time instant, they

5.4 Speech-to-Video Synthesis
Speech-to-video synthesis systems exploit the correlation
between acoustic and visual speech, in order to synthesize a
visual signal from the available acoustic signal (see Fig. 13).
Several approaches for speech-to-video synthesis have been
reported in the literature, using methods, such as VQ, ANNs,
or HMMs (see also Section 3.2). In general, these techniques
can be classified into regression- and symbol-based approaches
and are briefly reviewed in this section.
Regression-based methods establish a direct continuous
association between acoustic and visual features. VQ and ANNs
are commonly used for this task, with the former constituting
a simpler approach. In the training phase of VQ-based speechto-video synthesis, an acoustic codebook is first constructed
using clustering techniques. The codebook allows classifying
audio features into a small number of classes, with the visual
features associated with each class averaged to produce a
centroid to be used in synthesis. At the synthesis stage, the
acoustic parameters at a given instant are compared against
all possible acoustic classes. The class located closest to the
given parameters is selected, and the corresponding visual
centroid is used to drive the facial animation. In ANN-based
speech-to-video synthesis, the acoustic and visual speech
features correspond to the input and output network nodes,
respectively. In the training phase, the network weights are
adjusted using the back-propagation algorithm. For synthesis,
at each time instant, the speech features are presented to the
network input, with the visual speech parameters generated at
the output nodes of the ANN.
The work reported in [51] constitutes a typical example of
the regression-based approach. There, Morishima and Harashima investigated the use of VQ and ANNs for predicting
facial features from audio. They considered 16-dimensional
LPC vectors and eight facial feature points (located on the
lips, jaw, and ears) as the representations of the acoustic and
visual signals, respectively. In their VQ scheme, they created
a 5-bit codebook to allow mapping of the acoustic to the
visual parameters, while in their ANN-based algorithm,
they used a three-layer ANN architecture. In related work,
Lavagetto [61] proposed using six independent time-delay
neural networks with four layers, each accepting identical
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FIGURE 13 The speech-to-video synthesis systems developed in [50, 52] utilize narrowband speech to
generate two possiblevisual representations: eigenlipsthat can be superimposedon frontal face videos for animation,
or facial animation parameters that can be used to drive an MPEG-4-compliant facial animation model. (See color
insert.)
acoustic feature input (12-dimensional LPC vectors), but
generating as output individual parameters of a geometric
visual speech representation.
In contrast to regression-based techniques, in the symbolbased approach, the acoustic signal is first transformed into an
intermediate discrete representation consisting of a sequence
of subphonetic or subword units. HMMs are typically used for
this purpose, since they provide explicit phonetic information,
which can help in the analysis of coarticulation effects.
Reported HMM-based systems vary in two basic aspects:
the units used for recognition (i.e., what do the HMM states
represent; see also Sections 3.1 and 3.2) and the method for
synthesizing the visual parameter trajectories from the recognized HMM state sequence. Examples of such systems are
provided next.
Simons and Cox [62] developed an HMM-based speechdriven synthetic head. They analyzed a small number of phonetically rich sentences to obtain several acoustic and visual
training vectors. They used VQ to produce audio and visual
codebooks of sizes 64 and 16, respectively. Then, they created
a fully-connected 16-state discrete HMM, each state representing a particular vector quantized mouthshape, and producing the 64 possible audio code words. The HMM
transition and observation probabilities were trained on the
basis of the joint audiovisual vector-quantized data. Subsequently, the trained HMM was used in synthesis by means of
the Viterbi algorithm, generating the most likely visual state
sequence (hence, visual representation) given the input audio
observations.

Chen and Rao [5] trained continuous whole-word HMMs
using audiovisual observations (henceforth such HMMs are
referred to as AV-HMMs). They used the width and height of
the outer lip contour as visual features, and 13 MFCCs as
acoustic features. Subsequently, they built for each word an
acoustic HMM (A-HMM), which had the same transition
matrix and initial state distribution as the corresponding AVHMM [see Equations (1), (2), and (4)]. The state acoustic
observation pdf for each particular A-HMM state was derived
by integrating the AV-HMM observation pdf over the visual
parameters. In the synthesis phase, the A-HMMs and the
acoustic observations were first used, employing the Viterbi
algorithm, to obtain the optimal acoustic state sequence. Next,
assuming that the AV-HMM state sequence is the same as
the A-HMM state sequence, they estimated for each state the
cor-responding visual feature vector, using AV pdfs and the
acoustic observations.
Bregler et al. [53] created an HMM-based speech-driven
facial animation system called "Video Rewrite." They first
trained an A-HMM system on the TIMIT database, and used
it to segment the audio portion of a joint audiovisual database
into tri-phones. The visual segments, time-synchronous to the
resulting tri-phones, were then stored into a video database,
indexed by the corresponding tri-visemes. At the synthesis
stage, given the input acoustic signal, they first obtained its
phonetic level transcription using the A-HMM system. Subsequently, they used the concatenative approach to synthesis
with visual segments selected from the created video database. Various cost metrics were considered for the segment
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selection, and the Viterbi algorithm was used to obtain the 5.5 Visual Speech Synthesis Evaluation
optimal sequence of video segments. Finally, they used
warping techniques to smooth the selected video segments Evaluating visual synthesis systems is extremely important to
benchmark algorithmic improvements, assess the suitability of
and synchronize them with the speech signal.
Finally, two systems were developed at NWU [50, 52], using specific databases for training data-driven techniques, and
two different visual speech representations, eigenlips and quantify the benefit of incorporating the visual modality over
FAPs. PCA was performed on both FAPs and mouth images to traditional audio-only synthesis, for example. There are both
obtain visual features of lower dimensionality. MFCCs were objective and subjective methods to evaluate visual speech
used as acoustic features in both systems. The block diagram synthesis. The former typically compare the difference betof the developed systems is shown in Fig. 13. The two systems ween a set of synthesized and recorded test sequences, in terms
utilized continuous A-HMMs, visual HMMs (V-HMMs), of mean squared error or other distance metrics in the visual
and correlation HMMs (C-HMMs). In this approach, the speech representation space, or, alternatively, report ASR perA-HMMs and the Viterbi algorithm were used to realize the formance on the synthesized test set [52]. Although relatively
audio state sequence that best described the acoustic obser- easy to perform, objective evaluation does not necessarily
vations extracted from the input narrowband speech signal. indicate how two systems will be relatively received by human
The A-HMM observation generator then used the means users in practice. Subjective testing is instead required for such
corresponding to each resulting A-HMM state to produce assessments [7, 48].
In general, subjective evaluation of visual speech synthesis
speaker-independent observations [see also (1), (2), and (6) in
Section 3.2]. Smoothing and down-sampling were subse- performance should be application-dependent. Such tests
quently used to obtain acoustic observations at the video rate should be developed with the goal of evaluating a number of
(30 Hz), while the C-HMM system mapped the generated issues, for example the degree of realism in the animation,
acoustic observations, using the Viterbi algorithm, into a user satisfaction, and the effectiveness in communicating the
visual state sequence. Finally, the visual state sequence and the intended message. In particular, effectiveness in communicatV-HMM observation generator were employed to produce ing and especially intelligibility of a talking head should be
of primary importance. Intelligibility evaluation approaches
visual observations.
Two key elements of the NWU systems were the C-HMM aim at measuring either phoneme identification performance
training procedure and model architecture. To ensure that (recognition of vowels and consonants) or speechreading
the C-HMMs were capable of approximating the optimal performance (recognition of isolated words or sentences), by
visual state sequence given the acoustic observations, they human subjects.
were built with the same topology and identical state
In this section, we provide an example of an intelligibitransition and initial probabilities as the V-HMMs. As a lity subjective evaluation in the case of the eigenlips-based,
result of the above constraints, only the C-HMM observation speech-to-video synthesis system developed at NWU and dispdfs had to be estimated during training (see also Section cussed earlier. In these tests [48, 50], several subjects have been
3.2). In more detail, the C-HMMs were trained using the presented with three types of stimuli: (a) audio-only signal;
following procedure [50, 52]: In the first step, A-HMMs (b) audio, supplemented by the synthesized video signal; and
and V-HMMs were independently trained using the TIMIT (c) audio, together with the original video footage. In all cases,
corpus and the visual part of the Bernstein database, the audio (and video, where applicable) utterances were from
respectively. The two HMMs had different topologies to the Bernstein lipreading corpus [91], and the intelligibility
account for the unequal audio and video observation rates. experiments were conducted with the audio corrupted by
Next, in the second step, the trained A-HMMs and V-HMMs additive, white Gaussian noise, resulting in speech signals of
in conjunction with the Viterbi algorithm were used to force- - 5 dB, - 10 dB, and - 15 dB SNRs (see Fig. 14). The audioalign acoustic and visual training data, respectively, and only word recognition accuracy achieved by the subjects was
generate corresponding acoustic and visual state sequences. In 92.2%, 66.8%, and 11.7%, at the three SNR levels, respectively.
the third step, down-sampled acoustic observation sequences The word-recognition accuracies improved significantly, when
were generated using the acoustic state sequences obtained synthesized video was also presented to the subjects, reaching
in the second step. In the fourth step, the visual state sequence 97.9%, 87.5%, and 46.1%. Subjective tests under scenarios (a)
generated in the second step was utilized as a constraint to and (b) were also performed using sets that contained certain
distribute the down-sampled acoustic observations among the number of repeated fitterances used throughout all the tests.
C-HMM states. Finally, reestimation of the C-HMM observa- The word-recognition accuracies improved when repeated
tion pdfs was carried out. This training procedure generated utterances were used, especially for the SNR o f - 1 5 dB,
C-HMMs capable of producing, in conjunction with indicating that the subjects used prior knowledge to assist the
V-HMMs, visual state sequences and estimates of the transcription of the repeated utterances. However, these
visual articulatory movements from down-sampled acoustic results were still inferior to human speech perception wordobservations. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
recognition accuracies obtained using natural instead of
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Biometrics, or biometric recognition, refers to utilizing
physiologic and behavioral characteristics for automatic
person recognition. Traditional person identification meth100
ods, including knowledge-based [e.g., passwords, personal
identification number (PINs)] and token-based (e.g., ATM or
80
credit cards, and keys) do not provide reliable performance.
Passwords can be compromised, while keys and cards can be
60
stolen or duplicated. Identity theft is one of the fastest growing
¢.)
crimes in the United States. Unlike knowledge- and tokeno
<
based information, biometric characteristics cannot be for40
gotten or easily stolen. There are many different biometric
characteristics that can be used in person recognition systems,
20
including fingerprints, palm prints, hand and finger geometry,
hand veins, iris and retinal scans, infrared thermograms, DNA,
ears, faces, gait, voice, signature, and so forth (see Fig. 15)
-15
-10
-5
[71, 72, 76, 95].
Audio SNR level [dB]
Each biometric characteristic has its own advantages and
FIGURE 14 Intelligibility-based subjective evaluation of the speech-to-video
disadvantages and there is no single modality which performs
synthesis system developed at Northwestern University [48, 50]. Human
the best for all applications. The choice of biometric charspeech perception is compared using audio-only vs. audio with synthesized
acteristics depends on many factors including the best achievvideo and vs. audio with natural video of the lip region. For the first two
able
performance, uniqueness, robustness to noise, cost of
conditions, results for repetitivepresentation of the stimulito the subjects are
also given ("Rep"). Experiments are reported over three acoustic noise biometric sensors, invariance of characteristics with time,
conditions. (See color insert.)
robustness to attacks, population coverage, scalability, and
so forth. All of these factors are usually considered when
choosing the most appropriate biometric characteristics for
synthesized video, namely 98.3%, 95.9%, and 86.5%, respec- a certain application. In addition, there are a number of
tively. Clearly, these subjective tests suggest that animated biometric applications for which it is desirable to use nonfaces obtained using visual speech synthesizers can improve intrusive and user-friendly methods for extraction of biospeech intelligibility, especially under noisy conditions (see metric features. Developing such biometric systems makes
also [7]). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
biometric technology more socially acceptable and accelerates
its integration into every day life.
A person's voice and face are biometric characteristics that
6 Audiovisual Speaker Recognition
are easily collected and natural to the user. These characteristics can be utilized for nonintrusive person recognition. The
Audiovisual speaker recognition (also known as audiovisual recent technology advances decreased the cost of audio and
biometric) systems utilize acoustic and visual information to video biometric sensors and opened a door to audiovisual
perform automatic person recognition. A person recognition biometrics. Acoustic and visual biometric characteristics can
system should be capable of rejecting claims from impostors, contain static and dynamic information. LPCs, MFCCs, and
persons not registered with the system, and accepting claims their derivatives, are commonly used as acoustic features in
from the clients, persons registered with the system. Person speaker recognition systems. Visual features can describe only
recognition can be classified into two problems: person the mouth region (visual-labial features) or the whole face
identification and person verification (authentication) [68]. (visual-facial features). Both mouth and face can be represented
Person identification is the problem of determining the using shape-based features or appearance-based features (see
identity of a person (who the person is) from a closed set of also Section 2). Shape-based labial features include lip-contour
candidates, while person verification refers to the problem of shape and geometric features, while shape-based facial features
determining whether a person is who s/he claims to be. There include active shape models, facial feature geometry, elastic
are a number of systems that require person recognition to graphs, etc. Labial and facial appearance-based features are
reliably determine the identity of persons requesting their obtained using image projections such as LDA, PCA, DCT,
services. Applications that can use person recognition systems and so forth, on mouth or face images. Facial features can also
include automatic banking, computer network security, be classified as global or local if the face is represented by only
information retrieval, secure building access, and so forth. one feature vector or by multiple vectors each representing
Personal property, such as cell phones, PDAs, laptops, cars, local information. Face images used for extraction of visual
and so forth, could also have built-in person recognition features can be visible or infrared, two-dimensional (2D) or
3D, and so forth.
systems which would prevent impostors from using them. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 15 Biometric characteristics: (A) fingerprints; (B) palm print; (C) hand and finger geometry; (D) hand
veins; (E) retinal scan; (F) iris; (G) infrared thermogram; (H) DNA; (I) ears; (J) face; (K) gait; (L) speech; (M)
signature. (See color insert.)

Although single-modality biometric systems can achieve
high performance in some cases, they are usually not robust to
noise and do not meet the needs of many potential person
recognition applications. Speaker recognition systems that rely
only on audio data are sensitive to microphones (headset,
desktop, telephone, etc.), acoustic environment (car, plane,
factory, etc.), and channel noise (telephone lines, VoIP, etc.).
On the other hand, systems that rely only on visual data can be
sensitive to visual noise (lightning changes, poor video quality,
occlusion, segmentation errors, etc.). To improve the robustness of biometric systems, multisamples (multiple samples of
the same biometric characteristic), multialgorithms (multiple
algorithms with the same biometric sample), and multimodal
(different biometric characteristics) biometric systems have
been developed. The advantage of multimodal biometric
systems lies in their robustness, since different modalities can
provide independent (complementary) information. Different
modalities are combined to eliminate problems characteristic
of single modalities. It has been shown that using multiple
biometric modalities improves the performance of a biometric
system [71-73, 76]. In audiovisual speaker recognition systems, speech is utilized together with either static video frames
of faces (face recognition) or video sequences of the face (or
the mouth area) in order to improve speaker recognition
performance (see Fig. 16). Audio-visual speaker recognition
systems can also utilize all three modalities [74].

Audiovisual speaker recognition systems can be either textdependent, where speech used for training and testing is
constrained to be the same, or text-independent, where speech
used for testing is unconstrained. The methods for modeling speakers based on their audiovisual biometric data are
usually statistical in nature. Such approaches include, ANNs,
SVMs, GMMs, HMMs, etc. (see also Section 3.2). HMMs
represent the most commonly used approach for speaker
recognition.
In speaker identification systems, the objective is to
determine the class ~, corresponding to the enrolled person
or the impostor, that best matches the unknown person's
audiovisual biometric data Oar,t, that is
C" --

argmax Pr(cloav, t),
c~C

where C denotes the set of classes corresponding to all
speakers in the database and the impostor, and Pr (c I o~,t) the
conditional probability that biometric observations Oav,t were
generated by the statistical model for the class c.
In speaker verification systems there are only two classes,
and it is necessary to determine whether the class corresponding to the general population (w) or the class corresponding to
the true claimant (c) best matches the claimant's biometric
observations. The similarity measure (D) can be defined as
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FIGURE 16 Blockdiagram of an audiovisual speaker recognition systemthat utilizes static (face image) and dynamic
(visual speech) visual information together with acoustic information. (See color insert.)
the likelihood ratio between the speaker set and the world set,
that is
D = log Pr (c[ Oav,t) - log Pr (w[ Oav,t).
If D is larger than an a priori defined verification threshold
the claim is accepted; otherwise it is rejected.
In text-dependent speaker recognition systems, subphonetic
units are usually modeled. In that case, the set of classes can be
considered as the product space between the set of speakers
and the set of phonetic based units. HMMs are commonly
used for text-dependent speaker recognition, through modeling the phonetic units by Gaussian mixture densities [see (1)
in Section 3.2]. In text-independent systems single-state
HMMs (GMMs) can be used to model speakers. In this case
a single GMM is assumed to generate the entire audiovisual
observation sequence.
Two commonly used error measures for verification performance are false acceptance (FA)--an impostor is acceptedm
and false rejection (FR)--a client is rejected. They are
defined by
F A = I A / I X 100%

F R = C R / C X 100% ,

where IA denotes the number of accepted impostors, I the
number of impostor claims, CR the number of rejected clients,
and C the number of client claims. There is a trade-off
between FA and FR, which is controlled by the choice of the
verification threshold. It is usually chosen according to certain
FA and FR requirements, based on results obtained through
experiments on the evaluation set. The choice of the verification threshold dearly depends on the application and costs
assigned to each of the error measures. For example, systems
that control access to a highly secure area or manage banking
transactions would require very low FA at the expense of
increased FR. On the other hand, systems that control tolls or
gym access would avoid putting their legitimate customers
in inconvenient situations by requiring low FR, at the expense

of increased FA. Verification system performance can also
be measured using an equal error rate (EER) measure. It is
determined after the verification experiments are performed,
by choosing the verification threshold for which FA and FR
are equal.
Performance of audiovisual speaker recognition systems
strongly depends on the choice and accurate extraction of the
visual features, and the information fusion approach. Acoustic
and visual observations can either be combined to form joint
audiovisual observations or utilized as separate observation
streams. Information fusion approaches commonly used for
fusion of audio and visual biometric information are discussed
in more detail in Section 3.3 and in [71, 72]. A number of
audiovisual speaker recognition systems that utilize various
types of visual features and audiovisual information fusion
strategies, have been reported in the literature [72-76].
Brunelli and Falavigna [76] developed a text-independent
speaker identification system that combines audio-only
speaker identification and face recognition systems. The two
systems provide five classifiers, two acoustic and three visual.
Two acoustic classifiers correspond to two sets of acoustic
features (static and dynamic) derived from the short time
spectral analysis of the speech signal. Their audio-only speaker
identification system is based on VQ. Three visual classifiers
correspond to the visual classifying features extracted from
three regions of the face: eyes, nose, and mouth. The individually obtained classification scores are combined using a
weighted geometric average. The identification rate of the
integrated system is 98%, compared with the 88% and 91%
rates obtained by the audio-only speaker recognition and face
recognition systems, respectively.
Aleksic and Katsaggelos [73] developed an audiovisual
speaker recognition system that utilized 13 MFCC coefficients
and their first- and second-order derivatives as acoustic features. A visual feature vector consisting of ten FAPs that
describe the movement of the outer-lip contour [88] was projected by means of the PCA onto a 3D space. The resulting
visual features were augmented with first- and second-order
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TABLE 3 Speaker identification and verification errors obtained
when audio-only (AU) or audiovisual (AV) biometric data was
utilized
Identification
Error, %

Verification Error
(EER), %

SNR

AU

AV

AU

AV

Clean
20
10
0

5.13
19.51
38.03
53.10

5.13
7.69
10.26
12.82

2.56
3.99
4.99
8.26

1.71
2.28
2.71
3.13

SNR, signal-to-noise.

derivatives providing nine-dimensional dynamic visual feature
vectors. They used a feature fusion integration approach and
single-stream HMMs to integrate acoustic and visual information. Speaker verification and identification experiments were
performed using audio-only and audiovisual information,
under both clean and noisy audio conditions at SNRs ranging from 0 to 20 dB. Speaker identification and verification
results obtained, expressed in terms of the identification
error and EER, are shown in Table 3. Significant improvement
in performance over audio-only speaker recognition system
was achieved, especially under noisy acoustic conditions. For
instance, the identification error was reduced from 53.1%,
when audio-only information was utilized, to 12.82%, when
audiovisual information was employed at 0 dB SNR.
Jourlin et al. [75] developed an audiovisual speaker
verification system that utilizes both acoustic and visual
dynamic information. Their 39-dimensional acoustic features
consist of LPC coefficients and their first- and second-order
derivatives. They use 14 lip shape parameters, ten intensity
parameters, and the scale as visual features, resulting in a
25-dimensional visual feature vector. They utilize HMMs
and the decision fusion integration approach to perform
audio-only, visual-only, and audiovisual experiments. The
audiovisual score is computed as a weighted sum of the audio
and visual scores. Their results demonstrate a reduction of FA
from 2.3% when the audio-only system is used to 0.5% when
the multimodal system is used.
Chaudhari et al. [72] developed an audiovisual speaker
identification and verification system that modeled reliability
of the audio and video information streams with parameters
which were time-varying and context dependent. The acoustic
features consisted of 23 MFCC coefficients, while visual features consisted of 24 DCT coefficients obtained by applying
DCT on the ROI extracted by means of a face tracking algorithm. They utilized GMMs to model speakers and parameters
that depended on time, modality, and speaker to model
stream reliability. The system that utilized time dependent
stream weights achieved an EER of 1.04%, compared with,
1.71%, 1.51%, and 1.22%, of the audio-only, video-only, and
audiovisual (feature fusion) systems, respectively.

Dieckmann et al. [74] developed a system that used visual
features obtained from all three modalities, face, voice, and lip
movement. The identification error decreased to 7% when all
three modalities were used, compared with 10.4%, 11%, and
18.7%, when voice, lip movements, and face visual features
were used individually.
In summary, there is a need for resources for advancing and
accessing audiovisual speaker recognition systems. Publicly
available multimodal corpora that better reflects realistic conditions, such as acoustic noise and lighting changes would
help in investigating robustness of audiovisual systems. In
addition, standard experiments and evaluation procedures
should be defined in order to enable fair comparison of different systems. Baseline algorithms and systems could also be
chosen and made available to facilitate separate investigation
of effects that factors, such as, the choice of acoustic and visual
features, the information fusion approach, and classification
algorithms, have on system performance. zyxwvutsrqponmlkjihgfedcbaZ

7 Summary and Discussion
In this chapter, we have focused on how the joint processing
of visual and audio signals, both generated by a talking person, can provide valuable speech information to benefit a
number of audiovisual speech processing applications crucial
to human-computer interaction. We first concentrated on
the analysis of visual signals, and described various possible
ways of representing and extracting the speech information
available in them. We then discussed how the obtained visual
features can complement features extracted (by well-studied
methods) from the acoustic signal and how the two modality
representations can be fused together to allow joint audiovisual speech processing. The general bimodal integration
framework was subsequently applied to three problems,
namely automatic speech recognition, talking face synthesis,
and speaker identification and authentication. In all three
cases, we discussed issues specific to the particular application,
reviewed several relevant systems that have been reported in
the literature, and presented results using the implementations
developed at IBM Research and/or Northwestern University.
The experimental results demonstrated the importance of
utilizing visual speech information, especially in the presence
of acoustic noise.
As we mentioned in the Introduction, there are a number of
additional applications that can benefit from the joint processing of audio and visual signals. Examples of such are
emotion recognition, speaker detection and localization,
speech activity detection, and enhancement of the acoustic
signal or of its corresponding audio features. Due to lack of
space, we only briefly address some of them in the following.
Automatic emotion recognition has many potential
applications in human-computer interaction, for example
by indirectly providing valuable user input to dialogue
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management. Both facial expression and voice reflect the
emotional state of a person, thus bimodal processing is a
sensible approach. In the visual domain, there are six basic
facial expressions: happiness, anger, sadness, fear, surprise,
and disgust. Their study is enabled by the facial action coding
system (FACS), which provides standardized coding of
changes in facial motion through 46 action units that describe
basic facial movements [96]. The FACS is based on muscle
activity and captures in detail the effect of each action unit
on the visual face features. Commonly used visual features
for automatic emotion recognition include lip and eyebrow
movements, whole face images, optical flow, and so forth [77,
78]. For the classification process, both spatial and spatiotemporal approaches can be used. In the former, visual
features obtained from single face images are used, while
spatiotemporal approaches utilize features extracted from each
frame of the video sequence of interest. Typically, in facial
expression recognition systems, artificial neural networks are
used to perform spatial classification, whereas hidden Markov
models are frequently used in the spatiotemporal approach
[77]. Visual systems can of course be combined with audioonly emotion recognizers, using the audiovisual integration
framework of Section 3. In this case, typically used audio
features include the acoustic signal energy, pitch contour
statistics, and so forth.
Among additional joint audiovisual processing applications,
speaker detection and tracking are especially useful in environments such as conference rooms, where multiple persons
are present, and signals from both video cameras and microphone arrays are available. In such occasions, speaker detection and tracking can be performed using acoustically guided
cameras, visually guided microphone arrays, or through joint
audiovisual tracking [63-65]. Of particular importance to
speech applications is the detection of synchronous audiovisual sources in the presence of multiple speakers in the scene,
as is often the case in broadcast videos. Joint audiovisual
speech activity localization can benefit from the fact that the
two modalities are correlated, and, for example, can be quantified by using mutual information of the two signals [66].
Furthermore, visual information, such as user pose and proximity to a computer or kiosk, as well as mouth movement, can
be used to flag speech intent [67] or augment acoustic cues
for speech activity detection. The resulting systems will be
robust to environmental noise and are expected to eventually
make the "push-to-talk" button in present automatic speech
recognizers obsolete. Another application that exploits the
correlation between the audio and visual speech ~ignals is the
bimodal enhancement of audio. There, acoustic information is
restored using the video of the speaker's mouth region with
the corrupted audio signal. The enhancement can occur in the
signal space or the audio feature space utilizing linear or
nonlinear techniques [18, 19]. Such an approach is beneficial,
for example, when the amount of visual data available for
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training is insufficient to obtain visual-only speech models,
thus not allowing audiovisual automatic speech recognition
by means of the fusion techniques discussed in Section 3.
Clearly, the field of joint audiovisual signal processing is a
very new, active, and exciting topic of research and development. Indeed, there are a number of major accomplishments, some of which have been described in this chapter in
the context of speec~: applications for human-computer
interaction. Concerning the practical deployment of these
technologies, several obstacles have been slowly lifting, with
audiovisual speech processing systems starting to exhibit realtime performance and improved robustness [46]. Nevertheless,
various research issues remain open to further investigation.
For example, the design of a truly speaker-independent, highperforming visual feature representation with improved
robustness to the visual environment and user behavior,
possibly using 3D face information, as well as the development
of improved audiovisual integration algorithms that will allow
unconstrained audiovisual asynchrony modeling and robust,
localized reliability estimation of the signal information
content, to name a few. Clearly, further research is required
to advance the field and for audiovisual signal processing to
become widespread in practice. The ground is fertile for additional major accomplishments and revolutionary future multimodal technologies and applications, promising to improve
human-computer interaction and, with that, life quality. zyxwvutsrqpon
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1 Introduction
Confocal microscopes have been built and used in research
laboratories since the early 1980s and have been commercially
available for only the last few years. The concept of the
confocal microscope, however, is almost 50 years old. In 1957,
Marvin Minsky [1] applied for a patent on the confocal idea.
At that time, Minsky demonstrated great insight into the
power of the confocal microscope. He realized that the design
of the confocal microscope would give increased resolution
and increased depth discrimination ability over conventional
microscopes. Independently, in Czechoslovakia, M. Petr~n
and M. Hadravsky [2] developed the idea for the tandem
scanning optical microscope (a form of the confocal microscope) in the mid-1960s. However it was not until the 1980s,
that the confocal microscope became a useful tool in the
scientific community. At the time the confocal scope was
introduced, the electron microscope was receiving a great deal
of attention as it was becoming commercially available.
Meanwhile, the confocal microscope required a very high
intensity light source, and thus its commercialization was
delayed until the emergence of affordable lasers in the
technological market. Finally, without the aid of high-speed
data processing equipment and large computer memories,
taking advantage of the three-dimensional (3D) capabilities of
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.
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the confocal microscope was not practical. Visualization of the
data was also not feasible without high-powered computers
and advanced computer graphics techniques.
Since the early 1980s, research and application of confocal
microscopy has grown substantially. A great deal of research
has now been done in understanding the imaging properties of
the confocal microscope. Moreover, confocal microscopes of
different varieties are now commercially available from several
quality manufacturers.

2 Image Formation in Confocal
Microscopy
There are several different designs of the confocal microscope.
Each of these designs is based on the same underlying
physical principles. First, these underlying principles will be
discussed, and then some of the specific designs will be briefly
described.
The confocal microscope has three important features that
make it advantageous over a conventional light microscope.
First, the lateral resolution can be as great as one and a half
times that of a conventional microscope. Second, and most
importantly, the confocal microscope has the ability to remove
out-of-focus information and thus produce an image of a very
1291

zyxwvutsr

1292 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Source

(PSF) of a circular converging lens is well known to be the
Airy disk [3]. The Airy disk is defined in terms of ]l(V), the
Bessel function of order 1. The PSF is defined as the square of
the modulus of the amplitude point spread function, h(v),
which has the form
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Focal Plane
• Out-of-focus
Plane

FIGURE 1 Diagramof a confocal microscope. The dashed lines represent
light rays from an out-of-focus plane within the specimen; these rays are
blocked by the imaging pinhole and do not reach the detector.

h(v)- [ 2]l(v)]

(1)

The independent variable v, known as the optical distance,
is defined in terms of r, the radial distance from the optical
axis in the focal plane:
v = ~-

r

(2)

where a is the radius of the lens, 2 is the wavelength of the
light, and f is the focal length of the lens.
Light is most often detected on an intensity basis. Sheppard
and Wilson [4] give the following formulas for calculating the
distribution of intensity, I(x,y), for the coherent conventional
microscope, the incoherent conventional microscope, and the
confocal microscope in terms of the amplitude point spread
function. A coherent microscope is a microscope in which the
illumination source is coherent light. Likewise, an incoherent
microscope has an incoherent illumination source. Letting
t(x,y) be the object amplitude transmittance, for the conventional coherent microscope the intensity is zyxwvutsrqponmlkjihgfedcbaZ

thin "section" of a specimen. Third, because of the absence of
out-of-focus information, much higher contrast images are
obtained.
Ic~ = Jt • hl 2,
(3)
A schematic representation of a reflectance (dark field) or
fluorescence type confocal microscope is shown in Fig. 1. The
illumination pinhole produces a point source from which the for the conventional incoherent microscope the intensity is
light ray originates. The ray passes through the beam splitter
and down to the objective lens, where it is focused to a point
I~i-- Itl2*lhl2,
(4)
spot inside of the specimen on the focal plane. If the ray
reflects off a point in the focal plane, it will take the same path
and for the confocal microscope the intensity is
back up through the objective and pass, via the beam splitter,
through the imaging pinhole and to the detector. If the ray
Ic -[t • h212.
(5)
instead reflects off a point that is out of the focal plane, the ray
will take a new path back through the objective lens and will
From a quick examination of these equations, it may not
be blocked by the imaging pinhole from reaching the detector.
From this simple explanation it is seen that only the focal be obvious that the resolution of the confocal microscope
plane is imaged. This analysis was purely in terms of is superior. The responses of each type of microscope to a
geometric optics. However, since the resolution of a high- point object are Ice = ]h[2,Ici = [h[2,and Ic = [h[4. These
quality microscope is diffraction limited, a diffraction analysis responses, with h as defined in Eq. (1), are plotted in one
is needed to compare the resolutions of the conventional and dimension in Fig. 2. In both cases of the conventional
microscope, the PSFs are identical and equal to the Airy
the confocal microscope. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
disk. The confocal PSF is equal to the square of the Airy disk
and hence is substantially narrower and has very weak
2.1 Lateral Resolution
side-lobes. Because of the different imaging properties of
First the lateral resolution of the microscope will be the microscopes, the width of the PSF is not a sufficient
considered. The lateral resolution refers to the resolution in means by which to describe resolution. Using the width of the
the focal plane of the microscope. The point spread function PSF, one might conclude that the coherent and incoherent
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as the closest distance between two point objects such that
each object can just be resolved. This is a somewhat loose
definition, since one must explain what is meant by j u s t
resolved. The Rayleigh criterion is often used to define the
two-point resolution. The Rayleigh criterion (somewhat
arbitrarily) states that the two points are just resolved when
the center of the Airy disk generated by one point coincides
with the first zero of the Airy disk generated by the second
point. The Rayleigh distances for the coherent and incoherent
conventional microscope are given in [3] as 0.77 2/N.A. and
0.6 2/N.A., respectively, where N.A. represents the numeric
aperture of the objective lens. The numeric aperture is
computed as n sin 0, where n is the index of refraction of
the immersion m e d i u m and 0 is the half-angle of the cone
of light that exits the objective. For the confocal microscope, the Rayleigh distance is given in [5] as 0.56 2/N.A.
Figure 3 shows the one-dimensional response to two
point objects separated by the Rayleigh distance for the
conventional incoherent microscope. The point objects are
shown with reduced amplitude on the plot for reference
purposes. From Fig. 3, it is evident that the conventional
coherent microscope cannot resolve the two point objects. The
two points appear as a single large point. The superior
resolution of the confocal microscope is demonstrated from
this simulation.
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FIGURE 2 Plots of the PSFs for the conventional coherent and incoherent
microscopes (Ih12), and the confocal microscope (Ih[4).

conventional microscopes have the same resolution. This, as
is shown below, is not the case. The resolution of the
incoherent microscope is in fact greater than that of the
coherent microscope.
The resolution of an optical system is often given in terms
resolution.
The two-point resolution is defined
of its t w o - p o i n t
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FIGURE 3 Two-point response of the coherent conventional, incoherent conventional, and confocal microscopes.
The object points are spaced apart by one Rayleigh distance of the conventional incoherent system.
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object's image. Early work by Born and Wolf [3] gave a
description of the defocused light amplitude along the
optical axis of such a lens system. Wilson et al. [5, 6] have
adapted this analysis to the confocal microscope. An
optical distance along the optical axis of the microscope is
defined by

De~r
u-

FIGURE 4 In the conventional microscope, the detector output for an
in-focus and an out-of-focus point is the same.

2.2 Depth Resolution and Optical Sectioning

87/"
sin2(ot/2)z,

(6)

where z is distance along the optical (z) axis, and sin ot is the
numeric aperture of the objective. With this definition, the
intensity along the optical axis is given by

The confocal microscope's most important property is its
ability to discriminate depth. It is easy to show by the
(sinu/2) 2
conservation of energy that the conventional microscope has
Iu-- k, u/2 }
(7)
no depth discrimination ability. Consider the conventional
detector set up in Fig. 4. The output of the large area detector
is the integral of the intensity of the image formed by the lens.
Experimental verification of Eq. (7) has been performed by
When a point object is in focus (at A), the Airy disk is formed
sectioning
through a highly planar mirror [7-9]. Figure 5
on the detector. If the point object is moved out of the focal
shows
a
plot
of I(u) vs. u. The resolution of the z-axis
plane (at B), a pattern of greater spatial extent is formed on
sectioning
is
most
often given as the full width at the
the detector (a mathematic description of the out-of-focus
half-intensity
point.
A plot of the z-sectioning width as a
PSF is given in [6]). By the conservation of light energy, the
integral of these two intensity patterns must be equal and function of numeric aperture is given in [7]. A typical
hence the detector output is the same for the in-focus and out- example is for an air objective with a N.A. of 0.8, the
z-sectioning width is approximately 0.8 ~tm. For an oil immerof-focus objects.
In the case of the confocal microscope, the pinhole aperture sion objective with N.A. equal to 1.4, the z-sectioning is
approximately 0.25 ~tm.
blocks the light from the extended size of the defocused point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FIGURE 5 Plot of I(u) vs. u, showing the optical sectioning along the optical axis of a confocal microscope.
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5.1 Scanning Confocal Microscope

3 Confocal Fluorescence Microscopy
The analysis presented herein has assumed that the radiation
emitted from the specimen is of the same wavelength as the
radiation incident on the specimen. This is true for reflectance
and transmission confocal microscopy, but not for fluorescence confocal microscopy. In fluorescence confocal microscopy, the image formation no longer takes the form of
Eq. (5), but rather of
Ic -- It * h(u, v)h(u/fl, v/fl,

)12,

(8)

where fl is the ratio of the fluorescent wavelength (~2) to the
incident wavelength (ill), i.e., fl= ,~2/~1, and u and v are
rectangular distances in the focal plane. Considering, as
before, the case of the circular pupil function
I(v) -- [4 J'(v)ll(v/fl)12
v
v-~ j
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(9)

as the lateral PSF in the focal plane. Obviously, if fl-- 1 the PSF
of the reflection (and transmission) confocal microscope is
obtained. As fl--+ oo, the PSF of the conventional (nonconfocal) microscope is obtained. In practice, fl will be
generally less than 2. A detailed analysis of a confocal
microscope in fluorescence mode is given in [7, 10].

4 Further Considerations
In all of the analyses presented here, it is assumed that the
pinhole apertures are infinitely small. In practice, the pinhole
apertures are of finite radius. In [9], Wilson presents
theoretical and experimental results of the effects of various
finite pinhole sizes. As one would expect, the resolution in
both the axial and transverse directions is degraded by a larger
pinhole. Also in [9], Wilson discusses the use of slit, rather
than circular, apertures at the detector. The slit detector allows
more light to reach the detector than the circular aperture
with a compromise of sectioning ability. Wilson has also
shown that using an annular rather than a circular lens pupil
can increase the resolution of the confocal microscope at the
expense of higher sidelobes in the point spread function [5, 7].

5 Types of Confocal Microscopes
Confocal microscopes are categorized into two major types,
depending on the instrument design employed to achieve
imaging. One type of confocal microscope scans the specimen
by either moving the stage or the beam of light, whereas the
second type employs both a stationary stage and light source.

The scanning confocal microscope is by far the most popular
on the market today, and it employs a laser source for
specimen scanning. If a laser is not used, then a very high
power light source is needed to get sufficient illumination
through the source and detector pinhole apertures.
There are two practical methods for the raster scanning of a
specimen. One method is to use a mechanical scanning
microscope stage. With a scanning stage, the laser beam is kept
stationary while the specimen is raster scanned through the
beam. The other method is to keep the specimen still and scan
the laser in a raster fashion over the specimen. There are, of
course, advantages to using either of these scanning methods.
There are two qualities that makes scanning the specimen
relative to the stationary laser attractive. First, the field of view
is not limited by the optics, but by the range of the mechanical
scanners. Therefore, very large areas of a specimen can be
imaged. A second important advantage of scanning the
specimen is that only a very narrow optical path is necessary
in the design of the optics. This means that aberrations in the
images due to imperfections in the lenses will be less of a
problem. A disadvantage of this type of scanning is that image
formation is very slow.
The main advantage of scanning the laser instead of the
specimen is that the imaging speed is greatly increased. A
mobile mirror can be used to scan the laser, in which case an
image of 512 x 512 pixels can be obtained in ---1 s. A newer
technology of laser scanning confocal microscopes uses
acousto-optical deflection devices that can scan out an
image at speeds up to TV frame rates. The problem with
these acousto-optic scanners is that they are highly nonlinear
and special care must be taken in order to obtain distortionfree images.

5.2 The Tandem Scanning Optical
Microscope
The tandem scanning optical microscope (TSOM) was
patented in Czechoslovakia in the mid-1960s by M. Petrfin
and M. Hadravsky. The main advantage of the TSOM over the
scanning confocal microscope is that images are formed in real
time (at video frame rates or greater). Figure 6 shows a simple
diagram of the tandem scanning optical microscope. The most
important feature of the TSOM is the Nipkow disk. The holes
in the Nipkow disk are placed such that when the disk is spun,
a sampled scan of the specimen is produced. Referring to
Fig. 6, the source light enters a pinhole on the Nipkow disk
and is focused onto the specimen through the objective
lens. The light reflected off of the specimen goes back up
through the objective and up through a corresponding pinhole
on the opposite side of the Nipkow disk. The light exiting
from the eyepiece can be viewed by the operator, captured on
video or digitized, and sent to a computer. In early TSOMs,
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photobleaching from repeated exposures to visible light are a
major problem. In all microscopes, illumination power is
generally constant through all lateral slices of the microscope
focus. In confocal fluorescence microscopy, the total onephoton excitation, which depends linearly on the incident
illumination intensity is thus constant in each plane throughout the specimen. Confocal microscopy exposes the entire
sample to higher-energy photons every time an optical section
is generated. Since fluorophores are bleached when excited,
photobleaching occurs throughout the thickness of a sample
when collecting a series of images. This not only limits the
maximum time for image collection, but also limits the
amount of time that living tissues can be observed because
of the photodamage that occurs due to the production of
toxic by-products. In confocal imaging, the one-photon
absorption process, which occurs all along the excitation
beam,
results in phototoxicity and photobleaching throughout
Objective zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Lens
the specimen.

FIGURE 6 Diagram of the tandem scanning optical microscope.

sunlight was used as the illuminating source. Today, though,
an arc or filament lamp is generally used. Figure 6 shows the
path of a single ray through the system, but it should be noted
that several such rays are focused on the specimen at any given
instant of time.
Kino et al. [10] altered the above design so that the light
enters and exits through the same pinhole. With this design,
smaller pinholes can be used since mechanical alignment of
the optics is not as difficult. Smaller pinholes, of course, are
desirable since the depth of the in-focus plane is directly
related to the pinhole size. Kino et al. were able to construct a
Nipkow disk with 200,000 pinholes, 20 ~tm in diameter each,
that spun at 2000 RPM. This gave them a frame rate of 700
frames/s with 5000 lines/image.
The TSOM does have certain drawbacks. Because the total
area of the pinholes on the Nipkow disk must be negligible
(less than 1%) with respect to the total area of the disk [7], the
intensity of the light actually reaching the specimen is a very
small fraction of that of the source. Depending on the
specimen, the amount of light reflected may not be detectable.
Another disadvantage of the TSOM is that it is mechanically
more complex than the scanning confocal microscopes. Very
precise adjustment is needed to keep the tiny pinholes in the
rapidly spinning Nipkow disk aligned.

6 Limitations of Confocal Microscopy
In terms of practical applications, although live cell imaging
is possible with confocal microscopy, phototoxicity and

6.1 Two-Photon Laser Scanning Confocal
Microscopy
Recently, a new optical sectioning technique has been
described in which excitation is confined to the optical section
being observed by the process of two-photon absorption.
Two-photon microscopy is probably the most important
development in fluorescence microscopy since the introduction of confocal imaging. Two-photon microscopy is a nonlinear process that retains the optical sectioning ability of
confocal microscopy, while improving upon its ability to
image live cells. Denk and co-workers [11] first introduced the
technique of two-photon laser scanning microscopy. The
phenomenon of two-photon absorption was discovered by
Maria Goppert-Mayer in 1931 [12]. It involves the simultaneous absorption of two photons by a fluorophore. The
combined energy of the two photons excites the fluorophore
from the ground state to an excited state. The excited state is
identical to that caused by a single photon of about half the
wavelength. The fluorophore then relaxes back to the ground
state, emitting most of the excited energy (approximately
twice that of the incident photon) as fluorescence with the
same emission wavelength spectrum as is produced in onephoton excitation. Thus, unlike linear fluorescence excitation,
the emission wavelength is shorter than the excitation
wavelength. Because a fluorophore must absorb two photons
per excitation event, fluorescence depends on the square of
the incident beam intensity. Moreover, the intensity of the
exciting light falls off as 1/z2 (z being the distance from the
focal plane) above and below focus. Thus, the probability of
exciting a fluorophore falls off as 1/z 4. This non-linear optical
absorption behavior limits the excitation to a high-intensity
region at the focal point of the focused laser. The extremely
high intensities in the focal volume concentrate 80% of the
fluorescence generation to the 10 -1° ~tl focal volume obtained
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FIGURE 7 Fluorescenceexcitation in (a) confocal microscopy,and (b) two-photon microscopy.The bleach pattern
can be viewed as a footprint of the excitation region. While in confocal microscopy (a), illumination results in
excitation throughout the whole thickness of the specimen, the two-photon excitation results in illumination being
restricted to the focal plane (b). (See color insert.)
with a high numeric aperture objective [13]. This process thus
exhibits unique localization of excitation to the diffractionlimited spot of the focused beam, giving rise to the intrinsic
optical sectioning ability of two-photon microscopy. The
three-dimensional resolution is due to the confinement of
absorption, and consequently excitation, to the focal volume.
Therefore, out-of-focus photobleaching and photodamage,
and the attenuation of the excitation beam by out-of-focus
absorption do not occur. Photodamage at the focal plane does
occur, as with the confocal microscopy, but damage above and
below the plane of focus is greatly reduced [14]. Two-photon
imaging is also useful with ultraviolet (UV) excitable dyes in
live cells as the excitation is achieved with infrared light so
the cells are never exposed to the more damaging UV
excitation. Moreover, the infrared radiation used for excitation in two-photon imaging penetrates into tissue more
efficiently than shorter wavelengths, allowing thicker
specimens to be imaged.
Figure 7 demonstrates the confinement of excitation to the
optical section being observed by the process of two-photon
absorption as compared to confocal imaging where the whole
thickness of the specimen is excited. Figure 7A shows an
optical section (XY) through a green emitting fluorescently
labeled polystyrene bead after repeated scanning via confocal
microscopy to create a smiley face bleach pattern. This bleach
pattern can be viewed as a template of the excitation region.
The XZ and YZ sections through the bleaching pattern are also
presented to visualize the excitation profile along the axial

plane. Bleaching in this case occurs throughout the sample
(indicated by white arrows in the XZ and YZ images),
demonstrating that with one-photon excitation, background is
excited all along the laser beam. Figure 7B, for comparison,
shows an optical section (XY) through a red emitting
fluorescently labeled polystyrene bead after repeated scanning
via two-photon microscopy to create a smiley face bleach
pattern. As seen in the XZ and YZ sections, the bleach pattern
is confined to the focal plane (indicated by white arrows in the
XZ and YZ images). Because the excitation process is limited
to the focal spot, out-of-focus photobleaching is greatly
reduced. While in confocal microscopy (Fig. 7A), illumination
results in excitation throughout the whole thickness of the
specimen, the two-photon excitation results in illumination
being restricted to the focal plane (Fig. 7B).
The theoretical resolution of two-photon microscopy is
typically 1- to 1.3-fold larger than that for conventional
fluorescence microscopy, because of the longer wavelength of
excitation [13]. The theoretical resolution of confocal microscopy is twice that of two-photon microscopy [15]. When
maximum resolution is required, two-photon microscopy is
typically coupled with confocal detection (pinhole) [16], or by
two-beam interference illumination combined with confocal
detection [ 17].
The imaging process is similar to confocal microscopy. A
laser beam is raster-scanned across a focal plane within the
labeled specimen, and the emitted fluorescence is detected by a
photomultiplier tube to produce a digital image on a
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computer. However, since the probability of absorbing two 3D data [21-23]. However, little work has yet been done in the
photons depends on the square of the illumination intensity, quantitative assessment of 3D confocal microscope images.
infrared lasers that compress all of their output into very short Moreover, the current emphasis in biology is now on
(-~10 -13 sec) high energy pulses ('-2kW) are needed. It is engineering quantification and quantitative analysis of inforpossible to produce very short, intense light pulses by "mode- mation, so that observations can be integrated and their
locking" a laser light source [18]. The "mode-locked" lasers significance understood. Information regarding the topologenerate pulses relatively far apart (,-~10-s sec), so that a peak gical properties of structure such as the number of objects and
power in the kilowatt range is reduced to a mean power of their spatial localization per unit volume, or the connectivity
a few tens of milliwatts at the specimen (so that the mean of networks cannot be made using single two-dimensional
power levels are moderate and do not damage the specimen). images. Such quantitative measurements have to be made in
The laser most commonly employed to date is a tuneable 3D, using volume data sets. In the following sections, we will
titanium-dopped Sapphire (Ti:Sapphire) laser which operates present some of the digital image processing methods that
in the range 690-1000 nm, allowing two-photon excitation may be implemented to obtain quantitative information from
of fluorophores normally exited by ultraviolet, blue or green 3D confocal microscope images of biologic specimens.
light.
Two-photon fluorescence microscopy has important
advantages, particularly in the study of live cells. It has been 7.1 Quantitative Analysis of 3D Confocal
used to study embryonic development, brain-slice preparaMicroscope Images
tions, cellular metabolic activity from NADH autofluorescence, calcium ion activity, and caged bioeffector molecules Three-dimensional data obtained from confocal microscopes
is comprised of a series of optical sections, referred to as the
[19, 20]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"z-series." The optical sections are obtained at fixed intervals
at successively higher or lower focal planes along the z-axis.
7 Biologic Applications of Confocal
Each two-dimensional image (2D) is called an "optical slice,"
and all the slices together comprise a volume data set. Building
Microscopy
up the z-series in depth allows the 3D structure to be
Confocal microscopy is widely used in a variety of fields reconstructed.
Most of the image processing algorithms for 2D images
including materials science, geology, metrology, forensics, and
biology. The enhanced imaging capability of the confocal discussed in the preceding chapters can be easily extended into
microscope has resulted in its increased application in the three dimensions. Quantitative measurements in 3D involve
field of biomedical sciences. In general, there is considerable the identification, classification, and tracing of voxels that are
interest in the biologic sciences to study and analyze the 3D connected to each other throughout the volume data set. For
structure of cells and tissues. Confocal imaging is a high the volume data sets, 3D image measurements are generally
resolution microscopy technique that provides both fine performed by using two different approaches, either indepenstructural details and 3D information without the need to dently, or in conjunction with each other. The first approach
physically slice the specimen into thin sections. In the area of involves performing image processing operations on the
biologic imaging, confocal microscopy has been extensively individual optical sections (2D) of the z-series, and then
used and has led to increase our understanding of the cell's 3D generating a new (processed) 3D image set to make
measurements. The second approach is to perform image
structure, as well as its physiology and motility.
Recent technical advances have made 3D imaging more processing by using the voxel (volume element), which is the
accessible to researchers, and the collection of 3D data sets is 3D analog of pixel (the unit of brightness in two dimensions).
now routine in several biomedical laboratories. With the In this case, cubic voxel arrays are employed to perform
dramatic improvements in computing technology, the visua- operations such as kernel multiplication, template matching,
lization of 3D data is no longer a daunting task. Several and others using the 3D neighborhood of voxels. In either
software packages for 3D visualization, both commercial and case, quantitative measurements have to be made on
freeware
(http://www.cs.ubc.ca/spider/ladic/software.html), the volume data set to determine the 3D relationship of
are now readily available. These packages include special connecting voxels. A summary of the different image
rendering algorithms that allow (1) the visualization of 3D processing algorithms for 2D images, which can be applied
structures from several viewing angles, (2) the analysis of to the individual slices of a 3D data set without compromissurface features, (3) the generation of profiles across the ing the 3D measurements is discussed by J. Russ in [24].
surface, and through the 3D volume, and (4) the production Certain operations such as skeletonization, however, cannot
of animations, anaglyphs (red-green images) and stereo image be applied to single optical slices, and have to be performed
pairs. Several books and articles have been written covering in three dimensions, using voxel arrays to maintain the true
the different visualization and reconstruction techniques for connectivity of 3D structure. See [25, 26] for a discussion.
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In the following sections, we will use examples to dye that is highly impermeant to membranes, and it stains
demonstrate the application of image processing algorithms only cells that are dead or have injured cell membranes.
to perform quantitative measurements at both the cellular and Similarly, acridine orange (AO) is a weakly basic dye that
tissue level in biologic specimens. It will be evident from the concentrates in acidic organelles in living plant and animal
examples presented that each volume data set requires a cells, and is used to assess cell viability. Dead cells are stained
specific set of image processing operations depending on the red with the PI dye, while the live cells are stained green using
image parameters to be measured. There are no generic AO. Laser scanning confocal microscopy (LSCM) allows the
image processing algorithms that can be used to make 3D reconstruction of the 3D morphology of both the viable
measurements, so in most cases it is necessary to customize a and dead cells. Digital image processing algorithms can then
be implemented to obtain an estimate of the proportion
set of image analysis operations for a particular data set. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of viable and dead cells throughout the cell volume as
described below.
7.2 Cells and Tissues
Figures 8(a) and 8(b) present series of optical sections that
were
obtained through an individual islet, at two different
Confocal fluorescence microscopy is increasingly used to
excitation
wavelengths, 488 nm and 514 nm, for viable and
study dynamic changes in the physiology of living cell's and
damaged
tissue
respectively. We implemented image analysis
tissues, and to determine the spatial relationships between
algorithms
consisting
of template masking, binarization and
fluorescently labeled features in fixed specimens. Live cell
median
filtering
(Chapter
2.2) to estimate viability, as
imaging is used to determine cell and tissue viability, and
to study dynamic processes such as membrane fusion and described next. The first step involved the processing of each
fission, calcium-ion fluxes, volumetric transitions, and FRAP 2D (512 x 512) image in the sequence of N sections. Template
(fluorescence recovery after photobleaching). Similarly, masking was applied to perform object isolation, in which the
immunofluorescence imaging is used determine cellular domain of interest (islet) was separated from the background
localization of organelles, cytoskeletal elements, and macro- region. The template mask is a binary image in which the
molecules such as proteins, RNA, and DNA. We present mask area has an intensity of 1 and the background has an
examples demonstrating the use of image analysis for intensity of 0. Point wise multiplication of this mask with the
confocal microscope images to estimate viability, determine individual serial optical sections isolates the islet crossthe spatial distribution of cellular components, and to track sections, since the intensity of the background is forced to
zero. The advantage of masking, especially in the case of
volume and shape changes in cells and tissues.
biologic samples, is that the processed images are free of
background noise and other extraneous data (i.e., surrounding
7.2.1 Viability M e a s u r e m e n t s
regions of varying intensity that may occur as a result of the
Fluorescence methods employing fluorescent dyes specifically presence of exocrine tissue or impurities in the culture
designed for assaying vital cell functions are now routinely media). The masked images were then binarized using grayused in biologic research. Propidium iodide (PI) is one such level thresholding operations (discussed in Chapter 2.2).

(a)

(b)

FIGURE8 Seriesof 14 optical sectionsthrough an islet: (a) viablecells imagedat 488 nm; (b) dead cellsimagedat 514
nm (reproduced with permission from [27]).

1300 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

For 3D (volume) data sets, it is critical to choose a threshold interest in the data sets, whose spatial distribution is desired.
that produces a binary image retaining most of the relevant If individual voxels are to be analyzed, there is no special
information for the entire sequence of images. The result of processing that has to be performed. However, if the objects
the gray-level thresholding operation is a binary image with of interest consist of clusters of connected voxels, an
each pixel value greater than or equal to the threshold set to image processing algorithm called region labeling or blob
255 and the remaining pixels values set to 0. Binary median coloring (Chapter 2.2) is implemented to identify and isolate
filtering was then applied to smooth the binary image. The these objects.
algorithm to perform median filtering on binary images in the
neighborhood (eight-connected) of a pixel counts the 3D Region Labeling. Each image element in 3D is a
incidence of (255 and 0) values of the pixels and its neighbors, voxel, and each voxel has 26 neighboring voxels; eight voxels,
determines the majority, and assigns this value to the pixel. one at each corner, 12 voxels, one at each edge, and six voxels,
The function of median filtering is to smooth the image by one at each surface. A 3D region array may then be defined
eliminating isolated intensity spikes. Following these prepro- wherein a similar value (region number/unique color) is
cessing step on each 2D optical section, the 3D data set was assigned for each nonzero voxel in the image depending on its
then used to determine the total number of fluorescently connectivity. The connectivity of a voxel is tested based on a
stained voxels (dead/live) present in the islet. The total predetermined neighborhood so that all voxels belonging to
number of pixels at an intensity of 255 (indicating the local the same connected region may have the same region number.
presence of the fluorescent stain) was recorded for each The size of the neighborhood is chosen depending on image
cross-section of the live and dead cell data sets. The sum of parameters, and the size of the features of interest. Each region
the total pixels for N sections was computed, and the ratio or blob is identified by its unique color, and hence the
of the sum of the live tissue to that of the dead was deter- procedure is called blob coloring [28]. For example, the
mined. This technique was successfully applied to investigate volume data set presented in Fig. 8(b) was analyzed by region
the effect of varying cooling rates on the survival of cryopre- labeling to identify and isolate the dead nuclei within the islet
served pancreatic islets [27]. These image processing algo- volume. The connectivity of voxels was tested using a tenrithms can be easily applied to determine the viability in connected neighborhood. Since the diameter of each nucleus
various cells and tissues that have been labeled with vital is "~ 7-9 ~tm and the serial sectioning was performed at a zfluorescent dyes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
interval of "~ 2-5 ~tm, it was necessary to use only the six
surface voxels and 4 edge voxels for comparison. This decision
was made because the use of the voxels at the remaining eight
7.2.2 Quantification of Spatial Localization and
edges and the 12 corners produced artificially connected
Distribution
regions extending from the first to the last section in the 3D
In order to take flail advantage of the 3D data available by image. These artificial regions were larger in size and did not
means of confocal microscopy, it is imperative to quantita- compare with the typical size of a nucleus. An algorithm for
tively analyze and interpret the volume data sets. An 3D blob coloring was implemented, to first scan the data set
application where such quantification is most beneficial and check for connectedness so that pixels belonging to the
constitutes the spatial localization and distribution of objects same eight-connected region in the X-Y plane had the same
within the 3D data set. This is particularly applicable to color for each nonzero pixel. The remaining two surface
biologic specimens, because the exact location or distribution neighbors in the z-direction were then checked for connectof cellular components (e.g., organelles or proteins) within edness so that voxels belonging to the same two-connected
cells is often desired. We will present an example, each for (voxels in the previous and following z-sections) region had
living and fixed cells wherein a 3D quantitative analysis is the same color for each non-zero voxel. The final results of
required, to estimate the distribution of damage within cells, this procedure thus contained information on the connectedand to determine the cellular localization of a protein, ness of voxels in the 3D image. All voxels belonging to the
respectively.
same ten-connected region were assigned the same color. A
Frequently, the elements of interest are represented by threshold was set for the size of each region. Only regions
either individual voxels (indicating the presence of fluores- containing more than ten voxels were counted, the rest were
cently labeled elements) or clusters of connected voxels. It is assumed to be noise and neglected.
Once the elements of interest [individual voxels/connected
typically required to determine the location and frequency
of occurrence of these objects within the volume data set. voxels (objects)] have been identified, the second step is to
There are three steps involved in performing a spatial determine their spatial location or position within the volume
distribution analysis: (1) identify objects, (2) determine their data set. On one hand, for individual voxels, the spatial colocal position relative to the 3D imaged volume, and (3) ordinates along the x, y, and z axes are used to represent
determine the frequency of their occurrence within the 3D position. The position of objects, on the other hand, can be
volume. The first step involves identifying the elements of represented in terms of its centroid.
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The centroid of an object volume data set of the damaged
may be defined as the center of mass of an object of the same
shape with constant mass per unit area. The center of mass is
in turn defined as that point where all the mass of the object
could be concentrated without changing the first moment of
the object about any axis [29]. In the 3D case the moments
about the X, Y, and Z axes are:

X~ f ~ f (x, y, z) dxdydz - f ~" x f (x, y, z) dxdydz
Yc f f f (x, y, z) dxdydz - / f y f (x, y, z) dxdydz
Zc / ~ f (x, y, z) dxdydz - f f z f (x, y, z) dxdydz

(10)

nuclei within an islet. The
specific feature of interest (or image volume) in this case
comprises the islet. The spatial position of the nuclei when
expressed only in terms of the centroid then represents their
"global" position within the z-series. In order to establish their
distribution locally within the imaged islet, it is necessary to
determine their location in terms of some feature specific to
the islet. Thus, the final stage of a spatial distribution analysis
is to determine the frequency and location of the objects with
reference to the imaged volume. For cellular structures, this
can be accomplished by estimating a 3D surface that encloses
the imaged volume. In the islet example, the local distribution
of the damaged nuclei can then be described relative to the
surface of the islet within which they lie. A technique to
estimate the 3D surface of spherical objects is described as
follows.

where (Xc, Yc,Zc) is the position of the center of mass. The Estimation of 3D Surface. Superquadrics are a family of
expressions appearing on the left of these equations are the parametric shapes that are used as primitives for shape
total mass, with integration over the entire image /. For representation in computer graphics and computer vision. An
discrete binary images the integrals become sums, thus the advantage of using these geometric modeling primitives is that
center of mass for 3D binary images can be computed using they allow complex solids and surfaces to be constructed and
altered easily from a few interactive parameters. Superquadric
the following: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
solids are based on the parametric forms of quadric surfaces
such as the superellipse or superhyperbola, in which each
~-~ ~' ~-~ i f ( i,j, k)
i j
k
trigonometric function is raised to an exponent. The spherical
Xc = ~ ~ Y~f(i,j, k)
product of pairs of such curves produces a uniform
i j
k
mathematic representation for the superquadric. This function is referred to as the inside-outside function of the
~_~Y~_,jf(i,j,k)
superquadric or the cost function. The cost function
i j k
(11) represents the surface of the superquadric that divides the
Y~ = ~ ~ ~f(i,j,k)
3D space into three distinct regions: inside, outside, and
i j
k
surface boundary.
Model recovery may be implemented by using 3D data
~ y~ y~ k f(i,j,k)
i j
k
points as input. The cost function is defined such that its value
Zc = ~ ~ ~f(i,j, k)
depends on the distance of points from the model's surface
i j
k
and on the overall size of the model. A least-squares
minimization method is used to recover model parameters,
where f(i, j, k) is the value of the 3D binary image (i.e., the with initial estimates for minimization obtained from the
intensity) at the point in the ith row, jth column and kth section rough position, orientation, and size of the object. During
of the 3D image i.e., at voxel (i, j, k). Intensities are assumed to minimization, all the model parameters are iteratively adjusted
be analogous to mass so that zero intensities represented zero to recover the model surface, such that most of the input 3D
mass. The above expressions were used to determine the data points lie close to the surface. To summarize, a
centroid of the 3D islet volume shown in Fig. 8(b), and the superquadric surface is defined by a single analytic function
centroid of each damaged nuclei isolated using the region that is differentiable everywhere, and can be used to model a
labeling technique. Thus, the spatial position of each damaged large set of structures like spheres, cylinders, parallelepipeds,
nuclei within the islet was determined.
and shapes in between. Further, superquadrics with paraIt should be noted here that the position of the individual metric deformations can be implemented to include tapering,
voxels defined by the (x, y, z) spatial coordinates; or that of bending, and cavity deformation [30].
objects in terms of the centroid, represent their "global"
We will demonstrate the use of superellipsoids to estimate
location with respect to the entire 3D data set. In order to the 3D bounding surface of pancreatic islets. In the example
determine the spatial distribution locally, it is necessary to presented, our aim was to approximate a smooth surface to
estimate their position relative to some specific feature in the define the shape of islets, and parametric deformations
imaged volume. For example, Fig. 8(b) presents a z-series or were not implemented. A 3D surface for pancreatic islets
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was estimated by formulating a least square minimization
of the superquadric cost function with the imaged 3D
data points as input [31]. The inside-outside cost function, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F(x, y, z), of a superquadric surface is defined by the following
equation:

F(x,y,z)- (l(xt .3f(_Yt2/E21E2/El_~2"AitZt2/EI)
'
(12)
where x, y, and z are the position coordinates in 3D; al, a2, a3
define the superquadric size; el and e2 are the shape
parameters.
The input 3D points were initially translated and rotated to
the center of the world coordinate system (denoted by the
subscript W) and the superquadric cost function in the general
position was defined as follows [31 ]:

F(xw, Yw, Zw) = F(xw,Yw, zw : al,a2,a3,E1,E2,~,O, ~,Cl,C2,C3)
(13)
where al, a2, a3, El, and e2 are described earlier; q~, 0,
represent orientation; and Cl, Ce, c3 define the position in space
of the islet centroid. To recover a 3D surface it was necessary
to vary the above 11 parameters to define a set of values such
that most of the outermost 3D input data points will lie on or
close to the surface. The orientation parameters ~b, 0, ~, were
neglected in accordance with the rationale of Solina and Bajcsy
[30], for the analysis of blob like objects. Only the size and the
shape parameters were varied, and the cost function was
minimized using the Levenberg-Marquardt method [32].
Further, since multiple sets of parameter values can produce
identical shapes, typically certain severe constraints are
essential to obtain an unique solution. However, since the
recovered 3D surface was used only to represent space
occupancy or shape, such ambiguities did not impose a
problem [30]. The initial estimates for the size parameters
were obtained from the input data points, whereas the shape
parameters were initially set to 1. The final parameter values
for the 3D surface were determined based on the criterion that
the computed surface would enclose > 90% of the 3D input
data points. Figure 9 presents a graph of an estimated
superquadric surface illustrating the imaged tissue voxels
enclosed within or lying on the 3D surface along with the
outlying tissue voxels. The estimated surface was then used as
a local reference boundary, relative to which the spatial
distribution of individual voxels or objects within the islet was
determined.

FIGURE 9 Graph of an estimated 3D superquadric surface illustrating
the viable (green) and dead (red) tissue voxels enclosedwithin or lying on the
3D surface alongwith a few outlyingvoxels (reproduced with permission from
[17]). (See color insert.)

organized into groups to determine the distribution of
elements by computing the frequency of elements that occur
at similar spatial positions. In the example presented, the 3D
spatial distribution of tissue was determined by identifying
each voxel (viable and damaged) and computing its relative
location in the islet. The spatial location of tissue within
the islet was measured by computing the normalized distance
of each voxel from the recovered superquadic surface, as
described below.
After the surface model was identified, the distance of each
viable or damaged image voxel from the centroid of the 3D
islet volume was obtained. The distance was then normalized
with respect to the length of a vector containing the voxel and
extending from the centroid to its intersection with the
estimated superquadric 3D surface. Defining the origin O to
be fixed at the centroid, and Pc to be the length of the vector
originating at O, passing through a voxel P, and terminating at
the point of intersection with the superquadric surface, S, we
then have the coordinates of voxel S as (Po O, ¢). Voxels P and
S have similar 0 and ¢ values and different p values. Thus, Pc is
easily obtained from:
1.0
PC ~ -

Localization a n d Distribution. The spatial localization
of an element in 3D space can be estimated by describing
its position with reference to a morphologic feature, such
as an enclosing surface. This information can then be

(14)
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where the parameters al, a2, a3,/~1, and e 2 were estimated by deformations of that coordinate system over time. It
means of the nonlinear least-squares minimization of the assumes that the 3D frames are sampled at a sufficiently fast
rate so that displacements are relatively small between image
superquadric cost function.
After Pc was obtained, the normalized distance of voxel P frames.
Let j~(x,y,z) represent the 3D image sequence in which each
from the centroid was computed as P/Pc. M1 voxels inside the
estimated 3D surface had a normalized distance value less than 3D frame was sampled at time ti where i is an integer. The
1, and surface voxels had a value of 1. Thus the "local" spatial material coordinate system which is "attached" to the object
location of each voxel within the islet volume was determined. changing shape is given by (Ul, u2, u3). The function that
For estimating the spatial distribution, each tissue voxel was defines the location and deformation of the material
then assigned to a regional group as a function of its coordinate system within the fixed (x,y,z) coordinate system
computed normalized distance from the centroid. Thereby 10 is defined as ~(Ul, u2, u3)= (x,y,z). To define the position of
serial annular shells were obtained, each having a normalized the material coordinate system at a particular time ti, the
shell width of 0.1. Thus, the spatial distribution of viable and subscript i is added, giving Oli(Ul, U2, U3)--(Xi,Yi,Zi). The
damaged tissue was computed in the form of a histogram, deformation of the material coordinate system between times
i.e., the number of voxels were determined for each shell ti_ 1 and t i is given by the function Ai, i.e., oti=oti_ 1 qu Ai"
The goal of the shape-change technique is to find the
depending upon the normalized distance from the centroid.
functions
Ai given the original image sequence and the initially
This technique was used to determine the 3D nature of
defined
material
coordinates ao(ul, u2, u3). The functions are
cryopreservation induced injury in pancreatic islets, and the
found
by
minimizing
the following functional using the
information was used to obtain a better understanding of the
calculus
of
variations
[36]:
fundamental phenomena underlying the mechanisms of
freeze-thaw induced injury [27]. A similar analysis was
implemented to determine the spatial distribution of a
(15)
E(Ai) = 2P(Ai) + S(Ai),
bacterial protein in mouse fibroblasts cells, fluorescently
labeled using indirect immunofluorescence methods [33].
where E is a nonnegative functional that is a measure of the
These methods may be easily extended to other applicashape-change smoothness, S, and the penalty functional P that
tions, biologically oriented or otherwise, to determine the
measures how much the brightness of each material
spatial distribution of 3D data. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
coordinate changes as a result of a given deformation Ai.
The parameter 2 is a positive real number that weights the
tradeoff between the fidelity to the data given by P and the
7.2.3 Dynamic Volumetric Transitions and
shape-change limit imposed by S. Specifically, the brightness
Shape Analysis
continuity constraint is given by
The confocal microscope has the ability to acquire 3D images
of an object that is moving or changing shape. A complete
volumetric image of an object can be acquired at discrete time
[J~(O/i-1 + Ai)-fi_l(Oti_l)]2duldu2du3 (16)
instances. By acquiring a sequence of images this way, the time
111 112 1/3
dimension is added to the collected data, and a 4D data set
is produced. The addition of the time dimension makes
analyses of the data even more difficult, and manual The shape-change constraint is given by
techniques become nearly impossible. Some of the volumetric
morphologic techniques described in the previous sections can
(17)
be easily extended into the time domain. Quantities such as
the total volume, surface area, or centroid of an object can be
measured over time by simply computing these quantities for
each time sample. Simple extensions into the time domain where gi is a 3 x 3 matrix and function of (b/l, /22, U3) called
such as this cannot give a detailed picture of how a nonrigid the first fundamental form [37] of the material coordinate
object has changed shape from one time frame to the next. system. The first fundamental form is a differential geometric
The most difficult analysis is to determine where each portion property of the coordinate system which completely defines
of an object undergoing nonrigid deformations has moved the shape of the coordinate system up to a rigid motion in
from one frame to the next.
(x,y,z) space.
The formulation of the shape-change technique is similar to
An overview of a technique that produces detailed localized
information on nonrigid object motion is presented. The the well-known optical flow algorithm presented in [29],
technique is described in detail in [34, 35]. The technique except that in this case the smoothness constraint is based on
works by initially defining a material coordinate system for the actual shape of the object rather than simple derivatives of
the specimen in the initial frame and computing the the image. Mso, this formulation is presented in three

P(Ai)- f f f

S(Ai)--f f f (gi-gi-1)2duldu2du3
Ullt2113
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FIGURE 10

Shape-change analysis in a human islet subjected to osmotic stress.

dimensions and produces a model of the shape change for an
entire image sequence.
The solution of Eq. (15) requires solution of 3 coupled,
nonlinear partial differential equations. A finite difference
approach can be used to solve the equations. The resulting
solution depends highly on the selection of the parameter 2 in
Eq. (15). Selection of 2 is generally done by trial and error.
Once an appropriate value for 2 is found, however, it can
generally be held constant throughout solution for the entire
image sequence. Figure 10 shows the result of running the
shape-change algorithm on human pancreatic islets undergoing dynamic volumetric changes in response to osmotic
changes due to the presence of a cryoprotective additive
(dimethyl sulfoxide) [38].

7.3 Microvascular Networks
Microvascular research is another area in biology that employs
various imaging methods to study the dynamics of blood flow,
and vascular morphology. One of the problems associated
with evaluating microvascular networks relates to the
measurement of the tortuous paths followed by blood vessels
in thick tissue samples. It is difficult to acquire this
information via conventional light/fluorescence microscopy
without having to physically section the specimen under
investigation. The use of confocal microscopy overcomes this
problem by providing in three dimensions, additional spatial

information related to the vascular morphology. However, this
now presents the issue of allowing quantitative measurements
to be made in the 3D space. In the past, even with 2D data,
morphometric evaluation of blood vessel density and diameter
has involved manual counting and estimation procedures.
There is considerable ambiguity involved in the manual
measurement of vessel diameters. Estimating the location of
vessel boundaries within the image of microvessels presents a
difficult problem. Manual counting of blood vessels is often
tedious and time consuming, and the error in measurements
typically increases with time. The problem is only compounded in 3D space. Hence, it is necessary to develop
computer algorithms to automate the quantitative measurements, thus providing an efficient alternative for measurements of the vascular morphology. We present an example
where digital imaging was used to measure the angiogenesis
and revascularization processes occurring in rat pancreatic
islets transplanted at the renal subcapsular site [39]. Confocal
microscopy was employed to image the 3D morphology of the
microvasculature, and image processing algorithms were used
to analyze the geometry of the neovasculature. Vascular
morphology was estimated in terms of 3D vessel lengths,
branching angles and diameters, whereas vascular density was
measured in terms of vessel to tissue area (2D) and volume
(3D) ratios. The image processing algorithms employed are
described in the following sections. It should be noted that the
methodology described here is suited for microvascular

10.9 Confocal Microscopy
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networks wherein the vessel lengths are perpendicular to the
optical axis. For vascular networks, where the vessel direction
is parallel to the optical axis so that only vessel cross-sections
(circular or elliptical) are k n o w n by the 3D image, different

image processing algorithms are needed [40].
7.3.1 D a t a A c q u i s i t i o n

and 3D Representation

The revascularization of pancreatic islet grafts transplanted
at the renal subcapsular site in rats was evaluated experimentally by m e a n s of intravital LSCM of the b l o o d vessels zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[39].
Three-dimensional imaging of the contrast enhanced
microcirculation (5% fluorescein labeled dextran) was
performed to obtain serial optical cross-sections through the
neovascular bed at defined z-increments. In this example, the
acquisition of the optical sections was influenced by curvilinear surface of the kidney. During optical sectioning of the
graft microvasculature, images were captured along an

inclined plane rather then vertically through the area being
sectioned. This occurred as adjacent areas on the surface of the
kidney came into focus during optical sectioning. This effect is
demonstrated in Fig. 11, which presents the results of a
computerized 3D reconstruction performed on 25 optical
sections (z-interval of 5 gm) obtained through the vascular
bed of an islet graft. As seen in Fig. 11, the curvaceous shape
of the kidney is easily distinguished in the 3D reconstruction. Thus, in order to evaluate the 3D vascular morphology, a
2D image was projected from the 3D reconstruction.
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The measurement of the vascular density included a
combination of the gray-level thresholding, binarization and
median filtering algorithms described in the preceding
chapters. Binary images were initially generated via image
segmentation using gray-level thresholding. Two-dimensional
images of similar spatial resolutions were then smoothed
with a 3 x 3 or 5 x 5 median filter (Chapter 3.2). The total of
the number of pixels at 255 was used as an estimate of the
vessel area, and the remaining pixels represented the tissue
area. The vessel to tissue area ratios were then computed for
each section (areas) or for an entire sequence of sections
(volumes).
7.3.3 Determination

Computerized 3D reconstruction performed on 25 optical
sections (z interval of 5 ~tm) obtained through the vascular bed of the kidney.
As seen, the curvaceous shape of the kidney is easily distinguished in the 3D
reconstruction.
FIGURE 11

of V a s c u l a r D e n s i t y
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The composite 2D image representing the 3D morphology
was obtained by projection of the individual sections
occurring at varying depths (along the z-plane) onto the x-y
plane. As shown in Fig. 12, the resulting image consisted of
blood vessels that were contiguous in the third dimension. All
the morphologic measurements were performed on the
composite image.

..

¢,:-7~7....7

"

3D representation of the microvasculature of an islet graft at the
renal subcapsular site. The image is color coded to denote depth. The vessels
appearing in the lower portion (blue) are at a depth of 30 ~tm, whereas those
in the middle and upper portions of the image are at a depth of ~ 85 (green)
and 135~1m (violet), respectively (reproduced with permission from [39]).
(See color insert.)
FIGURE 12

of V a s c u l a r M o r p h o l o g y

Vascular morphology was determined in terms of 3D vessel
lengths, vessel diameter, and tortuosity index as described
below.
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U n b i a s e d E s t i m a t i o n o[ Vessel Length. Composite
images of the projected microvasculature were segmented
using gray-level thresholding to extract the blood vessels from
the background. The segmented image was then used to
obtain a skeleton of the vascular network by means of a
thinning operation [41]. The skeletonization algorithm
obtains the skeletons from binary images by thinning regions,
i.e., by progressively eliminating border pixels that do not
break the connectivity of the neighboring (eight-connected)
pixels, thus preserving the shape of the original region. The
skeletonized image was labeled using the procedure of region
labeling and chain coding. The region labeling procedure was
implemented with a eight-connected neighborhood for
identifying connected pixels. It was used to identify and
isolate the different blood vessel skeletons and to determine
the length of each segment. Further, the chain coding
operation was applied to identify nodes and label vessel
segments. The labeled image was scanned to isolate the nodes,
by checking for connectivity in the eight-connected neighborhood. Pixels with only one neighbor were assigned as the
terminating nodes. Those having greater than two neighbors
were classified as junction nodes with two, three or four
branches, depending on the connectivity of pixels. The labeled
image was pruned to remove isolated short segments without
affecting the connectivity of the vascular network. The vessel
length was determined as the sum of the total number of pixels
in each labeled segment. This approach introduces some
systematic bias, because the projection of the 3D data onto a
2D composite results in the lost of some information.
An unbiased estimation of the 3D vessel lengths was
implemented by applying a modification of the technique
described by Gokhale [42] and Cruz-Orive and Howard [43].
This technique eliminated the error introduced in the
measurement of the vessel lengths caused by the bias generated
during vertical projection of volume data sets.
Gokhale [42] and Cruz-Orive et al. [43] have addressed the
issue of estimating the 3D lengths of curves using stereologic
techniques. These studies describe a method to obtain an
unbiased estimate of the 3D length of linear features from
"total vertical projections," obtained by rotating the curve
about a fixed axis and projecting it onto a fixed vertical plane.
The length of linear structures is measured for each of the
vertical projections. The final estimate of the 3D length is then
obtained as the maximum of the different projected lengths.
This technique was adapted for our application and
implemented as follows. The 3D reconstruction (Fig. 11)
was rotated about a fixed axis (y axis) in varying amounts, and
the vertical projections were performed to obtain the
composite image for each orientation.
The 3D rotations were implemented by means of 3D
transformations represented by 3 x 3 matrices using nonhomogenous coordinates. A right-handed 3D coordinate
system was implemented. By convention, positive rotations
in the right-handed system are such that, when looking from a
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3D image rotated 45 ° about the
y axis and its vertical projection

FIGURE 13 3D solid rotated about the y axis and its vertical projections
in the x-y plane.

positive axis toward the origin, a 90 ° counterclockwise
rotation transforms one positive axis into another. Thus,
for a rotation of the x axis the direction of positive rotation is
y to z, for a rotation of the y axis the direction of positive
rotation is z to x, and for a rotation of the z axis the direction
of positive rotation is x to y. The z axis (optical axis) was
fixed as the vertical axis. The y axis was fixed as the axis about
which the 3D rotations were performed, and the vertical
projections were obtained in the x-y plane. The 3D morphology of the microvascular bed, i.e., the blood vessels, were
projected onto the fixed plane (x-y plane) in a systematic set
of directions between 0 ° and 180 °, about the y axis as shown
in Fig. 13.
The 3 x 3 matrix representation of the 3D rotation at angle
0 about the y axis is

Rr(O) -

[

cos 0
0
- sin 0

0
1
0

- sin 0
0
cos

]

(18)

.

Thus, the geometric transformation of the 3D volume is
computed as follows:

[x,] [cosoo-sino]ix]
y~
z~

--

0
- sin 0

1
0

0
cos 0

x

y
z

,

(19)
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points. An index of 1 represents a straight vessel, and < 1.0
represents a curvilinear or tortuous vessel.
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original 3-D image and
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FIGURE 14 Correspondence of vessel segments in the various projected
images by means of mapping and 3-D transformations.

where x', )/, and z' are the transformed co-ordinates, x, y, and
z are the original co-ordinates of the reconstructed 3D image,
and 0 is the angle of rotation about the y axis. The projected
length of individual vessel segments may vary in the different
projections obtained. Vessel segments were uniquely labeled in
each of the composites at different orientations, and the
connecting node junctions identified. The unbiased 3D lengths
were determined as the maximum of the projected lengths
estimated for the various rotations. In order to achieve this,
the individual vessel segments at the different rotations have to
be matched. The problem involves the registration of each
individual vessel segment as it changes in its projected
orientation. It was resolved by performing a combination of
mapping and inverse mapping transformations. For example,
as shown in Fig. 14, an unbiased estimate of the 3D length of
segment PQ may be determined as the maximum of the length
of the projected segments P1Q1 and P3Q3. It is essential that
P1Q1 and P3Q3 are matched as projections of the same vessel
segment. This was achieved in three steps. The first step was to
match the points P1 and Q1 in the skeletonized image to the
points P and Q in the binary image. This was achieved by a
simple mapping of points because the skeleton P1Q1 maps
onto the centerline of the binary segment PQ. In step 2, the
points P and Q were mapped onto the points P2 and Q2 by
performing the required transformation to rotate the 3D
image. Finally, the binary segment P2Q2 was mapped on to its
skeleton P3Q3. Thus a correspondence was established
between the two projected lengths P IQ1 and P3Q3. The
maximum value of these lengths was a measure of the
unbiased length. The tortuosity index was then defined as
the ratio of the length of a straight line vector between two

In

order to automate the vascular diameter measurements, a
technique employing linear rotating structuring elements
(ROSE) described by Thackray and Nelson [44], was
implemented. In this method, various linear structuring
elements/templates of known orientations were constructed
to represent shapes frequently occurring in the images [45].
The template was then passed over the labeled image until a
match was obtained. At this step, a path was identified
through a matched point on the skeleton such that its
direction was along the normal to the edge of the vessel (in the
image or x-y plane) at the corresponding point in the
segmented (binary) image. The diameter was then measured
by traversing the two sides from the corresponding point in
the segmented image along the defined path until an intensity
change occurred from white (255) to black (0). The total
distance traversed on both sides was then used as the diameter
estimate at that point. The diameter measurements were
obtained starting at a point a few pixels (determined as 20% of
the total number of pixels in the vessel) from the nodes in
order to avoid any erroneous measurements due to the
presence of overlapping blood vessels. Further, since each
blood vessel segment was labeled individually, the diameter
measurements were obtained at various intervals along each
segment at points where a template match was found, and the
average was determined to obtain an estimate of the vessel
diameter along that length.

Determination of Contiguous Vessel Segments.

The
3D lengths of the blood vessels were then obtained by
identifying all vessel segments that were contiguous in depth.
The continuity of vessel segments was determined by two
parameters, namely the vessel diameters and the branching
and junction angles. The diameters of the various vessel
segments meeting at each junction node were examined, and
vessel segments having similar diameters and a common
junction node were identified as contiguous vessels. Further, at
junction nodes of 3 or more vessel segments, the branching
angles were measured using the following:

tan ~12 ~---

ml m m2

1 +mlm2

(20)

where ml and m 2 are the slopes of two vessel segments that are
at angle ~12 to each other.
Two vessel segments were considered to be vessel branches
when their junction angle was < 90 °, and their diameters were
different. A vessel segment was identified as a parent vessel
if its junction angle with other vessels was > 90 °. Vessels
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segments were identified as crossing or overlapping vessels [13] R. M. Williams, D. W. Piston, and W. W. Webb, "Two-photon
molecular excitation provides intrinsic 3-dimensional resolution
when their junction angles were -~ 90 °.
for laser-based microscopy and microphotochemistry," FASEB ]
We applied these algorithms to assess and compare the
8, pp. 804-813 (1994).
microvasculature of cultured and cryopreserved islets trans[14] J. A. Ridsdale and W. W. Webb, "The viability of cultured cells
planted at the renal subcapsular site in rats [46]. These
under two-photon laser scanning microscopy," Biophys. 64,
algorithms may be employed to estimate the morphology of
pp. A109 (1993).
various other vascular networks, including tumor microvas[15] M. Gu and C. J. R. Sheppard, "Comparison of 3-dimensional
culature, angiograms of patients evaluated for heart disease,
imaging properties between 2-photon and single-photon
and the retinal microvasculature. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
fluorescence microscopy,"] Microsc 177, pp. 128-137 (1995).
[16] C. J. R. Sheppard and M. Gu, "Image formation in two-photon
fluorescence microscopy," Optik 86, pp. 104-106 (1990).
8 Conclusion
[17] S. Hell and E. H. K. Stelzer, "Fundamental improvement
of resolution with a 4Pi-confocal fluorescence microscope
The past decade has seen a virtual explosion in the application
using two photon excitation," Optic Commun 93, pp. 277-282
(1992).
of confocal microscopy to biologic specimens. There is no
doubt that the need for quantification of 3D biologic data will [18] P. F. Curley, A. I. Ferguson, J. G. White and W. B. Amos,
"Application of a femtosecond self-sustaining mode-locked
steadily grow. Digital image processing can provide numeric
Ti:Sapphire
laser to the field of laser scanning confocal
data to quantify and substantiate biologic processes. Most
microscopy," Opt. Quantum Electron. 24, pp. 851-859 (1992).
often, digital analysis algorithms have to be customized to
[19] S. M. Potter, "Two photons are better than one," Current
meet the requirements of the application. We have presented
Biology 6(12), pp. 1595-1598 (1996).
several examples to demonstrate the application of image [20] P. T. C. So, C. Y. Dong, B. R. Masters and K. M. Berland, "Twoprocessing algorithms for analyzing confocal microscope
photon excitation fluorescence microscopy," Annu. Rev.
images of biologic specimens. The methodology developed
Biomed. Eng. 2, pp. 399-428 (2000).
here would be applicable to the general problem of 3D image [21] A. Kriete. Visualization in Biomedical Microscopies: 3D Imaging
and Computer Applications. VCH publishers, Weinheim, 1992.
analysis in both cellular and network structures.
[22] E. M. Johnson, and J. J. Capowski. Principles of reconstruction
and 3D display of serial sections using a computer, in The
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1 Introduction
Recent advances in the field of microscopy have been driven
not only by technologic innovations in engineering, optics,
computer science, and precision manufacturing, but also by
fundamental discoveries in chemical and biologic sciences. The
last two decades have seen various changes to the microscope,
resulting in the current modern microscope, which is a
powerful tool in biologic research and development. Although
most of the changes pertain to advances in optics, today's
microscopes are also fitted with ergonomic features, and they
include automation of several manual functions. Microscopes
today offer automated focusing, selection of objectives and
filters, light control, and a wide range of other features.
Moreover, the increasing complexity of biologic experiments
performed with optical microscopy, and the complexity of
data that can be obtained, have resulted in even more
sophisticated optical microscopy systems [1-5]. Although a
completely automated microscope is not required in most
applications, there are a growing number of applications,
Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

1316
1318

1322
1323

1338
1338
1338

such as screening a large number of specimens with different
protocols, deconvolution, fluorescence resonance energy
transfer (FRET) imaging, multispectral imaging and ion ratio
imaging that require automated microscopes [6]. Furthermore, computer technology is changing the ways we access
equipment, view samples, record, manage, and disseminate
images. Digital imaging has created the need for archiving,
managing, manipulating, and quantifying images. The coupling of computers to microscope systems has resulted in the
development of optical imaging systems that can perform
complicated experiments and provide more data, convenient
storage of and access to the data, and, perhaps most important, substantial aid in the analysis of large volumes of data.
Quantitative methods for computer-assisted morphometry
and cytometry have become well established during the past
decade [7-9]. In complex experiments involving a myriad of
peripheral devices, computer technology is useful for controlling filter wheels, shutters, automated stages, and cameras.
Computer-assisted microscopy allows the extraction of quantitative, reproducible, diagnostically relevant information
1311
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while reducing subjective influences of human operators.
It increases the quality and relevance of data and enables
comparison and verification of the results. Standardized and
automated systems are needed to generate consistent results
among different experiments and laboratories while enhancing
productivity and realizing cost savings. The advantages of
computerized microscopy include the ability to (a) control
and synchronize the functions of multiple peripheral devices,
(b) extract information using quantitative methods, (c)
analyze data to determine statistical significance, (d) reduce
cost by relieving humans of tedious duties, and (e) support
significantly expanded testing volumes without concomitant
requirements for additional personnel and floor space.
Computerized microscopy is useful in (a) color and
monochrome bright-field applications with thick specimens
that require multiple optical sections (i.e., z-planes), (b)
applications in fluorescence microscopy that require the
acquisition of more than one wavelength, (c) applications
that require large specimens to be scanned, (i.e., when
adjacent areas need be scanned and "tiled" together to
create a much larger image), and (d) time-lapse or motion
analysis applications. Although computerized microscopy
systems expedite data collection by automating the process,
the real power of the system is the extraction from the images
of useful, quantitative information that previously required
human interpretation.
Generic digital image processing algorithms can often be
applied successfully, but they sometimes fail to exploit fully
the information contained in microscope images. This is
because the optics that produced a particular image are poorly
understood. Computerized microscopy systems need to
tailor image-processing algorithms to particular forms of
microscopy such as bright-field, dark-field, phase contrast,
interference contrast, fluorescence, and confocal systems [10].
Further, the theory of microscopy is complicated, and agreement with data is less than perfect. The challenge is to
synthesize theoretical models and empirical evidence in order
to tackle particular image analysis problems [11 ].
Automated image analysis system design begins by specifying requirements for the system and then selecting imageprocessing functions that meet those requirements. It is
difficult to describe a generic set of algorithms for object
identification and classification, and actual systems are often
limited to one or a few specific applications. Universal systems, capable of automatically learning and finding desired
user information, do not exist.
In this chapter, we present an overview of what constitutes
a microscope imaging system, with special emphasis on
automation of image acquisition and analysis, and imaging
techniques used in the context of biologic applications-specifically clinical cytogenetics. We describe an automated
imaging system for use in clinical cytogenetics. Image analysis
algorithms specific to particular applications are discussed
separately. Instrumentation is discussed, including motorized
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stages and filters, cameras and digitizer boards, and software
algorithms including image enhancement, autofocusing, object
detection and relocation, and features for operator review and
data analysis for computerized microscopy. zyxwvutsrqponmlkjihgfedcba

2 Computer-Assisted Microscopy
Systems
The modern microscopy imaging system is composed of five
basic components: the microscope, a lighting source, a
specimen stage control, an image acquisition device, and a
postacquisition image analysis system. The microscope can be
practically any high-end optical device, such as those offered
by Leica, Meiji, Nikon, Olympus, and Zeiss, and one that
meets the initial resolution and functionality requirements
of the experiments for which the instrument will be used.
The components of a computer-assisted microscopy system
are depicted in Fig. 1. The core of any computer-assisted
microscopy system is the microscope, which creates an image
of the specimen. An image sensor, such as a charge-coupled
device (CCD) camera or a photomultiplier tube (PMT),
converts the magnified image to an analog voltage signal.
The signal is then digitized and stored in a computer for
later retrieval or analysis. Several peripheral devices, such
as motorized X, Y stages, Z-axis motors, and filter wheels,
are fitted to the microscope to perform different kinds of
experiments. A host computer interfaces the separate hardware components to the microscope. Communication with
the peripheral devices is through hardware boards that reside
in the system's host computer and use the computer's internal
bus. The PCI bus is well suited for imaging applications due
to its high speed of operation and support from many
manufacturers. Other types of connections include serial lines
(RS-232, RS-485), USB, and the General Purpose Interface Bus
(GPIB).
Automation is implemented via software tailored to control
the experiment, for example by automatically selecting the
wavelength and intensity of excitation light, positioning the
specimen in the field of view (FOV), autofocusing, and
capturing single- or multichannel images. The microscope and
[Camera]

Frame Grabber

Filter Controller H FilterWheel [
[ Computer ~-~ Software [ [ Micr°sc°pe [

I

I StageController I.
I"

XYZ

Motorized
Stage

FIGURE 1 Components of a computer-assistedmicroscopysystem.
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the associated optics and detectors determine the quality of of filter cubes is available from major manufacturers, who
the image data obtained, and care must be taken to match the produce filter sets suitable for most of the common fluorocomponents to obtain the best possible results. Overall, the phores in use today. Other illumination sources include
system contains computer software and hardware that can arc-discharge lamps and light-emitting diodes (LEDs). Lasers
automatically scan microscope slides, find the optimal focus can also be used as light sources, but they are expensive
position, capture images, manipulate those images via pre- and are commonly employed for specialized techniques such
processing to remove noise, segment the images to identify as confocal fluorescence microscopy, optical trapping, and
objects therein, extract relevant information about each object lifetime imaging studies, photobleaching recovery studies, and
(e.g., size, presence or absence of a diagnostic marker), total internal reflection fluorescence imaging.
Mechanical or electronic optical shutters can be used to
and finally classify them according to the experimental
control the amount of time that the specimen is exposed to
specifications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
illumination. They typically allow various opening and closing
patterns
and can allow 100% transmission or complete
2.1 Hardware
extinction of the light. The minimum opening speed of
The basic components of a computerized microscopy system most commercially available shutters is on the order of
can be broken down into three fundamental areas. These are 10 milliseconds. In multimode light microscopy applications,
(a) automation of the microscope's X, Y, and Z axes; (b) they are often used to switch between transmitted and
control of fluorescence excitation or bright-field illumination; fluorescence imaging, with shutters in both the transmitted
and (c) control of the image sensing device. In most instances, light path and the fluorescence path. Shutters come with
these components can be added easily to any commercially computer interface controllers that allow both manual and
available microscope. Motorized stages and filter wheels are remote opening and closing. Controlling the exposure
readily available and can be custom fitted to a variety of time can reduce photobleaching in fluorescence imaging
different microscopes. Similarly, focus drives are available to applications.
control the Z-axis position of the stage (or the microscope
head in the case of fixed stage microscopes). Automated X, Y
stages allow movement of the stage in the X and Y axes, 2.1.2 Filter Control
shutters control the exposure of both the fluorescent and Filter wheels are used on microscopes, cameras, and video
incandescent light, monochromators or filter wheels are used systems to position a selected filter in the imaging path quickly
to select a specific excitation wavelength, and image sensors, and accurately. Typically, a filter, or combination of filters, is
such as CCD cameras or PMT, capture images. Given the used to attenuate the light intensity, or to prevent unwanted
number of hardware options available, the selection of spectral wavelengths from contaminating the recorded image.
components depends on the efficiency and precision require- They are used in machine vision, parts inspection, and
ments of the particular application. Cortese [12] presents a research applications, especially those involving fluorescent
listing of commercial vendors for a variety of microscope microscopy, spectrophotometry, photometry, color photocomponents.
graphy, and optical and infrared imaging.

2.1.1 Illumination Source
Most commercially available microscopes have built-in light
sources for bright-field and fluorescence microscopy. For
transmitted light microscopy, an incandescent tungstenhalogen bulb supplies illumination. Fluorescence microscopy,
uses either mercury or xenon arc lamps. Most recently, EFOS
Inc. (Missisauga, Ontario), has developed a novel fluorescence
illuminator, the X-Cite @, which delivers a uniform FOV and
maximum energy spectrum from a 50-W metal-halide lamp,
outperforming 100-W mercury-arc lamps with a 2,000-hour
lifespan. Alternatively, Photon Technology International Inc.
(Lawrenceville, N]) has developed the NovaLight @, an
illuminator that delivers up to seven times the output of
conventional arc lamps.
In fluorescence illumination, the excitation light and
emission light are controlled by filters inserted in the light
path between the illuminator and the specimen, and again
between the specimen and the image sensor. A wide variety

Fluorescence illumination and observation is the most
rapidly expanding microscopy technique employed today
in the medical and biologic sciences. Fluorescence probes
(fluorochromes) have unique individual excitation and
emission spectra. Typically, there is overlap between the
higher wavelength end of the excitation spectrum and the
lower wavelength end of the emission spectrum. A combination of filters (made up of an excitation filter, a dichromatic
beamsplitter, and a barrier filter) is used to separate the
excitation and emission light and improve image contrast.
This is achieved by the proper selection of filters to block or
pass specific wavelength bands of the spectrum. Chroma
Technology Corp. (Brattleboro, VT) and Omega Optical Inc.
(Brattleboro, VT) provide a number of filter sets designed
for specific combinations of fluorescence probes for a variety
of single- and multiple-labeling fluorescence microscopy
applications.
In automated microscopy, a convenient approach to
providing the required wavelengths of excitation light is
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to use a filter wheel coupled with a multispectral lamp focus. The stages can be customized to hold specimens on
(e.g., mercury, or xenon). Filter wheels can be fitted to either microscope slides, Petri dishes, or cell plates. X, Y linear
the excitation or emission (or both) ports of a microscope. translation stages are typically driven by a stepper motor and a
Mounting flanges allow filter wheels to be effectively inserted controller that interfaces to the host computer. Typically, the
into the optical path of most microscopes without affecting X, Y resolution of such systems is ranges from 0.1 to 5 lam.
camera or eyepiece focus. In epifluorescence microscopy,
Translation stages are important because they allow
excitation filter wheels control the illumination spectrum automated scanning of specimen slides, thus increasing the
before it enters the objective, whereas emission filter wheels speed of data collection. An important feature of computer
are mounted on the camera port and select a unique emission controlled motorized stages, is the ability to move the slide to
wavelength.
a previously located position. This is useful in experiments
Another common application of a filter wheel is to where serial observations of a specimen require removal,
introduce neutral density (ND) filters into the optical path. restaining, and subsequent return of specimens to the
ND filters attenuate the light passing through the micro- microscope stage. Specimen positioning provides the ability
scope optics. This can allow the lamp to operate at a higher to return to specific coordinates, and thus to view the same
brightness level (to provide enhanced color balance) and they region of the slide that was observed prior to removal of
afford aperture adjustment for depth-of-field effects without the slide.
saturating the camera. Typically, ND filters are graduated in
Z-axis motors allow controlled movement of the specimen
degrees of light absorption.
in the vertical (Z or axial) direction, thus providing the
Filter wheels are generally available with mountings for capability for automatic focusing, and collection of optical
between three and twelve filters. The filters in the wheel may sections of specimens (i.e., sets of images taken at different
be of different colors, thickness, or materials. For multispectral focal planes). The minimum Z-axis step size of typical focus
applications requiring a large number of wavelengths, two or motors can range from 0.01 to 0.05 ~tm.
Burleigh Instruments Inc. (Fishers, NY), offers an extensive
more filter wheels may be used, to allow for more filters, or to
control separately the upper and lower cutoff wavelengths of line of micropositioning devices for the life sciences. Prior
a passband. For example, a dual-filter wheel system with two Scientific Inc. (Rockland, MA), has the OptiScan ~ and
six-filter wheels could provide ten individual filters (one open ProScan ® stage products that fit most upright and inverted
position in each wheel), with the potential for as many as microscopes and include a controller capable of managing
36 combinations. The most common use of dual-filter wheels the stage. Other vendors include Ludl Electronic Products,
is to combine a bandpass filter with an ND filter to control Ltd. (Hawthorne, NY), Applied Scientific Instruments
(Eugene, OR), Sutter Instrument Company (Novato, CA),
the wavelength and intensity of the fluorescence excitation.
For automated microscopy applications, motorized filter and Marzhauser Wetzlar (Germany).
wheels with controller systems are interfaced to a computer,
permitting direct communications via RS-232, GPIB, or USB
serial ports. Typically, such systems also offer optional filter 2.1.4 Image Sensors
wheel control via a keypad. Automation and programming of With the advent of high-resolution solid-state cameras, such
unique filter sequences are conducted through the RS-232 as the slow scan, cooled CCD camera, photographic film
interface. A simple command language (provided by the cameras are now being replaced by digital imaging systems.
manufacturer) is used to retrieve filter status and to select CCDs are the most frequently used image detectors as they
filters. Often, an integrated shutter can be opened and closed have many advantages including larger dynamic range, good
by commands send to the serial port. The typically adjacent quantum efficiency, low noise, linear response, and negligible
filter switching speed of commercially available shutters is on geometric distortion. CCD cameras are extensively used
the order of 30 to 100 milliseconds. Filter wheel are provided because of their low-light-image capturing ability. A CCD
by vendors such as Prior Scientific, Inc. (Rockland, MA), camera is a light-sensitive, silicon, solid-state device. This
Ludl Electronic Products, Ltd. (Hawthorne, NY), Applied imaging technology is based on collecting photons on the
Scientific Instruments (Eugene, OR), and Marzhauser Wetzlar surface of a silicon grid containing many collection wells
or pixels (for example, a 512 x 512-pixel grid). The photons
(Wetzlar-Steindorf, Germany). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
within a well are subsequently converted to an electrical charge
via the photoelectric effect, which is then passed to an image
2.1.3 X, Y Stage Positioning and Z-Axis Motors
digitizer for conversion into an electrical signal that represents
X, Y motorized stages and Z-axis (focus drive) motors form the intensity of the pixel. The intensities for all pixels over
an integral part of any computer-assisted microscopy system. the grid are organized as a digital image and projected as a
They allow a specimen to be positioned accurately and single video frame.
The variety of light detection methods and the number of
automatically relative to the microscope objective. They also
imaging
devices currently available [12] to the researcher
allow optical sectioning of thick specimens and automatic
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make the selection process complex and often confusing.
Many types of image sensors exist, and the choice is often
dictated by the requirements of a given experiment. CCD
camera selection typically involves the choice of appropriate
parameters for several features. Two operational modes
interlaced scan and progressive scan are available. Interlaced
cameras scan an image in two steps, usually odd and even
horizontal lines, and then reconstruct it in a buffer, which
decreases monitor flickering. Progressive-scan cameras transfer an entire image without interlacing. Another design issue
in CCD cameras is the number of chips. Single-chip cameras
generate color using specialized sensor areas that detect R
(red), G (green), and B (blue) components, whereas multiplechip designs (3CCD) use a beam-splitter and R-, G-, and
B-chips to detect each color component. The resolution is
higher for the 3CCD cameras when compared with single-chip
cameras. The sensor size of the camera determines its
sensitivity and resolution. CCD cameras also have a frame
rate of more than 30 frames per second and a digital output
rate (usually in cycles/second or hertz) dependent on the
analog--digital converter. CCD cameras can be "cooled" to
subzero temperatures, thus minimizing noise and thermal
variations, which reduces the dark current (i.e., the charge
accumulated within the CCD, in the absence of light) and
allows longer integration times for image capture. The digital
dynamic range or bit depth is another important feature
when choosing a CCD camera. For example, an 8-bit image
can store 256 shades of gray and a 12-bit image can store
4,096. A 12-bit image can reveal greater detail than an 8-bit
one; and quantification is more precise in 12-bit images.
The level of overall noise (in decibels, or dB) for a CCD
camera, is usually expressed as a signal/noise (S/N) ratio: S/N
(dB) = 20* log (S/N). Thus, an S/N ratio of 100/1 is equivalent
to 40 dB. Due to the low-light conditions inherent in fluorescence imaging, camera sensitivity is more critical here than in
transmitted light microscopy. To increase sensitivity for lowlight observation, image intensifiers may be used to amplify
light before it reaches the camera faceplate. CCDs that are
not intensified may increase sensitivity using "binning" (or
"superpixeling"). This technique increases sensitivity and
frame rate by grouping pixel intensities.
Specialty cameras are particularly well suited for scientific
applications in computerized microscopy systems since they
offer unique features like large chip area, resolution up to
4000 x 4000 k pixels, digital output, cooling to reduce noise
and dark current, flexible timing, and full computer control.
Suppliers of CCD cameras include Cooke Corporation
(Auburn Hills, MI), Diagnostic Instruments (Sterling Heights,
MI), Dage-MTI Inc. (Michigan City, IN), Optronics Inc.
(Muskogee, OK), Cohu Inc. (San Diego, CA), and Roper
Scientific Inc. (Duluth, GA). Cortese [12] provides a
comprehensive listing of camera vendors.
Frame grabbers are image processing computer boards that
capture and store image data. In a computerized microscopy

system, digitizer boards (flame grabbers) are typically used in
conjunction with CCD cameras for digitizing the microscope
image for further analysis and permanent storage. The type of
imaging board must be matched to the camera in terms of
type of signal format, resolution, and precision. Acquisition
formats include RS170, CCIR, RS330, RS422, NTSC, Y/C,
PAL, and RGB. For flame grabbers that can handle camera
outputs in digital format the input pixel acquisition depth is
important to consider. The pixel depth refers to the number of
bits used to the store the gray level at each pixel. Increasing
pixel depth increases the amount of detail that can be reproduced in the scanned image. Frame grabbers are available
in 8-, 12-, 16-, and 24-bit pixel depth formats. The 8-, 12-, and
16-bit frame grabbers allow digitization of monochrome
images, whereas 24-bit frame grabbers are designed to work
with RGB cameras can be used to acquire three monochrome
video signals synchronously. Frame grabbers are provided by
Scion Corporation (Frederick, MD), MuTech Corporation
(Billerica, MA), and National Instruments (Austin, TX). zyxwvutsrqpon

2.2 Imaging Software
In computerized microscopy systems, the complexity and
number of variables that need to be configured, monitored,
and adjusted prior to and during data collection are
enormous, but they can easily be managed by software created
specifically for this purpose. For example, to create a threedimensional (3D) image of a thick specimen, images of the
sample are taken as the specimen stage is systematically and
carefully moved along the z-axis. For multiple fluorescent
probe analyses on the same sample, the change in excitation
wavelength and collection of emission data must be precisely
controlled. These and other experimental operations are
controlled and managed by the software. Software plays a
major role in computer-assisted microscopy.
The software of an automated microscopy system has three
functions: (a) control of peripheral devices (stage, filter,
camera, etc.), (b) image processing and analysis, and (c) the
user interface. Peripheral devices are controlled by integrated
computer interfaces (controllers) or proprietary interface cards.
This component includes the core functions of the automated
imaging system. It involves the control of the motorized stage
for slide scanning, the focus motor for autofocusing and
optical sectioning, the filter wheel control for filter selection,
shutter control, and camera integration time, and image
capture and storage.
The second software component involves image preprocessing and analysis. Typical algorithms integrated in this
component include image editing functions, geometric
manipulations, morphologic filtering, smoothing, background
subtraction, color separation, object segmentation, and classification. This software component is also responsible for
collecting and storing additional information about the
experiment, such as excitation wavelength; number of frames
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averaged, time, date, and other information pertinent to the include stage movement, filter movement, the readout rate
experiment.
of the CCD chip, and the time required for focusing. The
The user interface component is critical for user control and scanning rate is computed as the total area scanned per unit
communicating with the other components of the software time. It also depends upon the sampling density of the image,
package, as well as providing feedback and reporting results. varying inversely with the square of the sampling density and
Commonly used graphic user interface (GUI) elements include the integration time [10].
The cutoff frequency Wc for an imaging system is given by
(a) buttons for simple actions such as grabbing an image,
(b) input fields for numeric values and textual information,
4zr. NA
(c) menus for choices, (d) windows for displaying acquired
Wc =
2
(1)
images, and (e) windows presenting extracted information
where NA is the numeric aperture, and 2 is the wavelength.
about the current experiment. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The Nyquist sampling theorem states that an image can be
reconstructed from its samples without error if the sampling
3 Software for Hardware Control
frequency is at least 2. inc. Sampling density is defined as the
number of pixels per unit length. The choice of sampling
Devices such as cameras, filter wheels, and microscope stages
density can be based on the Nyquist sampling theorem or on
can be controlled by commands sent through an RS-232 serial
the required measurement precision. The decision should be
connection. Typically, the device will respond with confirmabased on the requirements of the system. For autofocusing,
tions or status information. Every device uses a particular
depth-of-focus, or image restoration applications, the Nyquist
communication protocol and has its own set of commands.
theorem should be used. If measurements derived from
Software designed to integrate such equipment needs to send
microscope images are required, then the sampling frequency
the appropriate commands and act on any information that
should be derived from the measurement specifications [11].
comes back from the device. Typical operations include
transmitting and receiving serial data, correctly terminating
3.2 Autofocusing
commands, recognizing incoming commands, flushing the
serial buffers, and waiting while a device is busy. Stage Automatic focusing is essential for automated microscopy
controllers, for example, move samples under a microscope in when fully automated image acquisition in unattended operaone or more axes. The commands sent to an axis motor tion is required. It also facilitates objective and consistent image
typically include operations such as the following: Home measurements for quantitative analysis.
(move the stage to the home position in this axis), Move
Two approaches are used for autofocusing. One, known as
(move to an absolute position), and, Relative move (move to "active" focusing, is based on surface sensing, whereas the
a position relative to the current position). These commands other, known as "passive" focusing, is based on image analysis.
are defined by the manufacturer of the device and can be easily Surface sensing methods require a single surface from which
integrated into the algorithms that interact with the peripheral light or sound is reflected, and calibration of the in-focus
devices. Some of the key algorithms used in computerized location. These methods are generally impractical for light
microscopy are described in the following sections.
microscopy since there is usually more than one reflective
surface (e.g., slide and coverslip), and specimens vary in
3.1 Automated Slide Scanning
thickness. The image analysis approach depends only on focus
measurements from the image itself. The in-focus position
Scanning a specimen slide involves repeating a series of steps
is found by locating the maximum of a focus function comuntil the entire slide, or a user-defined area thereof, has been
puted on a series of images acquired at different Z-axis
scanned. In a typical scanning algorithm, each FOV is focused
positions. The focus function is a measure of image sharpness,
automatically, after which an image is acquired. When image
as a function of Z-axis position. A sequence of images taken
capture is complete, the stage is moved to the next FOV.
along the Z-axis has to be acquired to find the focus position.
Generally, an algorithm to implement automated slide scanThe value of the focus function is computed for each image
ning moves the slide in a raster pattern. For example, it moves
captured at a different z-position. The maximum value of
vertically down the user-selected area and then retraces back
the focus function identifies the optimal focal plane. These
to the top, moves a predetermined fixed distance across
methods are not sensitive to multiple reflective surfaces and
and then starts another scan vertically downward. This process
therefore are widely used in light microscopy.
is continued until the entire user-defined area has been
scanned. The step sizes in the X and Y directions are adjusted
(depending on the pixel size for the objective in use) so that 3.2.1 Focus Functions
Several groups have developed and tested focus functions
there is no overlap between the adjacent fields.
Scanning speed is an important feature in a computerized for automated microscopy. Johnson and Goforth at Jet
microscopy system. Factors that influence the scanning rate Propulsion Laboratory (JPL) [13] and Dew et al. [14] used
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hardware that integrates the high-pass filtered video signal in a
real-time autofocusing system. Harms and Aus [15] evaluated
a Laplacian-based autofocus parameter that mimics the
receptive fields in the human eye. Groen et al. [16] advanced
eight criteria for evaluating autofocus parameters and
compared 11 parameters. Their results varied somewhat
with different types of specimens, but two "gradient squared"
functions, along with gray-level variance, proved best in their
testing on bright-field images. Boddeke et al. [17] argued that
the most effective autofocus parameters emphasize the midfrequency range, since the OTF does not change with defocus
at either the high- or low-frequency end. They also argued for
binning to reduce noise and for fitting a parabola to the focus
parameter values to interpolate the exact point of best focus.
Firestone et al. [18] tested autofocus functions and found
those that summed gradients were effective. Vollath presented
new autofocus functions based on autocorrelation [19] and
considered the effects of noise [20]. Brenner et al. [21 ], Erteza
[22, 23], and Muller and Buffington [24] also advanced and
tested autofocus functions based on the sum of squared
gradients. Price and Gough [25] advanced a new prefiltered
two-dimensional (2D) Laplacian parameter and evaluated
eleven functions in fluorescence and phase-contrast microscopy. They found that, in fluorescence microscopy (a) the
gradient-based parameters gave sharper peaks, and thus had
narrower operating ranges than the statistical parameters; (b)
the gradient and statistical techniques did not agree exactly on
the point of best focus; and (c) autocorrelation-based
parameters performed similarly to gradient-based ones.
Geusebroek et al. [26] proposed an autofocusing algorithm
based on the signal power after convolving the image with
a first-order derivative of a Gaussian filter. This technique
was found to be generally applicable to several light microscopy modalities including fluorescence, bright field, and
phase-contrast microscopy, on a wide variety of preparation
and specimen types. An exhaustive search for finding the
maximum focus position was used to circumvent problems
caused by noisy focus function curves. Santos et al. [27]
systematically evaluated 13 autofocus functions for analytic
fluorescent image cytometry studies of counterstained nuclei.
Using a proposed figure-of-merit criterion that weighs five
different features of a focus function, the test results suggested
that focus functions based on correlation measures had the
best performance for the type of images they studied. Selecting
an appropriate focus function is critical for autofocusing,
and it depends largely on the requirements of the system,
specifically the mode of microscopy and the type of specimens
being examined.
The step size for obtaining a sequence of images along the
z-axis can be computed using the focal depth of a microscope
objective, which is approximately

where 2 is the wavelength, and NA is the numeric aperture of
the objective.
One can take a series of images spaced by approximately that
distance along the optical axis of the microscope to effect the
optical equivalent of serial sectioning.

3.2.2 A u t o f o c u s Speed
An important factor in most autofocusing is the timeconsuming nature of the procedure. To reduce autofocusing
time when scanning a slide, the number of FOVs that are
focused should be reduced. This may be achieved by extrapolation or interpolation strategies to estimate the focus
position of most fields based on the measured focus positions
of a few fields. Interpolation can be used to estimate the
focus position o f a particular field from previously measured
positions from at least three adjacent fields. This estimation is
thus based on local information, and a focusing error in one
field will only influence the estimated focus position of
neighboring FOVs. In the interpolation approach, the focus
positions of a number of FOVs across the entire slide have to
be measured initially. A linear surface (z=ax + by + e) is
then fitted through these measured values. During scanning,
the fitted linear surface is used to calculate the focus position
of each field. A disadvantage of this approach arises when the
area to be scanned is large. For increased scanning times, the
linear fit is may not reliable because the position of the focal
plane may change over time due to temperature-induced
sample variations.
Another approach to improve the speed of autofocusing
algorithms is to use a two-phase focusing approach. Initially, a
coarse focus phase may be implemented using larger z-step
sizes. The first two samples are used to determine the direction
of the focus. The algorithm then steps in the determined
direction until the last focus value is lower than the previous
one. The in-focus z-position is then located between adjacent
z-positions with the highest and second highest focus value.
A second, fine-focus phase then repeats the same procedure
with smaller z-step sizes. The starting point is the optimal
focus position determined by the coarse focus phase. The finefocus phase then samples the focus function along N positions
equidistant about the coarse phase in-focus z-position. The
final estimation of the in-focus z-position is calculated
through a quadratic fit of the N points. The outcome of a
robust autofocus algorithm should be a sharp peak in the
focus function at the in-focus position as shown in Fig. 2. The
selected autofocus algorithm for computerized microscopy
should be generally applicable on a large variety of microscopic modes, and a large variety of preparation techniques
and specimen types.

3.3 I m a g e C a p t u r e

-- ~
(2) Most frame grabber boards come with source code examples
DOF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 • NA 2
designed to illustrate important features of the board.
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be similar in intensity wherever it appears in the image.
Differences in intensity values among different object features
6 104
can then be used to differentiate between several features for
counting, measurement, or identification. In most imaging
processes, illumination sources can create intensity variations
1o4
across the FOV. Even with proper calibration, one can only
approximate uniform illumination of the scene being imaged.
This is particularly true for a microscope system. Both the
4 104
halogen (transmitted light) and mercury (fluorescent light)
lamps have to be adjusted for uniform illumination of the
FOV prior to use. Moreover, microscope optics and/or
cameras may also show vignetting, in which the corners of
-. 3 104
the image are darker than the center because the light is
partially absorbed. The process of eliminating these defects by
lO4 application of image processing to facilitate object segmentation, or to obtain accurate quantitative measurements is
known as background correction or background flattening.
1 104
50

Microns
FIGURE 2 Two-phase approach to autofocusing, using a coarse focus and a
separate fine focus function (see color insert).

The features covered include initialization, triggering, and
real-time control of Input/Output (I/O) lines. Customized
software for image capture can be developed around the
drivers and libraries provided by the manufacturers of the
camera and digitizer boards.

4 Image Processing and
Analysis Software
In any computerized microscopy system, quantitative data are
obtained, and certain tasks are automated, using image
processing and analysis techniques. Most automated microscopy applications are based on the measurement of features
that cannot be obtained reliably by visual inspection. While
visualization of images allows a qualitative analysis of the
objects of interest, quantitative measures are usually essential
to define and understand the biologic processes. Digital image
processing theory provides a number of tools to enhance
images and to measure size, shape, and intensity features
accurately. In addition to autofocusing, scanning, and image
capture algorithms, computerized microscopy requires specific image processing algorithms to obtain the desired results.
We discuss some of those here.

4.1 Background Subtraction
Quantitative image analysis typically involves measuring the
brightness of regions in the image as a means of identification,
that is it is often assumed that the same type of feature will

4.1.1 Background Subtraction
For microscopy applications, two approaches are popular for
background flattening [28]. In the first approach, a "background" image is acquired in which a uniform reference
surface or specimen is inserted in place of actual samples to be
viewed, and an image of the FOV is recorded. This is the
background image, and it represents the intensity variations
that occur without a specimen in the light path, only due to
any inhomogeneity in illumination source, the system optics,
or camera, and can then be used to correct all subsequent
images. When the background image is subtracted from a
given image, areas that are similar to the background will be
replaced with values close to the mean background intensity.
The process is called background subtraction and is applied to
flatten or even out the background intensity variations in a
microscope image. It should be noted that, if the camera is
logarithmic with a gamma of 1.0, then the background image
should be subtracted. However, if the camera is linear, then
the acquired image should be divided by the background
image. Background subtraction can be used to produce a flat
background, and compensate for nonuniform lighting, nonuniform camera response, or minor optic artifacts (such as
dust specks that mar the background of images captured from
a microscope). In the process of subtracting (or dividing) one
image by another, some of the dynamic range of the original
data will be lost.

4.1.2 Surface Fitting
The second approach is to use the process of surface fitting to
estimate the background image. This approach is especially
useful, when a reference specimen or the imaging system
is not available to experimentally acquire a background
image [29]. Typically, a polynomial function can be used to
estimate variations of background brightness as a function of
location. The process involves an initial determination of an
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FIGURE 3 (A-E): Background subtraction via surface fitting. Panel A show the original image, panel B presents its 2D intensity distribution as a surface plot, panel C shows the background surface estimated via the surface fitting
algorithm, panel D shows the background subtracted image, and panel E presents its 2D intensity distribution as a
surface plot.

appropriate grid of background sampling points. By selecting This polynomial has 10 (a0-a9) fitted constants. To get
a number of points in the image, a list of brightness values and a good fit and diminish sensitivity to minor fluctualocations can be acquired. In particular, it is critical that the tions in individual pixels, it is usual to require several times
points selected for surface fitting represent true background the minimum number of points. We have found that the
areas in the image, and not foreground (or object) pixels. If a minimum number of points is approximately about three
foreground pixel is mistaken for a background pixel, the times the total number of coefficients to be estimated.
surface fit will be biased, resulting in an over estimation of the Figure 3A-E demonstrates the process of background
background. In some cases, it is practical to locate the points subtraction. Panel A show the original image, panel B presents
automatically for background fitting. This is feasible when its 2D intensity distribution as a surface plot, panel C shows
working with images, which have distinct objects that are well the background surface estimated via the surface fitting
distributed throughout the image area and contain the darkest algorithm, panel D shows the background subtracted image,
(or lightest) pixels present. The image can then be subdivided and panel E presents its 2D intensity distribution as a
into a grid of smaller squares or rectangles, the darkest surface plot. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIH
(or lightest) pixels in each subregion, and these points used for
the fitting [29]. Another issue is the spatial distribution and
4.1.3 Other Approaches
frequency of the sampled points. The greater the number of
valid points that are uniformly spread over the entire image, Another approach used to remove the background is
the greater the accuracy of the estimated surface fit. A least- frequency domain filtering. It assumes that the background
squares fitting approach may then be used to determine the variation in the image is a low-frequency signal, and can be
coefficients of the polynomial function. For a third-order separated in frequency space from the higher frequencies that
define the foreground objects in the image. A high-pass filter
polynomial, the functional form of the fitted background is: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
can then be used to remove the low-frequency background
components [28].
B ( x , y ) - - ao + a l . x + a2 . y + a3 • x y + a4 . x 2 + a5 . y2
Other techniques for removing the background include
(3)
+ a6 • x2y + a7 • x y 2 + a8 • x 3 + a9 .y3
nonlinear filtering [30] and mathematic morphology [31].

1320 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Handbook of Image and Video Processing

Morphologic filtering is used when the background variation channel j of the digitized image. The elements of this matrix
is irregular and cannot be estimated by surface fitting. The are determined experimentally for a particular combination of
assumption behind this method is that foreground objects are camera, color filters, and fluorophores. E specifies the relative
limited in size and smaller than the scale of background exposure time used in each channel, i.e., each element eij is the
variations, and the intensity of the background differs from ratio of the current exposure time for color channel i, to the
that of the features. The approach is to use an appropriate exposure time used for the color-spread calibration image.
structuring element to describe the foreground objects. The column vector b accounts for the black-level offset of the
Neighborhood operations are used to compare each pixel digitizer, that is, bi is the gray level that corresponds to zero
with its neighbors. Regions larger than the structuring element brightness in channel i.
Then the true brightness values for each pixel can be
are taken as background. This operation is performed for each
pixel in the image, and a new image is produced as a result. determined by solving equation (4) as follows:
The result of applying this operation to the entire image is to
X'-- C-1E-l[y-b]
(5)
shrink the foreground objects by the radius of the structuring
element, and to extend the local background brightness values
into the area previously covered by objects.
Where C -1 is the color compensation matrix. This model
Reducing brightness variations by subtracting a background assumes that the gray level in each channel is proportional
image, whether it is obtained by measurement, mathematic to integration time and the black levels are constant with
fitting, or image processing, is not a cost-free process. Sub- integration time. With CCD cameras, both of these conditions
traction reduces the dynamic range of the gray scale, and are satisfied to a good approximation.
clipping must be avoided in the subtraction process or it
might interfere with subsequent analysis of the image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4.3 Segmentation for Object Identification

4.2 Color Compensation
Many of the problems encountered in the automatic
identification of objects in color (RGB) images result from
the fact that all three fluorophores appear in all three color
channels due to the unavoidable overlap among fluorophore
emission spectra and camera sensitivity spectra. The result is
that the red dye shows up in the green and blue channel
images, and the green and blue dyes are smeared across all
three color channels as well. Castleman [1994] describes a
process that effectively isolates three fluorophores by separating them into three-color channels (RGB) of the digitized
color image. The method, which can account for black level
and unequal integration times [32], is a preprocessing technique that can be applied to color images prior to segmentation.
The technique yields separate, quantitative maps of the
distribution of each fluorophore in the specimen. The premise
is that the imaging process linearly distributes the light
emitted from each fluorophore among the different color
channels. For example, for an N-color system, each N × one
pixel vector needs to be premultiplied by an N × N compensation matrix. Then, for a three-color RGB system, the
following linear transformation may be applied:
y = ECx + b

(4)

where y is the vector of RGB gray levels recorded at a given
pixel and x is the 3 × 1 vector of actual fluorophore brightness
at that pixel. C is the 3 x 3 color smear matrix, which specifies
how the fluorophore brightnesses are spread among the three
color channels. Each element cij is the proportion of the
brightness from fluorophore i that appears in the color

The ultimate goal of most computerized microscopy applications is to identify in images unique objects that are relevant to
a specific application. Segmentation refers to the process of
separating the desired object (or objects) of interest from the
background in an image. A variety of techniques can be used
to do this. They range from the simple (such as thresholding and masking) to the complex (such as edge/boundary
detection, region growing and clustering algorithms). The
literature contains hundreds of segmentation techniques, but
there is no single method that can be considered good for
all images, nor are all methods equally good for a particular
type of image. Segmentation methods vary depending on the
imaging modality, application domain, method being automatic or semi-automatic, and other specific factors. While
some methods use pure intensity-based pattern recognition
techniques such as thresholding followed by connected
component analysis [33-34], other methods apply explicit
models to extract information [35-37]. Depending on the
image quality and the general image artifacts such as noise,
some segmentation methods may require image preprocessing
prior to the segmentation algorithm [38-39]. On the other
hand, some methods apply postprocessing to overcome the
problems arising from over segmentation.

4.3.1 The Segmentation Process
There are several approaches to segmentation such as
(a) pattern recognition techniques [40], (b) model-based
approaches [41], (c) tracking-based approaches [42], (d) artificial intelligence-based approaches [43], and (e) neural
network-based approaches [44]. Pattern recognition techniques are further divided into four categories: (a) multiscale
approaches, (b) region growing approaches, (c) differential
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geometry-based approaches, and (d) mathematic morphology postsegmentation. Some of the common thresholding algoschemes. Morphologic approaches include techniques such as rithms are discussed. The Ridler and Calvard [46] algorithm
skeleton-based approaches, region-growing approaches, edge- uses an iterative clustering approach. The mean image
based approaches, and matching filters approaches. Model- intensity value is chosen as an initial estimate of the threshold
based approaches are further divided into two categories: is made. Pixels above and below the threshold are assigned to
deformable models and parametric models. Although there is the object and background classes, respectively. The threshold
a wide range of segmentation methods in different categories, is then iteratively estimated as the mean of the two class
sometimes multiple techniques are used together to solve means. The Tsai [47] algorithm determines the threshold so
different segmentation problems.
that the first three moments of the input image are preserved
In most biomedical applications, segmentation is a two- in the output image. The Otsu [48] algorithm is based on
class problem, namely the objects, such as cells, nuclei, discriminant analysis and uses the zero- and first-order
chromosomes, and the background. Thresholding is a region- cumulative moments of the histogram for calculating the
based approach that is useful for segmenting objects from a threshold value. The image content is classified into forecontrasting background. Thus, it is commonly used when ground and background classes. The threshold value is the one
segmenting microscope images of cells. Thresholding consists that maximizes between-class variance, or equivalently miniof segmenting an image into two regions: a particle region and mizes within-class variance. The Kapur et al. [49] algorithm
a background region. In its most simple form, this process uses the entropy of the image. It also classifies the image
works by setting to white all pixels that belong to a gray-level content as two classes of events with each class characterized
interval, called the threshold interval, and setting all other by a probability density function (pdf). The method then
pixels in the image to black. The resulting image is referred maximizes the sum of the entropy of the two pdf's to converge
to as a binary image. For color images, three thresholds must to a single threshold value.
be specified, one for each color component. Threshold values
Depending on the brightness values in the image, a global or
can be chosen manually or by using automated techniques. adaptive approach for thresholding may be used. If the backAutomated thresholding techniques select a threshold, which ground gray level is constant throughout the image, and if the
optimizes a specified characteristic of the resulting images. foreground objects have an equal contrast that is above the
These techniques include clustering, entropy, metric, moments, background, then a global threshold value can be used to
and interclass variance. Clustering is unique in that it is a segment the entire image. However, if the background gray
multiclass thresholding method. In other words, instead of level is not constant, and the contrast of objects varies within
producing only binary images it can specify multiple threshold the image, then an adaptive thresholding approach should be
levels, which result in images with three or more gray-level used to determine the threshold value as a slowly varying
values. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
function of the position in the image. In this approach, the
image is divided into rectangular subimages, and the threshold
for each subimage is determined [45].

4.3.2 Threshold Selection

Threshold determination from the image histogram is
probably one of the most widely used techniques. When the
distributions of the background and the object pixels are
known and unimodal, then the threshold value can be
determined by applying the Bayes rule [45]. However, in
most biologic applications, both the foreground object and the
background distributions are unknown. Moreover, most
images have a dominant background peak present. In these
cases, two approaches are commonly used to determine the
threshold. The first approach assumes that the background
peak shows a normal distribution, and the threshold is
determined as an offset based on the mean and the width
of the background peak. The second approach, known as
the triangle method, determines the largest vertical distance
from a line drawn from the background peak to the highest
occurring gray-level value [45].
Many thresholding algorithms are published in the
literature, and selecting an appropriate one can be a difficult
task. The selection of an appropriate algorithm depends
upon the image content, and type of information required

4.4 The User Interface
The final component of the software package for a
computerized microscopy system is the graphical user interface. The software for peripheral device control, image
capture, preprocessing, and image analysis has to be embedded
in a user interface. Dialogue boxes are provided to control the
automated microscope, to adjust parameters for tuning the
object finding algorithm, to define the features of interest, and
to specify the scan area of the slide and/or the maximum
number of objects that have to be analyzed. Parameters
such as object size and cluster size are dependent on magnification, specimen type, and quality of the slides. These
parameters can be tuned by the operator on a trial-and-error
basis. Windows are available during screening to show the
performance of the image analysis algorithms and the data
generated. In addition, images containing relevant information for each scan must be stored in a gallery for future
viewing, and for relocation if required. The operator can scroll
through this window and rank the images according to the
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features identified. This allows the operator to select for visual
inspection those images containing critical biologic information.

automatic focus, image scanning and digitization, background
subtraction, color compensation, nuclei segmentation, location, and measurement, and FISH dot counting [29]. zyxwvutsrqponml

5 The Advanced Digital Imaging
Research Computerized
Microscopy System

5.2.1 Autofocus

Our group has developed a computerized microscopy system
for the use in the field of clinical cytogenetics.

5.1 Hardware

Autofocus is done by a two-pass algorithm designed to
determine first whether the field in question is empty or not,
and then to bring the image into sharp focus. The first pass
of the algorithm examines images at three z-axis positions
to determine whether there is enough variation among
the images to indicate the presence of objects in the field to
focus on. The sum over the image of the squared second
derivatives described by Groen et al. [16] is used as the focus
function f(x);

The instrument is assembled around a Zeiss Axioskop or an
Olympus BX-51 epi-illumination microscope, equipped with a
f (x)-- ~ ~ k, 3x2
(6)
100-W mercury lamp for fluorescence imaging and a 30-W
i J
halogen source for conventional light microscopy. The
microscope is fitted with a ProScan motorized scanning A second-order difference is used to estimate the second-order
stage system (Prior Scientific Inc. Rockland, MA), with three derivative (Laplacian filter).
degrees of motion (X, Y, and Z), and a four-specimen slide
holder. The system provides 9 x 3-inch travel, repeatability to
32g(x'Y) ~ A2g -- g(i,j + 1) - 2g(i,j) + g(i,j- 1)
(7)
4-1.0 ~tm, and step size from 0.1 to 5.0 ~tm. The translation
OX2
AX 2
and focus motor drives can be remotely controlled via custom
computer algorithms, and a high-precision joystick is included
for operator control. The spatial resolution of the scanning Where g(i, j) is the image intensity at pixel (i, j).
The Laplacian filter strongly enhances the higher spatial
stage is 0.5 ~tm in X and Y and 0.05 ~tm in the Z-direction,
frequencies
and proves to be ideal for our application. At the
allowing precise coarse and fine control of stage position.
point
of
maximal
focus value, the histogram is examined
A Dage 330T cooled triple-chip color camera (Dage-MTI Inc.
above
a
predetermined
threshold to determine the presence of
Michigan City, IN) capable of on-chip integration up to 8
cells
in
the
image.
seconds and 575-1ine resolution, is used with a Scion-CG7
Once the coarse focus step is complete, a different algorithm
(Scion Corporation, Frederick, ML) 24-bit frame grabber to
brings
the image into sharp focus. The focus is considered to
allow simultaneous acquisition of all three color channels
lie
between
the two z-axis locations that bracket the location
(640 x 480 x 3). Mternatively, the Photometrics SenSys®
that
gave
the
highest value in the course focus step. A hill(Roper Scientific, Inc., Tucson, AZ) camera, which is a lowclimbing
algorithm
is then used with a "fine-focus" function
light CCD having 768 x 512 pixels (9 x 9 mm) by 4,096 gray
based
on
gradients
along
51 equispaced horizontal and vertical
levels with a 1.4-MHz readout speed is also available. For
lines
in
the
image.
Images
are acquired at various z-locations,
fluorescence imaging, a six-position slider bar is available
"splitting
the
difference"
and
moving toward locations with
with filters typically used in multispectral three-color and
higher gradient values until the z-location with the highest
four-color fluorescence in situ hybridization (FISH) sample.
gradient value is found, to within the depth of focus of the
Several objectives are available including the Zeiss (Carl Zeiss
optical system. To ensure that the background image of all the
Microimaging Inc., Thornwood, NY) PlanApo 100 x NA 1.4
color channels are in sharp focus, the fine-focus value is taken
objective, CP Achromat 10 x NA 0.25, Plan-Neofluar 20 x NA
to be the sum of the fine-focus function outputs for each of
0.5, Achroplan 63 x NA 0.95, Meiji S-Plan 40 x NA 0.65,
Olympus UplanApo 100xNA 1.35, Olympus UplanApo the three (or four) color channels.
The coarse focus routine determines the plane of focus
60 x NA 0.9 and Olympus UplanApo 40 x , N.A. 0.5-1.0.
(three frames), and is followed by a fine-focus algorithm that
The automated microscope system is controlled by proprietary
finds the optimal focus plane (approximately five to eight
software running on a PowerMac G4 computer (Apple Inc.,
frames). The total number of images analyzed during the fineCupertino, CA).
focus routine depends upon how close the coarse focus
algorithm got to the optimal focus plane. The closer the coarse
5.2 Software
focus comes to the optimal focus position, the fewer steps are
The software that controls the automated microscope required in the fine-focus routine. The autofocus technique
includes functions for spatial and photometric calibration, works with any objective by specifying its numeric aperture,
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which is needed to determine the depth of focus, and focus FISH, microdeletion and duplication testing via FISH,
step size. It is conducted at the beginning of every scan, and it telomere testing via FISH, MFISH (multiplex FISH), and
may be done for every scan position or at regular intervals as chromosome breakage and translocation testing. The ADIR
defined by the user. A default interval of ten scan positions is computerized microscopy system has been applied to the
programmed. We found that the images are "in-focus" over a following cytogenetic screening tests.
relatively large area of the slide, and frequent refocusing is not
required. For an integration time of 0.5 seconds we recorded
6.1 Fetal Cell Screening in Maternal Blood
an average autofocus time of 28 4- 4 seconds. The variability in
the focusing time is due to the varying number of image Scientists have documented the presence of a few fetal cells in
frames captured during the fine-focus routine. The total time maternal blood, and have envisioned using them to enable
for autofocus depends on image content (which will affect noninvasive prenatal screening. Using fetal cells isolated from
maternal peripheral blood samples eliminates the procedureprocessing time), and the integration time for image capture. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
related risks associated with amniocentesis and chorionic
villus
sampling [50].
5.2.2 Slide Scanning
The minute proportion of fetal cells found in maternal
The algorithm to implement automated slide scanning moves
blood can now be enriched to one per few thousand using
the slide in a raster pattern. It goes vertically down the usermagnetic activated cell sorting (MACS) [51], or fluorescence
selected area and then retraces back to the top. It moves to a
activated cell sorting (FACS) [52], or a combination of the
predetermined fixed distance across and then starts another
two. Aneuploidies can then be detected with chromosomescan vertically downward. This process is continued until the
specific DNA probes via FISH [53]. Microscopy-based
entire user-defined area has been scanned. The step size in
approaches have been used to identify fetal cells in maternal
the X and Y directions is adjusted (depending on the pixel
blood, but the small number of fetal cells present in the
spacing for the objective in use) such that there is no overlap
maternal circulation limits accuracy and makes cell detection
between the sequentially scanned fields.
labor intensive. This creates the need for a computerized
The system was designed to implement slide scanning in
microscopy system to allow repeatable, unbiased, and practical
two modes depending on the slide preparation. A "spread'
detection of the small proportions of fetal cells in enriched
mode allows the entire slide to be scanned, whereas a "cytospin"
maternal blood samples.
mode may be used to scan slides prepared by centrifugal
FISH is one of the methods currently under investigation
cytology. Both the spread and cytospin modes also have the
for the automated detection of fetal cells. It is a quick,
capability to allow user-defined areas (via fixed area or lasso)
inexpensive, accurate, sensitive, and relatively specific method
to be scanned. The average slide-scanning rate recorded for
that allows detection of the autosomal trisomies 13, 18, and
the system is 12 images/:nin. This value represents the total
21; X and Y abnormalities; and any other chromosome
scanning and processing (autofocusing and image analysis)
abnormality for which a specific probe is available.
rate. Image analysis algorithms are tailored for each specific
We used the ADIR system to detect fetal cells in FISHapplication.
labeled maternal blood. The separated cells in enriched maternal blood were examined for gender and genetic aneuploidy
using chromosome specific DNA probes via FISH. The
6 Applications in Clinical Cytogenetics
nucleus was counterstained with DAPI (4'D,6-diamidino-2Cytogenetics is the study of chromosomes, especially in regard phenylindole), and chromosomes X and Y were labeled with
to their structure and relation to genetic disease. Clinical SpectrumGreen and SpectrumOrange, respectively (Vysis Inc.,
cytogenetics involves the microscopic analysis of chromo- Downers Grove, IL).
somal abnormalities such as an increase or reduction in the
If the fetus is male, FISH can be used directly, with one
number of chromosomes, or a translocation of part of one probe targeting the Y-chromosome, and different colored
chromosome onto another. Advances in the use of DNA probes for other chromosomes, to detect aneuploidies. An
probes have allowed cytogeneticists to label chromosomes and automated system can examine enough cells to locate several
determine if a specific DNA sequence is present on the target fetal (Y-positive) cells and then make a determination about
chromosome. This has been useful in detecting abnormalities aneuploidy in the fetus. If the fetus is female, one must analyze
beyond the resolution level of studying banded chromosomes a number of cells that is sufficient to rule out the possibility of
in the microscope, and in determining the location of specific aneuploid fetal cells.
genes on chromosomes. Clinical tests are routinely performed
Specific image analysis algorithms were used to detect the
on patients in order to screen for and identify genetic cells and FISH dots, following background subtraction and
problems associated with chromosome morphology. Typical color compensation. The digitized images were initially
tests offered include karyotype analysis, pre- and postnatal thresholded in the user-defined cell channel (generally, blue
aneuploidy screening by polymerase chain reaction (PCR) or for the DAPI counterstain) to obtain binary images of cells.
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FIGURE 4 Fluorescence image of 7 female (XX) cells. Adult female blood was processed via FISH. Cells are
counterstained blue (DAPI); X chromosomes are labeled in green (FITC). Results of automated image analysis are
illustrated in the right panel. The softwareaccuratelydetects single cells, separates touching cells, and detects the green
dots in individual cells (see color insert).
The cells were then uniquely identified using a region labeling
procedure [54]. The 8-connected pixel neighborhood is used
to determine the pixel belonging to a certain object. Each pixel
in the connected neighborhood is then assigned a unique
number so that finally all the pixels belonging to an object
will have the same unique label. The number of pixels in
each object is computed and used as a measure of cell size.
Subsequently, shape analysis is used to discard large cell
clusters and noncircular objects. Further, a morphologic
technique is used for automatically cutting touching cells
apart. The morphologic algorithm shrinks the objects until
they separate, and then thins the background to define cutting
lines. A logical exclusive OR procedure then separates cells.
Cell boundaries are smoothed by a series of erosions and
dilations, and the smoothed boundary is used to obtain an
estimate of the cellular perimeter. Performing a logical AND
operation on this thresholded and morphologically processed
mask with the other two red and green planes of the color
compensated image yields gray-scale images containing only
dots that lie within the cells. Objects are then located by
thresholding in the probe color channels, using smoothed
boundaries as masks. A minimum size criterion is used to
eliminate noise spikes, and shape analysis is used to flag
noncompact dots. The remaining objects are counted. The
locations of dots found are compared with the cell masks to
associate each chromosomal dot with its corresponding cell.
Finally, we implemented a statistical model to determine
unbiased estimates of the proportion of cells having a given
number of dots. The befuddlement theory provides guidelines
for dot-counting algorithm development by establishing the
point at which further reduction of dot-counting errors will
not materially improve the estimate [55]. This occurs when
statistical sampling error outweighs dot-counting error.

Isolated cells with dots are then evaluated to determine
gender and/or aneuploidy, and finally classified as fetal or
maternal cells. Once the fetal cells have been identified by the
automated image analysis algorithms, the stage and image
coordinates of such cells are stored in a table along with the
cell's morphologic features, such as area, shape factor, and dot
count. The detected cells can be automatically relocated at any
subsequent time by centering upon the centroid of the cells
using the previously stored stage and image coordinates. The
results of automated image analysis are illustrated in Fig. 4.
The software accurately (a) detects single cells, (b) separates
touching cells, and (c) detects the green dots in the isolated
cells. The fetal cell screening system evaluation is presented in
a recent publication [56]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQ

6.2 Subtelomeric Fluorescent In Situ
Hybridization for Detection of
Cryptic Translocations
Subtelomeric FISH (STFISH) uses a complete set of telomere
region-specific FISH probes designed to hybridize to the
unique subtelomeric regions of every human chromosome.
Recently, a version of these probes became commercially
available (ChromoProbe Multiprobe ~ T-System, Cytocell
Ltd.). The assay allows for simultaneous analysis of the
telomeric regions of every human chromosome on a single
microscope slide, except the p-arms of the acrocentric chromosomes. It is anticipated that these probes will be extremely
valuable in the identification of submicroscopic telomeric
aberrations. These are thought to account for a substantial,
yet previously underrecognized, proportion of cases of
mental retardation in the population. The utility of these
probes is evident in that numerous recent reports describe
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cryptic telomere rearrangements or submicroscopic telomeric in cases without prior knowledge of the chromosomal
deletions [57]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
anomaly.
It is apparent that computerized microscopy can be applied
to produce labor and time savings for this procedure. Auto6.2.1 The Subtelomeric Fluorescent
mated motorized stages, combined with computer controlled
In Situ Hybridization Assay
digital image capture, can implement slide scanning, metaSTFISH uses a special 24-well slide template that permits phase finding, and image capture, labeling, and saving (steps 1
visualization of the subtelomeric regions of every chromosome and 2). This removes the tedious and labor-intensive compair at fixed positions on the slide template (Fig. 5). Each ponent of the procedure, allowing a cytogeneticist to examine
well has telomeric-region-specific probes for a single chromo- a gallery of stored images rapidly for data interpretation.
some; for example, well 1 has DNA probes specific to the Image analysis algorithms can also be implemented to
telomeric regions of chromosome 1, and well 24 has DNA automatically flag images that have missing or additional
probes specific for the Y chromosome telomeres. At present, telomeric material (steps 3 and 4). This would further increase
the assay requires a manual examination of all 24 wells. When the speed of data interpretation. Finally, automated relocation
screening anomalies, first each of the 24 regions on the slide capability can be implemented, allowing the cytogeneticist
must be viewed to find metaphases. The second step involves to perform rapid visual examination of the slide for any of
image acquisition, followed by appropriate image labeling the previously recorded images.
We recorded a slide scanning time (including autofocusing,
(to indicate the region on the slide from which the image was
scanning,
and image analysis) of four images/min (--,0.04
captured), and saving the images. This is required to idenmmZ/min)
for an integration time of 0.5 seconds. The slidetify the chromosomes correctly. The third step involves an
scanning
algorithm
was designed to scan the special Cytocell,
examination of the saved images of one or more metaphases
Inc.,
template
slide
that is used for the STFISH. As seen in
from each of the 24 regions. This examination involves the
identification of the (labeled green) p-regions and the (red Fig. 5, the template slide is divided into 24 squares (three rows
labeled) q-regions for each pair of chromosomes in each of of eight) labeled from 1 to 22, X and Y. Each square in the grid
the 24 regions. Finally, the last step requires the correlation of is scanned, and the metaphases found in each square are
any deleted or additional p- or q-arm telomeric material associated with the corresponding chromosome label. This
within the 24 regions, to allow the interpretation of the is accomplished by creating a lookup table that maps each
telomeric translocation, if present. A trained cytogeneticist square in the grid to fixed stage coordinates. The stage
takes approximately 3 hours to complete reading a slide for coordinates of the four vertices of each square are located and
the STFISH assay, and an additional hour to complete stored.
data analysis. Furthermore, the procedure is not only laborintensive, but it requires trained cytogenecists for slide reading
and data interpretation. This procedure is even more tedious

6.2.2 User Interface

FIGURE 5 Illustration of the "Multiprobe ® coverslip device" (top) divided
into 24 raised square platforms and the "template microscope slide" (bottom)
demarcated into 24 squares.

The user-interface for the newly designed slide-scanning
algorithm is presented in Fig. 6. The 24 well regions of the
Cytocell template slide are mapped to the corresponding
stage coordinates as shown in Fig. 6. The cross-hair (seen in
region 12) indicates the current position of the objective. The
user can select a particular slide region, or a range of slide
regions, as desired for scanning. For each selected region,
scanning begins at the center and continues in a circular scan
outward, toward the periphery. This process is continued until
the entire selected region is scanned or a predefined number
of metaphases have been found. The default is to scan the
entire slide, starting at region 1 and ending at region 23 (for
female specimens) or 24 (for male specimens), with a stop
limit of five metaphases per region. For example, at the end of
the default scan, the image gallery would have 120 metaphase
images for a male specimen. The step size in both the X and Y
directions can be adjusted (depending on pixel size, as dictated
by the objective in use) so that there is no overlap between
sequential scan fields. This is controlled by the X- and Y-axis
factors shown in the user interface in Fig. 6.
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FIGURE 6 User interface for automated scanning of the Cytocell Multiprobe@ template microscope slide. The user can select a region to scan at the
click of a mouse button (Ex: regions 20, 21 and 22 were selected above). Either
the entire selected region can be scanned, or the user can define the number of
metaphases per region (Ex: 5 Metaphases, as shown above). Scanning then
continues with the next selected region. The X-axis and Y-axis factors adjust FIGURE 8 The output of the metaphase finding algorithm. The isolated
the scanning step-size in X and Y, and may be used to capture overlapping objects are labelled aa-az, ba-bz, and ca (total 53 objects), and then classified
regions to avoid the loss of cells that fall between adjacent image frames (see using the parameters described in Fig. 7. The objects in green were classified as
objects of a cluster, while red objects are rejected. A cluster of objects outlined
color insert). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
by a green box is identified as a metaphase, while cluster objects outlined by a
red box are rejected (see color insert).

8

6.2.3 Metaphase Finding
Image analysis capability for this application includes locating
the metaphases in the images. The software first uses gray level
thresholding and boundary tracking algorithms to find objects
in the image. The isolated objects are then classified using a
set of user-defined parameters, to identify metaphases. The
key classification parameters include the size and shape of
the objects, clustering of similar objects in a group, and the
number of objects in a group. This works because chromosomes in a metaphase are typically rodlike and are clustered
together in groups of approximately 46.
Figure 7 shows the user interface for metaphase finding,
with default object parameters for images captured with a
100 × objective. These parameter values, when tested on more
than ten images, accurately identified the all metaphases
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therein. The result for a representative metaphase image
appears in Fig. 8. The objects shown in green were selected as
members of a cluster, and the clustering algorithm rejected the
objects shown in red. The green box encloses the cluster of
objects identified as a metaphase. Red boxes show clusters that
were rejected (see the lower left corner in Fig. 8). Metaphases
located at a distance of 15 m m from the boundaries of the
squares are also discarded to avoid attempting to analyze
metaphases that overlap two neighboring squares. Every
metaphase located in an individual square on the Cytocell
slide is assigned to a group numbered like the square on the
template slide. Images in which metaphases are found are
labeled according to their slide region and are stored in an
image gallery. These metaphases can be relocated automatically later, using previously stored stage and image coordinates. The automatically identified metaphases are then
visually examined for the detection of subtelomeric rearrangements. Figures 9 and 10 show images of the subtelomeric
assay. This specimen has a distal monosomic 2q deletion
and is trisomic for distal 17q. The subtelomeric regions on
the shorter arms (p) are labeled green with FITC, and the
subtelomeric regions on the longer arms (q) are labeled red
using Texas Red. As seen in Fig. 9, chromosome 2 is deleted
for distal q. Figure 10 shows trisomy for distal 17q, with a
cryptic translocation of distal 17q on chromosome 2.

D Save All Images

6.3 Detection of Gene Duplications
FIGURE 7 User-interfacefor automated metaphase finding preferences. The
object parameters were empirically determined by ADIR to operate best on
typical metaphase specimens captured using a 100X objective.

Recent studies have shown that chromosomal deletions and
duplications result in h u m a n diseases with complex phenotypic abnormalities [58-59]. The current understanding is
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FIGURE 9 FISH was performed using subtelomeric DNA probes for
chromosome 2. The q-arms are labelled red (Texas Red) and the p-arms are
labeled green (FITC). This specimen is deleted for distal 2q (monosomic).
Subtelomeric FISH was performed using the Chromoprobe Multiprobe @ T
System from Cytocell Ltd. Imaging was performed using the ADIR
computerized microscopy system (see color insert).

FIGURE 10 FISH was performed using subtelomeric DNA probes for
chromosome 17. The q arms are labelled red (Texas Red) and the p arms are
labelled green (FITC). The specimen is trisomic for distal 17q, and carries a
cryptic translocation (derivative 2). Subtelomeric FISH was performed using
the Chromoprobe Multiprobe ® T System from Cytocell Ltd. Imaging was
performed using the ADIR computerized microscopy system (see color insert).

that duplications of segments of the human genome
may eventually be shown to be responsible for many
human traits [60]. Following the recent sequencing of the
human genome, a future task of the human genome project is
to delineate genome architectural features, such as low-copy

and region-specific repeats (duplications). The eventual
identification of these may enable prediction of several regions
susceptible to rearrangements associated with genomic
disorders. However, screening methods for genetic anomalies
that use FISH, especially duplication analysis, have not
advanced beyond manual screening of specimens. We used
ADIR system for computerized microscopy to support fast,
accurate, and inexpensive screening of gene duplications. Our
approach was to use readily available DNA probes for the
specific disorders such as (a) neuropathies: Charcot-MarieTooth disease (CMT1A) and hereditary neuropathy with
pressure palsies (HNPP); (b) neurologic disorders: PelizaeusMerzbacher disease (PMD) and X-linked spastic paraplegia
(SPG2), (c) muscular wasting disorders: Duchenne (DMD)
and Becker muscular dystrophy (BMD); and (d) contiguousgene syndromes: Smith-Magenis syndrome (SMS), for interphase FISH, followed by automated genetic screening to detect
gene duplications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML

6.3.1 Dot-Finding
The ADIR system software was tailored for this particular
application to perform the following tasks. After an image is
acquired, it was to be analyzed to identify nuclei and to detect
dots. This involves the following four steps: (a) Find the
nucleus objects, and find the dot objects within the nucleus;
(b) determine if each dot object represents a single FISH
signal or multiple signals; (c) measure the separationdistance
between duplicated dots; (d) classify the isolated dots as
single, double, split or overlapping; (e) count the dots; and (f)
generate a report. The algorithms for cell and dot finding are
described earlier in the fetal cell project. Specialized algorithms were developed to identify duplicated gene signals.
We implemented the following algorithm to separate
individual neighboring dots and to measure the distance
between the two dots. Following the dot finding algorithm, we
initially determined the number of dot objects for the target
fluorophore (which labeled the gene of interest). In cells
carrying a duplication, the nuclei would have a total of three
FISH signals for the target gene, of which two signals would
occur on the abnormal chromosome (indicating a duplication), and one signal would occur on the normal chromosome. The shape of each dot object was initially measured
(using existing shape analysis algorithms), to determine if it is
a single or double dot. If the boundary of the dot had low
eccentricity, the dot was initially tagged as a single dot. If the
eccentricity was relatively high, the object had a higher
probability of being a double dot. If the cell nuclei had three
dot objects for the target gene, we initially isolated the two
objects that were tagged as potential single dots, and were
nearest to each other to represent FISH signals on the
abnormal chromosome. This was achieved by determining the
centroid of each dot object [54], as a measure of its spatial
position in the cell nuclei. A subimage of the dot objects was
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then obtained by cropping a square region enclosing the FISH
signals. Figure l lA shows a cropped image of two FISH
signals.

precise solution may be found, but the processing time is
increased. The value of TOL controls the duration of an
iteration. Typically, we were able to estimate the parameters
with negligible error values computed as the square root of
the sum of squared residuals (computed value--expected
6.3.2 S u r f a c e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fitting
value).
We obtain morphologic and image features for the dot objects
For double dots, the estimated parameters for A and B
by surface fitting, using the sum of two rotated gaussian
(Equation
8) differ, and may then be used to represent two
surfaces as a model. The sum of two rotated Gaussian surfaces
single
dots
that are each modeled as a two-dimensional
was modeled as follows: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
gaussian surface. If surface-fitting procedure is performed on
actually a single (elliptical) dot, then the estimated parameters
f (Xa, ya, Aa, xao, Yao, ¢rax,tray, Oa, Xb, yb, Ab, XbO,YbO,tTbx, aby, Ob)
from the two gaussian surfaces in the model have equal, crx
=A+B
and cry values, and their position (x, y) was nearly equal (i.e.,
within
two or three pixels of each other).
Where
The performance of the surface-fitting algorithm is
A - e x p [ - [(XaCOSOa--yasinOa)- (XaOCOSOa--YaoSinOa)]2 illustrated in Fig. 11. An image of FISH signals (dots) and
its corresponding surface and contour plots are illustrated in
inserts A and B, respectively. A contour plot of the surface is
[(x, sin 0a + Ya cos 0,) - (x,0 sin 0~ + Y~0cos Oa)]2] (9) presented in Fig. 11C. Surface fitting was performed to obtain
the model parameters, and inserts D and E show the surface
plot and contour of the estimated model. Figure 11F presents
And
the image that was reconstructed using the estimated
parameters from the surface fitting.
B -- exp [ - [(Xb cos Ob -- Yb sin Ob) -- (XbOCOSOb -- Ybo sin Ob)]2
We tested the algorithm and it performed successfully in all
the
cases tested. Overall, the performance of the algorithm was
2CrUx
optimal, except for poor quality images. For, images that had
[(Xb sin Ob + Yb cos Ob) - (xbo sin Ob + Ybo COSOb)]=l
• (10) an extremely low signal-to-noise ratio, the iteration procedure
took slightly longer to converge to the solution resulting in a
1% to 2% reduction in the processing speed. Similarly, the
In the equations above, A is the amplitude, x0, Y0 the position, single dot (from the normal homologous chromosome) was
and ax and a r the standard deviations (radii) in the two modeled using a single 2D rotated gaussian to compute its
directions, and x, y, are surface points, and 0 is the angle of size and integrated intensity.
rotation with respect to the X-axis. These parameters are used
with the subscript a or b to represent the two Gaussian
surfaces. A least squared minimization of the mean squared 6.3.3 E l l i p s e Fitting
error was performed using the quasi-Newton minimization To compute the separation distance between double dots, the
technique [61]. To recover the surface we estimated the boundary for each dot was computed using the parameters
estimated from the surface-fitting algorithm. This was
following 12 parameters:
achieved by modeling each dot as an ellipse. The following
equation
was used to model a single rotated ellipse.
Aa, Xao,YaO,aax, aar, Oa,Ab, Xbo,Yb0,rYbx,O'by,and 0 b

2o]

J

J

The image data points from the subimage containing the dot
objects (Figure l lA) were used as input points for the
minimization routine. Initial estimates for the size parameters
were obtained from the input data points, as follows. The
centroid of the dot objects was used as an estimate for (x0, Y0),
the average image intensity was used to estimate A, the angle
of rotation was set to an initial value of 45 degrees, and the
standard deviations (a) in the x, and y directions were set
to a value of 1.0. The minimization was performed using
a constraint tolerance (CTOL) of 0.001, and a convergence
tolerance (TOL) of 0.001. The value of CTOL controls the
precision of the solution. The larger the value, the less precise
the solution may be. For smaller values of CTOL, a more

f(x, y) -- [(x cos 0 - y sin 0) - (x0 cos 0 - Yosin 0)]2
2O'x
[(x sin 0 + y cos 0) - (x0 sin 0 + Yo cos 0)]2
+
2~

(11)

The estimated values for x0, Y0, a~, av and q obtained from the
surface modeling were used in the equation above, and the
equation was solved to compute the boundary points by
setting f(x, y) to the value of 1.0. Figure 12A and B illustrates
the boundary points obtained for the sample image presented
in Fig. 11. The next step was to compute the separation
distance between two dots. The procedure is illustrated in
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FIGURE 11 Surface fitting using the sum of two rotated Gaussians as a model. (A) Original Image, (B) surface plot of
(A), (C) contour plot of (B), (D) surface plot of reconstructed image, (E) contour plot of (D), and (F) reconstructed
image (see color insert).
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FIGURE

12

Automated

measurement

o f s e p a r a t i o n d i s t a n c e b e t w e e n d u p l i c a t e d d o t s (see c o l o r i n s e r t ) .

Fig. 13. Briefly, the line segment joining the centroids of the
two dots was computed as follows:

Y=

(x- xl)(yl-)'2)
(xl - x2)
+ yl

mid-point of segment PP was chosen for each dot [shown as
(ix1, iyl), and (ix2, iy2) in Fig. 12]. Then the shortest distance
(SD) was computed as the length of the line segment joining
(ix1, iyl) and (ix2, iy2) using the following equation.

(12)

SD=~(ixl - ix2)2+(iyl --/)'2) 2
This is called the peak-to-peak distance (PP). Then the point
of intersection of PP with the boundary of each of the dots was
determined by simultaneously solving Equations (11) and
(12). Segment PP intersects each dot boundary at two points
(4 points total). The point of intersection closest to the

(13)

The separation distance was then normalized with respect
to the size of the cell (cell radius) to obtain a relative measure
of the distance. Finally, the total integrated fluorescence
intensity, and average intensity for each dot were computed
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FIGURE 13 Schematicillustrating the computation of the separation distance (see color insert).
using intensity values of all pixels with the boundary. The such that the separation distance between the dots is greater
separation distance and the average fluorescence intensity were than or equal to the half the size of the single dot, and each has
a size and intensity equal to that of a single dot. These criteria
then used to classify the dots as described below. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
are illustrated and outlined in Fig. 14. The diameter and
intensity of the signal (on the normal chromosome) are
6.3.4 Multiple Dots
chosen for the single dot parameters. Intensity values are
In gene duplication studies, it is important to determine the considered significant only if the intensity values change by
whether a gene is duplicated or single. Duplicated genes are more than 40% (for either an increase or reduction). This is
represented in FISH images, as two dots of the same color that because several other factors such as background noise,
are separated by a distance greater than or equal to the diameter homogeneity of the light source, type and concentration of
of a single dot. We developed image analysis algorithms to the probe affect the intensity value. Thus, small changes were
classify dots and to determine the separation distance between neglected and only large variations in intensity are considered
while classifying the signals. Finally, the ratio of the separation
the dots.
FISH dots can occur as touching dots, split dot signals, distance to the diameter of a single dot (SD/DS) was used to
overlapping dots, or separated dots. The measured values of classify the signals based on the criteria outlined in Fig. 14.
the separation distance (SD), average intensity (IS), and If this ratio takes values equal to 0.5, 1.0, 2.0, 3.0 .... this
diameter (DS) for single signals, and average intensity I1 indicates that one half, one, two, three .... dots can occupy
and I2 for duplicated signals was used to classify the dots. the space between the duplicated genes. The dots were
The single dot represents the unduplicated gene on the classified based on two parameters, the ratio SD/DS, and the
homologous chromosome, and double dots represent the intensity ratio (I1 + I2)/IS. Split signals have values of SD/DS
0.0 - 1.0, and IS ~ I1 + I2, replicated signals have a SD/
target pair of dots to be classified. Typically, for touching dots
the separation distance is zero. A FISH signal is sometimes DS value less than 0.0 to 0.5, and (I1 + I2)/IS ~ 2.0, and
smeared so that a single dot splits into (appears as) two dots. duplicated signals have a SD/DS ratio >0.5, and (I1 + I2)/IS
This is called a split signal. In this case, one dot is usually
2.0.
smaller than the other. The separation distance for split dots is
Figure 15 presents an image of a cell showing a duplication
less than one-fourth the size of the single dot, and the intensity pattern for CMT1A. The PMP22 cosmid contig was labeled
of both or at least one dot is less than the intensity of the single with digoxigenin and detected with anti-digoxigenin conjudot. During the S phase of the cell cycle during DNA synthesis, gated to rhodamine, which fluoresces red. The FL1 cosmid
chromosomes are replicated and thus two dots are seen in contig was labeled with biotin and detected with avidin
FISH images. These are called replicated signals. The distance conjugated to FITC, which fluoresces green. FL1 cosmid was
between replicated dots is typically small, because the used as an internal control to facilitate chromosome idenseparation distance is proportional to the width of the sister tification, and to check hybridization efficiency. In each
chromatids. However, since the gene locus is itself replicated interphase nucleus, the normal chromosome 17 displays one
the intensity and size of each dot is equal to that of the single green and one red signal. In cells carrying the duplication, the
dot. Finally, duplicated signals are used to represent true gene abnormal chromosome 17 shows one green signal and two red
duplication. These dots are well separated from each other signals (Fig. 15).
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Let Single represent the unduplicated signal on the
homologous chromosome, with diameter DS and integrated
intensity Is.
Double dots can be classified as Split, Replicated and
Duplicated. Let Dland D2 represent the diameter, and I 1 and 12
represent the integrated intensities of the two dots in the pair.
Let SD be the shortest distance, and PP be the peak to peak
distance (as defined in Fig. 5).
Criteria for identifying FISH signals
SD
DS

(I1+12) D l=D 2=DS
Is

Split

0.0--0.5

1.0

No

Replicated

0.0-0.5

2.0

Yes

Duplicated

>0.5

2.0

Yes

i

,,,

FIGURE 14 Criteria for classifiying split, replicated and duplicated signals (see color insert). zyxwvutsrqponmlkjihgfedcbaZYXW

6.3.5 Performance
The results of our study are presented in Table 1. Ten
CMT1A patient samples were analyzed, with three to 15
cells per sample. An average value of 1.464-0.43, and
2.214-0.45 was measured for SD/DS and I1 + I2/IS,
respectively. The SD between duplicated dots is of a
known size (i.e., 1.5 MB), whereas since the signal is
duplicated, the intensity of each replicated signal should
match that of a single gene giving an intensity ratio of 2.0.
The within and across sample variability for SD/DS was
found to be ~ 3 0 % , and ,-~15%, respectively. The within and
across sample variability for I1 + I2/IS was found to be
"~22%, and ~ 2 0 % , respectively. The a u t o m a t e d analysis was
able to correctly identify 10/10 (100%) of the samples as
gene duplications.

6.4 Four-Color Fluorescent In Situ
Hybridization for Aneuploidy Screening
FIGURE 15 Representative cell for CMTIA showing a duplication pattern.
The PMP22 cosmid contig was labelled with digoxigenin and detected with
anti-digoxigenin conjugated to rhodamine, which fluoresces red. The FLI
cosmid contig (internal control) was labelled with biotin and detected with
avidin conjugated to FITC, which fluoresces green. In each interphase nucleus
the normal chromosome 17 displays one green and one red signal. A
duplication is seen here with the abnormal chromosome 17 showing one green
signal and two red signals (see color insert).

The AneuVysion Assay (Vysis Inc., Downers Grove, IL) is a
prenatal test that provides rapid (24-48 hour) detection of
trisomy 13, 18, and 21 (Down syndrome) and aneuploidy of
sex c h r o m o s o m e s X and Y. The probe mixture for
c h r o m o s o m e s 18 (SpectrumAqua @, D18Z1, alpha satellite
DNA ( 1 8 p l l . l - q l l . 1 ) ) , X (SpectrumGreenTM DXZ1, alpha
satellite DNA ( X p l l . l - q l l . 1 ) ) and Y ( S p e c t r u m o r a n g e ~
DYZ3, alpha satellite DNA (Ypl 1.1-qll.1)) is a three-color
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TABLE 1 Results using CMT1A specimens with a known 1.5-MB duplication
Automated Analysis for Separation Distance (SD) of Duplicated Signals (Dot1, Dot2)
No. Signal Percentage
(N ~ 100)

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

3 dots

2 dots

70
80
80
80
70
70
80
74
74
70

30
20
20
20
30
30
20
26
26
30

# of cells

15
5
9
10
3
3
4
3
3
5

Radius of
Signals (lZ)

Intensity of
Signals (lZ)

Single

Dot1

Dot2

Is

I1

2.0
1,3
1.6
1.5
1.6
2.9
2.2
2.0
2.1
3.2

1.5
1.3
1.3
1.1
1.5
2.9
2.1
1.8
2.9
2.5

1.7
0.9
1.4
1.2
1.4
2.5
1.7
2.3
2.0
2.1

42.9
18.7
26.0
27.3
51.2
100.4
110.4
107.7
31.0
134.7

39.1
30.2
25.3
29.4
39.7
79.5
112.5
118.6
50.5
144.8

I2

41.5
16.0
25.4
31.7
45.3
93.7
108.1
111.8
49.0
138.4

Average

FISH assay. This results in four-color images, using aqua,
green, and orange for the dots, and blue for the cell nuclei. The
ADIR system uses a cooled three-chip RGB camera and a 24bit frame grabber board, allowing simultaneously capture of
three color channels in a single video frame time. Use of the
cooled three-chip camera facilitates the capture of highresolution RGB images that are free of color aliasing. The
ADIR system can capture four-color FISH images (blue cells
with red, green, and aqua signals). Typically, when digitizing
four-color images with an RGB camera, one of the three color
channels captures the fourth color in a second scan. For FISH
samples that use, for example, a blue counterstain, with
SpectrumAqua, SpectrumGreen, and SpectrumOrange labeling chromosomes 18, X, and Y, respectively, the SpectrumOrange fluorophore is imaged in the red channel, the
SpectrumGreen fluorophore in the green channel, and both
DAPI and SpectrumAqua are imaged in the blue channel.

6.4.1 Image Acquisition
The ADIR system uses a novel solution to allow four-color
sample processing using an RGB camera. The system employs
a filter wheel fitted with a 420-nm long-pass (LP) filter in the
excitation path, and it captures RGB images using a Quadband (red, green, blue, aqua) optical filter set. In this setup,
the Quad filter is stationary, and image capture is done in two
frame-grab cycles. First, the LP filter is positioned in the light
path to block DAPI excitation, and the red, green, and aqua
channels are captured simultaneously. Next, the LP filter
automatically moves out of the excitation path, and the DAPI
image is acquired in the blue channel. Thus, we automatically
capture four-color images with an RGB camera in two video
frame times. The resulting digital image is stored with four
channels, one for each color.

SD/DS

I1-F I2/Is

/z 4- a

# 4- o"

1.4 4- 0.4
1.5 + 0.3
1.3 4- 0.4
1.4 4-0.3
1.6 4- 0.3
1.1 4- 0.6
1.5 4- 0.5
1.04-0.4
1.7 4-0.5
1.7 4- 0.6
1.46 4- 0.43

2.0 4- 0.7
2.2 4- 0.4
2.0 4- 0.4
2.2 4- 1.0
1.6 4- 0.5
1.7 4- 0.1
2.0 4- 0.5
2.1 4-0.2
3.2 4-0.2
2.2 4- 0.5 zyxwvutsrqpo
2.12 4- 0.45

6.4.2 Spectral Overlap
Since each of the four fluorophores is imaged in a separate
channel, the problem of analyzing different color dots
occurring at the same X-Y location is eliminated. However,
to achieve total discrimination between different color signals,
the effects of spectral overlap should be minimized. As seen in
Fig. 16 (top panel), the RGBA image clearly shows the blue
nucleus, and the red, green, and aqua dots. The individual red,
green, blue, and aqua components of the image are shown. As
seen in each component image, in addition to the true color
for each channel (white arrows) there is color bleed-through
that occurs from neighboring spectral regions (yellow arrows).
This is due to the unavoidable overlap among fluorophore
emission spectra and RGB camera sensitivity spectra. The RGBA
image was corrected to remove the overlap and separate
the fluorophores using color compensation [32]. Figure 16
(bottom panel) shows the results of color compensation.
The spectral bleed-through is effectively removed, and the
different color dots are clearly separated in the individual
color component images. Thus, using a 3CCD color camera,
along with the background subtraction and color compensation algorithms discussed above, we obtain good spectral
separation with rapid image capture. Similarly, appropriate
filter optics, used in conjunction with image processing,
allows the capture of multicolor images. Following image
capture, the cell and dot finding algorithms described above
are applied to implement automatic aneuploidy screening.
/

6.5 Thick-Specimen Imaging
Automated microscope instruments almost uniformly do their
analysis on 2D images, and their ability to handle thickspecimens is severely limited. In thick-specimen preparations, structures that fall above or below the focal plane are
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Color compensation applied to an image of a FISH labelled lymphocyte. The nucleus is
counterstained with DAPI, and dots are labelled with red (chromosome Y), green
(chromosome 21), and aqua (chromosome X). The origional image and individual red (R),
green (G), and (A) and blue (B) channels are shown in the top panel. The compensated
image and its component channels are shown in the bottom panel. The spectral overlap
and its effective removal via color compensation is evident in the green channel image.

Intensity profile of a line segment (white) through aqua, green, and red dots.
Graph A presents the intensity profile before processing, and Graph B
presents the intensity profile of the compensated image.
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FIGURE 16 A 4-color image captured using a RGB camera and color compensation (see color insert).
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FIGURE 17 Deblurring. The top row shows images of FISH-labeled lymphocytes. The left three images are form an
optical section stack taken one micron apart. The right image is the middle one deblurred. The inplane dots are
brighter, while the out-of-plane dots are removed. The bottom row shows transmitted images of May-Giemsa stained
blood cells. The left three images are from an optical section stack taken one-half micron apart. The rightmost image is
the middle one deblurred (see color insert).

obscured or lost. The reliability of automated microscopy function exactly, it does improve optical section images at
could be highly increased, if the thick-specimen limitation reasonable computational expense. It is often necessary to use
were resolved. We have developed a technique for enhancing only a small number, M, of adjacent planes to remove most of
the image content available in microscope images of thick the defocused information. Figure 17 shows images from (A)
sections by performing optical section deblurring, followed transmitted light microscopy, (B) fluorescence microscopy
that have been deblurred using optical sections above and
by image fusion using wavelet transforms. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
below at a Z-interval of 1 gm. While this technique cannot
recover the specimen function exactly, it does improve optical
6.5.1 Deblurring
section
images at reasonable computational expense.
Weinstein and Castleman [62] pioneered the deblurring of
optical section images using a simple method that involves
subtracting adjacent plane images that have been blurred with
an appropriate defocus point spread function, given by:
M

f) "~"gJ - Z

(g)-i * h-i + gj+i * hi) * ko

(14)

i=1

where )~ is the specimen brightness distribution at focus level j,
gj is the optical section image obtained at level j, hi is the
blurring psf due to being out of focus by the amount i, k0 is a
heuristically designed high pass filter, and the • represents the
convolution operation.
Thus one can partially remove the defocused structures by
subtracting 2M adjacent plane images that have been blurred
with the appropriate defocus point spread function and
convolved with a suitable high pass filter k0. The filter, k0, and
the number, M, of adjacent planes must be selected to give
good results. While this technique cannot recover the specimen

6.5.2 Image Fusion
One effective way to combine a set of deblurred optical section images into a single 2D image containing the detail from
each involves the use of the wavelet transform [8]. A linear
transformation is defined by a set of basis functions. It
represents an image by a set of coefficients that specify what
mix of basis functions is required to reconstruct that image.
Reconstruction is effected by summing the basis functions
in proportions specified by the coefficients. The coefficients
thus reflect how much each of the basis functions resembles
a component of the original image. If a few of the basis
functions match the components of the image, then their
coefficients will be large, and the other coefficients will be
negligible, yielding a very compact representation. The coefficients that correspond to the desired components of the image
can be increased in magnitude, prior to reconstruction, to
enhance those components.
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Mallat's algorithm leads to the "cascade" algorithm of
Daubechies [63, 64], which is a simple method for constructing the basis functions that correspond to specified scaling
and wavelet vectors. With these tools, it is then simple to
specify and design wavelet transforms with desired properties.
Given parameterized scaling and wavelet vectors, first select
the parameter values (e.g., Cl and c2, above) and then use the
cascade algorithm to construct the corresponding scaling
function and basic wavelet. These show the form of the basis
functions of that wavelet transform. Repeat the process using
different parameter values until the desired basis function
shape is attained. Then use ho(k) and hi(k) in the 2D version
of Mallat's algorithm to implement the wavelet transform
and its inverse.

A wavelet transform is a linear transformation in which the
basis functions (except the first) are scaled and shifted versions
of one function, called the "mother wavelet." If the wavelet
can be selected to resemble components of the image, then
a compact representation results. There is considerable
flexibility in the design of basis functions. Thus, it is often
possible to design wavelet basis functions that are similar to
the image components of interest. These components, then,
are represented compactly in the transform by a relatively few
coefficients. These coefficients can be increased in amplitude,
at the expense of the remaining components, to enhance the
interesting content of the image. Fast algorithms exist for the
computation of wavelet transforms.
Mallat's iterative algorithm for implementing the onedimensional discrete wavelet transform (DWT) [64] is shown
in Fig. 18. In the design of an orthonormal DWT, one begins 6.5.4 Wavelet Fusion
with a "scaling vector," zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ho(k), of even length. The elements of Image fusion is the technique of combining multiple images
the scaling vector must satisfy certain constraints imposed by into one that preserves the interesting detail of each [65]. The
invertibility. For example, the elements must sum to ~/2, their wavelet transform affords a convenient way to fuse images.
squares must sum to unity, and the sum of the even- One simply takes, at each coefficient position, the coefficient
numbered elements must equal the sum of the odds [64]. value having maximum absolute amplitude and then reconsFrom ho(k) is generated a "wavelet vector"
tructs an image from all such maximum-amplitude coeffihi(k)---- ± ( - 1 ) k h o ( - k )

cients. If the basis functions match the interesting components
of the image, then the fused image will contain the interesting
components collected up from all of the input images. The
images can be combined in the transform domain by taking
the maximum-amplitude coefficient at each coordinate. An
inverse wavelet transform of the resulting coefficients then
reconstructs the fused image. We found that deblurring prior
to wavelet fusion significantly improves the measured
sharpness of the processed images. An example of wavelet
image fusion using transmitted light and fluorescence images
is shown in Fig. 19. Optical section deblurring followed
by image fusion produced an image in which all of the dots are
visible for the fluorescence images. We use these techniques to
improve the information content of images from thick
samples. Specifically, this technique improves the dot information in acquired FISH images because it incorporates data
from focal planes above and below.

(15)

These two vectors are used as discrete convolution kernels
in the system of Fig. 18 to implement the DWT. For example,
all possible four-element orthonormal scaling vectors are
specified by
ho = [ClC3 Cl c2 - c2c3]v

(16)

where

~/1 - (c2 + c2)
c3 =

,/c2 + c 2

(17)

and C 1 and c2 are free-choice parameters. All even-length
orthonormal scaling vectors, and biorthogonal scaling vectors
of any length, can be similarly parameterized.

I
I

f(i)

,

~

~

~l(_k)

fr(i)

I

FIGURE 18 Mallat's(l-D) DWT Algorithm.The left halfshowsone step of decomposition,whilethe right halfshows
one step of reconstruction. The down and up arrows indicate downsampling and upsampling by a factor of two,
respectively.For an orthonormaltransform, the two filters on the right are the sameas the two on the left. Further steps
of decompositionand reconstruction are introduced at the open circle.
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FIGURE 19 Image Fusion using transmitted light and fluorescence images. The top row shows FISH-labeled
lymphocytes. The left three images are from a deblurred optical section stack taken one micron apart. The right image is
the fusion of the three using the Biorthogonal 2, 2 wavelet transform. Notice that the fused image has all of the dots in
focus. The bottom rows demonstrate a similar effect in transmitted light images. The deblurring process, followed by
image fusion, enhances image detail (see color insert). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6.6 Commercially Available Systems
Computer-assisted microscopy systems can vary in price,
sensitivity, and capability. The selection of a system depends
upon the experimental applications for which it will be used.
Typically, the selection is based on requirements for image
resolution, sensitivity, light conditions, image acquisition
time, image storage requirements, and most important, the
postacquisition image processing and analysis required. Other
considerations are the technical demands of assembling the
component hardware and configuring software. Computerized
imaging systems can be assembled from component parts or
obtained from a supplier as a fully integrated system. Several
companies offer fully integrated computerized microscopy
system, and/or provide customized solutions for specialized
systems.
A brief listing of some of the commercially available systems
is provided here. Applied Precision Inc., (Issaquah, WA),
provides a computerized imaging instrument, the DeltaVision @ Restoration Microscopy System for applications such
as 3D time-course studies with live cell material. Applied
Precision also offers the softWoRx @ Imaging Workstation for
postacquisition image processing such as deconvolution, 3D
segmentation, and rendering. Universal Imaging Corporation
(West Chester, PA) provides software, including the MetaMorph ~, MetaView~, and MetaFluor ® systems, that can be
customized for computerized microscopy applications in
transmitted light, time-lapse studies, and fluorescence microscopy. VayTek Inc., (Fairfield, Iowa) provides an integrated
microscopy imaging system, the Proteus ® system that can
be custom configured to any microscopy system. VayTek's

proprietary software for deconvolution and 3D reconstruction, including MicroTome @, VoxBlast @, HazeBuster @,
Vtrace ®, and Volume-Scan @, can also be custom configured
for most current microscopy systems. ChromaVision Medical
Systems Inc., (San Juan, CA), provides an Automated Cellular
Imaging System (ACIS) that allows cell detection based on
color-, size-, and shape-based morphometric features. MetaSystems GmbH, (Altlussheim, Germany) provides a computerized microscopy system based on Zeiss optics for scanning
and imaging pathology slides, cytogenetic slides for FISH,
MFISH, and metaphase detection, oncology slides and for rare
cell detection, primarily from blood, bone marrow, or tissue
section samples. Applied Imaging Corporation (Santa Clara,
CA) provides fully automated scanning and image analysis
systems. Their MDS @ system provides automated slide scanning using bright-field or fluorescent illumination to allow
standard karyotyping, FISH, comparative genomic hybridization, and rare cell detection. Applied Imaging also has the
Oncopath ® and Ariol S1-50® image analysis systems for
oncology and clinical pathology applications.
The field of automated imaging is also of great interest to
pharmaceutical and biotechnology companies. Many are now
developing high-throughput and high-content screening platforms for automated analysis of intracellular localization and
dynamics of proteins and visualizing the effects of a drug on
living cells more quickly. High-content imaging systems for
cell-based assays have proliferated in the past year; examples
include Cellomic's Arrayscan system and KineticScan workstation (Cellomics, Inc., Pittsburgh, PA); Amersham's
INCell Analyzer 1000 and 3000 (Amersham Biosciences
Corp., Piscataway, NJ); Acumen Bioscience's Explorer
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system (Melbourn, United Kingdom); CompuCyte's iCyte comprehensive automated tests is vast in terms of size
imaging cytometer and LSC laser scanning cytometer (whether measured in test volume or dollars) and potential
(CompuCyte Corporation, Cambridge, MA); Atto Bios- impact on people's lives.
cience's Pathway HT kinetic cell imaging system (Atto
The effective commercial use of computer-assisted microBioscience Inc., Rockville, MD); Universal Imaging's Discov- scopy and quantitative image analysis requires the careful
ery-1 system (Universal Imaging Corporation, Downingtown, integration of automated microscopy, high-quality image
PA); and Q3DM's EIDAQ 100 High-Throughput Microscopy acquisition, and powerful analytical algorithms that can
(HTM) system (Q3DM, San Diego, CA). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
rationally detect, count, and quantify areas of interest.
Typically, the systems should provide walk-away scanning
operation with automated slide loaders that can queue several
(50-200) slides. Additionally, the automated microscopy
7 Conclusions
systems should have the capability to integrate with viewing
stations to create a network for reviewing images, analyzing
The rapid development of microscopy techniques over the data, and generating reports. There has been an increase in
few decades has been accompanied by similar advances in the commercialization of computerized microscopy and
the development of new fluorescent probes, and improvements high-content imaging systems, over that past 5 years. Clearly,
in automated microscope systems and software. Advanced future developments in this field will be of great interest
applications such as deconvolution, FRET, and ion ratio to biotechnology. All signs indicate that superior optical
imaging require sophisticated routines for controlling auto- instrumentation and software for cell research are on the
mated microscopes and peripheral devices such as filter development horizon.
wheels, shutters, automated stages, and cameras. Computerassisted microscopy provides the ability to enhance the speed
of microscope data acquisition and data analysis, thus Acknowledgments
relieving humans of tedious tasks. Not only the cost efficiency
is improved due to the corresponding reduction in labor costs We would like to thank Vibeesh Bose at Advanced Digital
and space, but also errors associated with operator bias are Imaging Research, LLC, and Hyohoon Choi and Mehul
eliminated. Researchers are relieved not only from tedious Sampat at The University of Texas at Austin, for their
manual tasks, but may also quickly examine thousands of cells, assistance with the development and testing of ADIR's
plates, and slides, as well as precisely determine some computerized microscopy system. The development of the
informative activity against a cell, and collect and mine automated microscopy system was partially supported by
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1 Introduction
When human beings look at camera images of known objects,
such as a table, a chair, a human face, or a car, we recognize
them immediately. For example, Fig. 1 shows several images of
tanks in different backgrounds. Even if these images are
corrupted or noisy, low-contrast, or have partial obscuration,
we can still recognize tanks in these images. This observation
points to an important fact: The human visual recognition
system is an awesome system with extraordinary processing
power. Can we design an automated system: equipped with
cameras, computers, databases and algorithms, to achieve a
similar performance in object recognition? So far there has
been only a limited success in this area. In this chapter, we
analyze this issue in the context of a very specific problem in
automated image analysis, called automated target recognition
(ATR). By restricting to ATR we can use the additional contextual information available, in designing ATR algorithms. In
a general ATR situation, a number of remote sensors [cameras,
radars, ladars, three-dimensional (3D) scanners, etc.] observe
a scene containing a number of dynamic or stationary targets

Copyright © 2005 by Elsevier Academic Press.
All rights of reproduction in any form reserved.

(a more detailed introduction can be found in [6]). These
sensors produce observations, in the form of images or
signals, which are then analyzed by computer algorithms to
detect, track, and recognize the targets of interest in that scene.
Our goal is to derive ATR algorithms and analyze them for
their performance. Our approach relies on two main building
blocks: (a) efficient mathematic representations of scenes
containing targets, and (b) efficient algorithms for inferences
on these representation spaces. This chapter describes these
two steps to ATR.
One fundamental issue in ATR is the following. Consider a
normal hand-held camera taking pictures of a car. Depending
on the relative orientation between the camera and the car,
and the distance between them, the car appears vastly different
in different pictures. The possible variability in relative
orientation, also called the pose, causes a tremendous variability in the profiles of the targets as seen by a camera, or
a sensor in general. This fact underlines one difficulty in
the design of a completely automated algorithm of target
recognition. How to mathematically model the variability in
the sensor outputs due to the variability in target pose? The
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FIGURE 1 Examplesof tank images showingpartially obscured targets or targets in low-contrastimages.

task is further complicated by relative motion between the
2 Statistical Models
sensors and the targets, imperfections in sensor operations,
atmospheric effects such as illumination or temperature, and
the presence of structured clutter that can potentially obscure 2.1 Target Representations
the targets.
Representation is an essential element of image understanding
We will use elements of deformable template theory to and target recognition. The generation of efficient models
mathematically model the variations in target pose. For each for representations of target shapes supporting recognition
possible object, we define a template [using 3D computer- invariant to orientations and locations is crucial. Targets are
assisted design (CAD) models and other descriptors] of observed at arbitrary positions and orientations, in highly
standard size, pose and location. All occurrences of a target variable environments. The variability in target pose, with
in a scene can then be represented by scaling, rotating and respect to the sensor, is important because at different orientatranslating its template appropriately. All possible scales, tions the targets appear very different. Even the same target
rotations, and translations form sets that have interesting can appear completely different at two different orientations.
geometrical properties. As described later, they have a group Due to the nonlinear relationship between target orientastructure. In short, these transformations are used to trans- tion and image pixel values, the orientation parameter has to
form the templates to match the occurrence of targets in a be modeled explicitly and estimated for target recognition.
scene. The objects and the scenes containing them are 3D even This task is complicated by relative motion between the
though our observations of them are one-dimensional (1D) sensors and the targets, imperfections in sensor operations,
or two-dimensional (2D). Using the physics of the sensor and the presence of clutter elements in the scene. Furthermore,
operation, we will derive projections which transform 3D different sensors capture widely different aspects of the target.
scenes into sensor outputs, thus, mathematically modeling A video captures the visible light reflection, radar captures the
the sensor operation. These operators can be deterministic electromagnetic scattering, forward-looking infrared (FLIR)
or random with known probability distributions.
camera captures the thermodynamic profile, and so on. For
In view of several competing ATR approaches presented in these widely varying sensor outputs what should be chosen
recent years, it becomes important to develop a coherent to represent the targets?
framework for performance analysis. This analysis should
In recent years, a successful approach to target representainclude both prognostics (e.g., the best performance that can tions has been the deformable template theory. In this
be achieved regardless of the algorithm) and diagnostics (e.g., approach, the starting point is to select a standard template
the performance analysis of a given algorithm). Several for each of the targets and then define a family of transformaauthors have presented metrics for ATR performance analyses, tions to account for the variability associated with target
although in limited frameworks [1, 7, 15, 18, 27]. A detailed occurrences.
review of current ATR approaches is also presented in the
1. Templates: Start by defining a set of target labels:
report [5], in the context of synthetic aperture radar (SAR)
ATR. One advantage of the Bayesian framework is that it
j [ = {airplane, chair, car, lamp, table, jeep, truck, tank, ... }.
provides metrics and bounds for comparing algorithmic
performance, both between each other and with the best
Each ot E .A denotes a particular target. For each ot E A,
that can be achieved.
we define I ~ to be a template associated with that
Section 2 introduces the deformable template approach to
target. It includes all the physical attributes of the target
represent the target variabilities while Section 3 defines
that are reflected in the sensor output including shape,
statistical models for some commonly used sensors. Section 4
size, material, surface reflectivity (or BRDF), and
sets up a Bayesian framework to solve pose and location
thermal profile. Clearly, the constituents of I ~ depend
estimation and target recognition problems. Section 5 defines
upon the sensor(s) being used. For a visible spectrum
and computes MMSE estimates for the target pose and
video camera, I ~ may consist of a finite element
location, and Section 6 summarizes procedure for target
description of its surface, surface texture, and the
recognition. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
colors. Shown in Fig. 2 are 3D renderings of sample
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d

Templates for various targets.

target templates. In this case, each template consists
S
X2
~
of a set of polygonal patches covering the surface, the
X1
material description (texture and reflectivity), and
surface colors. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Transformations: The targets when they appear in a
x3
x3
x2
scene do so at arbitrary positions, orientations, light
X
1
conditions, and thermal profiles. The next issue is to
account for this variability by defining a family of transS-1
formations, on the templates, to generate all possible
occurrences of the targets. To understand the basic idea,
FIGURE 3 Two similar triangles in Euclidean geometry.
consider this simple example from high-school geometry. We define two triangles to be similar if they have
We need groups to rigidly rotate and translate 3D
equal corresponding angles, for example the two triobjects. Let O be a 3 x 3 matrix such that OO t =
angles shown in Fig. 3. If we rotate, translate, and
identity (t denotes matrix transpose) and the determi(uniformly) scale the left triangle appropriately, we will
nant of O is 1. Then, for any point x ~ I~3 on an object,
obtain the right triangle and vice versa. The transOx is just a rotated version of x. O is called a rotation
formation that takes one triangle to another is called
matrix and the set of all such rotation matrices is
the similarity transformation. The set of all possible
denoted by SO(3), the special orthogonal group in
similarity transformations, call it S, forms a group. A
three-dimensions. SO(3) is a group with matrix mulgroup is a set endowed with a group operation (denoted
tiplication as the group operation and 3 x 3 identity
here by o, often called the product) such that for any
matrix as the identity element. If we fix an axis of
two elements in the group their product also lies in the
rotation, as is the case for ground-based objects, then
group. Additionally, there exists an identity element, e,
there is only one rotational freedom left. This rotation
such that its product with any element of the group does
is modeled by 2 x 2 rotation matrices and their set is
not change that element (please refer to [25] for more
denoted by SO(2). For translations, if we translate an
details). As an example, I1~~ is a group with vectorobject by a vector p ~ ~3, each point x on the object
addition as the group operation and zero-vector as the
becomes x + p. The set of all possible translations in
identity element. Similarly, the set of n x n non-singular
three-dimensions is the whole of ~3. Similarly, if the
matrices is a group with matrix-multiplication as the
translations are restricted to ground, then ~2 is
group operation and the identity matrix as the identity
the translation group. More generally, in n-dimensional
element. The group structure is instrumental in defining
spaces, SO(n) is the rotation group and ~n is the
compositions of the transformations: one transformatranslation group. To accomplish both rotation and
tion (Sl) applied after another transformation (s2) have
translation, we utilize a combination of SO(n) and [~n.
an equivalent effect of a third transformation (s3)
Let U be a (n + 1) x (n + 1) matrix such that
applied alone. The third transformation is a product
of the first two, S3 = 5 2 0 Sl.
Now we extend the same idea to more complicated
where 0 ~ SO(n) and p ~ ~n.
objects and seek groups that model their variations.

[o°
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FIGURE 4 Left panel: an airplane at an arbitrary orientation and position. Right panel: The airplane template
rotated and translated from an initial pose and location to match the pose and location in the left panel.

For a vector x 6 R n define an augmented (n + 1)-vector
Xl -- IX1 ]" Then, the first n entries of the vector UXl

represent a rotated and translated version of x. The
set of all such matrices U is denoted by SE(n), the
special Euclidean group. SE(n) is a group with matrix
multiplication as group operation and the (n + 1)x
(n + 1) identity matrix as its identity element.
Depending on the specific problem, the group of
transformations S can be [~", SO(n), SE(n) or Cartesian
products of them. For an element s ~ S, let sI 6 denote
the target template 16 transformed .by the element s.
For example if S - SE(3), then sI air is the airplane
template rotated and translated according to s, as shown
in Fig. 4. The set of all possible transformed of a target
a is given by

O~ = {s/~, s e S}.
06 is called an orbit associated with the target a. Then,
S is said to act on 06 (on the left) because it satisfies
the following two conditions:
(a) if e is the identity element of S, then
eU = U,

for all ct e A.

(b) if sx,s2 ~ S, then
S2(Sl/a) = (Sl O $2)16,

for all a ~ A .

The strength of a deformable template approach comes
from the fact that all targets' occurrences can be modeled
using appropriate transformations on appropriate templates. Therefore, given an observed image of a target
the task reduces to finding a template and a transformation best matches the given image image.
It must be noted that the variability in targets is not
caused only by arbitrary orientations and positions.
There are other factors such as light conditions, targets'
surface temperatures, texture variations and their
operational status. These factors can also be incorporated through more general transformations which
are much higher dimensional than rigid rotation and

translation. As an example, the thermodynamic variability in target surfaces as observed by FLIR cameras
is modeled and estimated as a high-dimensional scalar
field in [4].

2.2 Sensor Modeling
So far we have considered 3D target templates and a set of
transformations on them to describe their occurrences in
arbitrary scenes. The observations are however, in general,
restricted to 1D or 2D arrays of numbers as generated by the
sensors. Therefore, for a better understanding of images we
have to build detailed models for these sensors. In these
models the physics of sensor operation plays an important role
because different sensors may produce very different pictures
of the same scene. Microwave radars generate very different
"pictures" of the target than second-generation FLIR cameras
or video cameras.
In most sensors, imaging is essentially a projective
mechanism operating by accumulating responses from the
scene elements which project to the same pixel in the image.
Mathematically, we will model the mechanism that maps the
scene to some observation space Z v. In most cases Z v - R d
or C a for some fixed number d. This mechanism can either be
deterministic or random, and constitutes a mapping T by
which a transformed 3D target, sI 6, appears to the observer as
an image I D E Z •. In addition to T, a sensor may also generate
random noise image, w, which is assumed to be additive.
Then, the observation is modeled by
I D = TsI 6 + w E Z v.

(1)

In the ATR context, we must abstract this T in some generality
to accommodate various sensors. The particular transformation T and the noise properties are determined by the sensor.
For example, in case of an infrared camera, TsI 6 is the mean
field of a Poisson process for which the additive noise is
not appropriate, see for example the discussion in [20]. It
must be noted that accurate analytic expressions for T may
not be available in all situations, but very often high-quality
simulation experiment (using special hardware) can be used to
sample Tat some predefined target orientations. For modeling
radar returns, the XPATCH simulator has been widely used
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while for FLIR cameras, PRISM is often used. Similarly, visible
spectrum images can be simulated on high-performance
graphics workstations.
I D may have multiple components corresponding to multiple sensors observing the scene simultaneously: I D =
(ID, I D . . . . ). Since the images are random, they are characterized via a statistical transition law, called the likelihood
function P('I')" Zz~ x (S, A) ~ ~+, summarizing completely
the mapping from the target c~ at transformation s to the
output I D. Some of the sensors used frequently in ATR
applications are:
1. Video imager: A video sensor provides two-dimensional

high-resolution real-valued images of rigid targets
sampled on a lattice of certain size, I D ={ID(y),
y 6 Y -- {1, 2 . . . . . }2, i D(Y) 6 ~}.
The
images are
assumed to result from an orthographic or a perspective
projection of a 3D surface intensity on to the camera
focal plane, as shown in Fig. 5. The left panels depict an
orthographic projection scheme utilized in pose estimation, when the target position is assumed known. The
right panels illustrate the perspective projection system
utilized when both the target pose and location are
unknown. The lower left and right panels show TsI tank
for orthographic and perspective systems, respectively.
It is assumed that the reflected light intensity is high
so that I D = {iD(y),y ~ y} is taken to be a Gaussian
random field, with the mean field given by TsI ~. Shown
in the left panel of Fig. 6 is an example of a simulated
noisy video image of a truck.
2. High-range resolution radar: A high-range resolution
(HRR) radar provides 1D range profiles of rigid targets
(see [12] for a reference). The transmitted electromagnetic pulses directed at a target are received back at the
receiver, at times proportional to the distance traveled,
representing the superposition of the echoes from all
the reflectors in a bin along the range direction. The
received signal is processed via a matched filter to
generate a 1D magnitude profile versus range, ID=--{ID(y),y = 1, 2 . . . . . ID(y) ~ ~}. The middle panel of
Fig. 6 shows a range profile of a T62 tank at certain
orientation, for a carrier frequency in the millimeterwav~ region.
3. FLIR: A second-generation FLIR camera captures the
thermodynamic profile of a target body via CCD

FIGURE 6 Simulated sample images obtained from different sensors:
video imagery (SGI), high-range resolution range imagery (XPATCH), and
forward-looking infrared imagery (PRISM).
detectors (see Snyder et al. [14, 20]). The measured
data I D = {ID(y),y ~ {1,2 . . . . . }2,iD(y) ~ R} are each
assumed to be Poisson with means given by the
corresponding pixels of the perspective projection
of the target's 3D thermodynamic state. The right
panel of Fig. 6 shows a tank's thermal profile, when
projected and blurred by the point-spread function
of the camera, provides an infrared image.

zyx

2.3 Clutter Models
In addition to the targets of interest, a scene may contain
several other objects that are exhibited in images of this scene.
Such objects are called clutter objects and one needs to
develop models for pixels falling on clutter objects, to reach
a full statistical inference. Given the tremendous variability associated with objects, detailed (e.g., 3D deformable
templates) models are not feasible for "all possible objects."
Therefore, one seeks a balance by designing low-level, coarse
representations that are tractable and yet capture significant
image variation.
Mumford et al. [17] and others have discovered certain
invariant patterns among large databases of images. They
have established that image statistics, under a variety of
representations, point to non-Gaussian behavior. For example,
a popular mechanism of decomposing images locallywin
space and frequency--using wavelet transforms leads to
coefficients that are quite non-Gaussian. The histograms
display heavy tails and sharp cusps at the median. It is
imperative that the probability models used in image analysis
incorporate such observed phenomena.
In recent papers Grenander et al. [10, 23] have proposed an
analytic form, called Bessel K form, to model the observed 1D
and 2D histograms of images. The forms are parametric, and

camera

FIGURE 5 Leftto right: orthographic projection model, perspective projection system, an orthographic image, and a
perspective image.
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hence efficient, and very closely match the observed behavior
of non-Gaussianity.
Consider the following framework for modeling a clutter
image L Given a bank of filters {F(J),j--1,2 . . . . . ]}, we
compute, for each filter F(J), a filtered image I(J)= I , F (/),
where • denotes the 2D convolution operation. As an
example, a Gabor filter is a bandpass filter with a Gaussian
kernel centered a r o u n d a specific wavenumber (see [13] for
details). For a rotation 0 ~ S 1 on the unit circle, a Gabor filter
is given by Ro(z)o (exp(-~21 (z(1)2 + z(2)2)) e x p ( - j ----dwhere cr denotes the resolution (scale) associated with the
filter and Ro is the 2 x 2 rotation matrix. Another c o m m o n l y
used filter is the Laplacian Gaussian filter whose operation on
I is given by ( G , A)I where G is a Gaussian kernel and A
is the Laplacian operator. In addition, one can use a wide
variety of filters: n e i g h b o r h o o d operators, steerable filters,
interpolation filters, and so on. Each filter selects and isolates
certain features present in the original image (Fig. 7).
We are interested in modeling the probability density of
a r a n d o m variable I(J)(z) where z is any pixel location in
the image. As derived in [10], a promising model is: for
p>0, c>0,

parameters can be estimated directly from the observed data
according to: / 3 = 3/(kurtosis-3) and ~ = variance//3. The
elements of 79 have the following properties:

1. They are symmetric and u n i m o d a l for the m o d e at zero.
For p = 1, f(x;p, c) is the density of a double exponential.
In general, it is the p-th convolution power (for any
p > 0 ) of a double exponential density. Therefore, it is
unimodal with the m o d e at x = 0. For the same reason,
it is symmetric around zero.
2. The Bessel K forms are leptokurtic (the tails are heavier
as c o m p a r e d to a normal curve with the same variance).
3. A Bessel K form is a specific kind of n o r m a l variancemean mixture where the mixing variable is scaled
G a m m a with parameters p and c. It becomes a special
case of a larger family of normal variance mixtures
(as described by Barndorff-Nielson et al. [2]).
4. The family of Bessel K forms is infinitely divisible
(i.e., any r a n d o m variable in this family can be written as
a sum of two independent r a n d o m variables from this
family). However, if I 1 and I2 are independent with
densities f(x;pl,Cl) and f(x;p2, c2), respectively, with
cl ~ c2, the density of a111 + a212 (al,a2 ~ ~ ) may not
be a Bessel K form.

zyxwvutsrqpon
1

Ixl ,

f (x; p, c) - Z(p, c----~IxIP-°'SK(P-°'5>

(2)

where K is the modified Bessel function and Z is the
normalizing constant given by Z ( p , c ) - qr~F(p)(2c) °'5t~°'25.
Let 79 be the space of all such densities: 7 9 - { f ( x ; p , c ) [
p > 0, c > 0}. We refer to the elements of 79 as Bessel K forms
and the parameters (p,c) as Bessel p a r a m e t e r s . These
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N o w that we have presented models for targets, sensors, and
background clutter, we turn our attention to a Bayesian
framework for target recognition from images.

3 Bayesian Framework
To analyze observed images and to set up estimation problems
we will use the classic Bayesian framework.
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FIGURE 7 Images (top panels), their Gabor components (middle panels), and the marginal densities (bottom
panels). The observed densities are drawn in marked lines and the estimated Bessel K forms are drawn in plain lines.
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Having obtained the posterior density we will generate the
First, we need to explain the idea of probability densities on
the nonlinear spaces, such as the transformation group S. A classic estimators such as maximum a posterior probability
probability density function is defined as the derivative of a (MAP), minimum mean squared error (MMSE), minimum
probability distribution function. For probabilities on [~n, this absolute error (MAE), and entropy-based estimators. In particderivative is with respect to the infinitesimal volume element ular, we will seek MMSE estimators for the transformation,
in [~n: dx = dxl d x 2 . . , dxn. O n S O ( n ) , the volume element has s, and MAP estimation for the target type, or. Along with the
a different form since SO(n) is not a vector space. The deri- estimators, we will also compute quantities which represent
vatives of functions are evaluated with respect to an infinitesi- errors in estimation and impose a lower bound on these
mal volume element, which we will denote by },(dO) (please errors.
refer to [3] for a description of this volume element, also
called Haar measure). The product of the volume elements on
SO(n) and [~n provides a volume element on SE(n). Note that 4 P o s e L o c a t i o n E s t i m a t i o n and
just like f~, f(x)dx, the integration of a function on any set is
Performance
defined with respect to the volume element of that set.
Now to model the uncertainty in associating an observed
In view of the nonlinear relationship between the template
image to a particular template (indexed by or) and a particular
transformations and the observed images, we have to estimate
transformation (denoted by s), we derive a posterior density
the transformations explicitly. As a first step, we restrict
on these unknowns. The posterior density is the product of the
our task to estimating the appropriate transformation from
prior probability density on the unknowns and the likelihood
a given image I D and for a fixed target hypothesis or. This
of the data according to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a Can be any index from our label set A. Given the pose and
location estimates for each or, we will seek the c~ that best
1
matches the observed image in the next section.
P(s, o~[ID) -- p(iD ) P(s, a)P(ID]s, or), s ~ S , ~ A .
A major difficulty being faced in an ATR setting is that,
unlike the more classic estimation results, the parameter
The prior density P(s, or) incorporates our prior knowledge on spaces of the scene of targets are nonlinear manifolds, with a
finding a target or, at the pose and location dictated by the group operation that is not necessarily addition. These groups
transformation s, in the scene. For example, in case of moving can have a curved geometry, meaning that they may not be
targets, the knowledge of target location may imply a higher vector spaces. As an example, if we add two rotation matrices,
probability of there being a future target presence in certain then resultant is not a rotation matrix, so SO(n) is said to
areas and low probability in others. The likelihood function have a curved geometry. In addition, the sensor outputs result
p(ID[s, o~) quantifies the probability that a target ot at the pose from a sequence of nonlinear transformations on the scenes,
and location resulting from the transformation s will give rise including projective transformation, occlusion, ray-tracing,
to the observed image I D. It is derived from the physical and so forth. Therefore, we cannot inherit the more direct
characteristics of the sensor map T, the statistics of the sensor results obtained for estimators in Euclidean spaces associated
noise, and the clutter model. As an example, for the video with additive Gaussian channels.
sensor described earlier the likelihood function takes the form,
To illustrate, we isolate and focus on estimating the target
orientation, represented by special orthogonal group SO(n),
P(IDIs, or) -- p(IDIs, oOP(IDoutlS,o0,
since it is a group with curved geometry. We will define an
optimal estimator, called the Hilbert-Schmidt estimator, which
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is the MMSE estimator under a chosen norm. It is shown that
the error associated with this estimator provides a lower bound
on the error associated with any estimator. To establish a
= (2yra2)d/zeXp -~-iazllI;~ -- TsI°~[[2 ,
notion of the error on SO(n), we have to define a function that
computes a distance between any two points on SO(n). We do
so by considering the elements of SO(n) as n x n matrices. For
and
0 ~ SO(n) and O={Oij:i,j=l,2 . . . . . n} define the Hilbert-

1

p(/o

i,,

- P(So ) -

(1

z

t

p, <).

I~ consists of image pixels that fall inside the ideal image TsU,
while IDoutconsists of pixels falling on the background clutter.
The resulting posterior includes all the information we have
for target recognition.

Schmidt (HS) norm given by IIOII = V/

n
(~i,j-x

2 Due to
Oij)"

orthogonality ]]O]]2 - n and ]]O1 - O2112 -- 2 ( n - trace(01
o2T)), where T denotes the matrix transpose. This is also called
an extrinsic distance on SO(n) as it is obtained by embedding SO(n) in ~nxn and inheriting the Euclidean distance there.
As an alternative, one can use an intrinsic distance on SO(n)
given by d(O1,O2)- IIlog(O102T) ]l/v~, where log is the
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matrix log. To understand the difference between two order along the diagonal of E. Equation 6 can be interpreted
distances, consider any two points on a circle. The extrinsic as element by element integration in R n2 with non-zero
distance corresponds to the chord length between them, contributions only from the rotation matrices. This integral
whereas the intrinsic distance corresponds to the shortest arc can be computed using one of several numerical integration
length between them. An analysis resulting from the use of this techniques: a Monte-Carlo sampling technique is presented
intrinsic distance is called an intrinsic analysis. In most in [24], and the trapezoidal integration is utilized in [9] to
situations, an intrinsic approach is more natural for statistical compute 0, the orientation estimate.
inferences. However, in view of the simplicity of analysis and
a lower computational cost (see [22]), we describe only the 4.2 Lower Bound on Expected Error
extrinsic analysis in this chapter. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The next issue is to define a quantity that can be used to assess
any given estimator in terms of its expected estimation errors.
4.1 Minimum Mean Squared Error Estimator For example, in the case of Euclidean parameters Cramer-Rao
Given an observed image I D and the target type a, the MMSE lower bounds are often used to establish the optimum perestimate of the target orientation, also called the Hilbert- formance and the estimators are judged through these comparisons. In the context of orientation estimation in ATR, we
Schmidt estimate, is defined as follows.
will derive Hilbert-Schmidt bounds (HSBs), which provide a
1 A Hilbert-Schmidt estimate (HSE) is given by ~s: way of comparing different algorithms. The HSB is defined to
Definition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Z ~ -+ SO(n), such that
be the minimum error attainable when the error is specified
using the HS-norm.

()(I D) - argmin fs
OeSO(n)

IIO - O'llep(O'llO)y(dO'),

(3)

O(n)

where dI ° is the base measure on Z v, and

where F is the infinitesimal volume element on SO(n).
The HSE can be interpreted as a MMSE estimator when the
error is computed using the HS-norm. As the norm squared
I1" II2 is continuous in its entries and SO(n) is compact, the
minimizer is attained in SO(n), and hence the estimator is well
defined. It should be noted that if the minimum is attained
at multiple points, all these points are MMSE estimates (i.e.,
the estimator is then set-valued). Instead of choosing the
MMSE criterion, other error functions (such as absolute
difference, step function, etc.) can also be used, resulting in
the corresponding estimators.
Due to the geometric properties of rotation matrices, the
evaluation of the HSE simplifies to the following form:

0(I D) = argmax trace( OA t)

(4)

OeSO(n)

UVt,

if determinant(A) > 0
10... 0

ULV t, L--

i

l ... 0

,if determinant(A)<O,

(5)

fs

o(zD) - £

I1~-s'll2p(s'llD)y(ds

') •

(7)

O(n)

The importance of the HSB stems from the fact that for any
estimator "g: Z v ~ SO(n),

EIIO- Ol12 >_ EIIO- Ol12 ~

HSB,

(8)

where () is the HSE as defined earlier. The expectation is over
both the randomness in the data and the randomness in the
unknown parameters according to

EIIO- OII 2

= fv, ( fsso(,,)llO(I°) - °' ll2p(°'ll°)×(d°')) P(ID)dID"
For the proof of this result please refer to [9]. Due to the
structure of SO(n), the HSB takes the form:

,

0

-1

where

A-

Definition 2 Define the HSB as the quantity fzv o(ID)p(ID)dI o,

o(~)

OP(OlI°lY(dO)

(6)

and where A - U ~ V t is the standard singular value decomposition of A (as described in [8]). The matrices U, E, V are
arranged such that the singular values occur in decreasing

where p(Im)--2(n--trace(AttS)) for A as defined in
Equation 6. We shall say that the HSE is efficient in the
sense that it has HS-efficiency= 1 with the HS-efficiency of
an arbitrary estimator ~" Z v -~ SO(n) defined as the ratio

efficiency(O) --

ElI6EIIO-

0112
OII 2.
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Shown in the top panel of Fig. 8 is a plot of the HSB
for estimating the truck orientation, in SO(2), as a function of
the noise standard deviation, or. To avoid some symmetry
issues (please refer to [21] for a discussion on symmetry
issues), this bound is computed by considering only the half
circle. The zero expected error implies perfect orientation
estimation; the maximal expected error of 1.45 implies
completely unreliable estimation of the truck orientation.

Expected Errorvs Noise Level

1.5

Superimposed on the error plot are three x's, corresponding
to three noise levels. The three truck images in the bottom
panels are samples at the noise levels corresponding to the x's.
The bottom left corresponds to low-noise resulting in a perfect
pose estimation; however, notice the rapid increase in the
estimation error as the noise level increases.
To explain the performance curves, at a given noise level,
say at noise standard deviation 0.4, the HSB value of the video
sensor is 1.0 (i.e., the minimum expected error in estimating
truck orientation in this environment is 1.0). Also, for noise
level < 0.2, the HSB _~ 0 and for deviation > 0.6, the error is
maximal. Errorless estimation is, thus, possible in the case
of the video sensor for noise level <0.2 and reasonable
estimates (HSB, 0-1.2) are possible for deviations in the
range [0.2, 0.6]; beyond that the data are too noisy to provide
any information for inference on target orientation. To
illustrate the significance of the H S B - 1.0, consider Fig. 9.
The bottom-right panel shows a noisy image of the truck at
the noise level corresponding to HSB = 1.0. At this particular
noise level, the estimation is degraded to such a point that,
on average, the estimates span 1.0 HSB units around the
mean. Four sample orientations, all within 1.0 HSB units of
the orientation shown in the top-left panel, are shown in the
other panels. Naturally, the target geometry should determine
the bound associated with pose estimation via a given sensor
suite, as is depicted in Fig. 10. Shown here are HSB curves
for two different targets: tank and truck, when imaged by a
video camera. This curve shows that, in low-noise situations
the tank orientation estimates are better than the truck
estimates via the video sensor while at higher noise levels
the performance is similar.
Sensor fusion occurs automatically in this setting. The
increased number of data observations 11D, 12D. . . . increases the

zyxwvutsrqpo
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FIGURE 8 Top panel shows the bound for estimating the orientation of a
truck using video data. The bottom three panels show sample images of the
truck at three noise levels consistent with the x's in top left panel.

(1)

(2)

(3)

(4)

(5)

(6)

4

FIGURE 9 Panels 2-4 showing four different trucks orientations within HSB = 1.0 of the orientation in top left. Panel
6 shows the associated imagery with this uncertainty ball.
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FIGURE 10 Panel shows the variation of the Hilbert-Schmidt bounds with
noise for two targets: truck and tank. For low noise levels the bounds are
different; at higher noise levels the performance is identical.

FIGURE 12 Sample images from a dataset of real video images of a tank
(data courtesy Dr. Richard Sims of Army Missile Command). The images are
down-scaled to 64 x 64 for the results described in this chapter.

a c c u r a c y o f t h e e s t i m a t o r . S h o w n in Fig. 11 are the plots o f
the H S B o n e x p e c t e d e r r o r versus noise level in e s t i m a t i n g

5

Target

Recognition

and

Performance

H a v i n g established a f r a m e w o r k for t a r g e t o r i e n t a t i o n a n d
l o c a t i o n e s t i m a t i o n , w e n o w focus o n t h e m a i n task: f i n d i n g

t a n k o r i e n t a t i o n for t h e t w o sensors: the b r o k e n line p l o t s
the H S B for H R R , t h e solid line s h o w s the H S B for video,

the i n d e x ct t h a t best m a t c h e s a given i m a g e

a n d t h e x's d i s p l a y t h e H S B for the j o i n t case. T h e right

I D. As

described

earlier, in a Bayesian f r a m e w o r k t h e e s t i m a t e d t a r g e t type is
given b y the i n d e x w i t h M A P . It b e c o m e s an M - a r y h y p o t h e s i s
test. T h a t is

p a n e l s h o w s t h e H S B curves for the t a n k p o s e e s t i m a t i o n
b y t h r e e i n d i v i d u a l sensors: the solid line for FLIR, the
b r o k e n line for H R R , a n d t h e d o t t e d line for video. T h e H S B
for t h e j o i n t b o u n d , w e h a v e utilized a dataset i n v o l v i n g real

-- argmax P(otllD),

v i d e o i m a g e s o f a tank, m o u n t e d o n a p e d e s t a l a n d i m a g e d at
120 d i f f e r e n t o r i e n t a t i o n s . This d a t a s e t is o b t a i n e d c o u r t e s y o f
Dr. R i c h a r d Sims at A r m y Missile C o m m a n d . S h o w n in Fig. 12
are six s a m p l e i m a g e s f r o m this dataset. S h o w n in Fig. 13 is
the v a r i a t i o n o f t h e c u m u l a t i v e p o s i t i o n a n d o r i e n t a t i o n e r r o r

w h e r e the p o s t e r i o r is c a l c u l a t e d u s i n g the Bayes' rule,

[on SE(2)] versus t h e s e n s o r noise. This e r r o r b o u n d can be
u s e d to analyze m u l t i s e n s o r , m u l t i t a r g e t situations.
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FIGURE 11 Left panel shows the plots of the Hilbert-Schmidt bounds (HSBs) on expected error versus noise level in
estimating tank orientation for the two sensors: the broken line plots the HSB for high-range resolution (HRR), the
solid line shows the HSB for video, and the x's display the HSB for the joint case. Right panel shows the HSB curves for
the tank pose estimation by three individual sensors: the solid line for forward-looking infrared, the broken line for
HRR, and the dotted line for video. The HSB for the joint case is shown by the crosses.
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Position & Orientation HSB versus noise

2500

relationship between target recognition (selecting c~) and the
pose-location estimation (estimating s). It is intuitively clear
that recognition and pose estimation are inherently linked;
accuracy of target recognition is directly determined by the
accuracy of pose estimation.
In most practical situations, the integrand is too complicated to be computed analytically and one of several approximations, numerical and analytical, can be used. To illustrate
some of these methods we simplify to binary target recognition. That is, given an observed image our task is to select one
of the two targets: ol0 or or1. For binary decision and S =
SO(n), the nuisance integral can be evaluated using one of
the following three methods:

2O00

1500

~ 1000

500

0

FIGURE 13
on SE(2).

200

400

600

800 1000 1200 1400 1600 1800 2000
Noise Standard Deviation

Hilbert-Schmidt bounds for joint pose-location estimation

The term p(IDJ~) is the likelihood of observing ID given that
the true target is ot and can be evaluated as the integration over
all transformations
P(IDIoO - f p(IDIs, oOP(sla)ds.
In the context of selecting ol and ATR, s can be considered as
a nuisance parameter. This important integral governs the

zyxw

1. Quadrature integration: Since SO(n) is compact, one

can compute the integral approximately by evaluating
the integrand at some sampled points and using one of
the many established formulas (trapezoidal, Simpson's,
Gauss-quadrature). As an example, for ground targets
(n = 2), we have evaluated the integral using the
trapezoidal rule and performed hypothesis selection
for target recognition. Shown in Fig. 14 are the results
from binary recognition for or0 = truck and or1 = tank.
A video image was simulated for o~0 at some orientation
So with respect to the sensor, the integral computed for
that image and a decision is made following Bayes'

Prob of Correct Hypothesis vs Noise (0,42, 90 deg)

1

0.95
0.9
0.85
;E 0.8
0.75
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0.6
0.55
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0
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Noise Std
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FIGURE 14 The left plot shows the probability of correct hypothesis in binary Bayesian identification plotted against
increasing noise for three underlying orientations: the crosses for 90, the solid line for 42, and the broken line for 0 deg.
The other three panels show the three underlying truck orientations: top-right: (0), bottom left: (42); and bottom
right: (90).
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Generalized likelihood ratio: In this procedure the
integral value is approximated by the maximum value of
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target recognition and performance in, 1350-1352
and target representations, 1342-1344,
1343f, 1344f
Autoregressive conditional heteroskedastic (ARCH)
models, 437
Average Optical Density (AOD)
computation of, 22
gray-scale center K/2 in, 26
AVO. See Audiovisual object

B
Bandwidth, 15
Barbara image, 701, 702f, 703, 704, 704f
Bayesian framework, 1346-1347
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Bayesian methodologies
reconstruction methods, 1170-1171, 1171f
recovery methods based on, 773
Bayesian object tracking, 502-503
in Kalman filters, 503-505
in particle filters, 505
BCS. See Boundary contour system
Bessel K forms, 1345-1346
Bessel parameters, 1346
Bias cancellation
in JPEG-LS, 738
in JPEG-LS part 2, 741
Bilinear interpolation, 37f
Binary Hopfield model, 521
Binary image morphology
boundary detection in, 53
logical operations, 45--46
morphological filters, 47-53, 47f, 48f-52f
windows, 46-47, 47f
Binary image processing, 39
binary image morphology, 45-53, 47f-53f
image thresholding, 16, 17, 40--43, 41f-44f
region labeling, 45, 45f
representation and compression, 53-55, 54f
Binary images
creation of, 39
display of, 39, 40f
simple device for, 40f
Binary median filter, 52-53, 52f
Bioengineering, 79. See also Education, image
processing
Biometrics, 1219
BI-RADS. See Breast Imaging Reporting and Data
System
Bit-plane encoding passes, in JPEG2000, 726-727
Bit planes, 10
Bit rate, 15
Bit rate control, in video transcoding, 829-830
Blackboard educational system, 84
Blind embedding schemes, for watermarking, 1086
Blocking artifacts
of ]PEG compression, 761
in wavelet shrinkage, 162
Block layer, in H.261 video encoder, 795
Block matching algorithms
estimation criterion for, 269
search methods, 270
Block transform coding, with discrete cosine
transform, 787-788, 788f, 789f
Block truncation coding (BTC), 88
applications of, 667, 669
basics of, 662--666, 662f-665f
development of, 669
history of, 661--662
with hybrid techniques, 669
and moment preserving quantization,
666--667, 668t
Blotches
defined, 276
detection and removal, 282-287, 283f-288f
detectors for, 283
and motion vector repair, 285-287, 287f
properties of, 283
video frame with, 284f
Bluetooth wireless network, 1042
Blur identification
algorithms for, 178-179
goal of, 167

Blur image
diffraction, 222-223, 222f, 223f
and multi-frame restoration, 221-223, 221 f-223f
Blurred signal-to-noise ratio (BSNR), 238
Blurring
and atmospheric turbulence, 170-171
defined, 167
maximum likelihood estimation for, 179-181, 181f
models for, 169-171, 170f
out-of-focus, 170, 170f
spectral estimation, 179
Body animation, in MPEG-4, 855
Boolean filters, 47-53, 47f, 48f-52f
Boundary contour system (BCS), in edge-based
segmentation, 523-524
Boundary detection, in image segmentation, 443
Boundary value problem, in image restoration, 178
Breast cancer, 1195. See also Mammography,
screening
Breast cancer computer-aided detection/
computer-aided diagnosis, 1211-1213
Breast Imaging Reporting and Data System
(BI-RADS), 1195-1196, 1213
Broadcast monitoring, watermarking techniques
for, 1084
Browsing, video, 1013, 1014f
and retrieval, 1017-1018
scene-based video ToC representation,
1018-1022, 1019f
BTC. See Block truncation coding
Butterworth filter, 104

C
CABAC. See Context based Adaptive Binary
Arithmetic Coder
Cable systems, video transmission via, 15
Cable television system, 1039
Cable TV (CATV) networks, MPEG-2 used in, 847
CADx Medical Systems, 1210
Calibration, color I/O device, 425--426
CALIC (Context-based, Adaptive, Lossless Image
Codec), 657, 657f, 657t
Cameras
digital, 431,877, 878f
FLIR, 1342, 1345
interpreting motion of, 996, 997
mathematical model for color sensor of, 418
and object motion detection, 997, 998f
Canadian RADARSAT-1 satellite, 1134, 1134f
CANDIDE face model, 507
Canny edge detector, 548-549, 550f, 615
Cardiac chamber analysis
angiography, 1184-1185, 1184f
CT imaging in, 1185-1186, 1185f, 1186f
echocardiography, 1186-1188, 1187f
with MRI, 1188
Cardiac image processing
cardiac mechanics and shape analysis, 1183-1184
chamber analysis, 1184-1188, 1184f, 1187f
myocardial wall, 1188-1190, 1189f
coronary artery analysis, 1176-1183, 1176f,
1178f-1179f, l181f-l183f
electrocardiography, 1190, 1191f
of myocardial blood flow, 1190, 1190f
techniques, 1175-1176
technological advances in, 1191
Cartesian form, of Gabor function, 458, 458f

Index
Cauchy-Riemann equations, in AM-FM modeling,
381
CBR. See Constant bit rate
CCD. See Charge coupled devices
CCIR. See International Consultative Committee for
Radio
CCS. See Curvature scale space
CDMA. See Code-division multiple access
CD-ROM devices, storage capacity of, 643
Cells, confocal microscopy of, 1299-1304, 1299f,
1302f
Cellular phone, 877, 878f
Center-on-surround-off (COSO) filter, 905
Center weighted median (CWM) smoothers.
See also Weighted median smoothers
impulse noise cleaning with, 121f-122f
realization of, 112-113, 113f
Central Limit Theorem, 401
Centroid condition, in VQ design, 676
Chain coding, in binary image processing, 53,
54--55, 55f
Chamfer metrics, weighted distance transform
(WDT) based on, 606
Change detection, image differencing for, 34-35, 35f
Channel coding
forward error coding (FEC), 1072, 1073-1074,
1073f
retransmission, 1074-1075, 1074f
techniques, 1072
Channel encoding, 1080
Channel models
Internet, 1070-1071
wireless channel, 1071
Channels, multiple, 203, 204f
Channel state information (CSI), in JSCC, 1068-1069
Charge coupled devices (CCDs), 783, 896
in noise models, 405--406
sampling grid spacing of, 783
Charge injection devices (CIDs), 896
Checkmark, copyright protection watermarking, 1092
Chip architecture, in embedded video codec
development, 882
Chirp-scaling algorithm (CSA), in SAR, 1142
Chroma-keying
in object tracking, 495, 496f
in video segmentation, 484
Chromanance, 11
CID. See Charge injection devices
CIELab space, 424
CIELuv transformation, 424
CIF. See Common Interchange Format
Close filter, morphological, 50
Close-open filter, 51-52, 51f
Clustering
for image segmentation, 527-528
spectral, 528
Clutter objects, and target recognition, 1345-1346
CMOS devices, 896
CMTIA, duplication pattern for, 1332, 1332f
CMYK. See Cyan, magenta, yellow, and black colors
Coded block pattern (CBP) parameter, in H.261 video
encoder, 796
Code-division multiple access (CDMA), 1041
origins of, 1041
W-CDMA, 1041
in wireless networks, 1040-1041
Coding. See also Block truncation coding; Entropy
coding
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lossless
basics, 644-646, 644f, 645f
CALIC, 657, 657f, 657t
JBIG and JBIG2 standards, 655
JPEG standard, 655-656
JPEG2000 standard, 656
LOCO-I, 656
perceptually-based, 657-659, 658f
standards, 654-656
symbol coding schemes for, 646-655, 649f,
650t, 652f, 652t, 654t
techniques, 643
Coding delay, defined, 645
Coding efficiency, defined, 778
Coding primitives, in JPEG2000, 726
Coiflet-based filterbank, 393
Collision warning (CW) systems, 446
Color descriptors, in MPEG-7, 868-869, 869f
Color images, 11, 12f
edge detection for, 549-551
multivariate medians for, 126f
sharpening process for, 128
weighted median filters for, 117-119
Colorimetry, 417-4 18
color aliasing in, 422-423, 428
and color sampling, 418-419, 418f
CRT calibration, 426
definitions and terminology, 425-426
discrete representation of color matching,
419-420, 419f, 420f
example, 427-428, 428f
and nonlinearity of eye, 423
and printers, 427
and properties of color matching functions,
420-422, 421 f
scanners and cameras, 426-427
uniform color spaces in, 423-424
Color information, in region-based object tracking,
495
Color matching, properties of, 420-422, 421f
Color palette design, in quantization, 934
Color printing, 925-926
Color quantization, 926, 933-935
Colors
in multispectral images, 747
perception of, 11
primary, 11
Color sampling, 418-419, 418f
Common Interchange Format (CIF), 785
Communication, and human face visibility,
1264. See also Face recognition
Complex spatial-spectral transform, for multispectral
images, 749
Compression, 689. See also Wavelet image
compression
compared with processing, 259
and halftoning, 933
JPEG-LS, 736, 737f
alphabet extension, 739
bias cancellation in, 738
context formation, 738
near-lossless compression, 739-740
prediction step in, 736-737
Rice-Golomb coding, 738-739
lossless, 693
and arithmetic coding, 736
band ordering, 756
comparison of standards for, 744

efficiency in, 645
error modeling and coding, 757-758
goal of, 643-644
inter-band prediction, 756-757
JPEG-LS part 2, 740-742
of multispectral images, 759
near-lossless compression, 758
original standards, 734-736, 734f, 734t
predictive techniques, 756
reversible transform based techniques, 758
lossy
alternative modes of operation, 718
coefficient-to-symbol mapping and coding in,
715-717, 715f, 716f
discrete cosine transform used in,
712-713, 712f
image data format and components in,
717-718
JPEG codec structure, 710-712, 711 f
of medical images, 755
of multispectral images, 750-755, 752f, 754f
of photographic images, 755
quantization, 713-715, 713f, 714f
quantization table design, 714-715
of RGB color images, 750-751, 751 f
of multispectral images, 748
need for, 940
of postprocessing, 761
problem of, 431,692-693
segmentation for, 450-451,451f
techniques, 877, 963
visual models for image quality, 943-956, 944f,
948f-952f, 954t
Compression ratio, defined, 778
Compression standards, video, 890
Computational mathematics, 519
Computed tomography, 167
Computed tomography (CT), 167
in cardiac image processing, 1175
for coronary artery analysis, 1179-1180, l181f
3D image reconstruction
cone-beam tomography, 1166-1168, 1166f
with missing data, 1165-1166
examples, 1159, 1160f
extracting 2D data from 3D in, 1163
first generation systems, 1156
in heart chamber analysis, 1185-1186, 1185f, 1186f
image reconstruction
fan-beam filtered backprojection for,
1161-1162, l161f
Fourier space and filtered backprojection
methods, 1159-1161, 1160f
iterative reconstruction methods for
Bayesian reconstruction methods, 1170-1171,
l171f
finite dimensional formulations and ART,
1168-1169, 1168f
maximum likelihood methods, 1169-1170
statistical formulations, 1169
mathematical preliminaries for, 1159
nuclear imaging using, 1157-1159, 1157f-1159f
rebinning methods in 3D PET, 1164-1165, 1164f
spiral, 1163-1164, 1163f
x-ray, 1155-1157, 1156f
Computer-aided detection (CAD), 1197
of mammographic abnormalities, 1197-1198, 1211
architectural distortions in, 1211
calcifications, 1203-1205, 1205t, 1206t

1357
commercial, 1210-1211
detection of masses, 1198-1203, 1199f,
1201f, 1203t
Computer-aided detection/computer-aided diagnosis
clinical applications, 1213
evaluation methodologies, 1212-1213
multiview, multimodality, 1212
Computer-aided diagnosis
of mammographic abnormalities
all lesion types, 1211-1212
calcifications, 1208-1209, 1209t
masses, 1206-1208, 1207f
Computer-aided microscopy
ADIR system, 1322
clinical cytogenetic applications
detection of gene duplications, 1326-1332,
1327f, 1329f-1332f
fetal cell screening in maternal blood,
1323-1324, 1324f, 1338
FISH for aneuploidy screening, 1333
performance, 1332-1333
STFISH, 1324-1326
thick-specimen imaging, 1335-1336, 1336f,
1337f, 1338
commercially available, 1337-1338
components of, 1312-1313, 1312f
function of, 1311-1312
hardware
filter control, 1313-1314
illumination source, 1313
image sensors, 1314-1315
X, Y stage positioning and Z-axis motors, 1314
image processing and analysis software for
background subtraction in, 1318-1320, 1319f
color compensation with, 1320
segmentation for object identification,
1320-1321
and user interface, 1321-1322
imaging software for, 1315-1316
software for hardware control
autofocusing, 1316-1317
automated slide scanning, 1316
image capture in, 1317-1318
Computer assisted tomography (CAT). See computed
tomography
Computer graphics, and motion tracking, 492
Computers, wearable, 819
Computer science, 79. See also Education, image
processing
Cone-beam tomography, 1166-1168, 1166f
Cones, of eye, 11. See also Visual system
Conferencing, video, 819, 865-866, 878f
Confocal microscope
concept of, 1291
features of, 1291-1292
types of, 1295-1296, 1296f
Confocal microscopy
biological applications of, 1308
cells and tissues, 1299-1304, 1299f
microvascular networks, 1304-1308,
1305f-1307f
quantitative analysis of 3-D confocal images,
1298-1299
fluorescence, 1295
image formation in, 1291-1292, 1292f
depth resolution for, 1294, 1294f
with lateral resolution, 1292-1293, 1293f
laser scanning, 1299
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Confocal microscopy [Continued]
Data. See also Compression
diffusion partial differential equation, 558,
limitations of, 1296-1298, 1297f
size of image, 12-13
560-561
two-photon laser scanning, 1296-1298, 1297f
standardization of digital, 849
multiresolution diffusion, 562-563
Conjugate epipolar lines, 298
DCA. See Dominant component analysis
multispectral, 563, 564f
Conjugate Quadrature Filters (CQFs), 351-352
DCT. See Discrete cosine transform
quantitative evaluation of edge detection by,
Connected operators, 140
DDL. See Description definition language
566-568, 567f, 568f
Constant bit rate (CBR) algorithms, 881
Decoding, watermark, 1087-1088, 1088f
speckle reducing, 563-565, 564f, 565f
Constrained least-squares filter, 174
Decompositions, multiscale image, 358
variational formulation, 561-562
Context based Adaptive Binary Arithmetic Coder
Gaussian pyramid, 347, 348f, 349, 350
defined, 555
(CABAC), 802, 807
Laplacian pyramid, 348f, 350-351
isotropic, 556
Context formation
wavelet decomposition, 348f, 349
Digital camcorders, 877, 878f
in JPEG2000, 726
Deconvolution, 1338
Digital cameras, 431,877, 878f
in JPEG-LS, 738
Defense Advanced Research Projects Agency
Digital content, 993
in JPEG-LS part 2, 741
(DARPA), 1134, 1135
Digital data, standardization of, 849
Context-modeling method, 164
Deformable template theory, 1342
Digital image, 157
Continuous-state models, in random field studies,
Degradation, spatially invariant
Digital image processing (DIP), 21. See also Image
368-370
basic algorithm in, 236-237
processing
Continuous-valued image, 9
convergence, 237-238, 237f
microscope images for, 1312
Contour images, 54-55, 55f
degradation model, 236
multidisciplinary nature of, 73
Contraction mapping theorem, 248
experimental results, 238-241,240f-241 f
principles of, 73
Contrast response, of cortical cells, 335, 337-338
reblurring, 238
Digital images, 3, 157, 411
Contrast sensitivity function (CSF), 940, 945
Degradation process
creation of negative, 27
Contrast stretch, 28
and recovery problem, 235
sequence, 778-779, 778f
Copyright protection watermarking, 1088-1103.
video, 275
storage required for, 12, 13t
See also Watermarking
Deinterlacing, in sampling structure conversion, 921
Digital image signals
Coring functions, 281f, 282f
Delayed frame memory
one-dimensional (1D), 961
Coronary artery analysis
in intraframe encoding mode, 780
two-dimensional (2D), 961
biplane angiography and 3-D reconstruction,
motion compensation, 780
Digital still cameras (DSCs), 877, 878f
1177-1179, 1178f, 1179f
motion estimation, 780
Digital television, MPEG-2 used in, 847
intravascular ultrasound imaging in, 1181-1182,
Delft University of Technology, digital signal
Digital terrain elevation data (DTED), 1149
1182f, 1183f
coding at, 91
Digital transmission providers, Quality of Services
MRI for, 1180-1181, 1182f
DeMorgan's Laws, 49
(QoS), 777
single-plane angiography, 1176-1177, 1176f
Denoising
Digital video, 3. See also Video
virtual angioscopy, 1182-1183, 1186f
with GSM model, 164
applications and technology, 778
x-ray CT imaging for, 1179-1180, 1181f
linear filtering, 157-158
emerging applications, 13
Cortical cells
nonlinear filtering, 157-158
formats, 784-785
and motion, 338-340, 339f
problem of, 157
signals and formats, 782-785, 784f, 785t
and stereopsis, 340-342, 343f
using natural scene statistics, 162-164
storage required for, 12-13
COSOf. See Center-on-surround-off filters
Denoising techniques, wavelet-based
Digital video devices (DVDs)
Covariance statistics, in image segmentation, 446
discrete wavelet transform in, 158, 158f
MPEG-2 used in, 847
Cross-layer design, 1080
Donoho-Johnstone method of, 158-159, 160
universal access to, 820
Cryptographical security, in copyright protection,
Density-weighted contrast-enhancement (DWCE)
Digital Video Disc (DVD) players, processors
1089
filter, 1200-1201
employed by, 629
CSF. See Contrast sensitivity function
Description definition language (DDL), in MPEG-7,
Digital video industry
CSI. See Channel state information
872-873
conformance testing efforts of, 866
Curvature flows, morphologic representation of,
Desktop printers, 903
new standards for, 849
600-601
Detection, watermark, 1087-1088, 1088f
Digital video processing, 13
Curvature scale space (CCS) representation,
DFD. See Displaced frame differences
Digital watermarking, development of, 1083.
in shape descriptors, 870-871, 870f
DFT. See Discrete Fourier transform
See also Watermarking techniques
Curve evolution, 608
Difference measures
Digitized images, estimating depth from, 297
analytic representation of, 598-599
absolute difference, 994-995, 995f
Dilate filter, in binary image processing, 47-48,
weighted distance transform (WDT) based on,
histogram, 995, 996f
47f, 48f
606-607
Difference of Gaussian (DOG) filter
Dilation and translation-invariant (DTI) systems, 591
CWM. See Center weighted median smoothers
to detect masses, 2052
Dilation flows, 600
Cyan, magenta, yellow, and black (CMYK) colors, 747
in edge detection, 546-548
Dilation partial differential equations, slope
Cyclic convolution property, of DFT, 64
Differential entropy, in quality assessment, 979
transforms and, 595
Cytogenetics, clinical
Differential equationS, partial, 555. See also Partial
Dirac delta function, 169
detection of gene duplications, 1326-1332, 1327f,
differential equations
Direct memory access (DMA) controller, in
1329f-1332f
Differential morphology, 590
embedded video codecs, 880
fetal cell screening, 1323-1324, 1324f, 1338
Differential pulse code modulation (DPCM),
Direct-sequence spread-spectrum (DSSS), of CDMA,
performance, 1332-1333
92, 733
1041
STFISH, 1324-1326, 1338
Differentiated services (DiffServ), 1062-1063, 1063f
Discrete cosine transform (DCT), 250, 644, 689,
Cytometry, computer-assisted, 1311 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Diffraction patterns, 222, 222f
787-788, 788f, 789f
DiffServ. See Differentiated services
and compression schemes, 994
Diffusion
computation of, 850
D
anisotropic, 556-557, 570
]PEG, 764, 764f
applications, 565-568, 566f-568f
Daly's model, 947
in lossy image compression, 710, 712-713, 712f
Dark current, 406
diffusion coefficient, 557-558, 558f, 559f
CHECK
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in MPEG-2, 843
and POCS, 764-765, 764f, 765f
and Watson's model, 950-953
Discrete cosine transform (DCT)-based coders,
perceptual threshold matrices for, 952
Discrete-domain signals, 150
Discrete Fourier transform (DFT), 377-380, 379f,
387f, 788
computation of, 65-66
cyclic convolution property of, 63-64
displaying, 66-67, 66f, 67f
image analysis using, 86, 88f
image frequencies and, 67-72, 68f-71f
image periodicity implied by, 63
linear convolution using, 64-65, 65f
linearity and invertibility of, 62
periodicity of, 62-63
symmetry of, 62
two-dimensional, 61-62
Discrete Memoryless Source (DMS), 786
Discrete morphological gradient, 147
Discrete-space Fourier transform (DSFT), 58-61, 59f
convolution and, 61
inversion of, 60
linearity of, 60
magnitude and phase of, 60
pair, 59
symmetry of, 60
translation of, 60
Discrete-state models, in random field studies, 368
Discrete-valued image, 9
Discrete wavelet transform (DWT), 1070
basics of, 158, 158f
disadvantage of, 159
in JPEG2000 standard, 724, 725t, 743-744, 743t
video encoding method based on, 780
Disparity, 341
Displaced frame differences (DFD), 801
Displacement vector field (DVF), in image
restoration, 209
Distance transforms
of binary images and approximations, 602
chamfer, 602-603, 603f
as slope filters, 603-604
and wave propagation, 601-602
Distortion
correcting, 16
and VQ, 687
Distortion model, for quality assessment, 978, 979f,
980f
Divergence penalty, in maximum-likelihood
estimation, 226
DMA. See Direct memory access
DMS. See Discrete Memoryless Source
Documentary video, formats for, 994
Dome/basin extraction, in feature detection, 149-150
Dominant component analysis (DCA), in AM-FM
modeling, 385-387, 385f, 386f
Dominant motion segmentation, 475-476
Donoho-lohnstone method, of denoising, 158-159,
160
Dot-finding, in computer-assisted microscopy,
1327-1328, 1329f
DPCM. See Differential pulse code modulation
DSSS. See Direct-sequence spread-spectrum
DTI. See Dilation and translation-invariant
DVD. See Digital video disc players
DWT. See Discrete wavelet transform
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Dye sublimation, 925
Eigenfaces, sample, 500f
Dynamic programming
Eikonal, defined, 605
disadvantages of, 304
Electrocardiography, in cardiac image processing,
explained, 301
1175, 1190, 1191f
Dynamic shape algorithm
Electromagnetic spectrum, 4, 4f
description, 575
Electron micrographs, 167. See also Microscopy
implementation, 575-576
Ellipse fitting, in computer-assisted microscopy,
properties, 576, 576f, 577f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCB
1330-1331, 1331f
Embedded block coding with optimized truncation
(EBCOT), 706, 725
Embedded video codecs
E
algorithms for, 883-885
EBCOT. See Embedded block coding with optimized
applied programming interfaces, 885-886, 885f
truncation
and block-based video coding, 878-879, 879f
ECC. See Error correction code
concurrent processing, 888-889, 888f
Echocardiography, in heart chamber analysis,
design flow, 882-887, 883f-885f
1186-1188, 1187f
developing, 880
Edge detection
Golden C in, 886-887
algorithms for, 536
kernel optimization and integration, 887-888
application of anisotropic diffusion to, 565-568,
overall optimization for, 889-890
566f-568f
platform-specific development for, 887
Canny's method, 548-549, 550f
stress and conformance testing of, 890
in 1-D continuous case, 536, 536f, 537
Embedded video features, content-based, 1003
defined, 535
Embedded wavelet image coders, 753
errors in, 536-537
Embedded zero block coder (EZBC), 799, 800f
in feature detection, 145-148
context modeling, 809-810, 810f
Gaussian approach, 552
definitions, 808-809
gradient-based methods, 536
packetization and, 81Of, 811
continuous gradient, 536, 537-540, 538f-540f
and scalability, 810-811, 81Of
discrete gradient operators, 540-542, 543f
Embedded zerotree wavelet (EZW) coding,
gray-level, 552
698-701,699f
in image analysis, 130-132
Embedding
from image features, 566, 566f
of information, 935, 935f
Laplacian-based methods, 536
watermark, 1087-1088, 1088f
continuous Laplacian, 543-544, 544f
Emission images, 5, 6f
and difference of Gaussian, 546-548
Emotion recognizers, audio-only, 1286
with discrete Laplacian operators, 544-545
Engineering, 79. See also Education,
Laplacian of Gaussian, 545-546, 552
image processing
morphological, 146-148
Enhancement
for multispectral images, 550
algorithms for, 157
perceptual grouping and, 522-524, 522f, 523f
application of video, 275
process, 130f
image sharpening for, 127-130, 129f, 130f
quantitative evaluation of, 566-568, 567f, 568f
image sharpening technique, 127-130, 129f, 130f
Edge detectors
linear filtering for, 102-107, 104f-108f
comparisons of, 552
morphological filters for, 135, 139-143, 139f-143f
directional, 538-539, 540f
via wavelet shrinkage, 160-162
and geometric evolutions, 615-617
Enhancement of legacy systems, watermarking
Edge-directed interpolation, 904-907, 905f, 906f
techniques for, 1085
EdgeFlow, segmentation using, 464, 464f, 465f
Enhancement resolution, example of, 251f
Edge location errors, 552
Entropy, defined, 693
Edge profile, example of, 861f
Entropy-based estimators, 1347
Edge response, of ideal LPF, 105
Entropy coding, 645
Edges
context-based, 648-649
and anisotropic diffusion, 555-556
in H.264/AVC, 862
defined, 535, 536, 555-556
for JPEG2000, 725-729, 726f-728f
physical, 536
in lossy image compression, 716-717
scales for, 556
in transform coding paradigm, 697
using parametric active contours to locate,
Environment for Visualizing Images (Envi), 639
568-569, 569f, 608
Epipolar geometry, non-parallel, 299
using vector diffusion to locate, 569-570, 570f
Epipolar lines, 298
Education, image processing, 73
Erode and dilate filter, in binary image processing,
IP-LAB, 74-78, 76f
48--49, 49f
lava-based educational software and
Erosion and translation-invariant (ETI) systems,
two-dimensional signal processing, 78-83
591, 593
practical applications, 94
ideal-cutoff spatial slope filter, 594
SIVA, 83-91, 85f, 86t, 87f, 88f
space dynamics of, 593
at Univ. of Texas Austin, 84-85, 89-91
Error correction code (ECC), in H.261 video
VcDemo, 90-94, 92f-93f
encoder, 793
Eigenface approach, to face recognition, 1237
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Error detection, in embedded video decoders,
Filters. See also specific filters
Frequency modulation (FM), 377. See also AM-FM
881-882
multi-resolution, 281, 282f, 283f
image models
Error diffusion
order-statistic, 279-281, 280f
Front end, 327
and color quantization, 932f, 934-935
Filter sidelobes, 106
FRQA. See Full-reference quality assessment
in halftoning, 929-932, 931f
Fingerprint-based automatic identity authentication
Frustrated total internal reflection (FTIR), in
Error resilience
system
fingerprint sensing, 1222
in MPEG-4, 855-856
feature enhancement in, 1225-1227, 1226f, 1227f,
Full-reference (FR) quality assessment (QA)
techniques, 1065
1229t
paradigm, 975-976
Estimation theory, in noise models, 399-400
feature extraction in, 1223, 1224f, 1225
Full-scale histogram stretch, 28-29
Ethernet systems, video transmission via, 15
fingerprint representation, 1223, 1223f
Fusion techniques, in AV information systems, 1272
ETI. See Erosion and translation-invariant
fingerprint sensing in, 1221-1222, 1221f
Euclidean distance transform, and PDEs, 607
system architecture, 1220-1221, 1221f
Euler-Lagrange equations, 258, 271
Fingerprint image compression, wavelet-based
G
Eye. See also Visual system
standard for, 689, 705
Gabor filter, modulation transfer function of, 1225
human, 418
Fingerprints
Gabor functions
nonlinearity of, 423
as biometric, 1220, 1221f
in AM-FM models, 384, 385f, 393
Eyeball, optics of, 327-328, 328f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
classification of, 1227-1229, 1228f, 1229f, 1229t
analytic, 457-458
history of, 1220
cortical simple cell modeled as, 335, 336f, 338f
matching, 1229-1232, 1230f-1232f, 1232t
Gabor wavelets, 459
uniqueness of, 1220
F
in image texture classification, 456-457
widespread use of, 1232
Face animation, in MPEG-4, 854-855, 854f, 855f
one-dimensional, 457
Finite-state VQ (FSVQ), 687
Face detection, in ASR, 1265-1266
in texture-based segmentation, 524, 526
Fisher color distance, 447, 447f, 448f
Face recognition, from video sequences, 1244-1248,
Gabor space, transformation into, 459-461
Fisherface approach, to face recognition, 1237
1246f, 1247t, 1248f. See also Automatic face
Gaussian filters
Fixed-length coding, in JPEG-LS part 2, 741
recognition
application of, 107f
Fixed-threshold hypothesis testing, in motion
Face recognition test protocol (FERET), 1236
in linear image enhancement, 106-107, 107f, 108f
detection algorithms, 256
Face tracking technique, template-based, 501-502
Gaussian mixture models (GMMs), 437, 439, 439f,
Flat zones, of image signal, 140
Face visibility, and speech perception, 1264
1004
Floyd-Steinberg error, in error diffusion, 931
Facial action coding system (FACS), 1285
anomaly detection of, 372, 372f
Fluorescence resonance energy transfer (FRET)
Facial animation, in audiovisual speech synthesis,
applications, 372-374, 372f
imaging, 1311, 1338
1276-1278, 1277f
description, 371
Fluorescent in situ hybridization (FISH), four-color
Facial animation parameters (FAPs)
multiresolution texture modeling, 372-374, 373f
image acquisition in, 1333
standard for, 854
in noise models, 402
spectral overlap in, 1333
as visual features, 1267
for non-Gaussian random variables, 370-371
Fluorescent in situ hybridization (FISH) images,
Facial definition parameters (FDPs), 854-855, 855f
texture motif, 468
duplicated genes represented in, 1331
for wavelet coefficients, 164
Facial recognition, visual features in, 1266-1268,
Flying spot scanners, 909
Gaussian model, of image statistics, 432-434,
1267f, 1268f. See also Automatic face
Focal plane arrays, 909
432f-434f
recognition
Focal plane mosaic, in image capture, 896
Gaussian noise, 103, 400-401,401f
Fast Fourier transform (FFT), 66
Foliage penetration (FOPEN), and SAR, 1135, 1135f
maximum-likelihood for, 226
Fast marching method (FMM), 607, 610
Forensic sciences, video enhancement and restoration
and multi-frame blind restoration, 230
FDPs. See Facial definition parameters
in, 275
wavelet shrinkage, 161-162, 161f, 163
FDVS. See Forward dominant vector selection
Forward dominant vector selection (FDVS), 828
Gaussian pyramid, 347, 348f, 349, 350
Feature detection, 135
Forward error coding (FEC), 1072, 1073-1074,
in isotropic diffusion, 562
morphological operators for, 145-150
1073f
in spatial change detection, 473
peak/valley blob detection, 148-150, 151f
Forward error correction, 1076-1077, 1076f, 1077
Gaussian scale mixture (GSM) model
Feature extraction, in video retrieval, 1024
Forward-looking infrared (FLIR) camera, 1342, 1345
for natural image sources, 977
Features, image and video
Forward-looking infrared (FLIR) imaging system, 229
for wavelet coefficients, 164
access and browsing, 1008-1009, 1010f
Fourier analysis
Gaussian scale space, 556
compressed domain, 999-1000, 1000f
of image capture, 898-901,899f-901 f
Gaussian statistics
content-based, 1000-1003, 1000f-1002f
in linear image enhancement, 102
in image restoration, 194
and content retrieval, 1010-1011, 1011f
Fourier space, in CT image reconstruction, 1159
in image segmentation, 449
and high-level semantics, 1004-1006
Fourier statistics, in image segmentation, 446, 451
Gauss-Jacobi mechanical quadrature problem, 666,
and MPEG-7 standard, 1010-1011, 101 if
Fourier transform analysis, 16, 31, 72
667
retrieval techniques, 1006-1008, 1007f
discrete-space, 58-61, 59f
Gauss-Markov random fields (GMRFs)
statistical, 994-999, 995f, 996f, 998f
fast, 66
causal, 364, 364f
FEC. See Forward error coding
and sinusoidal functions, 16, 57-58
in GIS application, 449, 449f
Fetal cell screening, in maternal blood, 1323-1324,
in spatiotemporal sampling structures, 912-913
noncausal, 365
1324f, 1338
two-dimensional discrete, 61-67, 64f-67f
Toroidally Stationary, 364-365, 365f
Fiber optics, 1042
Fovea, of eye, 11. See also Visual system
Gene duplications, detection of, 1326-1332, 1327f,
Field, defined, 850
Frame, defined, 850
1329f-1332f
Field prediction
Frame/field adaptive coding, in H.264/AVC,
Generalized likelihood ratio, in target recognition,
in field-pictures, 842-843
862-863, 863f
1352
in frame-pictures, 842
Frame-rate conversion, in video sampling, 916
Geodesic active contour model
Figure-background reversal principle, 574, 582
Frei-Chen operator, 542
alignment term for, 616, 616f
Film, layered structure of, 288f
Frequency, two-dimensional, 57
calculus of variations for, 617-620
Filtering, in visual system, 332-334. See also specific
Frequency-domain analysis, 16, 57
defined, 615
filters
Frequency masks, zero-one image, 71
efficient numeric schemes, 622-623
Filtering-based techniques, for postprocessing, 761
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examples, 623, 623f, 624f
gradient descent in level set formulation in,
620-622, 620f
for image segmentation, 613-614
minimal variance, 616-617
notations and problem formulation, 614-615, 615f
weighted region, 616
Geographical information systems (GIS), 447
Geomatica software, 639
Geometric active contour model, and related work,
623-625
Geometric image operations, 35-37, 37f
bilinear interpolation, 36, 37f
in gray-level digital image processing, 21
image rotation, 36
image translation, 36
image zoom, 36-37, 37f
nearest neighbor interpolation, 36, 37f
Geometry
parallel, 298, 298f, 299
three-dimensional imaging, 31 If
Gestalt phenomenon, 522
Gibbs distribution, 483
Gibbs phenomena, 104
Gibbs random fields (GRFs), 365-366, 366f
estimation, 367
in motion segmentation, 477
parameter estimation for, 366
sampling, 367
Gigabit Ethernet networks, 13
GIS. See Geographical information systems
Global clustering, in video retrieval, 1024, 1025f
Global motion
computation of, 310
problems of, 309
Global motion compensation (GMC), in motion
estimation, 267-269, 268f
Global motion models
feature-based, 312
flow-based, 312-314
GMMs. See Gaussian mixture models
GMRFs. See Gauss-Markov random fields
Golomb codes, in IPEG-LS, 739
Gradient-based techniques
of edge detection, 537-543, 538f, 540f, 543f
in motion estimation, 266
Granularity, 68-70, 68f-70f
Graph cuts, 304--306, 304f, 306f
expansion algorithm for, 305-306
swap algorithm for, 305
Gray-level co-occurrence matrix method (GLCM), in
computer-aided mammography, 1204
Gray-level difference method (GLDM), in
computer-aided mammography, 1204
Gray-level image processing, 21
arithmetic operations between images in, 21, 32-35
geometric image operations, 35-37, 37f
image histogram in, 22-20.1-6
linear point operations, 24
morphological filters for, 136-137
nonlinear point operations, 29-32, 30f, 31f
notation for, 22
Gray-level range, 9, 22
Gray-level run-length method (GLRLM), in
computer-aided mammography, 1204
Gray-scale alpha planes, in MPEG-4, 853
Gray-scale plot, for monochrome images, 413, 413f
Greedy minimization approach, to halftoning, 932
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in image statistics, 437, 437f
GRFs. See Gibbs random fields
multimodal, 42f
Gridless halftoning, and PDEs, 607
Histogram equalization, 30-32, 31f
Ground penetration (GPEN), and SAR, 1135, 1135f
applications, 31f
Grouping
digital, 30
images as, 522
Histogram flattening, 31
perceptual, 522
Histogram shaping, 32, 32f
Group of blocks (GOB) layer, in H.261 video
HMMs. See Hidden Markov models
encoder, 794
Homography, in global motion models, 312
Group-of-frames/group-of-pictures color descriptor,
Hopfield model, binary, 521
in MPEG-7, 869
Hough transform methods
Groups of pictures (GOPs), in MPEG-1, 835-837,
in feature-based object tracking, 499
835f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in motion segmentation, 478
H.323 protocol stack, 1059-1060, 1060f, 1060t
H.261 standard, compared with MPEG-1, 837-838,
H
838t
Hadamard definition, of ill-posed problem, 186
H.261 video encoder, 786, 793-797, 800
Halftoning, 903
data hierarchy in, 795
and compression, 933
implementation, 793, 794f
error diffusion, 929-932, 931f
H.263 encoder, 822
optimization techniques, 932-933
H.264/AVC
ordered dithering, 928-929, 929f
block transform coding used by, 861
process of, 928
coding performance, 864, 865f
techniques, 928
in digital video market, 873
Halftoning framework, for VC, 1112
in-loop deblocking filter, 860-861,861f
Hamming distance, in iris recognition, 1255, 1255f,
intraprediction in, 858f
1257, 1257f, 1259, 1259f
multireference picture prediction in, 860f
Hand-eye coordination, 536
visual profiles of, 863, 863t
Handheld products, consumer electronic, 877-878,
H.264/AVC video coding layer
878f, 890
enhanced motion-compensation prediction model,
Hardcopies of images, 925
859-861,859f-861f
HDTV terrestrial transmission, 777
slices and slice groups, 858
Head, cylindrical representation of human, 507.
spatial directional intraprediction, 858-859, 858f
See also Object tracking
technical overview, 857-858, 858f
Heat equation on curves
Hubble Space Telescope, 221f, 222
in calculus of variations, 617
Hue-Saturation components, 495
description, 577
Huffman coding, 733, 744
implementation, 577-578
defined, 716
properties, 577-578, 578f
modified, 786
Height flooding, in watershed segmentation, 609
procedures, 734-736, 735t
Hewlett-Packard proposal LOCO-Ilp, and ]PEG
technique, 649-651, 649f, 650t
lossless compression standard, 733
Human
body
HFC. See Hybrid fiber-coax network
cylinder-based volumetric representation of, 511f
Hidden Markov models (HMMs), 1025
hierarchic representation, 508f
and ASR, 1271-1273, 1273f
polygonal representation of, 510f
in speech-to-video synthesis, 1280-1281
stick model of, 510f
Hierarchical variable-size block (HVSBM), 801
Human-computer interaction (HCI)
Highest confidence first (HCF) algorithm, 266-267,
future scenarios for, 1263
483
and visual and audio signals, 1285
Highlight candidate, defined, 1015, 1015f
Human-machine interfaces, 491
Highlight group, defined, 1015, 1015f
Human Visual Subspace (HVSS), 421
Highlights extraction
Human visual system (HVS), 163. See also Visual
audio marker detection, 1022, 1022f
system
audio-visual markers, 1023
amplitude nonlinearity in, 941
finer-resolution highlights, 1023-1024, 1023t, 1024t
contrast masking in, 942, 943f
visual marker detection, 1022-1023, 1022f, 1023f
and contrast sensitivity function, 941-942, 942f
High-range resolution radar (HRR), in sensor
and image quality, 939
modeling, 1345
and natural image signals, 961
Hilbert-Schmidt bounds (HSBs), 1348
and psychophysics, 941
Hilbert-Schmidt estimator, 1347
and quantization tables, 715
Hilbert-Schmidt norm, 1352
temporal masking in, 942-943, 943f, 944f
Hilbert transform
top-down vs. bottom-up philosophy of, 973
in AM-FM modeling, 381, 393
and video compression techniques, 780
in image statistics, 437
video quality metrics, 955-956
Histogram approaches
Human visual system model, for quality assessment,
bimodal, 40-41, 41 f
978-979, 986
calculation for, 22
HVS. See Human visual system
effects of multiplicative image scaling on, 27f
HVSBM. See Hierarchical variable-size block
expansion and contraction of, 26-27, 27f
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Image zooming, 123, 125-127, 127f, 128f
Image luminance field, temporal variation in, 309
Hybrid block-based motion-compensated (HBMC)
Imaging process, 3-D to 2-D representation of, 535.
ImageMagick, 639
(R)?, 1069, 1070f
Image noise cleaning, 119. See also Noise
See also Image processing
Hybrid coders, 815
Hybrid fiber--coax (HFC) network, 1039-1040
Image plane, global motion models in, 311-312, 311f Implementation, of lossless image coding, 646
Improvement SNR, 239
Hypothesis testing
Image prior, in postprocessing of compressed images,
Impulse function, two-dimensional, 99
with adaptive threshold, 257-258
771-772
Impulse noise, and morphological openings and
with fixed threshold, 256-257
Image processing, 3. See also Gray-level image
closings, 139
in motion detection, 254 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
processing
Impulse response, 100, 101, 116
algorithms for, 16
Impulse response shaping, 116
applications, 4f, 438--439
IMSL libraries, 636
automated target recognition, 1341-1353
I
Inclusion principle, in shape smoothing, 574
automatic speech processing, 1263-1289
IBLOCKs, directional, 806, 806f
Independent component analysis (ICA), in face
cardiac imaging, 1175-1193
IDCT. See Inverse discrete cosine transform
recognition, 1237
computed tomography, 1155-1173
Ideal observer model, 331-332
Indexes
computer-assisted microscopy, 1311-1340
Identification, blur, 178-179
in video design, 1025-1027, 1025f-1027f, 1026t,
confocal microscopy, 1291-1309
Identification, positive
1027t
face recognition, 1235-1250
applications for, 1219-1220
in video retrieval, 1024
fingerprint classification and matching,
with fingerprint as biometric, 1220
Information embedding, 926
1219-1234
Identity, problem of, 1219
Information fidelity criterion (IFC) (R), 981-982, 989
iris recognition, 1251-1262
Identity characterization. See also Automatic face
and human visual system-based meth, 982-983,
mammography, 1195-1218
recognition; Fingerprint-based automatic
983f
synthetic aperture radar, 1131-1154
identity authentication system; Iris
properties of, 982
in everyday life, 925
recognition
validation of, 986
as science, 157
from group of still images, 1242-1244, 1244f, 1245f,
Information-fidelity problem, 976, 976f
two-dimensional, 16
1245t
Information theory, and lossless image coding,
Image reconstruction algorithm, in postprocessing
probabilistic, 1240-1241
646-648
of compressed images, 772. See also
recognition setting and issues in, 1241-1242
Informed coding/embedding schemes, for
Reconstruction
from video sequence, 1244-1248, 1246f, 1247t,
watermarking, 1086
Image restoration, problems of, 183-185. See also
1248f
Inkjet printing, 925-926
Restoration
Identity equation, in face recognition, 1245
Insect navigation
Imagery, time-varying, 911
IDL. See Interactive Data Language
control of flight speed, 310-311
Images, 16. See also Multispectral images
IEC. See International Electrotechnical Commission
stabilization, 310-311
binary, 39, 40f
IFC. See Information fidelity criterion
Insects
color, 11, 12f
Illumination phenomenon, in face recognition, 1237,
centering behavior of, 310
defined, 3
1238f
collision avoidance in, 310
described by function, 411
Illumination spectrum, in color matching, 421
flight navigation of, 310
digitization of, 5
Image, defined, 939
Integrated Services Digital Network (ISDN)
dimension of, 5, 7f
ImageAccess
basis for, 1042-1043
display of, 412-414, 412f, 413f
canny edge detector in, 77, 78f
video transmission via, 15
interpolation of, 903-909, 903f-908f
of IP-LAB, 75-76, 76f
Intel library, 636
mathematical morphology for, 135
and MIP, 76
Intelligent cruise control (ICC) systems, 446
nature of, 411
moving-average filter in, 77
Intelligent Systems Software, Inc. (ISSI), 1210
in point operations, 27-28
wavelet transforms, 77, 79f
Intelligent transportation systems (ITS), 446
presentation of, 412
Image analysis, mathematical morphology for, 135
Intelligent vehicle highway systems (IVHS), 446
quantized, 9-10, 9f-16f
Image averaging, for noise reduction, 33-34, 34f
Intensity flicker
sampled,
7-8,
7f
Image binarizaton, 16
correction of, 289-292, 290f
scale of, 5
Image capture, 895
defined, 276
two-dimensional functions for, 412
Fourier analysis of, 898-901, 899f-901f
and parameter estimation, 289-291
types of, 4-5
general model for, 898-900, 899f, 900f
sequences with motion and, 291-292
Image sequence analysis, 309
model for general process of, 897, 897f
Intensity
histogram equalization, 289
algorithms
for,
314-316
and sampling rate conversion, 901-903
Interactive Data Language (IDL), 632, 633f, 640
biologic motivation in, 311
systems for, 909
Interband correlations, in ]PEG-LS part 2, 741-742
global motion models in, 311-314
technologies, 896, 896f
Interlaced scanning, 14, 14f
motion superresolution in, 318-320
Image differencing, for change detection, 34-35, 35f
International Consultative Committee for Radio
two-dimensional stabilization in, 316-317
Image focus assessment, in iris recognition, 1252
(CCIR), 785, 785t
Image
sequences
Image formation processor (IFP), in SAR, 1133
International Electrotechnical Commission (IEC),
processing of, 309
Image frames, multiple, 203, 204f
standards of, 792
three-dimensional stabilization in analysis of, 320
Image frequency, 57
International Standards Organization (ISO), 638,
Image sharpening, 127-130, 128f, 129f, 130f
and DFT, 67-72, 68f-71f
733, 785, 792
by high frequency emphasis, 127f, 128f
granularity, 68-70, 68f-70f
International
Telecommunications Union (ITU),
using
weighted
median
filter,
129f
orientation, 70-72, 70f-72f
785, 792
Image smoothing, noise suppression and, 139-140,
Image histogram. See also Histogram approaches
Internet
139f, 140f
cumulative normalized, 30
evolution of, 1031
Image stimulus synthesis, for performance
defined, 22
Internet 2, 1032
comparison, 970-973, 970f-973f
normalized, 30
viewing video over, 819
Image synthesis, and probability, 431. See also
poor use of gray-scale range, 23, 24f
Internet protocol networks
Probability
skewed, 22, 23, 23f
development of, 1048
Image thresholding, 16, 40-43, 41f-44f
Image], of IP-LAB, 75
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DiffServ, 1062-1063, 1063f
H.323 protocol stack, 1059-1060, 1060f, 1060t
multicast backbone, 1049-1050
real-time streaming protocol, 1059, 1060t
real-time transport control protocol, 1054-1059,
1055t, 1056f-1058f
real-time transport protocol, 1050-1054, 1050f,
1052f, 1052t, 1053f, 1054f
resource reservation protocol, 1061-1062, 1062f
session initiation protocol, 1060t, 1061
Interpolation, 17
bilinear, 37f
motion-compensated, 919-920, 919f, 920f
motion-compensated temporal, 921
nearest-neighbor, 37f
pure temporal, 919
spatiotemporal, 919, 921
Interpolation image
linear filtering approaches to, 903-904, 903f, 904f
model-based approaches to, 904-909, 905f-908f
Intershape coding, in MPEG-4, 853, 853f
Intrashape coding, in MPEG-4, 853
Inverse discrete cosine transform (IDCT), 788
Inverse filter, in image restoration, 172, 172f
Inverse operators, in intraframe encoding mode,
779-780
Ion ratio imaging, 1338
IP-LAB
computer laboratories of, 77-78
description of, 75
development of, 74-75
foundation of, 75
ImageAccess of, 75-76, 76f
sessions at, 76
Iris patterns, diversity among, 1260. See also Visual
system
Iris recognition
decision environment for, 1259-1260, 1259f
development of, 1251-1252, 1252f
failing test of statistical independence in,
1258-1259, 1258t
imaging system for, 1252
size, position and orientation in, 1256-1258, 1257f
speed performance in, 1260, 1260t
test of statistical independence in, 255f, 1254-1256,
1256f
two-dimensional wavelet demodulation in,
1253-1254, 1253f, 1254f
video frame rate in, 1260-1262, 1262f
ISDN. See Integrated Services Digital Network
ISO. See International Standards Organization
ISO/IEC JTC1/SC29 technical committee, Working
Group 11 of, 709. See also Moving Picture
Experts Group
Isotropy, in shape smoothing, 574
Iterated affine erosion
description, 579
implementation, 579-581
properties, 581,581f
Iterated conditional mode (ICM), in motion
estimation, 271-272
Iterated weighted median filter
description, 576-577
with image partial differential equation, 576-5.77
implementation of, 576
properties of, 577
Iterative filters
advantages and disadvantages, 176-178
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JPEG Part 3 standard
in image restoration, 175-178, 176f
tiling capability of, 722, 722f
ITU. See International Telecommunications Union zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONML
variable quantization in, 720-721, 721 f
JPEG2000 standard, 722-723, 744
bitstream organization in, 727-728
J
coding architecture, 723-724, 724f
Java-based educational software
discrete wavelet transform, 724, 725t
ALMOT 2D DSP, 80, 81f, 82f
entropy coding technique, 725-729, 726f-728f
at Arizona State University, 78-80
extensions, 729
J-DSP, 80-83, 83f, 84t
and integration of lossless and lossy compression,
and two-dimensional signal processing, 78-83
742-744
Java Digital Signal Processing (J-DSP), 80-83, 83f, 84t
lossless coding in, 742, 743f
Java Language, used by IP-LAB, 75
performance, 729
JBIG. See Joint Binary Image Experts Group
precincts and codeblocks, 725
JFIF. See JPEG file interchange format
preprocessing in, 723-724
IND. See Just-noticeable distortion
quantization and inverse quantization, 724-725
Joint Binary Image Experts Group (JBIG), coding
ranging, 744
standards of, 655
reversible color transform in, 742-743
Joint Photographic Experts Group (JPEG)
reversible discrete wavelet transform, 743-744,
coding standards of, 638, 655-656
743t
and discrete cosine transform (DCT), 160
source of information on, 730
lossless image compression standards of, 733
JSCC. See Joint source-channel coding
standards, 17
Just-noticeable distortion (JND), 658
Joint Photographic Experts Group (JPEG) standard,
709-710
coefficient-to-symbol mapping unit in, 711
DCT, 711
decoder structure in, 712
encoder structure in, 710-711, 71 If
entropy coding unit in, 711
hierarchic mode for, 719-720, 720f
image data format and components in, 717-718
JPEG2000, 722-729, 724f, 725t, 726f-728f
JPEG Part 3, 720-723
progressive mode for, 718-719
quantizer in, 711
source of information on, 729-730
Joint source-channel coding (JSCC), 1066, 1080
channel models, 1070-1071
and end-to-end distortion, 1067-1068
error resilient source coding, 1072
illustration of, 1068, 1068f
and Internet video transmission, 1076-1077, 1076f
and power adaptation, 1078, 1080
and practical constraints in video communications,
1067-1068
in problem formulation, 1075-1076
and rate-distortiG~ theory, 1067, 1067f
and wireless video transmission, 1077-1080, 1078f,
1079f
Joint source coding
and data rate adaptation, 1080
and forward error correction, 1076-1077, 1076f,
1077
and hybrid forward error correction, 1077
and power adaption, 1077-1078, 1078f, 1079f
Jordan curve, 614, 620
JPEG. See Joint Photographic Experts Group
JPEG file interchange format (JFIF), 710
JPEG-LS part 2 standard, 736, 737f, 740-742
alphabet extension in, 741
arithmetic coding in, 741
baseline algorithm for, 736, 737f, 740
bias cancellation in, 741
context formation in, 741
fixed-length coding in, 741
interband correlations in, 741-742
near-lossless mode in, 741
prediction in, 740-741

K
Kalman filters
in Bayesian object tracking, 503-505
extended, 508
for occlusion handling, 505
Kanizsa subjective triangle, 522, 522f
Karhunen-Loeve transform (KLT), 530, 748, 753, 787
Key frame, defined, 1014, 1015f
Kinescope moir~ phenomen
during film-to-video transfer, 276
removal of, 292-293, 293f
KL transform see Karhunen-Loeve transform.
See Karhunen-Loeve transform
K-means method, as segmentation strategy,
477-478

L
Label statistics, in image segmentation, 446
LabVIEW, 632-634, 635f
LabVIEW Development Environment, 85, 85f, 89
Landweber weight function, 197, 197f, 198f
Lane departure warning (LDW) systems, 446
Laplacian, defined, 543
Laplacian density, in face recognition, 1247
Laplacian methods
continuous, 543-544, 544f
with discrete operators, 544-545
and DoG, 546-548
Laplacian of Gaussian, 545-546, 547f
Laplacian pyramid, 338, 348f, 350-351
Laser printing, 925, 926
Laser scanning confocal microscopy (LSCM), 1299.
See also Confocal microscopy
Lateral geniculate nucleus (LGN) of thalamus, 332
cells of, 326, 330t
magnocellular layers of, 334
parvocellular layers of, 334
Lattice, in video sampling, 912, 913f, 914, 916, 918f
Lattice theory, morphological operators and, 138-139
Layered coding, 843-845, 844f, 845f
Layered coding with transport prioritization, 1072
LBG. See Linde, Buzo, and Gray Design
Learned Vector Quantization (LVQ), 528
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Maximum intensity projection (MIP), using
Learning. See also Education
M
ImageAccess, 76
active, 1006
Machine-readable travel document (MRTD), 1235
Maximum-likelihood (ML) estimation, 480
off-line, 1004-1005
Macroblock-based coding technique, 879
in multi-frame restoration, 225-226
on-line, 1005-1006
Macroblock layer, in H.261 video encoder, 794-795
penalized, 226-227
Least-squares filters, in image restoration,
Magnetic resonance imaging (MRI), 748, 1155
and segmentation, 449, 449f, 450f, 480, 487f
172-175, 173t, 175f
in cardiac image processing, 1175
sieve-constrained, 226
Legal path, in dynamic processing, 302
for coronary artery analysis, 1180-1181, 1182f
MBONE. See Multicast Backbone
Legendre-Fenchel "slope" transforms, 589
in heart chamber analysis, 1188
MCD. See Multispectral high definition Color
Lempd-Ziv coding technique, 653-654, 654t
Mahalanobis distance, in object tracking, 502
Description
Lena image, 428, 428f, 658f, 669f, 690f, 692, 693f, 698,
Majority filter, 52-53, 52f
MCTF. See Motion-compensated temporal filter
699f, 701, 702f, 712, 712f, 721f, 765f, 768f,
Mammography, screening, 1195, 1196f
MDS. See Multimedia description scheme
770f, 772, 773f, 985f, 1126f
abnormalities found in, 1195, 1196f
Mean square error (MSE), 693
Level sets formulation, 599-600
computer-aided detection of abnormalities with,
Median adaptive predictor (MAP), in JPEG-LS, 737
Lexicographic ordering, 242
1197-1206, l197f-1199f, 1201f, 1203t, 1206t
Median edge detection (MED) predictor, in JPEG-LS,
LGN. See Lateral geniuculate nucleus
computer-aided diagnosis of abnormalities with,
736-737
Likelihood, in postprocessing of compressed
1206-1210, 1209t
Medical imaging. See also Computed tomography;
images, 771
early detection via, 1196
Magnetic resonance imaging
Likelihood ratio test, 42, 145
image thresholding in, 42, 44f
developments in, 4
Linde, Buzo, and Gray Design (LBG) algorithm,
positive predictive value of, 1197
multichannel reconstruction in, 215-216, 215f,
in VQ design, 677-678, 678f
MAP. See Maximum a posteriori estimation; Median
216f
Linear discriminant analysis (LDA), in face
adaptive predictor
multispectral, 748, 755
recognition, 1237
Mapping. See Geographical information systems
software for, 632
Linear edge operators, in feature detection, 146
Mapping AC coefficient, in lossy image compression,
video enhancement and restoration in, 275
Linear filtering
716
Mel-frequency cepstral coefficients (MFCCs), in
application of, 99, 107-108
Maps, SSIM index, 968, 969f
, speech-based HCI, 1268
frequency response, 101, 102
Marginal kurtosis criterion, optimizing, 435f
Memory allocation, in embedded video codecs, 880,
and image interpolation, 903-904, 903f, 904f
Marginal Weighted Multichannel Median (Marginal
890
impulse response, 100, 101
WMM), 119
Mesh object coding, in MPEG-4, 854, 854f
limitations of, 108
Marginal WM filter, 117
Metaphase finding, in clinical cytogenetics, 1326
linear convolution, 100-101
Markov assumption, in image modeling, 431
Metropolis algorithm, used in MAP segmentation,
for linear image enhancement, 102-107,
Markovianity, 363
481
104f-108f
Markov random field (MRF) models, 254-255, 361
Mexican
hat neighborhood connections, 529-530,
using Sobel operator, 131
hypothesis testing combined with, 257
530f
Linear filters
for modeling texture, 527
Micrograph of cellular specimens, binarized image
limitations of, 108
neural network techniques and, 527
for, 42, 43f
temporally averaging, 277-278, 278f, 280f
texture descriptors derived from, 456
Microscanning, 219
temporally recursive, 278-279
in video segmentation, 481-482, 481f
Microscopy, advances in, 1311. See also
Linear minimum mean square error (LMMSE)
Marr-Hildreth operator, 545-546
Computer-aided microscopy; Confocal
estimation, 205
Marr-Hildreth paradigm, 556
microscopy
Linear prediction coefficients (LPCs), in
Masses, computer-aided detection of. See also
Microvascular networks, confocal microscopy of,
speech-based HCI, 1268
Mammography
1304-1305
Linear system analysis, in vision science, 337
classification as mass in, 1202
data
acquisition
in, 1305, 1305f
Linear system theory, 99
in suspicious regions, 1198-1202, 1199f, 1201f
density determination in, 1304
Lip tracking, in ASR, 1265-1266
using multiple images, 1202-1203, 1203t
3-D representation of, 1305, 1305f
Liquid toner laser transfer, 925
Masses, computer-aided diagnosis of, 1206-1208,
morphology in, 1305-1308, 1306f, 1307f
Lloyd algorithm, for optimum quantizer, 927
1207f
Microwave imaging, potential of, 1152
Lloyd-Max quantizers, 927
classification of, 1207-1208
Minimum absolute error (MAE), and Bayesian
LMDS see Local Multipoint Distribution Service
feature extraction, 1207
framework, 1347
Local feature analysis (LFA), in face recognition,
segmentation, 1207
Minimum mean squared error (MMSE) estimator,
1237
MATLAB software, 412, 413, 414, 630--631,
1347, 1348
Local inclusion principle, in shape smoothing, 574
63 If, 640
Minkowski error metric, 961-963, 962f, 963f,
Localization descriptors, in MPEG-7, 872
Matrix-vector formulation
966-967, 967f
Local Multipoint Distribution Service (LMDS), 1042
basic iteration, 242
ML. See Maximum-likelihood estimation
Logarithmic point operations, 29-30, 30f
constrained least-squares iteration, 243-246, 245f,
MLP. See Multi-layered perceptron
Lossy image compression, 709. See also Compression;
246f
MMDS. See Multichannel Multipoint Distribution
Joint Photographic Experts Group standard;
experimental results, 244-246, 245f, 246f
Service
JPEG2000 standard
least-squares iteration, 242-243
MMS. See Multimedia message service
Lossy operations, 778
spatially adaptive iteration, 246-247
Mobile phones, 819
Low-pass filtering
Maximum a posteriori (MAP) estimation
MoCA. See Movie Content Analysis
application of, 106f
and image segmentation, 447, 448f, 450f, 451,
Model-based coding, in MPEG-4, 854-855
in linear image enhancement, 103, 104-106, 106f
480-481
Modulation transfer function (MTF), of Gabor filter,
Lubin's model, 947
in motion detection, 255, 258
1225
Luminance
in multi-frame restoration, 227
Moment preserving quantization, and BTC, 666-667,
changes, 964
Maximum a posteriori (MAP) methodologies, in
668t
human eye's sensitivity to, 939
recovery-based postprocessing, 762
Monochrome images, 157, 413
in visual system, 333
Maximum a posteriori probability (MAP), and
Monte Carlo Markov chain, in identity
Luminance levels, qualitative description of, 417, 417t
Bayesian framework, 1347
characterization, 1241
LZ coding. See Lempel-Ziv coding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Maximum entropy regularization, 192, 192f
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Morphological filtering
and contrast enhancement, 142-143
hit-miss transformation, 145
multiscale, 588
research directions in, 155
for smoothing and simplification, 140-142, 141f
Morphological filters, 47-53, 47f, 48f-52f
for binary images, 136
indications for using, 155
optimal design of, 150-155
stack filters, 138
Morphological image operators
for feature detection, 145-150
for gray-level images, 136-137
and lattice theory, 138-139
rank filter, 137-138
for template matching, 143-145
universality of, 137
Morphological image processing, 136
Morphological/rank/linear (MRL) filters, 151-152
Morphologic systems, multidimensional, 590-591
Morphometry, computer-assisted, 1311
Mosaicking, 317, 319, 320-321
Mosaics
generation of, 317-318
types of, 317
Motion
capture of, 253
and cortical cells, 338-340, 339f
notation for, 254-256
Motion analysis
human, 491
in video indexing, 996-997
Motion blur, linear, 169-170, 170f
Motion-compensated embedded zero block coder
(MC-EZBC), 799
block models in, 806, 806f
comparison of different interpolation filters, 804,
805f
improvements for, 814-815
motion estimation in, 807
and overlapped block motion compensation, 806
rate-distortion curves of, 804-805, 805f
visual results with, 814, 815f
Motion-compensated interpolation, 919-920, 919f,
920f
Motion-compensated (MC) subband/wavelet
transform (SWT), 799
Motion-compensated (MC) temporal filtering
bidirectional, 805-806
invertible half-pixel accurate, 803
and lifting implementation, 803-804
noninvertible approach to, 802-803
with OBMC, 806-807
and sub-pixel interpolation, 803-804
Motion-compensated prediction (MCP), 1069
bi-directional, 834-835, 834f
frame-based and field-based, 842-843, 842f, 843f
with half-pixel accuracy, 835, 835f
in H.264/AVC, 859
Motion-compensated temporal filtering (MCTF), 706,
799, 800f
Motion compensation, DCT domain inverse,
823-825, 825f
Motion constraint equation, 263
Motion descriptors, in MPEG-7, 871-872, 871f
Motion detection, 253
comparison of methods of, 259, 260f

goal of, 256
hypothesis testing in, 254, 256-258
MAP in, 255, 258-259
MRF in, 254-255
temporal integration in, 474
Motion estimation, 253, 800
algorithms for, 259-261,880-881
block matching, 269-270
dense motion, 271-272
global, 267-269, 268f
optical flow via regularization, 271
phase correlation, 270-271
comparing methods of, 272-273, 272f
criteria
Bayesian, 266
frequency-domain, 265
pixel-domain, 264-265, 264f
regularization of, 265
search strategies, 266
and detection of covered and uncovered pixels,
801-802
in embedded video codecs, 880-881
goals of, 259
models
observation, 263-264
spatial, 261
temporal, 261-262
regions of support in, 262-263, 262f
using color components for, 802
variational formulations for, 255-256
Motion field, 254
Motion Picture Experts Group (MPEG)
encoding standards of, 777
MPEG-1 coding, 792
MPEG-1 standard, 777
background and structure of, 833-834
compared with H.261,834-835, 834f, 835f
compared with MPEG-2, 846
simulation model, 838
target applications and requirements, 834-835,
834f
MPEG-2 standard, 777, 792, 800, 1034-1038, 1035f,
1036t, 1037f
background and structure of, 839-840
compared with MPEG-1,841-843,841f, 842f, 846
data partitioning, 845
data structure and syntax, 846f
and discrete cosine transform (DCT), 160
elementary stream, 1035, 1035f, 1036t
input resolutions and formats, 841
packetized elementary stream, 1035-1036, 1036t,
1037f
part 2, 850-856, 851f-856f, 863-864, 864f
profiles and levels, 840-841, 841t
program stream, 1036
target applications and requirements, 840
test models developed in, 846
and tools for error-resilience, 845-846
transport stream, 1036-1038, 1038f, 1038t
visual profiles, 856, 856t
MPEG-4 standard, 777, 792, 873
characteristics of, 849
compression performance, 863-864
part 10, 864, 865f
Part 10: H.264/AVC, 857-863, 857f-861f, 863f
release of, 1034
technical description, 850-856, 851f-856f
temporal integration procedure adopted by, 474
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video applications, 864--866
MPEG-7 standard, 777, 792, 873
characteristics of, 849
DDL in, 872-873
MDS in, 872, 872f
technical description, 866-873, 866f-872f
terminal block diagram, 867f
video applications, 873
MPEG-1 video
bit-stream structures of, 838-839, 838f
compared with H.261,837-838, 838t
structure of, 835-837, 835f, 836f
MPEG-2 video, and system bit stream structures,
846
standards of, 792
video encoding and decoding of, 94
Motion pictures, preserving, 275
Motion problems, 309
Motion segmentation, 253, 474-482, 481f
dominant, 475--476
multiple, 476--477
Motion superresolution algorithms, 318-320
Motion tracking, in digital video, 491. See also Object
tracking
Motion transition equation, in face recognition,
1244-1245
Motion vector, scan/spatial prediction for, 807
Motion vector coding
layered structure of, 808
in MPEG-4, 851
scalable, 807-808
Motion vector estimation
for spatial resolution reduction, 827, 827f
for temporal resolution reduction, 827-828, 828f
Motion vector repair, 285-287, 287f
Motion vector symbols, alphabet general partition,
807-808
Mouth, in ASR, 1265-1266, 1266f
Movie Content Analysis (MoCA), 1009
Moving-average filter, 103-104, 104f, 105f
MPEG. See Motion Picture Experts Group
MPEG video compression, 93, 93f
MRF models. See Markov random field models
MRI. See Magnetic resonance imaging
MRL filters
applications, 153-155, 155f
designing optimal, 153
MSE. See Mean square error
Multicast Backbone (MBONE), 1032
Multichannel image, 203
astronomical, 208f
implicit approach to recovery of, 211-216, 215f,
216f
linear minimum mean square error (LMMSE)
estimation for, 205
LMMSE for, 205
recovery approaches for, 207-211, 208f
regularized weighted least-squares (RWLS)
estimation for, 205
Multichannel image recovery, 204
Multichannel imaging
model for, 204-205
numerical experiment in, 207-209, 208f
regularization in, 206-207, 208f
transformation of the model for, 212-214
Multichannel Multipoint Distribution Service
(MMDS), 1042
Multicomponent (color) constraint, 264
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Poisson, 404-405, 405f
Offset printing, 925
Multi-frame blind deconvolution, 220
One-dimensional processes, in image representation
quantization, 403-404, 404f
Multi-frame imaging process
discrete system representation, 415-416
salt and pepper, 403, 403f
mathematical models, 221-224
practical sampling for, 414-415
uniform noise, 403-404, 404f
and nuisance parameters, 228-229
On-line learning systems, 1005-1006
problem of, 224-228
Noise amplification, 201. See also Regularization
Open-close filters, 50, 51-52, 51f
Noise filtering, spatio-temporal, 277-282, 278f,
and undersampled image sequences, 229
Open filter, morphological, 50
280f-282f
Multi-layered perceptron (MLP), in ANNs,
Open systems interconnection (OSI), in video
Noise leakage, 103
520-521, 526
transmission system, 1068-1069
Noiseless Source Coding Theorem, 786
Multimedia analysis, 1027
Optical cues, insects' use of, 310
Noise models
Multimedia applications, handheld, 880
Optical flow
estimation theory in, 399-400
Multimedia databases
and multi-frame restoration, 224
computation of, 315-316
queries in, 1008, 1008t
measuring distance by integrating, 311-312
and notions of probability, 398-399
testing and evaluation, 1008, 1009f
Optical flow segmentation, 474--482, 481f
speckle in, 406-409, 408f
Multimedia description scheme (MDS), in MPEG-7,
Optics. See also Visual system
Noise reduction. See also Denoising
872, 872f
and feature preservation, 2.1-14-2.1-17
of eyeball, 327-328, 328f
Multimedia message service (MMS), 877
of human vision, 325
image averaging for, 34-35, 35f
Multimedia products, 877, 878f
Noisy images
Optimality, and VQ, 687
Multimodal analysis, 1013, 1016
Optimark, copyright protection watermarking,
and Gaussian filters, 107
Multiple bit watermarking systems, 1086
and low-pass filter, 106, 106f
1092-1093
Multiplicative image scaling, 26-9, 2'6.-27, 27f, 29f
Optimization halftoning techniques, 932-933
and moving-average filter, 103, 105f
Multiscale image analysis, 588
Optimization techniques
Nonlinear filtering, 109, 132. See also Weighted
Multiscale morphologic filtering, implementations
dynamic programming, 306
median smoothers
of, 588
graph cuts, 306
edge detection, 130-132
Multispectral high definition Color Description
Ordered dithering, 928-929, 929f
and image noise cleaning, 119-123, 121f-126f, 126t
(MCD), 749, 749f, 755
Order-statistic (OS) filters, 279-281, 280f
in image sharpening, 127-130, 129f, 130f
Multispectral images, 747
Orthogonality, of transform coding paradigm, 695
and multivariate filtering structure, 118-119
compression algorithms for, 749, 749f
Osher-Sethian level-set formulation, 614, 620
Nonlinear point operations, 29-50, 30f, 31f. See also
defined, 758-759
Outliers, 268
Point operations
lossless compression of, 755-759
Out-of-focus blur, uniform, 170, 170f
Non-quadratic regularization, 191-192
lossy compression of, 750-755, 751f, 752f, 754f
Owner identification, watermarking techniques for,
Non-separable filtering, 77
remotely sensed, 751-755, 752f, 754f
1084. See also Identity characterization
Normalized cross-correlation, 300
RGB color, 747
Normalized SSD, 300
Mutual information, notion of, 980 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
NSFNET, 1031, 1032
NSS. See Natural scene statistics
P
NTSC. See National Television Systems Committee
Pairwise nearest neighbor (PNN) algorithm, in VQ
N
Numerical filtering, 189-190, 190f
design, 678
National Solar Observatory, 232
Numerical recipes, 638
Parallel-beam projections, in CT image
National Television Systems Committee (NTSC), 785
Nyquist Sampling Theorem, 783
reconstruction, 1159
Natural image signals, 961
Parametric active contours, to locate edges, 568-569,
Natural scene statistics (NSS), 163
569f
Natural scene statistics (NSS) model, 976, 977
O
Partial differential equations (PDEs), 555
Naval Air Warfare Center (NAWC), 1135
continuous models based on, 587
Object-based representation, in MPEG-4, 850-851
NCP. See Network Control Protocol
for diffusion, 556
Object detection, 491
Nearest-neighbor interpolation, 37f
eikonal, 604
articulated objects, 1002
Nearest neighbor rule, in VQ design, 676
applications of, 607-610, 608f, 609f
captions and graphics, 1000, 1000f
Near-lossless compression
arrival time and level sets, 605
human subjects, 1000, 1000f
in JPEG-LS, 739-740
numeric algorithms for, 606-607
Object tracking
in JPEG-LS part 2, 741
generating openings and closings, 597
algorithms for, 491
of multispectral images, 758
image segmentation via, 625
applications for, 491-492
Network Control Protocol (NCP), 1031
and morphologic operations, 587, 589
articulated, 508-509, 508f
Neural networks, 532. See also Artificial neural
for multiscale dilations and erosions, 594-595
3D example techniques, 512
network
for multiscale reconstruction filters, 597-598, 598f
3D modelling of, 510-511, 510f
Neural oscillations, in image segmentation, 528-530
numerical algorithms for dilation, 595-597, 596f
image cues, 511
Neuroscience, computational, 963. See also Artificial
and shape shifting algorithms, 578
kinematic and motion constraints, 510-511
neural network
Partitioning, and VQ, 687
three-dimensional, 509-512, 510f, 511f
NEWPRED, 856
Pattern recognition system, 519. See also Object
two-dimensional, 512-513
Next-generation Internet (NGI), 1032
tracking
Bayesian, 502-505
Node, in dynamic processing, 302
classification in, 531-532
contour-based, 497-498
Noise. See also Speckle
in feature extraction, 530-531
3D rigid, 506-508, 507f, 508f
and CCD imaging, 405-406
specific techniques to, 532
feature-based, 498-500, 499f
cleaning, 119-123, 121f-126f, 126t
PCA. See Principal Component Analysis
methods for, 493
defined, 397-398
PC/UNIX, 887
model-based coding in, 492
denoising examples, 438, 439f
PDAs. See Personal digital assistants
occlusion handling in, 505-506
types of
PDEs. See Partial differential equations
region-based, 494-497, 495f, 496f
Gaussian noise, 400-401, 401 f
pdf. See Probability density function
videophone application, 507-508
heavy tailed, 401-403, 402t
Peak signal-to-noise ratio (PSNR), 693, 703, 986, 988t
Observation likelihood, in face recognition, 1245
photographic grain, 405
in JPEG2000, 729
Off-line learning systems, 1004-1005
photon counting, 404-405, 405f
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in nonlinear filtering, 120
Perception
computational theory of visual, 326
grouping mechanisms in, 522, 522f
models of visual, 956
threshold of, 940
Perception, human. See also Human visual system;
Visual system
and compression, 943-956, 944f, 948f-952f, 954t
and image quality, 941-943, 941f, 942f
Perceptual image coder (PIC), 658-659
Perceptual metrics, 953, 954t
and image quality, 939-940, 940f
for image quality, 943-944
models for, 944-947
Safranek-Johnston PIC, 947-950, 948f-950f
and video quality, 955-956
Watson's DCT-based metric, 950-953, 951f, 952t
Persistent item identification, watermarking
techniques for, 1085
Personal computers (PCs), 12
Personal digital assistants (PDAs), 819, 877, 878f
Personal identification numbers, 1235
Pfinder, tracking system, 496
Phase correlation method, 270-271
Phase demodulation process, in iris patterns, 1253f
Phase-diverse speckle (PDS), 231-232, 232f
Photoconductor storage tubes, 783-784
Photographic grain noise, 405
Photographic images
multispectral, 755
statistical modeling of, 431
Gaussian, 432-434, 432f-434f
wavelet joint, 436-438, 436f-439f
wavelet marginal, 434-436, 434f, 435f
Photoreceptor density, 329f, 331
Picture, use of term, 850
Picture layer, in H.261 video encoder, 794
Pixel, 8
quantized, 9, 9f
replication, 47
"Plaid" stimulus, 340, 341f
Play and break, defined, 1014-1015, 1015f
PNN. See Pairwise nearest neighbor
Poincare index, in fingerprint enhancement, 1228
Point operations, 21
Point operations, linear
additive image offset, 25-26, 25f, 26f
full-scale histogram stretch, 28-29
image negative in, 27
multiplicative image scaling, 26-27, 27f, 28f
Point operations, nonlinear
in gray-level digital image processing, 30-33,
3 lf, 32f
histogram equalization, 29-32, 30f, 31f
histogram shaping, 32, 32f
logarithmic, 29-30, 30f
Point-spread function, 222-223, 223f
Airy, 222-223, 223f
diffraction, 222-223, 223f
in image restoration, 168
turbulence-induced, 223, 223f
Poisson noise, 404-405, 405f
maximum-likelihood for, 226
and multi-frame blind restoration, 230
Polar form, of Gabor function, 458-459, 458f
Polar format algorithm (PFA), in SAR, 1142
Pose, in ATR, 1341
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luminance masking model for, 945
Position, statistical analysis of, 997, 998f, 999
Minkowski error metric, 961-963, 962f, 963f
Positive Boolean functions (PBFs), 115-116
perceptual metric for, 943-944
Positron emission tomography (PET), 1155
Safranek-Johnston PIC, 947-950, 948f-950f
in cardiac image processing, 1175
suprathreshold models, 954-955
myocardial perfusion in, 1190
Teo and Heeger model, 947
nuclear imaging using, 1157-1159, 1158f
Watson's wavelet metric, 953, 954t
reconstruction of time-sequences in, 215, 215f, 216f
Quality assessment
Postprocessing of compression images
distortion model for, 978, 979f, 980f, 985-986
MAP estimation for
full-reference, 975-976
basics of, 770-771
and human visual system model, 978-979, 986
of JPEG-compressed images, 771-773
implementation issues, 984-986
objective of, 761
information fidelity for, 976, 976f, 980-984
POCS for, 763-770, 764f-766f, 768f, 770f
and natural scene statistics, 976, 977f
Power-complementary filters, 352, 352f
source model for, 977-979, 984-985
Power spectral estimates, for photographic images,
and SSIM, 946f, 963-967, 965f, 967f
433, 433f
structural image in, 974
Prewitt edge gradient operator, 542
structural similarity-based methods, 963
Primitive path, in dynamic processing, 302
theoretic approaches to, 975
Principal component analysis (PCA)
using structural similarity index, 967-970, 968f,
for face recognition, 1237
969f
for feature extraction, 530
validating measures for, 970-973, 970f-973f,
Printers, calibration of, 427
986-988, 987f, 988f, 988t
Printing technologies, 925-926
calibration of objective score, 987-988, 987f,
Probability
988f, 988t
in noise models, 398-399
simulation details, 987
and noise problem, 431
subjective experiments for, 987
Probability density function (pdf), 483
variance-weighted weighting function in, 969-970
likelihood, 447, 451
Quantization, 673, 925. See also Vector quantization
a posteriori maximizing of, 480
in A/D conversion, 6
a priori, 447, 451,483
basics, 926, 926f
Probability model, for images, 431
color, 926, 933-935
Probability theory, and information theory, 646-648
defined, 895
Progressive scanning, 14, 14f
distortion criteria and, 927-928, 928f
Projection onto convex sets (POCS)
of images, 9-10, 9f-11f
basic theory of, 762-763
and JSCC, 1069
in recovery-based postprocessing, 762
optimum, 927
theory of, 250
Quantization Index Modulation (QIM), for
PSNR. See Peak signal-to-noise ratio
information embedding, 1102, 1102f
PSTN. See Public switched telephone network
Quantizer, in intraframe encoding mode, 779
Psychophysics, 326
Quantum electrodynamics (QED), 224
and physiology, 344
Quarter Common Interchange Format (QCIF),
quantitative models in, 342
272f, 785
Public switched telephone network (PSTN), 1040
Queries, in multimedia databases, 1008, 1008t
Pupils, in iris recognition, 1253. See also Visual system
Query concept learner, 1005-1006
PVRG code, 744
Pyramidal principle, in shape smoothing, 574
Pyramid representations, 361
decimation and interpolation, 349-350
R
Gaussian pyramid, 350
Radar, 1131
Laplacian pyramid, 350-351 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Radar image, 1131
RADARSAT- 1 SAR, 1134, 1134f
Radial Basis Function Network (RBFN), for realizing
Q
static maps, 521
Radial openings, in morphological filtering, 140
QIM. See Quantization Index Modulation
Radiation, image derived from, 4
QM coder, in lossless compression, 736
Random field model
Quadrature amplitude modulation (QAM), 1039
function of, 361
Quadrature integration, in target recognition, 1351
nonlinear/non-Gaussian, 370-374
Quadrature Mirror Filters (QMFs), 351, 352f
Random fields
Quality, image
early studies, 361, 362f
baseline contrast sensitivity model for, 945
Gauss-Markov, 364-365, 364f, 365f
coder-specific models, 947-954, 956
Gibbs, 365-367, 366f
contrast/texture masking in, 946
Markov, 363-364, 363f, 364f
Daly model, 947
multiresolution/multiscale models for, 361-362
error pooling in, 946-947
multiscale, 367-370, 368f-371f
evaluation of, 939
overview of, 362-363
frequency analysis model for, 944-945
Range image, 939
and human perception, 941
Range spheres, in SAR, 1138, 1138f
Lubin model, 947
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Rank filtering, 137-138, 145
Rank-order difference (ROD) detector, 283-285
Rate control, in embedded video codecs, 881
Rate-distortion (R-D) bounds, 694
Rate-distortion (R-D) theory, 694
RCT. See Reversible color transform
R-D bounds. See Rate-distortion bounds
R-D optimization, in embedded video encoder, 881
Real-time streaming protocol (RTSP), 1059, 1060t
Real-time transport control protocol (RTCP),
1054-1059, 1055t, 1056f-1058f
Real-time transport protocol (RTP), 1050-1054,
1050f, 1052f, 1052t, 1053f, 1054f
Recognition principle, 1251
Recognition systems, 519. See also Automatic face
recognition; Automatic speech recognition;
Automatic target recognition; Segmentation
Reconstruction, problems of, 185, 201. See also
Regularization
Reconstruction opening
dome/basin extraction with, 149-150
in feature detection, 149-150
in morphological filtering, 141
Recovery, image, 207
defined, 203
implicit approach to multichannel, 211-216,
215f, 216f
POCS-based, 763-770, 764f-766f, 768f, 770f
adaptive processing, 768-769
constraints based on prior knowledge,
766-767
constraint set based on transform coefficients,
765-766
determination of constant X in projector
Pwo 770

JPEG discrete cosine transform algorithm,
764-765, 764f, 765f
methodology, 763
recovery algorithm, 700, 767-768, ~768f
vector notation, 765
space-variant, 203, 209
techniques, 203
Recovery, multichannel, 207
implicit approach to, 211-216, 215f, 216f
space-variant, 209
Recovery-based techniques, for postprocessing,
761-762
Red, green, blue (RGB) color images, lossy
compression of, 750-751, 751 f
Reed-Solomon (RS) codes, 1073, 1073f
Reflection images, 4, 5, 6f
Refresh rate, for video scanning, 14
Region correction algorithms, to binarized
image, 43
Region labeling
algorithm, 44
in binary image processing, 43--44
minor region removal algorithm, 45, 45f
region counting algorithm, 44-45
Region of interest (ROI) coding, in JPEG2000,
728-729, 728f
Regularization
discrepancy principle in, 200
and generalized cross-validation, 201
L-curve in, 200-201, 200f
multichannel, 206-207, 208f
statistical approaches to, 201
visual inspection in, 199

Regularization methods, 188-189
formally defined, 188
iterative, 196-199, 197f-199f
maximum entropy, 192, 192f
non-quadratic, 191-192, 193-194
parameter choice, 199-201, 200f
parametric, 196
statistical, 194-196
Tikhonov, 190-191, 191f, 195
total variation, 192-193, 193f
truncated SVD, 189-190, 190f
Regularized estimation criterion, optical flow via, 271
Regularized weighted least-squares (RWLS)
estimation for, 205-206, 214
for multichannel imaging, 205-206, 214
Relaxation labeling, 522
Relaxation techniques, in motion estimation, 266
Relevance feedback, in text retrieval, 1005
Remote sensing
of multispectral data, 747-748
of multispectral images, 751-755, 752f, 754f
Renormalized heat equation on curves
description, 578
implementation, 578-579
properties, 579, 579f
Representation, image, 411
analog images as physical functions, 417, 417t
colorimetry, 417-424, 418f-421 f
color I/O device calibration for, 425-428, 428f
multidimensional system, 416-417
one-dimensional processes, 414-416
and sampling of color signals and sensors, 424-425,
424f, 425f
Resolution enhancement. See also Enhancement
example, 251 f
and probability, 431
Resolution of image, 347
Resource reservation protocol (RSVP), 1061-1062,
1062f
Restoration, 201. See also Regularization
algorithms for, 167-168, 171-178
direct regularization methods for, 189-196
generalized solution, 186-187, 188f, 189f
least-squares solution for, 186
mathematical models for, 221-224, 221f-223f
methods, 168
multichannel image recovery in, 209-211,
210f-213f
need for regularization in, 187-189
problems of, 183-185
space-invariant, 214
Restoration, image See also Regularization, 201
algorithms for, 167-168, 171-178
direct regularization methods for, 189-196
generalized solution, 186-187, 189f, CHECK 188f
hierarchical bayesian, 249-250, 251
least-squares solution for, 186
methods, 168
need for regularization in, 187-189
problems of, 183-185
space-invariant, 214
Restoration, iterative image
algorithms for, 235, 249
applications, 249-251
matrix-vector formulation, 241-247
use of constraints, 247-248, 248f
Restoration, multi-frame
goal of, 219, 220f
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linear methods for, 227-228
mathematical models for, 221-224, 221f-223f
nonlinear (iterative) methods for, 228
nuisance parameters, 228-229
as optimization problem, 225
problem of, 224-228
Restoration, multi-frame blind
and atmospheric turbulence, 230-231, 23 if
with ground-based solar imaging, 231-233-232f
for undersampled image sequences, 229, 230, 230f
Restoration, video
in difficult object motion, 286-287
objective of, 275
Retina. See also Visual system
and DoG bandpass filters, 548
ganglion cells of, 332
parallel projections from, 334
sampling by, 328, 329f, 331
Retinal plane, global motion models in, 311-312,
311f
Retrieval image, using texture, 464-465, 466f, 467f
Retrieval systems, image/video, 1011, 1014, 1017,
1018, 1024
aspects of, 993
content categories, 994
index categories, 1024
research in, 1013, 1014f
storage and compression, 994
Retrieval techniques
content-based, 1006-1008, 1007f
feature-based, 1006
multimedia databases, 1008
Reversible color transform (RCT), in JPEG2000,
742-743
Reversible variable-length coding (RVLC), 1072
in embedded video decoders, 882
in error resilient source coding, 1072
RGB. See Red, green, blue color
RGB color coordinate system, 11, 12f
Rice codes, in JPEG-LS, 739
Rice-Golomb coding, in JPEG-LS, 738-739
Richardson-Lucy method, 220-221
Ringing artifacts
with ideal LPF, 105
of lossy compression, 761
in spatially invariant degradation, 239-241,
240f-241f
RLC. See Run-length coding
Roberts operator, 541
Robustness
in copyright protection, 1089-1090
of lossless image coding, 646
Rods, of eye, 11. See also Human visual system
Round-trip time (RTT), in JSCC, 1069
RS. See Reed-Solomon codes
RSVP. See Resource reservation protocol
RTCP. See Real-time transport control protocol
RTP. See Real-time transport protocol
RTSP. See Real-time streaming protocol
RTT. See Round-trip time
R2 Technology, Inc., 1210
Rule-based features, content-based, 1003
Run-length coding (RLC)
in binary image processing, 53, 54, 54f
and symbol conversion, 644, 645f
Run-length coding (RLC) primitives, in JPEG2000,
726
RVLC. See Reversible variable-length coding
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S
Safranek-Johnston perceptual subband image coder
(PIC), 947-950, 948f-950f
Sakar-Boyer filter, 546
Sample, use of term, 850
Sampled image
downsampling and decimation, 901-902, 902f
effect of undersampling on, 899, 899f, 900f
with nonrectangular lattices, 900-901, 901 f
representations for, 895-896
spectrum of, 898, 899f
upsampling and interpolation, 902-903, 903f
Sampled video, 13-15, 14f
Sampling, 17
in A/D conversion, 6
color, 418-419, 418f
detector, 221f, 223-224
different densities for, 8f
insufficient, 8
and multi-frame restoration, 221f, 223-224
process of, 7, 7f, 895
Sampling, video
and continuous time-varying imagery, 913-916,
914f, 915f, 917f
effects caused by, 911
and spatiotemporal structure conversion, 920-921
spatiotemporal structures, 911-913, 912f, 913f
and structure conversion, 916-921, 917f-921 f, 918t
SAR. See Synthetic aperture radar
Sarnoff model, 986
Sarnoffs JND-Metrix 8.0, 988
Satellite broadcasting, MPEG-2 used in, 847
Scalability
hybrid, 845
of lossless image coding, 646
in MPEG-4, 855-856
MPEG-2 SNR, 844, 844f
spatial, 844, 845f
temporal, 844-845
Scalable coding, 843-845, 844f, 845f
Scalable color descriptor, in MPEG-7, 868
Scalar quantization, 926-928, 926f
Scalar quantizers, 789, 926
Scale
concept of, 347
in EdgeFlow segmentation, 347
Scale-invariance, in image modeling, 432
Scale space property, Gaussian filter, 108f
Scanning
meaning of term, 895
video, 14, 14f, 17
Scanning confocal microscope, 1295. See also
Confocal microscope
Scripted/Unscripted Content, defined, 1014, 1015,
1015f
SDMI. See Secure Digital Music Initiative
SDRAM, 888, 888f
Search algorithms, text-based, 993
Search strategies, in block matching, 270
Secret sharing (SS), visual
for arbitrary monotone structures, 1115
and arbitrary structures, 1119
basis matrices, 1114
formal definitions, 1112-1114, 1113f
halftone, 1116, ll17f, 1118-1122, ll18f
halftone vs. combinatorial, 1122
for threshold access structures, 1115

Secret sharing (SS) protocol, 1111
Secure Digital Music Initiative (SDMI), 1084
Security, image, 926
and embedding of information, 935, 935f
watermarking, 935, 935f
Segmentation. See also Geodesic active contour model
biologically oriented approaches to, 528-530
in computer-assisted software, 1320-1321
defined, 443, 444f, 471
edge-based, 519, 522-524, 522f, 523f
geodesic active contour model, 613-614
goal of, 613
importance of, 443
mathematical problem of, 445
model-based methods, 519
and object recognition, 530
oscillation based, 527f, 528-530, 530f
region-based methods, 519, 524-527, 525f, 526f
statistical methods for, 443-444
aerial image segmentation, 447, 449, 449f, 450f
algorithms, 452
covariance statistics, 446
Fourier statistics, 446
Gaussian statistics, 445-446
image compression, 450-451, 451f
label statistics, 446
multivariate optimization problem, 452
vehicle segmentation, 446-447, 447f, 448f
using texture, 463-464, 464f, 465f
adaptive multi-channel modelling for, 524-527,
525f, 526f
BCS approach to, 524
optimization framework for, 527
SAWTA network for, 525f
via adaptive clustering, 527-528
video, 995-996, 996f
watershed, 607-610, 608f, 609f
WDT-based, 606
Segmentation, video
change detection methods in, 473-474
choosing methods for, 471-472
motion segmentation, 474-482, 481f
automatic, 485-486, 486f-487f
maximum a posteriori (MAP) (R) segmentation,
480-481
maximum-likelihood segmentation, 478-480
region-based label assignment, 4,480-481
and scene change detection problem, 472--473
and simultaneous motion estimation and, 482-484
Sensor modeling, statistical models for, 1344-1345
Separable filtering, 77
Session initiation protocol (SIP), 1060t, 1061
Set partitioning in hierarchical trees (SPIHT) coding,
698, 699, 700f, 700t
Shape analysis
morphological filters for, 155
statistical, 997, 998f, 999
Shape coding, in MPEG-4, 852-853, 853f
Shape descriptors, in MPEG-7, 870-871, 870f
Short-time-Fourier-transform (STFT), 691
SIF. See Standard Input Format
Sifting property, in linear filtering, 99
Signal, Image and Video Audio-Visualization Gallery
(SIVA), 83-91, 85f, 86t, 88f
binary image processing in, 85-86, 86f
histogram and point operations, 86, 88f
image and video processing demos in, 85, 86t
image compression, 88, 89f
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image filtering in, 86, 88, 88f
video processing demos, 88-89, 89f
Signal processing techniques, multiscale, 358
Signal recovery, 762
Signal transformation unit, in JPEG standard, 711
Signature, digital, 1105
Signature, identity
continuous, 1241
discrete, 1241
Simoncelli pyramid decomposition scheme, 282f
Single-photon emission computed tomography
(SPECT), 1155
in cardiac image processing, 1175
myocardial perfusion in, 1190
nuclear imaging using, 1157-1159, 1157f
reconstruction of time-sequences in, 215, 216f
Sinusoidal functions, 57-58
Slide scanning, in ADIR computerized microscopy,
1323
Smoothed impulse, 152
SMP. See Software Motion Pictures
Sobel linear operator, 131, 132
Software Motion Pictures (SMP), DECs, 669
Software products, for video conferencing
applications, 866
Source compression, 1065
Space-frequency segmentation, 698, 703, 705, 705f
Space-invariant blur, 221-223, 22 If
Space Shuttle Discovery, 230-231
Space variant apodization (SVA), in SAR, 1147
Spatial aliasing, 64
Spatial operator, in intraframe encoding mode, 779
Spatial restoration algorithms, classification of, 287
Spatial-spectral transform, for multispectral images,
749
Spatial summation, 334, 338, 343f
Spatio-temporal filtering, 332, 333, 333f, 336f
Spatio-temporal frequency, 337f, 340, 342, 343f,
343f CHECK
Spatio-temporal windows, 280f
Speaker detection and tracking, 1286
Speaker recognition, audiovisual, 1282-1285, 1282f,
1283f, 1284. See also Automatic speaker
recognition
Speckle. See also Noise
atmospheric, 408-409
in coherent light imaging, 406-408
defined, 406-409, 408f
Spectral representations, for discrete and
continuous-space signals, 898
Spectral-spatial transform methods, for multispectral
images, 749, 752
Speech, computer processing of, 1263
Speech-to-video synthesis systems, 1279-1281, 1279f
SPIHT. See Set partitioning in hierarchical trees
Spotlight mode, in SAR, 1142-1143, 1143f
Sprite coding, in MPEG-4, 853, 854f
SSIM index, 974
Stabilization, 320-321
image, 316
in insect navigation, 310-311
two-dimensional, 316-317
Stabilization algorithms
feature-based, 310-311
flow-based, 314-316
Stack filters, 138
Stacking constraints, 115
Standard Input Format (SIF), 785
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Statistical features
alternative, 997, 998f, 999
hierarchical video structure, 999
image difference, 994-995
motion analysis, 996-997
video segmentation, 995-996, 996f
Statistical modeling
Gaussian, 432-434, 432f-434f
wavelet ioint, 436-438, 436f-439f
wavelet marginal, 434-436, 434f, 435f
Steganography, visual
combinatorial techniques, 1115-1116
halftoning techniques, 1116-1122
simulation results, 1122-1127, 1122f-1126f
Stein's Unbiased Risk Estimate (SURE), 159
Stereo correspondence algorithms, 299-300
taxonomy of
global methods, 301-306, 301f-303f
local methods, 300-301
Stereopsis, and cortical cells, 340-342, 343f
Stereo vision, computational, 297
background of, 298-299
mathematical foundation of, 298
STFT. See Short-time Fourier-transform
Still texture coding, in MPEG-4, 855, 856f
Still-to-still face recognition, 1247-1248
Stirmark, copyright protection water~.~:arking, 1092
Stripe bit-plane scanning pattern, in entropy coding,
725, 726f
Stripmap mode, in SAR, 1140-1142, 1141f, 1142f
Structural similarity (SSIM) index, 946f, 963-967,
965f, 967f
Subband coding (SBC), 93
Subband/wavelet transform (SWT), 799
Subspace analysis, in identity characterization, 1242
Subspace density, in face recognition, 1247
Subspace identity encoding, in identity
characterization, 1242
Subtelomeric fluorescent in situ hybridization
(SFISH) assay, 1325
for detection of cryptic translocations, 1324-1326,
1338
metaphase finding in, 1326
user interface in, 1325-1326, 1326f
Successive approximations algorithm, 236
Successive over-relaxation (SOR), 291
Summarization, video, 1013, 1014
and scene-based representation, 1018-1022
unified framework for, 1025-1027, 1025f, 1027
video highlights extraction, 1022-1024, 1022f,
1023f, 1024t
Sum of absolute differences (SAD), 300
Sum of squared difference (SSD), 300
Support Vector Machine (SVM), 1004
Surface fitting, in computer-assisted microscopy,
1328, 1329f
Surrounding region-dependence method (SRDM), in
computer-aided mammography, 1204
SVM. See Support Vector Machine
Swiss Federal Institute of Technology in Lausanne
(EPFL), 74
Switching filter, 279
SWT. See Subband/wavelet transform
Symbols, in lossless image coding, 644-645
Symmetry, in SSIM, 965
Synthetic aperture radar (SAR)
advances in, 1152
development of, 1131-1132

fine detail detected by, 1136, 1136f
frequency bands of, 1132f
image data of, 1137-1139, 1138f
image enhancement in, 1131, 1146-1148, 1146f,
1147f, 1149f
autofocus algorithms for, 1144-1146, 1147f,
1148f
geometric distortion correction, 1148
intensity remapping, 1148
image exploitation in, 1148-1149
moving target detection, 1149-1151, 1150f
SAR interferometry, 1151-1152, 1151f
image formation processing
history of, 1139
problems of, 1139-1140, 1140f
in spotlight mode, 1142-1143, 1143f
in stripmap mode, 1140-1142, 1141f, 1142f
of image quality parameters, 1139
image resolution, 1132-1133, 1133f
imagery from, 1134-1136, 1134f-1136f
imaging modes for, 1133-1134, 1133f
signal data of, 1136-1137, 1137f
System and environmental blur, 221

T
Table-of-Contents (ToC), in video summarization,
1014
Tail probabilities, in noise models, 402, 402t
"Talking head" image, 1000, 1000f
Tamper-proofing, watermarking techniques for, 1085
Tandem scanning optical microscope (TSOM),
1295-1296, 1296f
Target representations, statistical models for,
1342-1344, 1343f, 1344f
TBRS. See Tree-based resolution synthesis
TCQ. See Trellis-coded quantization
TDMA. See Time-division multiple access
Teager-Kaiser Energy Operator (TKEO), 378
Telecommunications technology, visual information
content in, 13
Telemedicine, skin tones in, 747. See also Medical
imaging
Telephone industry, 1040
Telephone lines (POTS), video transmission via, 15
Television
digital, 847
HDTV, 15
images on, 411
image statistics for, 432-434
Television broadcasting; scanning standard, 911
Templates, for target representations, 1342-1343
Teo and Heeger model, 947
Terabit Ethernet networks, 13
Text retrieval engines, 1005
Text-to-speech (TTS) systems, 1263, 1264
Texture, 456, 462-463, 462t
classification of, 456
experimental results with, 462, 463f
image retrieval using, 464-465, 466f, 467f
image segmentation using, 463-464, 464f, 465f
local frequency estimation, 460
macrofeatures of, 461-462, 461f
macromodel for, 462
microfeature representation of
transformation into, 460-461
transformation into Gabor space, 459-461
micromodel for, 461
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research in, 468
statistical analysis of, 997, 998f, 999
and texture motifs, 465, 468, 468f, 469f
Texture coding, in MPEG-4, 851-852, 852f
Texture descriptors, 869-870, 869f
Texture motif, defined, 468
Texture synthesis, constrained, 288f
Thermal noise, 406
Thermal wax transfer, 925
Thick-specimen imaging
deblurring, 1335, 1335f
image fusion, 1335-1336
wavelet design, 1336, 1336f
wavelet fusion, 1336, 1337f
Threading operation, 314
Threshold decomposition, 114-116
Tikhonov regularization methods, 190-191, 191f, 195
Tiling representations
of several expansions, 704, 704f
time-frequency, 691,691f
Time-division multiple access (TDMA), in wireless
networks, 1040-1041
Tissues, confocal microscopy of, 1299-1304, 1299f,
1302f
TMS320C6X, 882, 887, 888
TMS320C54X DSP architecture, 882-883, 883f
Toeplitz structure, 184
Tomography. See also Computed tomography
defined, 1155
and regularization methods, 196
Top-hat transformation, in feature detection, 148-149
Total least squares (TLS) method, 202, 314
Training set, in VQ design, 676
Transaction tracking, watermarking techniques for,
1084
Transformations
in lossless image coding, 644
for target representations, 1343
Transform coding paradigm, 694-696, 694f, 695f
entropy coding, 697
quantization, 696
transform structure, 696
Translation-invariance, in image modeling, 432
Transmission, video, 1065. See also Video
transmission
Transmission requirements, of video compression
system, 782
Transport control protocol, in retransmission, 1074
Tree-based resolution synthesis (TBRS), 907-909,
907f, 908f
Tree-structured vector quantization, 679-680, 679f
Trellis-coded quantization (TCQ), 683-687, 684f,
685f
Trichromatic theory, 326
Truncated SVD (TSVD), 189-190, 190f
Turbulence
atmospheric, 170-171
imaging through, 222, 223f
2-D images
enhancement and restoration of, 275-276
multi-resolution representation of, 281
2-D motion, 253, 261 zyxwvutsrqponmlkjihgfedcbaZYXW

U
Ultrasound imaging
in cardiac image processing, 1175
in coronary artery analysis, 1181-1182, 1182f, 1183f
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1371

interlaced, 842-843, 842f
Uncertainties, correcting, 16
Video object coding, in MPEG-4, 851, 852f
MPEG-1 standard, 834-835, 834f
Uncertainty theorem, 691
Video object plane (VOP), 851
background and structure of, 833-834
Undecimated DWT (UDWT), 159-160
Video object (VO), 851
Undersampling
compared with H.261,834-835, 834f
Video on Demand (VoD), 819
explained, 8
GOP and I-B-P pictures, 835-837, 835f
Video quantization, 13
resolution improvement in, 219, 219f
slice, macroblock, and block structures, 837, 837f
Video representation, 1013
Uniform Scalar Quantizer, 789
for source input format, 835, 835f
for scripted content, 1016-1017
Unique maximum, in SSIM, 965
target applications and requirements, 834
for unscripted content, 1017
Unsharp contrast enhancement, 143
MPEG-2 standard
Video scanning, 14, 14f
Usage control, watermarking techniques for,
background and structure of, 839-840
Video scene, defined, 1014, 1015f
1084-1085
compared with MPEG-1, 841-843, 841f, 842f
Video sequences
User-interface, for slide-scanning algorithm,
input resolutions and formats, 841-843, 841f,
advantages over still images of, 253
1325-1326, 1326f
842f
face recognition from, 1238, 1244-1248, 1246f,
US-VISIT system, 1235 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
profile and levels, 840-841, 841t
1247t, 1248f
target applications and requirements, 840
Video shot
scalable coding, 843-845, 844f, 845f
defined, 1014, 1015f
Video coding, scalable, 799
and visual index, 1025-1027, 1025f-1027f, 1026t,
V
cross-check method of comparing, 811-813, 812f,
1027t
Variable-length coding (VLC), 645, 716
813f
Video signals
in intraframe encoding mode, 779
embedded bit streams produced by, 815
dimensions of, 778
in lossless compression, 645, 716
and MCTF, 802-806, 803f-806f
sampling of analog, 782-784, 784f
Variable length decoding (VLD), 826
and motion estimation, 800-802, 801f, 802f
temporal sampling of, 783
Vascular networks. See microvascular networks
multiple adaptations in, 813-814, 813f, 814f
Video streaming, 1065
VC. See Visual cryptography
Video Coding Experts Group (VCEG), 849
Videotelephony, 1065
VcDemo
Video communications networks
Video transcoding, 820
balance between versatility and efficiency with,
Asynchronous Transfer Mode (ATM) networks,
bit rate control in, 829-830
91-92
1043-1048, 1044t, 1045f-1047f
for bit rate reduction, 820-825, 820f-825f
compression modules, 92-93, 92f
digital subscriber loop, 1040
error-resilient, 830
description, 90, 93
fiber optics in, 1042
fast architectures for, 822-823
supporting functions, 92
future of, 1033
heterogeneous, 825-829, 826f-828f
workspace provided by, 91-92, 91f
hybrid fiber-coax networks, 1039-1040
and macroblock coding type decision, 829
Vector quantization (VQ)
Integrated Services Digital Network (ISDN),
and spatial resolution reduction, 827, 827f,
conceptual notion of, 673
1042-1043
828-829, 829f
field of, 694
proliferation of, 1038
and temporal resolution reduction, 827-828,
gain-shape, 680-681,681f
wireless networks, 1040-1042
828f
implementations, 678-679
Video compression, 17. See also Compression
of inter-coded frame, 822
mean-removed, 680-681,681f
application requirements for, 781-782, 783t
of intra-coded frame, 821-822, 821f
multistate, 681-683, 682f, 683f
basics of, 1069-1070
operations, 820, 820f
predictive, 685-686, 685f
block transform coding, 787-788, 788f, 789f
research in, 830
structured, 679-680, 679f
DPCM predictive encoder, 787
Video transmission, 1068-1069, 1069f
theory of, 674-676, 674f-676f
encoding standards, 792-797
channel models, 1070-1071
and transform coding paradigm, 694
entropy coding, 786
OSI in, 1068-1069
trellis-coded, 683-687, 684f, 685f
importance of, 781
system architecture for, 1069f
variable-rate, 686-687
international standards for, 778
via cable systems, 15
Vector quantization (VQ) approaches, to
motion compensation and estimation, 790-792
via POTS, 15
multispectral images, 753
quantization, 789-790
worldwide standards for, 15
Vector quantizers, design of, 675, 676-678, 677f, 678f
techniques, 785-792, 788f, 789f, 791f, 792f
VIF. See Visual information fidelity
Vector WM filter (WVM), 117-118
Video compression standards
Vinegar syndrome
Vehicle segmentation, statistical modeling in,
MPEG-2, 1034-1038, 1035f, 1036t, 1037f
appearance of, 287-288
446-447, 447f, 448f. See also Segmentation
overview, 1033-1034
defined, 276
Velocity field, 254
Video compression systems
removal of, 287-289, 288f-290f
Very large scale integration (VLSI) technology, 878
characteristics and performance, 782
Virtual endoscopy, in coronary artery analysis,
Video
design and selection of, 781-782
1182-1183, 1186f
accessing content of, 1013
generalized, 778-779, 778f
Vision, human
defined, 3, 275, 911
Video conferencing, 1065
computational models of, 325
digital, 13 (see also Digital video)
industry, 865-866
early study of, 325-326
dimensionality of, 5, 7f
portable, 878f
Vision science. See also Optics
sampled, 13-15, 14f
Video content description, for MPEG-7, 866
linear system analysis in, 337
text detection in, 1001f
Video description scheme (DS), in MPEG-7, 872, 872f
stereopsis in, 340-342
Video analysis, 16
Video descriptors, in MPEG-7, 867-872, 867f-871f
Visual behavior, models of, 326
audio marker detection, 1016
Video design, access components of, 1014
Visual cortex, 325
key frame extraction, 1016
Video elementary stream format, 1035, 1035f, 1036t
cells of, 326-327, 327f, 330t
play/break segmentation, 1016
Video encoder, design and selection, 777
input, 332
shot boundary detection, 1015-1016
Video engineering, 777
neurons of, 334-338, 336f, 338f
video marker detection, 1016
Video frames, noise filters for, 276
Visual cryptography (VC), 1111
Video artifacts, removal of, 276, 276f
Video group, defined, 1014, 1015f
combinatorial framework for, 1111-1112
Video codecs, embedded, 877, 879-882
Video imager, in sensor modeling, 1345
halftoning framework for, 1112
Video coding, 777
Video marker, defined, 1015, 1015f
Visual format, digital, 3
block-based, 878-879, 879f
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Visual impression, 11
special structure watermarks, 1097-1098
success of, 160
Visual information fidelity (VIF) measure, 976, 983,
template watermarks, 1096-1097
suppression of additive noise in, 160
989, 989f
transformed watermarks, 1095-1096
Wavelet theory, 692
HVS-based quality assessment methods, 984
Watermarking techniques, 1084-1085
Wavelet transform, 963
and cortex model, 338
properties of, 984
algorithms for, 1085-1087
development of, 1083
validation of, 986
undecimated, 357
Watermarks, detection procedure for, 1087
WebCT educational system, 84
Visual processing
Weber's Law, 941
Watson's DCT-based metric, 950-953, 951f, 952t
binocular, 340
WebTV, 819
Watson's wavelet metric, 953, 954t
human, 326, 327f
Wavelet-based denoising techniques, discrete
Weighted median filters, 116-117, 119
Visual signals
wavelet transform in, 158, 158f
color images for, 117-119
amount of data in, 13
computation for, 116-117
Wavelet coefficients, models for marginal
analysis of, 1285
image sharpening, 129f
distributions with, 163-164
and audio signals, 1285
Wavelet coefficient tree, 698
multichannel median, 119
of face, 1265-1266
Weighted Multichannel Median (WMM), 119
Wavelet decomposition
and feature extraction systems, 1268-1269, 1269f
Weighted medians (WMs)
and multiresolution texture modeling,
lip tracking, 1265-1266
marginal WM filter, 117
373, 373f
mouth, 1265-1266, 1266f
principles of, 110
subimages from, 348f, 349
visual features in, 1266-1268, 1267f, 1268f
Weighted median (WM) smoothers, 132
Wavelet image compression
Visual system, 297. See also Human visual system
center, 112-113, l13f, 121f-122f
EZW coding, 698-701,699f
analysis of, 342
computation for, 111-112
high level characterization, 701-703
early parallel representations in, 334
permutation, 113-115
]PEG2000, 706
front end of, 327
running median smoothers, 110-111, 110f
as subband coding, 697-698, 698f
and ideal observer model, 332
and threshold decomposition, 114-116
and transform coding paradigm, 694-696, 694f,
sampling, 328, 329t, 331
Weighted Multichannel Median (WMM), 119
695f
spatio-temporal filtering in, 332, 333, 333f, 336f,
Wiener restoration, 174
wavelet packets, 703-705, 703f, 705f
336f CHECK
Windows, in binary image morphology, 46-47, 47f
Wavelet image representation, multiresolution, 692,
Visual text-to-speech synthesis systems (VTTS),
Wireless networks, 1040-1042
693f
1278f, 1279
World Wide Web, 3, 993, 1031
Wavelet joint model, of image statistics, 436-438,
VLC. See Variable-length coding
WSQ. See wavelet scalar quantization
436f-439f
VLD. See Variable length decoding
Wavelet marginal model, of image statistics,
VLSI. See Very large scale integration
434-436, 434f, 435f
VO. See Video object
X
Wavelet packets, 357
VoD. See Video on demand
X-ray radiography, 1155-1156
Wavelet representations, 356, 361
VOP. See also Video object plane
applications, 357
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continuous wavelet bases, 354-356, 355f
Y
discrete wavelet bases, 352-354, 354f
YIQ color coordinate system, 11
filter banks, 351-352, 351f
W
Yule-Walker equations, 173t
geometric wavelets, 357-358, 358f
Watermarking, 926
and human visual system, 356-357, 356-357
authentication, 1103-1106, 1106f
CHECK
copyright protection
Z
wavelet decomposition, 352, 353f
attacks against, 1090-1091
Zero bit watermarking systems, 1086
Wavelets
benchmarking of, 1091-1093
Zero-padding, in linear convolution, 65, 65f
defined, 689
requirements and metrics, 1088-1090
Zerotree-based framework
role in image coding, 690
halftone, 935, 935f
embedded wavelet image coders based on, 753
Wavelet scalar quantization (WSQ) standard,
heuristic approaches, 1084
and EZW coding, 698-701,699f, 700f, 700t, 703
704-705, 705f CHECK
with side information
Zig-zag scan procedure, in lossy image compression,
Wavelet shrinkage
informed coding, 1100-1102
715, 715f
Donoho-lohnstone method of, 158-159, 160
informed embedding, 1099-1100, 1099f
Zoom. See Scale invariance
drawbacks of, 163
perceptual masking, 1102-1103
Zooming
examples of, 161-162, 161f, 162f
spread spectrum
bilinear interpolation of, 127, 128f
removal of blocking artifacts in DCT-coded images
and blind additive embedding, 1093-1094
image, 123, 125-127, 127f, 128f
for, 160
chaotic watermarks, 1094-1095
median interpolation of, 127, 128f
shift-invariant, 159-160, 159f
involving optimal detectors, 1098-1099
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FIGURE 10.10.11 Surface fitting using the sum of two rotated Gaussians as a model. (A) Original image, (B) Surface
plot of (A), (C) Contour plot of (B), (D) Surface plot of reconstructed image, (E) Contour plot of (D), and (F)
Reconstructed image.
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FIGURE 10.10.12

Automated measurement of separation distance between duplicated dots.

pp

...........

e

\
k

ixl, iyl
Dot 2

Dot 1

FIGURE 10.10.13

xl, y l

• Dot Boundary estimated from equation (2)
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Schematic illustrating the computation of the separation distance.

Let Single represent the unduplicated signal on the
homologous chromosome, with diameter DS and integrated
intensity I s .
Double dots can be classified as Split, Replicated and
Duplicated. Let D 1 and D 2 represent the diameter, and I 1 and 12
represent the integrated intensities of the two dots in the pair.
Let SD be the shortest distance, and PP be the peak to peak
distance (as defined in Fig. 5).

Criteria for identifying FISH signals
SD
DS

(11+12)

DI= D2=DS

IS

Split

0.0- 0.5

1.0

No

Replicated

0.0

2.0

Yes

Duplicated

> 0.5

2.0

Yes

0.5

FIGURE 10.10.14 Criteria for classifying split, replicated, and duplicated signals.

FIGURE 10.10.15 Representative cell for CMTIA showing a duplication pattern. The PMP22 cosmid contig was
labelled with digoxigenin and detected with anti-digoxigenin conjugated to rhodamine, which fluoresces red. The FLI
cosmid contig (internal control) was labeled with biotin and detected with avidin conjugated to FITC, which fluoresces
green. In each interphase nucleus the normal chromosome 17 displays one green and one red signal. A duplication is
seen here with the abnormal chromosome 17 showing one green signal and two red signals.
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FIGURE 10.10.16 A 4-color image captured using an RGB camera and color compensation.
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FIGURE 10.10.17 Deblurring. The top row shows images ofFISH-labeled lymphocytes. The left three images are from
an optical section stack taken one micron apart. The right image is the middle one deblurred. The inplane dots are
brighter, while the out-of-plane dots are removed. The bottom row shows transmitted images of May-Giemsa stained
blood cells. The left three images are from an optical section stack taken one-half micron apart. The rightmost image is
the middle one deblurred.

7
FIGURE 10.10.19 Image fusion using transmitted light and fluorescence images. The top row shows FISH-labeled
lyrnphocytes. The left three images are from a deblurred optical section stack taken one micron apart. The right image is
the fusion of the three using the Biorthogonal 2, 2 wavelet transform. Notice that the fused image has all of the dots in
focus. The bottom row demonstrates a similar effect in transmitted light images. The deblurring process, followed by
image fusion, enhances image detail.
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FIGURE 6.5.7 Sprite coding of a video sequence (courtesy of Dr. Thomas
Sikora, Technical University of Berlin, [6]). VO, video object.
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FIGURE 6.5.17 A decoded frame of the sequence Foreman (a) without the
in-loop deblocking filtering applied and (b) with the in-loop deblocking filtering
(the original sequence Foreman is courtesy of Siemens AG).
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FIGURE 6.6.1 Embedded video codec
aplication in handheld and portable multimedia products.
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FIGURE 7.1.1 High resolution drum scanner: (a) scanner with cover open, and (b) closeup view showing
screw-mounted "C" carriage with light source on inside arm, and detector optics on outside arm.
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FIGURE 7.1.11 Interpolation by pixel replication: (a) original image, (b)
image interpolated 4x.

(a)

FIGURE 7.1.13 Interpolation by 4x via bilinear interpolation.

(b)

FIGURE 7.1.19 Image interpolated by 4x using edge-directed interpolation with (a) 0 and (b) 10 iterations.

FIGURE 7.1.23 Interpolation by 4x via TBRS.

FIGURE 9.1.1

Left: original; Right: filtered.

FIGURE 9.1.2

Histogram difference, D ..... (t), for scene segmentation.
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FIGURE 9.1.3

Optical flow fields for a pan (top right), zoom (top left), and object motion.
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FIGURE 9.1.4 Camera and object motion detection.

FIGURE 9.1.5 Images with similar shapes (human face and torso).

FIGURE 9.1.6 Recognition of captions and faces [ 11].
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FIGURE 9.1.8

Graphics detection through sub-region histogram differencing.

FIGURE 9.1.9

FIGURE 9.1.10

Images with similar color.

Images with similar content.
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FIGURE 10.2.5 Volume rendering from a sequence of x-ray CT images showing
the abdominal cavity and kidneys (CT images courtesy of G. E. Medical Systems).
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FIGURE 10.3.3 Result of active-contour analysis applied to a selected artery in a
typical 2-D angiogram. The green points are the manually identified control
points. The red lines are the computed vessel wall borders. From [9].

~,~
'X

.)

Ger~lP
.......

Gentl-3 NurnBr AvgBd en
........................
1
2
4
7
14
15
15
12
8
5
4
2
2

15
328
166 25
24-5 57
142.29
147 47
121 ¢
8'1 =
63.25
41 8
26
45 5
59 5

A'~gCSA AvgBrC.SA AvgSaJrf
- .....................
324 33
266 23
163 76
95 01
7176
66 6
62 05
45.97
32 ,~6
50 42
2846
302
32 63

~24 33
280 21
1782
98 33
8311
61 52
79 68
5:3"17
33.83
52 19
29 71
3062
33 42

383 01
6439 42
2339 45
2779 77
1354 99
1282 75
1063 98
579 29
396 82
256 43
1538
275 27
366 51

0

A;vgVcl
1946
30217
9129.5
7912 57
351629
307227
255653
1176
7~)2 38
595
249
45::}
~20

FIGURE 10.3.6 Composite view of system for analyzing a 3-D arterial tree [19].
(a) Surface-rendered version of the extracted 3-D arterial tree; a tree defect is
marked by a ball; in all views the lines denote the tree central axes. (b) Local
surface rendering of tree about the selected defect. (c) Local depth-weighted slab
of original 3-D gray-scale data about defect. (d) Quantitative description of final
tree [18]. (e) Graph of corrected tree; nodes signify branch points; circles with
plusses signifying graph nodes that can be expanded further; a node (branch) is
selected to show its local quantitative description.

FIGURE 10.3.8 Angiographic and IVUS views of the coronary arteries. Right
view is a 2-D angiogram; arrow indicates location of the IVUS transducer. Left
view shows corresponding cross-sectional IVUS frame of the arterial lumen.
(Figure courtesy of Dr. Andreas Wahle, University of Iowa.)

end-diastole zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONM

,qF,

end-systole
FIGURE 10.3.9 Views from a VRML-based angiographic-IVUS fusion system.
Top shows VRML display and navigation system. Bottom view depicts a 3-D
virtual angioscopic display of artery surface using the original IVUS data (left) and
with color-coded shear stress mapped onto the reconstructed surface (right).
From [24].

FIGURE 10.3.14 3-D ultrasound image of human heart. Figure shows image
analysis and display system with four different views of the image data and surface
reconstruction overlay based on image segmentation results. (Figure courtesy of
Dr. Edwin L. Dove, University of Iowa.)

FIGURE 10.3.16 3-D myocardial wall model derived from deformable surface
tracking SPAMM tag lines. Model shows inner and outer borders of myocardium.
Figure shows the evolution of myocardial wall and LV chamber shape from
end diastole to end systole. (Figure courtesy of Dr. Jinah Park, University of
Pennsylvania.)

FIGURE 10.3.17 SPECT my6cardial perfusion analysis using injected thallium201 tracer. Image shows cross-sectional view of myocardium (LV chamber is the
cavity at center of the image), with pixel intensity proportional to myocardial
blood flow distribution. (Image courtesy of Dr. Richard Hichwa, PET Imaging
Center, University of Iowa.)
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(b)

FIGURE
10.5.8 Fingerprint
Enhancement
Results: (a) a poor quality fingerprint; (b)
minutiae extracted without image enhancement;
and (c) minutiae extracted after image enhancement [ 11 ].

(c)

TemplateS?:

hmn,
minutia

..."

FIGURE 10.5.13 Aligned ridge structures of mated pairs. Note that the best
alignment in one part (mid-left) of the image results in large displacements
between the corresponding minutiae in the other regions (bottom right) [18].
©IEEE.
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!~-.~----- Reference minutia
FIGURE 10.5.14

Bounding box and its adjustment [18]. ©IEEE.

l
(a)

(b)

(c)

(d)

FIGURE 10.8.2 Mouth appearance and shape tracking for visual feature extraction. A: Eleven detected facial features
using the appearance-based approach of [79]. Two corresponding mouth region-of-interests of different
sizes and normalization are also depicted [44]. B: Lip contour estimation using a gradient vector field snake (upper:
the snake's external force field is depicted) and two parabolas (lower) [40]. C: Three examples of lip contour extraction
using an active shape model [31]. D: Detection of face appearance (upper) and shape (lower) using active appearance
models [29].
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FIGURE 10.8.5 Two implementations of visual feature extraction, depicted schematically in parallel with the audio
front end, as used for audiovisual automatic speech recognition experiments in this chapter: A: The appearance-based
visual front end system of IBM Research, also employed for bimodal speaker recognition [72] and audio enhancement
[19]; B: the shape-based system of Northwestern University [40], also used for speech-to-video synthesis [52] and
audiovisual speaker recognition [73].
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FIGURE 10.8.9 Example frames from the four IBM audiovisual automatic speech recognition corpora discussed
in Sections 4.1 and 4.2. Top-to-bottom: Full-face data collected in the studiolike, office, and car environments;
bottom line: Region of interest-only data captured by a specially designed headset [46].

(a)

(d)

(b)

(e)

(c)

(f)

(g)

FIGURE 10.8.11 MPEG-4 compliant facial animation. (A): A polygonal mesh [93]; (B,C) detailed structure of the
most expressive face regions; (D,E) three-dimensional surface is divided into areas corresponding to feature points
affected by facial animation parameters and (F,G) synthesized expressions of fear and joy. (B-G) Correspond to model zyxwvutsrqponmlkjihgfedcbaZ
Greta (reproduced with permission from [59]).
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FIGURE 10.8.13 The speech-to-video synthesis systems developed in [50, 52] utilize narrowband speech to generate
two possible visual representations: eigenlips that can be superimposed on frontal face videos for animation, or facial
animation parameters that can be used to drive an MPEG-4-compliant facial animation model.
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FIGURE 10.8.14 Intelligibility-based subjective evaluation of the speech-to-video synthesis system developed at
Northwestern University [48, 50]. Human speech perception is compared using audio-only vs. audio with synthesized
video and vs. audio with natural video of the lip region. For the first two conditions, results for repetitive presentation
of the stimuli to the subjects are also given ("Rep"). Experiments are reported over three acoustic noise conditions.
SNR, signal-to-noise ratio.
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FIGURE 10.8.15 Biometric characteristics: (A) fingerprints; (B) palm
print; (C) hand and finger geometry; (D) hand veins; (E) retinal scan; (F)
iris; (G) infrared thermogram; (H) DNA; (I) ears; (J) face; (K) gait; (L)
speech; (M) signature.

................................
(1)

(m)

Visual Speech

Face

~ U

,.4It,l,, ,,.

~

Audio-Visual
Speaker
Recognition
System

Identify
Speaker or
Verify Claimed
Identify

Speech

.

FIGURE 10.8.16 Block diagram of an audiovisual speaker recognition system that utilizes static (face image) and
dynamic (visual speech) visual information together with acoustic information.
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FIGURE 10.9.7 Fluorescence excitation in (a) confocal microscopy, and (b) two-photon microscopy. The bleach
pattern can be viewed as a footprint of the excitation region. While in confocal microscopy (a), illumination results in
excitation throughout the whole thickness of the specimen, the two-photon excitation results in illumination being
restricted to the focal plane (b).
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FIGURE 10.9.9 Graph of an estimated 3-D superquadric surface illustrating
the viable (green) and dead (red) tissue voxels enclosed within or lying on the 3-D
surface along with a few outlying voxels (reproduced with permission from [17]).

FIGURE 10.9.12 3-D representation of the microvasculature of an islet graft at the renal subcapsular site. The image
is color coded to denote depth. The vessels appearing in the lower portion (blue) are at a depth of 30 ktm, whereas those
in the middle and upper portions of the image are at a depth of -~ 85 (green) and 135~tm (violet), respectively
(reproduced with permission from [39]).
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FIGURE 10.10.2

Two-phase approach to autofocusing, using a coarse focus and a separate fine focus function.

FIGURE 10.10.4 Fluorescence image of 7 female (XX) cells. Adult female blood was processed via FISH. Cells are
counterstained blue (DAPI); X chromosomes are labeled in green (FITC). Results of automated image analysis. As
illustrated in the right panel the software accurately detects single cells, separates touching cells, and detects the green
dots in individual cells.
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FIGURE 10.10.6 User interface for automated scanning of the Cytocell Multiprobe ® template microscope slide. The
user can select a region to scan at the click of a mouse button (Ex: regions 20, 21 and 22 were selected above). Either the
entire selected region can be scanned, or the user can define the number of metaphases per region (Ex: 5 Metaphases, as
shown above). Scanning then continues with the next selected region. The X-axis and Y-axis factors adjust the scanning
step-size in X and Y, and may be used to capture overlapping regions to avoid the loss of cells that fall between adjacent
image frames.
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Figure 10.10.8

The output of the metaphase finding algorithm. The isolated objects are labelled aa-az, ba-bz, and ca
(total 53 objects), and then classified using the parameters described in Fig. 7. The objects in green were classified as
objects of a cluster, while red objects are rejected. A cluster of objects outlined by a green box is identified as a
metaphase, while cluster objects outlined by a red box are rejected.

FIGURE 10.10.9 FISH was performed using subtelomeric DNA probes for chromosome 2. The q-arms are labeled red
(Texas Red) and the p-arms are labeled green (FITC). This specimen is deleted for distal 2q (monosomic). Subtelomeric
FISH was performed using the Chromoprobe Multiprobe ~ T System from Cytocell Ltd. Imaging was performed using
the ADIR computerized microscopy system.

FIGURE 10.10.10 FISH was performed using subtelomeric DNA probes for chromosome 17. The q arms are labeled
red (Texas Red) and the p arms are labeled green (FITC). The specimen is trisomic for distal 17q, and carries a cryptic
translocation (derivative 2). Subtelomeric FISH was performed using the Chromoprobe Multiprobe # T System from
Cytocell Ltd. Imaging was performed using the ADIR computerized microscopy system.

FIGURE 1.1.13 Color image "cherries" (top
left) and (clockwise) its red, green, and blue
components.

zyxwvut

FIGURE 3.2.8 Impulse noise cleaning with a 5 x 5 CWM smoother: (top left)
original "portrait" image, (top right) image with "salt and pepper" noise, (bottom
left) CWM smoother with Wc= 16, (bottom right) CWM smoother with Wc= 5.

FIGURE 3.2.9 (Enlarged) Noise-free image (left), 5 x 5 median smoother
output (center), and 5 x 5 mean smoother (right).

;7: !
FIGURE 3.2.11 (top left) Original image, (top
right) filtered image using Marginal WM filter,
(bottom left) filtered image using Vector WM filter,
(bottom right) filtered image using the Marginal
WMM filter.

z

FIGURE 3.2.10 (Enlarged) CWM smoother output (left), Recursive CWM
smoother output (center), and Permutation CWM smoother output (right).
Window size is 5 x 5.

i

FIGURE 3.2.12 Multivariate medians for color images in "salt and pepper" noise. From left to right
and top to bottom: noiseless image, contaminated image, WVM with 3 x 3 window, marginal WMM
with 3 x 3 window.

zyxwvutsr

FIGURE 3.2.13 Multivariate medians for color images in salt and pepper noise (continued). WVM with 5 x 5 window
(left), and marginal WMM with 5 x 5 window (right).

(a)

(b)

<d)

(e)

(c)

(f)

FIGURE 3.2.20 (a) Original image sharpened with (b) the FIR-sharpener, and (c) with the WM-sharpener. (d) Image
with added Gaussian noise sharpened with (e) the FIR-sharpener, and (f) the WM-sharpener.
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FIGURE 3.6.4 Plots of the components comprising the generalized solution for the problems in Figs. A (top)
and B (bottom).

(a)

(b)

FIGURE 3.11.18 Restoration example (sequence courtesy of RTP D Radiotelevis~o
Portuguesa). (a) Original frame, with artifact surrounded by a white box; (b) restored
frame.
FIGURE 3.11.16

The layered structure of a film.

FIGURE 3.13.8 This example demonstrates that mosaics can be used to demonstrate dynamic information. This is a
2,200-frame mosaic obtained from the predator imagery. Red marks show the path of moving vehicles. The mosaic was
created using an iterative variant [41] of the described optical flow-based algorithm. The paths were obtained by
appyling KLT tracker [42] on the stabilized sequence.
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FIGURE 4.1.3 The upper panel shows the retinal sampling grid near the center of the visual field of two living human
eyeballs. The different cone types are color-coded (from Roorda and Williams, 1999, reprinted with permission). The
middle panel shows the density of various cell types in the human retina. The rods and cones are the photoreceptors
that do the actual sampling in dim and bright light, respectively. The ganglion cells pool the photoreceptor responses
and transmit information out of the eyeball (from Geisler and Banks, 1995). The lower panel shows the dendritic field
size (assumed to be roughly equal to the receptive field size) of the two main types of ganglion cell in the human retina
(redrawn from Dacy, 1993). The gray shaded region shows the parasol (or M) cells, and the green region shows the
midget (or P) cells. The two cell types seem to independently and completely tile the visual world. The functional
properties of the two cell types are summarized in Table 1.
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FIGURE 4.1.6 Left column: the upper panel shows a spatial frequency tuning profile typical of cell such as shown in
Fig. 5. The middle and lower panels show distribution estimates of the two parameters of peak sensitivity (middle) and
half-bandwidth in octaves (lower) for cells in macaque visual cortex. Middle column: same as the left column, but
showing the temporal frequency response. As the response is asymmetric in octave bandwidth, the lower figure shows
separate distributions for the upper and lower half-bandwidths (blue and green, respectively). Right column: the upper
panel shows the response of a typical cortical cell to the orientation of a drifting sinusoidal grating. The estimate of halfbandwidth for macaque cortical cells is shown in the middle panel. The ratio of responses between the optimal direction
and its reciprocal is taken as an index of directional selectivity; the estimated distribution of this ratio is plotted in
the lower panel (the index cannot exceed unity by definition).
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FIGURE 4.3.13 Multiscale estimation of remotely sensed fields. Left: North,Pacific altimetry based on Topex/
Poseidon data. Right: Equatorial-Pacific temperature estimates based on in-situ ship data.

FIGURE 4.6.11

Original Lena.

FIGURE 4.6.12

Calibrated Lena.

FIGURE 4.6.13

New scan of Lena.
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FIGURE 4.8.2

Collection of images; in each there are four clearly distinguishable segments.

j

FIGURE 4.8.5

Correct estimation of the vehicle ahead, using the MAP procedure.

(b)

FIGURE 4.8.6 Segmentation of other images, using the same Fisher color
distance. Top: A segmentation that yields all segments that contain the color
white. Bottom: A segmentation that yields all segments that do not contain the
color green.

(d)

zyxwv

FIGURE 4.8.7 Updating old maps using image segmentation. (b) Map of the
same area in 1987. (d) Updated map in 1993.

i

FIGURE 4.8.8 Segmentation of another aerial image, this time of a rural crop field area, using the same texture-based
maximum likelihood procedure employed in Fig. 7.

FIGURE 4.11.1
space.

Skin detection based on simple thresholding in the Hue-Saturation components of the HSV color

FIGURE 4.11.2 A typical environment for color-based object
tracking using chroma keying.

FIGURE 4.11.B Feature selection based on [57].
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(a)

(b)

FIGURE 4.11.5 (A): A sample frame from a head and shoulders video sequence, (B) a generic face polygon
model fitted on the video frame, and (C) the geometric model enriched with texture information.

(c)

FIGURE 4.11.9
from [1241.

Polygonal representation of the human body, adapted
FIGURE 4.11.10
human body.

Cylinder-based volumetric representation of the

FIGURE 4.14.4 (top) SPOT multispectral image of the Seattle area, with additive Gaussian-distributed noise, a = 10.
(bottom) Vector distance dissimilarity diffusion result, using diffusion coefficient in (9).
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FIGURE 5.4.1 A three-level hierarchy wavelet decomposition of the 512 x
512 color Lena image. Level 1 (512 x 512) is the one-level wavelet representation of the original Lena at Level 0; Level 2 (256 x 256) shows the one-level
wavelet representation of the lowpass image at Level 1; and Level 3 (128 x 128)
gives the one-level wavelet representation of the lowpass image at Level 2.
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FIGURE 5.4.2 A three-level wavelet representation of the Lena image
generated from the top view of the three-level hierarchy wavelet decomposition in Figure 1. It has exactly the same number of samples as in the image
domain.
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FIGURE 5.4.3 Tiling diagrams associated STFT bases and wavelet bases.
(a) STFT bases and the tiling diagram associated with an STFT expansion. STFT
bases of different frequencies have the same resolution (or length) in time.
(b) Wavelet bases and tiling diagram associated with a wavelet expansion. The
time resolution is inversely proportional to frequency for wavelet basis.

......

zyxwvutsrqponml
zyxwvutsrqponm

FIGURE 5.5.13 Lena image at 24-to-1 (top) and 96-to-1 (bottom)
compression ratios.
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FIGURE 6.2.20 (a) Frame 141 in Foreman with OBMC, IBLOCK and color
HVSBM at rate 512 Kbps @ 30 fps. (b) Frame 141 in Foreman without OBMC
and IBLOCK at rate 512 Kbps @ 30 fps.
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FIGURE 5.5.17 Neighbors involved in the
contexts formation.

FIGURE 6.2.21 (a) Frame 43 in Foreman with OBMC, IBLOCK and color HVSBM (corresponding to original
frame 86) at rate 256 Kbps @ 15 fps, half the original frame rate. (b) Frame 43 in Foreman without OBMC and IBLOCK,
but with old YUV HVSBM (corresponding to original frame 86) at rate 256 Kbps @ 15 fps, half the original frame rate.

